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ABSTRACT

The theoretical problem of determining the Cerenkov radiation from an
electron traveling in a circle through a medium has been advanced and the
fields and resultant radiation from such a geometry have been determined.
Various direct methods of solution were originally attempted and were deter-
mined to be impossible with available techniques. These direct methods
included setting up the wave equation for the electron's motion in various
coordinate systems such as cylindrical, spherical, and toroidal coordinates.
A solution was finally achieved by a transformation of the fields as deter-
mined by Frank and Tamm in their original article on Cerenkov radiation.
This transformation resulted in a solution as a summation of eigenfrequen-
cies each separated by the frequency of the electron's periodic motion. The

total radiation for one period of the electron motion then takes the form:
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In the limit, as the period of the electron's motion becomes infinite, this
expression approaches the classical expression for the radiation as given by
Frank and Tamm. As a direct result of the method of solution, the field
expressions for the circular geometry are obtained in a form which is im-
mediately applicable to calculations of radiated power flow in directions of

interest.

Two hardware configurations are discussed which might be used as
vehicles for checking the accuracy of the theory. It is hoped that one of
these configurations might lead to a device which would yield a useful amount

of power in the submillimeter region of the microwave spectrum,
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CERENKOV RADIATION FROM AN ELECTRON TRAVELING
IN A CIRCLE THROUGH A DIELECTRIC MEDIUM

Statement of the Problem

At the present time, considerable interest exists in obtaining sources
of electromagnetic energy in the infrared and visible regions of the electro-
magnetic spectrum. In line with this interest, an investigation of Cerenkov
radiation was proposed as a means for obtaining radiation of very short

wavelength.

This investigation was begun with a survey of the literature to deter-
mine what theoretical work had been done and what methods were available
to obtain usable power from the Cerenkov effect. The survey indicated that
very few useful configurations had been investigated which would be capable
of use as a power source. Most of the articles were concerned with the
Cerenkov radiation obtained from particles (charged and neutral) traveling
in straight line paths or with the interaction of particles with abrupt bound-

aries.

During this survey, it was noticed that no work had been done on the

problem of a particle traveling in a circular geometry. Since a circular
geometry yields the capability of obtaining a long path length in a small
space, it was felt that Cerenkov radiation obtained in such a geometry would

be of large interest in the construction of a usable microwave power source,.

It was decided that, before a proposal for a Cerenkov power source
could be made, an investigation of the radiation from a particle in a cir-
cular geometry would be necessary. Since it appeared to be an excellent

thesis problem, it was undertaken as an interesting theoretical problem

and as a vehicle for obtaining a better understanding of the Cerenkov effect.







A straightforward solution of the wave equation for a particle trav-
eling in a circle seemed to be the most obvious method of approach. After
attacking the problem in several coordinate systems, it became obvious
that solution in this manner would be extremely difficult, if not impossible,
at this time. The problem was set up in cylindrical, spherical, and toroidal
coordinates and each of these systems was individually investigated.
Toroidal coordinates seemed to show the most promise but there appears

to be no analytical solution of the wave equation in these coordinates.

When these attempts at direct solution failed, the Frank and Tamm
linear particle solution was examined to see if it could be transformed into
a useful solution to the problem. This has proved to be not only feasible
but practical and has resulted in a technique which should also be applicable
to other similar problems. The method entails a coordinate transformation
of the cylindrical coordinates of Frank and Tamm, with a particle traveling
along the z axis, into a set of cylindrical coordinates with a particle trav-
eling in the ¢ direction at a distance a from the center of the coordinate
system. Before a discussion of this transformation is undertaken, however,

a general discussion of Cerenkov radiation and its history will be given.

History

Cerenkov radiation was observed as early as 1910 when Mme. Curie
noticed a pale blue glow coming from bottles containing concentrated radium
solutions. At that time she was preoccupied with the problems of radioac-
tivity and made no investigations into the cause of the glow, The Cerenkov
effect was observed by many investigators working in the field of radioactiv-

ity, long before the effect was studied and explained.

Mallet made the first deliberate attempt to study the phenomenon,
and discussed his work in three papers in 1926, 1928 and 1929. He dis-
covered several important facts about the radiation — that the light emitted
from a large variety of materials, when placed near a radioactive source,

always had the same bluish-white quality, and that the spectrum of the







radiation was continuous rather than discrete or banded. In spite of these

discoveries, the work of Mallet largely has been forgotten, This is probably
because he did not continue his investigations and because he offered no

explanation for the effect.

