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Abstract

This work concerns the finding of the semi-classical form of the coherent state rep-

resentation for the class of quantum baker’s maps defined by Schack and Caves.

It begins by introducing the finite-dimensional Hilbert space on which the quan-
tum baker’s map is defined. Its pertinent features including the all important sym-
metry operators are introduced and given a full explanation. We also introduce the
finite-dimensional phase space which will give the semi-classical limit a geometrical
interpretation. For a D dimensional Hilbert space, the finite-dimensional phase space
is found to be a grid with D? points. Each point corresponds to a particular pair of

position and momentum displacement operator eigenphases.

We then detail the derivation of the finite-dimension version of the Wigner func-

tion, a quasi-distribution for the finite-dimensional phase space. We show that its

vil



most “irregular” feature, mainly its property of having more values than was thought
necessary, can be explained by its correct behavior under the symmetry operations,
a feature lacking in other Wigner candidates. However, even this special choice for
the Wigner function proves unusable in the semi-classical limit as it is found to have

a non-convergent, limit.

We then turn to another possible phase space function: the Q-function. It being
necessary to find a suitable coherent state for the finite-dimensional Hilbert space,
we begin by studying the properties of the periodically continued Gaussian states.
These are the typical Weyl coherent states made periodic in both position and mo-
mentum such as to make them legitimate finite-dimensional states. Developing cer-
tain mathematical techniques allows us to show that they have compatible position
and momentum representations, that a subset of them are complete and can be used

to define a @-function, and that this function obeys all of the symmetry properties.

Finally, we use these coherent states to find a representation for the propagator
of the quantum baker’s map. In the semi-classical limit, 7.e. the large dimension
limit, this representation is found, for most of the maps, to take a form of the
exponentiation of the classical map’s generating function. This form was predicted
long ago by Van Vleck as indicator of an operator’s classical limit. Therefore, we
assert that these maps limit to the classically chaotic baker’s map. In certain limiting
schemes, however, the Schack-Caves maps do not reach this form and must be given

a different interpretation.
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Chapter 1

Introduction

If your wish is to become really a man of science and not merely a petty
experimentalist, I should advise you to apply to every branch of natural

philosophy, including mathematics.

—Frankenstein, Mary Shelley

1.1 A brief history of the classical limit, chaos,

and quantum mechanics in general

The path which leads from the quirky yet captivating world of quantum mechanics
to our mundane classical existence is murky. Is classical mechanics really an emer-
gent phenomena arising from the more fundamental quantum mechanics, and if so,
what physical mechanism separates the two? Is there a region of overlap between
the two theories where one may sometimes find classical behavior and sometimes
quantum? Questions of these sorts have puzzled physicists since the inception of

quantum mechanics.



Chapter 1. Introduction

Most physicists’ notion of a classical limit, i.e. a procedure which yields a clas-
sical counterpart to a quantum mechanical system, comes from the correspondence
principle. This principle states that for systems which are described by a quantum
number, like the harmonic oscillator or the Bohr atom, that as this quantum number
becomes large!, classical dynamics is restored. The “proof” of the correspondence
principle relies mostly on analyzing the wavefunctions that can be explicitly found for
the simple systems stated before. For example, the harmonic oscillator’s probability
density is found for large quantum number n to be contained inside an envelope. The
function for this envelope is determined by the time interval a classically oscillating
object spends at a point in space. This is a wonderful measure of the probability? of
finding the oscillator at a certain point in space; hence, the correspondence principle’s

comimon acceptance.

While the correspondence principle works well for simple systems, it fails when
considering systems without convenient quantum numbers that can be set arbitrarily
high. Given that the Bohr atom and harmonic oscillator’s quantum numbers measure
the system’s energy, a natural generalization is to examine systems in the high energy
regime. For reasons which will become clear shortly, this regime is called semi-
classical. The inspiration for this type of research was the work of Van Vleck. He
proposed that in the very high energy limit the classical behavior of a system would
re-assert itself; the position matrix representation for a quantum propagator would
have a form dependent on the classical system’s action [1]. Later Einstein, Brillouin,
and Keller would each seize upon this idea of working in the semi-classical regime
while devising a program for finding the quantum counterpart to a classical system
2, 3, 4]. The backbone of EBK, as it became known, was the quantization of the
classical system’s action. The end result being the approximation of the energy

eigenvalues for systems in the semi-classical regime. In this way, one could study the

1Or equivalently as the action of the system becomes much larger than Plank’s constant.
2 Assuming that the function has been normalized.
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lingering effects of the classical world on a quantum system. Unfortunately, EBK
worked only for systems whose classical dynamics were integrable, i.e. systems in
which all constants of motion are known thus making their motion easy to predict.

It remained uncertain how to continue until the development of chaos theory.

The theory of chaos is a field of study with an enormous body of theoretical
work and variety of application. To detail its salient points would take more space
than is available. For our purposes it shall suffice to define chaos as the motion of
systems in which small changes in initial conditions quickly create large differences in
the final states thus making their motion difficult to predict. Many math historians
trace the existence of chaos back to 19th century work of Poincaré?. Poincaré’s use
of the phase space to represent the motion of a system and his study of systems
near unstable fixed points would not only help later spur the development of chaos
but would have a profound impact on how physicists and mathematicians view the
subject of mechanics. Poincaré’s work helped Einstein realize that the EBK theory
would fail for non-integrable systems. Physicists as a whole, however, remained
mostly unaware of the work of Poincaré and later the development of chaos theory
until it was brought to their attention in the early 1960’s when the numerical studies
of two astrophysicists, Hénon and Heiles [6] showed the existence of chaos in the
motion of stars. This brought about a new interest in the field. In the following
years there would be numerous findings of chaos in physical systems. From the
motion of Saturn’s moons to the turbulent vertices of liquid hydrogen, chaos seemed

to be everywhere. But was chaos in quantum mechanics?

The new field of “quantum chaos” set out to determine the answer to this ques-
tion. At first it seemed impossible that chaos could survive the transition from the
classical world. Classical chaos depends on the phenomena of sensitivity to initial

conditions, the exponential divergence of trajectories in phase space. In quantum

30f course there were many others who helped this fledgling field. A short list would
include Birkoff, Kovalevskaya, and Liapunov. See Percival’s article in [5] for more details.
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mechanics, we have vectors in a Hilbert space that are propagated in time by unitary
operators. The natural measure of distance between states in Hilbert space is the
inner product. The unitarity of the time propagator makes it impossible for this
distance to change, thus making the concept of a quantum sensitivity to initial con-
ditions moot. Luckily though, there is an alternative classical mechanics framework
which would provide hope for solving the quantum chaos problem. Classical dy-
namics can be reformulated as the evolution of a probability density in phase space.
This density’s dynamics is determined by the Liouville equation, a linear partial dif-
ferential equation which preserves the overlap between different densities, therefore
masking sensitivity to initial conditions. Chaos manifests itself by its stretching and
folding of the Liouville density to such a fine degree that it ends mixed completely
over phase space. For the quantum case, an immediate analogy is made between the
Liouville density and the quantum mechanical density operator. While this anal-
ogy was not seen by skeptics as a proof for the existence of quantum chaos, it was

sufficiently encouraging for further work [7, 8, 9, 10, 11, 12, 13, 14].

In the early 1970’s, quantum chaos was advanced tremendously when Gutzwiller
invented his periodic orbit theory* that could find the semi-classical energy eigenval-
ues for classically chaotic systems [15]. Periodic orbit theory’s name is derived from
its dependence on summing over the periodic orbits of a classical system. Later,
Berry and Tabor would show that EBK quantization could be recast as a sum over
periodic orbits for an integrable system [16]. The work of EBK had been completed
and quantum chaos had a new tool. The eventual result of this new ability to find
the semi-classical eigenenergies was the belief that the lingering effect of classical
chaos would be found in the distribution of these energies [17]. This new program,

called eigenvalue statistics, had a theoretical motivation in Wigner’s random matrix

40f course at that time the field of chaos, much less quantum chaos, had not been
developed yet. It would take a decade before Gutzwiller’s impact on quantum chaos would
become apparent.



Chapter 1. Introduction

theory [18]; a procedure for predicting the statistical properties of a quantum system
by replacing its Hamiltonian with an appropriate ensemble of random matrices®. It
was believed that the randomness of the matrices would distill the essence of clas-
sical chaos. The appeal of eigenvalue statistics was that it allowed one to simply
determine whether a quantum system was chaotic. A chaotic system’s eigenenergies
would display repulsion from each other while an integrable system’s eigenenergies
would be attractive [17]. This behavior is represented in Figure 1.1 which plots the
population as a function of the energy eigenvalue difference for an idealized chaotic
and integrable system. The integrable system’s eigenvalues are attractive, i.e. many
of its values are nearly equal, thus making their difference approximately zero. Their
statistical distribution reflects this by being peaked at zero. The chaotic system’s
eigenvalues, on the other hand, display repulsion hence their distribution is peaked

away from zero.

Integrable Chaotic
25
3
25 2
2 15
z z
15
1
1
0.5
0.5
0
0 1 2 3 0 1 2 3
AE AE

Figure 1.1: The energy eigenvalue difference Histogram for an integrable and chaotic
system. The functional form for each is explained by the attractive (repulsive) nature
of the eigenvalues.

While the eigenvalue statistics program was useful for characterizing a quantum

>This ensemble was chosen such as to have the same symmetries as the studied system.
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system as chaotic, it could not establish a correspondence between a quantum and
classical system, the necessary task for finding the classical limit. There seemed
to be no procedure for starting from a classical system and finding its quantum
analog, besides the trivial cases where the system’s Hamiltonian could be quantized
by operator replacement of variables. Even the simplest “toy” model systems, those
with discrete time evolution such that the dynamics is given by a simple function on
phase space, had no algorithm for finding their quantum counterpart. Given their

Y

simplicity, however, an attempt to derive a quantum version of these “toy” models,

usually called maps, seemed inevitable.

LR

L ) L

Figure 1.2: The classical baker’s map: (a) the unit square is dived into left and
right, (b) the square is squeezed in one dimension and stretched in the other, (¢) the
resultant right hand side is stacked onto the left to preserve area.

A famous example of a classical map is the baker’s map [19]. As shown in Figure
1.2, the map operates on the unit square with an action that stretches by a factor
of two in position, squeezes by the same amount in momentum, and then stacks the
resultant right hand side on top of the left. In this way, its action is supposed to
mimic a baker kneading dough. Despite the difficulties discussed earlier, in 1989

Balazs and Voros created an operator® which they claimed was a quantum version

6Given that the baker’s map time evolution is a phase space mapping, the obvious
quantum analog is a unitary time evolution operator.
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of the baker’s map [20]. Later Saraceno, by using anti-periodic boundary conditions,
would improve the symmetry properties of this operator [21]. In the following years
other versions of the quantum baker’s map were to follow. In 1994 Hannay devised
an optical analogy to the baker’s map [22], a so called canonical quantization” was
devised by Rubin and Lesniewski [23, 24]. Quantum computing realizations have
been proposed by Schack and Brun [25, 26]. A quantum baker’s mapping on the
sphere has also been defined [27]. More recently, an entire class of quantum baker’s
maps was proposed by Schack and Caves using two-level systems i.e. qubits [28].
The Balazs-Voros quantization is but one member of this class. These works often
contained a heuristic argument about why these operators were in fact a quantum
version of the baker’s map, but it remained to be shown in a compelling mathematical

way that these statements were true.

1.2 The classical limit of the quantum baker’s map

The thrust of this work is to find the classical limit for the class of quantum baker’s
maps defined by Shack and Caves and thereby to find out if these maps limit to
the classical map. The classical limit for the Schack-Caves baker’s map has already
been studied by Soklakov and Schack using the decoherent histories apparatus [29].
Decoherent histories, developed by Griffiths, Omnes, and Gell-Mann and Hartle [30,
31, 32], is an alternate program for finding the classical limit. Unlike the semi-
classical approach of this work, it arrives at classical dynamics by an appropriate
coarse graining over phase space. We feel that our program, while using a different

technique, builds upon Soklakov and Schack’s work by studying different possible

"Meaning that Rubin and Lesniewski implemented a covering of the classical map,
7.e. an extension to the entire plane; therefore, their quantum version uses the canonical
position and momentum operators.
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ways of approaching the classical limit®.

Beginning with the Balazs-Voros-Saraceno map and continuing to the Schack-
Caves maps, the quantum baker’s has been defined on a finite-dimensional Hilbert
space’ of dimension D. This space, sometimes called Hp, has a long history of use
by physicists and mathematicians. A summary of its properties can be found in
Weyl [33] as well as Schwinger [34] and Perelemov [35] who were all instrumental
in developing it. The finite-dimensional Hilbert space is an abstract space; unlike
the more familiar angular momentum states, there need not be a physical system
motivating its existence. We begin with a complete set of orthonormal states, which
we call for convenience the “position” basis. Using the discrete Fourier transform,
we create a conjugate basis called “momentum,” and from there, we construct the
corresponding finite phase space. For reasons which will be elaborated in Chapter 2,
the finite nature of the Hilbert space prevents the existence of a position and mo-
mentum operator with the canonical “2h” commutator. There are, however, position
and momentum displacement operators whose commutator has the same form as in
the continuous Hilbert space. These operators allow us to associate eigenvalues with
the position and momentum basis states. In the semi-classical, i.e. large dimen-
sion limit, these eigenvalues approach continuously-valued bounded variables. With
proper scaling, it is possible to recover the unit square, a very important thing when

working with the baker’s map.

Our classical limit program relies on finding the semi-classical form of the quan-
tum baker’s map’s propagator. It is inspired by the work of Van Vleck, Gutzwiller,
and even Feynman’s path integral formulation of quantum mechanics [36]. Using
Gutzwiller’s periodic orbit theory, the Balazs-Voros-Saraceno quantum baker’s map’s
energy eigenvalues have been extensively investigated [37, 38, 39, 40, 41, 42, 43, 44,
45]. Our inspiration is from Van Vleck’s original work [1]. His hypothesis was that

8See Figure 6.3 for details.
9The canonical version of the quantum baker’s map [23, 24] being an exception
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in the semi-classical regime a quantum propagator U should have a position ma-
trix element approaching a delta function centered at the classical dynamics’ action.
For a map, the quantity equivalent to the action is another generating function W,
thereby leaving the expression

PW

(/| 0]) = (2mm) ™2 |

exp [—iW (', x)/n] .

The lack of a canonical position operator in the finite dimensional Hilbert space,
however, forces a modification of this Van Vleck ansatz as it was called by Saraceno

and Voros [39].

Rubin and Salwen’s work on the canonical quantum baker’s map [23] suggested
that the necessary modification to the Van Vleck ansatz could be found using the
Wigner function; a quasi-distribution found by tracing a system’s density operator
against the Fourier transform of the symmetrically ordered displacement operator.
The symmetrically ordered displacement operator has the form exp [i (ng — £p) /]
where the constants n and £ specify displacement amounts. Rubin and Salwen showed
that when 7 and £ are multiples of 27h, the A — 0 limit for the trace of the sym-
metrically ordered displacement operator with the Weyl coherent state projector is
equal to a phase. In which case, the coherent state’s Wigner function for these spe-
cial n and ¢ values limits to a delta function'®. In the finite-dimensional Hilbert
space, 2mh is proportional to 1/D, the fundamental unit of displacement. It there-
fore seemed reasonable that by finding a Wigner function and coherent states for the
finite Hilbert space, one would be assured of a delta function limit for these coherent
states’” Wigner function, thus creating an analogy between the coherent states and
phase space points. In this way, the Van Vleck ansatz would be modified to deal
with phase space points instead of the generating function: if the Wigner function
of a quantum map’s propagator acting on these coherent states also limited to phase

space points then a classical counterpart to the quantum map was obtained. Un-

10The location of this delta function is at the center of the coherent state.
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fortunately, the existence of a finite-dimensional Wigner function was uncertain!!.

Undaunted, we began work to find such a function.

Aided by the work of Wootters [47] and Leonhardt [48], our program for finding
a finite dimensional Wigner function relied on the natural connection between the
finite-dimensional Hilbert space and the set of all doubly periodic wavefunctions.
Demanding that a wavefunction be periodic in both position and momentum re-
stricts the possible values of Plank’s constant to be an integer. This has the effect
of restricting the phase space area between orthogonal states, a quantity equal to
Plank’s constant, to be equal to an integer. The same situation is found in the finite-
dimensional phase space where Plank’s constant must be equal to the dimension of
the Hilbert space, another integer. This connection, made precise through the use
of an isomorphism, between the two spaces allows one to give a finite-dimensional
reinterpretation of a doubly periodic wavefunction’s Wigner function. Unfortunately,
it was found that every state’s finite dimensional Wigner function must necessarily
have regions of rapid oscillation. There are various reasons for these oscillations,
including proper symmetry properties and quantum interference. See Chapter 3 for
details. In the large dimension limit, these oscillations’ frequency increase apace
making a convergent expression impossible. It seemed that the Wigner function was

not the correct phase space function to use.

The other popular choice for phase space representation is the so called Q-
function, often called a Husimi representation by mathematicians. A state’s Q-
function is given by the square modulus of its coherent state representation'?. Using
spin coherent states Ku$ [49] as well as Scott [50] had found examples of angular

momentum systems whose semi-classical propagator had taken a form reminiscent of

W After our work on the finite Wigner function was completed, it would become clear
that Hannay and Berry [46] were aware of its existence in 1980. This fact seems to be
relatively unknown in the physics literature.

12 Assuming that the set of coherent states are complete.

10
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the Van Vleck ansatz. When modified for use with a quantum map B and the Hp

coherent states, this form is
<b‘f3}a> X exp [W(b*,a)/?h] exp [— (la|* + |b|2)/4h] (1.1)

where ‘a> and ‘b> are the coherent states. This expression is a combination of
the original Van Vleck ansatz and its modification to the phase space; its content
is that in the semi-classical regime, the action of the quantum propagator on the
point*® a is non-zero only when b has the value specified by the classical map. To
use this idea in the finite-dimensional Hilbert space of the quantum baker’s map
required finding appropriate coherent states. Literature on the subject indicated
that a promising choice would be the complete set of periodically continued states
of Shau-Jin and Shi [51]. Here, the traditional Weyl coherent states are periodically
continued, making them legitimate states in the finite-dimensional Hilbert space.
While there are other possibilities for coherent states, we have found that these
states have many characteristics which make their use preferable, the least of which

is the ease with which their analytic form can be manipulated in calculation.

It remained an open question whether these periodically continued coherent states
would yield the appropriate semi-classical form for the quantum baker’s map until
the completion of this work. Using the method of steepest descent, a mathemati-
cal technique for finding an integral’s asymptotic form, we calculated the left hand
side of Equation 1.1 in the large dimensional limit for the class of maps defined by
Schack and Caves. To define these maps, Schack and Caves created states for Hilbert
space of dimension 2V that have varying position and momentum localization. These
states are labelled by an integer n. They are strictly position localized in a region
of width 1/2" and roughly localized!* in a momentum region of width 1/2¥=". The

parameter n, the number of position bits, ranges from 0 for momentum eigenstates

13As was the case with the Wigner function, the coherent states can be seen as limiting
to phase space points.
14See Figure 5.4 for a plot of the momentum probability distribution.

