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I. INTRODUCTION

Responsive motions of linear undamped andvlightly damped lumped spring-
mass systems subjected to transient inputs can be determined by several
methods. All these methods require solving of the differential equation of
motion in some manner. Practically all techniques for solving the differen-
tial equations involve higher mathematics. For single-degree systems, the
analytical methods of solving the differential equation of motion include:

(1) The classical solution (which requires finding the comple-
mentary and particular parts to a nonhomogeneous differential

equation).

(2) Duhamel's Integral (which determines responsive motions due

to continuous forces acting during a specified time interval.

(3) Laplace Transforms (which solves equations by the use of
transform tables and partial fractioms).
For multidegree systems, the same analytical tools can be used, but
matrix operations are usually required to solve the simultaneous equations of
motion. Computers frequently are used to solve these types of equations.

One method for solving a differential equation of motion which does not

require higher mathematics in the solution is the graphical technique called







phase-plane'" method. This method has been applied by several authors to

the
a variecty of problems of a transient nature. The problems have dealt almost
exclusively with displacement responses of both single- and two-degree undamped
systems. Discrete examples have been shown. Displacement responses of damped
single-degree systems when excited by external forces have also been
considered.

The field of mechanical shock testing is one in which responsive motions
of undamped and lightly damped spring-mass systems to transient support excita-
tion must frequently be determined. Most often, however, both the transient
inputs and the responsive motions are in the nature of acceleration data. The
input acceleration pulse shape generally is not described easily by a simple
mathematical expression. Often, the input acceleration data is available only
from an oscilloscope picture. Input data of this form is not easily inserted
into analog or digital computers without additional time consuming work.

An investigation was thercforq conducted to sce if the phase-plane
technique of solving transient vibration problems could be extended to
determine responsive displacement-time or acceleration-time histories of a
general multidegree system that is excited by a transient motion of the
system's support. Any limitations of the phase-plane method found in the
investigations would be bcneficial in that no literature was found to say when
the phase-plane method would not solve the problem.

Even though computers are now frequently used to rapidly solve response

problems in mechanical shock testing, a graphical solution of the same problem







has its place in the field. The method would be used in case

o

w

where a model

rcpresenting the specimen was known and a computer was not available, or where
the input data was not immediately suitable for computer use and the responsive
information was needed in a few hours. The method should be simple enough that

a trained technician could solve the problem.







II. STATEMENT OF THE PROBLEM

A general two-degree-of-freedom damped linear spring-mass system mounted

on a shock machine is shown in Fig. 1. Excitation of the system occurs only by
controlled motion of the carriage. Support excitation is a known displacement-,

velocity-, or acceleration-time history. These quantities are represented by

the symbols A(t), A(t), t).
The masses m, and m, are very small in comparison with the carriage mass.

1 2

Values for each spring, kl’ ko’ k3, and each mass, my and My are known from
the physical design of the specimen. The location of each viscous damper,

;s is known but the actual values are

or friction damper, fl, f2, 3

c

2, 3)

not. The effects of the dampers would be determined by experiment. The magni-
tudes of the dissipative forces of the dampers-are such that in free vibration
at least two complete cycles of cach mass in motion will be discernible. If
the £'s or ¢'s of the model are zero, the two-degrece viscously and/or coulomb-
damped model becomes undamped. Similarly, if one mass is zero, the model
becomes a single-degree spring-mass system.

The problem is to develop and to find limitations of a graphical
technique for finding (within fcasonable accuracies) the displacement-time
histories x(t), y(t), and acceleration-time histories, X(t), y(t), of the two
masses for general known input-time histories, E(t). The technique should

require only the use of graph paper, a protractor, compass, straightedge, and

:nowledge of the specimen's natural period and damping characteristics.
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Figure 1 General Two-Degree Viscous and Coulomb Damped Spring
Muass System Under Consideration







ITII. LITERATURE SURVEY

This section discusses investigations conducted by several authors in the
transient response of both single- and two-degree systems, undamped or damped.
In most of the literature studied, certain facts became clear. Most analysis
of single- and two-degree systems was performed using higher mathematics.

