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CHAPTER I
THE PROBLEM AND INS ANAL¥SES
I. BACKGROUND

Historically, the mathematical procedures involved 19 the design
of an electrical network, the terminal characteristics of which comply
with a given rational immittance (impedance or admittance) function of
the complex frequency variable, have attracted the attention of many
investigators. As a result of their research, a number of such proce-
dures have been developed which, for the most part, have been documented
in the literature of mathematics, physics, and engineering. The first
mejor accomplishment in the field came in 1924 when Foster developed
and published his Reactance Theorem fﬂ. From the time of Foster's
original contribution until the present, progress in this field has been
such that there now exist at least ten well-known, as well as several
less well-known methods for the physical realization of networks [8].

Regardless of the fact that there are presently a number of di-
verse mathematical approaches to this particular type of synthesis
problem, there is a continuing need for the development of additional
methods. Each different approach, by reason of its particular mode of
operation upon the complex immittance function will inherently yield
network topological characteristics and circuit parameter values
peculiar to the method; or will resolve functions not readily handled

by other techniques; or will be less intricate mathematically than







analogous procedures. These characteristics are of importance in the
field of network design in that they provide for a wider area of choice
in the selection of the type and configuration of a network, as well as
a less restricted range of circuit element values for the fulfillment

of a given set of design conditions.
II. THE PROBLEM

It was the purpose of this study (1) to develop a new method of
network synthesis from a specified complex immittance function; and (2)
to demonstrate the application of the method by means of its use in the
solution of representative synthesis problems. This work deals only
with the synthesis of two terminal networks containing linear, passive,
lumped-constant elements, from given rational immittance functions of
the complex frequency variable.

Not considered as a part of this work are (1) the development of
the imaittance function from frequency-response specifications (the ap-
proximation problem); or (2) the treatment of active, non-linear, or

time varying network elements,
III. ANALYSIS OF THE PROBLEM

A review of the existing frequency domain network realization
techniques indicates that there is one point in common to all presently

documented methods [4], [7]. Each depends upon the decomposition of the







complex immittance function, which is expressed as a rational function
of p, the complex frequency variable. Regardless of the method used to
accomplish such decomposition, the end result of the procedure is an
equivalent rational expression for the complex immittance in which p
appears to the first or zero powers only; the arrangement of the decom-
posed function being such that the vérhble and constant terms are
recognizable as network elements in their proper phasor relationship
with respect to the network configuration.

In the broadest of terms, most of the presently available synthe-
sis procedures of this character may be thought of as adaptations and
extensions of either the Foster or the Cauer methods. It is of course
true that each such adaptation has broadened the field of application of
the technique involved, thereby increasing the scope of its practical
application, The basic Foster synthesis method involves the decomposi-
tion of the complex immittance function by means of a partial fraction
expansion. When the impedance function is so expanded, a network con-
sisting of a group of anti-resonant circuits in parallel is specified.
This network type, illustrated in Figure 1, is known as the First Foster

Canonical Form,

L L

Lhoi.e ¥
e e R g
oRan: s it

Fig.l - General Characteristics of the First Foster Canonical Form
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If, on the other hand, the given admittance function is so decom-

posed, a parallel group of resonsnt circuits is specified as illustrated
by Figure 2. This configuration is known as the Second Foster Canonical

Form.

Fig.2 ~ General Characteristics of the Second Foster Canonical Form

The partial fraction decomposition process as used in the Foster
technique is the familiar algebraic method whereby a given rational
fraction may be decomposed into the sum of so-called partial fractions,
the denominator of each such partial fraction being a factor of the de-
nominator of the original fraction. As an example, assume that it is
required to synthesize the network defined by

- 126+ 1262+ )
Z(P) G ch? + 3p

The function Z( P) may be decomposed into a sum of partial fractions

by the following procedure:







12p% + 12 b2 + | & AR o G
GP(P+ %) GP bR+t

12P%+12b2+ | = Ap*+)2 AP +BP2+ /2B +GCH2

A=12; B=2 ; C=24

J2p% 126741 _ IZP42 , Bk _ 7 /
CP+3p Ch Pk SRR e

Here the term 2p is recognizable as a series inductance of value 2; the

term 1/3p as a series capacitance of value 3; and the term

|
32 + Yap

as a parallel L-C group in series with the above single elements wherein
the capacitance has a value of 3/2 and the inductance has a value of 4/3.
The First Foster Canonical Form is thus specified. The Second Foster
Canonical Form would be obtained in like manner by a partial fraction
expansion of the fﬁnction

Y(b)= 6P+ 3p

12p% + 12 b2 + |







The first and second Cauer Canonical Forms are specified by the results
of a continuing fraction-type decomposition of the given immittance
function. These canonical forms are of a ladder type corfiguration as
illustrated by Figure 3 and Figure 4.

e L

F'.g.s.- General Characteristics of the First Cauer Canonical Form

Al
L}
4]
o=
O

=

) L

Fi94.~Gcncral Characteristics of the Second Couer Canonical Form

The continuing fraction decomposition of the Cauer technique consists of
repeatedly performing the divisions indicated by the fraction bars until
the exponents of th; variable have been reduced to unity or zero values
and the function is of a form compatible with the physical form of a

ladder network. The following example illustrates the technique:

. 4
Z(p) = 12p% + |12 P2 + /

Gp3+ 3P







2pb+ G hr* + 1 » /

GhP+3P i p+ J

Here the quantities 2p and 3p are recognizable as specifying inductive
impedances of values 2 and 3 respectively and the quantities p and 2p are
likewise recognizable as specifying capacitive admittances of values 1
and 2 respectively. The network specified is therefore of the First
Cauer Canonical Form, If the function Z.(p) were to be written in terms
of the ascending rather than the descending powers of the variable in
this example, and the indicated division operations performed in the
manner illustrated above, the Second Cauer Canonical Form would be speci-
fied.

Developments of the type discussed here, following after the
basic Foster and Cauer work have all been based on the fundamental idea
of an immittance function decomposition process restricted entirely to
an operation within the frequency domain., Research into the literature
of circuit theory fails to indicate that this somewhat artificial barrier
has previously becn penetrated with the specific object in view of the
widening of the scope of network synthesis from a specified complex
immittance.

Since the efforts of many investigators have been directed, over
a period of more than thirty years, toward the development of additional
decomposition techniques the conclusion was reached that, in all proba-

bility, at least a majority of the total possible methods of this sort
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had been thought out, developed, and documented. As a consequence, this-
study was directed along the lines of the identification of network
elements and network configuration by means of circuit response to certain
excitation functions.

It is a well-known fact that the solution of the differential
equation of a network contains, in an easily identifiable form, the
values of the network parameters either as coefficients, or as exponents
of the Naperian base. For instance, the discharging curve of a capacitor
through a resistor is expressed by 1({) =CV, é ~Yec where
q(t) is the charge on the capacitor at any particular time t; V, is the
voltage across the capacitor due to its charge at time ¢t « O ; and
the constants C and R as coefficient and exponents are the exact capaci-
tance and resistance of the circuit elements. Likewise, the current rise
in an inductance in series with a resistance is expressed as < (¥) =
E/a(1-& “74) uhere 1(t) is the magnitude of the current in the
circuit at any particular time t; E is the magnitude of the driving
voltage at time t; and the constants R and L as coefficient and exponents
are the exact 1nduo.tance and resistance of the circuit elements, Both of
the above equations presuppose quiescent initial conditions within the
circuit,

The integro-differential equation of a circuit or network does not
lend itself to writing in the defining form of a response function thus:

cffect

Lesponse =

cause







|
|

since either the current or the voltage parameter will appear as a
derivative or as an integral, with respect to time. The solution of
such equations however, may be written in response form. For instance,
in the example above, of the current rise in an inductance in series
with a resistance there is given, in the case of the original differ-

ential equation:
e=Ri+ L*dt ()

The method for the solution of equation (1) by transformation calculus,
assuming quiescent initial conditions is:

E/p = RTI(P) + PLI(P) (2)
E/p = (R+PL)I(P) (3)
E E }
P = v = T rr o) -
~“Ré
PR (5)
L R/L

In this series of equations, either the Laplace transformed original
equation or the solution to the original equation could be written in

response form, thus:

P _ |

E P(PL+R) fp’

and

T

bie e Ui o) (7
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where equations (6) and (7) are related through the inverse Laplace trans-
form, and where both equations represent the current response of an R-L
shunt arm to an excitation function of voltage.

