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ClaPTER I
INTRIDUCTION
I. AN IRTRODUCTORY DISCUSSION OF THE PROBLEM

This paper will discuas the wotlon of & non-rels~
tivistic, noneradlating charged particle in am infinite
nomogenecus magnetle fleld whioch veries linesrly with time.
We shall assuwe the motion to be confined %o & plans pere
pendioular to the mugnetic field, The force exerted on &
cherged pirticle by an electromagnetic fisld ls given by

I0 R s il R

Ni~

in mined c.gess units where
F is the force on the puartiocle in dynesg
q is the churge in statcouleombs;
E 15 the elestrie field in statvolts/cmj
V is the veloolty in centimeters per second}
B L& the megnetic induction in gsuss; and
¢ 1s equal to 3.10%0 om/sec,
The rate of change of kinetic emergy of the particle is
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4® shown above the force on ths purticle due to the magnetic
fleld alone is always at right angles to the dirsction of
motlong and, therelore, cannot cause any change in the speed
of the particle,

When the particle 1s in & constant homogeneous mage
netic fleld, the force, 3. is

F = 8UXE

snd is of constant megnituds, As 2 result the particle
travols 1u a elrels with constant spsed, One cun anslyse
the motlon by setting the centripetal foree on the particle
oqual to the force exerted by the magnetiec flsld,

/-3 :-"E!t: Z’ v B

In vector notation one csn write

— — ity
e v x 8

/~Y
woere 2 1s a vector pointing from the particle to its center
of wmotion, ¥Weo can deseribe in more detall some qt the chiapw

acteristlica of partiocle motlion in & uniform homogensous
r1o1d,t Dy rewriting equation /-3 we note that the free-
quency of rotation of the particle,

L%

o

¥ i W =

! ;ﬂ. Alfeven, Cosmiesl lectrodynamics, pps 16
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is independent of the speed of the perticle, and the perioed

of rotation is: given by

ZJ & 277 me

23

The average current st any point in the trejectory is the

/- 6

charge flowing past that point per unit of time or
i s
/“7 2 .. 3 - of
whoere I 1s the current in sbamps. The elfective magnetic
dipole moment of the particle 1s then given by
/- 8 ST X

17 substitutions are made for” and I, this expression re-

duces to
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where ¥ 1s the kinetic energy of the perticls. It can be
spen from Flg. I thet this magnetis dipalq is oriented anti-
parallel to the magnetic flelds The magnetisc flux (in
maxwells) through the scircular peth due to ths externsl

magnetlic fleld is
S
27 ~mC

/~10 g i RuG Tor

Should the magnetic fleld now vary in time, an elece
trioc fleld will be induced soccording to Peraday's law of in-
ductions The motion of the Mtéh must then be deseribsed
in terms of the varying magnetic fleld and the induced
electric fleld. 4s one goes from & stationsry field to a
changing megnetic fleld, one cen generally sxpeot changes in

the spead of the purticle, the radlus of survature and the

shape of ita trajectory.
IZ, THE LITIRATURE

The literature on the motion of charged particles in
changing magnetic flelds is very sketchy in both the perie
odicals snd textbooks, Nost textbooks limit thelr discussien
of thisz topiec to bLetatron acceleration.

B Alfven in his book "Gommical Elsetrodynanics® pre- .
sents an approximste derivation of the motion of & Muh
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in &« homogeneous tlume-verying magnetio field where the chsinge
in field strength during one rotation of the particle is very
small compared to the field strength itself, He assumes

then thet each circulation of the purticle forme & clrcular

trajectory. We can then cpply Paraday's law of induction

— i ' 7(&
/=1 §E--(5=-— i
S e
where the flux linkage é is
L1
=712 ¢ =77 R B
The galn In kinetic energy,4W, in one rotation 1s
g et =~ 015
/<43 Aw=JF.L5 - & mRT AL
s < dZ

This galn in kinetic energy divided by the period i1s tho rate

Of increasze of kinetlc energy

ddw ' ek
At z

1fven then substitutes equation (/46), that zives the
parlod of rotation in s constant fileld, into the above exe
pression to obtain

