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COMPUTATION OF THE DIPOLE MOMENT OF
A COAXIAL ANTENNA IN SEA WATER

Introduction

As an idealized radiator in its most elementary form, the oscillating
electric dipole finds extensive use in wave propagation studies. Basically,
a dipole consists of equal and opposite charges separated by an infinites-
imal distance. This separation distance in vector form directed from neg-
ative to positive charge may be multiplied by charge magnitude to yield the
dipole moment. When applied to linear antennas, the charge magnitude vary-
ing sinusoidally with time produces an oscillating electric dipole moment.

The prime advantage in the use of the dipole moment lies in its
simple relationship with the vector potential, K, and Hertzian vector, 71),
from which electric and magnetic fields may be computed. ' By summing
vectorially the contributions of each infinitesimal dipole moment along an
antenna, the fields at any point external to the source may be found.

Perhaps the most important application of the dipole moment in
antenna theory involves integration of the Poynting vector over a surface
to find the power radiated across that surface. In a lossless medium
such as air, the power radiated is independent of R, the distance from

the dipole to the surface of integration. However, in a dissipative medium

J A. Stratton, Electromagnetic Theory (lst ed.; New York:
-McGraw-Hill, 1941), pp. 435-36. et G







such as sea water, Moore points out that because of the complex dielec-
tric constant, a ;{% term dominates the power expression for small R.
In order to maintain finite power as R =+ 0, the dipole moment itself must
approach zero. Thus, use of the dipole moment in sea water must be
confined to distant fields. 2

The purpose of this paper is to develop a meaningful expression for
the dipole moment in a dissipative medium. Since the dipole moment is
dependent on the current distribution which in turn is a function of system
parameters, one might well start with determination of the input imped-
ance. Two of the most popular methods for determining input impedance
to a radiator in an air medium are (1) the induced emf method, and (2) a
method whereby the power flow across a spherical surface is calculated as
the radius of the sphere becomes infinite. Both methods assume a current
distribution; only the first includes reactance as a part of the impedance.

Although the above methods work well in air, their use in a dis-
sipative medium is questionable because of uncertainty of the current
distribution. A more valid approach is to treat a coaxial antenna as a
trahsmission line, although the computations involved are more difficult. #
It is the transmission line approach which will be pursued in the following

sections.

2Richard K. Moore, "The Theory of Radio Communication between
Submerged Submarines'' (unpublished Ph.D. dissertation, Graduate School,
Cornell University, 1951), p. 89.

,3,1b_id-. pp. 85-87.







Coaxial Transmission Line

Consider the infinitely long coaxial transmission line of Figure ‘ 35

MEDIUM #2
| <—|"———MEDIUM #1

2b CENTER CONDUCTOR
P
2a (’

Figure 1. Cross Section of Submerged Coaxial Line

To avoid undue complications, the following assumptions will be made:
1. The center conductor is assumed to have infinite conductivity.
2. Medium No. 1, the dielectric,is assumed to be lossless, and
to have the constants Ho» € ° el(real).

3. Medium No. 2, the outer conductor, is assumed to have the

constants 02, #o’ 52_’

where
¢ = permittivity in henrys/meter
€ = complex dielectric constant in farads/meter
o = conductivity in mhos/meter.

4, The skin depth in the outer conductor is assumed to be much

larger than the dielectric radius, b.







2

Phat-is; s >>b,

)
where w = radians/second
and b = radius in meters.

5. The assumed coordinate system is cylindrical (r, b, Z).

6. It is further assumed that only a TM mode exists on the coaxial
transmission line, and that the extent of Medium No. 2 is infinite so that
all fields are uniform with respect to the ¢-coordinate direction.

7. Finally, assuming that the fields are time harmonic (the factor
ejwt being suppressed), the TM fields both in the dielectric and the outer
conductor satisfy the relationship:4

-ik z
E_=fr)e & (1)
where kg is the guide propagation constant and where f satisfies Bessel's

equation,
W df 2 2
A O Psru + e =
. <r dr) (k kg)f 0.
We shall use the notation, h™ = k' =ik (2)

The transverse fields, Er and H‘P’ are:

jk_ OE_

B o 25 or (3)
L

HQS i nkg ke (4)

A%W. Panofsky and M, Phillips, Classical Electricity and Magnetism -

(Reading, Massachusetts: Addison-Wesley, 1955), p. 195.







where

= € (1 - J—°—>, the complex dielectric constant

| m
1

we

k = ©y/uy€ , the complex propagation constant
Ho

i g ¥ the complex intrinsic impedance.