It is apparent that if the term e of equation (1) is arbitrarily
made to be a unit-step function of voltage at time t = O , the response
of this R-L network, as indicated by equation (7) will be:

A) = Yiwm = %(1-6 ) (8

in which A(t) is the indicial admittsnce of the network and is defined
as the time function of current entering the network in response to the
application of a unit-step function of voltage U(t) to the network
terminals at timc t=0 . Here it is noted that the response function
A(t) may be obtained from an originally specified immittance function
Y(p) or Z(p) since, considering that € =(l(t) , equation (4) is of

the form:
E=| | _oXn
IR = StrLem) T (®)
hence:
Alt) =T L-'['/pﬁ'(”] = [ [Y(%] (10)

X
Analysis of equations (8) and (10) leads to the conclusion that

if the inverse Laplace transform is applied to the function “Y(p)/p

of &n inductance-resistance shunt arm, the resulting function A(t) will







clearly indicate the values of the resistance and the inductance
elements comprising the shunt arm by means of a process of the compari-
son of like parts of identities. This same type of discussion could be
carried out for other types of shunt arms than the R-L type used here.
In fact, Chapter II will develop a complete synthesis method based on
the utilization of the indicial admittance function as obtained from a
specified complex immittance function.

The reasoning outlined above is equally applicable to the defini-
tion of network olements and configuration by means of the response
function J(t), the indicial impedance. This function is defined as the
time function of voltage produced at the terminals of a network in
response to a unit-step function of current entering the network at time
£+ = O . Chapter IIT will develop the theory and procedures for this
method of synthesis.

Since the synthesis methods to be developed in this work are
based upon the obtaining of the response functions A(t) or J(t) from a
given specification of complex immittance, there may arise the semantic
question of uhethe; such procedures are to be considered as‘a frequency
domain or conversely, as a time domain synthesis. It is pointed out
that the function of immittance to which the unknown network must con-
form is a function of frequency. Further, the functions A(t) and J(t)
will be used only to define the constants R, L, and C which constants
exist simultaneously and maintain their 1ntegrity in both the frequency

and time domains, The fact that A(t) and J(t) are functions of the time

variable is purely incidental since this variable will not, at any time,
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play an active role in the procedure. It only appears in the equations,
when they are used as hereinafter described, for the purpose of mathe-
matical rigor. The synthesis methods as described in this work should
therefore be classified solely as a frequency domain synthesis, Accord-
ingly, no relaxation of the general principle that the immittance func-
tion to be synthesized must be a positive real function, involving
Hurwitz polynomials, is to be expected.







CHAPTER II
CURRENT RESPONSE AS A TOOL FOR SYNTHESIS
I, THE THEORY

In order to develop the theory and technique for the current
response method of synthesis, the starting point will be to assume the
general R-L-C network of Figure 5. '

w L c

Fiq.§.~ General R-L-C Networlk

The voltage e, is specified to be any constant voltage and the current
L. 1is the response:to the excitation €, applied to the network
terminals. Under these conditions the differential equation of the net-
work of Figure 5 is:

e = Ri, + L %% + & [i.dt W

Since €, is a constant and if the Laplace transform is applied to both

sides of equation (1) there is given:

B = RI(P) + PLID) = io(on +fc [Th) + Q] )

where p is the complex frequency variable, p=¢ +J® . Now assume

that the initial conditions are quiescent and that the excitation

is applied at the time t = O . Under such conditions equation (2)







reduces to:

Es L.(P)
b RI(P) + PLLI.(P) + PG (3)
.E_°.1(p)[n.+pL+_'-] (4)
P 3 PG :

E
° - = ‘5)
NPT L)
Lo(p) _ | (@)

Eo P[R+ PL +72]
In equation (4), (5), and (6) the term in the square brackets is recog-
nizable as the complex impedance Z(p) of the network and the left hand
member of equation (6) is in the form of a response divided by an exci-
tation. The right hand member of equation (6) is therefore a true
response function., It is obvious that this response function may be

written as:

| | Yo (b)

P+ PL L] o T k

If the excitation €, 1is assigned the value unity and in fact, to
be more specific, if €, is made to be a unit-step function of voltage
at time ¢t =0 y it is evident tihat the response of the network is

a function of current only, thus:

| % |
L) _ RAC o

) PE, () p
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If now the inverse Laplace transform is nppiiod to both sides of

equation (8) there is obtained:

Al) = i, e [ [—".L’] | (9)

Here, equation (9) defines the Indicial Admittance of the network of

Figure 5 and represents, as a ﬁmctién of the time variable, the current
response of the network to the excitation of a unit-step function of
voltage applied to the network terminals at time t = O .

I% is clear that the network of Figure 5 may be corsidered %to be
a shunt network composed of a shunt arm of admittance /Z( p) across
the network terminals, through which a current i. flows as a response
to the excitation &, =« | = (L(t) . Now suppose that any number of
additional shunt arms of admittance Y., YalP), Y,(P), """ are
added to the network as shown in Figure 6,

[ = , R R
b O 7 e B

) Yol Yo | [un| |%w

Under these circumstances, each shunt arm will be excited by the same
function of voltage U(t) and each will admit its individual current

response as a part of i, the total response, The total current response

~ 4 will then be:

- P LA
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and so on for as many shunt arms as the network contains., It is appar-
ent that equation (10) may be written as:

; Al Ya P+ (P + Ya(B) 4+ -~ e Yvevar (P)
"=L[ r ]'L[ v ] U

by reason of the definition of the inverse Laplace transform, namely:

Lﬂ [F(Y] & /onj '§>F(r) g dp (12)

Hence:

e [ SOCOMIER db+ SC) dp v -] =

Vow; THCYp) e dp + (VORI E dp ¢+ ] =

ors L1609 1 0%, 4.3, ] =

fowi §( )" dp =

LT - (13)

And finally;
5] = ews SO 96" 4 -
2 QeS.BY.'”(P)/P )ﬁbtj poles of(Yvov(Py,,)g"J (14)

The mathematical configuration of & LY***¢® /] will be that of
a sum of terms, as is indicated by the right hand side of equation (14).
Bach residue of the sum will represent the individual current response

of a portion of the network to the excitation U(t) and, under such con-

ditions, the physical configuration of a network consisting of a number
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of shunt arms across the network terminals will be compatible with the
mathematical configuration of the response function.

The inverse transform of the function Yvev®/p  will in-
variably be functions of the resistance, inductance, and/or capacitance
parameters of a network yielding the response, in a form which will
positively identify the elements of the network in their proper con-
figuration except in the case where the network contains a pure
capacitive shunt arm, which case will be treated later.

As an example serving to illustrate the method, assume the

simple impedance function:

- v 2 P+
£ = o (15)

which by reason of its pole-zero configuration is known to represent an
R-L network, The function Y(p)/p is then:

Y(p) b+3 b+3
s = - (Ve)
p P(b+)) P+ b

S [Y ~[b+3 | [ ps3 bt
A = & [T] =L [P’w] “2mjJ P o g

(18)

" b+3 n] (b+3) €™
¥ Qes'[b*wa Tap (b +p)

! bt
poles of ‘ﬁ.%! G
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(p+3)e” i
Ee— =3-2 (19)
2P+l '.0;" é

It is known that the indicial admittance of a pure resistance R is 1/R,

and further that such response of a resistance R, and an inductance Lg
-nt

in series is /r (- ;““/'-a). If now the left side of equation (19) is

rewritten:
3-26°% =l 420128 %) (2 0)

there is given the indicial admittance a network consisting of a shunt
arm of pure resistance in which, by comparison with the known response

functions stated in the foregoing paragraph:

Bl ] ‘ (21)
o3
R =) (22)

in parallel with a shunt arm consisting of a resistance and inductance

where, again by comparison:
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£, = /2 =) (25)
BIgRR S £
L,= Y2 (26)

A physical realization of the original function:

b+ I
P+ 3

Z(p) = (15)

would therefore be the network shown in Figure 7. There are of course
an infinite number of networks which will yield the basic responses of

equation (16) and equation (19).

Vs
fa
Fiq. 7.~ Shunt N;twork for ZU)‘-*‘""/(P*:)

In the practical application of the response synthesis technique,
the formal procedures of equations (17) and (18) would be unnecessary
since they express only the step by step method of obtaining the inverse
Laplace transform of i(p)/p. Actually, equation (19) can be written
directly from equation (16).

