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CHAPTER I
MELIMINARY CONSIDERATION OF THE
THEOREM OF NEWSOM

The esseéntial purpose of thig paper 1s to obtain
further information in regard to the agymptotiec representa-

tion of the power series,

el s £~ :
ZF(M#‘*Z,)/‘[M%‘%,) """" /‘//w-/-)éf,,)

where £ 18 a complex var iable and ky» ky» -—--k; are con-
stants, real or complex. This series 1s a speclal case of

the summation,
b
~
2] o g e % 7{m)5.‘rad1us'of cOnver gence = co.
AL=0

The greater part of this work will, therefore,
necessarily be concerned with the general serles as given
in (2). The treatment is simply a conmtinuation of the
studies that have been made by Barnes, Ford, Newsom, Harp,
Van Engen, and ot.hera.l

i

For a rather com'gle':,e summary of the work which been
done see Walter B, Ford,

- ‘he Agymptotic Developments of
Funct ions Defined by Mclaurin Series. (Ann Arbor, Vichigen,
Unlversity of ¥ich zan Press, 1930) .







vaﬁ’wni wes especially coneerned with t.ne eon-,
sideration ai‘ series of the type (1). He wag, hémﬂr,
nandfcapped by lack of an adequate theorem covering the
general case, (2);5 In thisstudy. the admtage's of a_
véry recent themm‘ Qahbliahed w Rewnoms w‘i‘;_.‘l be _‘ptili_zgd.

The tbmm m’ Newsom 1s as followa:

, 'fhemm Ist it be. assunod that the coefficient -

5{!1) ocaarring “tn the general ters of tm power aeries (2)
may be regarded as a furction g(w) of the aomplex wariable

= X F4<4 Am a8 ek ssilaties the Sollonirg two

_{a) is single valued and analytle thraaghout the
finite t—plazﬁ. 2
(b} is sueh that for all values of x and y or® may
write - =F

gexrep | < KLY

: # Herry Van E ren, "On As: etio‘Behavia* of
Analytic Pumctions,” (unpublish Doctor s dissertation,
University of HMichigen, Ann Arbor, Michigan, 193h. 57 pp.)

-3 Newsor; 0i V., "On'the Character of Certain Britire
Famtiona in Digtam. Portions of the Plane," Ameriean
Journal of Matl 8, Vol. IX, Wo. 3, (July; 19387, pp.
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wnere X 1s7a sonstant and independent of X and q > and %
s & positive integer depending upon ua/%()’vﬂéf/)/.

Then the functions f(f)é,erined by the series (2)
when consgidered for sll values of z gatisfyirg the con-
ditions, — ‘77'4 Mff Z<7 may be expressed in the form

: Fif Ly £ ae

wherein / is any arbitrary positive integer and the upper
or lower of the signa L 1s teken according as % is odd

or even. Horeover, the expression f iZZ’ 5) » is gueh
that |

/ : -
(5) /%”_"‘;M E gL 8)=0

RS ¥

irrespectiva of the valte chosen for £ .

Tre difficulty encountered Iin the use of this
thearem is thet the integral appearing -in (i) has not been
well understood. In truth, further studies upon the
integral ”'t precede any important uses of the theorem.
iceordingly, our attertion for the time being will be
confined to this integral.
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It is desirable first that we should establish the
following relation concerning the trigonometric faector in-

volved in the integrand of (li):

(6) WT&;‘T/X S lene TN+ low SaXt———
1F4€ZZ44ythft'/;)fzf)(,

ahere nyis any even positive integer.
For this proof it 1s found advantageous to write

the relation in the form:

Sl ere X+ a3 XA+ ——
TFUZTQALc)[szL»"/}'7f)(.
Using the method of methematical induetion, the

- observation is first made that #hen e =/, the following
relation ig known to be true:
Lo T el Bad R

e ; T s it X

Thus the formmla to be established is correct for the case,

20=/ . Let ug then agsume the truth of the general

statement ,

Ao TX
A ze 7 :5;Zfau;¢y'z73(’vF'25 Cith, T TE P

Tf—aZTeL¢<9(12344/"[)'77")(.







5
It follows that, adding Ze_ﬁ-o(&w-f' /) to both

i Dae TNt L se(Laet!) TX i TX
hennri 7T X

A eaew WXA+Z oo 37X + — — +2Lesel w17 X
+Leseolro+/) 7 X.

To complete the Induetion it 1 necessary to show that

iiione Tx+ Ldsel Gvst i) R e N = b L RPN

To demongtrate this let us rewrite the left hand menber as,

tiee (Lt Z-2)TK + L oo (Bt Z~1)TX ece T X,
Employing the trigonomeiric identities for the sine and

cosine of the difference of two angles the expregsion

becomes,

tiei ( B+ Z)TX Cow ZTXK — Core (Hu* L)TX aice ZTX

Fleico TX{ Co0lBatZ) TX e TH+ i (Lue FEITK dica X}

Substituting the vealues of coslZ7X and sinZ7) in the

first and second terms we may write,

MCZM+Z)fX{/“ZMzTX}
e a @M[Z/u/‘/“Z)TX'Z,M‘W‘X a7
t L eico mXL s (Lt 2) TN Caw X
‘f',&:co[Z/u//-Z) TX e 7T X,
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After performing the indicated maltiplications this

expression reduces to,
i Clove # L)1 X

Hence the induction is complete and the relation (6) has
been established.

By employing the same procedure it may be estab-
lished that,
(7) - éf\,'x S/t Rese ZTXt+ Lo KX+ — —
+Z eselt—/)7X,

where £ is odd.

After applying the facts established in relation
(6) ana (7) to the integrand of (L), two possibilities
appear; namely, where £ is larger than the least value
of 7 for which the relation (}) holds true, amd (2)
whéré 4 1s the least value for whieh the conditlons are
sat isfied.