In the dielectric, there can be standing waves in the radial direction;

hence, we let

£, ¢ AJO(hlr) + BNO(hlr) a<rg<b (5)
In the outer conductor, the fields must behave like outward traveling waves

as r - o; hence, we let

& (2)

The boundary conditions to be satisfied are:

1. When r = a, then EZl = 0.

2. When r = a, thefﬁH—) . 4z =1,
en r n e
3. When r=b, thenE . =E .
Zz1 z2
4, When r =

These four conditions will determine the four unknowns: A, B, C, and k

Thus, when a <T <€ e
h1 I [No(hla)JO(hlr) - Jo(hla)NO(hlr)]

5 (7)

zl jwe, 2ma 1

N (h.a)J . (h,r) - J (h.a)N, (h, r)
I 01 e ! Q7 13
H¢1 2173[ D, ] (8)
e
BB D T 1 an T "







When b <r <o,

(2)
€
e () () () () e
¢2 € h, 2na ]\ D, HE)Z (h2b)
k
Ryo? we, H<}>2 2
i
where
D1 = Jl(hla)NO(hla) - JO(hla)Nl(hla)
= N 1o 3 iT 1
D2 Jo(hlb)l\o(hla) Jo(hlq)\o(hlo)
~
L=k e g

0

Since H¢1 = H‘PZ atiri=ih,
(2)
s <_€__2_> <i> i Jun
D, o W ¢ ;g‘”(hzb)

D, = Jl(hlb)NO(hla) " Jo(hla)Nl(hlb)'

where

(10)

(11)

(12)

(13)

To obtain an approximate expression for kg’ one first assumes the

difference between kg and k] is small and then computes a correction term,

Ak, such that

Sl e g 1
kg—k1(1+Ak) or kg kl(1+/_\k)

Im[k ]<0.
£

(14)







The validity of this assumption becomes apparent as the theory develops.
If the ratio 02/“’62 is large (as is normally the case of wave transmission

in sea water),

then

k2 ~ ‘/—quoz Im[k2]< 0 (15)
and

klm wyfue, . (16)
It follows that |k2|2>> k?
so that

o 2 2

h2 = k2 - l\g *-kz. (17)

From (2) k2 - h2 = k2 - h2 Since ‘k ‘ >>k lh l is at most the same
' S ol 1 2 2 ? 2 14 il 7

order of magnitude as ]kz l . By the stipulation that the skin depth in the
outer conductor is much larger than the dielectric radius, lkzbl <<'1, one
deduces that |h1bi << 1. Taking the equivalent expressions for D2 and D3,
using small argument approximations for the Bessel functions, and incor-

porating (13) and (17), one finds that

(2)
]_)__3_ ~ —Nl(hlb) ~ -1 a <f-%><i—l->ﬂl (kzb) 5 (18)
D No(hla) - NO(hle b) € k2 H0225(k2b)

2 h.b zn<~ 1
1 a
Ky b 2
Noting that — =4/ -—== , and solving (18) for h’ :
kl 61 1
e 1% (k_b)

2 1 0 2

k2b £n = Hl (kZb)







Therefore,

(2)
H_ (bl
12 pin? Bl 1 0 "2
9 (2)

(20)
e R
kb y,n(g) H," (k,b)

The ratio of the Hankel functions may be evaluated for lkzbl << 1las

follows:

Using small argument approximations, P

k_b :
(2) i2 IR .38
HO (k2b) = 1 Yo n E % £n | -

SRS b A
Hy Yann S <k2b>

(2)
1) (k_b)
Ol <1'12> : (21)

}1(125(k2b) 2 jkgob

Combining (14) with (20) and simplifying,

<1.12> 1/2
£n T Ta
159

ky = k(L Ak) 2 K, ——;;(ET.— Im [kg] <0. (22)
a

One can now compute the characteristic impedance, ZO’ of this

coaxial transmission line.
b

The transverse voltage is Vab =J Erl dr.
a

Using the preceding formulas and the indefinite integral

k. -kgID2
j Jl(o')do- = —JO(X), one finds that Vab = W .

e SR.V F. Harrington, Time-Harmonic Electromagnetic Fields
(New York: McGraw-Hill, 1961), p. 203.