For single-degree undamped systems, Timoshenko and Young (1)* developed
Duhamel's Integral to obtain responsive displacements. This integral was then
used to show how the "phase-plane" method worked. In all examples an external
force applied to the mass in question was involved. No examples were available
where the disturbance to the system was applied to the support. Jacobsen and
Ayre (2) extended the information contained in Ref. (1) and presented a most
comprechensive investigation on the phase-plane method of solution of single-
degree undamped systems. However, again all the examples were restricted to
displacement responses with either support displacement or force application

directly to the mass. Jacobsen and Ayre conducted the investigation of

undamped systems for various shaped input pulses throughout the range

t
-~ d . . 3
DR T < 4 (where ty = pulse duration, T = specimen natural period) and plotted

many types of spectra. Harris and Crede (3) indicated how the differential

Numbers in parentheses refer to bibliography.







cquation of motion shown below would appear for different types of system

response when a known excitation was applied to the system.

Y+ Y= E(t)

~13

where

m = specimen mass

Y = second derivative of ¥ with respect to time

k = spring rate between support and mass

¥ = responée coordinate

E(t) = excitation coordinate as a function of time.

The type of excitation, E(t), to the system was either (a) a direct force
upon the mass, or (b) a displacement, velocity, or acceleration of the support.
Depending upon the type of excitation, the response, Y, of the system was
cither absolute displacement, absolute vclocit?, absolute acceleration, or
rclative displacement.

For single-degrce damped systems, Timoshenko and Young (1) discuss
analytical expressions for viscous and coulomb friction, while Jacobsen and
Ayre (2) develop a graphical solution of displacements for both viscous
(velocity sensitive) and coulomb (dry) friction when occurring in a system
separately. 1In ecach reference, only an external force function applied
directly to the mass or free vibration with support fixed was considered.

Jacobsen and Ayre discuss the use of an oblique coordinate system and loga-

rithmic spirals as a modification of the phase-plane technique to solve a







viscously damped vibration condition. They show how to construct an approxi-

T

mate logarithmic spiral accurate to 2% if the damping ratio is SEOMD

Jacobsen, in another paper (4), discusses a general method of solving second-
order differential equations by a phase-plane-delta displacement method. The
differential equation of motion must be reduced and written in the form shown

below.,
mx + k(x +86) =0
where

5 = Glx, %'L)

|
K

lis method of solution required that & be evaluated as the phase-plane was
constructed. The different values of 6 were usually obtained from auxiliary
diagrams when the relationship between 6 and x,~i, t were known. The &

values were used to find pertinent centers of the phase-plane diagram. A
similar type "delta" method was applied to the problem in this thesis.

Bishop (5) used phase-plane displacements for a force-excited viscously damped
system by using a different type of oblique coordinate system than Jacobsen

and Ayre used. Bishop's coordinate system was much easier to use than Jacobsen
and Ayre's in converting data from the phase-plane plots to the displaccment-
time history plot. Howc?er, all of Bishop's examples (like those of the

previous authors) did not show examples of support excitation through the

viscous damper.







Considering an undamped two-degree system arrangement similar to the

stem shown in Fig. 1, no author had any pertinent data on the phase-plane
mcthod. Jacobsen and Ayre, as well as Timoshenko and Young, developed the

solutions of the equations of motion analytically when external forces were

applied directly to either or both of the two masses. Jacobsen and Ayre illus-

trated an actual problem utilizing a different half-sine input force pulse
applied to each mass. Their solution was modified and used for comparison of
a problem of support excitation presented in this thesis. Timoshenko and
Young (6) describe principal coordinates in writing differential equations of
motion for free and forced vibration. These authors show how to convert
principal coordinates to usable arbitrary coordinates. Ayre (7) illustrates
an actual problem of single support excitation on a two-spring, two-mass
system showing how to use the phase-plane displacements in principal coordi-
nates and converting them to rectangular coordinates. He was vague, however,
in his development and made no statement as to when his constants for coordi-
nate conversion would not apply. Chu and Abramson (8) applied Jacobsen's
phasc-plane-delta method to multidegree vibrating systems, but their analysis
did not use support excitation and did not convert the normal coordinates to
rectangular coordinates. They considered only one force applied to one mass
while supports were fixed.