It is now obvious that it will only be necessary to develop the
indicial admittances of all possible éombinations of R, L, and C

elements in shunt arms, in order to be able to synthesize the class of

admittance functions under consideration. Such a development is made







in Section III of this Chapter.
II, THE POLES OF THE ADMITTANCE FUNCTION

Before proceeding further with the development of the synthesis
method, it is expedient to examine the poles of the admittance function.
Since Y(p) for a network of normal complexity will be a rational frac-

tion of the general form

N(P

T 27)

Y(p) =

the general form of the corresponding current response function will be

:!!21 £ N (b)
P P DR sl

The evaluation of the residues of the function

_ P T S NGY
Fh=3m =" F ¢ ~vom ¢ 4

depends upon the location of the poles of F(p). Hence, it may be

stated that the poles of F(p) are related, through the inverse transform,
to the indicial admittance functions. It is apparent that there will
always be a pole of F(p) at p=O due to the miltiplier p of pD(p).

If now a network containing all possible types of linear passive element

shunt arms is assumed, its gencral configuration will be as shown in

Figure 8.
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Fig.8.~ The All-Shunt Type Network

This type of network will be referred to as an all-shunt network. From

Ca Le Tc't

Figure 8, it may be seen that the complex admittance of this general

form of network is:
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for which the denominator D(p) of the combined terms of (31) is:

D(p) = (1N (R)(PLY(PRCati N PLo+R) (2L C+1)( B*LacCar+PRucCat) (33

In such a ngtuork, each shunt arm establishes a separate and
distinet factor of D(p) and each such factor except (1) and (R) will
establish a pole or poles of F(p) in (29) at various values of the
variable p. Also, as has been pointed out previocusly, there will always
be a pole of F(p) at p=o . It is evident also that if an all-shunt
network contains a shunt arm consisting of an element of pure inductance
only, the factors (p) and (pL) of pD(p) will act together to yield a

second order pole at p=0 .
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The factor (p* LacCap ¥ PR Co*!) of D(p), generated by the
R-L-C arm may yield a second order pole at some negative real value of
P # O when this factor is determined by network element values which
result in its being algebraically, a perfect square. Or, it may yield
two first order poles at values of p which are real, negative, and un-
equal; or it may yield two first order poles which are complex conju-
gates, in the left half p-plane. The conditions under which such poles
occur are developed in Section III of this Chapter. Since this factor
of D(p) will yield, under the influence of various vslues of olemonta;
three distinct types of pole configuration in F(p), it may be postulated
that an R-L<C shunt arm may have any one of three different forms of
current response to the voltage unit-step function. This postulate is
indeed true as will be shown in Section III of this Chapter. The
characteristic of the R-L-C shunt arm, of multiple response, does not in
any way impair the usefulness of the response synthesis technique,

Further examination of the factors of D(p) shows that poles of
F(p) of order greater than the second will not occur, This fact is of
considerable importance, since the evaluation of residues of poles of

order greater than the second is quite laborious.
III. THE INDICIAL ADMITTANCE OF STANDARD TYPES OF SHUNT ARMS

As was shown in Section I of this Chapter, the function Y(P)/p
represents the current response, of a network having an admittance

Y(p), to unity voltage excitation. Further, the inverse Laplace trans-

forn of Y(P)/p, the indicial admittance of the netwark, will yield
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directly the R, L, and C parameters of the network from which the re-
sponse is obtained (except in those cases in which the network contains
a pure capacitive shunt arm, which case uill require special treatment) .
Therefore if the indicial admittances of all possible combinations of R,
L, and C as shunt arms are developed and tabulated, such a tabulation
will serve as a means for identifying the parameters (except in thé case
of the pure capacitive arm) of the all-shunt network defined by a given
admittance function. It is of course basic to the method, as well as
all other synthesis methods, that the given admittance function be
capable of synthesis in the configuration required.

Figure 8 shows that the indicial admittance functions for a maxi-
mun of seven standard forms of shunt arms will be required for develop-

ment. Accordingly these seven standard forms of shunt arms are treated

below.
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P(P)/ Q(P) has poles at P = +iV/ic
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As indicated previously, the significance of the current response
C d'(¢) of a pure capacitive shunt arm must receive special consider-
ation, The unit 1;pulae d(t) 1is defined as a function whose value is
zero every where except in an arbitrarily small interval around t=0

where it becomes infinite in such a way that:

+b
f Sy dt = | 0<ab< e (85)
-a

Grephically, the impulse function of curront which is of interest here

is shown in Figure 9.
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One interpretation of the physical situation existing when an all shunt
network, containing a pure, uncharged capacitive arm is excited by a
unit-step function of voltage at time t -0 is as follows: First,
since the capacitor is uncharged, the impressed voltage of unity sees a
short circuit and since mathematically, the voltage remains at unity
value, the response is a current which rises from zero value to infinity
in zero time (theoretically). This current rise is represented by the
line segment o-a of Figure 9. Second, the current response is maintained
at infinite value for an infinitesimal time 7° , at the end of which
interval the capacitor reaches full charge. The point in time at which
the capacitor reaches full charge is indicated in Figure 9 as the point
b. Third, since the capacitor is at this point fully charged, it pre-
sents a back e.m.f, exactly equal and opposite to the exciting voltage
and hence its current response immediately becomes zero as indicated in
the figure by the line segment b-c. It is important to note that the
time intervel 7" == O is infinitesimally small in comparison with

any other time parameters of the network with which the pure capacitive







shunt arm may be associated.

To continued the interpretation on the same basis as outlined in
the preceding paragraph, it is apparent that the admittance of the pure
capacitive shunt arm is infinite until the impulse function of current

C J(t) reaches the point b of Figure 9 in time, while the admittances
of the other shunt arms of the network have finite values during this
interval. Hence under these conditions the total current response of
the network, for the interval 7" = O will be the current response of
the pure capacitive shunt arm. This response, infinite current for an
infinitesimal period of time is identified by the indicial admittance
function & [Y(P)/ p] of the metwork as being identically

equal to zero, since this function deals with finite intervals of time

rather than with infinitesimals.

At the time the current impulse C dJ(t) returns to zero
(point C of Figure 9), the admittance of the pure capacitive shunt arm
is gzero hence its current response is zero and the indicial admittance
of the network becomes the sum of the indicial admittances of those arms
of the network which are not purely capacitive,

From the above discussion it may be stated that a pure capacitive
arm of an all-shunt network actually acts as a switch to apply the unit-
step function of voltage to the remainder of the network at a time
¢t « (O0+7) . However, since the unit-step function of voltage is
thus applied to the portion of the network capable of yielding a true
indicial admittance at time t = (O + T ) , the effect is simply to

establish a new zero point in time insofar as the time function current
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response of the whole network is concerned. A4s a corollary to the above,
it may be stated that &L [ vem / b) for an all-shunt network con-
taining a pure capacitive shunt arm defines the current response of the
network to a unit-step function of voltage only when consideration is
given to the fact that the pure capacitive element is fully charged at
time t= O . The value of such a capacitive element will there~-
fore not be defined by the indicial admittance function ' [ Y(P/ P
when the network contains other element types in addition to the pure
capacitive shunt arm.

The indicial admittance functions developed above are tabulated
in Table I. This table has been used in the solution of the all-
shunt network realization problems given as examples of the response
synthesis in Appendix A. There now remains the development of a method
for the identification of a pure capacitive shunt arm associated with a
general R-L-C network. Such a development is made in Part IV of this

Chathr .







TABLE 1

THE INDICIAL ADMITTANCE OF VARIOUS STANDARD

SHUNT ARM CONFIGURATIONS
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IV. IDENTIFICATION OF THE PURE CAPACITIVE SHUNT ARM BY MEANS

OF THE ADMITTANCE FUNCTION Y(p)

Since the indicial admittance of the pure capacitive shunt arm is
zero when it is associated with the general R-L-C network, provision must
be made for its identification and evaluation in order to preserve the
effectiveness of the current response synthesis method. Fortunately, if
the function Y(p) is capable of being synthesized in an all-shunt con-
figuration, it will also inherently provide the means for identifying
and evaluating a pure capacitive shunt arm, merely by an inspection of
its mathematical configuration, when and if the requirement for such a
shunt arm exists.

The general form of the networks under consideration consists of
all possible configurations of R, L, and C elements in shunt across the
network terminals thus:

| R
“ L‘
Y(p)~= . . +c
Lae
Lg c ¢
" . Cas

Fig.lO.- General Form of All-Shunt Network

for which!

Y(p) Syt -'-+L§+ (86)
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Y(P)a-'—+—'-ob—c'+ ) + bCa - PC. PCry

ROPL T PLotR,  PRCarl  PLoCbl PP Lo Cort PRuCnct!