In 1934, Cerenkov began an intense investigation of the phenomenon
which he discovered while studying fluorescence. He continued his inves-
tigations until 1938 and obtained remarkable agreement with the theory of
Frank and Tamm which was advanced in 1937. Cerenkov's experiments

stand as excellent examples of simplicity and good practice.

In 1940, Ginsburg advanced a quantum theory of the phenomenon. His
paper stands as one of the best quantum treatments of the subject. There
were no contributions to the theory of Cerenkov radiation during the war,
but, from 1947 on, considerable work has been done. The photomultiplier
was developed by Curran and Baker in 1944 and has found large application

in the investigation of Cerenkov radiation.

Cerenkov radiation counters have become important in the field of
high energy physics for the investigation of high speed particles. They have
been used with the high energy particle machines and for the detection of

cosmic rays.

The various theoretical studies in Cerenkov radiation have included
radiation in anisotropic media, radiation in ferromagnetics, and radiation
from electric and magnetic dipoles. In 1947, Ginsburg suggested Cerenkov
radiation as a possible source for microwaves. Many papers on Cerenkov
radiation contain schemes for its practical application. Most of these are

discussed at length in Jelley's book, Cerenkov Radiation and Its Applications.1

Qualitative Description of the Cerenkov Effect

An electron may be considered to be moving with a relatively slow
velocity through a dielectric medium along a path from A to B and it may

be assumed that it encounters no collisions with the atoms of the material,

Then, in the neighborhood of the particle, there will be a polarization of







the atoms of the material (the electrons of the atoms in the dielectric will

suffer a displacement from their equilibrium position due to the charge of
the electron)., Because of the symmetry of the polarization around the

electron (P), there will be no resultant field at large distances from the

track of the electron (see Figure la).
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Figure 1. The Polarization Set Up in a Dielectric by the Passage of a
Charged Particle (a) At Low Velocity; (b) At High Velocity (Jelley)l

Now if the electron is moving with a velocity comparable with or
greater than the speed of light in the medium, the polarization field is no

longer symmetrical. Since the electron is traveling at a velocity greater

than the signal velocity in the medium, the electron's field can only affect
the atoms behind it. In this situation a quite noticeable dipole field is set
up which is measurable even at long distances. Then each atom along the
track will have a momentary dipole field set up in it and will radiate after

the electron is past.

The elementary properties of the radiation may be studied with a
Huygens construction of the wavelets generated at various points along the
path. Such a construction is shown in Figure 2., Here the electron is trav-

eling from A to B with a constant velocity v = 3¢, while the light is travel-

ing from A to C. For coherent radiation the wavelets from Pl’ P2, P3, etc.,







Figure 2. Huygens Construction to
Ilustrate Coherence (Jelley)l

must add in phase along some line CB. Since the velocity of light in the
medium is —g— where n is the index of refraction of the medium, the distance
AB will be greater than the distance AC (V > ;(i—). Then if At is the time
required for the electron to travel from A to B, AB = 8¢ - At and AC =

At . (—E) which yields the result:

cos 0 = [%1 (1)

which is the Cerenkov relation.

The Cerenkov relation indicates that for a medium with a refractive

e, = = , below which there is no
min n

radiation. At a lower velocity the radiation is along the direction of the

index n there is a minimum velocity,

particle. For an ultrarelativistic particle (3 = 1) there is a maximum angle
of radiation, Qmax = cos-1 (%). In addition, it may be seen from the
Cerenkov relation that most of the radiation occurs in the visible and near-
visible regions of the electromagnetic spectrum. In these regions n > 1.
Radiation cannot occur in the X-ray region of the spectrum, since n <1 and

(1) cannot be satisfied.

The above discussion treats the radiation from the electron in only one
plane. In three-dimensional space, the radiation would be emitted in a cone
whose semivertical angle is the angle 8 from the axis. The radiation has a

very sharp maximum in the 8 direction and approximates a §-function

distribution.







There are several analogs of the Cerenkov effect in everyday life.