The ensuing analysis will therefore be divided
into two parts,--the first, where £ is larger than the
least value, and the second, where £ is the least value

which é may assume.







Part I
(£ 1s greaster than the least value
for whieh the relation 1is true).
Inasmuch as £ cmn be any poglitive integer there
are two separate studies involved in part I, depending upon
whether é is odd or even.
The first study undertaken will involve the case
in which ‘é agspumes odd values. As a result of this assump-
tion, the expansion of the iriponometriic faector within the
integral of (4) will take the form shown in (7), the

integral then becoming,

(e)ﬁgéX)fK}{/-/-Zqu%X—/—Z o TN+ — ——
- o 7 W(é*/)‘ﬂ'XZ@,

If ¢ represents the least value which Jé can agsune,
then A{ may be represented by {:(&-f&,w) when & is
odd, and by A=(C+Za +)iren € is even.

Using the notation for the case where {and & are
both odd and 2z = 0 , the integral (8) becomes,

flguo ZW 1+ L ese ZTX+ T eses #TX+——
27 +Zeswle—) X3,

Replaclng the integral appearing in (i) by the expression
just developed, ]L(z-) is expressible as,
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9 f(f)-“-/f?a)fx}{/+ZMZ%X+Zuo4‘WX+-—

A o
+Lesele-1)TKidy =y GmE "+ (4 8)

s =~

How f(‘f) 1s known to exist. Since the right
hand member is equal to f.({) 1t muat exist slso. Due to
condition (%), j‘(f, £) exlgts and spproaches zero as a
1imit as Z approaches infinity. In the summation, the
sumation is finite and involves & to negative ex-
ponents, hence 1t will apmroach zero as ,Z approache s
infinity. Therefore it follows that the integral ms t
exist.

fhen 2=/ 5 ( £ and ¢ both odd!) the integral (8)

become s, .,

-2~ 7%
7L s (8—1) TX+ L s (0r1) 7w X §ut..
Using the foregoing integral to replace its equivalent 1in

(L), f(Z)is also expressible as,

(10’]£(z).—.ﬁ§cx) B 142 tse Z7X + ——+ K esele-DrX

+& re(+) 7TX S@Zjé/n//) £y f&%«', £

-
A = - L







By the process used to establigh the existence of
the integral in (9) 1t follows that the integral of (10)
exists also.

Enowing the characteristics of each of the expres-
gions appearing in (9) and (10) they may be combined 1in the
following manner in view of the fact they are each equal

to fL%).
{jo()ﬁ}{ [+2 csoBTX+R bow #7XA+——

tLesvie-1)7x3dy ~ Z?(m){» +402,8)=

ﬂj@() Z }{H-,Z s LTK+ — 1T L ese (- TX

F X eaolot!) TXY - Z?C/m) 7404 %).

M"-’

After colleeting the integrals on the left and the

funetions on the right, this equality reduces to,

ﬁgcx)ﬁ‘i{/+zmzfx+z T el

+2 esvle-NTXidy -/%a( y B I +Z ese BNt~

~—+ D esoce-1)TK + Lesolet N7 X Jdy
fw €) - 4(LE).
e o4

12




%
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Slnce the two integrals exlst they may be combined

and the resulting integral is,

ﬁicx)ﬁxi i[ /4% 00e 27X+ X 00w HTX+--+Lesell-1)1X)

[/ + Zese 27X+ -+ LB 100 (8-1)TX+ Zase Ce+1)7X] 3 AN

It 1s spparent that after simple algebraic eancellation,

we obtain,

‘/ggo()fx} (—Zescrernrx3dny —‘—‘i{{/, Z) -ﬁ(ﬁ, £)

'-‘-_'/1,

Referring to (5) we know that both je,;gél’l’G) and
j (,Z/ £) » When multiplied by Ze s SPProach zZero
e
as & 1limit as f aporoachos infinity; therefore,

K %ﬁ%cx)ﬁx}@www)f)(}@ =0

SZ)—= oL

2

By a similar procedure involvirg tle cases where

m=/and v =4 , one can establish the fact that,

o0

boins o A fgcx)gx.?(aw(@+3)‘f/¥}l¢=0.

If—=>a5 v, .,
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or in geieral,

(11)’4/-“/0 ,gf/zj(x)%x}{ Lot (&tact 1) XAy =0,

(Z]—+20

wvhere _..— 2 /) L, Wt and £ is odd.
Continuing the discussion to the situation where é

ls odd amd & 1g even, an analysis of the preceding type
shows that,

(12) g / jgx)Z}{&o(uzw)‘rX}dM 0,

/& /— 00 £ £

where 2vu= /, &, 3, -: - and @ 1s even.

Next it will be necesesary to study the case where
ﬁls even. It will be recalled that the expansion of the
trigometric factor of the integral of (}) will take the
form shown in (6), and the integral will then become,

o0

<15>/.{ gm(—Zf}{ZW X+ Zese T X+ ——
e +Zuo(“£—-/)%)(}ﬂ(/)£.

i treatment of this form far the imtegral of () similar

o the analysis whers %15 odd, will show for cases where Z







is even,

ﬁgcx)é-ﬁ) Hesoll+zmt)rx3dy=0

(1L} /:e/——»oa

were mw=0,/y Z2, 3, - ..and &1s oven; and

15) Lo ; z {100(—2) Wase (et B TXI =0,

/E —>02

where # = /3 Z, 8, - - - . . and s odd.

It has thus been demonstrated that in any problem,
if the integer used to represent £ is larger than the
least value for which the conditions are satisfied, the
result obtained will be the game in the limit as that
obtained 1f the mininmum integer had been used.

The snalysis thus far has been made urnder the
agsumption that the restrictions on the argument of Z
as set forth in the theorem of Newsom, na.mely,é-ﬁ'<441fz<7f)
are valid. THowever, more careful attention to the
argament will be necessary in the ensming analysis. There-
fore, if & 1s the argument of & , the followirg observa-

tions are made;

(16) when Z is odd,
—“///'<‘§% <T7;







_L7< 8 <0






Part II
( { is the least value for shich the
conditions are gatisfied).