T !
s B x> ol

T 2me" AT

Then rearranging equation (/-3) as follows

¢
R = ijé JZmw

and substituting thls 1n the above exprsssion for du/dt

Ay ff:?/: 17 e
L2178 o3







This differential equetion can be solved by multiplying by

as/w iw : V( 5
- a

and integrating

P UG Sl T

o
] =-14% —6“!‘ = ConS‘/Qﬂé

This shows that the muagnetic moment A/ remaing constant.
This in turn requires that the {lux linkage remain constant}
consequently, R must chinge even though we assumed 1t to be
constant during one revolution. Applying equation (/-3 )

again

i b MV‘. it i ZVK
i AL TS W
03' P
7 skl VR: Constant

Let us examine more closely what Alfven has done.
Por simplicity we shall assume dB/dt is constant. Under the
assumption that dB/dt is small, equations (/-/7, /2 ) ape
vellid, However, in caloulating :(—(—_: in equation (/-/3) he

neglects the chenge in ¢ caused by the fact that the redius
15 actually chenging. Now equation (/-/3) together with b
the assumption that R 1s constant says that the energy gain
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per cyele is constant. He then taecitly drops the assumption
that R is constant snd fits the condition thatd W/ oysle is
constant into equation (/-3) which we know to be approxi-
mately correct since the predominating force on the particls
1s dus %o an approximately constant magnetic flelds e note
that he must drop the condition that R is constant sinee the
thres conditions, R being constant, d W/eycls being constent
end squation (/-3 ) cannot all be satisfied simulteneously.

I1I. 7THE BETATRON

A comparison of our problem with betatron acceleration
will yleld some qualitative informetion on the nature of our
problem, In the betatron i1t 1s desired to increase the kinet-
le energy of the particle by scoelerating it in an induced
electric fleld. It is desired, furthermore, to mailntain the
particle in & ciroular trajectory with constant radius., We
can derive the betatron equation as followss

Let the magnetic induction through whish the particle
travels be By, end the average magnetic induction inside the
closed trajectory be By (both normel to the plane of motien),.
If one then assumes that the only radisl foree on the

particle is that due to the field B, then by equations ¢~/
and A-8 :
PR s e

P
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The tangential slectric field cen be derived from Paraday's

law of induction,
- — ‘
o790 L b B G _;2;?

e.msfs 18 in statvolts
dl is u differential line element tangential to the
trajectory.
éia the megnetic flux linkege of the trajectory in
maxwells.
How the electric fleld slong thie cireulsar trajectory does
not vary from point to point (et & glven instant) because of
the symetrical nature of the betatron. Therefore, we may

write [for the second term

- e
fE-’(/ = fE,d/: e Al S
where &y 1s the ¢, or tangentlial component of the slectric
field and for the third teem = == ,
oy ?_f i ci R 2~§£
€ ot 2t
By equating the last two equations we can solve for Ly

/-7 9 Ly mi ﬁ d B
2¢ i
The rate of ochange of momentum of the particle iz given by

A () ; IET= e 4.1 35,_'

Rt e gy
Integrating, one obtains
/-2 0 Wis & g‘ Bc'

ZmC






if ¥V and Bi are both zero at tlme zoro,

The cantripetal force 13 glven by

L
”m v I
| S L e L V'Z?r
s R :
E or
OV
1= 21 46 e
r ZR

Ellminating the velocity between eguation (/-20) and (/-21)
we obtain for the relation betwesn B, and By
Joa Br = -%‘-

Thus the deflscting magnetle induction must be one-
half the megnetlic inductlon inside the closed path in order
that the purticle maintain & eiroular trtje&tory.

It 1s evident that in betatron accelsration the in-
duced electric field is oircul&r and 12 in the direction of
motion of the particle. If tihe nngnotic field in the arbital
reglon were incressed. nlighhly. we see that tho»puvtialc |
would spiral inwards bocauco of thn increase of tht nkgnatta
force over that force nooanaary to provida Just the etntv4~
petal force required ror cireular notian. Th'r.rort. it 1s
ressonsble to assume that If & particle wers ecirculating in

a homogeneous, chenglng mngﬁgtio field and the fleld chégsq"

ware in such & direction as to incresse the kinetlc energy of
the particle, the partiolu would aplral 1nuarda tovnvda ite

' centcr ot motion.







CHAPTER 1Y
TEE FPORMAL METHOD OF ATTACKING THIS PROBLER
I, GENERAL CONSIDERATIONS

In & sense our probleom gan be aaparated into two
parts, The first i1s, with a given changing magnetic field,
to find the effective slectric fleld which acts on the
particle. The second, once both fislds are known, is to
caleulate the trajeotory of the perticle or at least some of
the properties of 1ta motlen, Fareday's law of 1nduc§10n
tolls us thet the e.m.f's generated about any closed path is
proportional to the rate of deerense of magnetic flux through
that elosed path, However, in our problem we cannot expect
to have a elosed path as doea a particle in the betatrong
and Lt 1e 4ifficult to ses how one ¢an apply the law M’ ine-

duetlion. lLet us first consider what can be sccomplished by

applying the formalism of Lagranglan mechanics to the problem.
II. THE BQUATIONS OF MOTION IN THE LAGRANGIAN FORM

A typloal derlvation for the Lagranglan for a charged
particle 1= as followst

ey iy

oy F=83(E +% V2¥)

The magnetic induction is related to the v&ctor_potonﬁialfx;-
as follows







—n —ap
2.~/ B:MA
and, if there 1s no electroatatic field,
—ty
= dA
2w e
TR
Ge may then write sguation {/—/) as
ey 0T -
F=,(-__+vx(vx4))
e i B
e mey substltute In the abvove equation the vector ldentity

2.3 xpadERENAT 00

end the following expression which depends on the sssumption

that & 4is & function of the coordinates and time only.