For lightly viscously damped two-degree systems, sources of usable

information become scarce. Mindlin (9) shows some shock spectra for the

lightest endmost mass of a two-degree viscously damped series system that has







a sudden velocity change of the support. With this type of excitation the

system will ring and both masses will vibrate. No data is shown for the
spcctra of the second mass. Hill (10) shows some spectra for a heavy two-
..rec system mounted on a light carriage (a three-degree system problem)
which appears to be an extension of Mindlin's work. However, Hill does not
give any references nor does he state any method by which his results were
obtained.

No information on transient response of a two-degree system having
coulomb damping was found.

In Ref. (5) it was mentioned that certain undamped wmultidegree systems
could be solved by the phase-plane method. In this reference, it was also
pointed out that, generally speaking, multidegree systems having damping
could not be solved by phase-plane techniques. The author did not point out
what the restrictions were.

From the literature survey conducted, it is felt that material con-

tained in this thesis could be a worthwhile contribution to the field of

mechanical shock testing.







IV. PHASE-PLANE ANALYSIS - SINGLE-DEGREE SYSTEMS

This section discusses the use of phase-plane techniques for three types
of single-degree models, undamped, lightly coulomb damped, and lightly
viscously damped. The two types of damping were sclected from the many
varieties of damping forces that occur in practical engineering shock and
vibration problems. Four types most frequently encountered are:

1. Viscous damping - the damping force is proportional to the
velocity. This describes the condition in viscous fluids.
This condition is approached frcqucn;ly with greasy sliding
surfaces.

2. Coulomb damping - this type of damping is éroduccd by a dry
friction force. It depends only upon normal pressures.

3. Air damping - damping force is assumed to be proportional to
velocity squared of the mass when high relative velocities
are involved.

4. TInternal hysteretic damping - the damping force is dependent
upon the amplitude of motion.

Air damping at low rcl;tivc velocities inside a sealed test item
approaches viscous type damping. Internal hysteretic damping can be approxi-
mated by an equivalent viscous damping such that the energy dissipated per

cycle is the same.

155







The types of support excitation considered are transient displacement,

velocity step, and controlled acceleration-time histories. Vibratory motion

is analyzed both for the system under the external disturbance and for free
vibration after the disturbance has ceased. Quite often in the analysis,
initial conditions are assumed to be zero only for the convenience offered.

The analysis also holds for any given initial conditions. The effect is merely

additive.

1. Undamped Systems

For the system in free vibration shown in Fig. 2b, the differen-

tial equation of motion is
mx + kx = 0 3 (1)

the solution being

X

X = X.uc0os/ ptik iy sinipt (2)

0

x = responsive displacement of mass, m

k = spring rate

= initial mass disglaccmcnt from equilibrium position

x. = initial mass velocity at release

p = specimen natural frequency

t = time.

Fig. 2c¢c is the displacement-time history of the frce vibration. The

represents io. In Fig. 2a, & vector, ir, rotates

slope of the curve at X,
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from %y and ko/p at an angular speed of p rad/sec sweeping out a circular

arc. The location of the vector terminus along the circular arc at any
time after release represents a particular displacement and velocity of
the mass at that time. This plot of points is referred to as the phase-
1

plane plot of the motion of the mass at any time. The term "phase" occurs

because the phasing of the displacement and velocity coordinates are fixed,

and '

'plane” occurs because the plot is always in the plane of the paper for
simple systems.

If a step disturbance, ki, of the support had occurred at time t = 0,
it in effect would cause the mass to oscillate about a new equilibrium
point. Also, since X, and ko were arbitrary, it follows that for any
initial starting conditions, a particular phase plane could be drawn for
any interval of time after the start of the interval. Thus, a series of
step disturbances of the base in succession could be used to make a phase-

plane plot where the end conditions of one step become the initial condi-

tions for the following step. Eqs. 1 and 2 now would be

mx + kx = kki R (1a)

.
X,
v

X = X, cos pt, + o sin pt, + Xi(l - cos pti) 3 (2a)







>
G
|

= amplitude of step during interval

i
ti = time during interval of step
x, = mass displacement at start of interval
k¢ = mass velocity at start of interval.