11
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to N for position eigenstates. The Schack-Caves class of quantum baker’s maps are
constructed by mapping'® the set of “n-localized” states to the set of localized states
with n — 1. The change in localization from the n to n — 1 states is such that the
position localization is doubled while the corresponding momentum localization is
halved. In this way, the Schack-Caves maps mimic the classical baker’s map. Cal-
culating the semi-classical form of the propagator is equivalent to letting N become
infinite; however, one has complete freedom in determining the rate at which n and
N —n, the number of momentum bits, approach infinity. Moreover, by choosing the
appropriate rate either n or N — n can be kept fixed in the limit. We found that as
long as N — n is not kept fixed then the semi-classical propagator has the desired
form of Equation 1.1. Therefore, we assert that these maps have the proper classical
limit. It is possible for most of the Schack-Caves maps, however, to fix the number
of momentum bits in the limit'®. We find that for these classically incorrect maps
their propagator’s matrix element has non-zero values for a finite set of states. In
the language of Equation 1.1, there is more than one state b for which the matrix
element <b}U }a> is non-zero. An obvious interpretation of this result is a limit to a
classical stochastic mapping which produces one of the phase space points analogous
to b with a probability determined by the non-zero matrix element. However, it

remains an open question whether this interpretation is valid.

It should be noted that the success for these maps is not a guarantee of this
program working for all maps. Baranger [52] has shown that in general one should
expect extra terms in the exponent of Equation 1.1. Also, we calculate the propagator
for one time step to avoid complications which will arise after many iterations of the
mapping. For long time scales, simple quantum-to-classical correspondences will

break down [53]. In which case, another classical limit program such as decoherence

15The center’s of the prior and resultant states are chosen to mimic the classical baker’s
map.

16This is the difference between our work and that of Soklakov and Schack. They did
not allow for this case and thus did not realize the possibility of a different classical limit.

12
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[54, 55, 56] or continuous measurement [57, 58] will be necessary to restore the

classical dynamics.

1.3 Thesis outline

This thesis is organized in the following way. Chapter 2 introduces the finite-
dimensional Hilbert space and its corresponding phase space. We begin with a sum-
mary of the basic features of the finite Hilbert space, the position basis vectors and
the discrete Fourier transform’s creation of momentum states. As the question of
creating position and momentum operators is often raised by those unfamiliar with
this space, an explicit calculation of the commutator for the obvious Hermitian oper-
ators is given. We find, as it has been shown in many places before, that the position
representation of the commutator has non-zero off diagonal values; thus, proving that
the canonical commutation relation is not obeyed. Next, we introduce the position
and momentum displacement operators which act on states in the discrete Hilbert
space. We find that their commutator is of the same form as the continuous space.
This allows us to define an finite analog to the symmetrically ordered displacement
operator. The displacement operators also allow us to show that the basis vectors are
periodic, up to phases. From this periodicity, we realize that the finite-dimensional
phase space corresponding to the Hilbert space is a torus. Finally, we introduce the
symmetry operators, Fourier transform and time reversal, for the finite-dimensional
Hilbert space and define them by their action on the position basis vectors. By
demanding that these two operators produce basis vectors when operating on mo-
mentum states, we find these operators can be given a geometrical interpretation in
phase space only for the special choice of periodic or anti-periodic boundary condi-
tions. This interpretation being 90° rotation and reflection through the position axis

respectively. Using the geometrical interpretation as a guide allows us to classify the

13
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other possible symmetry operations. We find that every symmetry operation can be
performed by combinations of Fourier and time reversal, thus making their study

paramount.

Chapter 3 concerns the finite-dimensional Wigner functions; its derivation and
relevant properties. As there seems to be a great degree of repetition in the field, we
begin with a summary of the huge body of literature on the finite-dimensional Wigner
function. Next, we introduce the motivation and the actual form of the isomorphism
which maps between H p and the subset of doubly periodic wavefunctions. With this
isomorphism, we calculate the finite-dimensional characteristic function and from it,
the finite-dimensional Wigner function. As the Wigner function plays a large role
in this work, its salient features are studied in great detail. In particular, we show
how the Wigner function produces the correct position and momentum marginal
distribution and investigate its puzzling 4D? values. As the phase space is a D?
valued grid, it was originally assumed that the corresponding Wigner function would
have the same number of values. Instead, it has 4 times as many values'”. We
have forwarded two explanations for these extra “pieces”. One explanation is that
these extra values are necessary to give the Wigner function the same geometrical
interpretation in phase space as the symmetry operators of Chapter 2. The other
explanation comes from the periodicity of the phase space, a characteristic which
must be mirrored in the Wigner function. This periodicity of the Wigner function
creates quantum interference and results in regions of phase space where the Wigner
function’s values oscillate rapidly'®. Neither explanation can be proven to be the

“real” reason for the 4D? values and must instead be viewed as complimentary

1"This statement is controversial. Many researchers believe in Leonhardt’s result that
this is true only for even-dimensional Hilbert spaces. We, on the other hand, have found
that the Wigner function has 4D? values for all dimensions but that it is possible, in odd
dimensions only, to create from this function one with D? values.

18This is the same rapid oscillation which made the Wigner function unsuitable for use
in the semi-classical calculation.
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features of a phase space function.

Chapter 4 details the pertinent characteristics of the finite-dimensional Q)-function.
We first introduce the periodically continued coherent states and give their position
basis representation. With our mathematical technique of finding the Fourier se-
ries representation of the periodically continued coherent states, we show that these
states have the expected momentum basis representation and are able to give a sim-
ple expression for the normalization of the coherent state subset used in defining our
@-function. We also explicitly prove the completeness of these coherent states and
thus define our ()-function. This @-function is seen to almost trivially have the phase
space geometrical interpretation that was so difficult to find for the discrete Wigner
function. The periodically continued coherent states are easily modified to create
a finite-dimensional squeezed state, so these states are introduced and shown to be
complete as well. This chapter concludes with a derivation of the fact that a discrete
Gaussian convolution links our choices for the Wigner and Q-function. While this
fact is not directly related to finding the classical limit of the quantum baker’s map,
it is included as it gives greater weight to our belief that these functions are the

proper ones for use in the finite-dimensional Hilbert space.

Chapter 5 introduces the quantum baker’s map. Starting from the Balazs-Voros-
Saraceno map, we motivate the Schack-Caves class of baker’s maps. Balazs and
Voros’ quantum baker’s map was defined using the partial Fourier transform operator
which, to paraphrase Balazs and Voros, is an operator which, “Fourier transform
half of the sites.” Using the Q-function, we clarify this statement; we find that in
phase space the partial Fourier transform operator creates states which are position
localized in either the left or right hand side of the phase space and momentum
localized to within the limits of the uncertainty relation. Their baker’s map recreates

the classical map by taking these states and mapping them to momentum eigenstates

15



Chapter 1. Introduction

whose position localization is twice that of the previous states!®. Realizing this

interpretation, Schack and Caves created the n-localized states discussed earlier. We
detail the action of these maps and also show the importance of the Schack-Caves
choice of anti-periodic boundary conditions. Lastly, we investigate the eigenvalues
for the n = N Schack-Caves map. Its eigenvalues are found to be completely regular,
i.e. they are all roots of unity, a characteristic not found in the other maps. It is
hypothesized that this difference in eigenvalue behavior could have been seen as an

indicator that this map has a different classical limit.

Finally, Chapter 6 details the calculation of the semi-classical coherent state
representation of the propagator for the Schack-Caves class of quantum baker’s maps.
As stated previously, we find that for limiting schemes which allow the number of
momentum bits to become infinite the propagator’s coherent state representation
has a limiting form of Equation 1.1. Hence, we claim these maps have the proper
classical limit. However, one has complete freedom in taking this limit, thus it is
possible to fix the number of momentum bits and have a map without the correct
classical limit. This is always true for the n = N Schack-Caves map as its input
is a position eigenstate. For these maps, we introduce the possibility and derive an

expression for the probabilities of a stochastic classical interpretation.

Chapter 7 concludes this work by offering insight into the construction of this

document as well as providing topics for future work.

YWhere the mapping is chosen such that the center of the prior and resultant states
mimics the classical baker’s map.
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Chapter 2

The quantum phase space

2.1 Discrete quantum phase space

The basis of work in this thesis is the discrete phase space corresponding to a D-
dimensional Hilbert space Hp. In a finite D-dimensional Hilbert space, there are
no real position and momentum operators. The reason for this is that the canonical
commutation relationship, [¢,p|] = ik, is no longer true. Instead of relying on Her-
mitian position and momentum operators, we instead base our phase space on the

unitary displacement operators!.

We begin with a basis ‘ej>, 7 =0...D — 1, which will act as our “position”
eigenstates. This assumption is made formal by having them be the eigenstates of

the momentum displacement operator, U ,

~

U

;) = exp [2mi(j + B)/D) |e;). (2.1)

This basis is complete, ZJD:_(]I ‘ej><ej‘ = 1 and orthonormal, <ej‘el> =0,

IThese operators, like in the continuous case, still obey the Wigner-Weyl commutation
relation.

17



Chapter 2. The quantum phase space

While labelled by variable j, the eigenstate ‘ej> can be thought of as having a
“position eigenvalue” e; = (Q/D)(j + ). Geometrically, we represent our Hilbert
space in a configuration space as a discrete set of D points which are equally spaced
between 0 and (). Each point is offset by an constant amount § which must neces-

sarily be in the range [0, 1).

‘oo o o o P

36 $0+8) FD—=1+8)

Figure 2.1: Geometrical interpretation of the position eigenstates: D equally spaced
states along a line of length @, each offset by an amount (Q)/D)/. Their eigenvalues
determined by their length from the origin.

We now wish to make a connection with the familiar constant h. To do this, we
make an analogy between the operator U and the continuous displacement operator
exp|iPgp/h] which displaces by the amount Pp. The constant P sets an overall
momentum scale and p is the displacement amount relative to P. If we naively

operate upon a state? ‘ej>, we have

exp {Z;;qp] ‘e]> = exp {225 i+ B8) } ‘ej>

Now we must make some assumptions about the variable p. We know that in Hp,

the eigenvalues differ by 1/D; therefore, if we set p =1/D, we get

exp [fqp] lej) = exp [}L%z J+ﬁ} le5)-

For consistency of units i.e. to get Equation 2.1, we must have that

QP = 2rhD. (2.2)

2We will assume that § is the operator whose eigenstate is |6j> with eigenvalue e;.
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This relationship simply states that the phase space area per orthogonal state QP/D
is given by 27h = h.

Z(D-1+0)g

%(1—1—04)’

Sl

Y

)

Figure 2.2: Geometrical interpretation of the momentum eigenstates: D equally
spaced states along a vertical line of length P, each offset by an amount (P/D)a.
Their eigenvalues determined by their length from the origin.

Conjugate to position is momentum. We shall create a conjugate basis through

the use of the quantum Fourier transform,

D—-1 D—

by = S leeln = = e [ koo @9

j=0 7=0
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which defines the inner product <ej ‘ pk>. This equation can also be written as

D—

) = 3l el) = 3 e [

—_

o

<

(2.4)

v

— ’_ ‘ej>exp [iQ(j + B)pr/hD],

<
o

where p, = (P/D)(k+«). Using Equation 2.2, we see that the momentum eigenstates
have “momentum eigenvalues” p, = (P/D)(k+ «). Not surprisingly, the momentum
representation of the Hilbert space is also a discrete set of points, but equally spaced
between 0 and P. They are offset by a different constant a € [0,1). We shall see

that the constants o and ( are related to the periodicity of our space.
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Equation summary for section 2.1

l

)= e |51+ )] leg) = o [ s/ D) e

A

U

;= 2(j+0)
Z_:}ej><ej\ =1

(esle) = 351
(elin) = e |20+ 8)+ )] = e | ein ]

P
Dk = 5(1{:4—@)

QP = 27hD

2.1.1 Non-canonical position and momentum operators

With the mathematics already developed, we can see why it is impossible to define

a position and momentum operator in Hp which satisfy the canonical commutation
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relationship®. If we define a position operator, we can write it as

D—-1

q= Zej ‘ej><ej}, (2.5)

=0
where e; is shorthand for (Q)/D)(j+ ). Likewise, we can write a momentum operator

D—-1

p=> pi|pr){pxl (2.6)

with pr = (P/D)(k + «). From these definitions, we see that

D—-1

qp = Z ejpi |e5){e;|pr) (P
Pt

. (2.7)
\/_ Z €Dk eXp { D (J+8) k‘+a} ) (Pxl-

7,k=0
Inserting a resolution of the identity, we can write the operator in the position rep-

resentation? as

1 D—-1 D-1
qp = 75 Z e]pkexp{ (j+5) k+a] e Y (pi|er) (el
7,k=0 1=0

(2.8)

Hﬁ

D

;Oe]pkexp{ (k+a)(j — }\ejxel\.

We can divide the sum over the [ variable into two pieces: [ = j and [ # j. For the

former case, we have

k4 P D 1 ol
Z 2 e;) (el PZ - = 5 (5= +2) D_eiles)el (2.9)
Jj=0 j=0

where we have used the summation formula

im _ N(N+1)
m=0 N 2 '

3This topic has been much discussed and is included mostly as a summary of other work.
For a recent review along with a proof of the re-emergence of the canonical commutation
relation in infinite dimension see de la Torre [59].

4A similar treatment in the momentum representation yields similar results.
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For the [ # j case, we need to be a little trickier. We can write the sum of interest

as
D—1 . D—1 .
27 , D 0 271
kE_O k’ + Oé exXp [ D (k + Oé)(] — l):| = 2—7”% (kg_o exXp [f(k + Oé)[lf:|> y
= = r=j—

Using the summation formula for a geometric sum,

a+1

1—2z
2.1
Zw - (2.10)

we see that

-1 D 0 (exp [2miax /D) (1 — exp [2m'x]))_

Z(l{; + a)exp [ D (k+a)(yj— l)] 27 O 1 — exp [27miz /D]

After taking the derivative and setting x = j — [, we have

o omi 1 exp[2wiali—1)/D)
kz:% (k + ) exp [ D (k+ a)(j l)} = D1 — oxp [2ij = /D) (2.11)
giving
M_ED -1+ 2 oMo | exp[27rza]—l o Ve
¢ D; ( e3)( ]} ;1 exp [2mi(j }J><l}>

(2.12)

From this expression, we find the commutator matrix elements,

qp —pq = —g Z Z e; <lei<p [27rioz(tj _—l)l/)?l])] lej)(er| — h.c.) : (2.13)

exp [2mi(y

where h.c. stands for hermitian conjugate. We see that not only is the commutator

not proportional to the identity matrix, its diagonal elements are zero.

For an infinite-dimensional Hilbert space, the analogous expression for the ¢p

operator contains the term

/ dpp exp [—%p(z - x')} _ maia(x ey

X
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This Dirac-delta function derivative is necessary to create the canonical commutation
relation. In the finite case, the sums are not sufficient to create them?®; therefore, the

idea of having canonical position and momentum operators is impossible.

Equation summary for section 2.1.1

1 — gott
Zx 1-x

D-1
o P ( exp [2mia(j — l) D]
qap—pq = —— €; ‘ej><el‘ — h.c.
D = = 1 —exp [2mi(j — 1)/ D]

2.1.2 Displacement operators and periodicity

The action of U on the momentum states can easily be calculated as

Zexp[ G+ Bk + )| D)

Zexp { (G+B)(kE+1+a) } le;) (2.14)
= }Pk+1>-

Hence U’s earlier title of “momentum displacement operator.”

By reversing the roles of position and momentum, we define a position displace-
ment operator, V. Its eigenvectors are the momentum basis vectors ‘pk>, and its

action on them is defined by

21

— e |2+ a)] ) = o0 [-Eni@/D)| ). 219

®As will be shown in an upcoming section, sums of the form ZJ»D:_Ol exp [2mijk/D] are
Kronecker-delta functions, but one cannot create from them a function with the necessary
Dirac-delta function derivative properties.
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A similar calculation to the one above verifies its name,

= |ej+1)- (2.16)

From their definition, it is easy to calculate the commutator of the two displace-

ment operators. The calculation is

D—-1

uv Z e] <e]‘ Zexp[ (j+1) } ‘ej+1>

(2.17)

D—-1

WD; o) (e;| = Zexp {27” } ejs1)

such that UV = exp [2mi/D]VU. This procedure can be generalized for arbitrary

powers; we find that the operators obey the Wigner-Weyl commutation relationship,
IaNp k 27TZ . A k e

This leads to the idea of a symmetrically ordered displacement operator. If we define

an operator Bj,k to be the following

A

B = exp {% jk} Vil (2.19)

then we see that this chosen phase factor gives it the very nice property that

A

_i_ o A~
Bj,k - B_.]7_k

This is analogous to the continuous case where the symmetrically ordered displace-

ment operator is 15(77 £) =exp [i(n@ —¢£ p) /|, which trivially satisfies the condition
Df(n,&) = D(—n, =£).

But what happens if one tries to displace out of the space, i.e. what is U ‘ pD>

or V}6D>? There are many ways to answer this question. Perhaps the easiest way
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Figure 2.3: A representation of the phase space for a D = 5 dimensional Hilbert
space. Each point on the lattice corresponds to a particular eigenvalue pair (e;, py).

is to look at the equivalent problem of finding the action of b ‘ p0>. Repeating the

calculation of equation 2.14, we see the following

D—1 : :
(A]D}p0> — % Zexp {%(] + ﬁ)D} exp [%(] + B)(k + «) }ej>. (2.20)
j=0
Now, there are two equivalent ways to continue. We can do as before and say that
UD}p0> = ‘pD>, or we can use the fact that exp [2mi(j + 8)D/D] = exp [2mif] to
conclude that UP ‘ p0> = exp [27i[] ‘ p0>. This argument can be applied to any of the
momentum basis vectors; therefore, we are led to the fact that our Hilbert space is
periodic® in momentum
‘pk+D> = exp [27if] ‘pk> (2.21)

6Periodic with the phase 8 would be a more accurate statement.
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A similar argument shows that the Hilbert space is also periodic in position

lejrn) = exp [—2mia] |e;). (2.22)

The constants a and 3 are boundary conditions, sometimes called Floquet angles,
that determine the kind of periodicity of our phase space. Since this space is periodic’
in both conjugate variables we can identify it to be a torus. While any combination
a and [ is possible a priori, there are two sets of boundary conditions which are
used most often. These are « = f = 0, which is periodic boundary conditions:
lej+0) = les),

conditions: }ej+D> = —‘ej>, ‘pk+D> = —}pk>.

pk+D> = ‘pk>, and o« = = 1/2, which is anti-periodic boundary

From this construction of conjugate position and momentum variables, we create
a phase space for our finite-dimensional Hilbert space (Figure 2.3). It consists of
a lattice of D? evenly spaced points. Each point represents a pair of position and
momentum eigenstates. Given the toroidal nature of the phase space, we must keep
in mind that these points are the fiducial choice for the states and that this grid

extends infinitely in all directions.

