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CHAPTER I

INTRODUCTION

Since the advent of the transistor in 1948, numerous
semiconductor materials have been produced in the continuing
search for more reliable and efficient transistors. One group
of these materials possesses extfgmely high mobility and is
useful in new devices which do not utilize transistor action.
These devices make use of the "Hall Effect";, a phenomenon
discovered in 1879. The "Hall Effect" occurs when a per-
pendicular magnetic field is applied to a conductor carrying
current., Under these conditions it is found that in addition
to the longitudinal electric field normally present a trans-
verse field is produced so that the current and the electric
field are no longer parallel. .

There are several "Hall Effect” devices commercially
available at the present time for use in circuit applications.
Westinghouse Electric Company produces the 803 Hall generator
for instrument and analog computer applications, and Ohio
Semiconductors Inc. produces the HS-51 Halltron and the HR-31

Halltron for numerous other uses.

1.1 Purpose of the Study. This is a study of the be-

havior of a "Hall Effect” device by theoretical and experimental







methods to determine if its operation may be predicted for
various magnetic fields, output resistances, operating
temperatures, input resistances, input control currents,
and device construction.

This information should prove useful in the design of
a circuit where the use of a "Hall Effect" device is con-
templated.

1.2 Scope of the Study. All of the experimental work

was performed on the HS-51 Halltron manufactured by Ohio Semi-
conductors, Inc., Columbus, Ohio. The Halltron appeared on
the market in the early part of August 1958, and since that
time Westinghouse Electric Co. has produced an equivalent
device called the "Hall Generator”. Since the experimental
work performed in this study was nearing completion by the
time the Westinghouse device was available; no comparison
was made between the two units.

The theoretical work was first carried out for the general
case using a semiconductor slab, after which the results were
compared to the experimental results obtained from the HS-51

Halltron,







CHAPTER II

BACKGROUND

2.1 Hall Effect. Recent emphasis on semi-conductor

research has rediscovered the Hall Effectl as a measurement
tool more sensitive than the best chemical analysis available.
In semiconductor research it has proven invaluable in deter-
mining accurate figures on carrier concentrations, mobilities,
density of foreign atoms and carrier types. As mentioned
previously, when a conductor carrying a current is subjected
to a magnetic field perpendicular to the direction of the
current flow, the Hall effect occurs; that is, a voltage is
developed along the perpendicular dimension of the conductor
and is proportional to the product of current density and
magnetic field. The relationship of input currents, Hall
voltages; and magnetic field is illustrated in Figure 1.

The potential gradient in the y direction is a function
of the current density, applied magnetic field, and a pro-
porticnality constanmt called the "Hall Constant". Mathematically

this can be expressed as:

Grad VH = -RiH

0. Lindberg, “Hall Effect”, Proc. of the IRE, Vol. 40,

PP. 1414-1419, Nov., 1952
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VOLTAGE COMPONENTS FOR CONDUCTION BY ELECTRONS
IN A MAGNETIC FIELD

FiG. 1

h

FORCE ON HOLES AND ELECTRONS BY A MAGNETIC FIELD
FIG. 2







Grad VH = —EH, where EH is the Hall electric field, i is the
current density, H is the applied magnetic field, R is the
Hall constant, and I is the total current.

Assuming the dimension of the slab to be of width a,

and thickness b, the Gradient VH = -RiH can be rewritten as
j -RIH -RIH
the Gradient VH = g o 0r VH ot

The Hall phenomenon can be explained by considering the
nature of particles in conduction. With the application of
an electric field the charged particles drift longitudinally
as indicated in Fig. 1. Under the influence of a magnetic
field the current carriers experience a force % (vx X Hz)
which then deflects to the edges of the sample., In the semi-
conductor case both holes and electrons are the current carriers
and the effect of the magnetic field is to deflect them to the
same side of the sample. The cross product v, X Hz, where Yo
is the velocity of the carriers in the minus x direction and
Hz the magnetic field in the z direction, produces a force
that deflects an electron in the negative y direction.