Applying small argument approximations,

D
i (E)
Dl =~ hla Ln 4

so that the characteristic impedance becomes

e 1/2 b
Zymge (1+AK) en(2). (23)

Furthermore, the series impedance per unit length, Z = R + joL;
and the shunt admittance per unit length, Y = G + jwC, can be computed

directly, since, from transmission line theory,

10k, Al
+ 7 = + ot
R + jwL JngO ® 55 (1 k)£n 5
ik j2nwe
G +juC = 55 = = jwC
Z (b
0 £n E)

Coaxial Line Application in Sea Water

The coaxial transmission line finds application as a submerged

coaxial antenna in either of two ways:

Case 1 - Open-circuit termination in which the load end of the
center conductor is recessed in the end of the dielectric
and insulated from the external medium.

Case 2 - Short-circuit termination in which the load end of the
center conductor extends beyond the end of the dielectric
directly into the external medium.

In both cases, the outer braid of the line is removed so that the medium
‘itse‘lf becomes the outer conductor. Toanal»yz_’e»thes»e.ante_nr;as one uses

ordinary transmission line theory (see Figure 2).







| L

Figure 2. Elementary Transmission Line with Load ZR

EuE
R B4
' b
ik -jk
b ¢ + I'e
Vid) = Vil Sw Sk L (25)

ik d -jk d
a)=1|= A (26)
s| jk L -k ‘&
o 4T o
-i2k d
4 L] e
Z() = Z,, 7 | - (27)
1~-Te g

where the subscript s refers to the generator, and I' is the voltage
reflection coefficient.
It has been typical to assume I' = 1 for Case 1 and I' = -1 for Case 2.

Then, for each case, one can compute the driving point impedance and the

10







|

current distributions for each antenna. (The current distributions are
used in determining the dipole moment.)

Experiment has shown that the assumption of an open-circuit
termination in Case 1 is very good, while the assumption of a short-
circuit termination in Case 2 is less accurate than desired, especially
at the higher frequencies.6 One purpose of this work is to derive a more

accurate expression for the reflection coefficient in Case 2.

Center Conductor in an Infinite Medium

For computation of input impedance, the exposed center conductor
will be treated as the load of a coaxial transmission line whose length is
finite. First,the load impedance, ZR’ will be expressed as the character-
istic impedance of a solid cylinder located in an infinite medium. The
analogy between the infinite length of the cylinder implied here and the
finite protrusion of the center conductor in practice is proper since wave
attenuation in the medium is rapid. Moore suggests a protrusion on the
order of one-quarter the wavelength in sea water for the reflected wave
from the end of the center conductor to be rlezc_gligible.'7

A method for finding the characteristic impedance of a wire in an
infinite medium has been described by Stratton. R It should be noted that

Stratton's expressions were derived for a traveling wave of the type

6
Earl H. Flath, Jr., and Oscar Norgordon, Expressions for Input

Impedance and Power Dissipation in Lossy Concentric Lines, (NRL Report

R-3436; Washington: Naval Research Laboratory, 1949), p. 6.

7130—1334

8524—533.

11







jlwt-k z)

eJ(hZ_wt) whereas e is assumed for attenuation and phase of the

wave throughout this paper; hence, Stratton's expressions are modified
as necessary. Other differences are that: (1) because of the above, the
Hankel functions used in this discussion are of the second kind, Hflz)(hzr)
rather than of the first kind, and (2) by our notation, Stratton's relation-
2 2 2

2 o
- h becomes h =k - kg'

Consider a solid cylinder of conductivity o, and radius '"a' located

ship /\2 =k

in an infinite medium of conductivity o, (see Figure 3).

ke -——MEDIUM #2
01s K1 a —MEDIUM #1

Figure 3. Submerged Solid Cylinder

Extending from z = 0 in the positive z direction, we assume it has infinite
length. One might think of this system as an infinitely long coaxial line
whose dielectric is the surrounding medium and whose outer conductor is
of infinite radius.

In that which follows, superscripts i and e refer to Media No. 1
and No. 2, respectively. Furthermore, in discussing this system,a bar
will be placed over certain of the symbols to distinguish them from their
counterparts elsewhere ‘inA this paper. We_ shallAlist‘(as mpdified) only

those E and H expressions necessary to the development of this topic.

