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CHAPTER I
INTRODUCTION

1. The Problem. This thesls purposes to study a
certaln group of movements which can be expressed as sub-
gtitutions, The group of movements which send & square
into itself is to be studied ms a group of elght substitu-
tions on the vertices for the purpose of leading up to the
real problem of this paper. From the octic group, 1t is
natural to proceed to & study of the movements which send a
cube into itself, In perticular, it 1s the aim of this
thesis to dlscover the group of the cube and to analyse some
of its preoperties, There are twenty-elght rotations and re-
flections with respect to dlagonals and central axes of the
cube which possess special geometrical properties, Ome of
the problems of this thesle 1s to determine whether or not
these twenty-eight elements constitute a group, OUnce the
group of the cube has been determined, other problems are
those of finding subgroups within the original group and of
enumerating thelir properties, This paper is to be concerned
chiefly with subgroups composed entirely of elements from
the twenty-elght rotations and reflections with the speclal
geometrical properties. Also a few theorems relative %o
grouns in general will be demonstrated and application will
be made to the group of the cube,

(1)







Thus the problems of this thesis may be summarized
as follows:

(1) The determination of the group of the cube,

(2) 'The discovery of subgroupe within the
original group, especially subgroups composed
entirely of elementes with particular geometrical
properties,

(%) An emmmeration of the properties of such sube
groups,

(4) The demonstrations of theorems relative to groups
in gemeral and thelr application to the group of
the cube,

2., Organiszation. The work 13 organized into seven
chapters, the first two of whieh are compossd largely of
definitions and explanations of symbols, In these chapters
are found the definition of a group, examples of groups, the
concept of the substitution group, an explanation of the per-
putation symboles and their mmltiplication, and the idea of
eyelic groups, The third chapter treats the symmetries of the
square, the octie group, and the group of the cube with one
vertex held rixed, The ideas of this chapter are sxtended in
the fourth chapter to the lisometriee of the three dimensional
space, and, in particular, to the group of the cube. A mul-
tiplication table of the twenty-eight movements with special

reome trical properties is given to discover whether or not

(2)







these elements form & group. By this table, the group of
the cube is determined. The fifth chapter begins with a
theorem about the order of subgroups and then demonsirates
how several subgroups of the group of the cube satisfy the
conditions of the theorem, A study of trensforms and their
rek tion to invariant substitutions and subgroups is con-
tained in the esixth chapter., The paper coneludes with some
considerations in regard to positive and negative substitu-
tions and their relation to the mature of the group of the
cube.

(s)







CHAPTER II

THE OROUP IN GENERAL

l, Definition of a Group. Let oy represent a set
of elements for which there iz defined a binary eperation °,

Then the elements ey form a group when combined according
to this law of operation if the following comditlons, or
axioms, are satlisfisd:

(1) The result obtalined by e, © ij is ancther ele-
ment @, of the set, where I, j, k are not necessarily dis-
tinct, (This condition 1s commonly referred to as the
"group property.”)

(2) There 1s an identity element I in the set such

that
tinI-oi-I-ii.

(%) Every element e, has an inverse oy~ Iin the set
such that

8 o ‘1-1 =I= .1'1 o .1.

(4) The aseociative law holds for the defined law
of comblnationi that 1s,
8y © {IJ o @) = “1 o aJ} ° .k‘
The operation » may be any law of combimation, but In
the theory of groups 1t is genédrally called multiplication,
and the result obtained by the given operation 1s called the

product. If multiplication le commutative for every element

(4)






in the group, the group 1s sald to be an Abelian” group.

2+ Exsmples of Groups, The positive ratlional num-

bers form & group when the operation o 1s partieularized to
be ordinary mmltiplication, The prduct of any two positive
ratiomal nmmbers is another positive reatimal mumber, so
axiom (1) 1s satiesfled, The 1dentity element in this group
i 1 since multiplication by 1 leaves every element unchanged,
thus fulfilling axiom (2). The inverse of each element 1le
1te reciprocal which 1s in the groups tims condition (3) 1s
satisfied, Of course, the assoclative law required by axiom
(4) holde under multiplication, Since the opersation 1s also
coomutative, the group 1e Abelian,

On the other hand, the positive rational numbers do
not form & group uxder divieion; for, although the group
praperty holds, although the identity 1 is contalned in the
set, and although the inverse of each element, which in this
case is the element itself, 15 present, yet the assoclative
law doer not hold in general as can be seen from the follow-

ings
[
RS SR M

a

“S0 called fram Niels Henrik Abel (1802-1829), a
Norweglan mathematiclan, who made valuable contribations to
the theory of groups by his study of ecormutative groups,

(8)







a
8 s ¢\o 8= D =2ad , £ = adf
('—*H)'I'r m e

: e Yoo
But ede = adf If ¢ and f are dlstinet, i.e., if|e 4! 1.
Bof bee : : H

The four elemente 1, -1, 1, and -1 form & group under
ordinary miltiplication, The multiplieation table® appears

balow:

-1 |- i |=1 1

@

In this and In subsequent multiplicatiin tadles,
the elements in the first vertical column may be regarded
az opepating on those in first horizontal row, The pro-
ducte of an element in the first row the elexents in
the first column appear in the ¢olumn ath the mmltiplil-
cand, Thus a product of two elements 18 found in the place
where the row determined by the rmltiplier and the column
determined by the mmltiplicand imtersect,

(8)







