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THE PROBLEM

Consider space to be separated into two seml-infinite
regions by a rigid boundary. On one side lies medium A —- a
perfect, rigid, dlelectric, with electris permittivity €
and magnetic permeability & . On the other side is medium By
a perfect fluid, perfectly conducting, also with magnetic perm-
eability _« « Throughout all space exists a uniform static
magnetic field H,.

Now such a fludd as mediwm B is capable of supporting
a magnetohydrodynamic (MHD) wave; and of course a perfect diele
ectric will support an electromagnetic (EM) wave. Suppose them,
that a uniform plane B wave in medium A is incident at arbi-
trary angle on the boundary, Will the BY wave generate an MHD
wave at the boundary? If so, to what degree? In what mammer
will the interaction between the EM wave and the MHD flnid be
dependent on the characteristics of the media and on the angle
of incldence of the EM wave?







THE WAVE BQUATIONS

The essential characteristics of the media and fields

involved may be listed as follows: (see Appendix for nomen-
clature)

Medium A Medium B
M M
- Va O
gs O T ® o=
H(r,t) /= constant
E(r,t) P(¥,1)
H(r, 1)
¢ (r,t)
E(v.1)

The Bf field will sct the fluid in motion at the
boundary. This motion in turn will set up a magnetic field in
the fluid. The velosity of the fluld 4 and the magnetic field
intensity H; are related by the magnetohydrodynamic equations,

(1) éf’iﬂ- V(g xh) (& LF._ VP _ Loy

Since the fluid is perfect and the condustivity is infinite, we
also have

(3) Ej» -G XHy () V-%=0 |







V-H

To linearize equations (1) and (2), we suppose that the
time-varying fields are sufficiently less than the static field
H, that we can neglect products and powers of ¢ and h (2
Writing

HO.H° +h3 and HA.H°+hA
we obtain for mediwm B

2

ot
ot

2%
SV ! ’,'ol" V(P +.xH,-hy) + % (H,-V) b,

(8) = (H,"V)2,

(9)

and for medium A

oh,

(10)  VxE,»-4—=2, Q) Vxh,=¢€

2E,
ot

To simplify writing, let

(12) PN [P . (Ho’hs)?] ;







then (9) becomes

(13) %?-—Vw + 5 (H,V)h, .

On taking the divergence of this equation, it is seen that
w Veso.

As a solution to Laplace's equation, (@ must of course
be everywhere finite., If there were no boundary, this would
require that @ be a oomtant.(z) However, the presence of the
boundary relieves this restriction., Instead, we must have @
vanish far from the boundary, but V@#0 in general, The sig-
nificance of this is that h, does not satisfy a wave equation of

the type

except in special ouoa.(” The essance of the develcpment from
here through the next sestice 1s ‘dne $0 Robars.'>)

To circumvent this difficulty, let us define a vector
@ by the equations
(25) h, = (H,-V)a, ) €= -g—?- :

Obviously equations (L) and (8) are satisfied by @ . We may
specify @ by solencidal and irrotational components

) @=45+VY,







where B 1s defined by

2 2
o b 2 04
1B) Vb=0, =V
(18) b (19) 572 Fz,

)
where _$ 4s measured along H_, and
(20) vz-éH:uuummw.
With these definitions, we must have

(21) Va‘sﬁ -0,

Equations (19) and (21) constitute wave equations for
the vestor @ . However it remains to show that @& , as defined
by equations (15), (16), (17), satisfies equation (9).

For medium A we have the usual electromagnetic wave
equation







SOLUTIONS TO THE WAVE BQUATIONS

As solutions to (19) and (21) we may take

jw(t-M)

(23) b=Be N2
: _m-.r
@ Ye T W)

wlm-oﬁ, is a unit vector in the direction of wave propagation,
™ is & constant complex vestor of zero length, and where
We7|4-f| is the compment of wave velocity in the direstion
of H,, Z; being a unit vestor in that direction, That "M
must have szero magnitude may be seen by substituting 7 im (21).
Combdndng (23) and (24) according to (17),

i o W y L _m-r
%) @s B TN —x%’-ime‘w“ Nl

On substitution of (17), uaing (15) and (16), equation
(13) becomes

28, vy - i 28, 22
37T UteNTE . a;’ .Y a?(Vv)—vcv.
2 2
Using (19) leaves VvV ;—{?—v’%—?+¢9) « 0
or, 2
(26) a—-ff—-v’a -@P+@,

ot o







where () is an arbitrary constamt, As a solution to (), @
may be written

2 -m-r
(2 P =@ + fe o [y X

where (3 , being arbitrary, is the same as in (26). Substi-
tuting (2h) and (27) in (26) reveals

w gt [k

for consistancy.