12







JE- L. j(wt—fz)
BT S H(2)(h r) af e g
r h 1 2 0
2
G i(wt-K_2)
abi™y 1 %9 ieh et 26 g
= = (hir)a e i
¢ Loh b e
.
i e
where a,, a,. are constants.
0 0
From the requirement that H(lb = Hz gt hr =a,
J.(h, a)
S h i gk
P al il
0 0 LD
vy
To find at) we use the relationship that current density 3’ - oE.
know EZ in terms of at) . Hence,
a AT
I:Iz:f f JZ rd¢dr
0::0
; j(wt—l—i—gz) a o
=2ma 0, e J~ Jo(hlr)rdr.
0
a " i
Sincef J (h.r)rdr ==—J_(h.a) ,
D h Tl
0 1
: jlwt-k z) & A0
IZ = 277.8,0 0'1 ‘e —B-r_l— Jl(hla)

VIR ; j(wt—%z)
EZ = Jo(hlr) a, e

. k vl ; j(wt-—k_gz)
H¢:—’I-—(:>—T{—.—-— Jl(hlr) aoe

(28)

(29)

(30)

(31)

(32)

(33)

13







jlwt-k z)

Letting I = IO & and solving for at) Ny
! h, I
at) = : 0_" (34)
2na01J1(h1a)
leading to the expression via (32),
Y Sk
e o s g
My k2 21raor1Hl (hga)
This value for ag may now be inserted into the expression for Ei, (30),
which in turn may be integrated across Medium No. 2 to find the voltage.
Division of the voltage by current yields the characteristic impedance,
Zopt o My o, 5 R
— —2 (VA
s Jkg kl I H1 (h2r)
r —2 (2),— 2
2mao k, H, (hza)
and
f, =
Z 2 _\7_ % a b
. SR I
Since
i 88 b B o 2), —
i (T a@Enar - 8P 00n | = 5P (5,
2 1 2 0 2 0 2
a 0
& & 1) (&, a)
= e 0 2
L = g ) (36)
277301 k2 h2 H1 (hza)

Equation 36 will be useful only after we expresszgin terms of?2 andf2.
To do this, we refer to an equation by Stratton resulting from roots of a

10
previously developed transcendental equation.” Modified to our system,

: 9(See next page for. this footnote).

10527.

14






9One might become concerned when applying formulas in this sec-
tion to copperweld. For example, the radius of the steel center for 30
percent copperweld is 87 percent that of the total; that for 40 percent
copperweld is 80 percent. Since the conductivity of copper is roughly
15 times that of the steel center, formulas for EZ and H¢ beginning with
(28) would have to be developed for three separate regions. Solutions
would become exceedingly difficult. An alternate plan would be to dis-
regard the steel center altogether and treat the wire as a hollow copper
tube, since, even at DC, the copper in 30 percent copperweld carries
almost 83 percent of the total current.

Due to skin effects, at higher frequencies there is negligible cur-
rent in the steel. One may determine the skin depth, §, in copper as

V;% . Assuming the steel radius to be 84 percent of the total, only minor

1.26 meters

I

For a discussion of currents in copperweld see the article by B. R.

error is introduced when the total radius, a, exceeds 38 =

Teare, Jr., and E. R. Schatz, '"Copper-Covered Steel Wire at Radio

Frequencies, " Proceedings of the [. R. E. (New York, 1944), pp. 397-403.

15







Stratton's equation becomes

Spdasy ARy S
k ® g o) k ZH(“)(V)
G bt (45)
ud (u) (2) i
0 vH, (v)
where
U = h_la
v H-Za.

Note that at practical frequencies along a highly conductive cylinder

_zl'

[1:_12| ~ ]wu101]>>lkg Hence ‘h-lt s l_k:l Nowu=_ﬁia which,

as the argumant of a Bessel function, permits use of the function's

Jl(u) Jl(u)
asyvmptotic value. Thus =——— = lim 3
ymp JO(u) 0 s Jo(u5

Using asymptotic values,

Jl(u) cos( '471—12[> cos( ——%)
lim Ty = lim = lim ————,
u—00 Jo(u U—® cos < B %) u —*00 cos &
where
o0=1u - % ;

cor(s -3)

porsig = tan 9.