Since the hole has a plus charge and its velocity is in
the positive x direction the cross product yields a force
which deflects it in the negative y direction also. The
vector relationships are illustrated in Fig. 2.

The charge created by the deflected carriers will continue

to build up on the edges until the force created by the non-

uniform charge distribution equals the deflection force







caused by the magnetic field. The magnetic deflection force
can be equated to the force created by the concentration of

current carriers on the edges by the mathematical expression

E=2(vxH) where V=1v,, H=XH, then e8 = £ (Iv. x ¥u )
e -E Vi X werev_lvx, = s n =E le zo

The current density in x direction can be expressed as i = nev

X B : i i
where n is the carrier concentration, then v = = and

iH ? : .
eE = qagris and H can be replaced by i, and Hz since iy = 0,
iZ = Hy = 0. The previous expression can be equated to RiH
to obtain an expression for the Hall constant R = HéE'

The Hall constant derived is valid only for metals and
impure semiconductors since the truth of the particle type
conduction was assumed. A more valid Hall constant can be

obtained by considering Boltzman's distribution of carrier

velocity. The formula generally used for the Hall constant
AL 1 1 ; : 4
is g— (i HEE) where the negative sign is used for an n-type

material and plus for p-type.

When both electrons and holes are present, the Hall con-
stant becomes much more involved. W. Shockley2 arrives at an
expression which is a complicated average of the Hall constant

and conductivity for each type of carrier involved. The Hall

2
_ _  «nb"4p
constant derived for holes and electrons is By - (351577;: »

where b is the ratio of electron to hole mobility, n is the

Zwo Shockley, Electrons and Holes in Semiconductors, D. Van

Nostrand Company, New York, N, Y., 1050, p. 216







density of electrons, p the density of holes, e the charge
on the electron, and c the speed of light.

2.2 Thermomagnetic and Galvanomagnetic Phenomena in

Semiconductors. When the Hall type measurement is used to

determine properties of certain semiconductors, several
associated effects must be accounted for. The magnitudes

of these effects are of a sufficient degree to give an
erroneous value for the Hall voltage, thus indicating erroneous
properties for the semiconductor in question. Since these
effects contribute to the limitations of the theoretical and
experimental comparison presented in this study, a brief
description of the phenomena will be given. Other than the
Hall effect there are three thermomagnetic and galvanomagnetic

3,4

effects which contribute to the measured voltage. They are
the Ettingshausen effect, the Nernst effect, and the Righi-
Leduc effect.

In the Ettingshausen effect, a permanently maintained
temperature gradient'will appear if an electric current is
subjected to a magnetic field perpendicular to the direction

of its flow. This temperature gradient is proportional to

the product of the current density and magnetic field.

BLO L. Campbell, Galvanomagnetic and Thermomagnetic Effects,
Longmans, Green and Co., New York, N.Y., 19/Z3

uAa Sommerfeld and N. H. Frank, "The Statistical Theory of

Thermoelectric, Galvanomagnetic, and Thermomagnetic Phenomena
in Metals”, Review of Modern Physics, Vol. 3, p. 1, 1931







mll>
=

= PiH i=
PIH
AT = e

AT is the difference in temperature between the edges of
the sample, i is the current density, I the total current,
H the magnetic field perpendicular to the direction of
current flow, P the Ettingshausen coefficient, a the width
of the sample, and b the thickness of the sample.

The Nernst and Righi-Leduc effects are similar to the
Hall Effect except that they are produced by a thermal cur-
rent and perpendicular magnetic field rather than by an
electric current and a perpendicular magnetic field.

In the Nernst Effect, a potential appears in the y
direction if a thermal current flows in the x direction
and a magnetic field in the z direction.

WH
By iy

En is the transverse Nernst potential gradient, w the
thermal current density, K the thermal conductivity of the
sample, and Q the Nernst éoefficient.