Fig. 3 shows how a phase-plot of a single-degrece linear undamped
system is generated from a stepwise transient input displacement (the
input is shown as a dotted line). The center of each circular segment
of the phase-plane is determined by the displacement level of each step
of the transit input, namely, )0, Xl’ Kz, k3, and >%' The radius, o
of the first circular segment is determined by the initial starting
conditions. (In the figure it is assumed that the initial displacement
and initial velocity of the mass are zero; however, the same procedure

would be followed for any other starting conditions.) This radius, s

is a rotating vector for the time interval, t of the first stepwise

l,

input, Xl. The counterclockwise angle through which the rotating radius

vector turns is dependent upon the natural frequency, p, of the system
and the time interval of the step. The conditions of motion of the
system at the end of the first step interval,(i), become the new starting
conditions of the system for the second step interval of the input. A

- new center, }2, and a new radius, Ty are now used. The second radius
vector rotates through the second angle, which is proportional to the

L7 ; S
sccond time interval, t2. The end conditions of the second 1nterva1;<3/,
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become the starting conditions for the third step interval, etc., and

the procedure is repeated as often as necessary. One can easily see,
therefore, that this procedure can be applied to any transient input
shape as long as the shape can be approximated by steps, each step having
the same area as that portion of the input transient.

After the phase-plane plot is completed, points representing various
responsive displacements from the phase-plane plot can be projected back
to the displacement-time history plot which is superimposed on the
transient input. Thus, the entire displacement-time history of the
responding spring-mass system is shown in the right-hand side of Fig. 3.

The step method shown above can be applied to any pulse shape when

the duration, is of the same order as the specimen natural period, T.

td,
The size interval of each step is dependent upon pulse shape and accuracy
)

desired, but usually a ratio of ﬁ% - f% should be highly satisfactory.
o
g

When the ratio 3 = 7 it is satisfactory to use a single step with

little error for any pulse shape.

When the pulse duration is very short compared to the specimen

natural period, the angles in the phase-plane construction become
t

extremely small. It is satisfactory (when T < i) to assume that the

support has had such a small change in position that the only effect

upon the system is to essentially change the initial velocity of the

mass if time is measured from the end of the impulse period.







On the other hand, if the pulse duration is very long in relation
T

d
to the specimen natural period T 2 10J, then the angles in the phase-

plane would become either exceedingly large or else the number of points
it
evaluated would become quite numerous. If g e 10 and twenty equal
steps were involved, each angle in the phase plane would be 180 degrees.
This angle would be the maximum angle permissible in a phase-plane con-
struction in order that the peak amplitudes during each cycle could be
ascertained.  If the 180-degree angle were always used to represent a cer-
tain time interval throughout the pulse, the phase-plane plot could be
eliminated altogether. 1In Fig. 4 a symmetrical triangle pulse input is
shown. By subdividing the pulse into steps having a duration interval of

£ , the "half cycle" or "full-swing"

5 method would apply. The step ampli-

tude in the first interval would be half of the actual input amplitude at
the end of the interval. The difference between the responsive amplitude
at the end of the first interval (and hence the starting amplitude of the
second interval) and the amplitude of the second step will be one half
the total change in responsive amplitude during the second interval.
This technique would then be applied to each succeeding interval.

The deflection, u, oﬁ the spring, k, and/or absolute displacement,
x, of mass, m, of Fig. 2 can easily be found by phase-plane techniques

when excitation is applied to the support. The excitation could be an

acceleration input, X(t), as shown in Fig. 5.
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The differential equation of motion is

mx + kx = kA(t) (3)
or by substituting u = x - A(t) and its derivatives

m['i(t) + ﬁ, $ k[x(t) & u] = ka(t) ,
from which the particular solution is determined from the equation

mi + ku = -mA(t) . (3a)

Eq. 3a is in the form of Eq. la, which has already been shown
suitable to permit the construction of a phase-plane diagram.

Fig. 6 illustrates how the phase-plane would be used to solve a

problem where A (t) is a constant velocity input. The fact that X(t) in
this problem is zero is immaterial. The purpose of the example is to show
how the phase plane can be &rawn to facilit;te finding u. Also shown in
Fig. 6 is a method for finding the absolute mass displacement, x, without
drawing another phase plane. Since the support is known to have a constant
velocity, it also has a ramp-type displacement in the time interval con-
cerned. The difference in amplitudes at any time of the input displacement
and the relative displacement curve is the mass displacement at that time.
The spring deflection response, u, is of most concern in shock
testing in as far as structural integrity is concerned. Since shock tests

are controlled by a known input acceleration, this technique is quite

useful.
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Support excitation and undamped system mass response in terms of

acceleration are solved in exactly the manner as discussed for displace~-
ment phase-plane analysis. All that is required is that the differential
cquation of motion be differentiated twice with respect to time. The
format of the resulting expressions is similar to the format developed

in the displacement analysis. From the general differential equation of

motion of a mass with support excitation

X + p2x = pzk(t) ‘ (1b)