1 = §2i - .7_7 i .._11
Since & hla 4 where Re[hla 4] >0

s Im[ﬁ—la] < 0, & takes the form f(a - jB) a, >0,

Jl(u)
and 1i ——— = 1li t -
S, v D
B— ©
= lim -] 1"6:22 E:ZJZ = _ja-;i%;— ; (38)
§3£ it e 3] J 0

16






Stratton points out that for a cylinder of infinite conductivity I{—g = k2
whereas for one of high conductivity Tg ~ I\: and small argument approx-
imations for Hl(lz)(v) may be employcd.l1 Adapting the results of (21) and

replacing the constant (1.12) with (—,2)7) where v is Euler's constant

g7 o R
H(12)(v) 1
H0 (v) v £n <~-Z—>
Substituting (38) and (39) into (37),
— 2 —2
= R
u 2 pn (Y
A% zn( 5 )
or
9 e uT\’_—Z HE)Z)(V)
V[n(%)ﬂ e ﬂﬂ-V—(T)”—“. (40)
ik, H, dv
But, as noted above, k. m h, = 2
3 1 a
so that
— 2
- ke doog
v2zn (sz—> & - __E (41)
k
il
Equation 41 is transcendental, but note that it is independent of u
(and hence, E:). Furthermore, it may be solved as follows:
Let
b ) 2v2

11598,

17







Then

£n x = 2!0(%).

Also, let
72V2 Jrv
VI R s 5 £n (——2——>
From (41) and (44),
: 2?2
e JY K5 2
2k1
Simplifying:
— 2 ;
k2 —qu02
— ~ 2
K WUO
1 #1- Y —=

where, because Im[-lq] < 0, we choose the + sign for the denominator.

Thus,

LR R
K, 2 %4

which when substituted into (44) yields

phs (1+3) 7230_ 2w
4 2 o

2
s TR T
2 o, ;

Equation 46 allows solution of y in terms of familiar constants.
Evaluation of x is done by a trial-and-error process using successive
approximations. Based on the principle that the logarithm of a varying
function varies much more slowly than the function itself, one assumes
that

; ) il G o
Xn+1 - Xn y T Xn+1 lnxn

3

(43)

(44)

(45)

(46)

e

18







where the subscript n is the n_ti approximation. The newly computed

value, x replaces X in the denominator of (47), and x is ‘com -

e nt2

puted. These steps are repeated until the difference between X 4k and

X -1 is negligible. As a starting point, £n X is set at -20. A detailed

calculation of x appears in the section, "A Sample Computation." As an

aid to calculating ZR’ Figure 4 provides a rapid means for evaluating x
over often used values of y.

Determination of x allows calculation of v2 by (42) and hence h, ,
where the sign of v is taken such that Im [v] < 0. Substituting k_2 for
T«:; and making use of (40) and (41), the conductor's characteristic im-

pedance of (36) reduces to

jmuof 9,
ZRa; e g (48)
ah 1
2
For purposes of calculation, however, it is more convenient to retain the
! 4 : —2 _ V2 A 4x
expression for ZR in terms of x. Noting that ahz aby Wi .
ay
(48) becomes
; 2
Jugay f
Z & - ——— (49)
R o
1
4x T
2

Equation 49 leads to a crude explanation of why an assumed value
of -1 for the reflection coefficient becomes less dependable with an in-
crease in frequency. For I = -1, ZR = 0, and in general any increase
in IZRI results in an increasing deviation from -1 for I'. Note from
Figure 4 that on a log-log plot lyl is almost linear with ]xl over the range

shown.

19
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Therefore

i it b

where
y (and consequently x) are functions of «/f

b is the y intercept

and
Alyl
Alxl

m is the slope,

Increasing the frequency causes the numerator of (49) to increase faster
than the denominator, resulting in a larger IZRI. Thus, at higher fre-

quencies, there is merit in calculating ZR and computing I'.

Coaxial Antenna

The coaxial antenna in its most elementary form consists of a
coaxial transmission line terminated by a load impedance. Figure 5
describes the antenna with its approximately short-circuited termination.

Except for the finite length of line, all assumptions associated with
the coaxial transmission line still apply.

MEDIUM #2

DIELECTRIC (MEDIUM #1) /\ 2a

Figure 5. Coaxial Antenna With Short-Circuit Termination
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Having computed ZR (the exposed center conductor acting as the

load), one calculates the input impedance as a function of ZO’ I'y and

<1 12) Im[kg]<0

2
E
a

kg as noted in (27). From {22),

k =k, (1+ Ak)

g n
The £n function in the numerator may be calculated or taken directly
from Figure 6, once having computed Ikzal. With constants supplied
wherever applicable, the above equation reduces to

1.12 1/2
€ £Ln Ty
e %9

kg~ 2.09 x 10 °f A (50)

()

where €. the relative dielectric constant,

= 2.0 for teflon, 2.26 for polyethylene.