87)

Combining the terms of (87) over the common denominator gives !

YR *[(pLY PLa# R (PRCA (B Le Ot (B LacCar + PR Cay +1]),/ DD (88a)
+ [(RY(BLat RO(PRCat)(P*Lely#1)(P*Lac Crit PR Cay+1)]/ DI(P) (88b)
+ [(PCHRIPLY(PL o+ RO PRCA+ (P LL NP LucCar ¢ PR Ca 1)) /DD (88¢)

+ [RPLYBRCa+ ) B LGy #1N P Lac Cas + PR Coar 1 )] /D(D (884)
+ [(BCRYPLY PL o RIPEL )P L e Ca# PRLcCar #1)] /D(W (88e)
+ [(PCYRAPLY(PLat R(PRCa+N(P*LacCait bRcCar*1)] Dtk (88%)
+ [(PCa ORI BLY Lo+ R PR Cat ) B L L +1)] SO0 (889)

Where D(P) is the commen denominotor |

DR = (RIBLIPLL#RO(PRCut) P LeCit1)(p*LacCart PR Cast!) (88h)

If equation (88) is expanded to obtain the first few terms involving the

highest powers of p in Y(p), there is obtained:

4 (LL‘R‘C“LGC\.L“C“\.) P’ + POWOFS of b of lower order

Y(p)
(RLLaRcCrLleCilacCal) P” + bowers of b of lower order

(88a")

(RLaReCa LeCo L neCai) B & bowers of b of lower order (88b)

(RLLaR:Cr LeCL bacCal) b + bowers of b of lower order
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(CRLLrRcCalcCuilneCry) b® +bowers of b of lower order

(88¢")
( RLLaReCaleCiLlncCar) b7 + bowers of b of lower order
+ Other terms of the form N(P)/D(P) involving powers
of P In N(P) of order €7
Analyzing term (BBC) of the above expansion |
(crLLaR:Ca LchLuC;L) P. §o sanes (aec"

( RilpReCaleCilaeCal)p? o0t

and recalling that this particular term was generated by the effect of a
pure capacitive reactance in shunt with other shunt arms containing all
possible basic series combinations of R, L, and C, which combinations in
shunt -generated terms N(p)/D(p) in which p appeared in powers of order

&« 7 y it is possible to state:

Criteria A. If an all-shunt network contains a shunt arm having
only pure capacitive reactance, then Y(p) for such network must neces-

sarily be of the form:

V(P = G P” ¢ AP 03P L i $ 0N b B

89

b, P™ & by ik b’b”'" URLAEEIE 3 "Y1
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and that C = * /p, is the value of the pure capacitive reactance in

shunt,

Further analysis of equation (88) leads to the basis of:

Criteria B. If an all shunt network does not contain a shunt
arm having only pure capacitive reactance then Y(p) for such network

must necessarily be of either the form:

ap”™ +as b’ POV ot SETRURNE . D S DS
Y(p) = )
( b biP™ s baP” & bsb'-‘ ot b bk kb (e

or the form:

AP + 0P 24a3P” 2+ b amaP Fam
BP” ¢ baP™ + by P™ 2+ it 4 by p + b

Y(p) =

(sh)

In equations (89), (90), and (91) of Criteria A and B it is
pointed out that the conditions for physical realizability dictate that
all a, and b, be equal to or greater than zero. Nrthor, since
these equations represent the complex admittance function in its most
general form, the various a, and bms may certainly be equal to zero.
For instance, in the lossless network case, alternate powers of p are
always absent in both N(p) and D(p) signifying that the a, and b,

coefficients of such missing terms are identically equal to zero.
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OUTLINE OF THE PROCEDURE FOR CURRENT RESPONSE SYNTHESIS

The method for the synthesis of two terminal networks, utilizing

the response function A(t) as obtained by a transformation of an origin-

ally specified complex immittance function, has now been completely

developed.

The step-by-step processes, as set forth in the first four

sections of this Chapter, are enumerated below.

1.

2,

3.

b

5e

Examine the given function Y(p) to determine the applica~-
bility of either Criteria A or Criteria B, If Criteria A
applies, determine the numerical value of the capacitance
in the pure capacitive shunt arm by dividing the coeffi-
cient.of the highest power of p in N(p) by the coefficient
of the highest power of p in D(p).

Form the response function !(P)/p.

Multiply the response function Y(P)/'p by the exponential
a8 to form the function P(P)/ Q(P) = Vj‘P! g

Determine the poles of P(P)/Q(p) by finding the zeros of
Q(P) .

Determine the residues of P(p)/Q(p). This may be accom-
plished, if there is no pole of order greater than unity
by evaluating the function P(p)/Q'(p) at the values of p

which cause such poles. If second order poles exist the

residues due to such poles may be determined by means of







6.

Te

To illustrate the application of the method cutlined above, a

the formula:

P'Q"-2PQ"

s Q)T

wherein the derivitives are evaluated at the value of
p which establishes the second order pole.

Sum the residues, This sum will be the indicial ad-
mittance of the network sought.

Compare the terms of the indicial admittance function
thus obtained with the standard forms of indicial
admittance of Table I, By equating like terms of the
identities and solving for the various network para-
meters, an all-shunt network equivalent of the given
function Y(p) can be realized.

representative problem is solved immediately below, Several other prob-
lems demonstrating' the application of the current response synthesis
technique are solved in Appendix A.

Example Problem!
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CHAPTER III

NETWORK SYNTHESIS BY MEANS OF VOLTAGE RESPONSE
I. THEORY

The theory underlying the method of network synthesis by means of
the comparison of the voltage response functions of an unknown network
with standard types of voltage response functions is almost identical to
the current response theory of Chapter II., In the voltage case, the

starting point is again a general R-L-C network as shown in Figure 1l.

P

R BL =c

i

\o

Fig.\l.-GCncral Formof R-L-C Network

Here, if ls is considered to be the excitation and €, the re=
sponse, the differential equation of the circuit will be:

i, :—— - —Jc.d{ ::. (n

If |, 4is taken as a unit step function of current at time ¢ =0
and if quiescent initial conditions are specified, the application of

the Laplace transform to both sides of equation (1) results in:

L . E.P [E'“”]+ c[ps.()] (2)
Wl A 1 !
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In equation (4), E,. (P) is the voltage response to the excitation
of a unit step function of current exciting a general impedance i(p).
If now the inverse Laplace transform is applied to both sides of

equation (4) there is given:

e, =Jre [ [—ﬂﬂ] | (5
P

where €, is the indicial impedance J (t) of the network of Figure 1ll.
The network of Figure 11 may be considered to be a series network

consisting of & single impedance %,(p) = (PLR)/(P*RLC + PL + R)

in series with the_netuork terminals. In this case, the voltage

response €, will appear across Z,(p) . If now any number of addi-

tional impedances, Z,(P), Z,(P), Z;(p), ----- are placed in series

with each other and also with Z,(p) as shown in Figure 12, each such

impedance will be excited by the same unit step function of current

which enters tho network at time ¢ = O , and each will contribute
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Fig.12.~ Network of Series Impedances

its share of the total voltage response € = J (¢) « This
total voltage response will be:

oI rENE KN

which, as was shown in Chapter II can be written as:

(R £.. [—z-'-.-";"ﬁ]‘ (7)

Here, again as before, the right hand side of equation (7) will be of
the form of a sum of terms resulting from the evaluation of the residues
of [Zrer(P)E™ ] / b at each of its poles. Each complete term
of the sum will represent the indicial impedance of one of the impedance
groups comprising the network the consequently the sum of all such terms
will be the total indicial impedance of the network. The mathematical
form of equation (7) is therefore compatible with the physical configur-
ation of the network of igure 12,

The inverse transform of Z vor ( k)/ P will always be

functions of the R, L, and C parameters of a network yielding the voltage







bdy
response e, in a form which will identify their value and phasor connota-

tion within the network. However, as in the case of current response,
it will be found that the indicial impedance will fail to identify one
type of pure circuit element, except in the degenerate case where that
particular element comprises the total network. As might be expected,
the indicial impedance fails to identify a series element of pure in-
ductance. The identification of the pure inductance, in order to com-
plete the synthesis procedure, will be discussed in Section III of this
Chapter.