In the Righi-Leduc effect, a temperature gradient is
produced in the y direction when a thermal current flows

in the x direction, and a magnetic field in the z direction.

AP L e
?“SK







AT is the difference in the temperature between the edges
of the sample, S the Righi-Leduc coefficient and a, w, H,
K are as previously mentioned.

The generation of heat by the conventional IR drop plus
the thermal energy contributed by the thermomagnetic and
galvanomagnetic phenomena produce variations in the conductivity
of the semiconductor material which complicate the theoretical
and experimental comparison.

2.3 Indium Antimonide. Among the elements in the

periodic table there are many possible combinations. Of the
various combinations investigated for their semiconducting
properties; a few have shown promise, such as the fourth group
elements of the II-V I and I-VII compounds and the III-V com-
pounds, whose semiconducting properties have been known only
since 1952,

2.31 Basic Properties. One of the most prominent of these

III-V compounds is Indium Antimonide (InSb) which is similar to
gray tin in that it has the same lattice structure and latgicé
constant. Of all the III-V compounds, InSb has probably the
most profound properties. It has the lowest melting point,
namelyv523° C/and Eontrary to gray tin, it exists in only one
modification. The mobility of InSb is approximately

cm : :
Volt 'bec hlghestzof the III-V compounds, but recently

mobilities of 5OOOOOV§?E'sec have been obtained. InSb is

70000
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quite temperature sensitive, more so than the other III-V
compounds. The energy band gap for InSb is approximately
.18 electron volts, which means that intrinsic conduction
contributes to the total conductivity at lower temperatures
than most ,compounds. At room temperature the conductivity
is about 200 ohm™t cm™!.’ Indium antimonide is metallic in

appéarance, similar to germanium, and is quite brittle.

2.32 Temperature and Magnetic Field Effect on Conductivity.

H. Welker and co-workers5 conducted conductivity and Hall effect
measurements on six samples of InSb for various temperat_ures°
Four of the samples were p-type and two were n-type. The results
of these measurements are shown in Fig. 3 where éamples l to 4
are p-type and A, B are n-type.

The resulting curves of conductivity and Hall constant
variation as a function of 1/T are quite typical of semi-
conductors. Each conductivity and Hall effect curve
possesses a nearly horizontal impurity conduction branch
and a nearly vertical intrinsic conductioh branch. A reason-
able explanation of these curves can be obtained by c¢on-
sidering the basic band picture of a semiconductor shown
in Fig. 4.

The nearly vertical line between (0O and 5) lOB/T, shown
in Pig. %, 18 dnithe region.whefe the thermal energy at 200

to 300o K is sufficiént to support intrinsic conduction. For

5H° Welker, "Semiconducting Intermetallic Compounds", Physica,
Vol. 20, pp. 893-909; 1954
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temperatures in the range of 100 to 200° K the available
thermal energy will only support extrinsic or impurity

level conduction; thus, for a strongly n-type sample of

InSb the impﬁrity level shown in Figure 4 is very close to
the conduction band (:ﬁ .0lev difference) and extrinsic
conduction predominates. The small variation in conductivity
and Hall constant in this range can be explained by the fact
that there is more than enough thermal energy available even
down to (-196)° c to separate an eukctron from the impurity
level and raise it into the conduction band,

In the experiment performed the temperature of the
semiconductor sample ranged over the interval 300 to 400° K
and variations in conductivity and Hall constant occurred
and were quite pronounced; to account for these changes in
conductivity theoretically, it is necessary to derive an

expression for conductivity as a function of temperature.