"Up to irrelevant phases.
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Equation summary for section 2.1.2

. l

U |e;) = exp {%(j +6)] le;) = exp {hexP/Dﬂ lej)

(7}pk> ::‘pk+1>

UD‘pk> = ‘pk+D> = exp [27if3] ‘pk>

211

mpk>:exp[ g

(h+0)] ) = exp |~ (/D) )

V

€j> = }€j+1>
VP ‘ej> = ‘ej+D> = exp [—2miq] ‘ej>
S 271 NP
U’V" = exp 6]1{: VEU?
Bj,k = exp [%]k} Vigk

A
B’J{I - B_.77_k

J
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Chapter 2. The quantum phase space

2.2 Special operators

2.2.1 Fourier transform

In H p there are operators whose use is so common that they deserve special attention.
The first is the Fourier transform operator, F. It is defined through its action upon
a position eigenstate,

Fle;) = |py). (2.23)

Its matrix elements are given by the discrete Fourier transform,

(eslFlew) = (elpe) = <= exp | 6 + )0+ )] (2.24)

Unfortunately, not all boundary conditions can be used with this Fourier operator.
The reason for this becomes apparent when we look at the action of the parity
operator, F?. Given parity’s definition, we demand that its operation on a position
eigenstate be another position eigenstate®; therefore, the <ek‘ﬁ’ 2‘6j> matrix element

should equal a Kronecker-delta function.

From the earlier definition,

) =exp | aths ) exp | 2805+ o)

1 2mi
— —1
D;exp { 5 (k:+y+a+6)]
(2.25)
The sum over [ will be a delta function only if o + [ is an integer.
To see this we shall prove the following fact
D—1
1 2mi
) exp {—]u} Z dumD (2.26)

7=0 m=—00

8This requirement is equivalent to demanding that the action of the Fourier operator
on a momentum eigenstate be a position eigenstate.
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Chapter 2. The quantum phase space

given that p is an integer.

The proof is quite simple and relies on the expression for a geometric sum, Equa-
tion 2.10. First it is obvious that if p is a multiple of D, say u = mD), then

21 .
eXp | —5-jfi| = exp [2mijm] = 1

such that
1 DZ‘I ori
— exp {—j,u} =1.
D = D

Otherwise, the geometrical sum formula gives

1 2! omi 1 22! omi 1\’
52 e | ] = 53 (e | 5] )
=0 =0 (2.27)

_1 (1 — exp [27T’é/LD/D]>
D \ 1—exp[2mip/D] )’

If 1 is an integer then exp [2mipD /D] = 1 such that numerator above must be zero.
In which case we have a function whose value is 1 when p is a multiple of D and 0

otherwise’. By definition, this function is the Kronecker-delta sum of Equation 2.26.

Some care must be used when using Equation 2.26. As was made clear during
the derivation, its content is, “If u is equal to 0 modulo D then the sum’s value is
unity; otherwise, its value is zero.” Many times when using this sum, the possible
values of p will be restricted such that there can only be at most one or two possible
values of m in the resulting Kronecker-delta sum. Throughout this work, the author
has taken pains to note places where the sum in Equation 2.26 may seem to create

mathematical difficulties.

With the proof of Equation 2.26 completed, we now see that the sum from Equa-
tion 2.25 yields the Kronecker-delta function,
1=  [2mi -
D ; exp {jl(/ﬂ +Jta+ 5)] = Z Ok-+j+a+B,mD: (2.28)

m=—0oQ

9Tf 1 is not an integer then Equation 2.27 is the best we can do.
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only when a+f is an integer. Our choice of boundary conditions have been restricted.

Assuming that o + 3 is an integer, simplifies the £ matrix element to be

o0 .
211

€j) = Z exp [2mim/[3] exp [ o) (j+a)(B— a)] Oktjtatsmp-  (2.29)

m=—00

F2

{er

If we choose 7 and k to be in the fiducial 0 to D — 1 range then the only possible

value for m is 0; in which case

P Flp;) = exp [%(J’ +a)(B - Oé)} Ok,—j—a—B- (2.30)

(e

¢j) = (e

If we also wish to have the Fourier operator be the geometrical phase space 90°
rotation then the situation is further simplified. As Figure 2.4 shows, to have the

position state rotate to the proper momentum state, we must have a and S equal.

(1

Figure 2.4: The Fourier transform operator is counter-clockwise 90° rotation.

Combining this restriction with the o 4+ 3 equal to an integer condition, gives
us our possible boundary conditions. Since a and [ have values restricted to the
[0,1) range, the only possible boundary conditions are: « = = 0 (periodic) or

a = = 1/2 (anti-periodic). For these two special case, Equation 2.23 and Equation
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2.30 imply that the action of the Fourier operator is

F

¢j) = \Pj%

(2.31)
pe) = [ecicams).

F

To see that this is the proper behavior, we need to remember that the eigenstates’
“eigenvalues” are placed in the phase space at e; = Q(j+03)/D and p, = P(k+a)/D.

In the periodic case, we have the following map for the eigenvalues,

Q . P
€ =7J 7P =7
D D
(2.32)
— Pk — Q( k) =
Pk = 5 — e_| = D = —€k,
which is the definition of a 90° rotation.
The anti-periodic case works as well. Here, we have the mapping
Q,. 1 P, 1
¢;=50+35)=2p=50+3)
D 2 D 2
Pr — 5(]{7 + 5) — € |1 = 5(—]{7 - 1 —+ 5) - 5(—]{7 - 5) = —€k.

The additional o 4+ [ term in resultant Fourier transformed state ensures that the

eigenvalues are rotated to the correct values.
A compact of writing these final results is that

¢j) = ‘Pj>

pr) = | —ex)

F

. (2.34)
F

for periodic and anti-periodic boundary conditions.

As a final note on the Fourier operator. We see that its interpretation as a 90°
rotation holds for repeated applications (not just F and F 2). This can be shown

directly

F4 €j> = F3‘p]> = FQ e_j_a_5> = F

P-jma-p) = |ejrats-a—p) = |ej).  (2.35)

As is required by a geometry, four 90° rotations is identity.
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Chapter 2. The quantum phase space

2.2.2 Time reversal

The other operator of interest is time reversal, T. Tt is an anti-unitary operator
which means that it is anti-linear and unitary [60]. An anti-linear operator is one

which operates on a linear combination of states in the following way

T (i aj}ej>> = z_: a; T (2.36)

where @ is the complex conjugate of a;. The unitarity of this operator still means
that 7Tt = TTT = 1. Time reversal is defined by its action being invariant on a
position eigenstate, i.e.

D =le;) (2.37)

for all values of j. Its operation on a momentum state can easily be found with a

resolution of identity,

) =7 (3 (o) )

— %T (;exp {QD (G + B) l{;—i—a} \ej>> (2.38)

D—1
271

- 3 exp [—3(3 + B)(k + a) } les)-

By rewriting this expression, we see that the reasonable demand that time reversal
produce an eigenstate when operating on a momentum state restricts the choices of

boundary condition,

— % Z_ exp {%(g‘ + B)(—k — 2a + a)] le;) = |p-k-24)- (2.39)

It is obvious that 2o must be an integer for this last statement to be true; therefore,

we must choose either periodic or anti-periodic boundary conditions for momentum.

The logical choice would be to choose either of these boundary conditions for both
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position and momentum. In which case, the Fourier operator would be rotation in
phase space, and we can give time reversal a similar interpretation. A similar analysis

to the one done before on the eigenvalues shows that the action of time reversal is

&) = }€j>

Pk> = ‘ —pk>-

T

. (2.40)
T

Not surprisingly, as shown in Figure 2.5 time reversal is reflection through the

Figure 2.5: Time reversal is reflection through the position axis.

position axis.

It is interesting to note that it would be possible without appealing to a geomet-
rical interpretation to have one exist regardless. Demanding that both the Fourier
and time reversal operator produce eigenstates when acting on momentum states
is enough to restrict the choice of boundary conditions to either periodic or anti-
periodic. The Fourier operator restricts us to o + [ being an integer, and time
reversal forces 2a. to be an integer. Obviously, the second restriction implies that «
must be either 0 or 1/2; and the first then forces  to be 0 and 1/2 respectively. The
drawing of a picture to analyze the behavior of these operators is unnecessary, but as

always a useful tool for reaching a deeper understanding of the principles involved.
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2.2.3 Other symmetries

Figure 2.6: The action of the operators TF and FT respectively. Each is found to
be a reflection through a different diagonal (represented by the solid line).

The geometrical interpretation of the Fourier and time reversal operators imme-
diately suggests that other interesting operators may be found by considering the
possible symmetries of the square'. The remaining symmetry operations are reflec-
tion through the momentum axis and the diagonal. Fortunately, it can be shown that
these operations can be created from combinations of the ones previously defined.

For example, the operator TF has the following action

TF

e;) =T |pj) = | —ps),

) (2.41)
pe) =T | —ex)=]—ex)

TF

where we assumed either periodic or anti-periodic boundary conditions such that
both Fourier and time reversal are defined. We see that this operation is reflection

about the diagonal, y = —x (Figure 2.6).

10Give the freedom of choosing @@ and P, the symmetries of the rectangle may be a more
semantic yet truer statement of what we wish to find.
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The other operator, FT acts as
FT |ej) = Flej) = |ps),

) (2.42)
pr) =F| =)= lex)

FT

which is reflection about the other diagonal, y = x (Figure 2.6).

To get the operator which is reflection about the momentum axis (Figure 2.7), we
need to rotate the state which has been reflected about the positive diagonal. That

is, we use the operator, FET. Its action is
FET le;) =F |pi) = | =€),

. ) (2.43)
PET ) = Flex) = ).

A

Figure 2.7: The action of the operator FET; reflection through the momentum axis.

A list if all possible symmetry operations have been compiled in Table 2.1. These
operations will be revisited when discussing the finite-dimensional Wigner function

of Chapter 3.
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Chapter 2. The quantum phase space

Symmetry Operator
Position Translation 1%
Momentum Translation U
90° Rotation F
Reflection about Position T

Reflection about Momentum FET

180° Rotation (Inversion) F?
Reflection about y = x FT
Reflection about y = —x TF

Table 2.1: A summary of all possible symmetry operations including translations,
which were not explicitly discussed in the previous section, but can easily be seen as
such.
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The quantum phase space

Summary of the symmetry operations
from section 2.2

for periodic and anti-periodic boundary conditions

Fles) = |ps)
Flpr) =] e
Te;) = les)
Tlpi) = [ = i)

FT\QD = \Pj>

FT |pr) = |ex)

TFle;) = | —py)
TF \Pk> = \ - €j>
FFT |ej) = | —¢))

PET |pe) = [pr)
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A Wigner function for

finite-dimensional Hilbert spaces

3.1 A history of the finite Wigner function: Re-

inventing the wheel

The quasi-probability function that bears his name was first introduced by E. P.
Wigner in 1932 [61]. It is a real function of position and momentum, W (g, p), whose

marginals give the probability distribution of the conjugate variable, i.e.

/de(q,p) = P(q), /dqW(q,p) = P(p).

The Wigner function is called a quasi-probability function because there are systems
for which it has negative values; hence, it cannot be a true joint probability func-
tion. The Wigner function is defined as the two-dimensional Fourier transform of a

characteristic function, ®(n, ), which is the expectation value of the symmetrically
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ordered displacement operator,

@(&,m) = tr(pexp [i(nd — &5)/] ) = tx(p exp ing /20] exp [~igp/h] exp [ind/n] ).
(3.1)

Wiq,p) = ﬁ/dn d¢ exp [i€p/h] exp [—ing/h] ©(£, ). (3.2)

Contrary to what is reported in much of the physics literature, the first work! on
a Wigner function for finite-dimensional Hilbert spaces was not done by Wootters
[47]. In 1980, Hannay and Berry developed a Wigner function, by in their words,
“a straightforward application of the definition [of the continuous Wigner function]
it is found that provided irrelevant infinite normalization difficulties are ignored the
Wigner function ... is a 2N x 2N periodic ‘9 brush’ on the phase plane.” [46] Not
only did Hannay and Berry develop the Wigner function before Wootters, they were
the first to see that finite-dimensional Wigner functions have 4D? values. We shall
see that the derivation of a finite Wigner function in this work avoids the infinite

normalization difficulties mentioned above.

Having missed the Hannay and Berry paper, Wootters developed his own more
limited version of a finite Wigner function seven years later [47]. He created a D?
valued discrete function, W;,,, for Hilbert spaces of prime dimensionality D. The
indices label possible position and momentum eigenstates. The sum over one of
the indices gives the probability for the system to be in the eigenstate labelled by
the other index (Figure 3.1). The argument for prime dimensions was based upon
the Wigner function’s projection property, which states that projecting the Wigner
function onto a line in phase space gives the probability distribution for an observable
orthogonal to that line?. It is only possible in prime dimensions to construct a unique

set of discrete “lines;” therefore, only prime dimensional spaces could have Wigner

We are ignoring the continuous angle variable approach for finding Wigner functions
of spin systems. The interested reader is urged to check the references contained within
Leonhardt [62].

2The marginals are the extreme cases of the projection property.
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>~ W(aj, qx) = probability(p = py)

T o [ ] [ ] [ ] [ ]
T @ [ ) [} [ ) [ )
T @ [ ) [} [ ) [ )
i — e — —q

> 1 W45, pr) = probability(q = q;)

Figure 3.1: A schematic rendering of Wootters’ Wigner function for a finite-
dimensional Hilbert space. The Wigner function has a real value at each point
of the lattice. Marginal distributions are found by summing over a row or column.

functions defined on them. There was the possibility of factoring composite spaces
into their prime factors, but Wootters was unable to define a Wigner function for

them from first principles.

In the following years, progress was slow [63, 64] until the work by Leonhardt
[48]3. His approach was to find an operator on the finite-dimensional Hilbert space
which is the analogue to the symmetrically ordered displacement operator. With
this operator, he was able to define a characteristic function and by taking a discrete
Fourier transform, a Wigner function. During the derivation, it became clear that
even and odd dimensional Hilbert spaces needed to be treated separately. For odd
dimensional spaces the Wigner function has D? values and exists at integer lattice

sites; while for even spaces, it has 4D? values and exists at half-integer lattice sites

62).

This half-integer nature of the Wigner function is now becoming widely accepted.

3Who also did not reference Hannay and Berry
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This type of Wigner function was recently used by Bianucci et al. [65] to study
Grover’s algorithm, an exciting development in quantum computation. The author’s
approach to finding a Wigner function for finite-dimensional Hilbert spaces relies on
there being an isomorphism between the finite-dimensional Hilbert space and the
space of doubly periodic (unnormalized) wavefunctions. With this map, one can
use the continuous phase space definition of the Wigner function to define a Wigner
function for finite dimensions. This approach also makes clear why the Wigner
function has 4D? values for all dimensions and how a D? valued version can be

constructed in odd dimensions.

Of course, not all researchers missed the seminal Hannay and Berry paper. Its
influence can be seen in the works of Dana [66] and Lakshminarayan [67], for example.
However, most physicists continue to begin the Wigner function journey with the

works of Wootters or at best Leonhardt.

3.2 The isomorphism

In the infinite-dimensional Hilbert space, Lo, we have position and momentum basis

vectors,

7) and ‘1_9>, with Dirac-delta function normalization, <§‘§’ ) =0d(q¢—¢) and

<]_9‘]_9’ > = d(p — p'). The basis vectors are related by a continuous Fourier transform

(711) = oz o0 | 3]

There is a natural connection between Hp and the subspace of Ly consisting of

doubly periodic states }¢>, whose position and momentum wavefunctions satisfy
(z + Q‘w> = exp [2miq] <§‘1p>, (3.3)

(p+ Plv) = exp [-2miB] (p|v), (3:4)
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where (Q and P are the periodicity scales in position and momentum?. The periodicity
defines a D-dimensional subspace, provided QP/(27h) = D is an integer, as we will

now show.

Consider a wavefunction whose position representation, ¥ (x), is periodic as in
Equation 3.3. Being periodic, it must have a Fourier series representation

= (Z|v) = Z {p, €XP { 0 (n + ) } : (3.5)

where the expansion coefficients, a,,, are found in the usual way. If we substitute this

relationship into the momentum representation, we get

= (@l¥) )
_ \/%n;ooan/dx exp {2m’x ("50‘ - 27%)} 56)
= V2rh i an5( —%(njLoz)).

From this last expression, we see that

b(p+ P) = \/—Z <p+P—@(n+a))

= omh ’ QP (3.7
\/—n;c>o ( —?(n—ﬁjLa))

We see that unless QP/27h is an integer, this expression can never be periodic.
It should be noted in the interest of completeness (and for the interested reader)
that the correct periodicity (Equation 3.4) is enforced by the condition a, p =
exp [—27mif] ay,.

We shall now show that the expansion coefficients for a general state vector in

the Hp and the subspace of L, are simply related. This will allow us to create an

4There is a small problem with these doubly periodic functions; their periodicity makes
them impossible to normalize. However, these states, just like plane waves, can be used
(with care) in theoretical calculations.
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isomorphism between the two spaces. Take an arbitrary vector in Hp,

) = ch lej) = de |pr)- (3.8)

By using the completeness relationship ZkD:_Ol ‘pk><pk} = 1, we find the relation

between expansion coefficients,

D—-1

¢; = (eslv) = (eslpn)(pil¥)
k=0 (3.9)

1 = i
— \/—E kz:%exp {ﬁpkej} dp.

Within the doubly periodic subspace of Ls, we construct a state W> which has
support only on those ¢ and p whose values are the same as those from the finite-
dimensional subspace. That is, we take ¢ = Q(j+3)/D, p = P(k+ «)/D and create
the state

o0

)= dlm) = i d;.|Pr)- (3.10)

j:—oo k=—oc0

The periodicity of the subspace allows us to rewrite these expressions as

W> = -_ c; < Z exp [2mian] ‘qj + nQ>>

(3.11)

=) d, ( i exp [—2mifm] |pi +mP>> :

m=—0oQ

Now we’ll find the relationship between ¢} and d,. We'll start by using the

position wavefunction,
(o]

(T|Y) = Z_ Z ¢ exp [2mian] §(x — ¢; — nQ),

7=0 n=—o00
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which we’ll relate to the momentum wavefunction,

@@=/@@m@@

. D-1 oo
1
= dp ex d,, exp [—2mimf] 6(p — pr — mP
| Dol o (3.12)
= ex +mP)| d, exp [-2mim
1 D—1 i [e's)
= exp | —zpx | d, exp [2mim(Dz/Q — B)].
7 pk} L 3 ewlnim(Da/Q - 9)
In the last step, we have used the fact that QP = 27hD.
This expression can be simplified by using the Poisson formula,
Z exp [2mim(x — Z oz —y—1). (3.13)
m=—00 l=—00
After doing the sum,
exp 27rzm< )] 5( —):— Sz —q),
m;oo |: Q l—z—;o D l—z—;)o l
we insert the resulting delta into Equation 3.12 to give
(T|Y) = \/ \/— Z > djexp [ qu] 8(z — q).
k=0 I=—o00
We then separate the summing variable [ into two pieces
D—-1D—-1 oo i
<[E"{/J> \/ — Z Z Z exp {ﬁquk} dy exp [2mia] §(x — ¢; — nQ)
D k=0 j=0 n=—0c0
by (3.14)

i d,
- —_— = exp [ =q;Pk| —F—-
V@ VD& {h ! ’“} VP

Equations 3.9 and 3.14 verify that the expansion coefficients ¢ /v/@Q and d},/ VP

are related in the same way as ¢; and dj, thus establishing an isomorphism between
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Hp and the doubly periodic subspace of £,. Comparing equations 3.8 and 3.11 gives

a general form for the isomorphism,

‘ej> ~+/Q Z exp [2mian] ‘qj +nQ)

T (3.15)
) & VP Y exp[—2mifm] |py + mP).