As a simple example to illustrate synthesis by.loans of voltage
response, the same function of impedance that was used %o demonstrate
current response synthesis in Chapter II will be used. Thus,

P+l

Z(p) = s (8).
2 kel (9
» pre3p

(p+1) 8" l i 2
2’*3 he O,~3 3 3

It will be shown in Section III of this Chapter that the indicial

-3t
é (10)

impedance of a pure resistance R is R itself and further, that the

indicial impedance of a resistance R_ in parallel with an inductance

N
L SRS en . By comparing these standard response
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functions with the response of the unknown networks given by equation

(10) there is obtained

lz.--é- (n
0,4 @
%i - %f =3 (13)
Le = % (14)

A physical realization of the impedance function of equation (8)

is therefore:

| %,
/s st i
AN ——— -
_JF?‘(“W_

Fig.ﬂ.- All-Series Network for Z(p) = (be)/(p+8)
Additional examples, of a more comprehensive nature, of synthesis by

means of voltage response techniques are given at the end of this

Chapter and in Appendix B.

II, THE POLES OF THE IMPEDANCE FUNCTION

As was the case in the current response synthesis method, the

poles of the immittance function play an important role in the voltage

response method. The impedance function Z(p) , when it is of normal
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complexity will be of the form .’*:'.(P) = N( ,b)/ D(p)  and hence the

voltage response to a unit-step function of current will be of the form:

Z(p) _ N

b PDM o

The process of obtaining the indicial impedance of the unknown networks
represented by the given impedance function 2(p) involves, as before,
the application of the inverse Laplace transform to N(p)/pD(p) and hence
the evaluation of the residues of the function YD) G”] / pPD(P) at
its singular points. These singular points again as before, will exist
only at the poles of N(p)/pD(p) which, inm turn, are generated only by the
zeros of pD(p) since N(p) and ﬁ" sre analybtic everywhere in the
finite p-plane. It is immediately apparent that there will always be a
pole of [N(P) 6"] /pD(P) at p=0 and that the other poles of this
function will be established by the factors of D(p).

The general form of the network under consideration consists of
impedance groups in series with the network terminals. These impedance
groups consist, as is shown in Figure 14, of all possible paraliel com=
binations of R, L, .and C elements, thus yielding in the general notwork
case all possible phasor relationships consistent with the restrictions

placed on the network configuration by the voltage response concept,

” R L Rue
"‘"'l't' ". 1A n A h‘ﬂ n — A 'A' ."'.""

R A [ L
'erﬁ'F ?t ﬂ?" ?n

-

Fig. 14~ General Form of the All-Series Network
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This type of network will be referred to as an all-series configuration.

From Figure 14 it may be seen that the impedance Z(p) of the all-series

network is:

|
t o \

. |

Z(P)= X+ PL + — & + + (16)
PC &h‘ ;.r;. —,'—;0' PC‘ -'-h&p('.; 'ﬂ;’ 'Fr' “‘ ’c‘\

aD.#PL&-'—O- PR La x Re PLe 3 PR L ac )

+
PC PLatRL PR.Ca#l  PULCi#l  PUR Lo Cpv Pt Ry

for which the denominator D(p) of the combined terms of equation (17) ist

DR = (PCIPLa* RO(PRCa+ D P LeCu+1)( P RiclneCartPLlactRye) (18

In a network of this character it may be seen that each impedance
group, except for the pure resistance and the pure inductive reactance,
will establish a separate and distinct factor of D(p). Each such
factor, not equal to a constant only, will establish the location of a
zero of D(p) and consequently the location of a pole of N(p)/D(p).

Since each conplotg term of the indicial impedance of the network
depends upon the evaluation of a residue of [i(b)&“]/ 14 at a pole
or poles established by a factor of pD(p), it may be stated that each
impedance group of the all-series network will establish a separate

and complete term in the sum representing the indicial impedance
function., Any pure resistance element (group) present will be accounted
for by the pole at p=0 created by the multiplier p of pD(p)., However,

since the pure inductance element of the general all-series configura=
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tion does not create a factor in D(p), its presence in a network will not

be accounted for in the indicial impedance function. The lack of
response of the pure inductance will be treated in Section IV of this
Chapter.

The factor (P'RiclaeCa*Pluc ¥ Ry e) of D(p) which is gen-
erated by the R-L-C impedance group may give rise to three different
types of pole configurations in N(p)/D(p) . First, it may generate a
second order pole at a value of p which is wholly real and negative.
Second, it may generate two first order poles which are wholly real and
negative, and third, it may produce two first order poles which are com-
plex conjugates lying in the left half p-plane. As was the case for the
R-L-C group in the current response technique of Chapter II, it may
therefore be expected that the R-L-C group of the all-series network will
produce three distinct types of indicial impedance functions. The inter-
relationship of the R, L, and C elements comprising the group will de-
termine the type of response generated. As will be demonstrated by the
solution of representative problems, the fact of the existence of three
distinct types of %ndicial impedance functions for the general R=-L~C
group does not impair the effectiveness of the synthesis method.

Examination of D(p) in its factored form indicates that, as was
the case for the all-shunt network, poles of order higher than the
second will not occur, Hence, all of the procedures involved in the
voltage response synthesis will be similar to those for the current re-
sponse synthesis. In fact the only difference will be in the physical

configuration of the two networks, and in the fact that each method will







require its individual tabulation of standard response functions.

III. THE INDICIAL IMPEDANCE OF STANDARD TYPES OF IMPEDANCE GROUPS

In order to effectively synthesize a network of the all-series

class by voltage response methods, it is necessary to develop and tabu-

late the indicial impedance functions for all of the impedance groups

shown in Figure 14. These standard voltage response functions are
developed below and the results therecf are tabulated in Table II.
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As set forth above, the significance of the voltage response of the
pure inductive element in series, when the excitation is a unit step
function of current, will require specific interpretation, Considering
the pure inductive element alone across the network terminals at time
t = O when the current unit-step is applied, it is apparent that
this element will offer infinite impedance to the flow of current for a
period of zero time, This comes about by reason of the fact that the

current rises from zero to unity value in zero time as shown in Figure
15,

um‘tq

o t ——e

Fig.15- Unit-Step Function of Current
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From Figure 15 it may be seen that the rate of change of current, from
zero current at ¢ = O to unity current at the same time ¢ = O , is
in fact infinite. The voltage drop across the pure inductive element
during this zero interval, |_ di/dt , is therefore (theoretically)
infinite. Hence the impedance of the element itself must be infinite
for the zero interval of time. At the time the currént reaches unity
value and a measurable time period begins, the current remains at an
unchanging, constant value of unity and hence the voltage drop across
the clement, L 9i/dt equals zero for any measurable time interval
past ¢t = O . The impedance of the pure inductive element then for any
time not equal to zero is identically zero. From this discussion, it is
seen that the voltage drop across a pure inductive element, and conse-
quently the impedance of the element, subscribes exactly to the defini-
tion of the impulse function L J4(t) . Obviously, at any time greater
than zero the voltage response of this element type to a unit-step
function of current will be zero, hence the indicial impedance, &% [i(»/a
for a pure inductance under these conditions isi zero.

It will now be necessary to develop a method for the identifica-
tion of the pure inductive element, in series with other impedance
groups in order to complete the voltage response synthesis method.

This development is the subject of Section IV of this Chapter.

IV. IDENTIFICATION OF THE PURE INDUCTIVE SERIES ELEMENT BY
MEANS OF THE IMPEDANCE FUNCTION Z(p)

The given impedance function Z(p) from which the all-series net-
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THE INDICIAL IMPEDANCE OF VARIOUS STANDARD

SERIES GROUP CONFIGURATIONS
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work is to be synthesized may be made to specify the value of the pure

inductive series element, when such an element is required, that the
indicial impedance function fails to specify. The method used to accom-
plish this result is similar to that used for the identification of the
pure capacitive arm in the current response synthesis and consists simply
of the inspection of the immittance function, By the reasoning and
procedure set forth in Section IV of Chapter II it may be shown that the
presence of a pure inductive series element in the general, all-series
network wiil cause the highest power of p in N(p) of Z(p) to be of order
one greater than the highest power of p in D(p). By the same type reason-
ing and procedure it may be shown that the numerical value of such a
pure inductance will be expressed by @,/ b, where a, and b, are the
coefficients of the highest powers of p in N(p) and D(p) respectively.
Since the mathematical procedures involved in making this identification
and evaluation are identical to those of Section IV Chapter II, they will
not be repeated here.