Among these are the bow wave created by a ship exceeding the speed of the

surface waves on water, and the shock wave created by an airplane exceed-

ing the speed of sound.

Solution to the Problem

As stated, the solution to the problem of Cerenkov radiation from an

electron traveling in a circle will be obtained by a transformation of the

field expressions obtained by Frank and Tamm. Since the results of Frank

and Tamm will form an integral portion of the solution, the basic assump-

tions and conditions will have to be essentially the same as those used by

Frank and Tamm. They are (as stated by Jelley):1

1,

6.

The medium is considered as a continuum, so that micro-
scopic structure is ignored; the dielectric constant is then
the only parameter used to describe the behavior of the

medium.
Dispersion is ignored, at least to a first approximation.
Radiation reaction is neglected.

The medium is assumed to be a perfect isotropic dielectric,
so that the conductivity is zero, the magnetic permeability

# = 1, and there is no absorption of radiation.

%
The electron is assumed to move at constant [tangential] veloc-
ity; i.e., slowing down as a result of ionization, and the multiple

Coulomb scattering are ignored.

The medium is unbounded and the track length infinite.

To reduce the difficulties of solving the problem, an additional as-

sumption will be made. It will be assumed that the effects of acceleration

‘ "The word [tangential] is added here to make the assumption more
closely fit the problem at hand.







on the electron can be neglected. Although this seems at first glance to be
a rather risky assumption, it must be remembered that radiation due to
acceleration is a second-order effect while the above conditions limit the
solution obtained by Frank and Tamm to a first-order approximation. Since
the basis for the solution of this problem is only good to first order, there

seems to be no justification for considering a second-order effect.

Frank and Tamm's solution is obtained in cylindrical coordinates
(see Appendix) with the electron traveling the z direction. The solution for
an electron traveling in a circle can most easily be represented in cylin-
drical coordinates with the electron traveling in the ¢ direction. To employ
the Frank and Tamm field representation, a transformation is required
which will have the effect of displacing the path of the electron by a distance
a and bending the electron's path (displaced z axis) into a circle in the ¢!

direction. This process may best be illustrated by Figure 3.

1
J

Figure 3. The Frank and Tamm Coordinate System (Unprimed)
and the New Coordinate System (Primed)







The unprimed coordinates are those of Frank and Tamm, and the

primed coordinates are the new set. Then, from the vector relations

between the unit vectors, the following relations may be written for the un-
primed set:

®|
0

a_cos ¢ + Ey sin ¢ (2)
Ky B sinq5+'§y cos ¢ . (3)

Upon examination of Figure 4, it will be seen that the following rela-
tions also hold:

X " x'~-a

o 2 2 2 2
x4y '/(x'-a) + gt

(4)

S0 O wipie » 2 (5)
2+ yz J(X' _a)? 4212

EX = 'E)'{ (6)

’ary = - E'Z (7)

Then, upon substituting (4), (5), (6), and (7) into (2) and (3), the fol-
lowing relations are obtained:

.a_p ¥ ;é x'~a + Ez' z' (8)
J(x' - a)2 + z'2 J(x' - a)2 + z'2
- z! &y x'-a

(9)

¢~ % Y. o Y
J(x'-a) + z! ‘l(x'-a) + z!

Now there are two problems remaining to the transformation: (1) how

to relate the z axis to the ¢' axis, and (2) how to relate the x' in the above

equations to r' of the new cylindrical coordinate system.







The first of these problems may be solved in one of two ways. The
easiest and least rigorous solution is to imagine the z axis simply curved

or bent around into the ¢' direction. This results in the relation:

Ez = E('P (10)

between the two coordinates.

The more rigorous solution to the problem may be outlined as follows

with the help of Figure 4.

Figure 4. Illustration of Relation Between z and ¢'

From Figure 4:

|AB| = |sin (d¢") dz| = dzd¢! ‘ (13)

=

lcos (dd)')dzl = ]]—_D,fjl :dz . (14)

Substituting (12), (13), and (14) into (11), the relation:

i = ol 5 1
a _dz a¢dz +ajdg'dz (15)

is obtained. Then, dividing through by dz:






Since _a;. is multiplied by an infinitesimal, it may be neglected with respect

to‘a(‘zs and the final result is:

EZ = Elp (10)

which is in complete agreement with the intuitive result.