The identity element 12 1 and each elemant has an inverse
az 19 evident from the table, The assoclative law holds
for this type of multiplication,

The integers 1, §, 7, and 11 form a group under ml-
tiplication with respect to the modulus 12, The ldentity
element 1s 13 the assoclative law holds for ordinary mul-
tiplicationg the presence of inverses for each element 1s
evident from the table which shows no new elements added

by the process of combinatlion, This group is Abelian,

1 5 74 11

1 & 5 7| 13

il § 11 7 5 1

The positive and negative integers and zero form &
group under addition, The sum of any two such integers la
another integer, The identity element in such a group 1s
zero eince any element combined with zero by addlition
leaves that element unchanged., The inverse of sach integer
1s the corresponding integer of opposite signg whille zero
1e {ts own inverse, It 1s obvious that the assoeiative law

holds for addltion,

(7)







3, Definition of & fubgroup. If among the elements

of & group, 1t is possible to select certain elements which
also satiefy the conditions for a group, then these elements
are sald to constitute a subgroup of the original group. The
identity element mwt be luncluded in sucn a subgroup. 1t is
interesting to note that the identity I alcone forms a sube-
sroup of every group,

The even positive and negative integers and gero form
a group under addition, The sum of two even integers ia
obviously an even integerj the i1dentity element 1s zeroj the
inverse of an elemat 1s the element of the same numerical
value with opposite signg the assoclative law holds, This

group is & subgroup of the group of all integers mentioned
aboves

(e)







CHAPTER III
SUBSTITUTION GROUPS

1. Definition of a Substitution Group. If the
exiatence of a set of letters is assumed, a group results

when all the possible interchanges of the letters are cone

sldered. Such a group is ealled a substitution group. For

example , beginning with the three letters a, b, and ¢, &
substitution group is obtainsd by considering the slx pos-
sible interchanges of these letters, These substltutions
are as followa: (abe), (aeb), (ab), (be), (sa), and I,

2., Explanation of Permutetion Symbols. The symbol
(abe) means that & 18 replaced by b, b by e, and ¢ by aj the

symbol (achb) mesme that a 1s replaced by ¢, ¢ by b, and b by
aj (ab) implies that a and b are interchanged while ¢ remains
unchangeds (be) means that b is replaced by c and ¢ by b while
a 1s replaced by itself; simllarly (&c) indicates a replace=-
ment of a ty ¢ and ¢ by a while b 1= unchangeds the identity

I means tm t each letter 1s replaced by itself, A substitue
tion such as (abe) or (ac) is called a cycle because the
symbol indicates the replacement of each letter by the one
which follows 1t and the replacement of the last letter by the
first, Thus, it is clear that (abe) = (cab) = (bea), and that
(ae) = (ea)s A cyele on two letters such as (be) 1s sald to

be & tmnaposiﬂm,

(9)







Se Explenation of Multiplication of Permmutation
Symbolas. In order to show that the six substitutions cone

stitute a group, it is necessary to define a law of combina-
tion. If (abe) ie multiplied by (aadb), tho product is ob-
talned by the following procedure, In the first eycle a is
replaced by b; in the second oycle b ie replaced by a3 hence
& 135 ultimately replaced by itself. Again, in the Tirst
eyele, b becomes e} in the aecond oysle ¢ becomes by hence b
is replaced by itselfs In the first cycle ¢ becomes a which
in the second cycle becomes ¢j hence ¢ is replaced by 1tself.
According to the definition of the ldemtity them, the produect
(abele{bme) = I.
To multiply (eb) by (be), 1t i: observed that in the first
eycle a 1» replaced by b and in the recond b by ¢ so that a
becomes o3 again, in the Ciret substitution ¢ is repla ced by
i1teelf, anc in the second ¢ 18 replaced by b so that ¢ becomes
3 in the firet eyele b becomes a and in the second 2 18 re-
placed oy itsell so timt b s replaced by the eriginal letter
with which the product cyole was begm, Thus the product
cycle 1s complete and the result is I

(able (be) = (ach),
It 1s to be noted that the mmltiplicetion in this group 1s

not commtative since

(able(be) = (aeb)

(19)







while
(be)e(ab) = (abe),

4, A Multiplication Table. Let a multiplication

table now be constructed to show that no new substitutions
are introduced when any two of the six are multiplied accord-

ing to the law of combinatione

I |(abe)|(aeb)| (ab)| (be)| (aec)

1 I |{abe)|(aed)| (ab)| (be)| (ame)

(acb)| (meb)| I | (abe)| (ae)| (ab)| (be)

(abe)| (abe)| (aeb)| I (be)| (ae)| (ab)

(ab)| (ab)| (ae)| (be) I |(aehb)|(abe)

(be)ff (be)| (ab) (ac)|{abe)| I {u:h)w

(ac)] (ae)| (be)] (ab)|(acb)|{abe) I

(11)







It 1s ovident from the table that all products of one sub-
stitution by another yield no new substitutions. Also it
can be seen from the table that I is the identity element
and that every element has an inverse in the original six
substitutiona, Clearly the asszoeclative law would hold in
this case. There are ive subgroups present; namely,

I I, bo

I, ab I, abe, aeb

I, ac

5. Dogres and Order. The degres of a substitution
group 1s defined to be the mmmber of dlstinet letters found

in 1ts substitutions. The order of the group is the number
of dlstinet substitutions or elements in the group, The

order of a substitution is defined as the mumber of letters
included in the cycle under consideration, A group consist-
ing of all the possible (n substitutions on n letters cone
stitute a symmetriec group, Thus the group discussed in the
preceding paragraph is the symmetric group of degree three
and order sixz,