A i

g~y ALl RS
at It -

after performing these substitutlions P may be written as
. b 4 iy -
Y b zilr?-’v (v-4) - :Zﬁzﬂ

c Lt
ol
dnce 4 is & function of ths coordinates and time,; but not

of the velocity

o
2-5 Vi vl o
where V., represents the "velocity gradisnt”, Therefors, we
may finally write'§ as
2-6  F= L [-NVR) - L v o]

-

It is now apparent thet g Y4 can be chosen &s the velocity-

dependent potentlial., The Lagrenglan for & charged particls.

in an ¢lectromugnetic field 1s therefore
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2-7 e
where W i& the kinetie energy of the particle.

; The above derivation was prescntﬁd'in order to show
that the vector potentlial and hence the oiﬁctrio field are
azsumed to bes functlons only of the ococordinstes und of the
time in Lsgrenglen theory sand ere assumed not to be funetions
of the veloelty of the particle, Leter on we shell exuemine
these ascumptions in view of other requirements for the
ficldss Let us for the present find the equations of metion
of the particle by use of this Iegranglen,

e can derive o general form for the vector potential

~%p
& -
for our particular problem. StncelS -‘BK. ve have

2.9 3R :emnd 4

Thus 2_/_4-}-9—'4730
2Ar YA

s

_;:ir 5 ‘/1x - A

X Dy

Decause 0of the two-dimsasionsl nuture of the problem,

%

Q.
w Y

nsithor uy nor A, can be functions of g, Thus

QAY- A <

= 20
L
Consequently Sl A
D___A—-}':J__Ai}:c

L
X
¥
bt
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Furthermore, sines the elestric fleld will by symmsotry be
restricted to the X,y plane,
L s
2z

Thus it sappears that iy o8N 8% moat be only & constant.

This leaves

2_/_4;}’-;/4)(~B
> K b By g5
If we assume A, to be an arbitrary function of x,y,
then
Ay - + 94 x X (
yfc8+x)yLxs Foy)
or

2-9 Ay 5;("‘_[%_’;"9(& + 40)

since B is not & function of x, Similarly

A =-57+f~/0(/”‘ Fcx)
We see that there is an infinite variety of poaaibla
vector potentials.
We might srbitrerily pick the "vortex" type of vestor

potentlisl for further explorationt

Vi A e [ AR
Then
" ‘ B . #
2~1/ L = ”—"-(XL+VI)+Z“¢(’>’X+">’)

l__)’
?x
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3% o T o
ﬁ( ?L P K '\
| i AP T e 5\74-5/)
At % pe b0
and for y #:
P e
72 2Q 3
QL . y §ox
2 s e 2 ¢
i & 3
PP = M/+£€_(5X+Bx)

lagrange's equetions of motion are theng

2-12. X -X (2By4 By):=o

oe . <
AN ' 1 1 B8X + 8 X)2 0
7+ gl )
#e can combine these equations into one equation expressing
the motion in the complex plane by multiplying the second
equation b'y(.(ﬁ), and asdding 1t to the first.

2-1% I+ Y=Xx+t(y
214 y! = “5-5-1(25341-324)

oy

Since B is a funotion of time this equation would not have

& simple solution.
1t - Gl oy g

o il i
2 e Y

- O

and







which is recognized as the solution for motion in a constant

III. THE LAOCRANGIAE IN CYLINDRICAL COORDIBATES

The "vortex" veector potential
—

R —»
o A:%(-YC + X 9J)
can be written in oylindrical coordinates as follows:
Z’/’ezf i ‘E /3'37
The velocity can be written
—
Ve ppi R R e o,
The Legranglen in ¢ylindrical eoordinates is then
2715 o ) Briplat s bl B