In this treatment let us consgider the possibilities,
E=e=1,2,5 ...
For the case where ¢ =/ , the expression (L)

Immediately becomes,

f(Z)Z‘/?(X),ZX@ij(/m)fm-fj (,Z,E);

-2~ %
e =L

where — 7/< 4 el

For the case where € =2 , it 1s evident that the
trigonometde factor within the integral of (l) will be of
the form exhibited in (6). In addition, since @ 1s even,
("'Z)x appears in the integrand and the argument of 2
will be restricted to the region @efired in (17). There-
fore, f(f) iz expressible as,

(18) ]ch)i/{.?cx)é-ff(ZmZva)Z c{/)L

—2-%
—/

iy AW (L, 2
Vb e

where T ‘94 .







The integral appearing asbove will now be the sub ject

of our consideration.

W EE Ao B+ i)

then,

(-25= [PLesecgrm) vicicl gt

Applying the Delicine's theorem to the r ight hand member of

this equation, the expression may be written,

Z2Y'= P [eoe (§X+TX) 44 mico ({X+TK],

Kecalling that when complex numbers are mmltiplied the
arguments are added and the ebsolute values multiplied,

the right hand member is expressible as,
X . ‘
P (0oe §X+Laivw XV st X+ 4 2lvis T X ).

But, the mwroduct of the first two members of this expres-
'
sion may be equated to Z 3 therefore,

(19) ("Z)x: Zx{&o%)(-/‘/(/w 7X) .

‘ X
Replacing (—Z) in the Integral of (18) by the

equivalent expressed in (20), the integral becomes,

/;f Scx) (o TX+ a0 T XD eoe TX)ZE x}d/)c,
2-/4 :







!v...)
o

This integral may be changed at once to the form,

/{jcx)z s P 7 X+ L i wivo T X m%x)Z”}M.

Repiacirng z wz‘ﬁ‘x by / -+ o BT X and
ZW"ﬁ’X Covga X by ﬂwz X » and then

VY D e + 2 } S
grouping terms, we have,

fi(x)Zx [t Ceopdr it gice B X)] Ap;
-£-72

./j()() [Zx+(mz7;*x+x;mzwx)zx]¢é¢.

The second member of the binomial within the integrand may
be written,
/ﬂx i S
(Cow LXK+ i ive LTXNtro QX+ i §X).
Recalling again, that in maltliplying complex nmumbers we

add thelir arzuments, the last expression bescomes.
o 2

P esu( @t 2aIX+L 0icu(@r Zr) X ],

which in turn, is

Pl erelgrem+s w(@v%v/”)f

or,

(P leocl8r 21)+ & eter(§+ 2],
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te shall now define

oo CQ+Z14 2ot BB ik

where

(2l = 2= 18]
62&27 jgli‘§?7FXZ%7ﬂ

Therefore the integral may now be written,
&
X 1 X ]
/jcx) 25+ 2 1 4y -
.‘~/1

where, -z‘ﬁ'< 4< 0,

iy Ly Z'=Q+Z

Before separating this Integral into two integrals

it 1is necessary that the resulting Integrals, namely,

f;cxw’;z,é @Lf;(x)z’%c,

"l"& .‘-rz

should exist.

_[;cx;ixﬁ(/% é_[w'jcx) l/d’(&éz,

o

AN ,

./:gcx)f'%z S/Tioo l Rty

—2-







13
Thus, if the integral appearing in eacﬁ casé upon the right
exists, each of the original integrals exists.

The immediate applicationg of this work are to
those geriles wherein 7(,”)13 the reciproecal of the produet
of gamma funct lons as displayed in (1).

It 1s ¥nown that

Z; Ji(a9 =,Z7 /7 (x—/z)z,y X=X+ eo(X),

where /é/u/(/ (T D) (X) =) .l‘ Thus the exlgtence of the
oD

X —=

integral under consideration depends upon the behavior of

X

~ Y
XX 11/

as X approaches infinity. But, this fraction approsches

zero to a very high order for any partieular finite value
of  , as X approadhes infinity. Tms the integral under
consideration exists for any particular velus of & .

Since the Integrals exist, then,
= T 23 't X
/ 9(Z F Vdy = / 469 2 i / 40X s
o -Z-% 4

Réplacing the integral in (18) by this equivalent

L
Pord, op. eit., p. 7h, (6).




Fr——




AR A & e foe oo gl e & e

expreaslion, f(f) for the case where %:Z y may be

written as,

(zs)f(z):‘//‘;é)()zx%z ‘r:/;X)Z% -i?é/m)zm

<%
S Ll
where, — 097 < Q X IF
and @/Zé &+ 2,

Proceeding to the case where ¢ =35, it will be
not ieed that in the integrsnd of (li), the trigonometrie
factor may be replaced by the expansion (7), while Z will
asggume the upper sign within the brackets and the range of
its argument will be that expressed in (16). Whereupon
f(z) is developable as,

‘23 fe@ :f{jzx)ZX(HZW,ZW)M)(—Z?(M)%”"
=2-% —/—f(é/ Z))' ==
where, ~ /1 < L?(% ?

Directing our sttention to the integral in (21), we
may write immed iately,

o0

f ic)()(ixv‘ Zese 8ax 2} dy,

—2- ’4







2

jere again, the existence of

/g(x)fx;é,( a k. 7CX)(ZMZWX)Z-X¢W

"«&'/z

migt be establ igshed before the Integral can be separated

into these two marts.

P

The existence of f’ 7()(),%’({4)4 may be establighed
by a process similar to —f‘;—lﬁ employed in the previous case.
Due to the peculiar property of the funetion, o7 X s
ite contriution to the integral is bounded for all values
of X however larges Therefore the sbsolute value of the

integral is less than

N f}g@;‘f"@l 1

which c¢an be shown to exist.