3.2.1 An improvement to the isomorphism

The different inner products for states in Hp and states in Ly forces us to be more

careful in defining this map,
(exle;) = o

—Q Z exp [2mic(n — n')] (g + WQ‘%’ +n@)

. (3.16)
=Q Z exp [2mia(n — n')] 0(q; — qr + Q(n —n'))

=0(q; — @) Z d(n —n') exp [2mia(n — n')].

n,n'=—oo
Thus the simple isomorphism maps the Kronecker-delta inner product to a delta-

function multiplied by a highly divergent series.

To avoid this problem, we use a slightly altered form for the isomorphism,

o0

‘ej> — Z exp [2minal] / dq F(q)G(q — qj — nQ)}@. (3.17)

n=—oo
—00

F(q) is a very broad real windowing function whose width is much greater than @,

while G(u) = /D/QO(Du/Q) is a very narrow windowing function with the form

o(x) = 1/y/e for —e/2 <x <¢€/2 . (3.18)

0 else
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Using this form for the isomorphism, we see that the inner product will be mapped

to

oo

(exles) = > exp[2mia(n — n')] /dq F*(q)G(q—q; —nQ)G(q — qx — n'Q).

n,n'=—oo

The width of © is assumed small enough to ensure no overlap (e < 1); therefore, the

integral is non-zero only when ¢; = ¢, and n =/,

(erles) — G Y /quQ(q)GZ(q—qj—nQ)

= i Z /du F?(u+ q; + nQ)G*(u)
€Q/2D
. D
=T _e@/2D
This leads to a normalization condition
€Q/2D
Z / du F*(u + g; + nQ) = e% (3.19)

=T /2D

for all g;. Unfortunately, this condition cannot be satisfied for all j and we must
instead make some approximations. These approximations will be made clear after

we develop an expression for F'(u).

To find this expression, we demand that the map for ‘ pk> have the same form as

that for }ej>. We start with the quantum Fourier transformation in Hp,

1 = i
pr) = —= ) exp [—pke'] le;)
\/5 ]go h J J

which gets mapped by Equation 3.17 to

o0

>~ exp2minal [ dg Fla)Gla— g -~ nQ)la).

n=—oo

1 = [i
75 il
§=0
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We now find the expansion of the last piece in the infinite-dimensional momentum

basis

/dq /dp 2){(B|7) F(q)G(q — q¢; — nQ)

= /dp \p>/dq\/%exp [—%pq] F(q)G(q — ¢; — nQ).

We can simplify by taking the Fourier transform of G(q — ¢; — n@),

ﬁ / dp dq [p) exp [—ipq/h] F \/— / dp’ G(p') exp [ﬁp (=g~ nQ)}

Combining terms, we get

/dq F(9)G(q —¢; —nQ)|7)

= \/—/dpdp p)G (v exp{—ﬁp(qﬂr Q}\/—/qu exp{—ﬁ(p p)q]
Iy [P)GW)exp | 10y + 1Q)] Flp ).

i) i

Now that we have that expansion, we can substitute into the rest of the expression

and find the map for a momentum eigenstate,

oo

}pk> - WZ l qug} Z exp [2“”04]/6129 }Z_9>

< [ Fp ) ;_;?(p') exp |11/ + Q)]
- — DZ [anlp) [ a0 Fo- 516w e oo~

5 e 2ni (B )]

n=-—oo

From the Poisson formula,

5 oo (42 )] - gi(s(p__rm)

n=-—oo r=—00
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we get rid of the sum over the n variable and find that

P D—1 . i
‘pk> - V2ahDD Z ZGXP [%%‘(pk—pl—mp) G(p +mP)

m=—o00 7,l=0

x /dpF(p—pz —mP)|p).

This expression can be simplified further using

exp {—%qij} = exp [—27i(j + f)m| = exp [-2mim]
and?®
D—1 ;
Z exp {ﬁ%’(pk - pz)} = Doy
§=0
to give
P o0

Z exp [—2mim ] G(px + mP) /dp F(p—py — mP)}]_)>. (3.20)

m=—0oQ

P~ o

The Fourier transform of G(q) is easily calculated to be

G =\ 26 (B2) - [eshiemsir)

and thus we find that

21 & (2 _
‘pk> — g m:z—oo exp [—2mimf3] © (%(pk + mP)) /dp F(p —pr — mP)‘@.
(3.21)
Upon inspection, we see that the functions © and F' in the map for }ej> have been

replaced by F and © in ‘ pk> respectively. In order that the momentum map have

the same form as the position map, we need to choose F(q) o O(q).

>This is another use of Equation 2.26. The restricted value of k and [ collapses the sum
of delta functions to one term.
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Let’s assume that F(q) = A\/27/QO(27q/Q) and F(p) = A\/D/PO(Dp/P)
where the constant A is determined from the normalization condition
. €Q/2D
Q
‘5 = Z du F*(u + g; + nQ)

T —e/2D

. €Q/2D

9 2m 2
= A=) du©? [ ZZ(u+ g; + nQ)
Q — Q
—eQ/2D

It is not possible to satisfy this condition for all ¢; without F'(¢) being constant,
but this is the situation that lead to an infinite inner product in Equation 3.16.
Therefore, we shall have to make some approximations that are valid in the limit of
small €. First, we shall assume that ©(q) is constant over ranges smaller than Q (by

choosing € small enough) so that we can approximate

62 (2—7T(u +q; + nQ)) ~ ©%(2mn).

Q
This leads to a normalization condition of
Q 5 2 €Q) 9 o 2TE€ 9
e =4 3D n:z_oo@ (27n) = A —N_Z_OO@ (27n)

Second, we shall approximate the sum over n with an integral

oo

> > i 1 1 sinv)? 1
&2(2mm) — € sin(mne) ~ p _ 1
Z (2mn) Z 27T( ™e ) o v ) 2

n=—o0o n=-—00

—00

Therefore, we see that A = /@), and that the map we should use is the following

lej) < % n:ioo exp [2mina] ©(27n) /dq 7)© (g(q —qj — nQ)) :
i) < \/? ;i: exp [—2mimf3] ©(2wm) /dp‘p>@ (D D — Dk — mP))

(3.22)
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We recover the simple form of the map by taking the limit € — 0

lg%\[ (D( —qj—nQ))=%5(q—qj—nQ)-

‘ej> — \/ge Z exp [2mina/] ‘qj +nQ@). (3.23)

n=—oo

This leads to

Identical considerations give

i) — \/%6 > exp[-2mimf] |pp + mP). (3.24)

m=—0Q

The factor of € emphasizes that periodically continued states are not normalizable.

Equation summary for section 3.2

[e.e]

Zexp[27rzmx— Zém— —1)

m=-—o0o l=—00

le;) « Z exp [2mina] ©(27n) /dq 17)© (g q—qj — nQ))

n=—0oo

‘pk> YRS \/? i exp [—2mimf] (:)(27Tm /dp‘p>@ (D D — P — mP))

m=—0Q

@7)=0qa—d), @PF)==p—p)

‘ej> it \/ie Z exp [2minal] ‘q] —I—n@>

n=—oo

k) = i \/ie Z exp [—2mimf] |pr + mP)

m=—0Q
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3.3 Derivation of the characteristic function

The strategy for calculating the Wigner function is to use the isomorphism developed
in the last section to map a density matrix up to the doubly-periodic subspace
of £L5. Then we can use the infinite-dimensional Hilbert space definition for the

characteristic and Wigner function.

Expand a finite-dimensional Hilbert space density matrix in the position basis
and use the limiting case of Equation 3.23 for the isomorphism, ¢.e do not use the ©

functions from the last section

5]

—1
Pj,k‘€j><€k}

o~
Il

T>
™

0
D—-1 00
€ Z pikexp [2mic(n — n')] |g; + nQ) (g + n'Q).

7,k=0n,n'=—oc0

J

(3.25)

+

e

From the definition of the continuous characteristic function, Equation 3.1, we see
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that

D—1 [e%S)
n) = %62 Z Z Pk exp [2mic(n — n')]

7,k=0n,n'=—oco

c o [one] n-7] v [d] 70

Q 2 Z Sy exp 2ria(n — ') exp [%"4

J,k=0n,n'=—o0

.77(% +nQ } <Qk +n/Q‘q] + nQ +5>

X exp {h

D—-1 %) .
= Qez Z Z Pk exp [2mia(n — n')] exp {%n(qj + nQ)}

7,k=0n,n'=—oc0

exp | gntan 0y + (0 = Q)| 36~ (0~ -+ Q' - @)
Q. v . : i :
= 5¢ Z Z Pk €xp [2mic(n — )] exp {ﬁn(qk +q;+ (0" + n)Q)}
J,k=0n,n'=—o00

X 5(5— (g — q; +Qn' — Qn))-
(3.26)

Next we introduce two new summing variables, N = n’ —n and v = n’ +n. This

simplifies the above expression to

D—1 o) .
(&, n) = %62 > YN pirexp[—2miaN]exp {%n(qk + qj)]

J,k=0N=—0c0 v

X exp {%W/Q} 5(5 —(qx —q; + NQ))

(3.27)

Notice that the delta function restricts the values of £ to integral multiples of @)/ D,

regardless of what boundary conditions are used.

Using the relationship QP = 27whD, the sum over v can be put into an equivalent

form,

e {”’”Q} e {zm_n }
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This is in the form of the Poisson formula, but we must be careful because the

variables N and v are parity related. When N is even (odd), v must be even (odd).

When N is even, v = 21/, and the sum becomes

Z exp {%nu@} = Z exp {2m’%ny’} = Z 5 (%U—L).

v even V'=—00 L=—
When N is odd, v = 2/ + 1, so we have

Z exp {;—hnyQ] = Z exp [27?@'%7)1/} exp [m’%n}

odd vi=—oo

=S explril] (%7 _ L) |

L=—oc0

The difference between the two cases is a factor of e™* when N is odd. This leads

to the conclusion that

i - D
exp —nyQ] = exp [riLN]d <—77 — L)
P & , P '
-5 L:Z_OO exp [riLN]d <7] — 51)) .

The delta function here restricts 7 to integer multiples of P/D.

The expression for the characteristic function becomes

D-1 0
(&) = %}; Z Z pjkexp [—2miaN] exp [riLN] exp [2DhP(qk + qj)L}
7,k=0 N,L=—00
X0 <77— gL> 5(5— (gr — q; +NQ)).
(3.29)

Now, let’s use the fact that ¢; = (Q/D)(j + 8) and ¢, = (Q/D)(k + B) to produce

o(E,n) = QP€ Z Z ik €xp [—2miaN] exp [Q—Lﬁ} exp [miLN]

. ONxLex:{g(j + k)L] 6 <77 - gL) ’ (5 - %(k o ND)) |
(3.30)
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Let’s try to simplify the k£ — 7 + ND expression that appears in the ¢ delta
function. We’ll begin by introducing a new variable [ = k — j. This substitution
helps simplify our expression, but we must be careful to keep the proper limits on
the sum over [. Our new expression for the characteristic function is

c©  D-1-j+D-1

O&n) =F5€ Y, D, D pignexp[-2miaN]exp W(ﬁm}

N,L=—o00 j=0 I=—j
Q

5(1+ND)) .

(3.31)
X exp {%(z + ND)L} 5 (n _ gL) 5 (5 -

The sum over [ can be split into two pieces,

—j+D—1 -1 —j+D-1
)IEEDIEIDY
I=—j I=—j 1=0

For the first piece, let’s make two more substitutions, I’ =1+ D and N' = N — 1.
Under these changes the N and [ sums of the first piece become

o0 D-1 .
. 2me .
> X pusenesp[-2ria(y + Dlexp | 250 + 01
N'=—col'=D—j (3.32)

i P Q
—(U'"+ND)L|6(n—=<L|d6(E—=("+N'D)).
cop | S0+ NI 6 (= 5) o (- B+ D))
Given Equation 3.25, the density matrix has an extension consistent with the peri-

odicity of our finite Hilbert space,

Pi+nDjotmD = {€j4np|P|€ksmp) = exp [2mi(n — m)a] pj. (3.33)

We will make use of this fact twice. First, we’ll use Equation 3.33 to rewrite p; j1r—p
as exp [2mia] p; ;4. This rewriting produces a phase which cancels the one in Equa-

tion 3.32, thus allowing us to recombine the sum over [,

(&, m) Z ZpHHeXp —2miaN] exp {2%(] + B)L }

N,L=—o00 j,1=0

(3.34)
X exp {%i(l + ND)L] 5 (n - gL) 5 (g - %(z + ND)) .
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We use Equation 3.33 a second time to make the following observation,

Pj.j+1exp [=2miaN] = pj 14N,

which simplifies the characteristic function to

(&, m) Z Z Pj,j+1+ND €XP {21752 (J+ 5)4

N,L=—o00 j,I=0
X exp [%(z + ND)L] 5 <n - gL) 5 (5 - %(z + ND)) .

We see that the two variables [ and N can be combined into a single variable M to

(3.35)

give our final expression,

O(¢,n) = i meMeXp{ (]4—5)}

M,L=—0c0 j=0
; P
X exp {%LM] 5 (n . 5L) 5 (5 - %M) .

This expression has a simple interpretation. The characteristic function has

(3.36)

Dirac-delta function singularities at the lattice of points given by n = (P/D)L,
= (Q/D)M, M,L € Z. When working in Hp, however, we should think of the
zero-limiting e multiplying the Dirac-delta function as producing a finite, discrete

value at the singularity, i.e.

€d (n - gL) = ¢ O? (n - gL) — (1) Z i E:i;j (3.37)

Thus the characteristic function becomes a discrete-valued function

Dpp =P (gM DL) meM exp { LM] exp {%(g‘ + 5)4 . (3.38)

Using the fact that pj iy = tr(ﬁ‘eM+j><ej ), we see that this characteristic

function @y = tr(,éBM, 1) is the expectation value of an operator

B —Q—PDZ_I Do esp |2 LG+ 8) | earss) e
ML = D2 pr exp D exXp D J EM+j5)\C5 |
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Remembering the definition of the finite Hilbert space’s displacement operators
(Equations 2.14 and 2.16), this simplifies to

Bap = %—f exp {%LM] ML, (3.39)
The form of this operator should come as no surprise. Comparison with Equation 2.19
shows that it is the symmetrically ordered displacement operator for Hp, suitably
normalized. It is the same as the operator used by Leonhardt [48, 62] and other

works on finite Wigner functions [68, 69, 70].

One last item of note on the characteristic function is its periodicity. As noted
above, the characteristic function does not sit at the same lattice points as the
position and momentum eigenstates (which are offset by the constants « and [
respectively). However, the original periodicity chosen on Hp is still expressed in

the characteristic function in an altered form. A simple calculation shows that
Bur,pep = exp [2mif] (=1)M By,

The phase (—1)M prevents BM 1 from being “f”-periodic in its second index. An

obvious solution is to advance by 2D which gives
BM,L+2D = exp [2mi2[] BM,L-
Similarly, we have BM+D7L = exp [—2miq] (—I)LBM,L and

BM+2D,L = exp [—271'@20&] BM,L-

The characteristic function is thus doubly periodic with period 2Q) and 2P. It
acquires the same phase as would be expected from advancing a vector in the finite-
dimensional Hilbert space by the same amount. Upon Fourier transforming the
characteristic function, this twice periodicity produces the half-integer nature of the
finite Wigner function. Notice that for the boundary conditions of greatest interest,
periodic (o = f = 0) and anti-periodic (o = = 1/2), the characteristic function is

strictly periodic with period 2Q) and 2P.
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Equation summary for section 3.3
D—1
p=2_ pixle){exl
J,k=0

Pj+nD,k+mD = €XP [27”;(” - m)a]

Dy = tf(,@BM,L)

D—-1

0 exp {%LM} exp [%L(j +5)] lear+i)(e;|

QP
D?

=

By =

BM,L+2D = €xp [27Ti25] BM,L

BM+2D,L = exXp [—271'220[] BM,L

3.4 Derivation of the Wigner function

Knowing the infinite-dimensional expression for the Wigner function, Equation 3.2,
and having calculated the characteristic function, we can do a straightforward cal-

culation to find the Wigner function.
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Using Equation 3.36, we find the Wigner function to be

QP , 1 — i i
= —QM ———PL M
Wi(g,p) D2 (2nh)? ]Z:%LMZ::_OOGXP hDQ p| exp ) q| Pj,M+j
o .
X exp {gl}(j + 5)] exp {%LM}
2 D—1 00 .
€ 211 271
= 9 hD Z exXp {?PM} exp { 9] qL} Pj,M+j

=0 L,M=—00
5 :
X exp [ gZL( +ﬁ)] exp {%LM}

2 D—-1 00

omi
= 27thZ Z exp {719]\4] PjM+)

=0 M=

X Z exp {2%2’L<—q/@+ﬂ)} .

L=—c0

From the Poisson sum formula, we have

- . 9+B+M/2 q _jEB+M)2
Z exp {2mL< q/Q + ) Z 0 D R|.
L=—00 R=—00
Therefore, the Wigner function is
g G 27
Wi(g.p) P Z exp [?PM} Pj,M+j

(3.40)
5(q—%(j+RD+M/2+5)),

where we have used the ever useful QP = 27hD to simplify the factor in front of the
sum. We see that the values of ¢ are restricted to the same lattice sites as position

eigenstates plus the points sitting halfway between these sites.

Let’s simplify the expression in the delta function using the same technique em-

ployed in finding the characteristic function. We start by introducing a new variable,
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M' =254 2RD + M. This simplifies the Wigner function to

D—1 [e%) .
211 )
pj M'—j—2RD €XD [ 5 p(M' —2j — 2RD)]

=0 RAT=- (3.41)
x5<q—%(M//2+ﬁ)).