6. Rotations of & Square Into Itself Considered as

4 Cycliec Substitution Group, Let us now consider a square

with vertices, a, b, ¢, and d, and let the law of operation
be a set of clockwiee rotations around the center 0 of the

square through angles of k /T radians where k = 0, 1, 2,+s,

(12)







It 1s clear that the combination of sny two such rotatione
would be equivalent to a single rotation. A rotation
through TT radians eombined with ome through _‘q:_’_ radians
would be equivalent to a single rotaiion throuch 3 7

radians, The following figures 1llustrete the movements of

the square for O, :E: g T s B :F radiana,

b:[ D d : |
c a b
I R

B! R®

The original position of the square I8 given in the first
figure and i1s denoted by I, A rotation about the center
through the angle of _’g‘_ 1e given in the second figure and

ie denoted by R. A rotation through I is shown 1in the

third figure and 1s denoted by R'. 4 rotation through !&gl'

1s given in the fourth figure end 1e denoted by R", Evidently
any rotation through an angle of Ié[[ radians where K = 4 is
equivalent to one of the rotations through tﬁ'ﬂ: radians where

Kk =0,1, 2, % Thus only I, R, R', amd K" noed be considered
cs eloments of the set, Following the notation scheme indi-

cated above,
R = (abed) ' = (ac)(bd)
R" = (aded)

(13)







Thus when the square 1s rotated through _‘B‘_ radians, the
vertices are changed or permited so that a goes into b, b
into e, ¢ into 4, and d into aj that 1s, a cyclic substitu-
tion on the four letters is obtaimed, When the square is
rotated through T radians, the vertices a and ¢ are inter-
changed independently of the interchange between b and d.

If the sixteen products arising from the four symbolie
reprosentations of the rotations were to be computed, no new
substitutions on the four “rtiulus would be dliscovered; this
is obvious from the mature of the law of combination, Thus
the group property i satisfied., The 1identity element in
this set 18 the rotation through 0 radians which has been rep-
recsented by I, Every element hae an inverse in the set, for
I 1s 1ts own inverse; R and R" are inverses; and R' 1s its
own inverse. Ubviously the associative law holde, It has
thus been proved that thles set of rotations forms a groupe, In
fact, 1t may be said that the set of rotations constitutes a
substitution group of degree four and order four,

T« Cyclic Groups and Genemators, A group 1s ssid to

be cyclic if all of its elements are powers of one certain
element which is called the generator of the group, The growp
I, R, R', and R" 18 a cyclic group in which R or K" may be
selected as generatora, It might be pointed out that R' does
not generate tho group since R' o R' = I, and I o R' = RY,

and thus the various powers of R' do mot yleld either R or R",

(14)







By a consideration of the geometrical msaning of these
symbole, it is also olear why R and R" both generate the
group while R' doss not, OSymboliecally the powers of the
genorator R are the following:

R = (abed)

o
"

(abed)o(abed) = (ac)(bd) = R

A" = (ag)(bd)e(abed) » (adeb) = R"

i? a (adeb)e(abed) = (ac)(bd)e(ac)(bd) = I
Obviously R® would be equivalent to R, R6 te n‘, atoey that
is, in general, E™ would be equivalent to R! where 1 = 0, 1,
2, 51f n =41 (mod 4),

A substitution group is sald to be gensrated by a set
of substitutlons 1f every substitution of the group can be
obtained by comblning those of the =et., For example, the sym-
metric group of eorder six i1s generated Ly any two of its dls-
tinct substitutions of order two., This may be 1llustrated
by the use of the substitutions (ab) and (be):s

(able(be) = (aeb) (be)s(aeh) = (ae)
(able{ab) = I (aeb)e{aeb) = (abe)
(ab)e(aeb) = (be) (be)e(abe) = (ab)

The =i x substitutions obtained by these multiplicatione are
indeed the elemente of ths symmetrle group of order six and
thus (ab) sna (be) are a set of substitutiones which genorate

the zroup.

(18)







CHAPTER IV
SYMMETRIES

le Spmmetries of & Spaces One of the most interest-
ing plmses of group theory is concormmed with the various
movements which tremaform & space into iteelf, Many times
the elements of such & group are symmetrles of the space
with respeet to certain axes, diagonals, or polints,

2. The Octic Group and Its Subgroups, The group of
rotations throush I:;g: radlans which transform the square

into 1tself 1s in reality a subgroup of the group of aym=
motries of the square, This grou represants transformae-
tions of the space of the plane and are called isometries of
the plene, Let the original position of the square be assumed
to be that of the 1llustration in the preceding chapter, 1I1f
the four movements I, R, R', and R" have the seme meaning as
there, 1t 18 necessary only to define the remaining elements
and to prove the exietence of a group, Let ’x represent a
reflection in the horizontal axis through 03 .r a reflection
in the vertical axis through 0; Dy a reflection in the dlago-
nal connecting the vertices a and oy DE a reflection in the
diagonal conneeting b and d, Just as the rotations were repro-
santed symbolically aes substitutions, so may substitutions ve
construc ted te represent the reflectiona., Thus the elements

(18)







are:

I IE: = (ad){be)