For medium A we take as the solution of equation (22)

A A -r
Aw(t - —te= iw(f——’a—-)
>

(29) b,=A, e +A e

where ‘?1, and ﬁ, are unit vectors in the directions of propaga-
tion of the incident and reflected waves respectively.







THE FIELD QUANTITIES

Equations (25) amd (29) are the fundamental solutions
for thelr respective mediaj from them may be obtained all the
field quantities of interest.

To obtain the magnetic field in medium B we use (15);
obtaining
s T ¥
(30) h. B -A.l-“vz(,‘L‘ﬁz) B eﬁw(t N )
w(t-IET)

L Tc:,)-;? m(Ho'm)e "

Similarly for the velocity fields from (16),

: %0 4 : m.r
w(t- Lo X w(t-
(31) ?'XWBG‘ o ’%Fmel 5 ).

The electric field in medium B may be obtained from equation (3),
which under the perturbstion assumption becomes Es-,u H,x?.
We have I
A mn. L 2 |
, iw (1 -—4—

(32) Eg=iuw(H,xB) e k) |

: dow(t - 1LT)
+ﬂ’3‘) ?F(HOX m) e .

To find the electric field in medium A one uses equa- |
tion (11), assuming the usual time dependence for [E, . First we







write VX(A,%'r AKXN) =iewE, ,

where

%

% . iw(t- = % _e,iw(z*-

o e iy

BT
e/
xpanding the curl, —AOXV%-A,XV%(, -XGWEA 1

Since V?)/- —j%—ﬁ%nhﬂ‘
A XA +A XN =CEE,,

or

(33) EA- _7(7/;0)("0 +n,)(h,). where 7 .@ ’

and wvhere h‘ and "l, aro the magnetic fields of the incldent and

reflected waves respectively.

Sumarizing, we have

Mediun A
(29) = A°e'{w(1' ﬁ.c-_r) sk o 'i“’(f‘ﬁ"ci)
(%) E, = -*)ﬁ,one‘“’(”ﬁ"éi)-?ﬁ’xA‘e"“’(f-ﬁ%r)
Medium B
xw(t—f’,{;'l) xw(t-lg;!!)

(35) hg=A, e + e »







where

%) Ap —iL(H, 7)B, 0 = -L(H.m)Fm

N2
A.
. o al 4 . -m.r
(31) 9'1“’99“}“ N ’%"2?77"3“0(? N
iw(t - oot iw(t- o
(37) EB'DeA ( N )+.I[e 2 5
where

H xA w?
(38) D--/JN—;‘-E!, I 'A—N UH,xm

THE LAWS OF REFLECTION AND REFRACTION

The coefficients in equations (29) and (35) are con-
stant vector amplitudes, to be evaluated at the boundary. Since
these must bear some certain relationship to one another inde-
pendent of time and position, the exponents must be equal at any
given time and place on the boundary. Thus

A A A
N, % ¥ nen X m-'; < ’m-ri

C (< N N ’
where 7, is a point on the boundary surface., Defining a unit
vector normal to the boundary by 2,7 = O , one can easily
show that % =~ A, X(A,X %) . Hence, substituting
and manipulating the triple scalar products

~ A A A 2 N A
Aexgl C a &x’;' ‘C -AJX§'T‘ .&XO;.T-‘-,

10







o

e Aaxd,  Axf . Zxfl & xwn
c c N NS

Since sach of the cross-products in (39) hes the same
direction, they must all be normal to the same plane, This
plane, containing %,, ,, 7, 4, may be called the plane of
incidence, in analogy to opties, The first two equalities yield
the laws of reflection and refraction respectively. The sube
sceripts 0, 1, 2 refer to the incident, reflected, refrasted waves,
in that order.