Two differentiations with respect to time result in

Rl L ) (1c)

If A(t) can be represented by a series of steps, Xi, the general solution

becomes

ot
w

X = X, cos pt:i + E;-31n pti + ki(l - cos pti) . (2b)

w

X, and %; represent conditions at the start of the step, Xi = input
acceleration step.

In Fig. 3, therefore, each x is replaced by X, each x by X, and
ecach A, by A,.

i i

When the support excitation is a velocity step, XO’ the initial

conditions for the phase-plane construction for acceleration response

are (assuming zero initial conditions)

= o 2;
%= 0, H= 2k, - 3







Eq. 4 can be found by solving and then differentiating Eq. 1b when

NEE) & iot.

Coulomb Damped Systems

This type of damping is quite often one of the predominant types
of friction in actual systems. The differential equation of motion of

a system in free vibration is

mx + kx = -f sgn x , (5)

where (sgn) X means sign of the velocity of the mass. The general

solution of Eq. 5 is

X
X = X, cos pt + E? sin pt - Ac(sgn x)(1 - cos pt) , (6)
where
AC = equivalent frictional displacement, £/k
Xy = initial displacement
io = initial velocity.

Eq. 6 is similar to Eq. 2a, so a phase-plane diagram can be drawn.

Eq. 6 indicates that the center of the phase-plane diagram is

shifted from zero a distance AC in a direction dictated by the sgn of X.







The Ac term of Eq. 6 can be considered a "passive" type disturbance

of the mass that changes sign every time x changes sign. Clearly, if any
other disturbance occurred directly to the mass, the Ac term would only
displace the neutral position to a new point where the velocity of the
mass would be a maximum. When the system has an additional step forcing

function applied directly to the mass, Eq. 5 must be written

mx + kx = F, - f sgn X" (7

The general solution is

X F
% : v ; 4 -
X = x, cos pt, + = sin pt, +'\4= - Ac-son x|](1 - cos pti) i (8)

where
X, = mass displacement at start of step
X, = mass velocity at start of step
Fi = step force applied to mass
ti = time during step interval.

Fig. 7 shows the graphical. solution of a system when it has a

coulomb damping force, f = Fm. Fm is the maximum value of an external

10
force applied directly to the mass (the carriage fastened to ground).
This type of solution-is shown by Jacobsen and Ayre in Ref. (2).

Unfortunately, the graphical solution as shown in Fig. 7 is

unsuitable when the test item is excited by a carriage displacement, A(t),
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instead of the force F(t). When excitation is through the support, the

direction of the friction force, f, is the same as the relative velocity
of the carriage to the mass (i - X). One can see, therefore, by drawing
a free body diagram of the mass that the responsive displacement of the
mass occurring at t > 0 in Fig. 8a should be different than displacement
of mass occurring with the setup in Fig. 8b.

Eq. 7 should now be written as
m% + kx = kA(t) + £ sgn (A - %) , (9)

where A(t) = amplitude of displacement input by support.

The general solution becomes for a step,

;.
w

X = x, cos pt, + — sin pt, + |, + A
* i ) i i

il - (10)

A sgn(i - ;)l[l - cos pt

Fig. 9 shows the graphical transient response of two different
coulomb-damped masses subjected to a symmetrical triangle displacement
of their supports. In one case the damper is tied to ground; in the
other case, the damper is tied to the movable support. The phase-plane
diagram for the former case is constructed in the same manner as the
phase-plane diagram in Fig.'7, except that the excitation, F(t), is
replaced by kA(t).

In constructing the phase-plane for the latter case, one needs to

be aware of sgn (i - i) in order to decide whether to add or subtract
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Figure 8a Free Body Diagram of Coulomb Damped Mass
When the Support is Fixed to Ground
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Figure 8b Free Body Diagram of a Mass Having a Coulomb Damper
Tied to Its Support Which is Excited
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the "Ac" displacement to the particular Xi' The sgn (A - %) can be
.

determined by noting where on the phase-plane E} is located. For the

A
. . 1 .
given triangular pulse, — has two values which are constant. (For

Air
other pulse shapes, ;} would shift as the phase-plane is developed).