2,321 Derivation of Conductivity Expression. It has

been shown that the electrical conductivity6 in the intrinsic
region can be expressed by
1 27KT\ 3/2 3/4 -Eg
0i = ?Ie/(—z—h ) (m m, ) e mor (hgtiy)
(1)
where mg is the effective mass of the electrons and m is

the effective mass of the hole. The total conductivity of

C. Kittel, Introduction to Solid State Physics, John Wiley
Inc., New York, N. ¥., 106G, pp. 347~3551; )

[
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an n-type sample of InSb is the sum of the intrinsic and
extrinsic conductivities:

Oratal M Baas 0L 8

The total conductivity can be expressed as O(T) = 50 + PRI
where G;xt was estimated from the experimental value
determined at -60° ¢. To solve equation (1), the following

constants were used:

K = Boltzman's constant = 1.38 x lO"16 gggg or 8.62x10'sa§§
h = Plancks constant « 6.62'% 10 7 erg sec

e = electron charge & 1306 T L ou T otk

me = effective electron mass = .03l m, = ) . 10'28 gr.

mh = effective hole mass = .2 m, = 1.82 x lO'28 g

ue = electron mobility = 50000 cm2/volt-sec

uh = hole mobility = 2500 cm2/volt—sec

il

Eg = band gap energy .18 electron volts

T = degrees Kelvin
Substituting the previous quantities into equation (1)

yields the following expression for intrinsic conductivity

as a function of temperature: O, . = 13/2 o-1044/T

Thus, the total conductivity is G;otal = 50 + T}/Ze—IOMM/T°

The theoretical curve for O, versus 103/T is shown in

total
Fig. 5 for the Indium Antimonide used by the Halltron. The

device was then subjected to four different temperatures,
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its conductivity measured, and these values added to the

curve to check the validity of the expression for ozotal'

2.322 Variation of Conductivity with Magnetic Field.

The variation of conductivity with magnetic field has been
the subject of numerous investigations on semiconductor
properties. Sommerfeld7 showed that there was a small

magnetoresistance in metals, arising from the distribution

.
in velocity of electrons. The results were: Lo ...k
2 l+u2H2

where B is a constant determined by the effective mass,
temperature, mean free path length, etc.

The theory of magnetoresistance for semiconductors was
first studied by Hardings, who also investigated the dependence
of the Hall constant on magnetic field.

The magnetoresistance effect in semiconductors is
generally thought of in the following way.9

If all the electrons were of the same velocity when the
magnetic field was applied, a Hall field would be bu%lt up
just to counteract the Lorentz force, and all the electrons
would continue through the crystal with no change in their
trajectories. Because of the differing velocities, the Hall
field will compensate fbr the Lorentz force only on the
average, to make the net current in the y direction equal

to zero. Fast and slow electrons will be deviated one way

7A° Sommérfeld, Naturwissenschaften, Vol. 22, p. 49, 1934,
8

9

J. W. Harding, Proc. Roy. Soc. London, Vol. 140A, p. 205, 1933.

W. C. Dunlap, Jr., An Introduction to Semiconductors, John
Wiley Inc.,: pP. 112, 1G57,







- 16, -

or the other. They will suffer more collisions than usual

in going the length of the sample, and the mean free path
along the sample will thereby be reduced. Harding calculated
this effect, assuming the Boltzman's distribution of velocity
among the electrons. He found that the resistance of the
semiconductor should increase according to the square of

the magnetic field. This was true for low fields, but does
not necessarily obey the square law for fields greater than

5 kilogauss. Since Harding was hesitant to place an exact
variation on the resistance beyond this and others as well,
it was decided that an experimental determination of con-
ductivity variation would be made on the device material.
This was accomplished by measuring the voltage change across
the sample for variations in magnetic field (O to 22 KG)
using .1 milliamp input current. At this low current, the

IR heating and other associated heating effects would be held
to a minimum. The results of these measurements showed the
conductivity decreased with increasing magnetic field

3 . 200 :
according to the relationship 0 = TF Nk 10”2y » Which

is plotted at room temperature and shown in Fig. 6.
Combining the temperature and magnetic field effects,
the conductivity can be expressed as

O(T, H) = 50(1+.027°/ 2¢ ~1O44/T)
N R e e - lO—BH
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2.33 Temperature and Magnetic Field Effect on the Hall