In view of these facts we may write,

(22)/ 740 [i’+ Z@uZ?fX)fXIM —

"&‘74_

fgm f%c +fgcx3mmz~fxx)z‘f’;é¢,

&4 - 72







3 1
Our congern now is for the second integral of the
right hand member of the above equality. Ietting

2z eset@-2m)+ c aice (§-z7)),

X
g X < ]
rovlecing £/ [ esetw +.i aiin 2o ]
the integral becomes,

o9

{700 (Csrag LTX + .0 2icc Z/WX)(Z%ZWX)Z'?@,
g

This integral may be changed at once to the form,

ﬁ jcx) (Z0sl8TXH+2 i e BTN Co0 ZTX)E X}&@

Replacing the two factors within the imtegrand by
the ir equivalent trigonometric expressions and grouping

terme, the integral becomes,

ﬁﬁcx) [/{‘x-l-(uo//‘f'X+,()M 6‘7/)()2')(] }4(44.

“e-%
Considering the factor ((¢oe 6‘W’X+LM4W'X)Z”,(
one sees that it may be written as, ¥
I coc tr+ir i #m) €]
or the argument of ,61 is éncreased by o
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I2t us define

where IZ"I :/: I,Z'I ZIZ' : and,w‘jgéq,{}#ﬂ‘:
Q+ 27T 0l T LT

Thus the integral under congideration may be

written,

By a proof analogous to that on pages 17-10, the

integrals,
2 ' & X
/%(K)Z x/é)z M,fg(x)z A,

mey be shown to exist and one may write,

f;cx)(z"#/’f“x)%g :‘/j;cx)f'%/ t/;cx)i"%ﬂ.

~e-4 A ~4~7a
Replacing the second integral of (22) by s

equivalent expressed above, we then have

ﬁZO[H-%w L7x ) E dy '—(‘/%(K)Z%g

2e-% -2

+f;cx)2‘%4 + ;(x)f“/éy,

) ~L-%
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and (20) 1s expressible as,

£ =f}x) £l -;[;()o Z;égt/';m £

£~ =e-/4

-/
..Zj(mo 74§ 0,8);
pre=y)
where, ~ 7 < & <77,
Lrg z"'—‘@ S
and , 4/1,7;3’: &+.2 77,

For the case where C = 4, the integral of (L)
X
employs [_Z ) » the trigonometric fastor of the integrand

1g replaced by (6), and the argumewt of Z 1s as set forth
in {(17). The relation (li) then becomes,

(23) (f):fj(X)[*Z)X[Zuoﬁ’X-fZW 37X Ax

/'e-/z‘ S

-Z?Z/m)fm'?" f///f);
where -z‘/7<4§< @-mz-“e

For the study of the imtegral of the above expres-
sion it 1s advisable to write it as,

m‘%j{k) (2 000 TX)CEYH (X o0 FX) 2y,

~&-







2l
In the previous case it was ghown that sach an

i integral as

| 0

g S igooceswm 24y
iy 54

exists. Inasmuch as the analysls was based upon the ab-

solute value of /ﬁ » the integrals

'/} 30()(% I ZOREM Mffgcx) (Lesw 3TXN-ZY S A%

also exist. Therefore the integral '23) may be geparated

into the two parts; namely.

ﬁgcx)(-f)x(ZuoﬁX+Lw 5-7X) 3 An. =

Using the results of the previous study of (- 2
as expressed in (21), the two imtegrals of the right hand

menbers become,

od

(25 j%m (Cor WX +L 2ivo TXNUL cowmXIE xf 64%

—t- a2

fﬁgﬂ)(&}o X zicw TXNE ese 577/(),%’(}5@(,

-2~







25
X
Replacing < 1in the secomi Integral by
WX
(o0 ZTX+4i 2ée ZAX )L~ 5 the integral beecomes,

ffc}cx)(@o.?fx-f,o i For X)(Lese FTXZ jéé)(

._-__2,"

'-.‘I NS Ire M/7z @ Z%

These integrals of (25) may now be changed to the
fOl"ﬂ%,
00

fjoo ZL e X+ & icr T X eoermr X ) Ay

Jig&x)Z[w’erw,M 37K o 37X )gj&é%,

where - L7T< &< O,
/
If the equivalent trigonometric expressions are
used to replace the factors within the parentheges of

each integrand, the integrals becone,

o

90 {27 (ConlrXx+i cicoZax )T [dy

-2 %

.t/ji(,(){g'i(% X+ L Mé&f)()f,xj)é(/)(j

-85
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From previoug discussions it is known that the

followlng egqualities are permissable:

<>/ g‘?x) {Z"4( tro 2K+ i L x VE Yy

j S (49rd 7 v;[:g”(x) (Ot £7X #-i eico&Tx)E Dy

877
and,

oo
fa'rffg(X) {5‘1(%5777 .o MES‘%X)Z'X}J%
~2-7%

f Leod 7, ff;x) (810 bTX 4-i e G E Ay

—£= 7

hers 27 < @ < O,
and, M{ & ,57/'
If we define £ ' as (MZ‘#’-/— WIS ISy b
where ‘z l: :. I;é [
”"75": g Z+EMN=G1Z7;~Z7< g<Oj

then the secomd integral of (26) 1s expressible as,

/ l;(x)z <

—L- 75
Defining Z as C ese b -/',(,Mé‘ﬁ')z,a
where lzlﬂl e l Z(I » and

d/l7 z‘f”:'_ ,/(/z,jzl'?“é?//': y‘f 4‘7',‘“Z'ﬁ’<§<0,







then one may write the second integral of (27) as,

[ 707"

_4-’/2'

/’
Collecting the four integrals involvim £, &)
o [
Z M ;’E whieh have resulied from the analysis of

(2l4) , the expression (23) may nos be written as,

f j[ ;X)Z’%x z‘[j;K)Z 7 T/ ;K)Z Ay

% _%-%
w v —.I M
"/;.-//:?CK)Z %A ‘:;:—j(/)w) g g f,‘ (,ZZ)‘

where - L7 < & < O,
//z?/{f’r & -2Z7
d/bjf = 47‘2‘)7,

and d/bj,f”m: g'?‘ v AN

Wihen @ = 4 , equation (l|) may be written as

(zzz)f(z) J;CX)f Yf/+Z ot X+ Lese 6‘77‘/%‘
-4

> 7m)ET* §(£2),

an=-4
where =< Q < “ﬁ'-
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As a result of the previous analysis it 18 known
that the following sgeparation of the integral of (28) may

be made.