R, A
The canonical momentum assoelated with » ia
2-76 Pllaadi s il e
2r

The canonicel momentum associated with € 1is
(8
oL % s S e
~-17 P-‘-—-.'—"‘")"‘a""“—
2 © 26 . EERE
We note that P, is the ordinary radisl component of
momentws for & particle. The ordinary € component of momen~

tum 1s,~.rﬁé. Kovovcr. we aao horo that i> uontains an

auditianal tarm. Enna., ths apprcyrinto conaorvatian 1&! to







16
apply here 18 that Fe © i3 constant when the assoclsted gen~

erelized foroce is zero.
IVe 4 CRITICISH OF THE PROBLEM AS SET UP IN SBOTION IX

Flge II is a dlagram showing some of the features of
-
the problem as we have set 1t up using the vortex A, which
yields a vortex elsctric field.

per % »
2-/8 E = ~% %—’g— = -{B;_(-r?-f-"d"')

Here I has only & 6 component,

There 1s a disturbing feature to this deseription of
the motions 4t tlwe Zero when the fleld change iz begun
the electric fleld is tangentisal to the trajectorys As time
®moves on, however, there appsars a finite angle between the
slectriec flsld and the trajectory. This 1s becsuse the
electric field is comcentric with the origin of coordinates;
whereas, the instantsneous eenter of motion of the partiele
has moved to a different position.

There is nothing uniqus sbout the origin of coordine-
ates in »0 far as the riolds' are concerned sxcopt that it re-
presents the orliginel center of motion of the particle.

Since the center of motion changes with time, 1t would seem
more appropriste in this ecase to describe the electric fleld

in terms of the lnstantaneous senter of curvature.
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CHAPTER III
4 TREATHENT OF THE PROBLEM BASED OF THR LaWw OF INDUCTION
I, THE REASONS POR THIS TREATMENT

The electric fleld mecting on the particle may be
resolved into components in the direction of and perpendicus
lar to the trajectory.

— &R g —
3-/ E B e e
where 1 and -t.are the unit normal end unit tangent respece

tively. (refs. to App. 4)

The remainder of this thesis is based upon the
assumption that Faze, This was originally accepted by the
suthor as & working hypothesis on the basis of rsther intuie
tive conaslderstions which will be ocutlined below. It was
hoped during the courss of the work that either s proof (or
disproof) of this hypothesis would come to light or at least
& theory would be evolved which would be consistent with
known physieal phenomena. !hc subsequent investigation has
falled to supply a proof or disproof of our anﬁnp’cion. The
svolved theory ssems to be free of any glaring diserepancies
in the 1light of a rather limited investigstion.

The initial considerations which led to the working
hypothesis that £m=Ogere ss follows.

Assume 8 particle 1s circulating in e homogeneous
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magnetic fileld., 4 simple vector potentlal which describes

the field is the "vortex™ potentlal.
— - —

2 -s0 A:g(“?/( 'f'X.J)

If the magnetic field were changing at & very low rate, the

radius of curvature of the particle would remain approximately

constant, and there would be a small Induced electric fleld

whieh would act on the particle. Thisz eleotric field, as

caleulated from the vector potential would also be of the

vortex type and, therefore, parallel to the direction of

motion., Now sssume we had enother particle in the same field

with & different center of motion (Plg. III). For sime

plicity we shall assume the second particlets center of motion
i to be at yp on the x axis, If the elesctric field acting on

the first particle is
ey

2p  F R g ARG

this sume electric fleld sots on the second particle. We
may rewrite this oloctric fiald as

-ﬂv

13 13
3-2 - 2[-cr-n)T +><J]
We see that the first term on the right rcpraacnta a vortex
slectric field sbout the point X=o¢, ¥:) of the ssme ine
tensity as the vortex field sbout the origin. The two

partielsa t“on both qxporienoo oqunl vortex flields about
their rospoctivu centers, but the second particle, in a&d&hton.
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iz acted on by the flald1£%§f. By comparing this situation

to the well-known particle motion in crossed electric and
magnotic fields one can see that ths fleld 1s such as to
cause the second particle's center to drift towards the
orizin. 1It, therefore, seems that the nsture of the motion
is different for each particles

Now if our rate of chunge of magnntia field is large
enough to cause the radius of cunaém to change appreclebly,
the center of curvature must change. It would seem then that
if at some future time we wish to desoribe the forces acting
on the particle, it would be more appropriate b0 use as our
origin the new center of motion. (However, we are atill
viewing the motion from & stationary coordinate frame,.)
Therefore, when we try to set up the electric fleld using
the law of induction, we take sz our origin the center of
motion,

In our discussion of the betatron it was pointed out
that there was no radial component of electric field. If the
same thing is o be true for our charged particle mtimg
then E»:0 since the radius of curvature vector is always
perpendiculsr to the trajectory of the particle, and the
elsetric fleld would be & vortex sbout the center of motion.