9ince the normal to the boundary, A, lies in the plane
of incidence, this plane is perpendicular to the boundary, Then
the line of intersection of the plane of incidence with the bowund-
ary, and the normal to the plane of ineidence, together with 14,
form a converdent matually perpendiocular trisd, ac shosm in Fig-

ure 1,
In terms of this coordinate systen,
(40) 79'.- - Ax 5InQ, = 4y cos &,
(l1) Ne —A, sine, « Ay coss,
(h2) Te —-2,5In 6, = %, cos &,
(L3) /ﬁ.- R sinBcost + Ly smBsmy « Iycosf .

With these relations,
(lb) W eV (eingoossing,+ cosfoss 6,) = =V (#,-4),







FIGURE 1

Orthogonal Coordinate System

A 7,
“
6
B fam v
/
NS %
12 P 5
/ |
I -
___._:__._ f’
1\ |
/ )
I\ /
ba, /

The x-y plane is the boundary.
The x-z plane is the plane of incidence.

The angles 4 and ¢ fix the direction of /g..







for 4 and § in the first quadrants. If £ or 7 were in
any other quadrant, the absolute value brackets would have to be
retained, because the refracted wave must go in the -Z direction

as does the incident wave.

The first equality of (39) ylelds
(b5) 6, = O, , the law of reflection.
The second equality ylelds
¢ f(‘, sin 6,

-X‘,aineo--— »
V ein B cos 7 sin 6, + cos 4 cos 6,

or

ldneooc
(46) tamn 6, = —E Budd

1-%31:1/ cos ¢ sin O,

the law of refraction.

Now this development has been nonerelativistic; hence
we mst consider V°<(c? With this in mind, (L6) gives evidence
that 6, is quite small, regardless of the orientation of H, or
the angle of incidence,







EVALUATION OF "N

Y as given by (2);) must vanish at distances suffi-
ciently far from the boundary., Hence ¥ must be complex in order
to represent Y as a damped wave, In addition, to satisfy La-
plase's equation (21), the magnitude of 77 mmst be zero. A
third gondition is obtained from the third equality of (39).

We will show that these conditions, together with a fourth to be
introduced presently, are sufficlent to determine M wuniquely.

Let us write M = M, ¢ iMm;. Then if we put
(m, rim) - (m,zim) =0,
the first two conditions will be satisfied. Since
m. m, -m.-m;, *2iMm M =0 » we have

(8) |, |=|m;| ,ama WM-m=0

A
The third condition requires ,’g‘axm - jlx Ny, or
A X (M shm) = By x (~AySIMB,-25C056,)

from (43). This breaks down to

(0) XXM, = ~AySnG, ,and(d) AXW=0 ,
The y-camponent of (o) is

(&) XM, = -s5m86,

(o) gives the x-component of ¥,. From (e), m,







cannot have a y-component. Fram (d), 777, can only have a s-compo-
nent, It follows from (b) that W _cannot have a s-component.
Hence

(£) M, =~L,SIN6; .

From (a) and (d) then

(g) M; =A,5Mm @, ,

amd M = -A,sme,+ilasime,.

The fourth condition is that the sign of the imaginary
part be chosen so that 3 is damped as it travels in the -g
direction. We consider the exponent of Y , writing
e iw(t-25F) <o
Realising that N0, letting ¥ becoms - 4, | 2|, we have
A idzsme-4|2) <o,
resulting in
(L7) M = —f(‘xsm%-i-j,(’; sim 6z,
Tt is easily shown that this is equivalent to
1) M L X (g xPy) =4 2 X (Azx ).







BOUNDARY CONDITIONS

After Roberts (3) we take the following:

(49) AxAh= 0, Ah= h, - h
(50) LxDE =0, AE-E,.-E
(51) A9 = 0,

AMPLITUDES OF THE FIELDS

When the expressions for the fields, equations (29)
through (34), are substituted in the boundary conditions, the
exponentials cancel., Sufficient equations for determining the
cosfficients A,, B, ¥ are available, Using (bi) on (30)
and substituting, we obtain

60 RcAr A =i 8E 28-S 2) T (hem)

; A -wHoA
(53) A At A A = AR 1 .B

2
(s4) -7 fx.ﬁoxA.-’)ﬁx-ﬁ,xA, - A MW ﬁx-HoxB+ A:J Tix'ﬂ.xm

s’
N

(55) =9 A, - AxADh AXA, = ipuwA HxBr 2T A H xm

(56) Aiwk B+ LY 4 -m= 0,
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The divergence conditions show that the polarization