The critical points on the phase-plane trajectory only occur when

Ay %y 5 s

E; = — . At these points, sgn (A - x) may or may not change from posi-
tive to negative or vice versa. In Fig. 9, the first critical point for
the given problem occurs at point<:>. The sgn (A - x) goes from (+) to
(-). Therefore, the "Ac" term (which had been positive for Xl and Xz)

is now negative, so Ac will be subtracted from A, amplitude. The

3
sgn (A - %) now continues to stay (-) until the critical point,<:>, is
reached. The sgn (i - %) now changes back from (-) to (+). In doing

so, it reverses the "Ac" direction with respect to k7. The phase-plane
trajectory continues just to the left of the line i/p, until the end of
interval k7.A Just after the start of interval k8, the critical point<:>
is reached.  Here an interesting event takes place. The sgn (i - i)
changes from (+) to (-). 1In doing so, it changes the "Ab" direction with

respect to A The changing of the "Ac" direction, in turn, forces the

8°

sgn (i - ;) to go back to (+) from (-). The net effect is that the phase

o >

trajectory cannot get away from — = % . It will have to stay there until
‘i/p changes in magnitude. This does not happen in the example until
point<:>. At this time, sgn (i - ﬁ) becomes (-) no matter what x/p does.

The fifth critical point occurs at point<:>. Here sgn O - %) goes from






(-) to (+). The phase trajectory continues without "stalling" at

-== - % point. The last critical point,<§>, causes no trouble when
the phase trajectory passes through it.

In the example shown in Fig. 9, the responsive displacement of
the mass when the damper is fastened to ground while the support is
movable is shown by the dash-dot line. For the case where the damper
is fastened to the support, the responsive displacement of the mass is
shown by the solid line. The difference in responsive peak amplitudes
is approximately 8%.

A check of the accuracy of the two graphical solutions was made

£
at o A 0.4, and was compared with the analytical solutions shown in
Tabla "1,
TABLE I
PHASE-PLANE AND ANALYTICAL RESPONSES OF TWO TYPES OF
COULOMB-DAMPED SYSTEMS TO SUPPORT EXCITATION
OF FIG. 9 @ —;— = 0.4
Damper Tied to Ground Damper Tied to Support
Mass
MAEE on Percept Percth
: Ph.=PL. Anal, Error” Ph. -Pl. Anal. Error”®
Mass Disp.
(X—"-) 0.22 0.21 +1.0 0.33 0.33 0
m
Mass Vel.
/—“- S elgs 0.26 -1.0 0.21 0.22 %0
\"

%
Error based on km =1,







The analytical equations were found using Laplace Transforms and

are shown below.

For the coulomb-damped system of Fig. 9 where the damper is tied

to ground
2\
m & 2nt . 2nt
[ = — - — gin — | = - —_— < < e
X 3 (t 7w sin =3 ) Ac sgn x<1 cos =% ) EatiST (11a)

For the coulomb-damped system of Fig. 9 where the damper is tied to the

movable support

ame' | 2me !
x = x, €os =/ + 5 sin =3
1
+ [X' + Ac sgn (A - x)]ll - cos i; ] 0.2 < % =07 (11b)

-t

W k| A SRS 2rrt']
te 2 T ’

where
. e : gl
X, = mass displacement at critical p01nt<:>(a? —(ﬁ
%, = mass.velocity at critical point<:)
7y t
l= ] . d 2 a0 l . (—=__ .>
t time measured from critica p01nt<:> T 052
t .
\' = support displacement at 7 = 0.2
A'' = support displacement at % = 0.4
t. = time interval from L _0.2 to £=0.4.
21 Ak 3y

In Table I, x's were found by differentiating Egs. 1la and 1llb.







Eq. 11b cannot be used between any two critical points where a

"stall" occurs such as between(Z)and(g), because between critical
points(:)andC:)there is no relative motion between support and mass.