The answer to the problem of relating x' to r' is not nearly so straight-
forward. Perhaps the simplest solution is to let r' = Ix'l, which in the
present case amounts to replacing x' by r'. In the primed coordinates, x!'
would, to be technical, contain direction information; however, any informa-
tion as to direction which x' contains is superfluous since ¢' controls the

direction in the r' - ¢' plane.

After making these substitutions into equations (8) and (9), the com-

plete transformation is obtained as:

z!

5, =5 ot +a (1n
‘I(r' - a)2 + z'2 ‘l(r' - a)2 + z'2

S B - & r -a (18)
J(r' - a) + z' ‘l(r' - a)2 + z'2

T = (19)

Z

%
Now consider the field expressions as obtained by Frank and Tamm

(see Appendix for derivation):

f ¥ B n cos [Alwdw (20)
Vns

w>o

>kThe signs on the field expressions in the reprint of Frank and Tamm's
original article are incorrect. The signs should be as represented here.
This is a self-cancelling error and does not affect the conclusions of Frank
and Tamm,







Ez=-£2-[ 72-5(1-—;—-2) cos[AJwdw (21)
- B n

w>0

H¢=%I‘,i—§—cos[A]d¢n (22)

w>0
A= [w(t -%) - Sp +%]

where S is defined by 82 = (wz/vz)(an2 - 1). These relations are the ex-
pressions for the fields in a set of cylindrical coordinates which view the
electron as traveling in the positive z direction, along the axis, with a
velocity v > % . This treatment will not consider any results at a velocity
v < -Icl— since in the case of a linearly moving electron the fields vanish, and
in the case of an electron moving in a circle the fields are only those caused
by radial acceleration of the electron and are assumed negligible. It must
also be remembered that in these solutions velocity or tangential velocity is

considered to be constant.

The field expressions of Frank and Tamm can be transformed into the
fields as seen by the moving electron by the application of the following

transformation:

El

1
=
<5
b
il

(23)

ol<l el<l

B = x E (24)

os)
1

where the prime indicates the field after transformation. It will be noticed
that these are the nonrelativistic field transformations. Since the Frank
and Tamm treatment is nonrelativistic, the assumption must be made that
B << 1, which is the condition for application of the nonrelativistic trans-
formations. It will be seen, however, at the conclusion of the following
two transformations, that there is an error of (1 - Bz) introduced and that

this error could be removed by including the relativistic correction in the

transformations.







The individual components of the transformed field may be written
immediately from equations (23) and (24). Since p = 1, B = H and the com-

ponents of the transformation become:

I = - l
Ep Ep . H (25)
E'Z = Ez (26)
1 = - _Y.
H¢ H¢ - Ep (27)

Applying (25), (26), and (27) to (20), (21), and (22) yields:

EF'>=% [——LQ—-—I— V\/_]cos [B]dw (28)
CB n
e e 2 1
Ez = - 02 I 750 (1 - ,82n2>w cos[ B]dw (29)

¢ B n2\'§

‘f_z A
H¢=%I‘/”_2p [\ﬁ- "3 23“ -I}COS[B]dw (30)
w>0

B = [w(t —to) - Sp +%]

where tO = % with z = vto. Here the use of a dummy variable, to’ is

merely an artifice for keeping track of the time dependence.

The coordinate transformation ((17), (18), and (19)) may now be ap-
plied to the static fields. It must be realized, that after the electron path
is translated to the right, the fields will appear as though they were gen-
erated by either a medium moving in the minus z direction past the elec-
tron or by a medium moving in the minus ¢' direction past the electron.

To anticipate the latter case, it is expedient to replace the Fourier integral
representation of the fields with a Fourier series representation. This
step is required because of the periodicity of the motion of an electron in a

i dw with = and the integration

circle. This requires replacing w with —T T

12






with a summation, Here T is the time required for the electron to make

one trip around the circle and m is an integer (m = 1,2,3,...). Then the
field representation of an electron traveling in a circle, as seen from the

electron, can be written as:

_, _ (r' - a) . 2 lZen
apE;) ‘[(r'-a) +z'2 +a {(r _a) +Z' scTZ‘/_X

2mn‘62n2—1 X cos [C]

22 C
Tc B°n" VS [(r' - a)2 +z'2]

i
=R
E'ZE'Zz n 4eﬂ Z ‘/— n 1/4 cos [C]