I1. AN ASSUMED RLECTRIC PIELD
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Our problem in this seotion is to find & wsy of
applying the induction law to a particlaltr&velina in an un=-
closed path.

If & particls were constrained to travel in & elrole
of radlus Ry In a homogeneous, time-varylng magnetic flsld,

we would apply the law of induction as follows:

3-3 E. ., e é‘gno(j: éfto(,(:-”i:b
c
o O Fakl 3yt Bt

‘3"37' ZE;r o ﬁii:js

whore Iy 1s the tangentisl component of the induced elestris

field, lHow the electric fileld at sny point may be resolved
into components in the direction of, and normal to, the trae
Jjectory.

31 L Eres BIEER E

- -~
where § end n sre the unit tangent and wnit normel respec-
tivelys If we select By on the basis of the induction law,
we mipght seleot 2

3ie ' FerT TH

wasre R 1s the instanteneous radius of curvature.
At present we shall assume Ey to be referred to the
stationary frame, We shall aleso assume that £570, Then

the éompidti éléotrio fleld we have assumed is glven by
g - by
3-7 E =il
2 C
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in the stationary frame, The < sign has besen replaced by
making B point in the directlon of aotion.

The wunit vector in the direction of motion can be

written as —m
o
V
Jubstituting this into equation (3-7) we obtain
i s e
53-3 £ R3 Vv
2.8V

5inee £y 20, the only fores normal to the tra jectory
i5 that dus to the magnetic fleld
d Tl
o A AN x
el g e

F,,:—Z-_-VB

.

Tinie 1s eqgual to the lnstantansous ¢entripetel forece acting

on the particle g
e i
/-3 o
Tols 1s the seme relatlonship ss that describing the

motion in & constant, homogeneous field axcept that V, 5 and

R are now varisbles. We can rewrite this as

VAR “n &
v Y 41
énd substitute this in equation (3-F) %o obtain
ety - i
3._7 E__ ’"ﬂa Vv
Lot o R

This, then, 1s the finsl version of our assumed slectrie
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i1 vie assume thiat the gclectric flelda la given L

sgunation (3-7, the "ogal force on t;.c perticle becomse

%

3-~-/0 ,E?: “Z( st —::_ 7)(?)

2.35

The two component eguutions ars

e ”;1 MB‘X

B g - 3 ”"[?—Té
..-‘3_ /mB)' B
X7 e z;B i

0l

2 )
)

Ve osn exprass the motlion in terme of the complax

varishle /’ sKee) by multliplying the #seond equation by

((J71), and adding 1t to the first oqust.gon.

)
3-12 f':a(-i':l il MO < /B)Y’
L5 B
A z oAt

oAt
Aw%f’ff - L8 (e
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fow we assune & linearly rising magnetlic fleld

300 B s S

Sguation (3-/%) besomes

Wapo éf,;;‘:f j(g,+3t)4t
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whent €:0 ,i’ :6‘,3 x.f :iﬂo 89 St
'] ]
C { = Xla "5%
The velooity of the partiele in the complex plane is
then
3-14

8, €
This oquation cenmot be integrated to find the particlets
trejectory without the use of infinlte series,
de ceny however, find some interesting properties of
the motion from this squation. %e First note thet if & is
Zero, the solution reduces to
) 0 R o O
e S i
whlech 1z correct for & stationary fleld. 5
It Le interesting to nobe that the quantity B. *Q-é in

ths exponent Ls the aversge velue of the umuu ﬂou m
t:o0 te t:t, '

i B el By B

It should be polnted out tuat the frequency of rotution
of tha rotating veotor ¥ L3 not necessarily the seme &3 the
frequency of rotation of the position vesctor 7' .

In order to find the megnitude of the veloolity, we
use the relstion

. L} * T
3-/5 p 1A (IR
Hiencs from equetion (3-/#)
3-16 it
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his ean be rewritten as
ot w{
A fed S e A T s B il
6 B

where &~ la the mugnetic moment deflined in Chapter I, Section
I« Thls 18 In sgreement with Alfven's derivation. A4s
shown below, this 1a equivalent %o ssying that the flux
linksge through the instantaneous ¢ircle of curveturs is
conatant.

In this section we have used the relation

L9 ’"}}‘/L-‘ ,g v B

or

R: P s b 1, o Pt

g B

The flux through the instanbeneous circle of curvature is

5-1 % ¢:77'R15

oy S s el
&
2 RRE T VB
g7 2L
Thus
&
i L e R B -
AN ¢' Z: 0'5'”"* e
#e also ses that from equations (/-3 ) and (36 ) thust
%
c
ik Aan Ry s RN e e

Z B

At Tirst glance the pesult thut wiiv is eonstant would
seen to violate Newton's second law of motion inasmuch a8







e
the gusntity IR reprecents & torque on the partiecle about o
1ts center of motion and should cnange the angular momentum
of the perticle. However, this is not a resl discrepancy.