Constant

2.331 Magnetic Field Effect on Hall Constant. The

variation in Hall constant for different magnetic fields was
determined by HardinglO to be quite small. The results ob-
tained by using Boltzman's distribution of velocity among
the electrons, showed the Hall constant to decrease about
10% for an infinite magnetic field. Since the time of
Harding's theory, experimental measurements have shown that
the Hall constant will vary, but it depends upon the type of
semiconductor, impurities and sample temperature. The Hall

constant variation for p-type Germaniumll:lz

is quite pro-
nounced while n-type Germanium shows no change in the Hall
constant with increasing magnetic field.

For n-type indium antimonide, the Hall constant remains
relatively constant, as is the case for germanium, and no

correction was made.

2.332 Temperature Effect on the Hall Constant. Although

the Hall constant change for variations in magnetic field is

quite small, the same is not true for temperature variations.

lOJ. W. Harding, Proc. Roy. Soc. London, Vol. 140A, p. 205, 1933,

llW° C. Dunlap, Jr., Physical Review, Vol. 82, p. 329, 1951.

12T. C. Harman, R. K. Willardson, and A. C. Beer, Physical

Review, Vol. 96, p. 1512, 1954,

L)
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Since the Hall mobility Ky is related to the drift mobility

by the expression by = égﬁ, and My = RO; then it can be seen
that R = gﬁ %‘ If the Hall constant is the ratio of mobility/
conductivity and the conductivity decreases for increasing
magnetic field, then in order for the ratio to remain constant,
the mobility must decrease. Since the conductivity is
dependent on both magnetic field and temperature, the Hall
constant variation should be the inverse to the change in

conductivity. The expression for the Hall constant then is

>
3T 10
- G- A 1 Gl T 2 3 oo Eg=10kAp







CHAPTER III

EXPERIMENTAL ANALYSIS y

A description will be given of the Hall generator used b
in the experiments. The different types of circuits, methods
and problems involved in measurement of voltage gain, current '
gain, input jimpedance and output impedance will be discussed.

3.1 Hall Generator Description and its Mounting. The

Hall generator used in the experiments was the HS-51 Halltron, 3
produced by Ohio Semiconductors Inc. Fig. 7 illustrates its
mechanical construction and dimensions. Indium @&antimonide, b

with a mobility of 50000 %%TE sec’ Was the semiconductor

material used as the active element, 9
The Hall generator was mounted on a pivoted arm secured :
to the base mount on the carriage of an electromagnet. This
allowed the generator to be moved in and out of the magnetic
field. The output and input leads were brought down the pivot
arm to two terminals on the base mount as shown in the Fig. 8.
The paint and epoxy material covering the commercial unit
was removed from one side and an iron-constantan thermocouple
was placed against the exposed surface and held by pressure

clamps.

3.2 Instruments Used. A Varian four-inch electromagnet

was used to provide the magnetic field. Field intensities

LB i Pl
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from O to 25 kilogauss could be obtained with this system.
A K-2 Leeds and Northrup potentiometer, ranging from

1l microvolt to a maximum 1.6 volts, was used to measure the

different voltages associated with the Halltron. To deter-

mine the input current a John Fluke differential voltmeter

was used to measure the voltage across a standard 10 ohm

resistance in the input circuit.

5.3 Circuit Configurations. To obtain experimental

data for the current gain, voltage gain, input resistance,

and output resistance three circuits were used. ’

The first circuit, shown in Fig. 9, was constructed so
the output would be unloaded. To permit measuring the Hall
voltage and input voltage so as to make them correspond with
the infinite load case, the input current was monitored by
the measurement of voltage drop across the 10 ohm resistor
and the input resistance of the device could be determined
by the input voltage. From this configuration, data for
voltage gain, input resistance for 50 ma and 500 ma input
current as functions of magnetic field were obtained.