’TJI%

2mi2Ra

Next we use Equation 3.33 to rewrite p;ar—j_orp as e pjm—; and combine

terms to give

o D—1 o)
Wig,p) = % 0 MZ exp {?p(M’ - 29)] PjM—;
JZ0 M=o . (3.42)
X 0 <q — % (M'/)2 + B)) Z exp [27?@']%(204 — QD%)} .
R=—

We can do the sum over R by once again using the Poisson formula,

i exp [2mR(2a—2D ] 2D Z 5( - = S/2+a)), (3.43)

R=—o00
which shows that the values of p are restricting to a half-integer lattice based on the
momentum eigenvalues. Inserting this value for p, we arrive at our final answer for

the Wigner function

W= e 3 S paen { Y - 2j><5/2+a>]

S,M=—o0c0 j=0

><6(q—%(M/2+6))5(p—g(5/2+a)).

(3.44)

Again this expression has a simple interpretation as a discrete valued function,
we end up with

D—1 .
WM/2,S/2 =W (QM/2,p3/2 = 2D Z Pj,M—j €XP [h2 (C_IM—j - C_Ij)pS/2}

(3.45)
1 D-1

at ZpJM exp [QgZ(M —2j)(8/2+ a>] |
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The indices label the lattice of points eyr/2, ps/2, M, S = 0,1,...2D — 1. Unlike the
work of Leonhardt, we find that the Wigner function has values at half-integer lattice
points for all dimensions D, both even and odd. Comparing Equation 3.45 with the

one for a continuous density matrix,

2 1
W(Q>p) = % /dl’ Pz2g—z €XP |:£2(q - z)p] )

we see that apart from a different normalization our expression is equivalent to the

continuous one with summation replacing integration.

As was the case for the characteristic function, the Wigner function can be written

as the trace of an operator against the system’s density operator,

Whija,s/2 = tr (ﬁAM/z,sp) . (3.46)

This operator is hermitian for each value of M and S, thus assuring the Wigner

function is real valued and have a position representation given by

. 1 D-1 i .
AM/2,S/2 = ﬁ Z exXp [g(M — 2])(5/2 + Oz) ‘6M_j><6j‘. (347)
7=0

Unlike the characteristic function’s B M,z operators, the A M/2,5/2 operators are strictly

periodic for all boundary conditions,

AM/273/2+D = AM/2+D,S/2 = AM/2,S/2- (3.48)

Given that there are 4D? of these operators, they must be overcomplete. A quick

calculation reveals that

AM 2,(S+D)/2 = (_1)MAM 2,5/25
. s R 25 (3.49)
A(M+D)/27S/2 = (_1)SAM/2,S/2-

This behavior will ensure that the Wigner function recreates the proper marginal

distributions. Its true purpose, however, is two-fold. One purpose, which will be
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discussed in the next section, is to give the Wigner function a geometrical interpre-
tation. The other purpose is to create phase space “interference.” As was discussed
in Chapter 2, the discrete phase space is represented by a D? lattice of points cor-
responding to position and momentum eigenvalue pairs; however, the phase space is
toroidal so this grid can be extended infinitely in all directions. Equation 3.48 tells
us that there will be copies of every Wigner function in the phase space’s non-fiducial
continuation®. The quantum mechanical interference between these copies will man-
ifest itself in the series of sharp peaks described in Equation 3.49. An example of
this interference can be seen in the Wigner function for the periodically continued
coherent states of Chapter 4, Figure 4.1. As with the continuous case, these states
have a Gaussian Wigner function centered at phase space point, (g, po). Equation
3.48 implies that there are also Gaussians centered at all points z¢o+n@) and po+mP,

the interference of which can clearly be seen in Figure 4.1.

The probability of finding the system at position eps/2 is given by summing over
the variable S. But what happens when M is odd? These points do not correspond
to position eigenvalues, so they must have zero probability. We know that any sum

can be broken up into its component pieces

2D-1 D-1 2D-1
Z Anmyz,sp2 = Z Ampz,s2 + Z Amyz,s/2, (3.50)
S=0 5=0 S=D

and by using Equations 3.49 and 3.47, we see that

2D—-1 ) 1 D-1 D-1 i
Z AM/2,S/2 = (1 + (—1)M) ﬁ ‘eM—j><€j‘ Zexp |:6<M - 2])(5/2 + Oé)
5=0 J=0 S=0

(3.51)

When M is odd, this sum is 0. When M is even, Equation 2.26 collapses the sum

6This is the set of phase space grid points for position and momentum eigenvalues
outside the 0 to D — 1 fiducial range.
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over j to one value’ ,

201 0, when M is odd,
Z Apya,s2 = (3.52)
5=0 }eM/2><eM/2‘, when M is even.

Consequently, the value for the sum over S for the Wigner function will have the
non-zero value of par/2 ar/2 only when M is even. We find that there is no probability
to be at the half-integer positions. For the integral positions, we get the position

marginal probability.

A similar argument holds for summing over M. If we had started with the

momentum representation of the density matrix,

D—1
/6 Z ﬁl,m‘pl><pm )
,m=0
we would have found the Wigner function to be

D—1

1 ~ 2mi
Wissn = 55 3 Prs-rexp |~ (S~ 2001/2+8)| 659
k=0

and the A M/2,5/2 operator to have a momentum representation given by

D—1 )
271

- 1
AM/2,S/2 = E kZ:O €xp {_6(5 - Qk)(M/2 + ﬁ)} ‘pk><p5—k‘- (3-54)
In an analogous calculation, we find that

201 0, when S is odd,
> Aupspe = (3.55)
M=0 }ps/2><ps/2}, when S is even.

Once again summing over the M index of the Wigner function gives the correct

marginal, pg/2 s/2, for S even; there is no probability at the half-integer momentum

"The restricted values of M and j makes the sum over delta functions in Equation 2.26
irrelevant
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values. The purpose of the Wigner function’s half-integer values will be explored in

the next section.

How does this Wigner function relate to the work done by previous authors? It
should be noted that our Wigner function is equivalent to Hannay and Berry’s Wigner
function. Our Wigner function, however, was developed using a different technique
and does not suffer from a problem with infinite normalization. Also, our function is
the same as Leonhardt’s for even dimensions. For odd-dimensional Hilbert spaces,
Leonhardt’s Wigner function operators can be found from the subset AM/Q, /2 for
M,S = 0,2,4,...2D — 2. This works because of the fundamental fact that odd
numbers are not divisible by two. In even dimensions, this subset will contain both
the AM/ZS/Q and AM/Q’S/QJ,_D/Q operators. By Equation 3.49, we know that these
two operators are not linearly independent®. For a Wigner function with D? values
to contain complete information about the system, its elements must necessarily be
linearly independent. In odd dimensions, the M and S even subset selects the D?

linearly independent operators and creates a valid Wigner function.

In 2 dimensions, Wootters [47] has found specific matrices Al wm,s which create
his Wigner function. A quick calculation reveals the relationship between Wootters’

matrices and our own,

0,0+ Al/z,o + Ao,1/2 + /11/2,1/2

(3.56)

= (4 )
A/1 0= = (Ao + Azjao + Avijo + Azjara)
= (4 0,1 ‘|‘A1/21 +A03/2+A1/23/2)
( )

A,11 = (Ai1 + Agpon + Asjor + Aspaap).

Here we have used periodic (&« = § = 0) boundary conditions. This suggests a

method for creating a D?-valued Wigner function by taking the linear combination

AM/2,S/2 + AM/2+1/2,S/2 + AM/2,S/2+1/2 + AM/2+1/2,S/2+1/2

8In fact, they are equal half of the time.
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for M,S = 0,2,...,2D — 2. This linear combination would still be hermitian and
an index sum would produce the proper marginal, but as will be shown in the next
section, this combination does not give the proper phase space geometrical interpre-

tation. Hence, we reject its use.

0.03
0.02

0.01

-0.01

-0.02

-0.03

30

S/2
M/2

Figure 3.2: A true rendering of the Wigner function W2 5/2 for the ‘62> position
eigenstate in D = 16 dimensions with periodic boundary conditions. The height of
each bin is determined by the Wigner function’s value.

Finally, we conclude this section with a example. Figures 3.2 and 3.3 contrast
two representations of the Wigner function for the ‘62> position eigenstate in D = 16
dimensions with periodic boundary conditions. Figure 3.2 is a true rendering of a dis-
crete valued function with the height of each bar determined by our Wigner function

Wir/2,s72- The second plot is created by interpolating a continuous function between
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B

0 o
S/2 M2

Figure 3.3: An interpretive rendering of the Wigner function Wjy/s g/ for the ‘€2>
position eigenstate in D = 16 dimensions with periodic boundary conditions. A
continuously valued function is extrapolated for undefined points, allowing for easier
interpretation.

the grid points. As the second plot allows greater detail and easier interpretation,

such plots will be used throughout this work.

For a position eigenstate, Figure 3.3 shows that the Wigner function has a uniform
distribution along the momentum axis at the position of ‘62> as well as a series of sign-
alternating “spikes” along the momentum axis at a position half a rectangle away.
As was discussed earlier, these spikes are explained by Equation 3.49 and ensure
the proper marginal distributions shown in Figure 3.4. The marginals are found by

summing over the assorted indices of the Wigner function, and then ignoring the zero
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0.6 T

prob.

0.2 Ny

prob.

k

Figure 3.4: The unexciting, but necessary position and momentum marginal distri-
butions of the ‘e2> position eigenstate in D = 16 dimensions with periodic boundary
conditions.

valued entries (Equations 3.52 and 3.55). We see that the marginals are correct for a
position eigenstate which is strictly localized in position and completely delocalized

in momentum.
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Equation summary for section 3.4
1 «— 2ri
Wapasz = 55 > pjai—jexp [f(M —2j)(5/2+ 04)}
j=0

D—1 )
21

1 ~
Wars2,5/2 = o) Z Pk, S—k €XD {—6(5 — 2k)(M/2 + 5)]
k=0

Whiya,s/2 = tr (ﬁAM/z,sp)

D—-1

R 1 271 )
Anya,s/2 = 5D Z exp {g (M —25)(S/2 + O‘)} ‘eM—j><ej‘
=0

2D—-1
Z Whty2,5/2 = parjz,my2 for M even
S=0
2D-1
Z Whaiya,s/2 = 55/2,3/2 for S even
M=0

3.5 Symmetry properties of the Wigner function

In this section, we are going to explore the reason for the half-integer valued Wigner
function. We believe that the reason for this has to do with the behavior of the
Wigner function under symmetry transformations. This idea was first used by Luis
and Pefina [69] in constructing a suitable finite-dimensional Wigner function. Since
the Wigner function is defined on phase space, a symmetry operation acting on

p should change the Wigner function in the way defined by the geometry of the
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phase space. For example, in Chapter 2 we found that for periodic and anti-periodic
boundary conditions, one could interpret the Fourier transform operator as a 90°
rotation in phase space. We will find that the Wigner function’s half-integer values

allows us to make a similar interpretation for the A M/2,5/2 operators.

Let’s begin with the simplest symmetry transformation: displacement. Our sys-
tems are described by a toroidal, finite-dimensional phase space, i.e. one which is
periodic up to a phase. An overall phase does not affect probabilities, so the Wigner
function should reflect this by being periodic with period D. As was already shown

in Equation 3.48, this is a true statement,

Whaty24p,5/2 = Wharya,5/240 = Wharya,5)2- (3.57)

Another symmetry of interest is 90° rotation, i.e. Fourier transformation® (see
Chapter 2). Given its definition, Equation 2.23, the Fourier operator’s action upon

the Wigner function is determined by

D-1
211

1
FAM/25/2FT 3D ZGXP [ D (M_2J)(S/2+0‘] ‘pM J><pj‘

We can re-express this in the position basis as

o A | b 5
FAyasppFt = 5D ZQXP [g( —25)(S/2 + a } Z }el><el}pM J><p]}6r><€r‘
j 1,r=0

= Y e [Tartsy e 5)| exp [t )] et

5DZ { 2mi <S+l+r+2(o‘+5)>]

9We should be calculating FtA M)2, S/2F , but given Equation 3.47, it is much simpler to

calculate F'A M)2, 5/213’ T, If we find that the operator rotates 90° clockwise under the latter
transformation, then it must do the correct thing and rotate counter-clockwise under the
former transformation.
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and do the sum over 5. We remember that the Fourier transform operator has the
90° rotation interpretation only for periodic and anti-periodic boundary conditions;

therefore, a4+ 8 must be an integer; Equation 2.26 can be applied to give

D—-1
1 2mi
I Z eXp |:_3 (S _'_ l + T _'_ 2(0& _'_ ﬁ)):| == 5S+l+r+2(a+6)7tD. (358)

We can omit the sum over ¢ because the values of S, [, r, and « + 3 are such that ¢
ranges only between 0 and 3. Unfortunately, the values of ¢t have no simple relation
to those of the other variables; therefore, we must leave it undefined. Luckily we
will find that all dependence upon t disappears in the final form. Inserting this delta

function into our expression leaves us with

D-1 :
FAnjo sl = — Z exp [@ (% + oz) (=S —2(a+p) — 27“)] exp [2miat]

‘6tD S—2(a+B)— ><67"
1= omi (M
= EZeXp lf (7 +a) (=S —2(a+ B) —2@}

‘6 S—2(a+p)— ><€r

(3.59)

where we have used the fact that ‘etD+j> = exp [—2miat] ‘ej>. From here we see that
FAypspF" = A_gpn_arpy s (3.60)

For the two cases for which Fourier transform has a geometric phase space interpre-
tation, we get what we wanted: a 90° clockwise rotation,

Periodic: FAM 2,8 QFT = A_S 2,M/2
/2,5/ /2,M/ (3.61)

~

Anti-periodic: FAM/Q,SQFT = A_s/2-1,m/2-

The other operator of interest is the anti-unitary time reversal operator T. For

periodic and anti-periodic boundary conditions it has the geometrical interpretation
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of reflection through the position axis (See Chapter 2). In the position representation,

its action is complex conjugation,

A . 1= 271 4
Tt Aprya,sp2T = 3D ; exp {—f(M —25)(S/2+ a)] lenr—g) (e

= % ; exp [% (M —25)(=S5/2 —2a + a)} lear—; ) e (3.62)

= AM/2,—S/2—2a-

Once again our Wigner function behaves correctly. Other possible geometrical
operations can be performed using combinations of Fourier, time-reversal, and trans-
lation symmetries (Table 2.1); therefore, our Wigner function correctly expresses all

possible symmetry transformations. It is an ideal candidate for use in calculation.

It appears that the set of operators A M/2,5/2 is the only one for which all of these
symmetries can given the geometrical phase space interpretation for all dimensions.
As was stated earlier, for odd dimensional Hilbert spaces, one can choose the subset
AM/ZS/Q, M, S =0,2,4,...2D — 2. Obviously, if the entire set of operators has the
desired symmetry properties then this subset will behave accordingly. We will have
a D? valued Wigner function with a well defined geometrical interpretation. In even
dimensions, however, one cannot pick out the D? linearly independent operators and
give them the desired geometrical interpretation. Both the symmetry behavior and
the marginal calculation for the AM/ZS/Q operators are determined by their indices.
Relabeling these indices to give a D?-valued Wigner function which produces the

proper marginals will give a Wigner function without the geometrical interpretation.

As was discussed in the previous section, there is the possibility of defining a
D? valued Wigner function by taking a linear combination of the A, /2,5/2 operators.

One could define a new operator A%/I/ZS/W M, S =0,2,4...2D—2 with the definition

o5 = Anjasyz + Anjorrjass + Anpasjorije + Anjarije,spzana- (3.63)
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This new operator created from four of the original operators would be hermitian,
and a sum over an index would give the correct marginal. But this function does not
obey all symmetry properties. As a counter-example, consider the Fourier transform
acting upon one of these new operators. Fourier transformation is a linear operator;

therefore, it will act upon each term of Equation 3.63 separately,

FA/M/Q,S/QFT = A—S/2,M/2 + A—S/2,M/2+1/2 + A—S/2—1/2,M/2 + A—S/2—1/2,M/2+1/2
FAIM/Q,S/QFT = A—S/2—1,M/2 + A—S/2—1,M/2+1/2 + A—S/2—3/2,M/2

+ A—S/2—3/2,M/2+1/2
(3.64)

for periodic and anti-periodic boundary conditions respectively. But F Ag\/[ /2.8 /2F f
should also be equal to A S/2.0/2 O A S/2-1.M/2 for proper Fourier behavior with
periodic and anti-periodic boundary conditions. From the definition, Equation 3.63,
we have that

A,—S/2,M/2 = A—S/2,M/2 + A—S/2+1/2,M/2 + A—S/2,M/2+1/2+

A_sj211/2,M/241/2 (3.65)

FA/_S/Q_LMpﬁT = A—S/Z—l,M/2 + A—S/2—1/2,M/2 + A—S/2,M/2+
A—S/2—1/2,M/2+1/2-
A comparison between Equation 3.64 and Equation 3.65 reveals that these two dif-
ferent sets of operators are not equal; therefore, this “4-fold” Wigner function does

not have proper symmetry behavior for either periodic or anti-periodic boundary

conditions.

This problem is detailed graphically in Figures 3.5 and 3.6 for 2 dimensions with
periodic and anti-periodic boundary conditions respectively. The operators used to
create a D? Wigner function'® A, B, C, and D, represented as boxes, are created
by the linear combination of Equation 3.63 (the original operators are the large

dots at the box vertices). The boxes in the middle represent the Fourier transform

100bviously, there are 4 operators in this case.
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of the linear combination, i.e. Equation 3.64. The boxes on the right show the
proper transformation of states under Fourier transform for a D? Wigner function,

Equation 3.65. We see that they do not agree. We need all 4D? operators to have

proper Fourier behavior.

D//

Figure 3.5: A D%valued Wigner function created by linear combinations of opera-
tors does not have proper behavior under Fourier transformation. In 2 dimensions
four operators A, B, C, and D (drawn as squares) can be created by taking a linear
combination of the original operators (represented by the large dots in each of the
pictures). Under Fourier transform, these operators become the new linear combina-
tions labelled A’, B', ', and D/ (as shown in the middle picture). As the right hand
picture portrays, however, the proper Fourier behavior of A, B, C, and D labelled
A", B", C”, and D" is different.

As a final note, Luis and Pefina [69] have shown for Hilbert spaces of dimension
D =4,8,12... that it is possible to create a Wigner function that has proper Fourier
symmetry (but not time reversal). While we question some of their mathematical
techniques'!, we agree with the conclusion. It is possible to have Fourier symmetry
in certain cases. However, it seems (to the author) that it is better to use a Wigner
function which has all symmetry properties for all dimensions instead of one which

only works in fraction of them.

HEgspecially the statement that for anti-periodic boundary conditions, the hermitian
conjugate of the displacement operator raised to a power is the same as that operator
raised to the negative of that power mod D
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[o] [#] [+]
4

4

7] [3] B

Figure 3.6: A D2-valued Wigner function created by linear combinations of operators
does not have proper Fourier behavior for anti-periodic boundary conditions either.
Once again, the primed operators are the Fourier transform of the linear combinations
while the double primed operators are the combination of states necessary for proper
Fourier behavior.