A

vectors A, A,, B , are normal respestively to Rig 16 5
ﬁz « Therefors the planes of polarization of the incident, re-
flected, and refracted waves make angles 6,, 6, , 6, respective-
1y with the boundary, as shown in Figures 2, 3, L. Referred to the
plane of incidence, the polarisation angles are respectively ox,,
K, » Ao From the figures

(s7) Ag Ao(,’t‘xcoa =, 008 6, + Ay ein o, ~ A,008 o, sin 9.)
(s8) A, = A,(ﬁxooe o, 008 6 + A, sim e, + % 008 o, in 5,)
(599 B= B ( Ry co8 o<, cos O, + ﬁy sin o~ 4,008 o, sin 9,).

Note that if the polarization of the reflected wave is reversed
in direction, so that Tr<o<'<—3§l[, equation (58) still prop-
erly represents A,.

Using equations (40) through (43 and (57), (58), (59)
to expand (52) through (56) we ocbtain
(60) Apine, -;iLMhBsinx, =« A sin o,
(61) A, cos o, cos o, -I;WTH. cos 6, Beoos o<,
wz H. 2 3
0—Nr]?un 6,(sin LFcos § - jcos f ) =~A cosex 008l
(62) 7 A eos o, +A'-'u—“\';H£B eos o<,

- i ’“;‘\‘I’""im 6,(sin foos 7 - jicos £) = )Acos o,







FIGURE 2

Polarization of Incident Wave

The plane containing A",nd A, normal to ﬁ.,h
the plane of the incident wave front,







FINURE 3

Polarization of Reflected Wave

»
‘)

The plane containing A, and A, , normal to 7, , is
the plane of the reflected wave fromt.







FIOURE L4

Polarization of Refracted Wave

ks
>

The plane containing X, and B , nommal to 7, is
the plane of the refracted wave front.







(63) 77A'ain X, cos 5, + ,('Mu)H,ooef Bsin X,

+ipWHein f sint sin G, B ocos x;

’“wzHﬁm; sin7 sin 6 =7 A, sin o, 008 6,

(6k) B cos ¢, -%}I

since V << of , #in 6,<< | . With this simplifica-
tion, the determinant of equations (60) through (64) is easier to
solve for the polarisation components A sin o, , Apos , ,
B sin o,, Beos x,, and ¥ . Making use of the relation
7 s C, substituting for the angles 6 and O, from (LS) and (k6),
we may write the solutions in the following form, where
waHZ

D = : oo-/; (%ooc/#ou 90)[L?Vk3li.neo+¥cu’ieo-9°]

is the denocminator determinant.

2,342
DAsinc= « visi)—;‘(—g-eonﬁ ~gos 6, ) [L--gk3 ad.no;%cocﬂeooa]ﬂnnx,
cos

3
D Acosex, = l-(e—H-'-(— cos £ +cos 6, ) [L%ka sing- %coaﬂcoca.] Agosex,
v cooﬂ
2w
D B sin o= 24———'[1p1k, sﬂ.né“-—coc/oosé] Apinegos o,
ve cos £

D Beosot,= 24 :)a ’( Voouﬂ* cos 8) [L!k,%sina Agos «, 008 B,
e

DYV = -2)1‘5—'11(%00.[* cos8,) A,cos = cos G, ,







22

where ky = sinfF cos I .

Substituting for B fram equation (36), one obtains by
eliminating D
%coo,f -cos )

(65) A,ai.n A = A, &in «,
—\Cicoe/ +cos O,

vV V
1- —kgein 6, - —Xcos f cos B
(66) A,ooa K, = Ao eos o, & & ﬂ ¢

L%kam 6, + -CKoonﬂ eos 6,

2 cos e,

(67) A,sin =, = A_sin e,
-\c{cos/ + o8 O,

2 cos 6, [1 -2 ¥k, sin 9,]%

(68) Ayeos o, = A, cosx,
l- —cv—k,dn e, +-¥-co¢[ cos &,

2
21;)&0«/ cos O,

1-%/-1:3:13 e, +%oo¢ﬂ cos O,

(69) V = A, eo8 o

It is possible to simplify these expressioms slightly
by specifying the direction of H,. If we let £ = 0, the polar-
ization angles are given by

cos e°-¥d.nz9,
cos 9,*%401:'6,
1 + —g-coe 9°
?V*-cooeo

Thus the polarization angles are not simply related to that of
the incident wave. Only if we consider normal incidence do we

mo“ - t&nﬁo

tan o<, = tan o<,







get samething simple;
tan o, = tancof, = gan o,
regardless of the orientation of the static magnetic fleld.