The canonical momentus of the particle is the gquantity which
must be conserved in the sbsence of the generalized force
assoclated with that momentum. The form of the canonical
veardables sssoclated with the redius of curvature 1s not

knovwn.
IV, BOUNDARY CONDITIORS

A particle is rotating in & constant mugnetic fields
4% time t, the magnetic field starts to change. The trane
sition period between the constant field and the linsarly
changing field we consider t0 be guite small, and we here
negleat the effects of the higher time derivatives of B ex-
lsting during the transition period. We wish to compare the
various properties of the motion at a time ‘tz’to"tjuah ba-
fore the field cisnge to thelr values at & time Ty = %i+atjust
after the field chsnge is applied.

e sssume that £»=9 Then the equation

—y -
/~ 4 f: ?; V X K

applies both before and ntuv'tcg Neglecting the differen~

tisl differences the following identities are apparent,







where T 1s the positlon vestor of the particle
—% _’
\/l - V.‘
Since the fovces remelin finlte, the impulse gEdt-0
R —
3~z ¥ e /,_

and
iy

A —
e, Vol T st e
The last equatlion shows that the center of curvature does

not change discontinmously.

The following srgument 1s offered to show that our
solution given by equation (3-/¥) applies as soon as the mage
netiec field is changing at a constant rate. Assume that at
some time t, & partlicle has & glven veloeity V, in & given
fleld, B, with a given rete of change B. &, 1s zero, and the
raedius of ourveture which deteruines By is in turn determined
by V and Bs The subsequent trajectory is determined by V &b
t and the forces which then sect on the partiele., Higher time
derivatives of the trujectory (r) than the second have no
forces assoclated with them. Hsnce, even though the nature
of the trsjectory cuanges at time t,, equation (3-/¥) should

apply as soon as the fleld is changing et & constunt rate.
1¢ = for f‘éo
=Coﬂ"£¢ﬂ‘£ fo? tl)t >t¢

ki .f;.p. iy U S
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then the Initliel end flnal centers of rotution 4re end points
on the svolute describing that trejectory which would be

obtained by integrating equation (3-/¥).
V. THE CENTER OF XOTION

Figs IV shows the position of tlhe particle at & time
t and & time F+olt with the corresponding positions of the

.

ganter of curvaturs.

eva/ufe-\

z+dt

T 18 the vector velocity of the center of survature.
From Flg. IV we see that
-

}0

+
9 —p —
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whet we can about the center of motion
ssswalng for the present only that £24°0, Since the only
force normal to the trajectory ia that due to the magnetic

{fisld ot AR
/B' b RN
/= ‘g 3

Ty 8

Mffsrenticting with respect to time

p{;z? - C 3V E?’ <
o ¢ . G 3 K
4(15 z. (/ i 3 4))\
but
; —
/= V:—é([;"'é‘v’xg)
I
Then fﬁj?’: me -25357:<;?+- 4 Z?“_Z’,zgfr(da‘&u"sz
¢ 18] 3 o T

Tow since

o(;?' m C ‘é } 4 d:) Y.
- m— e 2T g O F) <l
327 of s AR
Hence {rom equation (3-26),
o =iy
-2 K g oo (" e R Jae
How then let us also «ssume as before that
g I ¢§ v
-7 Y il
Then substituting this in oquation (3 2¥)
BT > -
}*Z 7 | \’._ M C( 5 5 B V)-_-'Mc B VK;(’
2847 ayEt
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ey
or in terms of E,
T E:-" —»
i, P W (A =~ ~w
How let us assume that field transformation equation
wiileh transforms the electric field to & moving coordinate
system 1s valid instantaneously for the refsrence frame

(non-rotating) which travels with the ecenter of curvaturs,

- ) — s ™ o
3-3¢ E 38wl 0l o
Then sl s e RS Jia
E % E+E(C<_3_(Ea<lf)xl(
— ) by of .
3-3 2 e S
or . —
poos . Bl an BV
=33 =

It was not at all necessary to assume & specific form
for § other then the general condition that E4=Oto find
_’.' Bquation (3-28) was derived only on the assumption that
En:os If we substitute the value of U given by squation
(3-23) inte (3-3)) it is resdlly seen that we get the above
value of '—E‘..'ua & result,