R = (abed) Hj 2 (ab){ed)
R'" = (me)(bad) By = (bd)
R' = {ldﬁh} DE = {‘-'ﬂ}

To prove that the se eight elewments constitute a group, let
us construet & multiplication table from which 1t can be
observed that no new elements are Introduced into the set by
rmaltiplication, and that esch element has an inverse in the
sets Then d nce there is an identity element, and since
the assoclative law elways holds for rotations and reflec=-
tions of this type, thie is found to be & group. It is ine-
teresting to note that this group 18 not commutative., The
wultiplication tadble folliows on page 19, The subgroups of
this octle group, as the group of the square is called, are
nine in mumber including the ildentity element. They are:

I, (ac)ivd), (abed), (adeb)

I, (ac)(bd), (ae), (bd)

I, (ae)(ba), (ab)l{ed), (ad)(be)

I, (ae)(ba)

I, (as)
» (bd)
(ab)(ed)
, (ad)(be)

-

(17)







Se The Sroup of the Cube With One Vertex Held
Fixed, The lsometries of & three dimenslonal space trans-

form a cube into itself. Let a cube be considered with the
vertices a, b, ¢, d, e, f, g, and h as in the figuwre, and
loet it be mssumed thnt vertex a 1= helad fixed, In finding
the symmetries of the cube under this econdition, 1t 1s noted
tha £ the vertices b, 4, f
(ad jacent to a) can then be

3

permuted in |2 ways, Vhen b

one vertsx and the three ad-

Jacent vertices are 1n & known

position, all vertices of the

ecube are in a fixed position,

Thue there are six aymnetries

of the cube with one vertex

held fixed. In the partlcular case in which a 1is held

- fixed, the symmetries are (bfd), (baf), (va), tar), (vr), and
I« These six mubstitutions have the ssme form as the substi-
tutions of the symmetric group of order #ixs In fact, a one-
to=one correspondence between the two may be set up. Thme,
i1t 1» unnacessary to construct a mltiplication table to de-
termine whether or not these elements form a group since the
table would clearly have tha same form a= that for the sym-
metric group of order six., In this way, the existence of a
group m the vertices b, d, f 1s established,

(18)







1 (abed) |(se)(bd)| (adeb) [(ad)(be) [(ab)(ed)| (vd) (ae)
1 1 (abed) |(ac)(bd)| (adod) |(ad)(be) |(ab)(ed)| (bd) (ae)
(sbod) || (abed) |(me)(bd)| (adeb) 1 (ae) (bd) | (ad)(ve)| (ab)(ecd)
ac)(ba) [[ae)(bd) | (adeb) 1 (abed) [(ab)(ed) |(ad)(be)| (me) | (ba)
(sdeb) || (mded) X (abed) |(mc)(bd)| (bd) (ae) [(ab)(ed) | (nd)(be)
at)(bo) |[ad)(be) | (va) |[(ab)(ed)| (ae) I (ac)(bd) | (aved) | (aded)
(sbi(edflab){ed) | (se) |(ad)(bo)| (bd) [(ac)(bd) 1 (adeb) (abed)
bd ) (b4) |{ab)(ed)| (me) |[(ed)(be)| (aded) | (abed) I (mc)(ba)
(ac) (se) |(ad)(bo)| (va) [(ab)(ed)| (abed) | (adeb) | (ac)(pd} I

(19)







CHAPTER V

THE GROUP OF THE CUEE

1, The Twenty-eight Geomotrical Symetries of the

Cubee Let us now proceed te the study of the warlous trans.

formations on the vertices of a eube., Let the vertices of
the cube be a, b, e, d, o, £, g, and h, and let the original
positian of the cubs be that shown in the figure,

£ f
z

J

_ﬁﬂ,/__x

Lol one horizontal axis thraugh the center O of the cube be
the x-axisg lot the vertioal axls through 0 be the g-axiej
and let the axis Birough O perpendicular to the x2 plane be
the yeaxis, Then the wvaricus rotationes and reflections which
transform the cube inte 1itself can bhe renresented as pe -
tatione on the vertices.

There follows on PRge 24 a chart of the 28 symmetries
such ae are described above; te each s ymmetry there haas leen
assigned a speeclal symboly moreover, the permatation on the
verticas occasionsd by each symnetry 1e 11sted.

It wae demonstrated t{n the last chapter that the

(20)







syometries of a aquare constitute a zroup and hence 1t might
be aemmed that the twenty-sight reflections and rotations
which transform the cube into itself also form a group. It
‘12 easy, however, to show that these twenty-elght symmetries
do not satlsfy the group property, for there are many paire
of elemente whose product 1s cutside the set of twenty-elght
elementa, Vor instance, if Rl is multiplied by H':, or

R, by Pl" a substitution not ineluded in the glven olements
is obtained.