[(r' i ol g®

174

S_2mnv'Bn cos [C]

T2 gPnZ VS 2}1/4

'-a) + 2!

where:

= [Zr'?n (t - to) - SJ(r' - a)2 + z'2 +%]

When separated into individual components these become:

.t 2en‘[' Z (r' - a) 2mn ¥B%n® - 1

E, 3/4 2 2
- [(r . a)2 + z'2] TcBn

Y5
e

cos [C] (31)







These fields may be transformed to a reference frame where an observer

sees the electron traveling in a circle by the inverse transformations:

=R oo X H (36)

-I_?;"'-]—B”‘*'FXE (37)
It is obvious that these transformation equations do not fit a trans-

formation which is not linear; however, if the radius, a, is assumed large

and radial acceleration is neglected, the transformation holds to a first

order of approximation, To fit these equations to the problem, V must







become aa where a is the angular velocity in the ¢' direction and is as-

sumed constant. With these considerations, the components of the trans-

formation become:

Et = 1 - 22 gn
r % Z
E = EN
¢ ®
E' = En + 22 g
Z Z C I
H'! = H" 4 2 E"
r C
H''' = H" - 28 o
Z Z c i o4

The field components in the primed coordinate system then become:

T 21:2 B
;‘” _ 2e11 ‘/'Z [ .(ra)z i)Z,2]3/4 2rr’;1;ﬁ2i2nv-s_l

v aa 2mmnaav ﬁznz -1
== s+?‘[s'- cos [D]

TSBZZV—

(38)
(39)

(40)

(41)

(42)

(43)

(44)

(45)
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2mnav Vanz -1

2enr [2 z!
11! & S el
= 22T g2 Z 3T |f

2.2 2
m [(rl -a) +Z b B " JS—
1, 2 2
aavf+2mne;a232 n -1 cos [D] (46)

c Tc"B °n” JS

2 2
2en (r' - a) 2mav NB™n" -
i :_.__ =
H' Yz Z 2]3/4 Vs 53 2

m[(r'-a) + 2! Te"B"n" /8

ZmnaaV 22-1

aav
JS + cos [D] (47)
C Te 232 2\/_

with:

where

a|€

If aa is set equal to v, i, e., if the velocity in the z direction is equal to
the tangential velocity in the ¢' direction, then equations (43) through (47)

reduce to:

E}"=26”J—Z bloa 372 ¥

[(r' - aL)2 + z'z]

2mun VB2n2 -1

Tchnz S

1 - %! cos[D] (48)







= [(r‘ -a)” +z'
22,
- > zn cos [D] (54)
B n" /S
1
sen 3 m( ) 2n2)
g [(r' - a) +z']
H;”:_zéETE ‘/%Z z'v/S 373 cos [D] (56)
m [(r' - a)2 +z'2]
iy o 2em [2 (r'- a)v/S \
Bt 3 < ompye J;Z 7373 cos [D] (57)

m [(r'-a) + z!
D= [21,;1"(t--(£—')-8‘l(r' —a)2+z'2 +-Z—-]

Since the fields are now represented by a Fourier series and w has

been redefined as %—I—,Irlz, S must also be redefined. Henceforth, S will be

defined by the relation:

2 2

2_4m n

S 53 2(3 n” - ) (58)
T a

where g is defined by:

. aa
ok Al (59)
Since the above series of transformations seem to have yielded cor-
rect relations for the fields, one immediately begins to wonder whether the
direct coordinate transformation would not yield the same results. The
direct coordinate transformation not only yields the same field expressions

but also offers a proof of the validity of the resultant expressions. Here

by direct coordinate transformation is meant the direct application of (17),







(18) and (19) to (20), (21) and (22) with modifications of the solution to fit

the periodic nature of the problem. Of course, this argument could also
be turned around and the transformation procedure involving the use of the

auxiliary reference frame might be offered as the proof of correctness.