In accordance with the foregoing paragral;h it is evident that
criteria, similar to that established for the current response case, may

be established for the voltage response synthesis. These criteria are:

Criteria A. If an all-series network contains a series element
of pure inductive reactance, then Z(p) for such a network must neces-

sarily be of the form:

QP sk + bt ke ¥ Qb F Qs

Z(p) = (66)

bp™ b p " 4bgp™? #-2t by P ¥ b
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and L= % /b, dis the value of the inductive reactance in series

with the remainder of the network, and

Criteria B. If an all-series network does not contain a pure in-
ductive reactance in series with the remainder of the network, then

Z(p) for such a network must necessarily be of the form:

. a.b"’+a.b""¢a.b"”+ et b Qb FAma
Z(p) =
P b.b‘ ibt’.'. ?bgh~.1+"" + bm"“bmu (‘1)
or of the form!
. mel ”-3 M-’ - .
Z(p)= a, b + Q. b + aghk * ¥ Apu P+ Qa (G8)

b,Pm fb,b"'*b;"’" ST STRTE e S me* b-”

Here again, as in the case of Criteria A and Criteria B for the current
response case, all a, and b. mst be greater than or equal to zero
for physical realizability. However, the various a, &and bs may be
equal to zero as dictated by the network giving rise to the impedance
Z(p) «

V. OUTLINE OF THE PROCEDURE FOR VOLTAGE RESPONSE SYNTHESIS

In accordance with the first four sections of this Chapter, the
step-by-step procedures for voltage response synthesis method are:

1. Examine the given function Z(p) to determine the applica-

bility of either Criteria A or Criteria B, If Criteria A







2.

3.

be

5

applies determine the value of the pure inductance in

series with the remainder of the network by dividing the
coefficient of the highest power of p in N(p) by the co-
efficient of the highest power of p in D(p).

Form the response function z(p)/p-

Multiply the response function Z(p)/p by the exponential
&°%  to form the function P(P/Qp)= [#(p)/ ] Fid

Dotermine the poles of F(P)/q(p) by finding the zeros of
Q(p) .

Determine the values of the residues of P(p)/Q(p). This
may be accomplished, if there are no poles of P(P) /q(p) of
order greater than the first, by evaluating the function
P(p) /' (p) at the values of p which cause such poles, If
second order poles exist, the residues due to such poles
may be evaluated by means of the formula:

eP'Q"- 2PR"
Jan*

=

wherein the derivitives are evaluated at the value of p

which establishes the second order pole.

Sum the residues. This sum will be the indicial imped~-

ance function of the network sought,







7. Oompare the terms of the indicial impedance function
thus obtained with the standard forms of indicial inm-

pedance of Table II. By equating like terms of the
identities and solving for the various network para-
meters, an all-series network equivalent of the given

function Z(p) may be realized.

A representative problem, illustrating the voltage response

synthesis method is solved immediately below. Additional examples of

the method of voltage response synthesis are given in Appendix B.

Example problem.
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CHAPTER IV

THE APPLICATION OF THE RESPONSE SYNTHESIS TECHNIQUE TO
THE EQUIVALENT CIRCUIT PROBLEM

1. REVIEW OF THE PROBLEM AND THE TECHNIQUE

A problem of major importance in the field of network theory in-
volves the procedures for the design of a variety of networks, each
having the same immittance function as that of a given parent network.
It is an accepted fact that if an immittance function is capable of
physical realization in one configuration, it is also capable of realiza-
tion in an infinite number of equivalent networks.

One of the most noteworthy of the attributes of the response
synthesis technique is its {nherent ability to specify, in a simple and
straightforward manner, an jnfinite number of networks equivalent to
certain classes of parent networks. A second important characteristic
is that, within limits, the exact value of a network element or elements
may be pre-selected for incorporation in the equivalent network., This
second characteristic of the response synthesis is not inherent to other

known synthesis techniques.
II. APPLICATION OF THE RESPONSE SYNTHESIS TECHNIQUE

The response synthesis method for the realization of equivalent
networks has for its starting point a network of either the all-shunt

or the all-series configuration, the element values of which are known
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constants., As the first step in the development of networks equivalent

to the parent network, the sum of terms representing the total indicial
immittance of the parent network is written by reference to Table I

or Table II as may be appropriate. The total response function is
then manipulated algebraically in such a manner that the value of the
sum remains unchanged while some of the terms of the sum are adjusted
in value and/or character and hence connote shunt arms or series im-
pedance groups of a different nature from those of the parent network.
Each such manipulation will then result in the specification of a net-
work equivalent in indicial immittance and hence in complex immittance
to the parent network and with network elements which have changed in
value and also in impedance character.

It is pointed out that the response functions for inductance-
capacitance, pure inductance, pure capacitance, and two of the three
types of response of the resistance-inductance-capacitance shunt arms or
series impedance groups apparently do not lend @hemselvea to the manipu-
lations referred to above. Consequently, when these types of arms or
groups are praaont_in the parent network, they will appear unchanged in
all networks derived by these procedures as equivalent to the parent,
As a result of this condition, the only response functions which will be
dealt with in the specification of equivalent networks are those of pure
resistance, resistance-inductance, resistance-capacitance, and resist-
ance-inductance-capacitance wherein the response is a function of the
hyperbolic sine,

There are several conditions upon the relationship between the
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values of network elements which must be fulfilled if the indicial im-

mittance functions are to be capable of specifying networks equivalent '
to a given parent network. These conditions are brought about by the
requirement that the equivalent networks be physically realizable. It
is believed that a set of rules enumerating these conditions would
serve no useful purpose inasmuch as the response statements may be so
easily manipulated to determine physical realizability of the equivalent
network that the memorizing of, or reference to such rules would repre-
sent a more cumbersome procedure. There are several types of response
manipulation possible which will be demonstrated.

Since the theory involved in the application of the equivalent
circuit specification technique is identical to that of response
synthesis as presented in Chapters Il and III, the following simple ex-
amples will be sufficient to demonstrate the application of the method,

As a first example, assume the R-L network of Figure lb,

FigJGrR:L Parent Network

Reference to Table I shows that the response function for this network

is:







66

Ald) s o= 7Ty (1)
=6-2p"" (2)
. G~3§ 7 Fg (3)
23+ 3(1-6"%2)+ ‘-"/: (4)

Statement (4), by reference to Table I, yields the equivalent network

of Figure 17.

7’ I

% I%

Fig.17. R-L-C Network E,w’n/col te Parent Network

A second manipulation of the basic response function on (2) yields:

Ad)s G-28"" (2)
- 6 2 ‘ ¢'u/‘ + z 6'3t/1 ")
a2 s 41 W) sigT N (6)

Here, statement (6) specifies the equivalent network of Figure 18,

A /)

% ]-7,

F/'9~/6 R=L-C Network ng'm/ent to Parent Network
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It is obvious that the pure resistive arm may be eliminated entirely by

the manipulation:

6 =20 (2)
G-Go Vg e (1)
Gl | ~ig " WEY L Lg%k (8)

Wherein statement (8) specifies the equivalent network of Figure 19.

L

Ve Y
% -I»%

.

Fig. 19.~ R-L-C Netwerk Equivolmt to Parent Network

All of the networks, Figures 16 through 1Y have the admittance function:

8p+18

(
2p+3 7

Y (p) =

It is apparent that the process outlined above may be applied an in-
finite number of times and that each new manipulation will yield a net-
work equivalent to the parent network.

To illustrate a requirement of the method that an element arm or
series group consisting of a pure resistance be present in order that
the response function be capable of this type of manipulation, assume

the parent network of Figure 20,







Fig.ZO.- Porent Network Lacking a Pure Resistance Arm
The indicial admittance of this network is:

AG) = 201-8 %) v dC1-8""") (10)
c 628 L ()

It is apparent that statement (11) is not capable of the type of manipu-
lation demonstrated above, except to the form of statement (10). However,
the network of Figure 20 may be resynthesized to the all-series config-
uration thus:

S |
- 12)
Y(p TR *m (
= - - &= (13)
2b+ 3 4p+5H
24b + 30 + AOP+GO 3
= (14)
8p* + 22b+15
0 3
Z(p) = 8pt+22bh¢+15 (5

G4 p +90
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Qb p 64 pb* +50p

LB (8rriz2b+15) ¥
Q'(p) 128p + 90

P(P) '
QM| puo e

P(_P). | 4'“‘/&1
amplP=-*% ° Tes

Yielding the all-series equivalent to Figure 20.