2, A Multiplication Table of These Elements. Let us

nevertheleses construet the maltiplication table of these

twenty-eight elements., From the table, it can be determined
how many new elements are introduced im the procees of com-
bining the given substitutions, and also 1t can be discover-
ed what subgroups, i1f any, exlst among the twenty-elght sub-
stitutims. Such a smltiplication table is worked out oh the
folding chart at the end of this theelis,

S« Introduction of Twenty New Permmtations on the

Vertices of the Cube. Among the 28 x 28 producte there is a
total of twenty new elements which recur again and again,

Symbole for these twenty elementes and the corresponding sub-
stitution on the eight vertices are given in the next chart,

(21)







Eymbol Permmtation  Symbol P8 T GA L1on

le E'g (ah) { bgfeds) 1le I1g (af)(be)leh)(dg)
2« B" o (ah ) (bedefyg) 12, II, {ah)(bg) (of ) (de)
Se B'pq (be) (afghed) 13, II,  (ad){(ve)(ef)(gh)
4o B% o (be) (adechgf) 14, II; {(ah)(be)(dg) (ef)
Be E' p (ef) (adehgb) 16. 1V (aceg) (bdhf)

6e B" o (ef) (abghed) 16. Ivg (mege) (Dhid)

Te E“d5 (dg)(abeher) i7. IVg (agec)(bfhd)

8e E'dg (dg)(afehob) 1B. IV, (agoe) ( bhaf)

e II, (ah){be)(ed)(fg) 189, IVg (asog) ( bfdh)
10, IIg (ab)(ef)(dg)(eh) 20, IVg;  (sege)(bafh)

4, Total of Elements in the Oroup of the Cube, It
is interesting to observe tat, while the twenty-eight pos-
sible rotatione and reflectiones do not themeelves constitute
a group, yot under multiplication they generate besides them-
ealves tweanty more elemente, and alse to observe that the
forty-eight permutetions so obtailned do constitute the growup
of the eube. The twenty additional substitutions are alse
called symmoetries of the eube, but they do not h-ln speeclal
geometrical properties as do the original twenty-eight. If
vo shonld extend the maltiplicetion table to contain the
products of the first twenty-eight elements by the additional
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twenty and the 20 x 20 products of the new permutetions by

themselves, we would dlscover no new elements, for it ia a

wall inown fact that these forty-eight symmetriez form &

g ¥ i
group.®

L Birkhoff and Mac Lane, A Survey of Modern Algebra,
pe 128, =3
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SYNEFOL  PERRUTATION BEXPLAWATION
O VERTICES
i 1 Original position of
cube
2. By (adef ) ( behg) Rotation through _f{_
radians about x axis
8. R' (ae)(bh)(eg) (af) Fotation through T
radians about x axis
¢ R, (afed)(bghe) Rotation through S ‘F
radians atout x axis
Bs Ry (abgf)(ehed) Rotation through _?
radians about g axis
6. R, (ag)(bf)(ee}(an)  Rotation through T
= radians about 2z axis
" (afgb)(ecdeh) flotation through 3 _g-_
" radiane about z axis
[P, (adeb) {ehgt) Hotation through _F_
ians about axis
e R'? (aej(bd)(eg)(fh) %Hnn throu T
radlans about y axis
18, B"y (abed)(efgh) Totation through B T
"MI axis
 } ll“, (ad)(be)(ef)(gh) Heflections in the xy
lane
12, ¥, (af){bg)lch)(de) E;H;ntinn in the x=
lane
1% K, (abj{ed){en) (fg) ection in the y=
lane
14. K, (ah){be){ef)(dg) hioutinn in the origin
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CYMDUL

PERMUTATION EXPIAWATION
ON VERTICES

15, Pan

(Bdf{ceg) Wotation about dlajonal an
through 17 redians in the
counterclockwliee dirvection

16, B

(acg i (dht] Notetlon about diagonal be
through TT radians in the

counterclockwise dlrection
(aec]{ bfh) Hotation about ngmi gd

through T radians in the

counte o dilrectlon

{age)(bhd) tion a ago e
throygh T radians in the

Q arcloc il mee

Told) (ege) a & ZonA
through T redians in the
clockwl on

B0, DT

Tage)laln) ] on & Zona
through T pradiane in the

- P

e T
{ace)(bhf) ation a gone

throuygh T radiens in the

22, Efn

e e
(aeg)(bdh) ion about fe

throagh T radians in the

25, 7y

clockwise dimection
(bd)(eg) Reflection I% the diagonal

B P,

= lans afhe
(egi(af) hhut!m in the dlagonal

plans abhe
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PERMUTATION
ON VERTICES

EXPLARATION

(ae)(fh)

Reflection in the dlagonal

plane

(ae)(bh)

Reflection in the diagonal
plane edfg

[of) (ce)

Refleotion in the Gim onal
plane &

{ag)(dn)

dhg e
Reflection in the diagonal







CHAPTER VI
EURGRCUPS

Some theoremes concerning the warious propertles of
groups in general will now be proved md the resultsz will
be applied to the group of the cube,

1, Order of Subgroupe. Theorem 1. The order of
every sabgroup is a dlvisor of the crder of the orizinal group.

To prove thls fundamental thecrem, let G be a finite

aroup® of order N, and let g be a subgroup of 0 uf order n,
Lot the elements of g be

%ys Xgy **%s Xpe
Sinee n Y, some elewent a of 0 not included in g can be
found, ir all the elements of g ars maltiplied by a, there
15 cbtained the set of elements