The second circuit, shown in Fig. 10, was constructed
so the output would be loaded as little as possible. Ideally
it would be desirable to be able to measure the output
current under shorted conditions; however, since conventional

current measuring instruments present a prohibitively large
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impedance to the circuit, it was necessary to choose a .1
ohm resistance in the output in order to approximate a short
circuit and still have a reasonable voltage drop to measure.
From the second configuration data was obtained for current
gain and input resistance,

The third circuit, shown in Fig. 11, was used to deter-
mine output resistance as a function of magnetic field. The
input current was held constant (50 and 500 ma) for various
field intensities and the voltage across the 1/10 ohm resistor
was measured. |

3.4 Experimental Procedure. To obtain data for curve

plotting the magnetic field was varied in steps of 1.5, 3.0,
6,5,-lOuO, 14.5, 18.5, 20.0 and 22.0 kilogauss, with the
input current at either 50 or 500 ma. This variation in
magnetic field intensity increased the resistance of the
sample; thereby reducing the input current. Consequently,
it was necessary to readjust the input voltage to keep the
current constant. In the open circuit case the Hall output
voltage; input voltage, and temperature of the sample were
measured after the input current had been readjusted to
the constant value.

The third circuit involved the use of a precision
variable resistance in the output. The output resistance

of the generator had to be measured in a way similar to the
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method used in measuring the internal resistance of a battery.
The precision resistance could be varied in 1/10 ohm steps

up to a maximum of 10 ohms. The input current was set at a
constant value (50 or 500 ma) and the magnetic field set at
the incremental steps previously mentioned. At each setting
of the magnetic field, the precision resistor (R3) was shorted
across and the voltage across the 1/10 ohm resistor was
measured. The short was then removed and R3 varied until the
voltage across Rywas 1/2 the voltage for the short circuited
case.,

Mathematically if e is the generated voltage across the

Halltron, then for R3 shorted:

1 R1 + Rx

where Ry is 1/10 ohm and R, the unknown output resistance.

When the short is removed, there flows a different current,

e
namely, I, = . R, was then varied until the
T R1+R3+Rx »
voltage across Rl was 1/2 of the previous voltage. This meant
that 12 = Il and substituting I2 = Il forklz,
I 2z
I = 2e - “e,‘_
i RI + R3 + Rx Rl o Rx

Cancelling e from the two équations;

2R. + 2R. = R. + R. + R Or R =R. « R
1 X b X

1 3 e b G

The output resistance is then the resistance read on the

precision resistor minus 1/10 ohm.







CHAPTER IV

THEORETICAL ANALYSIS

A Hall generator is a four-terminal dévice that uses a
magnetic field to couple the input and output; it is similar
to simple four-terminal transformer in that the coupling is
accomplished by the changing flux which produces a voltage
across the secondary coil. The transformation of input energy
£o the output of a Hall device is accomplished by.the appli-
cation of a transverse magnetic field. Although the mechanism
by which an output signal is produced is quite different for
the two systems, the result is very similar. In the case of
a transformer the output voltage is dependent on the produqk
of the amount of coupling and the rate of change in input
current. The output voltage for a Hall generator is a function

of the product of input current and the magnetic field.
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One of the primary differences in the two systems is
that a Hall generator will respond to DC and AC input signals
while the transformer responds only to AC.

4.1 Four-Terminal Treatment. The theoretical analysis

of a Hall generator can be accomplished by using a four-
terminal treatment. Four pole systems can vary and can be
classified under the following general hegdings:

UNILATERAL SYSTEM. One-way transmission of an input
signal, 1i. e,,lonly one side of the four-terminal device may
be energized and get an output. A vacuum tube is an example
of a unilateral device.

BILATERAL SYSTEM. Two-way transmission of a signal,
i.e., both sides of the device may be energized and an output
will occur on the opposite side of the device. An RC filter
is an example of a bilateral device.

RECIPROCAL SYSTEM. Transfer impedances are equal, i.e.,
if the input terminals are designated (i) and output (o) then
Rio(e) - Roi(e) where (e) is an independent variable such as
frequency, magnetic field, temperature, etc.