The radiation out of a toroid surrounding the electron path for one

trip of the electron around the path may be obtained from the expression:

W-—Js‘(Ex H) - dAdt (60)
o A
where A is the area of the surface, dA is the elemental vector area, and

T is the period of the electron motion. The integration over T may be

performed with the aid of the relation:

i b
2mamt 2pnt 2 €L
I cos ( w + 'y) cos (—p—T + 'y) dt = 5 Smp (61)

0
where v is an arbitrary angle and Smp is the Kroenecker delta. This

yields the result:

]
Im
[\’)

E

z'a' + (r! -a)a;‘ o
(r' - a) L ]

A

The surface integral is, perhaps, best evaluated separately. The

parametric equations of the toroidal surface may be written as:

x = (a +b cos 0) cos ¢
y = (a +b cos 8) sin ¢
z=Db sin 0 (63)

where a is the distance from the origin to the toroidal axis (electron path),
b is the distance from the axis to the surface of the toroid, 0 is the angle

between the r - ¢ plane and a vector from the axis to the surface of the

19







toroid, and ¢ is the angular distribution in the r - ¢ plane. Then the

elemental vector area may be written with:

which evaluates to the result:

2 2 =t
dA = |(ab cos 8 +b” cos"8) cos ¢ i
2 2 ; ~
+(ab cos 8 +b"~ cos  8) sin ¢ j
-—
+(a + b cos 8)b sin 8 k]d@dq) (65)
in rectangular coordinates.

z¥a! + {r! - a)a’

[(r' - al)2 + z'2]

tangular coordinates as:

The vector

may be written on the torus in rec-

z'a' +(r' -a)a’
z r

_ cos O cos ¢ -i-’+costinqS —J*

[(r' z a)2 + z'2] b b
sin 6
Safics.

X (66)

Then combining these two expressions, the surface integral may be written

as:
2n 2n¢
z'_a"'z +(r' - a)a’ a 9
1. dA= (a +b cos 8) cos™ @
2 2
r!' -a)” +2
A o o
+(a + b cos 0) sinze]dgdd> (67)
which evaluates immediately to yield:
z'a! + (r' - a)a!
= L) . 3E = an's (68)

[(r' - a)2 + z'z]

A
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Equation (62) now takes the form:

2 3
_e 8n a 1
W"—Z' 5 E E m(l -———2)8mp . (69)
c T m p

B’n
The summation over p in (69) may be immediately removed along with

the Knonecker delta and the radiation out of the toroid during one period of

the electron motion becomes:

2 3

w=% SER m(l- 1 ) (70)
g Em: e

P

It may be noticed that 2ma is exactly the path length for one period of
the electron motion. Then if 27a is set equal to £, an expression for the

radiation out of the toroid per unit path length may be written as:

2 2
dW _e 4n 1
r S s m(l' 22) (71)
£ . X B n
m
by taking the derivative of (70) with respect to £.

Equation (71) appears to''blow up' for large m; however, since m is a
measure of the frequency of the radiation, a physical system will have a
"cutoff" frequency. The "cutoff" may be introduced by the fact that the
radiation must be limited to wavelengths which are greater than the clas-
sical diameter of the electron, or the '"cutoff'' may occur where n(w) > é-
in the dielectric. In the first case, the cutoff will be governed by the ex-

pression:
=d (72)

where d is the classical diameter of the electron, Then since:

s I
nx 2 T
m_ .18 from (72):
o el
Max - 2nnd (73)
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and the expression for the radiation becomes:

cT
2mnd
aw _ e’ 4n” ] o (74)
F T3 " 3 2 :
T - 3] B n

For the condition of cutoff due to the frequency dependence of the

dielectric medium, the 'cutoff' condition is:

1
n(mmax> >3 (75)
so that above m = L T there is no radiation and the expression of the

radiation per unit path length becomes:

EEDEEH
2 ?’Tz anz

In both (74) and (76), the term in brackets is normally a very slowly

changing function of frequency so that it may be removed from under the

summation sign in most cases.

Equations (74) and (76) are very similar in form to the result of Frank

and Tamm which is stated here from the Appendix:

2
dW _ e 1
£ 02 j wdw( : an2> i
2

For the limit of ,—lr— small (T large), expressions (74) and (76) approach (77).







Applications

With some thought a number of device configurations can be en-
visioned which would employ an electron traveling in a circle. Two such

configurations will be discussed.

Consider an electron beam in which the electrons are accelerated to
a velocity near the velocity of light and shot between two closely spaced
slabs of dielectric in a perpendicular magnetic field (Figure 5). Then as
the beam enters the static magnetic field, it will be bent into a circular
path. Since the electron must appear to be inside the medium for the
Cerenkov effect to exist, the spacing between the slabs must be very close--

of approximately the same size as the diameter of the electron beam.