The cosfficient () may be obtained from equations (36)
and (69)3 ‘
-m:ze‘,[)...'z%’k:,u:ua‘,:|"ll

(70) 2 » A, c08¢,-L (cosf +4 smfcos ¢
"€ 1.Yrystngr Yoosgoos g f ).

Note that (0 = 0 for normal ineidence.

Perhaps more significant than the amplitude (2 is the
siin depth of the ) disturbance. This depends on the real part
of the exponent of the YW functiam.

L 2 x (A X My)-2, | 2| |
N A A e e
s gven vy d==o0 [ A oA x (R x )] |

Manipulating the vectors results in

' I |

Wsing, °
Substituting from (Lk) and (46) yields
() d= o—%cso e

Note that the skin depth is independent of the magnitude and
direction of H, ; and becomes infinite as 6—o. Thus, for

oblique incidence, _(? may be large but quickly damped; while







for nearly normal incidence, () 4is small but slowly damped.

ENERGY IN THE WAVES

Consider a fixed volume V enclosed by a surface S in
an electromagnetic medium., If the volume contains a source of
EM energy W, then

(12) S = /E xH-5 4o

is the rate at which energy leaves the volume ( g being the
outward normal to the surface)..

We seek an expression for the energy flow per unit
area at a point. Transforming (72) to a volume integral, it is
evident that only that part of the integrand whose divergence is
NOT zero will contribute tc the energy flow. Hence one cammot
in general simply use the integrand of (72) to represent the
energy flow at a point, In addition, if coaplex notation is
used for field quantities, we must consider only the real parts
to obtain the actual energy flow. Finally, since we want the
flow under equilibrium conditicns, we must cbtain the time aver-
age of (72).

In medium A the total magnetic fleld is H, = H.+ h,,

2l







where H, is the static field, and h, 1is the wave field.
Substituting in (72), and taking the real part,

£s %é@EAxﬂ.h“-g&r + ﬂEAx,Q,Ho-g‘ga‘.

The time average of this may be written

eV z
(73) %«g—;’-%/ZﬁgxﬁhA-gﬂr&t

%
Z—t‘—/ﬂ E *fH At édo ,

wvhere T is the period of the wave, Since the surface is
fixed in space we can interchange order of integration, Now
H, is real and constant, so the second integral is

%
-/?'- Hx/# E, &t-5 4o h
= °
It is easily shown that the time integral vanishes; i.e. LEz O .
Therefore the static magnetic field does not contribute to the

energy flow in medium A. Switching the order of integration in
the first integral, we arrive at

£ 3F = [AESRabtde = LA Ex by Eae,

a well known expression., If we transform this surface integral, we
see that no part of the integrand is solenoidal; hence the integrand

may be used to represent the energy flow per unit area at a point,
Treating the ineident and reflected waves separately, we have (k)







() B-+BExh, @ TF=+RExhH

For a fixed volume of a magnetohydrodynaic medium,
enclosed by a surfage S, mmmtothomflmu(S)

(76) 3—,W-Z<£xu +%P%'9 +Pg)-5do .

The term E X H represents the energy flowing with a MHD wave,
the second term indicates a convection of kinetic ensrgy, and
pQ denotes a flow of mechanical energy by means of momentum
transfer. As for medium A, we seek the time average of that

real part of the integrand whose divergence does not vanish,

Again one can show that the statis field H, makes no aversge

contribution to the energy flow,

It may be shoun that, for owr particular case, the
second and third terms of the integrand of (76) make no resl
contribution to the energy flow across the boundary, on the

average.

First let us defins

7w m.r
(1) © & &gt ER T

Then we can write the fluid velocity (fram (31), using (36)) as
AW(t-§) iw(t-€)

(78) ?'T—%’Aze ’Qe »
where Q-Qr*iQi -%?m.