Equation summary for section 3.5
F/Ahw/zS/zFT = A—S/2—(a+ﬁ),M/2

TTAM/Z,S/QT = AM/Z,—S/Z—Za
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Chapter 4

A ()-function for finite-dimensional

Hilbert spaces

4.1 Coherent states for Hp

We will now introduce coherent states for the finite-dimensional Hilbert space. These
states! are infinite-dimensional coherent states that have been periodically continued

in both position in momentum so as to be valid states in Hp.

We begin with the expression for the standard Weyl group coherent states,

1

(]a) = (xh) " exp {—ﬁ (z — xo)z} exp {%xpo} exp {—%xopo} RN

a = xg + ipp. We then periodically continue these states using the isomorphism,

'First introduced by Shau-Jin and Shi [51] and used by among others Leboeuf [71] and
Nonnenmacher [72].
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Equation 3.15, from section 3.2,

(ej]a) = \/%mioo exp {—% (ej — @0 + mQ)z} exp {% (ej + m@)po}

X exp {—%xopo] exp [—2mima] .

(4.2)

As usual e; in equations is shorthand for Q(j + 8)/D and N is a constant to ensure

normalization. Equation 4.2 reveals the states’ periodicity,

<6j+D‘a> = eXp [27‘(‘@0&] <ej‘a>’
la+ Q) =exp [WiD%] exp [~2mia] |a), (4.3)

‘a + iP> = exp [—m’D%] exp [27if3] ‘a>.

The first expression above is the important verification that these states obey the
fundamental position boundary condition of Hp. To verify the states” momentum
boundary condition, we will need to find their momentum representation. We also
find the states are periodic with respect to xg and pg; thus, we can restrict our
attention to those states centered within the fiducial rectangle?. We see that they
are not strictly a or S-periodic due to the exp [—izopy/2h] term in Equation 4.2.
The reason for keeping this term will be discussed next when finding the momentum

representation of the coherent states.

Figure 4.1 shows the Wigner function for the coherent state a = 4/16 + i4/16,
i.e. a =1/4+1i/4. We see a Gaussian peak at the coherent state’s center. The re-
maining three peaks are realized as being a consequence of Equation 3.49 and create
the proper marginals shown in Figure 4.2. These peaks can also be given a geo-
metric interpretation as being interference terms. The Wigner function is periodic,

Wharjo+p,5/2 = Warja,s/240 = Whaija,s/2; therefore, we can imagine an infinite set of

2The rectangle of area QP such that 0 < 29 < @, 0 < pg < P.
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s/2 0 o

M/2

Figure 4.1: The Wigner function of the coherent state centered at xy = 4/16, pg =
4/16 in D = 16 dimensions.

repeated peaks in the unplotted, non-fiducial rectangles. As was discussed in sec-
tion 3.4, there will be quantum mechanical interference between these peaks which

manifests itself as these regions of rapid oscillation.
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prob.

k

15

Figure 4.2: The position and momentum marginal distributions of the coherent
state of Figure 4.1. We see symmetrical Gaussian like probabilities for |<ej}a>|2 and

|{pi]a)]*.

Equation summary for section 4.1

1

X exp {—%xopo} exp [—2mimal

}a + Q> = exp [MD%] exp [—2mia] }a>
} exp [2mif3] |a)

Zo

‘a + iP> = exp {—m’D 0

(ej]a) = \/%mioo exp {—% (ej — @0 + mQ)ﬂ exp {% (ej + mQ)po}
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4.2 The momentum representation of the coher-

ent states

We find the momentum representation using the completeness of the position basis

states,
<pk a> Z <pk‘ej <e]}a> (4.4)

and the discrete Fourier transform,

(prle;) = \/%exp {—%U +B)(k + a)} :

Using Equation 4.2, we have

(pala) = \/:exp{ 2hx0po} 3 Zexp{ —xo+mQ)2}

m=—oco j=0

(4.5)

X exp [% (e; +mQ) po] exp [—2mimal exp [—%(j +B)(k+ a)] .

To further the calculation, we shall introduce a mathematical technique which will

be of great use in the rest of this chapter.

4.2.1 The Fourier representation of periodic functions

We begin by considering the function,

flu) = Z exp [—% (Qu/D — xy + mQ)z} exp [—2mimal
m=—eo » (4.6)
<oxp |1 (Qu/D +QA/D+mQ)m | exp | =25 (-t Bk + ).

where z{, = o — QB/D. With a little bit of work, it can be seen that this function
is strictly periodic with period D, i.e. f(u+ D) = f(u); therefore, we can write it

as a Fourier series,
o0

flu)= Y exp [%ru] ¢ (4.7)

r=—00
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The expansion coefficients are found in the usual way,

211

- % /D du. f(u) exp [‘6”} | (4.8)

To calculate the expansion coefficients in this case, we insert Equation 4.6 into the
expression above, square out the Gaussian, collect terms, and then re-combine them

by completing the square. The end result is

1D
CrZE/dU
0

X exp [%po (QB/D +mQ) —

m=—0Q

Bk + )

) — QWima} ,

(4.9)

where

P P
§:mQ—x6+i<5(r+k+a)—po) :mQ—x6+i(5r+pk—po).

After squaring the variable £ and inserting the definition of z(, we find that there

are many cancellations. We are left with

D 2
Cr = %/du Z exp [—%(Qu/DijQ—ngri(gerpk—po>) ]
0

1 1
X exp {—— (pk — po + Pr/D)ﬂ exp {—ﬁxo (pr + Pr/D)] exp {—Iopo

i } (4.10)

X exp {%Br} .

The remaining dependence on the variables m and u is found in the leading Gaussian

term only; we can combine them into a continuous variable defined for the entire real
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line,

' = 1 P ’
R —_— — / ) R —
D/du Z exp[ 2h<Qu/D+mQ %+Z<DT+Pk Po))]
0 m=—o0

= lfd L Qy/D — '—I—'<£r+ - ) 2

- D Y €Xp o Y Lo T1 D Pr — Po

_ vemh [P
Q QD

Our final expression for f(u) is

fu) = QLD T;OO exp [%ru} exp [ 21h (pe — po + Pr/D) }

(4.11)
X exp {—%xo (o + Pr/D)} exp [%xgpo} exp [2iBr/ D] .

This equation is true for all real numbers u; therefore, it must hold when u is an

integer.

Returning to the momentum representation for the coherent state, we use Equa-
tion 4.11 to write our inner product as

co D-1

2w 1
(pr|a) = Z Zexp |:—7‘j:| exp [ o (pr. — po + Pr/D) }
r=-00 j= (4.12)
1 2mi
X exXp | =50 (px + Pr/D)| exp th’opo exp 57" .
Using Equation 2.26 yet again, we know that
Zexp l—m} D Z OrtD- (4.13)
t=—0o0

Consequently, we have

h

(pr|a) = QN Z eXp[ 21h (p’f_pOHP)}eXp [__(thP) } (4.14)

X exp {ﬁxopo} exp [2mift] .
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Comparing this expression with Equation 4.2, we see the expression one would
expect for the Weyl coherent states. The momentum representation could easily
have been found using the isomorphism of section 3.2; however, as the Fourier series
technique will prove immensely useful in the upcoming chapter, this simple problem

allowed its introduction in a natural, elegant way.

We find that our states have been periodically continued in the correct way,

<pk+D‘a> = exp [—2mif] <pk‘a> (4.15)
la+Q) = exp [—m’D%] exp [—2mia] |a) (4.16)
la+iP) = exp {—m’D%] exp [2mif3] |a). (4.17)

They have the fundamental momentum boundary condition of Hp and necessarily

have the same periodicity for zy and py.

There is another reason to be pleased with Equation 4.14. It can be interpreted®
as showing that under Fourier transform, the state a = xg + ipy transforms to the
state a’ = pg—1ixo; we have ninety degree rotation in phase space. This interpretation
is possible only with the exp [—izopo/2h] term in Equation 4.2 hence its inclusion

even though it alters the periodicity one might desire for these states.

3 Assuming that Q = P.
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Equation summary for section 4.2

[e.e]

Z exp {—% (Qx/D — x + mQ)Z} exp [—2mimal

X exp [% (Qx/D + QpB/D + mQ)po} exp {—%(m + B)(k+ a)]
= QLD Z exp l%r:ﬁ] exp {—% (Px —po + PT/D)2}

X exp [—%xo (pr + PT’/D)} exp [%xopo exp [2mifr/D|

1

{pr|a) = Qi/\/' t:z_(:)o exp [_ﬁ (pr — po + tP)Z_ exp {—% (pr +tP) xo}

X exp [;—hxopo} exp [2mi[t]

4.3 Normalization for a subset of the coherent
states
From here, we will be considering a very special subset of the coherent states which

in Equation 4.2 were defined for all xy and py. If we create a lattice of coherent states

by taking the set

Ty = %(l +B)
(4.18)
= E(v + )
Po D
with,v =0,1,..., D—1, then we can show that they have some very nice properties,

the least of which is a simple form for normalization.

Substituting these definitions for zy and py into Equation 4.2, we have a simple
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coherent state form,

(o) = mi)o e |5 QU - 0/D + mQ)’

271

D

(4.19)

™

G+ )0+l e |-

. exp{ (l+5)(v+a)] |

We obviously find the normalizing constant by insisting that <a‘a> = 1. Inserting

a resolution of the identity and using the expression for our coherent state gives

o0

D—1

1 ‘ 1 ,

N = Z Z exp {_ﬁ(Q(] —1)/D —I—mQ)z] exp {—ﬁ(Q(j —1)/D +nQ)2] .
7=0 mn=—o00

(4.20)

We can simplify this expression by showing that the sum over j is independent of

the mean [. To see this, we redefine the summing variable to be j* = j — [. This

simplifies the sum to be

Z Z exp [—%(Qj'/D—l—mQ)z] exp {—%(Q]"/Djtn@)z . (4.21)

For the first term, define yet another summing variable, j” = j' 4+ D. This change of

variable produces a simple output,

D—-1

> exp |5 (Q1"/D+ (= 1DQ)* | exp | -1 (@"/D + (n = )P

j/'=D—j
We can redefine the summing variables m and n without affecting their infinite

summing ranges.

The irrelevancy on the [ variable reveals the normalizing expression to be

[e.e]

N=3 Y e |5 @D+ mQR e |- @i/pnQ |, a22)

7=0 m,n=—o0
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We now use the techniques from section 4.2.1 to re-write the Gaussians in a form

that is easier to manipulate. The function

o0

flu)= Y exp {_%(QU/DJFmQ)z}

m=—0oQ

is periodic with period D; we can write it as a Fourier series,

[e.e]

> e |5 (Qi/D -+ mQY |

B P Z 271 1 ﬁ 2
QD exp Djr exp 55\ D

Using this expression in Equation 4.22 gives

j{: j?i exp {——o r—%t)}exp { ;ﬁcpr/ln2]exp {—é%(f%/[DQ].
T (4.24)

Using Equation 2.26 again tells us that

D1 o
JZOGXP{DJ7"+15] Dz5r+tsD

Inserting this fact into our normalizing constant and making some slight algebraic

simplifications , we arrive at

sl Zel 5 (5-5)

We see that the second term is periodic in the s variable, this time with period 2/D.

=4/ 622}13 Z exp [miDt'] exp [—% (Qt’)z} . (4.26)

t'=—o00

(4.25)

Its Fourier series is given by

N _lﬁ__
Z exXp 5 D

Our final expression is

N = 12)—5 i exp [miDst] exp [—%((Psf + (Qt)zﬂ : (4.27)

s, t=—00
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Dimension, D S t_z_oo exp [riDst] exp [—% (32 + tz)}
1.18034059901610
1.03561039253191
1.00748372034508
1.00155221000889
1.00032282411993
1.00006710200039
1.00001394941807
9 | 1.00000289978690
10 | 1.00000060280700
11 | 1.00000012531124
12 | 1.00000002604965
13 | 1.00000000541519
14 | 1.00000000112571
15 | 1.00000000023401

Ol | | UY = W[ D

Table 4.1: The very precise values for the normalization sum of the coherent state as
a function of dimension. Its value is seen to decrease rapidly enough to approximate
as unity.

The scale of the normalizing constant is

N~ 2D (4.28)

but scanning Table 4.1 which gives the values for Equation 4.27 when Q) = P = 1,
shows that in practice the value of the sum decays rapidly to 1 as D increases. A

very good approximation for a normalized coherent state is

(es]a) = (é—i)/ i@ o |55 (@ ~/D -+ o)’ (4.20)

271

D

™

X exp [ (j+ﬁ)(v+a)] exp [ D(Hﬂ)(vm)] .
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Inserting the value for A/ into Equation 4.14, we find that

o

Z exp {—%(P(k —v)/D + tP)ﬂ
=0 (4.30)

X exp [-%(k +a)(l+ 5)} exp {%i(l + B)(v+ a)} ,

= (55)

which nicely mirrors the position representation.

Finally, when we perform our semi-classical analysis in Chapter 6, it will be more
convenient to represent the coherent states in terms of the complex variable a. To

this end, we can rewrite Equation 4.29 as

1/4 o
(ejla) = <l2)—612D> Z exp [—% (la]* = a®) = 7D (e; —a+ p)? +imp| . (4.31)

p=—00
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Equation summary for section 4.3

Z exp {—%(Qj/l) + m@)z}
P& ’ Pry’
a5 3 o[ e | (5)
N = 12)—5 S;oo exp [miDst] exp [—% ((P3)2 + (Qt)z)}
DP
Ny eg

(ej]a) = (;—%)1/4 i exp [—%(Q(j —1)/D +mQ)2}

m=—oQ
211

D

™

X exp { (j+ﬁ)(v+a)} exp { 5

(pile) = (12)—];) i ti:w exp [—% (P(k—v)/D + tP)Z]
2mi
D

X €xp [ (k +a)(l + ﬁ)] exp {%i(z +8)(v+ a)}

p=—00

2 14 D 9 .
{ejla) = (D—CJBD) Z exp {—7 (Ja]* = a®) = 7D (e; — a+ p) +z7r,u}
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4.4 Proof of completeness for the subset of coher-
ent states
Finally, we shall define a @Q-function for Hp using the subset of coherent states

defined by Equation 4.29. The proof that this lattice of coherent states is complete

is straight forward. One merely shows that,

D-1D-1
<ej}a><a‘ek> X 0 ks (4.32)
=0 v=0
and thus
D-1D-1
}a><a‘ o 1. (4.33)

l

i
o
Il
o

v

We begin our proof by inserting the definition for the coherent state,

o0 o0

> (alaele) = 3 32 3 e |5 (QU - 0/D +mQ)’

l,v=0 [=0 m=—00 n=—00

X exp [—%(Q(k —1)/D+ nQ)2] Diexp {%(v +a)(j - k;)] .

(4.34)

The reason for taking a “step back” and not using the normalization factor found in

the previous section will become apparent shortly.

Continuing our habit of using Equation 2.26 in every section, we have that

D—1 . 00
; exp {%@ +a)(j— l{;)] = DT;()O exp [27ira) 8, k.- (4.35)

In this case, we shall assume that ‘ej> and ‘ek> have been chosen in the fiducial

0,...,D — 1 range such that we can set* r = 0.

4The other values of r are a reminder of the periodicity of Hp. We see from Equation
4.32 that choosing j or k outside the fiducial range would create an overall phase; the
variable r keeps track of this phase.

89



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

This delta function simplifies the matrix element to

Dz_:l<€j}a><a}6k>= ik Dz_: f: Z eXp|: (]—l)/D—l—mQ)2

l,v=0 m=—00 Nn=—00 (436)
1 ‘ 2
X exp l —h(Q(] —1)/D +nQ) ] .
We see that the truly important part of the proof is finished. Equation 4.32 is true.

The remaining task is to find the proportionality constant.

The first step in finding this constant is to remember that the sum

D—1 oo 0o

S Y e {—% QG -1/D+ mQ)z} exp {—% QG —1)/D+ ncz)z}
s (4.37)

is independent of [, thus Equation 4.37 becomes

IODBEDBE

D—-1 oo 00 |:
=0 m=—ocon=—00

(QI/D +mQ) } exp {—% (QUD + nQ)Q] C(439)

A quick comparison with Equation 4.22 shows that this equation is equal® to N.

Our final expression is

S

D—

—_

(ej|a){alex) = 6;x D. (4.39)

l v=0

Il
o

Our proof is complete (as are the coherent states).

"Hence the keeping of the normalization constant in Equation 4.34. No approximations
are necessary to make these states complete.
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Equation summary for section 4.4

I+ 5)

Ty =

jf el

po=—=(v+a)

Sl

b
b

= Ja){a] = 1

Sl =
Iy
o
<
Il
S)

4.5 A Q-function for Hp

Now that we have shown that this subset of coherent states is complete, we may use
them to define a quasi-distribution function. In analogy to the continuous case, we

define a finite-dimensional Q)-function for a system with a density operator p by

Lalpla), a= (#) +i (“;O‘) (4.40)

Q(a) = 5<aﬁ

l,Lv=0,1,...,D — 1. This function is discrete with D? values.

Due to the completeness relation, the Q-function is normalized,

D—-1D-1

> > Qla) =

=0 v=0
but as with the continuous case, the Q)-function does not give the proper marginals.
If we substitute the position® expansion of the density matrix,

= Dz_l Pj,k}6j><6k‘,

J,k=0

6The momentum expansion for the density matrix would give similar results for the
momentum marginal.
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into Equation 4.40 and use the expression for the coherent state, we find that

Q=555 X 3 mwew |5 (@l - 0/D+mQ)’

jE=0mn=—oo | (4.41)
X exp [—%(Q(k _ /D + an] exp {%(k ~ )+ a)] |

If this quasi-distribution was like the Wigner function, summing over the variable v
would create the position marginal probability distribution. Instead, we find after

using” Equation 2.26,

> o= /55 > 3 pew 5@ - /D + mQ)’) »
X exp l—%(@(] —1)/D+ nQ)z} .

No further simplifications are possible. We find the discrete analog of the continuous
result that instead of the marginal, we have a Gaussian convolution of the density

matrix.

Figures 4.3 and 4.4 show the @-function for different systems. Its usefulness lies
in it giving an idea of what the system “looks like.” We see that the position and
momentum states behave as expected: localized in one variable while completely de-
localized in the other. The @-function for a coherent state (Figure 4.5) is a Gaussian
centered at the point [xg, pp]. Comparing the @Q-function with the Wigner function
for such states (Figure 4.1), we see that the @-function lacks the interference terms

found in the Wigner function, making interpretation easier.

As a final note, we see that even though the subset of D? coherent states is
complete, it is possible to include more coherent states for the purpose of creating

plots with greater detail. Figure 4.6 shows the two Q-functions for the squeezed

"Here, as before, the restricted values of j and k make the sum over Kronecker-delta
functions unnecessary
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i

Figure 4.3: The @Q-function of the ‘616> position eigenstate in D = 32 dimensions
with periodic boundary conditions plotted as a function of xg = j/D, po = k/D.

state® centered at ¢ = 1/2+1i/2 with squeezing parameters r = 1, ¢ = 7/4. The first
plot has dimension D x D, the other has 2D x 2D. The greater number of points
helps fill in the shape of the squeezed state. Since Equation 4.27 is not applicable,
care must be taken to normalize these extra coherent states and the resultant quasi-
distribution numerically, but the increase in detail helps “round out” the squeezed

state’s features.