0o

gox) ZUHZ toe ZTX+ s % 7X) Ay

"l'%_

/Zg(x)f %V/ﬁé)()fZZMZf'X}zéé ﬂ:‘/ji(x)f(faf//‘fl)éx

2% ek

where — /’ <% Q <‘774.

The last two integrals of the latter part of this

expression may be recast ss shown, thus,

/{ jcx)( 0se, BTX +.4 aicw ZT X)L Coe L7 )E Pl

ﬁ;m(m‘/fwywaéﬂ)(zm 47X E YAy,

MM;;: 9 -Z77,
jf & -4 T,

at - A< § < 77,

These integrals may be written immediately as,
el

chx) 2002 X+i 2o ZAX eoviax) 2 Fdy

+ﬁ§CX)z Col* F T K+ ieo A axtaw #mX)Z" Ty,




e e e e
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Replacing the factors within the parentheses by the

squivalent trigonometric expressions we have

Eﬁcx)[Z +(@4—o/7‘f)(+,o,¢wu 47X)E ]}14(.

et A

ol

4 ﬂ qx) (B ese $T XK+ i 1K) E
where wij ,:-Q "Z"ff,

S E g g
and -'-757< CQ P Bl 7

Designati e, (Coe #TK+ L ccotax) &S o 5
29 and (1o STX 4o asecs FX)EHXs £

(28) vecomes,

$0 f 7002%;6%77)05 "éé/;/;x)f 7

_1'

+fgmz @%CX)ZNX Z?(M)/g“‘f‘fézf)

where — 71 < C? e,
/i{ - e oy i
Mjf Q‘#T/’
R
and 4/7,5 g+¢‘f'

w X

134y






One obsgerves algo that,

|2 =2l l=18" e =12

In general, one concludes that,

(“_’/‘gcx)[tf]xﬁ f};’fx @ij)f”"ﬁf(zf)

22-7 i
f 4 € Yy + /%oof /é('f"'/jléx)f Maé;c
Z:(mn? k(L)
merelzl—— lZl‘ IZ l——‘_—':lz(i—/)l s
é%;j{gjz)cD
and /f/ﬁMZj/M)f 0

It suffices then to say that the expression (l) 1s
developable into a series of 7{4 integrals ag exhibited in
the right band member of (29), wherein the argument of £

has the followirng value:

(30) ir {15 odd ;

~ 7L < G o, Y
2= g-z7, =g 12,
Zéz gw z‘("“) =9+ 47,

— — — 9 —_ pe et oy

4/7%(6"/‘(? (£-/)7, 75@ ) ’c?-(i )7t







S A AP

o
ot

1t £ 15 even

avg Z'= Q-2 =R+27,
4/1_7,7%{”:@- /8 %,gl&ﬁ):cg—/éf‘ﬂ”,

—

@750%"): Q-2)7 mﬂ/’“: Q+&w.

It will now be our purpose to observe the applica-
tion of the above theory to a particular type of series.

This discussion will be reserved for Chapter 2.







Chapter II

"APPLICATION TO ENTIRE FUNCTIONS WHERE THE
GENERAL COEFPFICIENT IS THE
RECIPROCAL OF TWO GAMMA FUNCTIONS

Before considering series of the type (1), certain
general observations should be made upon eceffic lents of
the kind appearing tlerein.

For this purpose the following theorem, recently
demomnsirated by Ford, will be found indigpensable in the
analysis which follows.

Theorem:

/
JUX+ < 7)

1
(32) < f p(Tlyl

s

where A 1s any positive integer independent of X and({

and &€ 1s arbitrarily small.
The general coefflclent of the series to be con-
sidered in this particular work will be limited to the

case where j{m) 1s the reciproecal of the wodiet of two
gamma functions. However, the methods and 1deas exhiibited

!

Fa‘d, 2_2._ Git-’ De 61.






o
WN

will lend thenigelves immedistely to extensionsg to cases
involving mare than two gamma functions.

The general coeffiecient,

e 4 /
j(X+,c7)———rr(X+x;7+ {/) f'(X'ﬁé71‘€7) 5

when congidered in light of (32), introduces the following

inegualities:

/ (%G+6E)
IF/X+,<§77‘£,) |<’(/“@ " M,

and

/ (Tat &,
l FixXt<qt %,) l<’«z£ /+62)lq[,

Inagmich as /S/’ and /‘/z are positive integers independent

of X and L/ s the two imequalitles may be combined and

ur itten,

(33) l/’[x+x/47+é)l.l/’()(+x>/7+f,z) I </f/z(ﬁ*6l)l”/|;

where /{//{2 - ,‘( and é' is the gum of é,-/-éz”
Since €’ must be arbitrarily small 1t follows that,







o

{34)

' : £7\9|, £2
I/’(X+x;7+é)”/’(x+,¢7+£2) "9, £22
l ' : / £719|

FXti g+ £) TOX# <o + 27

Inasmich as the reciproecal of the gamma function
possésses only one singularity which is at infinity, con-
dition (a) of the theorem of Newsom leg sstisfied. PFrom
the digscusslion already presented in this chapter; seetion

(b) 1g satisfied. Therefore,

f&’) f [ 2] szrx] Ay

Lall(Xt £)(Xt#,) e TX

St td 2l

=

where /Zo«,u f([ £)= 0,

M
and, —z7 &; < o.