We may express \J/ in terms of A; from (64), using (36),

(19) T =ity —‘—;——mo(‘ - - —:—A cos ,
Substituting for M and ¥ , we obtain from (78)
A g = -’_—'7; {Azcosw(t_s) - 22 A, [22 cosw(t-€)-A, sm w(t—ej}

Notice that X,:A, is of order sin 6, -é—/‘ (fram (59))3
neglecting terms with higher powers of 4£,-A,,

2 3 2
(ﬁ ?) ﬂ’ 9 Iy H% {AzAz Cosgw(r-g) * ZA, (ﬁ,-A‘)j‘x ‘/\a X

cosw(t-8§)cosw(t-€) —A: Az, Cos z!—«*(f"S)[f,Cf’s w(t-€) =R, sim w(t-e)]}

Now cnergy flow across the boundary depends on the s-component
of this expression, It is apparent that

LPe?) RgA 0.

That is, the convection term does not contribute to the energy
flow across the boundary.

To evaluate the third term of the integrand of (76),
one must determine the pressure, The following relations, re-
peated for convenience, will be of use.

| ! =
(12) @=3 [P+7(H,+h,)] yorp=fP-5(H +2H, ‘h.) ,

o phD e iw (t-€)

2







@) §.w2[; ok )1]17 -4 om4 5] 7.

Since @, is a constant for all time it can be eval-
uated for static conditionsy from (12),

s 1 2)
p(E’zHo ’
where p_ is the hydrostatic pressure of the fluid, To evaluate

A \2 -
¢, nots that (M4 ) o< sin“p, 1s vanishingly smally

hence

) = w'¥ --i—AcoSotz- i, .
Substituting in (27) we discover
D=5 (P v H) 3 smwt-e) .
With this result (12) yields
82) £eP= B -f & smw(t-€)-H, A, cos W(t-5),

Fram (78) we obtain

£ G = 5 A, cosw(t-5)+ Q,cosw(t-¢)- Qsnw(t-€),

One can show that the time average of the product
7P £2%, evalusted at the boundary, is

P leg) -3 [(HA)Q, + 1 (HA)A £EQ] .

Substituting for M and ¥ in (78) gives

Qr-- ’%’/:(&.At)ﬁl » QJ.- -sz(i\‘.Az)xx 2







Thus i‘,o&?,@?)“: 0 3
there is no real energy transferred across the boundary by

momentum, on the average.

The only term left to the integrand of (76) is E_ X h,,
It is easily seen that no part of div ( E, X h,) vanishes, so we
can safely take

6» Pt LExh, -

REFLECTION AND TRANSHMISSION COEFFICIENTS

We define(l)
L P
(8k) r = _;___i » reflection coefficient,
AP
(o}
ALP
(85) T = ,\2 =£= » transmission coefficient,
Az ® E

vhere P, R,fm'wlc’?mﬁumbm,doﬁudhy

o

equations (74), (75), (83).

[T ana T are determined by the fields (35) through
(38), In order to find the real parts of the fields, it will be
convenient to separate ) and Il into real and imaginary parts.
Using equations (L7), (59), (79) we may write







N = 0+ if); ,vhere

(86) £ = -T\I\ium 6, %+ A | Ay (%, - 25) ¢ Rp (A- 4 )]
N A A
Sae -%sin 8y Rz A,) [_’/‘\x (A ’}) - 4, (A ’Qi)] :

w Q= I+ AL

» where

67 L= s Vi%A) R x4
I - V(2 A) A X X
We may rewrite (35) and (37) as
b Aw(t-9)
E,-D eiw(T-S) ST eiw(f-e)

B
On forming the cross-produst sz hz,nobt.m
* (w(§-€)
Exhie DA sipim AL
—Aw(§-€
* DX(ﬂy—j\_ﬂ,.)e e (S ) +(HY+XHA)X(_(LY-,{_QA).
From (77)’
§~€= —E--(—cqé;ism&,)fz - - -'%-(cosaz +A 51N 6;)
¥
But sz h,1s to be evaluated at the boundary (z = 0), so

iw(§-€) -iw(§-€) l
e e 2 B e







Expanding the orosseprodust and selecting the real part, we get

KLE k) - (D+O)x(A+0)+ I xn, . |

Now it is easily seen that () 4s vanishingly small (of order
sin £ Q); hence

#8) o E % b:)z «(D+I1,)* A,

Using (Lk) on (38) we obtain a simpler expression
D '/U‘ v 2! XAZ ;

hence
D+ I XA, =mVAXA)A, ~#V (R AN A x RXA,
ViR, (A-A,)-A_A, 2 (ha AJRA) + 4 (x,.Az)z]

The lastterm in brackets is vanishingly small, The component
of (88) nomal to the boundary is simply

89) A+ B =-uVA] cspg .