8These discrete analogs of the continuous squeezed states along with their parameters
will be introduced in the next section.
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i
Figure 4.4: The Q-function of the ‘ p16> momentum eigenstate in D = 32 dimensions

with periodic boundary conditions; xy = j/D, py = k/D.

4.5.1 Symmetry properties of the ()-function

As was the case for the Wigner function, we would like the @-function to have a

geometrical interpretation in phase space. Writing Equation 4.40 as

Qa) = %tr (p }a><a} ), (4.43)

we see the analogous relation between the Wigner function’s AM/27S/2 operator and

the @Q-function’s ‘a><a‘ operator.

For later comparison, we write the position representation of the operator ‘a> <a}
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0.01
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j

Figure 4.5: The @-function of the coherent state centered at a = 1/4+4i/4 in D = 32
dimensions with periodic boundary conditions; zq = j/D, py = k/D.

using Equation 4.2,

o0

(@laele) = 5 3 ew g (6 0+ Q)| exp |51 1 0 + Q)
exp [ (e —eu + (m — n)Q) o] exp [~2ri(m — n)a].

(4.44)

Here we have used the more general Equation 4.2 instead of Equation 4.29 to show

that these symmetry properties hold for all zy and py values.

Using Equation 4.3, we quickly see that the ()-function has displacement sym-
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Figure 4.6: Two Q-functions of the ¢ = 1/2 + i/2 squeezed state with squeezing
parameters r = 1, ¢ = w/4. The second plot shows the increase of detail obtained
by using more than the required D? points.

metry,

ja+@Q){a+ Q| =a)(a]

(4.45)
‘a + iP><a + iP‘ = ‘a><a‘.

As was already mentioned when finding the momentum representation of the
coherent state, this ()-function behaves correctly under Fourier transform when @)

and P are equal. We see that

(e ol a)(a F ex) = (pjla){alpk). (4.46)
Using Equation 4.14, we have that
1 > 1 2 1 2
Pj|a)\a|Pk) = 7 eXp | =57 Pj —PoTm eXP | =5 WPk —Po TN
(pla)al) =50 30 exp | ~or =+ mPP | exp |~ (= o+ )

exp | 05 = puct (m = m)P) ] exp i — )]

(4.47)

The Fourier transform operator has a 90° phase space rotation interpretation for
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periodic, @« = = 0 and anti-periodic, « = § = 1/2 boundary conditions; thus,
exp [2mi(m — n)f] = exp [—2mi(m — n)a].

Remembering that () = P implies that p, = e, such that when we compare this
expression with Equation 4.44, we see that our )-function has the proper Fourier

behavior,

Zo — Po, Po — —Xo.

Finally, we see that time reversal also behaves properly,

o) =5 S Y e [—%(ej—xﬁmcg)?}

m=—0o0 N=—00

l T

<€j

a)(a

X exp [—% (e — o + nQ)z}

X exp {-% (e — ex + (m —n)Q) po] exp [2i(m — n)al .

(4.48)

Time reversal has a phase space interpretation when 2« is an integer; therefore, we

have that

exp [2mi(m — n)a] = exp [-27i(m — n)a] .

Hence, under time reversal the state center at a = xy + ipg goes to the state a’ =

ro — 1po which is the proper behavior.

Without much fuss, the @-function defined through the use of the periodically
continued coherent states obeys all symmetry properties’. This property alone makes
these coherent states special. As we saw with the finite-dimensional Wigner function,

it’s not always easy to find such accommodating states.

9The reader is reminded that all symmetry operations can be written in terms of the
displacement, Fourier transform, and time reversal operators. See Table 2.1 for details.
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Equation summary for section 4.5

Qa) = %<a\ﬁ}a>> o= (#) i (U;a)

Q@) = 5tr (9]a)(a])

ja+@){a+Q[ = |a)(al
‘a+iP><a+iP‘ = ‘a><a‘

F }950 + ipo ) (o + ipo Ft= ‘po — iz )(po — iil?o‘

Tt = |z — ipo){xo — ipo]

T ‘JIQ + ip0><$0 + ipo

4.6 Squeezed states for finite dimensions

Given the success of periodically continuing the standard Weyl coherent states, it
seems natural to question whether there are other states which could be periodically

continued to create finite-dimensional analogies.

An obvious choice would be the squeezed states. They have a position represen-

tation,
< ‘ > - (: )1/4 [ L ( )2] X —ix X . T (4.49)
x|o 5 exp o5 xr —xp) | exp - Do | exp o oPo| s :

where
coshr 4 exp [2i¢] sinh r

7= coshr — exp [2i¢] sinh r
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is a constant determined by the squeezing parameter » > 0 and rotation angle

0 < ¢ <. To ensure a valid wave function, the constant ~ is such that

2
(coshr + sinh )2 — 4 cosh r sinh 7 cos? ¢

Re (7) = (4.50)

is always positive; the Gaussian never diverges.

The coherent states re-emerge when r = 0, 7.e. when there is no squeezing. In
the infinite squeezing limit,

icosg

S0 = i cot ¢. (4.51)

An unrotated state with ¢ = 0 causes the Gaussian to become a Dirac-delta func-

tion'®. Our squeezed state becomes

o) Z da |x)0(x — o) exp {%WO] P [_%xop 0] (4.52)

= exXp |:2hl'0p0:| }ZL’Q>
We have a position eigenstate.

When ¢ = 7/2, v = 0 thus causing the Gaussian to become unity. In this case,

the squeezed state is

o0

o) = (Wh)—l/zl_/ dx |z) exp [%xpo} exp [_%xopo] (4.53)

1
= exp [—ﬁxopo] ‘p0>

which is a momentum eigenstate.

19Technically, the square of the wavefunction has the correct Dirac-delta normalization,
but the end result is the same.
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Figure 4.7: The Q-function of the o = 1/2 + i/2 squeezed state with squeezing pa-
rameters r = 0.75, ¢ = /2 in D = 32 dimensions with periodic boundary conditions;
xo=j/D, po=k/D.

An analogous periodically continued squeezed state would be

(e;|0) = \/% m_f:m exp |~ (e; — w0 + Q)| exp {% (e +mQ) po]

(4.54)

X exp {%xopo} exp [—2mima]

where 7 has the same definition as in the continuous case and o = xg+1ipy. As would

100



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

be expected, these states have the same periodicity as the coherent states

(ej4p|o) = exp [2mia] (¢;]0),
o+ Q) = exp [m'D%] exp [-2mial |o), (4.55)

‘a + iP> = exp [—m’D@] exp [2mi/3] ‘a>.

Q

As with the continuous case, our periodically continued coherent states are re-
covered when r = 0. In the large squeezing limit, we find that not all analogies with
the continuous case survive. When ¢ = 7/2 such that v = 0, we, in some cases, can

still recover a momentum eigenstate. We have that

‘a>—\/7 Jzomioo‘e]>exp{ (e; +mQ) o] exp {—%xopo} exp [~ 2mimal .
(4.56)

If we make an obvious guess and take py = P(v + «)/D, we have'!

0’>—\/7Z\6J>expl U+a)(9+ﬁ)}exp[—%xopo}

= exp [——xopo] ‘p0>-

(4.57)
2h

Other choices for py lead to states that are not momentum eigenstates.

For ¢ = 0 in the large squeezing limit, i.e. when ~ approaches infinity, our
Gaussian becomes zero unless'? e; = 2o and m = 0. The only way for e; and z to

be equal is for zy = (I + #)/D. In which case,

o) = exp {271:170])0} |20). (4.58)

1Tt has not been shown, but one can easily derive that AN/ = D for this choice of py.
12Given that we have a periodically continued Gaussian, anytime zq = ej +nQ for any
integer n will produce a non-zero result as well, but let’s stick to the fiducial rectangle.
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Figure 4.8: The @Q-functions for the state o = 1/2 + i/2 for increasing squeezing
parameter. For large squeezing and specially chosen o, we recover (c¢) position and
(d) momentum eigenstates.

In summary, we find that for large squeezing, we can recover position and momen-
tum eigenstates, but only for the special subset of Equation 4.18. Figure 4.8 demon-
strates the eigenstate recovery, Plot a: the @Q-function for an initially unsqueezed,
r = 0 coherent state centered at one of the special points, a = 1/2 +i/2. Plot b:
with the increase of the parameter r to r = 1 ¢ = 0, the Q-function demonstrates the
characteristic elongation of a squeezed state. Plot c: setting r = 10, ¢ = 0, provides
enough squeezing to create a position eigenstate thus verifying our position eigenstate
recovery statement. Plot d: Setting ¢ = 7/2 with r = 10 rotates the position eigen-

state to a momentum eigenstate. Figure 4.9 shows the periodic boundary condition

102



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

x107°

i

Figure 4.9: The @-function for a ¢ = m/2 squeezed state centered at a point not in
the special subset of Equation 4.18; it is not a momentum eigenstate.

@-function of the non-special subset ¢ = 7/2 squeezed state o = 1/2+41i/2+1/(2D).
While having characteristics similar to a momentum eigenstate, this function is not a
momentum eigenstate. The @)-function for a state centered at a non-special position
value in the large squeezing limit is not shown since given the argument above, it is

trivially zero valued everywhere.

The various Figures 4.6, 4.7, and 4.8 have shown the Q)-function for these squeezed
states. As desired, these states have the same characteristics as their continuous
counterparts. As the squeezing parameter increases, the states’ variance changes.

We also see that as the angle ¢ is changed, the states have a corresponding rotation.
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Even more exciting than these states behaving “correctly” is the fact that they
also can be used to define a quasi-distribution function. If one uses the subset defined

in Equation 4.18,

Q
= Z(+8
1}2( ) (4.59)

_('U +ﬁ)>

poZD

and substitutes it into Equation 4.55, then

(eslo) = Z\ﬁexp[ (<y—Z>+mQ)1exp[%wm)mm

m=—0oQ

X exp {—%(l + B)(v —i—oz)] .

(4.60)

It can be shown that o
1 «— ~
) Z o) (o| =1. (4.61)
l,v=0

One way of proving this fact follows the coherent state case exactly. We look at the

position representation matrix element

S Gl =X 3 grow |57 (Su-0+ma) |
X exp [—21 (%( ~1) —l—mQ)leZleXp{ v+a)(j—k)}.

(4.62)

As was the case previously, Equation 2.26 gives that the sum over v is Dd; ;; therefore,

> ) = 0e Y. S Dew <%<j‘”+mQ>2]

l,v=0 j= Omn——oo
2
xexp[ e (Q(j —l)—l—mQ) ] (4.63)
2h
:D%éj,k-

104



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

Alternatively, one could look deeper into the states’ creation for a proof of their
completeness. In the continuous phase space, Perelomov has generalized the coherent
states definition to ones created by the displacement of a fiducial state about phase
space [35]. The Weyl coherent states’ fiducial function is a Gaussian. Likewise, our

grid of D? coherent or squeezed states can be created by a displacement operator,'3
lA)l’v = exp [%lv] exp [% (la — vﬂ)} VoY, (4.64)

acting upon the fiducial state ‘O> whose definition is

(e5]0) = % > exp [—% (%j +mQ) 2] exp [% (+8) a] exp {—%aﬁ] .
o (4.65)
This operator is a slightly modified version of Equation 2.19, the symmetric dis-
placement operator Blﬂ) = exp [—7i (la — vB) /D] lA)l,v of section 2.1.2. The modi-
fication is necessary to create the exp [—izgpy/2h] term in our coherent (y = 1) or
squeezed state. It is easily seen that for any normalized fiducial state, the operator

ll?v_:lo ﬁl,v‘0><0}ﬁzv always resolves the identity,

> (el 001Dl e = S exw | o= 1] X der-lo) 0len-r)

1,v=0 =

(4.66)

D—-1

=D 5j,k Z <O‘ej—l><ej—l‘0>
=0

- D 6j,k <0‘0> - D 5j,k-

It is neither mysterious nor surprising that both the coherent and squeezed states

can define a quasi-distribution function.

In the continuous case, the squeezed states can also be used to define a proba-

bility distribution. For that case, the distribution corresponds to a true probability.

13Please see the equation summary of section 2.1.2 for the action of the displacement
operators U and V.
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It corresponds to a simultaneous position and momentum measurement taken in the
Arthurs-Kelly measurement model [73, 74, 75]. The ability of the discrete squeezed
states to also define a @-function may be a remnant of the continuous form used
in their definition. Alternatively, it may be that there is a discrete analog to the
Arthurs-Kelly measurement model which enables them to define a Q-function. Ob-
viously, one could use these operators to define a POVM and therefore a measurement
model; however, given that position and momentum are not defined in Hp, it is un-
certain if an interpretation of a discrete Arthurs-Kelly model could be rigorously

upheld.

]

Figure 4.10: Two “squeezed” @Q-functions, i.e. ()-functions defined using squeezed
instead of coherent states, for the a = 1/2+i/2 coherent state. In this representation
coherent states appear squeezed.

Figure 4.10 shows the “squeezed” Q-function representation of a coherent state
using the squeezed states with parameters r = 1, ¢ = 0 and r = 1, ¢ = 7/4
respectively. In this representation, coherent states appear squeezed. However, as
Figure 4.11 shows, this characteristic is not reversible; the squeezed Q-function for
a squeezed states is not symmetric even, as shown in the right hand side of Figure

4.11, when the same squeezed state is used for system and basis.
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K 0 0

Figure 4.11: Two “squeezed” @Q-functions for the ¢ = 1/2 + i/2 squeezed state
r=1, ¢ = m/2 using basis states r =1, ¢ =n/4dand r =1, ¢ = 7/2.

4" analogous

As with the coherent states, we can find a normalizing expression
to Equation 4.27 for our squeezed states. Following the derivation for the coherent
states, we find the obvious analogs for Equation 4.23

> exp [~2-(Qi/D +mQ)?

m=—0oQ

S e [ e | -1 (22
= SOD exp D]’f’ exp 20 \ D

=4/ % Z exp [miDt'] exp {—47% (Qt/)Q] .

t'=—o00

(4.67)

and Equation 4.26

" e | L (PE_ DY
2T\ D T

(4.68)
We are left with a normalizing expression of
DP & 1 (1
=4/ — exp |miDst| exp [—— <— Ps)? +~4(Qt 2)} . 4.69
2%5;_% [miDst]exp | = Z(Ps)* +7(Q) (4.69)

Given that v is continuously defined, it would be unwise try an approximation like the

one used previously when finding N for the coherent states. We will note, however,

14Once again, we deal only with the special subset of states.
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that a starting approximation to normalize the squeezed states would be

|DP
N~ —.
2Q

Equation summary for section 4.6

coshr + exp [2i¢] sinh r

7= coshr — exp [2i¢] sinh r

X exp [—%xopo} exp [—2mimal

52 lo)o| =1

l,v=0

4.7 The relation between the () and Wigner func-

tions for finite dimensions

In this final section of this chapter, we shall find how the finite-dimensional Q-

function and Wigner function are related. Along the way, we shall find how to

express the density matrix in terms of the Wigner function. In the end, we shall find

the amazing fact that the @-function is a Gaussian convolution of the continuous

Wigner function for a periodically continued state!®.

15Tt appears that this fact has been proven in Nonnenmacher [72]. Given this author’s

inaptitude with la langue francaise, it remains unverified.
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We begin with the expression for the finite-dimensional Wigner function, Equa-
tion 3.45,
D—1

1 D Piij XD [%(M —2j)(S/2+ a)] (4.70)

Whaty2,s/2 = 2D

where the reader is reminded that the indices, M and S, range from 0 to 2D — 1.
We then find the following

D—-1

2§1W 2mi (S, V] ! 3 2% 9i s )
M/2,5/2 €XP D (3 «Q EY)) pr Pj,M—j EXP D J a

S=0
2D—1 .
2me (M +k .
x;exp[f< 5 —3)5}.

(4.71)

The sum over S is similar to the one performed when finding the marginals of the

Wigner function. We find that

2ilex i (M+k (]
Pl =5 —7)5| =

S=0
D—1 .
2m (M +k | , (4.72)
QZexp{j( 5 —3)5], when M + k is even,
S=0
0, when M + k is odd.

When M + k is even, we can apply Equation 2.26 to get a Kronecker-delta func-

tion'® which simplifies our expression to

2! 2mi (S
Z Wit/2,5/2 €xXp [7 (5 + Oé) k} = PM/24k/2,M/2—k/2- (4.73)
5=0

Given that

)

b= 3 les)en
7.k

16Yet again, the sum over delta functions in Equation 2.26 is unimportant here. The
sum creates terms which cancel each other.
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we find that a density matrix can be written as

2D—1 ,
2 S
Ié = Z Z WM/2,S/2 exp {g (5 +Oé) k‘:| ‘6M/2+k/2><eM/2—k/2‘ (474)
M,k S=0

where the sums over M and k are performed such that the M + k is even.

To simplify these sums, we shall introduce two new variables

M +k M—Fk
= UV =
2 2

1

which range from 0 to D — 1. Substituting them yields our final expression for the
Wigner function expansion of the density matrix,

D—-1 2D-1 |i

p= D D Wi a2 exp

w,r=0 S=0

B (5ra)u-n|lxal  @m

Using Equations 4.40 and 4.75, we can now write our ()-function in terms of our
Wigner function,

D—1 2D-1 [

1
Q(a) = D Z Z Wity 2,572 €Xp

p,v=0 S=0

(5 +a) w0 ladelo). @

We shall use Equation 4.29 to find the inner products'”. After a tiny bit of algebra,
we find that

2@ 1 D—-1 2D-1 e’} 1 )
Qa)=\/555 2 2 2. Wurmpspes {—ﬁ(Q(u—l)/DﬂLmQ)]

X exp [— ;17:(:;(5:0_ 7;)7;7_0; nQ)Q} exp [%(u _)(S)2 v)} |

(4.77)

To further the calculation, we introduce another set of variables

p=ptv, V=p—v

1"The reader is reminded that our coherent states are centered at zo = %(l +8), po =
Lw+a).
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which have values 0,1,...,2D — 1. Substituting these new variables into the above

Gaussians, we find, after many pages of algebraic simplification, a remarkable fact

~ew |55 ) ve(™3) e | (B re() |
(4.78)

Hence, we have

50 1 2D-1 2D-1 oo 9
Qa) =14/ DPD Z Z Z Wi j2,5/2 €xp [f’//(S/Q —U)}

2w'=0 S=0 mn=—o0

X exp

(B el ) -2 (50 o)

(4.79)

We now wish to define new variables for m and n, such that
m =m+n, n'=m-—n.

We remember from the characteristic function calculation that such variables are
parity related. When m’ is even, n’ must necessarily be even and vice versa. When
m' is even, we write it as m’ = 271, T € Z; likewise, n’ = 22, = € Z. In this case,

our Q-function is

oD D Wupspewm

/ 2
@ '=0 §=0 Y,E=—oo0 _% <% <% - l) i QT)

/ 2 .
X exp [—%(%% + QE) ] exp {%I/(S/Q — U)] .