Our immediate problem is the study of the irtegral
involved in this emation. As a result of the previous
study of the imtegral where -/é—‘-Z, (2ee 20), the integral
of (%35) may be expressed as
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/“’ 2 +/” Z A
J A RITX+£) 7). FX+€)T(X+E,)

where — £ 77 <cg <0,
and é‘/bjz = @ + .

To simplify the ensuing analysis it 1is desirable to
separate each of the imtegrale into two parts. To ac-
complish this, let us direct our attention to the first

integral. It 1g certainly true that

f it 2 L £
/’(X+/)7’(x+x’) r(x+;6)/'(x+k”) /’(xné’)l’/ﬁ%)’

gince both integrals exist. Noreover the second integral

on the right exhibits the following property.,

(36) /ZAAA/ i gdi/
e N Al T A

el 6

The proof of this fact follows.

Proof: By a well known theorem,

—f’r(x+f)r<x+£ )
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B‘zlt,

Due to relation (33) the absolute value of the reciprocal

of the gemma functions isg bounied; therefore,

LA Mf /'4/ =M [2,7/ ]

thus completing the preof since this last gquantity ap-

/
( X+EI(X+4, )|

proaches zero as £ approaches infinity .

By a similar method one may show that,

/é«w : Z‘x‘é’é =0
fadiatar (G e R

Inasmuch as the contribution of these integrals with
limits from (—4£ -%) to O are known to become small
for large valwes of £ , in the future they will be de-
noted by lg(,{-),@) and ﬂ(f;ﬁ) » respectively,
(37) where, /... Q(z ﬁ) o,

(E[—> a0

ot |l R R g

(& —> o0







Hence, f[;() mey now be studied in the form,

SR LD
L e ‘g/;*zn £ XAE,) Tt AT L)

-
—Zoq/m)f TH UL E)+ QB L)+ Q(%, L)
A =l #

where — ZT{ ‘8 < 0)

and M7 Z"—: Q‘/'ZW

The lmmediate problem, then, is the analysis of the first

integral of this expression.

2
Following the analysis of Harp , we write the in-
tegral in the form,

/J” T .P/ZX%éfé‘&)-
.7?7: {ng+£,~z€,—% T+ XA+ Z;)

; ZZX*'(,—f,;-% %
/*/zx+fj+fl—%)} £ Ly

E, L. Harp, "Upon the Asymptoile Representation
of the Generalized Bessel's Function," (unpublished
Master's thesis, University of New Mexico, Albuqueraue ,
New Mexico, 1933), pp. 16-18.
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Then upon letting X X+ 7€, o él — % = Z7 4
Lo ,
replac ing /'(17)4‘/ 7 [’((1)( //'7"41) s » am
following this by the transformation 4 ‘2:1’: and

/
(7 o X/z » the integral becomes,

o (rr(%) ) .Lz,t)"'} i

ada (X‘Jriz,‘v&ﬁ&)r(x#&iiﬁ&) LX)

due to the transformation Zé: t s the argument of

{ 1e one half the argument of £ or“ﬁ'4d/72"<0
The successlve transformations, ZL = (4/.6,

X=X%* f,-f—fl—-'/;( and 7= 7é,—/- él—yp\ » allow the

integral to be written,

(39) / : / o FX) %
777 T i+ Py U

fex= r(ﬁf aéj) e %ﬁw) ’
FEOE 9 RS

and — A < %J U< 0.
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Recalling the transformation, P- fl b é- /

ore may write

g [ pebes) [eraey) pmmiee)
/’(z\’v;]é’,/) /i (X’é‘“‘) [ “P—/Jz’%“’%"ﬁ /'(favn—/JZ;t,ﬂy

letting X +P-/=V » the expregsion on the right

becomes,

LESFHH )
/I Y+é;é’1+ B)r(YtER %)

F(V-P~+()=

This may be expanded in the farm,

a,
KCY80) = /"(V—f/) (v+/)(v+4)

1.-_._.__.

bt 50T 3 ?
(V£ o CX+ 3

iDL OISR T - S

V—=00

However, VY = X+ P—/ , and upon making this




L ——




replacement,

0) Lo B S X B s
fxl= / 7‘()(% i +(X+P)(X+P/~/) " -/-(X+P)O(H’+/) (Kt 5~4)

e Lias OXTPHA )= O

b Bosmerea -

Replaecing /() by its eguivelent given above, the
g

integral of (39 1s expressible as,

U
{ff(” P) i /(X+P)/‘(X+P)

) ’(ZX f o0 X&&
¢ — /
> ‘/;(fP)(lf/’f/) I'(x #P) 7 é’: (X+P)X+P+1) (X 1Pt -1) [(X1F)

o
277 2

i J[x+P—/ ) U dx } .
(XtPIX+P+ 1) (X+P+5-D(X+P)

where, —7 < d< 9,
g: SIX+P-1, m) =0.

Y —o0







L1
An analysis of the same type upon the second in-
tegral of (38) will produce exactly the same results,
whereupon if we allow /4 CUJ to be f.(x) after X is

'i'rmr"qt‘m’md in terms of L/ s Trelation (38) vmv"‘ﬁe written,

1 £ U Ay
iyl ZV’Z:’{f/’ZX#- rs +0fX+P)f'éX+P7

-+ @ ? %4 e ﬂ & L/X/éﬂ
o (K+P(X FPEDTXEP) (X+F) (X+P+3-1 (X +P)
" SCxdp-1,8) U dy T

J XY Xt P#1) (K +P+5-LINEP) To PER+1)

ad

'X VX
+ 0 U ﬂéﬂ
JOXt PTCXFPY | / CX#P): (xms DT P)

—__d(x+p13) iy ? :7/ P
+_O/C‘X+?7)(X+P+/)"(X#Pfs~1) P(X+P) 7 )
am =—L .