Now let us attempt to view the motion from the moving
coordinute frame cssuming equation (3-9) represents the
slectric fisld in the statlomary freme and assuming —5 is
small enough for equation (3-D') to be true. From iﬁuitioh .
(3-29 we can calsulate 3’.
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el =2 5 (e TR &
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From equation (3-7) we cen ouleulate &
- ? "’-’ N —
i e My \/)
3 3-5 E .- ?? ( ;} 51.
Then eliminating ¥ in squation (3-3%) and reducing
. e T & g,
—tp
3-36 L 5 RSB ES B G
] “z B3 25
How V the velocity of the particle in the moving frame 1is
~y ) —
b & Vs M e Z
Sy using equsations (35-30) and (3-7) this reduces to
3-38 v i ERcET R
278 : ;
. -
By ualng the sbove equation we can express £ in terms of V.
} ey e |
327 Vs (T—!_L,. e
- 3
The force on the particle in the moving freme is &
S —ap ) — ) ! T
e ] 2 ol
3-¢o i 2 FCE e MORE ) am Y

where the last term is an inertial force since the primed

system ls secelerating.

' >
It is shown in Appendix B we can set 5 -5,

1]
By substituting the value of ¥ from equstion (3-39)
and U Crom equation (3-36) and ¥V from equation (5-38),
squation (3-¥9) reduces to é
— ) B 2 —~—y ) ~—ip
3% Vi (I *,]vw
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This equation can be solved in the eomplex plane by the means
used in Chapter 1II, Section IIIX.

Setting \

Yz X wmey
a first integral of the motion can be readily obtained in

the form G158 i U R v
- ¢ Toua L
j”‘ 54\ e 26(2L0.+9
f el - g 4 “
@ Vig:i)
Since the square of the veloeity is Ziven by\/ﬂ )4,

it is obvious that the onergy of the particle in the moving

frame 13 constant.
VI. A DISOUSSI0N OF OUR ASSUKED FIZLD

In Section II an atbtempt was meds to relate the electric







3
fleld %o the trajectory - through the particle's "rate of
sensrution of area” using 1ts conter of curvature as an apox.
However, LI one considers the motion through one entire ro=
tation of its position vector, one hes the situation shown
in Plg. V. The shaded sres represents the ares "insilde” our
unclosed path through which we considered the effeet of the
rate of change of flux, Lebt w2 try to compere this to elosed
cirenlt induction.

if we conslider the trajectory and that portion of 77
whilsh connects the two points of the spiral as the closed
path about which we are developing our e.m.f., then since we
nave ss=umed Fn =0 the e.m.f, slong the actual particle tra-
isetory should equal the rate of decrease of flux inside the
closed pathe e note, nowever, thet the ares under the
svolute 1s left out and that & pertion of the area is in-
cluded twice., We also notice msff" will not be perpendicu~.
lar to the inner leg of the spiral unless the successive
legs are parallel (sueh a&s they would be if the evolute
itself wers a closed curve, in which case the overlsp area
would dlsappear).

Hence, the applicetion of the law of induction to
charged particle motion should be anslogous but not umiuz
to 1ts application to a closed cireuis.
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Vi AR ATTERPT T0 VIE® OUR ASSUMED BLECTRIC
FISLD PROM THE STANDPOINT OF PIZLD THRORY

=
iIf a vector potentisl, 4y could be found whisch sutis-
fled

— s
i Lo e DY
b Bt £ T 2g B
and

B A CL*«/LIQ,%?' = b K<

we would have & tool which would help us investigate the
consiztency of our assusptlons with Maxwell's equations.

Now when one derives equations of motion by use of
the Lagranglan, one assumes that the velocities are not exe
plielt functions of the coordinates

gx
4 PR
W 7 x
bl il b 58
2y
1fy however, we try to satisfly Mexwell's eguations
i L] é.jij?
¥ 6 <o
28 3 0
& T s Wegle T
V must be considered a function of the coordinatea,

Our difficulty here may be that we have assumed &
problem free of radiation effects and that this is inecon-
siétént iith the above equatlions. It 18 also clear that the







36

finite velocity of propagation of electric and mugnetic
fields would meke 1t impossible to have & atriectly homogen~

eous megnetic fleld that is slmulteneously changing in time.
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i CHAPTER IV,
f COHCLUSION

Our most basic problem in this diseussion has been
concerned with the determination of the slectriec ficid which

acts on the particle. For a physieally realizable ¢ase the
eleetrie flold is regarded as & function of th»'noordinﬂboa.
As desoribed in Chapter III, Section I, the indused vortex

slsctrie leld acting on a pertiecle will have two tendencies;
ons 1s to sccelerate the particle about 1ts center of motion;
the other 1s to cause the particle to drift towards the origin
of the vortex. As shown in Chapter II, Section 11, the
equation of motlion of such & particle (equation2-'%) is quite
difficult to solve. If & selution were obtained, the re-
sulting trajectory would contain both the sspects of induction
acgeleration and drift.