A1
jkza
in a relative increase in kg somewhat less than that of f. With an increase

Notice that increasing the frequency reduces (£n ( )] This results
in f, the resulting phase angle for kg increases in magnitude to a more

negative value. The significance of these changes appears after replacing

u
4 in (23) by J;Q , then simplifying to
1

z ——g——zn( ) (51)

0 2ﬂ€1w

As can be seen from (50) and (51), with an increase in f, there is a

relative decrease of iZOI equal to the relative decrease of

~ “‘n( )]
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This, coupled with the phase change, ensures a smaller resistive com-

ponent of Z The fact that both }ZOI and RelZOI decrease with increas-

0"
ing frequency provides a supplemental check when performing calculations
over a frequency range.

The remaining calculations for Zin are straightforward. From
(24) one computes I’ which is used in (27) to find the impedance along
any point of the line. In particular, if one sets d of (27) equal to L,
Z(d) becomes Zin (see Figure 2).

Although (as will be shown) determination of the input impedance
per (27) is not essential in calculating the dipole moment, its inclusion
in the final expression therein is implicit since this final expression will
be in terms of source current. Furthermore, validity of the theory up
to this point may be checked against experimental results. Figure 7
offers such a comparison for a particular case. The curves represent
calculated input resistances and reactances as functions of frequency
while the encircled dots indicate actual values as determined exper-

imentally by Flath and Norgordon.12 The constants used were as follows:

0.406 x 0l o SO

a =
b =1.47x 10—3 meters
o,=5.8x 10" mhos/meter
o, = 50 mhos/ meter

L =17 feet = 2. 13 meters

& 13

% (polyethylene) = 2. 26.

12¢

3The cable used was not defined in the data. However, from radii
a and b, it is assumed that the cable was either RG-55 or RG-58, both
"of which have a polyethylene dielectric.
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Table I shows calculated values for various parameters leading to
curves in Figure 7.
TABLE I

Frequency Effects on Parameters Leading to
Computation of Input Impedance

YA ZR (ohms) ZO (ohms) kg T

1 0.262 +3j 0,378 102.4 -j8.06 0.062 -j 0,005 -0.994 /-0.44
) 0.527 +j 0.781 92.5 - j 8.66 0.284 - j 0,027 -0.988 /-1.00

10 0, 722 %5 5:08% 88.7 -j9.09 0.543 - j 0.056 -0.987 /-1.45

Considering inherent errors introduced by slide-rule calculations
and experimental measurements, the theory exhibits good correlation with
empirical results. Additional reasons for noted deviations are errors
introduced by:

1. Small argument and asymptotic approximations for

Bessel functions

2. Losses in the dielectric

3. Finite conductance of the center conductor (contrary to

an assumption when computing ZO)

4, Existence of higher-order modes. This factor becomes

increasingly important at high frequencies.
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The Dipole Moment

The relationship between dipole moment and current begins with

the Equation of Continuity:

e |
(V J)+at 0, (52)

.
where J is current density expressed in amp/rncter2 and p is charge

Y
density expressed in coul/meterg. Both J and p may be expressed in
terms of a single vector P such that (52) is satisfied:
—
oP

g .= EYS (53)

o :—V-—_P!. (54)

l

From a physical standpoint, P represents the dipole moment per unit
volume of free-charge distribution. If its magnitude is sinusoidal with

time, polarization may be written as
- — -
P = Re[PO(x)ert], (55)

where x is a space coordinate.

Differentiating (55) with respect to time,

—

=z J '

P, (x)= ——Q where J = Re [3’ ert] :
0 jw 0

P
Since P0 (x) is the dipole moment per unit volume, the total dipole moment

—’.
p is
e — | —
p =f P (x) dv=.——J~ J- J, dA dz coulomb-meters
v 9 gl R ¢
Let f T, dA=1(2) 2
A
tuhs | PR lgase, (56)
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where
dA is an elemental crossectional area
L is the length of the line
2 is a unit vector in the positive z direction (from load toward
generator).
Letting z = L - d, (56) in terms of generator current IS and through use

of (26) becomes

L[ jk (L-2) -jk (L-2)
?: _I-?_ T g & Fe g A
jo ik L Gk L
70 P S g
; X -jk L
& _§_ e g o ]‘e g ) (1 1t 11) /Z\ (57)
jw ik L Tk L
L % . Te »8
jk L -jk L
Note that if ll +Tl<< e 8 +Te &
Is Zin A
—_
then P -—r-lsr)2 (58)
g 0