Va0

Hoso

Fig.?l." All-Series Equivalent of Network of Fi’.ZO

The network of Figure 21 has the response function:

| h3 ""“/Sz
Jishmoe fuaes

which function may be manipulated to produce an infinite number of

(1)

(17)

(18)

(19)

(20)

equivalent networks. To avoid manipulation with fractional coefficients,

it is posoible to multiply the whole response function by a factor which

will cleer all fractions, perform the manipulation, and then divide by

the previous multiplier to obtain the now form of the response function,







thus:

768 H— . 7—é-5 &'m/”] - (2))
128 + 677 - e
128 + 10§~ " /% < g~V o (23)
9 + 1057 TV L gl 1ogrr i) (24)

Hence the indicial impedances of a notwork asquivalent to both Figures 20
and 21 will be:

_ s 10 o tfyy 0 9 vyl e -4/
J(t) o BT By le bl ) (25)

which function yields the network of Figure 22 which has the same

5/384 3256

P,
Fig.22.-Network Equivalent te those of Fiq.20 and Fig.2!
immittance functions as the networks of Figure 20 and Figure 21, An
infinite number of manipulations similar to that of statement (25) may
be carried out to specify various network equivalents,
The response function for the network of Figure 20 is capgble of
still another type of manipulation not involving resynthesis, For ex-

ample, starting with statement (11) there is given:
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Here by reference to Table
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network of Figure 23.

Fig.23.- Network Equivalent to Network of Fig.20
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(n

(26)

(27)

(28)

(29)

I, statement (29) specifies the all-shunt

It is apparent that the basic response statement (11) is capable

of an infinite number of rearrangements of the type used to specify the

equivalent network of Figure 23.

tion is:

An example of such further manipula-
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Alt) = G prie g g te (n

G+ golNCg e LT g R (30)

s "M g Ve) L5017 (1-¢"™) (31)

S P
. & g% - & Ce Y (-
T [ > ]*5(' &)+ (-7 o)

5-”'/.

sinhtY8) +5(1-6 /) +(1-§"%2) (33)

Thus specifying the network of Figure 24 equivalent to that of Figure 20.

P s J
A Yos %
1'?%

Fig- 24, - Network E:luwa\cnt te Network of F;,zo

It is also apparent that a parent nctwork containing an R=L-C
shunt arm or series group may be convorted to networks containing not
more than two elements per impedance unit by a reversal of the process

demonstrated by statements (30) through (33) provided,

1. Thet in the R-L-C unit, R*/41* > I1/LC for the

all-shunt case, and lAr*¢* > 1/LC for the all-

series case in order that the urit response will be a







function of the hyperbolic sine, and

2, There is included in the parent network a unit of pure
resistance sufficiently large to subsidize the R-L
unit which will always be produced.

III. PRESPECIFICATION OF NETWORK ELEMENTS

As mentioned earlier in this Chapter, the response synthesis
technique possesses the important attribute, present in no other known
synthesis method, of allowing for the pre-selection, within limits, cf
the values of network elements for incorporation in an equivalent net-
work. The process for such pre-selection involves only the determina-
tion, based on physical reelizability criteria, of the allowable limits
on the ranges of the values of the various network elements. The
evaluation of the limits involves only the determination of those condi-
tions which will insure that the total network response function does
not specify a network which would require the use of a non-physical

element or elements. As an example, assume the network of Figure 25.

Fa,.za.- R-L Netwerk for Demonstration of Element Prcspui}iution







For this network, having a complex admittance of:

Zehy w2
Y(p P+l (34)

and an indicial admittance of:

At = 1 + 2(1=-¢"%) (35)

= 3-28" (36)

it is apparent that the response, contributed by the pure resistance
arm, of value unity is at its maximum value since any manipulation of
the indicial admittance within the bounds established by physical
realizability can only serve to reduce this value by the use of part or
all of the amount to subsidize an increasing coefficient of an R-L

response term, Thus,

Ay = |+ 2(1-67%) (37)
w 3«2 5‘." (38)
«'8-258" +058" (39)
=05 +25(1-¢"*)+ 056" (40)

wherein the response 0.5 &~° creates an R-C shunt arm, There-

fore,







75
& (41

R > | (42)

Now consider the response of the R-L arm of the network which has the
standard form of:

&. td’/L. ) (‘-3)

1

From statement (36) it is apparent that !'/m, cannot be greater in
value than 3 since at this point the whole of the pure resistance re-

sponse will be reduced to zero. Therefore:
Vel s (4 4)

It is also apparent from statement (35) that by breaking the expression
for the response of an R-L arm into the sum of two parts, thus specify-
ing in the network two parallel R-L shunt arms, the numerical value of

one component of the sum may be made as small as may be desired, Hence:

VTR R (46)

Ry & e : (417)







Then, from equations (45) and (47) there is given:

Vs € R e EH0 (4.8)

- -t -Ret
In statement (43) the exponential & Y [ = /n  constitutes

the statement

n
i (49)
L i (50)

Hence from equations (48) and (50) there is given:

yS S RN A - (51)

The coefficient A4, of the R-C arm response is zero when the network
is in its minimal form as specified by statement. (35). The maximum
value of /R, 4s unity and occurs when all of the pure resistance
response, unity, is used to increase the coefficient of the R-L response
term with a consequent release of a + (1) & o to keep the

total response at its specified value. Therefore

O &, e’ S (1) (52)

| & RO (53)







- - -'
The exponential of the R-C response term & t - é we ., [ Vrsen

implies the statement

|
N = | (54)
|
Qc. < E': ‘55)

Therefore from the inequality (53)
S ) (56)
0 & Cag | (57
Collecting and tabulating the results of (42) through (57) gives:
L I € R &€ ®
2. Hhe heé®
8. T8 Sk -8
4 | € R, § @

5. 06 Cus |

Element values outside the above five ranges will cause the resulting
equivalent network to be non-physical.

To illustrate the element pre-specification technique the follow-
inz clement values, lying within the ranges above, will be pre-specified
and a group of networks, each equivalent to the parent network of

Figure 19 and each containing one of the pre-specified elements, will be

designed,







|, L= G

2 R.= Y
8. i VAR
4 R.= 1000
5. Co= Yoo

The basic response statement for the parent network of Figure 19

is:

Alt) = 3-28~%

For R=6:
AR s Yo+ Vo -"Y%E
= Ya+r'Ve-'"Y 6't + st--t

Vo + Yal1-6"") +Yep™"

Wherein (60) specifies the network of Figure 26,

38
T
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Fig.2G. Equivalent Network with R =6

(36

(58)

(59)

(e0)







For R = LT

AR) = 3- "¢ + s (61)

« Vst Y(1-) + 567" (2)

Wherein (62) specifies the network of Figure 27.

%
5, T
T Sy

e

Fig. 27. Equivelent Network with R_= %z
For Ly= 78
Atk)= 3-'91 5" + 4n 8" (63)

= ¥+ -t v 8t (64)

Wherein (64) specifies the network of Figure 28.

Y %

%
e 4

Fig.za. Equivalent Network with La= Via







For R = 1000 :

Alt) « 3-82L ¢~ + plze"t (65)
-2 202 (-8 ¢ e b (6)

Wherein (66) specifies the network of Figure 29.

L ]

{000
2001 looo
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':'T%’%-J.—a.‘sz

Fiq. 29. E.c!uivo.lent Network with R, =1000

For Cp= %oq :

Alt)=3 -2 ¢ + 36" (67)
?:c.»(’ -t)" 700 5 (G8)

Wherein (68) specifies the network of Figure 30.
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Fiq. 30. Equivalent Network with Cq = '/fioo
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The circumstance, in the above example of a one to one numerical
relationship between R, and Lg and the reciprocal relationship between
the values of R, and Cp is by no means characteristic of the method.
In the simple example used, for the reason of the ease with which the
various processes can be followed, the exponent unity of the Naperian
base is the cause of the relationships noted above. Generally, if the
exponent of the exponential is ©( , the relationship between R
and Lg will be:

R/Lg = & (c9)

R, = & La (70

and between R, and C, will be:

‘/kc(:‘ =X (’”)
Q. - %C‘ (1”

Since nothing in the development of the limits on the range of the
individual network elements depended upon the location within their own
ranges of the other network elements, it may be possible to prespecify
more than one elem;nt for inclusion in an equivalent network. The
ability to prespecify one element in the network is assured by keeping
that element value within the limits required for physical realizability.
On the other hand, the ability to prespecify more than one element is
dependent upon the availability of such additional pure resistance

response as may be required to subsidize the additional R-L and/or R-C

arm or group responses generated by the incorporation of the addition-







g2

ally specified elements. Hence, since the ability to pre-specify more
than one element is dependent upon the parameters of the parent network,
each such problem will of necessity require individual evaluation. Such
evaluation may be performed by assuming that it is possible to incorpo=
rate the desired number of pre-specified elements; expand the response
function to allow for their incorporation; and finally evaluate the ex-
panded function against physical realizability criteria. If the ex-
panded response function is non-physically realizable, one or more of the
additional pre-specified elements must be dropped from consideration.