NON-RECIPROCAL SYSTEM. Transfer impedances are unequal,
1.e, Rio(e) # Roi(e)' |

From the preceding classifications a Hall generator may

be regarded as a non-reciprocal bilateral device and will be

treated as such in the analysis.
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To analyze a Hall sample it is necessary to establish
firmly the appropriate directions of input current, applied
magnetic field, and output field in order that the proper
relationship for the assumed sign conventions can be main-
tained. The four pale equations for the voltage and current

relationships shown in Fig. 12 are:

Vi ™ Lafiy ol g (1)

n "o T Sty (2)
where le and 222 are driving point impedances and z12 and
z21 are transfer impedances. In terms of the impedance

parameters, if terminals 1 and 1°' are energized first and

terminals 2 and 2' are left open, then Ih = 0 and from

\Y
equations (1) and (2) 2, = TE
= 0

and Z

XH| :3‘<

21

Ih = 0

Energizing terminals 2 and 2° with terminals 1 and 1° left

open so Ix = O, then

ot =_.12.
22 L1 w0 (4)
X
and
Vx
Zon = =—
12
L I, =0

The properties of a bilateral device insure that 221 and le

# 0 and they may be theoretically and experimentally determined.
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Terminals 1 and 1' are energized commensurate with voltage
polarity and currents shown in Fig. 12, so that current
flows in the plus x direction and terminals 2 and 2' left

open, then le = 6%5 . The total current Ix being related

) 4
A gt g *
to the current density by o o

To validate equation (3) it must be assumed at this
point £hat the electrode attachments at x = O and x = £
cover the entire end faces.

The construction of the HS-51 Halltron indicates that
this assumption is valid. |

The theoretical development for the transfer impedance
Z21 involves consideration of the direction of electron flow,
magnetic field, and Hall fields so Fig. 12 will be referred
to. 1If current is flowing in the plus x direction the elec-
trons travel in the minus x direction and the force on the
electrons is given by _l.:‘-f-, = g (_V. X ;I.) X

The cross product W X HZ is represented by

i j k
-v 0 0 = 4v.H] = P
o i e +H, s

Considering e a minus quantity for an electron, then the
electrons experience a force in the minus y direction and

thus support the sign convention in Fig. 12, Knowing that

the Hall voltage V, = RIxH

B e

Ix b
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To obtain Z,5 and Z,, terminals 2 and 2' are energized
with 1 and 1' léft open. For the time being if we assume
2-2' electrodes cover the entire end faces (an assumption

that is not valid but can be treated as such) and then re-

h
evaluated, then 222 = =

If I, = ihbl where i, is the current density in the

vy ovh
y direction and L = GEh; then if — = By, i = —3 and

P ol Yh a
~5 ey T; = 2,y = ook -

If 2-2' terminals are energized so that current flows
in the minus y direction or electrons in the plus y direc-
tion the cross product v, X Hz causes the electrons to be
deflected to terminal 1 of 1-1' in opposition to the sign

v :
convention established; thus, \ -RIhH and =X = le =-ﬁ§§
: b

Table of Theoretical Driving Point and Transfer Impedances

o 1 %00 %12 By
2 a R RH
o ¥ab G *b Y b

G * not corrected for temperature and magnetic field

4.2 'Theoretical Derivation for Z,5+ Zpp was determined
on the basis that the electrodes were area type and in particu-
lar covered the entire end faces at y = o and y = a. However
the Halltron, or any other Hall generator aspiring to achieve

a respectable Hall output voltage, uses point electrodes
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rather than area electrodes for one set of terminals. This
difference requires a correction for the expression 222 in
the four-terminal parameters.

There are several methods for solving a problem of this
type, and probably the most used is the solution of Laplace's

equation. However, a simpler method will be employed in this

paper. An infinite half plane was chosen as a reference plane.