A Sample Computation

In this section a logical sequence of operations will be offered for

the application of preceding formulas. For steps leading to computation

of ZO’ evaluation of constants in the formulas will later reduce computing
time. The following constants may be replaced by their numerical values:
4 -7
I-lO =4m7x 10
€ = .1_0..__9_
0 36m

€. (sea water) = 81.
 Table II gives the values of simplified parameters when proper substitu-

tions are made.
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TABLE II

Formulas With Physical Constants Replaced by
Their Numerical Values

Original
equation Equivalent equation
- . -3
(126 k2 = J—quogz 2081 %10 o, f [-45
7230 i kg sl 1
(46) y:—z‘/ﬂhs = A L0 J—f- l45
2 o 2 o,
=.0.8bx 10-’7 ao, J? [45 for copper center conductor
2 '
Ju ay f A
S 0 e L
(49) ZR J_ ‘/v
71.31 x 10" 10014/5
& 2
i p for copper center conductor
-8 G
- = o €
(22) kl quel 2.09x 10 I(r
m(1. 12) g (_> Lo
ny ¥ jkyal[| " \a
(23) Ty mge (1 + Ak)1/2 g,n( ) = 60 2
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For the sample computation, consider the example cited earlier.
Suppose it is desired to evaluate P at a frequency of 7 megacycles.
Thus, we have

0.406 x T o

a -
-3
b = 1.47 x 10 = meters
g, =0 = 5.8% 10" mhos/ meter
1 copper
g, =50 mhos/ meter
L =2,13 meters
€ = 2.26
f = 7 mec.

The first two steps are performed to see how well the system under
consideration fits the theory. Recall that small argument approximations
are the basis for many of the equations derived from Bessel functions.
Generally, the condition that lkzbi << 1 is the most stringent for these,
and this may be precluded by too high a frequency. Also, if the frequency
is too high for the condition 02/w€2 >> 1 to be met, the real part of the
complex dielectric €, becomes important, and one can no longer assume
that k, = \/w_uTrg £41_5 . If one takes the ratio we,/0, and compares it
to |k2b|, it turns out that Ikzb] > wez/az for 6.25 x 105b(723/2f1/2 g
Fortunately, this is true for all practical cases; hence, it is necessary
to show only that |k2b| . L

The second step is performed only if the center conductor is copper-
weld. It was stated that negligible error is introduced so long as the

radius of the center conductor exceeds three times the skin depth. Thus,
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with a copperweld center conductor there are two frequency considera-
tions which oppose each other.

Note that even though one of the above conditions is not met, useful
information may still be obtained. However, the validity of the theory
is sacrificed as the deviation from these conditions broadens.

The first two steps are as follows:

2.81x 10 % o, T

5. 81 x 1073 (1.47 x 1073 V5007 x 10°)

7.73 x 10"2 e O

1. Evaluate ]k2b l

1

1

2. If the center conductor is copperweld, compare three times

the skin depth = 1.26 meters .iinh radius "a'.

T

1,808 a8

6
\/f— V7x106

Since a = 4.06 x 10-4 meters, this requirement is not quite met. How-

= 4,76 x 10_4 meters.

ever, the multiplier three times the skin depth is somewhat arbitrary,
so for this case where radius ''a' is almost 2.6 times the skin depth,
only minor error will be introduced. It should be recognized, however,
that this error increases with a lowering of frequency unless "a'' is
increased.

The remaining steps deal with actual calculations toward _f)’,

having determined that the system considered here is quite suited to the

theory presented earlier.
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-1
3. From (46) calculate y = 5.85 x 10 (8.0‘2\/f ) [ 45

5.85 x 10'7(0.406 X 10"3)(50) V7 X 106 / 45
3,14 x 1072 o

4, Determine x by either (a) or (b):

1

(a) From Figures 4(b) and(c) forlyl =3.14x 10_5,

X Ay 100 /33.9
(b) y=xenx

Assume £n XO = -20.

=0
ol e 3.14 x 10 /45

S ISHRAES 51 X, -20

-1.57x107° /45
1.87x107% /-135

- it + 1 W &
£n X4 {13.38 +j 2. 36) T3t ZI0.0

1

-5
3..14 x 10 / 45 -
X =2.31X106z—145

2 -13.58 /10.0
£nx, = -(12.98 +j 2.53) = -13.22 /11.0
3.14 x 107° /45 i
X, = = 2437 = 10 -146
g AR IR SULT. O

Xg = -(12.95 +j 2.55) = -13.20 /f11.1

-5

3. % 10 /45 -6
X, = ='2,88 x 10 -146. 1
4. 1820 J11.1 e ik

=129.38x10™° /33.9

. which is.very close to Xg.
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10.