8X,, GX5, «se, QX,,
Obwviously these elements are all contained in G since & and
x, where 1 « 1, 2, erojiare membere of G, These elements are
distinct from each other inasmuch as

l:i-u;i,ﬂmrui#-l

implies that x, = X, @ situation which cannot exlst in a sub-

groups Also these elements are distinet from the elenents of

“ A finite group is a group having a finlte mumbar
of elements,
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the subgroup, for

e %
tmplies that & = x, o x,~1, or that & 1s in the subgroup g
contrary to the selection of a, If this set together with
the aubgroup does not exhaust the array of N elements of G,
then there 1s some element b of G not included in either,
Then by maltiplying each element of g by b, another set of

elementa results as followss

bll,. tﬂE, v, hl“.
All of these elements are distinet from each other and from
the elements of the subgroup by the same mort of rasoning
as above and are also dlstinet from the elements ax, for
h!j - “1

implies that b = ax, © t:;"l_ or that b 12 in the set of ele-
ments axy; contrary to the selection of b, It is clsar that,

since O 1s a finite group, the elements of G will be exhausted
after a finite mmber of such operations. Hence the elements

of G can be written In rectangular array as followss

Il. IE, sem, lﬂ

L] -
£X1y BXg, e*», =X,
where the firet row represents the subgroup g of the group 0
and where the subsequent rows are the products of the elements
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of g by distinct elements of ¢, Thua evidently the order
n of the subgroup must be a divisor of the order N of the

ETroubDe

2« The Oroup of the Cube as @ Subgroup, The group
of order forty-eight under consideration is in reality a
subgroup of the symmetric group of onder |8 which results
from all the possible substitutions on the eight letters in-
volved, Clearly the order forty-eight is a divisor of the
order |8, Within the subgroup it 1s possible to select
numerous subgroups. According to the theorem just proved,
the orders of these subgroups must be factors of the order
forty-elight.

3, Application of the Theorem to Some Subgroups of

the Group of the Cube, Of special interest are those sub-
groups which are composed entirely of elements from the twenty=
eight symmetrics with particular geometrical properties which
generated the group of order forty-eight. Perhaps the first
subgroups that come to mind are the three oyolle, Abelian
subgroups of order four composed of the identlty element and
the rotations about the three axes, These subgroups are

I, R, E'I, R'x

I, B, B, H'.

I, Ry, 27, "-x

(e9)







These groups are generated by elther R; or R"l, wh re
1 =x, y, 8, as explained previously, Each of the=e groups
containa a subgroup of order two aes followsi

I:l E':l I' R"I and I- R'F'

Ancther subgroup of order four 1s composed of the
1dentity element and the rotations about the x, y, and &

axes through T radiensj the elements are

7
This mhg:roup i Abellian though not cyeclic as can be seen by

an inmection of the multiplicatien ¢tabls,

Is H'l' R.I' R

Among the rotations about the several dlagonals of
the cube, there are four subgroups of order three., These
oyclie groups are as followst

Ty Bype D

I, Dy,, D

be
I, Dogs D'ra
The Abellan group of order elight composed of the

elements
o .77' "Il' Hj’:" 'gf H':l H‘,

containeg some very interesting subgroups. Besldes the sub-

, RY
E

groups on the ident!ty and rotations about the axes indl-
cited above, there are four other subgroupa of order two,

They are composed of the i1dentity and the reflections in

(30)







in the three central planes and in the origin, These mub-
groups are

Ij HIY; I, !xii I. Hfll and I, Iﬂ.
An unusual property of this group of order eight is that each
element corblned with the ildentity forms & mibgroup of order

two, The group also contains four subgroups of order four as

followsi
Iy ®as Ry By
B e
By W WS P
I, Megs Ny, B

The first of these subgroups s already recelved comment,
The last three are rather surpr!sing combinations of ele-
ments to form & group, That these elements do fom groups,
however, can be verified easily from the multiplleation
table.

There 18 a subgroup of order twelve composed of the
ldentity element, the rotatioms about the axes tarough T
radians, and the rotations about the four diagonals of the
cube, It isae follows:

I, R* Rt R!? D

xs A y* “ah? Db‘l Dsd’ nfc'
D'Ih! D'Mr D'Ed’ thﬂ'
Its saubgroups have already been mentlicned.

A consideration of the elemente which transform the
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cube Into 1teselfl by reflections in the diagonal planes

leads to a number of unexpected combinations of elements

to form subgroups, There are the following three mubgroups

of order eight:

¥
To Bas Ry B, Moo Mops Py,

I, Ry, B, B, M,

J8 Xy

1, R

z? R'n' R*

» Plj

st Vygr Mg Pl

Besides those subgroups already menticned

in conneotion with

other groups, the three subgroups above contain the follow-

ing three sabgroups respectively:

L, Rlgs Pg, P,

J 3

P,

Pgr Pg

Ls R'.r g

It mi ht be pointed out that the esix reflections in

the diagonal planes never form a subgroup when combined

among themsel ves with the identity element, but they must

be taken two or three at a time in combimation with othepr

selected sote of elements. Delow are four mabgroups of

order slx composed of these reflections taken three ut a time

in combination with the identity element anc the rotations

about the dlagonals:

I_l B‘h’ D'lh- Fl' PE. Pﬁ

X, Dgs D P

'l‘l PE,

(32)
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CHAPTER VII
TRAKSFORNS

1., Jefinition of Transforms, If S end Q are any

substitutions, then the substitution T is called the trans-
form of £ ae regards @ i1f T satisfies the relatiomn

R*losSe Q=T
where @~ 1s the inverse of @, Thus if two mibstitutioms
S and Q of & group are given, it is poesible to find a third
substitution T by the relation above, A simple method for
determining T will now be givens

2, Method of Obtaining Transforms, Theorem £, The
transform T of & as regards Q may be determined by replacing
each letter of S by the one which replaces it in Q,

For the proof, let Q@ be a cyellic substitution such
tha t

Q= (xyx"yxgx'y eee :n:'n}
in which x, where 1 = 1, £, ees, n represents any lotter of
the substitution and 1‘1 represents the letter inte which x4
ie oarried, Then