ACCELERATOR

B i

Figure 5. An Electron Constrained to a Circle by a
Perpendicular Magnetic Field







In this configuration, the electron would continually lose energy
through radiation and spiral into the center of the coordinate system. If,
however, a slowly increasing magnetic field is applied in the z direction,
the loss due to radiation can be compensated for and the electron will be

held in the circular orbit and retain its constant tangential velocity.

There will also be a tendency for dispersion of the electron beam in
the positive and negative z directions due to the charge repulsion between
the electrons. It is believed that if the surface conductivity of the dielec-
tric is made extremely low, a surface charge will be built up on the dielec-
tric which will constrain the electrons to the r-¢ plane. This surface
charge will be established by electrons which are repelled by the beam
and strike the surface. If the electron beam intensity is sufficiently low,

it should be relatively easy to establish an equilibrium in the z direction.

Another configuration, such as Figure 6, might also be usable for a
power source. In this case the electron beam is constrained to the r-¢
plane by a toroidal magnetic field which is established by a helix wrapped
around a toroidal piece of dielectric with a circular hole along the axis.

In this configuration, the electron beam would be forced to follow the
streamlines of the magnetic field. In addition to the constraining magnetic
field, there will be a surface charge build-up which will aid in constraining
the electron beam. If additional constraint were required to hold the
electron beam in a circle, a magnetic field might also be added in the z

direction.

As in the first example, the electrons will tend to slow down due to
the radiation of energy. One proposal for maintaining the electron beam
would involve bunching the beam and applying an a-c field to a helix wound
on the torecid. This would have the effect of coupling energy into the beam

from the traveling field similar to the method used in a linear accelerator.

Both of these devices would generate radiation in a band of frequen-
cies. A cavity or some other tuning device would be necessary to restrict
the output to a narrow range of frequencies. A Laser might be used to
limit the output bandwidth and provide an increase in signal output; however,

these devices operate at too low a power for present application,






ACCELERATOR

Figure 6. An Electron Constrained to a Circle by
a Toroidal Magnetic Field

Summary

A first order theory has been developed for an electron traveling in
a circle as an extension of the Frank and Tamm theory of Cerenkov radia-
tion. This theory has resulted in an eigenfrequency spectrum for the
radiated energy as opposed to the continuous spectrum for the Frank and
Tamm model. It is believed that this theory can be applied to a practical
microwave power source in the sub-millimeter region of the electromag-
netic spectrum. Two devices which should be capable of applying this
theory have been proposed with the hope that they might lead to a practical

device in the future.
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APPENDIX

Frank and Tamm Theory of Cerenkov Radiation

Since Cerenkov radiation can be considered to be caused by the instan-
taneous polarization of a medium by the passage of a charged particle with
velocity v > % and since the radiation from the medium can be treated mac-
roscopically, the dinamical relation between the polarization, P, and the

electric intensity, E, may be used (Sommerfield):

.
L E °P =aE (78)
8t2 SIS

S

where W are frequencies of the molecular oscillators of the medium. The

field variables may be expanded in Fourier integrals as:

o0
P
E = Em A
&
- 00
o0
P
B-|PF e (79)
_‘w
and the connection:
s 2 -
P =(m°-1)E (80)

may be obtained between ﬁw and E—w where n is the refractive index of the

medium for a frequency w.

From (79 and (80), Maxwells equations reduce to the form:

H =VXZ&, (81)
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the expression:

where p = 1 and the connection between the vector and scaler potentials

V'Aw+

If an electron, e, is moving through the medium along the z axis with

a constant velocity, v, then the current density may be written as:

L =evb(x) 5(y) 5z - vt)

and the Fourier transform of JZ becomes:

J, (@)

This may be rewritten in cylindrical coordinates as:

Jz(w) "

Substituting (87 ) into (83) and setting:

&(x) d(y)

A _(w) =u(p) e

82u
——2 -+
9p







is obtained for u where:

2
s?=2 %% -1)=-0 (90)