+£a@z/)+¢,a/, )+ @'l ,







SR Kbl 4
d/bja': 76/"/' ‘ﬁ',
Ll (XFP-1,au)= O

X —= o0
and where, % (é// ,é), @(&/',,é) - and fz(,éj )
have the properties of @(f, £) 5 (8 (', L) and f}(l}{)
resgpectively.

The expression within the brackets of (ij1) may be

rewritten as,

Uy " U « et
T‘(X+P) L I'(x+ P5i) L @‘b/;‘(xnt P12)

SxctP—1, U Ly [ U Yy
&5./{"Lx+?+3) /)“(X+P+s) r{X+P)

. .Xz ‘Xg&( [/{t)%/’{
+di‘)‘()(ﬂ"ﬂ) ﬁ(x P+Z) +@11/I“(X+P+S)

4 [Sxtr-1,3)d Sy .
FEX+P13) .

-]







E J +fc§(X7‘P~Iﬁ.3)L{’M
r<X+‘7*/"3 POXFPHS)

E @f U’y 6(x+P—/ U ’%,z
e X+ P‘f/n) F{ X+ P+S)

Hence,

cihd ‘Z’U Z"_ [f /)"(X+P+m)
Z(X—/—/’—/, S)uU A« "%4
+/ el +ZM’ )”(X+P+/n,)

J{X‘/‘P e ar” | %(jl Zlij(m)/%)z/m

T(X+P+S)

-]

+§ (L) +4d, D+ L) ; C, =

and where -—f{mj&/<0
4/2,74/ @é/%f

and, /Z(/vt/t/ §(X"fp"/ S') o,
jww $(u 2)=0,

1Yl —>oD Iy

1%







T ¢(c/)z)-

Al

Ligici i BCH 2=

/d(—-:—ao

L

By an analysis precisely simllar to that of Ford ,

we know that

{L,3) # A/%( - u"”"’“’ 3 MWJ&O’
I'¢ X+ P+m) M_f:(,aff—/)

#/
:é//p/w L{ O/ Cu),
whexre /. .. C/Mf(q):ﬂJM:OIIJZJ e B e

/Yl —>= 00 4

Wi =,

Marecver, exactly the same statement may be made in regard

|—F~ne

to

/I‘(X+P+ Yy e i<

It follows at once, therefore that

WA=+ z—’—{é/”"’ “[/+u Lo+ - -

L

Ford, op. gite, ps 65; (9)(11).




T—




L5

3
o _@_s:,_a/~PZQ&(//f%’—) +/5(X7‘/’~/.S)é/%(

JCXH+P+5)

S
NPy ol et e .‘EL]._ e e,wf(l/”
U £ [/+ a\ u.; 7‘_ us é/ MI/W

W o

Sxrr-1, 3 Uy } % st YA
tj F(X+P+5) Zj(”m( 2)

$Cl,d)+ B4 L)+ du, bl =]

and where ~. o é/tjé/< £ 5
d/s,jé/': @jé/‘/' g/ 4S5
and, Z (S(X-fP—-/) S) -0

X —= co

i j}(ﬂ,é/):—‘@,

./é,.oog/ ?j(é//,é):oj

/Y[ =00

«Z;ov(/ d,C///‘Jﬁ): 0.







L6
At thig point it 1s desirable to consider separstely
the behavior of this result for the tw cages -7 <L Mjbf
Z. g , and — 7 < Mjﬂ <-"%. Tt is appsrent at once
that it suffices to analyze only the pertion within the

bracket .

let us suppose, then, that — 7z < Mjé/é “,
o Lo U A
Since /,é,d/“ .e,/‘” ( 7 ) , it followse _C

become s large exponentially as /Y| ——— o ; also

2

AUl =%y Lufld)

O/W vanighes

in sueh a manner that ~=2

/&oou (// A((//)——O,/u/ 3""3.

1Yl — oo

(4s) Likewlse

L s NG ey YU g
G B P(X+P+3)

Algo, recalling that df — 14l swlang i+ 7)1
£ L

w—p
L ko ¢
ul-—l’_ea [/ ¥ g a b{:z‘* a'-s :l

approaches zero exponentially ss /[(//—00 . It 1s

®

apparent that

-p s
U b fCd')
U™ e* Y

=0

. SR :
id., Note (18), p« 66.

it e






4T
also spproaches zero exporentially as
Ve are now ready for a consideration of

/ Sx+ Pl U Ay
(16) Y %n Y PIX+P+3)

/ wof/,u/', sS) /x/'wﬁé(,u‘
UL Srss Ll ta)
whers /51;1/14/ 24 (/w—" S): 0

AT e O

b)

It is readily noted that ‘%‘<@7 U'<rwnen ~ 17,
<d,¢7ﬂ(0.Hence, the integral of (lj6) can not be con-
sidered in precisely the same manner ans that of (4s), for
the theorem employed in the study of (1;5) requires that
/4/\70//4 W% « This restriction upon tis argument was
introduced in most artificiasl fashion in the thearem due
to Ford esnd 1t appears that the limitation is unduly
restrictive. The consideration of the que stion, however,
Trepresents a serious problem ami will not be urdertaken
in this paper. We shall merely add to ouwr agsumptions
that o4 ce,,S) 1s such a function that

, / /“"27( Cwr 8)U A - o,
J Yl —=20 dz” P+S /’(,ur)
when ‘77/z<4/17'é/.< e







Summarizing the above regult s, we have

S
(1) o el & b wld,3)
AU) = oz 72U "[Z e ]:

% =0

vhere _/Z;‘AA/ cv (L/) 3) = 0’