Q= ["n‘n cee I'B:ﬁx.lﬁj'
Suppose & = X Xp *e0X o It is to be cbserved that these no-
tations ere very general and include all cases since in any

particular case x; might be identioally equal to x';, or x,
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mlght not appear in the representaticon at all, Acecording
to the definition of T, then

Tr.ssqze, o

'x’n::n-u:'Ezﬁx'lxl} » Az xgeeex, ) o fxlx'lxgx‘znuxnx‘n] =

XL>Elgli"fin”I'lx'E-ﬂI’ﬂ] = [I'lI'E-tth'n:’ =T.
Hence to obtain T, simply replace smch lotter of 8 by the ome
"hich replaces 1t in G, Thus 1t is clear thet § and T will
always be of the same degree,

For example, to find the transform of Ry as regards
E':, sach letter of FI is replaced by the one which replaces
it In R',, Since R‘ = (adof)(bechg) and R'y = {u]_tth}(na}h_iﬂ.
then T = (efad)(hgbe) which 1s the result obtained by maltli-
Plying out (R'))=l o Ry o R',. ¥y substituting R'_ for (' )¢l
the product is as follows:

oo R o R ® (ae)(bh)(eg)(df) o (udef)(bohg) , (ae)(bh)(eg)(dr) ®
(adef)(hgbe) = T,

% Invariant Substitutions. If a substitution is trans-
formed into iteelf by every substltution of a group, then that
substitution 1e sald to be inverient under the group. ¥or ex-
anple, ¥, 1s invariant under the groups I, Ry, R',, ana R"l
wiere 1 = x, y, %, a8 can be verificd from the following
table in which T, S, and ¢ have the same meaninge as in the

nreceding paragraph and for which
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$ =K = (an)(ve)(ef)(dg).

g o 1 % Tp T L7
“s 3 M, 1 Yo i ¥
i, R =(adef)(bohg) M, R =(abgf)(ched) M, R, #(adod)(ehgs) ¥,
M, R'.®(ae)(bh)(og)(af) M, R*.3(sg)(df)(dn)(oe) ¥, R'y=(uo)(bd)(eg)(Mm) u
]

=]

R"_=(afed)(bghe) ¥, B" =(afgd)(eden) ¥, R"y=(abed)(efgh) M
[+ ]

If a substitution remains invariant under the group of
which it 18 a member, then it 1s called an invariant substitu-
tion of the group. ¥, is sccordingly an invariant substitution
of the group.

Tr Mxys Mygs Mygp Ry, RV, RY, M
as can bo seen from the following table in whieh again
B=¥, = (am)(be)(ef)(dg).
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L q T
R i Mo
¥ My ® (ad){ve)lef)(gh) X,
M, Myg = (af){bg)ichi(de) M,
M, ¥oy = (ab)(ed)(eh)(fg) ¥,
¥, R', = (me){th)(eg)(ef) N,
M, Riy = (ac)(bd)leg)(fth) .
M, R'g = (ag)(bf)(ce)(dh) ¥,
" M, = (an)(ve)(ef)(ag) X,

4, Conjugete Sroups, If each substitution of a

group G ie transformed by & substitution Q, amother group

3! of the same order reesults, 0O'1ie called the transform or
conjugate of G with respect to (. For example, if every sub-
stitution of the gromp I, R,, R' , and !l': 1s transformed by
Daps the group I, Ry, R',, and R", is obtained, and 1f the
same group is trensformed by D', , the grouwp I, R:-"* R'T, and
H"F ie obtained. Similarly 1f I, R, H'xp and H'x ara trans-
formed by D, ., Dsd’ or D.., the grow I, R_, H", and R"‘
regul t8y whereas if the same grouo is transformed by D'b.,

DY s Or D!, the Sroup I, ﬁy, H'y, and H'_r resulta,

fe

65, Inveriant Subgroups. When it happens that the con-

jugate 0' is the same group as G, then the groun G 1s sald to
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invariant under the substitution Q. Thms the group I, Ryes
R'_, and R.: is invariant under each of the substitutions
“xs" ¥ g and l,,l as can be easily demonstrated,

If a substitution 18 transformed into it self by some
of the elements of a group nt not by the rest, then those
elements which leave the mubstitution invariant form a sube
group of the original group. An illustration of this fact
ie furnished by the trensforms of R'.t by the groupt

To Moys Moo W00 R R',' n*., Ry
The fellowing table shows thst I, l&', M , and !Hl leave
R". invariant while l“, lﬂ, H'I' and !l" transfomm R"x
into & new substitution, Thus I, lﬂ, H,, and mx form a
subgroup of the original group as can be easily verified,
For the table below

$ = R", 2 (afed)(bghe).

5 < .
RY 1 s
R"_ iy ® (ad){(ve)(ef)(gh) R,
RY_ M, = (af)(bg)(ch)(de) Fx
R My, = (ab)(ed)(eh)(2g) R
R" M, = (ah)(ve)(ef)(dag) R
A" R'y = (ae)(th)(eg){ar) Py
A" R'y = (ac)(td)(eg)(fn) Ry
R", B", = (ag)(rf)(cej(an) | Ry

(%8)






Similarly if R"_ and R" are transformed by the elemantes of

¥y
this group, two more subgroups are detemined, The substi-

tutions which leave R'}, invariant are I, M, ¥ _, ana Hl?'

those leaving R", invariant are I, M

xy* Iﬂ, and R':.