As an example of the process assume the network of Figure 25, the
basic current response function for which was shown to be 3 'é&'*
Further, assume that it is desired to pre-specify all five of the basic
network elements at the previocusly used within-range values cf:

I R=G

2. Ru= 5/

3. La= Yo
4. R.= 1000
9. Ca® Voo

The indicial admittance of the parent network is accordingly expanded,
step-by-step to include each of the above element values, thus:

3-26"= (3¢)

Yo +'"% 26" = (73)

Yo + "% ~ ' &t + % &t (74)
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Vot Vo =Y 6t - Wt s P Yas gt = (75)
Yo + Yo - Vs ™t - 84187 + Yisoe &7t + 224000 §7*= 16
Vor Yo=Y tt-945" + Visssp 4 Laad e ™ N aee b ® (77)

Yo +%* Y210 = *° %10 f..t° 54% 0 6-* + Jlooo f:t + Yioo b "+ ¥ Y000 f:. (78)

Inspection of the second, third, and fourth terms of (78) shows
that there is not sufficient pure resistance response to subsidize the
response requirements of both R.= /12 and La = "/is
hence either R, or L, must be dropped from consideration as a pre-
specified element., Even the dropping of R« G from consideration will
not provide the additional response necessary. Hence assume that it is
decided to sacrifice the prespecification of R, = %/1¢ . State-
ment (78) would then be adjusted to be:

Alt) = Yat 3910 - **%a10 &" + /iooo ;" + Yoo 6" +29%%%000 6-. (79)
« Vot %o + 5%, (1- 67 ) ¢ Viooof + Yoo p7"+ 392%/,,00 47 (80)

s Vot War +'% (1~ 6"‘) + Aooo 5-‘. + Yoo Ft* 3’.“/1000 ﬁ-‘ (81

The response function (8l) yields the network of Figure 31 which

3923

'%’ 'l‘yoooo "l'ym %:%3

YVVWWYVy
=8

AAAAANAA

Fig.SI. Equwalent Network with Four Prespecified Elements
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incorporates four of the five elements originally desired for prespecifi-

cation and has the required admittance Y(P) = (P*®)/(ps1) . There
are, of course, an infinite number of rearrangements of the equivalent
network of Figure 31 made possible by further manipulation of the re-
sponse statement (8l1).

The techniques used for the prespecification of equivalent net-
work elements using the all-shunt configuration are equally applicable
for the all-series type networks. Further example involving equivalent
networks and the prespecification of elements therefor are given in Ap-

pendix C.







CHAPTER V

SUMMARY AND CONCLUSION

The foregoing chapters have developed the theory and demonstrated
the application of the response synthesis procedure. The development
has been limited to those concepts dealing with two-terminal, lumped
constant networks resembling in configuration the First and Second Foster
Canonical Forms,

The theory underlying the synthesis method shows that a physical
realization of a given rational immittance function may be developed by
constructing a network in segments, in such a way that the current or
voltage response of each segment will edd to the response of each other
segment to yield the known total response of the network required,
Standard response functions for all possible segment types consistent
with the network configurations used have been calculated and tabulated.
The use of these tables reduces the work and time involved in the pro-
cedure.

The total response of the unknown network is derived by Laplace
transform methods from the given immittance function of the complex
frequency variable, However, the procedure for the transformation from
the frequency domain to the response in the time domain is so standard-
ized that a knowledge of the Laplace transformation calculus is not
required for the application of the method. A step-by-step procedure

has been outlined in a manner that the synthesis mothod may be used by

persons whose knowledge of mathematics does not extend beyond the







algebra of complex numbers together with a rudimentary grasp of the

differential calculus to the extent of ability to apply the rules for
obtaining the first, second, and third derivitives of simple functions.

The response synthesis method has been shown to possess the
unique features of specifying the parameters of networks equivalent in
immittance to a parent network and, in addition, allowing for the pre-
specification of the values of network elements for incorporation in
equivalent networks. The mathematical labor involved in the accomplish-
ment of these highly important aspects of the method is surprisingly
moderate.

It is felt that the possibilities of the response synthesis
techniques are by no means limited to the development which has been
made herein., Further work involving the application of response func-
tions for the synthesis of multi terminal peir networks, transfer
functions, and networksvof other configurations than the two types
developed in this work are needed in order to fully utilize the possi-
bilities of the method initially developed in this work.
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SYNTHESIS OF TWO-TERMINAL NETWORKS BY CURRENT RESPONSE METHODS

Six problems, representative of the current response synthesis
procedure are solved in this Appendix. These problems involve R-L, R-C,
L-C, and R-L-C networks, all of which are synthesized in the all-shunt
configuration characteristic of the current response synthesis technique. -
The multiple response which is charaétaristic of the R-L-C shunt arm is
illustrated in problems (5) and (6), Four of the problems sclved
illustrate the Type A admittance function wherein the identification and
evaluation of the pure capacitive shunt arm is made directly from the
defining complex admittance function.
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(1) Y(p) o 2P #16BPT +1380} + 2400

10 p% + )60p +6GOO
Type A; C= Yo

Y(P) _ 3b34168p% + 1380p + 2400

b ' 10p( p*rG) (p+10)
P(p) Y(p) 3p% 4+ 1B P24+ 1380p +2400
- & = : —
QP p I0b? + 16ODP™+ GOOP

P(M  (3p%+ 16BP™+1380p+ 2400) &
0 30p* + 320b + GOO

P(p) 2400

QP .0 600

) - - b
P'(P p 480 e CEae 26 et
QN Iy..e =~240

PP _ 2400 __j0¢

QM 1yguro 400
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=6&

Alt) = 4+28 % + 66"
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(2) Y(p) =
2b% 4+ 10P* + 12P
V(b) _ 20p®+129b*+206b+24
P 2p2(b+2)(p+3)
P(p) Yihiow 20 +129b*+2006h + 24 6”

Qp) & b 2b* + 10P3 4+ 12p"

P(p) =( 20b%+ 129 b* + 206k +24) &
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Q'(P) = 8b*+ 30p* + 24p

Q"(p)= 24P +GOP + 24

Q" (p)= 48P + GO
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stO-z
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b 2p2 (1GP+35)(I15p+24)
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Q'(P)= 5760b* + 10908p + 3360 = 3360
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P 14pt ( 3pt+ 2p+4)
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SYNTHESIS OF TWO-TERMINAL NETWORKS BY VOLTAGE RESPONSE METHODS

Four problems, illustrating the voltage response synthesis tech-
niqué are solved in this appendix. The networks obtained, in the all-
series configuration, are all of the R-L-C type. They illustrate con-
figurations of single elements in series with various R-C, R-L, and
R-L-C series groups. Three of the problems illustrate the Type A im-
pedance function wherein the identification and evaluation of the pure
inductive series element is made directly from the defining complex

impedance function.
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APPENDIX C







SOLUTION OF PROBLEMS INVOLVING EQUIVALENT NETWORKS AND

PRESPECIFICATION OF NETWORK ELEMENTS

Two problems illustrating the specification of equivalent net-
works in the all-series configuration and the pre-specification of net-
work elements for the all-series network are solved in this Appendix.
Problem (2) illustrates the ease with which the response synthesis

procedure handles the prcblem of network element preepeoifibation.
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(2) Design an all-series type, two terminal network having a complex
impedance of Z( p) = GO + JO at all frequencies and containing a

three element R-L-C group in which R, =5 , Lac="%,and Car® /s .

For the R-L-C group:

> T I ] |
i =14R‘C‘ AT ﬁ‘?ﬁ"/@ T -y hoo o0 -~ 10
KC =(Vio)l ¥3) = Va0

., 0 Lot S
ZRC 19/9 /18
-t/’“ -'%o 90. ¥ "'/00
= sinh (kt) = 6'/” [6 = ¢ ]
'5 6-3t/'° (&" o _ 6-'/" ) = |5 ‘~ys -15 6-2V,

For the total network:

Jt)= GO =

00+ (156 15675 ) ~15¢/ + 1557 =
45 + (158" <1587 ) 15155 157" =

- 3t/
45 + & sinh (Yo) +1501-"75) +15 5'“/’
V3o
5 5 7]
~WWWW— ~WWWWW,
&5 75/s
—WWVWW——+- 1700707 VDY
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