From (49) determine

=il 23/kse 10_10(0.406 X 10—3)(7:x 106)\/50 / 90

(-2.38x 10’6[33.9)

ZR =

1

1.105 /56.1 = 0.616 +j 0.918

. Y. -8 ¥ —8( 6) &
Find k, = 2.09 x 10 f,/er = 2.09% 10 "4 .x 10 \/2.26 028

) N | =
From Step 1 evaluate k,a <‘k2b{ / 45><b)

F -2 0.:°406 \i+ -2
= (7.73X10 (—45)(1.47 )— 2l 0 -45 .

Evaluate £n <lﬁ> by either (a) or (b):

sza
(8) From Figure 6, #n | i) = a@b 8
a rom Figure 6, 8 : "

1.12 [-45
1iieN DDA e L O A 2 0
(b) £n <jk2a> —ln< 0.0214> 3.96 - j 0.785=4.04 [-11.2.
Find ln(%) = 2n ( 1'47> = 1.288.

0.406
MR 1/2
. jksa

From (22) evaluate k =k o el
g 1 (b)
Y 4l B
a
1/2
4. 04 Z—11.2
= 0.22[ T 588 ] = 0,390 /-5.6 = 0.388 -j0.038.
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1/2
1.12 b
)] [ @)

11. Solve (23) for Z_ = 60 :

12.

13,

14.

0 €

5 60[ (4. 04 L__u_z_) (i 288) ]1/2

= = 91. L[58 = 00, 5 =1 5.9

(Z, - 2g)
Z, v 2o

From (24) find T = -

. . 499.5 -418.9~0.616-7.0.918)
90.5 - j8.9+0.616 +j0.918

-0.988./=1,2 = 0,988 1178.8 :

+i0K. L.
g

Evaluate Te

TS N i
A il j2(2.13)(0. 388-j0. 038) _ 0.8505 {_94. 9
-j2k L
e g

(o. 988 178.8)(0.8505 -94.9)

0.840 [83.9

1

0.089 +j 0. 853.

—j2kgL
Evaluate LI

kL | This may be done with a Smith
l~e

Chart or by calculation:
-j2k L,

1+e & | 1,089+j0.835
-j2k L |~ 0.911 - j0.835

= 1,111 F80.0 ;
l1-e
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15, " From {(2%)find Zin =.Z

1

(1.111 80.0)(91.1 —5.6>=101.3 [14.4

27.3 +3 97.1.

16. Compute p: (a) from (57), then (b) from (58).

: jk L -jk L
ol e L Te & 0y 41T
a). R Z
ok ik L PR,
2 & & 0 0% (5
ik L
e & =9 0848 fav.3
-5k L,

e & =-0.911 /-48.5
1 [1.507 /85. 46 ]Q

2n(7 o 106)<o.390 —5.6) 1.345 /3.04

o)

1l

=0
6.54 x 10 Z88.OIS Z.

-j2k L

b) - Is Zin /z\= Is il = g /Z\

P.M ek . ok Pk L
g 0 g g

(1.111 [80.0)18 /Z\ 5 g

6 =6.49x 10 85.GISZ.
277(7 x Y0 ) (0.390 —5.6>
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Conclusions

By performing the steps described in the previous section, one can
compute the dipole moment of a short-circuit termination coaxial antenna
in sea water for most practical situations. Correlation of calculated input
impedance with experimental data is very good at the lower frequencies
where small argument approximations of Bessel functions are most valid
and where higher order modes are negligible. In other works which an-
alyze the input impedance from a loaded transmission line viewpoint, the
line is restricted to one of short electrical length over which the current
distribution is assumed uniform. In such cases, the input impedance ex-
pression is in the form of an infinite series for which higher ordered terms
may be neglected.

In this paper no restriction is placed on line length. Therefore, a
uniform current distribution along a line cannot be assumed constant
without further investigation.

At higher frequencies, the effects of an imperfect short-circuit
termination become noticeable, and the voltage reflection coefficient can-
not be assumed as -1 without sacrificing accuracy. On the other hand,
at lower frequencies the value is so close to -1 that the assumption of
this value introduces negligible error while simplifying the calculations.
Just where one makes this assumption depends on its actual value and the

accuracy of impedance and dipole moment determinations desired.
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