CHAPTER VIII

POSITIVE AND NEGATIVE SUBSTITUTIONS

l, Factoring Permutations Into Transpositions. Any
permutation can be expressed as the product of transpositions,
In order to show the truth of this statement, 1t 1s necessary
to consider only a eyelic permutation since from the mature of
a permutation, 1t ie clear that any permutation may be writ-
ten as the product of eyelee no two of which have a latter in
common, Thus a permatation containing more than one cycle
would involve tut & reappliocation of the prineiple applied to
& zingle ecycle, That sny permuatation can be factared inte
the product of transpositions follows immediately from the
identity below in which P represents any cyclle permutation.

PR (xixpxgeoox,) B (myxp)(xyxy)eeelnyx ).
As a matter of fact, P might lave been factored into trans-
positions in a great number of ways. For example,

P8 (xyxpXgenex, ) E {tgxl}{xgxa]-"{:gzn} or
P B (XXoxgevex,) & (xy%p) (xgxg) e wolx, 1% ),
A permutation 1s sald to be positive 1f 1t factors into an

even number of treanspositions, and negative if into an ocdd

number,

2. ¥actored Form of & Permutation. Theorem 3. The

number of transpoeitions into which & permtation can be
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factored 1s always odd or always even,
Consider the product

[:1-12}-(xl-lH]-{11-1*]---'f{;1.:h]

*(Xgeng) e (Xpmxy )ororelXaux )
"(Xg=xg) eessalxgx,)
(R TR
cfln_-]_-ln] = X,

If the transposition (x;%5) 1s performed om this product,
then

{lﬁﬂllj*fxﬁ-xﬂj-flﬂ-li}.--vl[lg-tn}

.{:1_!31'{11-1‘].-".{ll-lﬂj

(Zaexglosnselxgox,)
ssecBesse
'uml"nj = =X,
Thus the transposition {xlzﬂ} changes the sign of the proe-

ducte Similarly every transposition (x;x,) where 1 = § '

and where 1, J =1, 8, 3, *+*, n changes the sign of the
produect, FHence an even mumber of transpceltions leaves X
unaltered, whereas an odd number changes the sign of X,

low since the various sete of transpositions inte which &
nermutation 1s factored must affect the produect X in the

smie way as the pemmutation, then the number of transposltions

for any given permutation must bs always odd or alwaye even.
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A coreollary of thie theorem is that the product of
permutations 18 poeitive or negative according as the total
number of negative permutations in the product is even or
odd, The ldentity element ie regarded as positive. The in-
verse of a pemutation 1e positive or negative according as

the permutation 1tself is positive or negatlive.

S Relation of Positive and Negative Elements to the
Nature of the Group. Theorem 4, The positive elements of

a permutation group either constibtute the entire group or
form & subgroup of half the order of the original group.

The positive elements of a group alwvays forma group
since the identity 1s a positive elemént and the inverses of
positive elements are positive, If mot all the elemente of
a group are poeitive, suppose the positive, distinct ele-
ments are I, X), Xgees, X, and the negative, dlstinet ele-
mente are y,,  PYRLLS S
Then,

rllxl'yl'xﬁr"'rflﬁln
are all negative Uy the corollary above and are distinct
since ¥, .x, = ¥yexg where 1 = j would imply x = :jtm-
trary to the assumption of distinctness. Hence there are at

lesst as mAny negative elements as posltive in the groupe

The products

Fl'xllrl'Tgr"'-Illu
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are all posltive and dlytinct., Hence there are at least as
many positive as negative elements in the group, Thus the
positive elements of & group either compose the entire group
or constitute a subgroup of half the order of the original

group.

4. Application toe the Group of the Cube, In the
group of the cube, some of the substitutions are already

factored into transpositionsj namely,

R Rt '
x® g i F' !“, Hﬂ' "r.’ lﬂ'

P1s Poy Py, Py, P, Pye
All of thewme are positive permutations, Then the permuta-
tions

Reo B0 By, B, R, WY

are all positive since each 18 composed of the product of
two regative permutatime. The rotations about the diagon-
als of the cube are composed of the product of two positive
permutatims, and hence these substitutions are also posi-
tive« Thus twenty~eight out of the forty-eight eloments are
positive, and by use of the theorem that the positive sle-
ment s either comprise the entire group or constitute a group
of hal{ the order of the original group, it is possible %o
astate that the remainder of the -hmt: are likewise posi-
tives Obviously the group of the cube is composed entirely

of poeitive elements,
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CHAPTER IX
CORCLUSION

The problems set forth et the begimning of this
thesis have thus been studled in some detall as indicated
belows

(1) The group of the cube is composed of forty-
eight elements expressed as permutations on the vertices,
twenty-eight of which possess special geometrical proper-
tiea,

(2) A number of subgroupe of this group composed
entirely of the elements with geometrieal meaning have been
exhibited,

(3) Properties of order and invariance have been
discussed with rospect to these subgroups,

(4) The following theorems have been p'nﬂd and ape
plied to the group of the cube:

Theorem 1le The order of every subgroup is a divisor
of the order of the original group,

Theorem 2. The transform T of S ms rogards Q may be
determined by repla cing each letter of 8 by the one whioh
replaces 1t in R,

Theorem 3, The number of transpositions into which

& permitation can be factored 1s always odd or always even.

(44)
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Theorem 4. The positive elements of & permmtation
group either constltute the entire group or form a sub-
group of half the order of the original group,
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