P and P (equations (7h) and (75)) are more easily
obtained. From (29) and (3h),
7

. r
E, «<9Ash i)

;.,: - Ao ""w(T'ﬁé'r)

iw(t-2T)

(90)

E - “.’)ﬁn xA.e

i

(92) h‘,* -A'e-—/iw(?‘ ﬁ‘t'z) :







Substituting (90) and (91) in equations (7h) and (75) ylelds
B =0 (A xARA, =7 [MA-A,(F-A)
B--1 (A x AN, ) [AA-AAA)] |

Since Ao and A. are perpendicular to ‘ﬁ, and ‘ﬁ, respectively,

(92) %R =~ cnp Al

——

(93) 'I‘\z'P, g, cos 6, /-\?

Using the relatiom 7)=u(C, (89) may be put

il v 2
(9k) ﬁz'e'—v—cmﬂAz.
With these expressions, the coefficients become
2
(95) r - . —2{- » reflection coefficient,
o]
2
(96) T-% .7 —A}-, transmission coefficient.
cos 9° Ao

it remains to evaluate A and A, by means of equations
(65) through (68), We obtain

2 2
>

—\Lcosﬂ- cos B
(570 ——% = sin”?
A, gt %oosﬁ+ me,)
2
3 fl --c!(k, ein g, + cos Feos 6, )]
’

+ o8 o<
I_], -%(k, sin 8, - cos fcos e, )

32







2

A in %<,

(58) :-uoo-’e,{ o T
A

(%(coaﬂ * cos 6, )E

cos Zoc, (1« 2¥kg 8in Q) }
V; " 29 2
[2 - ks5in 6 cos Boos &, )] J .

o

Bquations (95) through (98) show that the transfer of
energy from as EM wave to an MHD fluid is a function of ordien-
tation of the static magnetic field, polarization of the incident
wave, and the angle of incidence, The exact funsctional depend-
ences are obscured by the complexity of equations (97) and (98).
Therefore it is instructive to consider special cases.

The dependencs on ﬂ is clearly shown for the case of
normal incidence; for 6, 0, equations (97) and (98) reduce to
A’ 1 A, a+2¥csg )

Af- 1+h-\cﬁco¢ﬂ, g A: 1L+ hYoosp .

wherein the coefficients become

1l
(9%9) & -
4 1+ h—c-VOOOﬁ ’
& Y
(l(x)) T- Cov“ﬁ
1+ h ?OOIﬂ .

The (-) sign of course signifies reflection, Note that
|T| +|7] =15 as it mst for conservation of snergy.







FUNCTIONAL DEPEMDENGE OF [~ AND T

To correctly interpret the curves of Figures 5, 6, 7,
it is lmportant to keep in mind that [ and T are defined in
of the normal compoments of the Poynting vectors., While the
normal component of Edoor‘uu smoothly as O, increases, the
percentage of I normal to the boundary remains essemtially
constant because O, is always small. Since 6,=6,, a change
in [ indicates a correspanding change in the total reflscted
energy, but there is a tendency for T %o increase with in-

creasing 6, simply because the normal component of F,domaus.

However this does not at all explain the curves of

Figures 5, 6, 7T« The behavior for the case og=¥i.a nost sur-
priging, Inspection of Figure 2 reveals that the polarization of
the b, wave is entirely parallsl to the boundary for this case,
for all &6, . Apparently as 6, increases the transmission of
the parallel component of polarization increases, reflection de-
creasing correspondingly. At a certain angls (6,2 85°), the
ertire incident wave is transmitted. From Equations L6, 97, it
may be seen that at this point %- e, 8.

™ and T behave in the same way regardless of 4 ,
although obviously their mmerical values ars a function of /2 ,
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FIGURE 5

Dependence of [ and T on Angle of Incidence,
With Polarization Angle of Incident Wave as Parameter,
lbrthoCalQIE-O.