The original configuration and desired configuration were
then transformed by means of appropriate transformation
equations, making it possible to relate original and desired
configuration mathematically. The resistance could then be
calculated quite easily from the final figure.

There are several assumptions that will be made at this
time in order that the analysis be applicable. They are:

1. The width of the contact strip is small compared to
the length of the sample; i.e., an infinite slab may be con-
sidered.

2. The thicknesses of the contact strip and the sample
are essentially the same; i.e., a two dimensional case.

3. Plate contact strips are parallel.

An illustration of the configuration to be transformed

is shown in Fig. 13, where k is the width of the contact strip.

Points (0,if), (K,if)(o,0) and (K,0) in the Z, plane will

3
be required to map into points (a,o), (b,0), (-a,o), (-b,0)

respectively of the Z, plane shown in Fig. 14,

—— -
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This can be accomplished by considering the transformation
22 = KeC23 where K and C are arbitrary constants to be chosen

for the required transformation.

Letting K = a and C =j’{—
1rz3
o Pt 04
If z3 = 0, then 22 = a, and if Z3 = if then 22 = -a; thus,

points O and if of z3 have been mapped into points a and -a
of 22 Plane. o

For the point (K,if), Z, = aer(j‘xm), which is -ae"k/‘l
and we require that (K,if) map into -b of Z, plane; then
-b = -aevk/l°

Letting point k be transformed, it can be seen that
b = ae ; thus, points (K,if) and (k,o0) have been mapped
into -b and b.

The next transformation will be made from the infinite

half plane into a simple rectangular strip where the resistance

2d

may be calculated by the formula R -t

where 2d is the length
of the strip, s is the cross sectional area, wt, and o is the
conductivity. Configuration is shown in Fig. 15,

The rectangular bar shown in Fig. 15 can be transformeq
into the infinite half plane by using the general Schwarz:
transformation. This transformation (see AppendixI}) will

reduce any number of rectilinear boundaries of one plane to

a single line boundary of another plane.
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The Schwarz transformation12 is given by the differential

equation:
az —TJLT- ¥a
dzl s Cl (Zz-al) (O(I/TT) =1
2 i=l

where a; is the point mapped from the z, Plane and & i the

angles at corners of polygon in the Z. plane. The rectangle

i
of Fig. 15: contains 90° angles; thus OCi = -72': and the points

mapped from the Z, plane are a, = a, -a, b, -b. The product
2 1 s .

ln! (z2-ai) &i/m) -1 becomes
o

(zz—a)“1/2(22+a)"1/2(22-b)"1/2(z2+b)'1/2

or
az, ;: Cy . c,
dzs G
. V(zz-az)(zz-bz) 'Vzh_(a2+b2)22+a2b2
2 2 2 2
/’cldz2
integrating Zl = + Dl
o \jz‘z‘_(a2+b2) z2+a%p? (1)

where Di is an arbitrary constant of integration and C. the

1
scale factor giving both relative scale and relative angular

orientation of the two geometries.

lzweK.Ho Panofsky, Classical Electricity and Magnetism,

Addison-Wesley Publishing Co., Reading, Mass., p. 59,
1955.
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Integrating expression (1) gives

ZV ;—(a2+b2)Z§+a2b2+223—(a2+b2)

+Dl

; 2

If it is required that the origin of Zl Plane map into the
origin of Z2 Plane, Dl may be evaluated at Z

2ab-a2-b2

, =0 and z, =0,

O=Cllog( ) + D

:

then

Seiniig
D, = -C; log (ZEE:%.:E_ )

and

2 g-(a2+b2)zg+a2b’2 + 22% —(a2+b2)

Zl = C1 log

2ab-agb2

Cl may now be evaluated by considering what points of Zl map

into 22. If Z, = d and 22 = a, then

1
2_2__2_2_ a+b
d = Cl lOg -(a-b)2 = Cl lOg ey
At Z, = d+ir and z2, = b, then
£
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