The method illustrated in Fig. 9 for the damper fixed to the sup-
1o =

port will apply to any range 0.1 S'ﬁ? S » for AC'S O.ZXh. 1f 7; <0.1,

a single step (whose area is equal to the pulse area) can be employed,
and damping neglected; the error of both displacement and velocity of

the mass at the end of the pulse is approximately 1%. For large values
t .
of T unless the value of Ac is extremely small, friction will stop

the relative motion between mass and support within a very few cycles
A t
c d

(e.g., g 20,1, T = 2, symmetrical triangie input; friction stopped
o :

relative motion by the time f%-of pulse duration had elapsed).

The above technique for displacements is especially suitable for
relative displacement response when the support (with damper connected)
has a known acceleration input. The general solution of Eq. 9 in step

input form would become

- .
w 1 .
-u = -u cos pt, - & sin Pty + ;E - Ac sgn (-u)|(l - cos pti) (12)

)

where

u=x-A; u=x- A\,

The sgn_(-ﬁ) can thus be observed directly from the phase-plane diagram.

2
P P

" s
(Note: Eq. 12 is only valid when — >4 . If —% <A, -u=-u=0.)







In the single-degree coulomb-damped system, differences between

the acceleration phase-plane analysis and the displacement analysis appear.
The reason behind this is that the friction force is a constant and thus
the differentiation of the equation of motion will appear different in
form than for an undamped system, or, as will be seen later, one that is
viscously damped. Referring to Eq. 6, the solution of the equation of

motion of a free coulomb-damped system is

X
. 0 4
- A e 3 J
X (xo +4  sgn X) cos pt + 5 8in pt Ac sgn X . (6)

Differentiating twice with respect to time,

X = -p2(x0 R Ac sgn X) cos pt - pko sin pt . (13)
Assume an example where the support is stationary and the mass has

an initial displacementhfrom the spring equilibrium position. Thus, at

t =0, x= X5 x=0., At a very short time, t = 51, later when motion

is just starting, x = +x0, X = -5, X = -pz(xo - Ac)’ where 6 is a very

small velocity. *

The mass now has a constant friction force, f, in addition to the

'

spring force which effectively has reduced the spring tension, or changed
the equilibrium position of the spring by the distance Ac. Eq. 13 would
now be

d

2
X, = -p (xo - Ac) cos pt 0 <t< = (13a)







where ﬁl is acceleration of the mass during the first half cycle of

response.

L

At t = » a discontinuity occurs in Eq. 13a because f (and hence

Ac) abruptly goes to zero. Immediately at t = g S ﬁl decreases in
magnitude by an amount lpzAcl. When a short interval of time, 62, has
elapsed, the Ac term appears again but has changed sign. The Ac term

effectively further decreases the acceleration magnitude upon the mass.

Now Eq. 13a becomes for the second half cycle,

% 2 ™ 21
- - - —< <——
%, P (x1 Ac) cos pt 2 £ > (13b)
where x, = (x.0 - 2Ac).
The foregoing statements are shown graphically in Fig. 10a, 10b,
and 10c. Note that Fig. 10c is a mirror image of Fig. 10a, except that
lel < Ixol by an amount |2Acl' For any half cycle, then, Eq. 13 becomes

for this example

w2 1301 R . (n - D)n nnw
X P [xo + (-1) (2n l)AC sgn xn] cos pt N v <EI< . (13c)

where n = half cycle of response.
In terms of constructing a phase-plane diagram and acceleration-

time response Eq. 13c is better written as

- D <t<9pﬂ (13d)
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Eq. 13d appears as a linearly damped cosine curve having disconti-

nuities at each peak (see Fig. 11 where, at t = 0, x = -xo.)
It is a simple matter to extend Eq. 13 concept to occasions when
the support (with damper attached) is being accelerated from rest.

Differentiating Eq. 9 twice with respect to time and considering the

first interval, tl

X + p2§ = pz.)\'(t)1 (14)

where '):(t)l is constant for the first time interval observed.

The general solution of Eq. 14 is
% = A cos pt + B sin pt +-X1(1 - cos pt) .

At t =0 + €1 X = pZAc sgn (A - x), x £ 0. (This occurs because the

mass velocity is still zero and force is applied only through the damper.)

Then
A= p2AC sgn (i - i) and B = 0 ,
The,solution of Eq. 14 becomes
X = xl(l - cos pt) + p2Ac ;gn (A - %) cos pﬁ 0< ¢ g . (15)

Eq. 15 represents free vibration around an input accelerati<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>