The problem as we have tresated it in Chapter III
involves only the induction seceleration aspset of the |
motions This interpretation of what we have done 1is consise
tant with the baslc assumption we have made which 12 that the
forces on the particle should depend only on the velooity,
the megnetic fleld and its rete of change and ahould be inde-
pendent of the partiocle's position. |

Uur trsetment here might be regarded ss a counterpart
of charged particle motion in constant crossed eleotric and
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magnetic flelds whleh 1s elso an idealized troatment utilizs
ing homogeneoua flelds.

A further investigetion which the suthor thinks would
be of interest would be to sxemine the motion in &« more |
reslistic fleld and determine ¢ wihat extent the induction

aceelesretion aspect of the motion can be separated from the

perticlets drift,
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APPENDIX A, KINEMATICS OF A PARTICLE IN A PLANE® AND RADIUS
OF CURVATURE

If T le the position vector of & moving particle, the

unit vector in the direction of motion is given by

¥ Av
/4“/ t - 75

where T ia the unit tangent, und 3 is the measure of arc
length along the tra jectory.

The curvature at any point of the trajectory is de-
fined as p(—é—
A-2 i
where A € 1s the angle between the two unit tangents of two
points on the curve separated by the arc length A S. 4'2"5.8
the difference between these two unit tangentss In the
limit (as the two points approach esch othoi) the vector
A '?"' o(t? where dg is pci'p'ondi'c&ur to 'tha.eﬁrvo buﬁ 1105

in the plane of the curve.

~
How 9{ t ; % 0( _@_
A S i A S
since ‘t’ has & constant magnitude and
*
A e
AD bl 0
A S
2

’ Cs B. Wedtherburn, Elementery Vector Analysis,
Chapter VI.
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where n (the unit normal) 1s the unit vector perpendicular
to the curve.

The inverse of the curvature 1s the radius of curva-

ture R,
ey

~3p {
A - &+ R"?z,( "
he vector Rn is & vector from the position of the particle

to the center of curvature of its trajectory.
ﬁ.»

Ak R s o

As the vector moves along 1its trajectory (described
by the vector i?), the vector F-’ﬂ? describes another curve
known a8 the evolute of the trajectory. The evolute has
the geometrical proporty3 that if one considered it to be a
ralsed cylinder (from the plane of the tra jectory) and if
insxtenslible string were wrapped around the c¢ylinder at its
base (the string being kept taut and there belng no sliding
of the string on the evolute) thoen some constant point on
the string would describe the trajectory.

The components of velocity and acceleration in the
normal end tengential directions mey be found as follows:
The veloclty of the particle is

BB
A- 6 V.3 i

4 Granville, Smith & Longley, Elements of the

Lifferential and Integral Calculus, Chapter X.







wihich may be written

i s bl
A~ V: p.('_ bl

oy

The esccelsration is

since

|

do can write

't As
and the acceleration 1s given by
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THE PIELD TRANIPORMATION EBEQUATIONS

APPBEDIX B,

The field transformation equations for the field com=-

ponents perpendicular to the direction of motlon ere

B = E'rF{-E‘_ ZKE
— ) e o g
B2 Fo TR é_ iR

whare I and.g are the field values &s measured in the sta-
tionary reference frame, sndlg'and-g.are the field values as
messured In a reference frame moving with a velacity-ﬁ'with
respect to the stationary frame., The field components in the
direction of motion do not cuange.

We wish to examine the relative applicablility of these
equations in deascribing the forces on & charged particle as
observed from the coordinate frame moving with the velocity
U,

The force on the particle on the stationary frame is
{ =/ ;?.—r g (’lg?. i ;é % 25?4)

For simplicity, let us assume the forces due to the electric
and megnetic flelds are egqual; and -‘5, —5 and? are mubtually

perpendicular. Then

e G, ?&;
B-3 e
Sy
iy g o T U ) R 1 g
F = E Hw LIRS ke
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Forming the ratio

P B o -2 =

<|®

shows that the change In slectrlic field in going from the

stationary frame to the moving frame is & gross effect. We

)

can write for -B~
a7 —p —> — e ?
B = P il aos S G - />4
il
Formlng the ratio
-5 o | S
3 -

shows that for small velocitles the change in magnetic ine-
duction in going from the stationary frame to the moving
freame 1s negligible.

Hence, we may consider the following as the transfor-

mation equations,

3=

ﬁ—’
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