<

From (89) it is obvious that u is a cylindrical function which satisfies the
Bessel equation:
2
2
2.‘21+_1~_g_‘f+s u=0 (91)
dp p 9p
at all points except the point p = 0. To find the condition onu at p =0,

replace the right-hand side of (89) with a function, f, such that:

- 2e .
f=- 21fp<p0

mp

f=0 if p>p (92)

integrate the resultant equation over the circle of radius Py and take the
limit as = 0. It will be noticed here that thed - function has been re-
placed by a function, f, which approaches it in the limit. Then the condi-
tion on u at p = 0 becomes:
4 By - e
pl-l—I;nO(p-fi_E)_ mC (e
Now two cases must be investigated--the case for Bn < 1 and the case for

Bn> 1. For the case with 3n< 1, the solution of (91) which meets the con-
dition (93) and vanishes at infinity is:
ie (1) ..
2 e H
u o (iop) (94)
: 2 - S : " i3
since S'<1 and 0 = -S° > 0 where o is a real quantity. Here Ho is the

Hankel function of the first kind.

If op >>1, then the asymptotic expansion of H(Ol) may be employed to obtain
with (88) and (94):

dw (95)

0 s Z
I —O'p+1(l)(t"\—,)
e
=00

AZ =
2710 p

olo
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From (95) it is seen that the field from an electron traveling with a velocity

c
W o decreases exponentially with p so that there is no radiation.

For the case of Bn> 1 in some frequency range, S is real and the solution
of (91) which meets the condition (93) is

o _;% H(()z) (Sp) (96a)
for > 0 and:
=2 1! sp) (96b)

for w < 0. Here H(()l) is the Hankel function of the first kind and ng) is the

Hankel function of the second kind. S is always taken positive.

If Sp >> 1, the exponential values of the Hankel functions may be used and
with (88) yield:

w>0
3
A(w)=-—e—— exp[iwt-g-iSp———] (97a)
% c\/27rSp ( V) ( 4)
and:
w<0
A (o) =- —5— exp[iw - S} #y Sp--——-] (97b)
Z C\/Z_—ﬂSp é V) )

Applying (81) to (97a) and (97b), expressions for the magnetic intensity are

obtained as:

w>0

H‘P(w) = Cj;/ﬁi; » ;Zf/szs' exp[iw(t - ;z’_) -i(Sp - %)]

Hy(w) = efS _iep exp [iw(t g %) +i(Sp . %)‘
C
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These expressions may be combined with the aide of

2 cos [X] = eiX+ e_i><

2 il = ot g~ X (98)

by taking both expressions over the range w > 0 to obtain:

w

H . £ S cos | X] dw ep ? sin[X] dw
é c\/;r-p JJ— [x] +CJ§7 Nes

w>0 w>0

[x] = [w(t -2)-s0 +—Z] (99)

The second integral may be neglected at far distances which gives the

result:

H(P:% T—% J:/E_cos [X] dw

@W>0
[X] = [w(t - %) -Sp + -Z-] (100)

The expressions for the electric intensities, EZ and Ep may be calculated
from (82) and (97). An intermediate form of these expressions will result
which must be defined over the two regions of @ as in the intermediate result
obtained for the magnetic intensity. The two regions of the intermediate
forms for the electric intensities may be combined by the same method as
was used to obtain (99). A factor appears in the result which can be neg-
lected as p—» o in the same fashion as was done to obtain (100). Then the

resultant expressions for the electric intensity are:

E =-3F Jl- L ycos[X] 4 (101)
Z C2 TP ( BZnZ) /5 wdw

w>0
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o _{ - 1 cos [X] wdw (102)

NS

The range of integration is positive here and restricted to the frequency

range where fBn(w) > 1.

The total energy radiated by the electron through a cylinder of length £,
where the axis of the cylinder coincides with the line of motion of the elec-

tron, may be calculated from:

" C Ea
W =2mpt) [E H]‘0 dt (103)

g =g

With the help of the relation:

jpcos (wt + a)cos (w't+ B)dt =710 (0w - w') (104)
-0
where a and B are arbitrary angles, Equation (103) may be applied to the

field expressions to obtain:

w=%-‘j(- lz)wdw (105)

i 2
Bn>1

B n

as the total Cerenkov radiation from an electron traveling in a straight

line. The Cerenkov radiation per unit path length can then be written as:

2
dW _e 1
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