Yl —=>
when — % <Mf6/< 2,

¥hen the argument of U 1s restriceted to the
region — 7 < 4/‘&]4/<"% » 8 result regembling (117)
is obtained except that the terms in & ; have become
dominant. In faet, the analysis is of the geme type as

that which leads to (47). Thms,

>3
(48) P N 5., o inl E: e +a9‘(lf.3)]
/4(”) -erv Z,—P j é/ [ uM ”ls ;

AL = ®

wherein -»ZAAA/ w‘/c/',S) = &s

1414 —= oo

when — 7 < 4/z7é/ <%,

The case where atq = — %% will not be con-
sidered in this work.
It 1s at once possidble to summarize the results

of (L7) and (48) in the single statement,







A(a):'éril—,’/:‘gl—-ﬁ—{,cué/lp[ =Dan+wu3 ]

i . wl(d',3)
+ £ [Z = 7 U ]}

wnere »ZAM/ w(é/) S) = 01

14— cO

.,Zl‘w w(l/S‘) =)

d°) —> o2
—7<arg 4 < O, (with the exception of <~y d=-7%),

and g U'= arg d+ 7.

However it is desirable to have owr final represcnta-
tiong in fumetions of Z . To accomplish this let us

first rewrite this expression as,

£ 8 [P =)

(4D e ],

rere — < d/bjb/ < 0 (:\;ith the sxgcention of M,ﬂ:—“;ﬁ),

and Mié/ 4/174/7“ 77
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In view of the relation between the arguments of
A/ and é/ it follows that (// =—d « fHrereupon
Al may be written,

A 5
u 1-P[
A . boo 4 a2(U 9)
A[M)—' zrﬁ: (Z) : 2 L{M L{S :
-” —U g eM ' 'CU. S
oy ( z) Z 7] («mrL ;
where — 7/ < M7 U< 0, (vith the exception of
a,v7b/?—-' —‘/4/,2/)-
Lett ing M/Z, = zlé and P = ‘{; * 'é.z —- % this
expression becomes,
% A#5-K) T :
250 ) Bos - w0(2253)
Zr7 W e
4% ~(4,+%4-%) [
o) Ll L eozets |
Zv7 -ZZ’Q) (- Z£%)? |5

there- L7 < & < O ; (with the exception of arg Z=-7),






and ,Z/VIAJ o [Zzg; 3) i 0)

i WCEESS) W

Henee for wvalues of Z of large modulus we may

s § &
2 e Le ,

~(#+ £, %) % =
(49) A(z)mlf%) 7 aéztz e
2V (EBE:

é/') /+{;’%) -l!y’
4 (XX L

N s
Zrar Vs ST i

where — 27 < 4 < O | (with the exception of

M,z:—"ﬂ'},

It might be interesting to note the application of
this result to the classical Bessel's Function of the

order y . The Bessel's Punetion of the order /

is defined as,

20 TP Yol Lot
(50) i)(,w’): (L“’)”Z &L, (z)
: % G L PCaas It 1)
Ford, op. eiti, p. 73, (1).

6







Ingpection shows this to be of the same general
form as the geries being considered and it 1g 1dentical
iIf the transformation, %, = 742 = Lk kR snd
&% = ,o% are made . Applying these transforma-

tions (49) becomes

~lto+1-%, .ww-'
A(wj N[{bw) e ) o Z(Z.u.ur)/w

=1+ L+1-32) 2l=4r)
SE iy £ ® Zaww)“](”)

AUu=9

where — 77 < .,/(47/,0“ < g, (with the exception of
Ang L = — Y

or

ot

Ater) o =L ("“”) £ 8

~f = ,c,w')w
ﬂ,ﬁ -l é
/a/' — L £ 2, :
¥ 2 ( ) ZV_/_ ()™

=4

where —-%( d/b7 S < 0; (with the éxeeption of

4/1/7,00’:—-'472 Xi
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This conelugion ig gstandard in mathematical 1litera-
ture and the fact that the result wes obtained serves as
a valuable eheck upon the mare general resultg of the
Paper.

The congiderations of this work must be regarded as
prelimimary. It appears that the field opened up by this
analysis ie very broad, and it may be true thet the
asymptotie revresentations of many functions here-to-fore

unknown can now be obtsired.







‘??

BIBLIOGRAPHY

Fard, Walter B., The Asymptotic Development of tions
Defined ltm MeLaurin % ries. Ann Arbor "‘Eie%ﬁ%an:
Unlversily of Michigan Press, 1936. 1)15 PP .

» Studies on Dive_x_'§ent Series and Summability,
- Mlehigan Sclence Series, Vol. LI, New York: The

Mackillan Company, 1916. 194 pp.

Harp, E. L. "Upon the Asymptotic Repregentation of the
Generalized Bessel?s Function.” Unpublished Master's
thesis, University of New Mexico, Albuquerque, New
KMexico, 1933 28 pp.

Knopp, Kemrad, The and Application of In.t‘iniéa Series.
Lolridon and aggow: Blackie a Sons, mited, 1928.
5T ppe

Newsom, Cs V., "On the Character of Certain Entire
Functions in Digtant ??'tions of the Plane." (Re- “
printed from American Journal of Mathematics, Vol. 5

lilelsen, Niels, Handbueh Der Theorie Der Gammafunktion.
: Leépzig: Druck urd Verlag Von B. G. Teéubner, I%B.
PDe

Van Engen, Henry, "On Asymptotic Behaviar of Analytic
Functions.” Unpublished Doctor's dissertation,
University of Michigan, Ann Arbor, Michigan, 193l.
57 pp.

» "Concerning the Gamma Function Expansion." (Extraect
T Irom the Tohoku Mathematical Journal, Vol. hs, Part I,
PDs 12,.1.-15‘;- geﬁsemer, 1958.

























	Upon the Asymptotic Representation of Entire Functions Where the General Coefficient is the Product of Two Gamma Functions
	Recommended Citation

	tmp.1486758703.pdf.1CPNq