Plolid(!lfﬂ.
T deshed curves

Angle of Incidence ( 6, ) (degrees)







FIGURE 6

Dependence of [ and T on Angle of Incidence,
With Polaxdization Angle of Incident Wave as Parameter,
For the Case /4 = 0 (Part of Figure 5 Expanded).

[T  solid curves
T  dashed curves

10

Angle of Incidence ( O, ) (degrees)







FIGURE 7

Dependence of [ and T on Angle of Incidence,
With Polarization Angle of Incident Wave as Parameter,
For the Case ﬂ--g—-r.

1 solid curves

T dashed curves
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Angle of Incidence ( 6,) (degrees)
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In addition to the data for the cases S =0Oand F=T= 7
(Figures 5, 6, 7), data was obtained for £ = % with 7= 0, J;
since the curves hardly differed mumerically from those of Fig-

ure 7, they are not shown, It seems that variation with azimuthal
orientation of the static magnetic field is strictly second arder

compared to variation with the polar orientation.

For the case o¢ = O the behavior is regular. Although
the tangential component of polarization tends to produce an ine
creass of transmission as ©, increases, the tangential component
itself decreases so fast that the tendency 1is overcome, For

X, = % » the behavior is intermediate.

Worthy of mention also is the behavior of [~ ama T
with V/e. The value chosen for Figures 5, 6, 7 is V/o = .1
(small enough to avoid the meed of a relativistis analysis, yet
large enough to provide considerable transmission), Inspection
of Bquations 96, 98 reveals that in general T —»0 as V/e — 0,
However, provided V/e 4s not vanishingly small, the anomaly still
exists for the case ox » %r « It appears that, as V/c de-
creases, the angular width of the transmission region decreases
sharply, and the region moves toward O,=Z . With V/c vanishe
ingly small the “spike" is at € = g— » vwhere of course there can

be neither reflection nor transmission because the h, wave is

not actually ineident on the houndary.
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DESIGNATION OF SYMBOLS

vector field defined by Equations 15, 16
vector amplitude of magnetic field
magnitude of A

solenoidal part of Q

vector amplitude of b

magnitude of B

speed of light in medium A

sidn depth of the Y disturbance
vector amplitude of electric field in medium B
total differential operator

base of natural logarithms
electric field intensity
electromagnetic

time dependent magnetic field

total magnetic field
exponential of magnetic waves

Jox

unit vector

insginary part

sin B ecos

propagation vector of YW disturbance

magnetohydrodynandc
unit vector in direction of wave propagation







V\mmm—]\mgu«x:<<—|¢mmbdb§pwl’uz

component of Alfvén velocity in direction of propagation
pressure of fluid

Poynting vector

fluid velocity

vector amplitude of damped part of € (Equation 78)
position vestor (with respect to a point on the boundary)
real part

unit vector normal to arbltrary fixed surface
arbitrary fixed surface

time

transmission coefficient

magnitude of Alfvén velocity of MHD wave

volume enclosed by S

energy

coordinate axis

coordinate axis

coordinate axis

polarization angle (Figures 2, 3, L)

polar angle of orientation of H,

azimath angle of orientation of H,

reflsction coefficient

f, + v/

n * v/

elecirie permitiivity of medium A
distance measured along H_

k2
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Ve , characteristic impedance of medium A
viscosity of fluid

magnetic permeability

3.6

vector amplitude of damped part of E (Bquation 38)
density of fluid

conductivity of flmid

period of wave

disturbance created by boundary (Equation 12)
constant of integratiomn

amplitude of @ -function

potential funoction leading to part of @ (Huation 17)
amplitude of Y -function

angular frequency of wave

vector amplitude of damped part of h, (Equation 36)
partial differential operator

vector differential operator

Subseripts

pertaining to mediwm A
pertaining to medium B
imaginary part

real part
situated on the boundary







in the direction of the +x-axis

in the direction of the +y-axis

in the direction of the +z axis

original static condition before incident wave arrives
pertaining to the incident wave
pertaining to the reflected wave

pertaining to the refracted or transmitted wave

Miscellaneous

indicates a wnit vector; other vectors are indicated
by making dark the left side of a symbol.

camplex conjugate

time-averaged quantity
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