2D—-1 2D-1 00 [

(4.80)
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When m' and n’ are odd, we write them as m’ =2T + 1, n’ = 22 + 1 to give
2D-1 2D-1 oo

1 '+ D 2
>3 Y Wansaew h(%(u—; ~1)+ar)

ww'=0 S=0 YT E=—
1/Q// +D 2\ omi
X exp [—£<5< 5 ) +Qu> ] exp [ﬁy(S/Q —v)]

where we have combined the extra terms with ' and v/,

(4.81)

Here we consider making yet another variable change
:U’//::U’/_'_Da I///:,LL/—i-D

to simplify the Gaussians above. Inserting these variables makes three important

changes. First, the summation limits change

2D—-1 3D—-1

quv quv

=D

second, the Wigner function index changes

W 2,572 = W ja—pjasjz = (—=1) W o g5

and third, the Fourier component changes

271

exp [%u'(m - v)] = exp {3(1/' — D)(S/2 - v)]

= (=1)%exp [%V”(S/z —~ m] .

Obviously, the two factors (—1)® cancel; we are left with
2. 2, 2 Wenmspew

" 2
iy H(B(F 1) +ar)

X exp [—ﬁ (%% L= )2] exp {%V"(S/z - v)] |

3D-1 2D-1 oo [
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Chapter 4. A Q-function for finite-dimensional Hilbert spaces

Next, we realize that the sums over i and v can be renumbered with impunity.

We see that
3D-1 2D-1 3D-1

DI O

W=D  p'=D  p/'=2D
For the second term, we set u” = ”—2D. The periodicity of the Wigner function and
the periodic continuation of the first Gaussian ensures that our expression remains
unchanged. A similar treatment for the sum over " gives similar results; therefore,

when m’ and n’ are odd, we have

!/

S %S Wsmew

Q 2
W'=0 §=0 Y,E=—oo _% <5 <% - l) i QT)

/ 2 .
X exp [—%(%% —|—QE) ] exp {%I/(S/Q — U)] :

This is exactly what we had when m’ and n’ were even, so the sums can be recom-

2D—-1 2D-1 00 [

(4.83)

bined. Our @-function is

2@ 1 2D—-1 2D-1 00 1 Q [ 2
Q0 =y/55p > X 3 Wansnew | 5(F(5 ) +ar)

w'w'=0 S=0 T,E=—oc0

(4.84)

Finally, we use the same technique for finding Equation 4.23 to rewrite the second

Gaussian as

(4.85)

Combining this expression with the Fourier term from Equation 4.84, we have
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the sum

2D Z 0r/2+5/2—vtp,  When 1+ S is even,

2%31 ox 2m’y,(r + S U)
— — = t=—00
PID 2

V=0 0, when r + S is odd.
(4.86)
Substituting for 7 into the above expression'®, we get our final expression
2D-1 2
2 17Q
-3 £ w1305 70
w,S=0 Y,t=—o00 (487)
X L(E (S ) +tP 2
exp | == | 5z v
Rewriting it slightly, we have
g 2071 o0 1 )
Q(a) = D > > Wupspexp |:_ﬁ(€M/2 — Ty + mQ) }
M,S=0 m,n=—o0 (488)

1
X exp [—g(ps/g — po + nP)Z}

which is the discrete analog of the fact the Q-function is the Gaussian convolution

of the Wigner function.

Even more remarkable is the relation between Equation 4.88 and the Wigner
function for a doubly periodic state. As stated before, the continuous () and Wigner

function are related by the Gaussian convolution,

1 1

Qenin) == [ dadoWlap)exw | ~3a— a0 exp |10 mp?|. (159

—0o0
To derive our expression for the discrete Wigner function, we used the natural re-

lationship between the discrete Hilbert space Hp and the space of doubly-periodic

18 Actually, to enforce the  + S even restriction, we have to break the sums into their
two non-zero pieces: Y .0 o om0 odd D o5—oda- FOT €ach piece, we substitute for
r; the net result is a straight substitution for 7.
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wavefunctions. During the course of our derivation, we found the expression for the

Wigner function of a state that is doubly-periodic. It is given by Equation 3.44,

Wian) = > Wunsad (4= B 0024+5))8 (p-1(5/2+a) (190

S,M=—00

where Wiy/2,/2 is the expression used for the finite-dimensional Wigner function.

Using the periodicity of the finite Wigner function, we can write this as

2D—1 00

Wigp)= > Y. Wupsp6 (¢—emp+m@Q)d (p—psp+nP). (491)

M,S=0 m,n=—o00

Inserting this Wigner function into the Gaussian convolution expression, we find the

expression for a doubly periodic state’s Q-function,

1 2D—1 o) 1
Q(z0,p0) = = Z Z Whiy2,5/2 exp {——(61\4/2 —To+m )2}

M,S=0 m,n=—o00

~

(4.92)

1
X exp {_ﬁ (65/2 —po+ nP)z]

which!? is Equation 4.88.

We see that our choice of using the coherent states of Equation 4.29, which
at first may have seemed a bit arbitrary, is instead the most natural ones to use.
The coherent states give us a direct connection between the discrete and continuous

Hilbert spaces.

19 Aside from some normalization problems due to the difference between discrete and
continuous spaces.
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Equation summary for section 4.7

1\3\03

0 S=0

M,S=0 m,n=—o00
1

X exp [_ﬁ (ps/2 — po + nP)Z]

e |25 (5 +) =) e

g 2071 oo 1 ,
Qa) = D Z Z W s exp [_ﬁ(eM/2 — x0 +mQ) ]
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Chapter 5

Quantization of the baker’s map

5.1 The classical baker’s map

The baker’s map [19] is a standard example in chaotic dynamics. It is a mapping of

the unit square onto itself in the form

<2qn,&>, 0<qn<1/2

2
(pn+1)

<2qn s (5.1)

(C.In-i-la pn—i—l) =

), 1/2 < gu < 1

where ¢,p € [0,1) and n denotes the n-th iteration of the map. Geometrically, the
map acts like a baker kneading bread, stretching the unit square by a factor of two
in the ¢ direction, squeezing by a factor of two in the p direction, and then stacking

the right half onto the left!.

The map’s action may be rewritten in terms of the complex variable a = g + ip,

5 3 '
s = 0+ 54 (5 1) Lo+ ) = ap0a) (5.2

1See Figure 1.2.
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where |a, | denotes the integer part of a,. A generating function for this mapping?

is
* ]' *2 * 2 4 Z -7 % 1 *
W(b,a):E(Bb +8ab—3a)+g 1+§ a—l—zb—§ la+a*|  (5.3)

assuming a + a* is non-integer. The classical baker’s map may then be rederived via

the relations
ow ow

o e

a*. (5.4)

Interest in the baker’s map is due mainly to the simplicity of its symbolic dynam-

1cs. Each point of the unit square can be identified through its binary representation,

q:O-slsg...:Zsk2_k
k=1
and .
P = 0- SpS—-1...= Z S_kQ_k_l
k=0

with a bi-infinite symbolic string
5= ...5_95_150® 515253 .. (5.5)

s; € {0,1}. If the point is in the region 0 < ¢ < 1/2, then its binary representation
must necessarily have s; = 0. Likewise when 1/2 < ¢ < 1, s; = 1; therefore, using

mod 1 arithmetic, we can rewrite Equation 5.1 in the simple form

q/:2(q—81)20'8283...

plzwzo.slsos_l...

2

(5.6)

where (¢’,p’) is the mapped point. The action of the baker’s map is to shift the
position of the dot

s— 8 = ...5_95_15051 ® S353. .. (5.7)

by one point to the right.

2Generating functions are necessarily defined up to an arbitrary constant.
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Equation summary for section 5.1

1 4 ' 1
Wb a) = 15 (3b™ + 8ab* — 3a®) + = <1 + %) <a+z'b* — 5) la+a” |

...5.95_.15)® 815953 ... — ...5_.95_.150S51 ® S2S53 ...

5.2 The quantum baker’s map of Balazs, Voros,

and Saraceno

The first work on a quantum baker’s map was done by Balazs and Voros [20]. Their
expression for the map was given in the form

. Fpjs 0

B=Fy! X (5.8)
0  Fpp

where [’ p/2 is the finite Fourier transform acting on half of the Hilbert space. Later
Saraceno [21] improved certain symmetry characteristics of the map using anti-

periodic boundary conditions (o = § = 1/2).

This expression can be rather cryptic unless one knows how to express it in a
more active form. Figure 5.1 shows two @Q-functions. Obviously, the second one
is a momentum eigenstate. In fact, it is the Q)-function for the }p11> momentum
eigenstate when D = 30. The first is the @-function for the state ‘1/)> created by
the inverse of Equation 5.8 acting on ‘ p11>; therefore, the net result of this quantum
baker’s map is

BW> = }p11>- (5.9)
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o kN W & O o N ®

Figure 5.1: Two @Q-functions in D = 30 dimensions with anti-periodic boundary
conditions. The Balazs-Voros-Saraceno quantum baker’s map acting on the left hand
state produces the momentum eigenstate on the right.

Figure 5.2 shows the action of this quantum baker’s map on the state W’ > which
results in the }p19> momentum eigenstate. Studying the states ‘¢> and }@D’ >, we
find that they are localized in either the left or right hand side in position and well
reasonably localized in momentum. Figure 5.3 shows for D = 8 dimensions the peak
contours of the states which map to momentum eigenstates®. We see that indeed
all of these states are localized either in the region 0 < x < 1/2 or 1/2 < z < 1,
and they are well localized in momentum. The action of the Balazs-Voros-Saraceno
baker’s map is to take these states to momentum states, which as we know are
completely localized in momentum and delocalized in position. This is the essence
of their quantization: the mapped states are such that their position spread is twice
that of the original state while the momentum spread is halved. In this way, their

quantum map mimics the classical baker’s map.

3For higher dimensions, the essential characteristics are the same. The main difference
is that there are more circles.
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o kN W & O o N ®

Figure 5.2: Another example of the action of the Balazs-Voros-Saraceno quantum
baker’s map in D = 30 dimensions.

5.3 A class of baker’s maps

Inspired by the active interpretation of the Balazs-Voros-Saraceno quantum baker’s
map espoused in the previous section, Schack and Caves formulated a set of quantized
maps [28] by creating different types of “localized” states using the partial Fourier
transform operator, which we will define below. These maps will be the focus of
the next chapter, where we will use a semi-classical treatment to find their classical

limit.

The Schack-Caves quantum baker’s maps are defined for anti-periodic Hilbert
spaces in which D = 2V In this case, we can model our system as the outer product

of N qubits, i.e. N two-level systems. We write our position basis vectors? as

lej) = |21) @ |32) @ -+ ® |an), x; € {0, 1}, (5.10)

4Since the classical baker’s map is defined on the unit square, we shall from now on be
setting our characteristic position and momentum scales (Q and P equal to one.
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0.8}

0.7}

0.6

2 0.5F

0.4

0.3F

0.2

Figure 5.3: The @-function’s contour plots for the peaks of the 8 states which map to
the momentum eigenstates under the Balazs-Voros-Saraceno quantum baker’s map
in D = 8 dimensions.

where j has the binary expansion®

- D D

N
j=x1...2n5.0 = leQN_l and e; (5.11)
=1

where the use of “.1”7 is binary shorthand for 1/2. Next we rewrite the quantum

Fourier transform as

}pk>:FD}ek>:\/% Z ’l’1>®}x2>®...®’l.N> exp %

Tl TN

(y+1/2)(z+1/2)

(5.12)

Al strings ending with either “.0” or “.1” denote a binary number.
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where

y+1/2=y;...yn.1=k+1/2 and D i) D

The connection with the classical baker’s map comes from its symbolic dynam-
ics. In the quantum case, a set of states localized in position and momentum is
created through the partial Fourier transform, @n, which is an operator that Fourier

transforms the N — n least significant qubits, i.e.,
Gn<}x1> ® @ T, ®|a) @@ }aN_n>>
= |21) @ ® [an) (5.13)

1 211
\/QN—_”I +;xN ‘xn+1> R ® ‘xN>e'xp [QN_n(a+ 1/2)(z + 1/2)]

where a and z are defined through the binary expansions a = ay...ay_,.0 and

®

T = Zpi1...2n.0. In the limiting cases, we have @0 = FD and GN = 41. The

analogy to the classical case is made clear through the definition
AN—pp ... Q] ® T .. SL’n> = Gn<‘x1> R ® ‘xn> ® ‘a1> R ® ‘aN_n>>. (5.14)
Notice that
‘oxl...xN>:i‘x1>®...®‘x]\;>.
These states form an orthonormal basis since

<bN_n...b1oyl...yn}a]v_n...aloxl...xn>

2N77l_1

1 27
= 6@/17-’”1 . e 5yn7mn2]\7—_n Z eXp |i2N_n (:1: + 1/2)(@ - b) (515)

=0

= Oyrz1 -+ - Oy Obrar - - - Oy ooy s
and they are localized in both position and momentum. They are quantum analogies
of localized classical phase space regions. Looking at Equation 5.13, we see that they
are strictly localized in a position region of width 1/2™ centered at

]
0.21 ... 2,1 = :“27:5 (5.16)
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To find the momentum representation, we begin with

(pelan—n...ar0z1 .. 2y)

V2or 21
=N Z exp {—f(y + 1/2)(5”1952 w Tl - - 'xN'l) (5.17)

L1y TN

211

X exp {2N_n (a+1/2)(z+1 /2)} .

To combine the two Fourier terms, we expand the variable

N—
1T .. . Tyt - - .[L’N.]_ =2 n[lj'll’g .. Z’no + L+l - - .ZL’N.]_

(5.18)
= 2Ny 2, 0+ 2+ 1/2,
using the fundamental definition of a binary number. This leaves us with
<pk}aN_n .. 9T ... ZI}'n>
\/2n 271
7! omi y+1/2
X ; exp {QN_n(ijl/Q) (a—l—l/Q— o )]

Unfortunately, a + 1/2 — (y + 1/2)/2" is not an integer; therefore, we cannot apply
Equation 2.26. We can instead perform the geometric sum over x. After a little bit

of algebra, we find that

oN
COS (w(y + 1/2)/2") (5.20)
sin (W§/2N—">

where £ =a+1/2 — (y + 1/2)/2". Consequently, the momentum probability distri-

<pk}aN_n L..a T .. xn> = \/Tnexp {—@(ajl oz ) (y+ 1/2)]

X

bution is given by

o >‘2 on €Os> <7T(y + 1/2)/2"> 2n  cos? (m2N"py)
e L - dn ~ 72 ~ D2
Prjan et D? sin? (Wf/QN_") D?sin? (727p, — 7py)

(5.21)
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0.3
o o
©05 ©0.2
o o
0.1
0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.12
0.2f n=2 01l n=3
. 0.15 . 0.08
E S 0.06
3 01 IS
0.04
0.05 0.02
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.06 0.03
n=4 n=5
. 0.04 . 0.02
Qo Qo
o [}
S S
0.02 0.01

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Figure 5.4: The momentum distributions, }<pk}aN_n .a ey .. .xn>}2, for D = 26.
For each plot, a; ...an_, = 2V 7771,

where p, = (a + 1/2)/2V.

This form is not very illuminating, but we can use numerical calculation to in-
terpret it. Figure 5.4 shows the plots of }<pk}aN_n ...ap @Iy .. :)sn>}2 as function
of p=(k+1/2)/D forn = 0,1,2,...,5 and D = 2° Here a has been chosen to
be half of its maximum value® 2V=". We see that the states are roughly localized
in a momentum region of width 1/2¥™" centered at p = 0.a;...ay_,1. The scale
at which the momentum is localized increases, as expected, as n increases. More
importantly, the sharpness of the momentum localization is best for small n and gets

progressively worse as n increases.

60ther choices of a shift the center of the plots.
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Using the notation of Equation 5.14, Schack and Caves defined a whole class of
quantum baker’s maps B, (n=1,...,N)

B, = g ‘aN_n...alxloxg...xn><aN_n...a1oxlxg...xn}. (5.22)
T1,...,Tn
a1, ;AN —n

The Balazs-Voros-Saraceno quantum baker’s map is recovered when n = 1. In the
language of Equation 5.5, we see that each quantum baker’s map takes a state local-
ized at lay_,, ...a1®xy ... 7,1 to a state localized at lay_,,...a1x1 025 ...2,1. The
decrease in the number of position bits and increase in momentum bits enforces a
stretching and squeezing of phase space in a manner resembling the classical baker’s
map. As n increases, the progressively poorer momentum localization might be ex-
pected to have important consequences on the map’s behavior. When considering

the classical limit in the next chapter, we find this to be true.

It will be useful to rewrite our baker’s map in the position basis. To do this, we
first use Equations 5.13 and 5.14 to rewrite Equation 5.22 as

A 2
B"ZQN—ix/;rl Z Z }oxg...xnzl...zN_n+1>< ° xl...xnyl...yN_n‘

T1yeesTn 21y yZN—ntl
a1, AN—n Y1, YN—n

exp | gt (G4 /200 1/2) + 254 1/2) =2+ 1/2)6+1/2))
(5.23)
where
N—n N—n N—n+1
=Y @2V k= 2V and 1= ) g2V R
k=1 k=1 k=1

Next, using Equations 5.10, 5.14, and the notation e; = (j + 1/2)/D, e, = (k +

1/2)/D, etc., we arrive at the quantum baker’s map in the position basis

2N n_1q 2N n+1__ 1 on— 1 -1

B, = 2Nn+12 DD DD

x1=0 7,k=0

5.24
x ‘el +en2" T - 2_"><€k +21/2 4 €,2V 7" — 2‘"‘1‘ (5.24)

X exp [2m'D2"_1 (ejel + 27"z — erek)] .
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Notice that it is possible to sum over the index j at this point; however the rep-

resentation above proves to be most convenient when performing our semi-classical

analysis.
Equation summary for section 5.3
én(\x1> @ @)@ )@ ® |ay_,))
aN-n_1 .
2
=) ® @ |z,) ® Z |Zps1) @ - ® |z ) exp {w%(a.l)(x.l)}

lan—n. . ar o ay. . 2,) zén(\x1>®~-~® ) ® |a) ® - ® \aN_n>>

B, = E ‘aN_n...alxlo:cg...xn><aN_n...a1oxlxg...xn‘

L1y
a1,..;AN—n

1
By = 2N n+1 Z

1=

=)
3
I
o

=0 7,k=0 =
X ‘el 4 o2Vt 9= "><ek /24 em2N T - 2—"—1)

x exp [2miD2" " (eje; + 27" w1e; — 2ejey) ]

5.3.1 The importance of anti-periodic boundary conditions

When Saraceno introduced the anti-periodic boundary conditions for the quantum
baker’s map, he was mostly interested in giving his map the proper phase space
symmetry of inversion through the center of the square [21], i.e. the phase space
operation of

gq—1—-q, p—>1-p
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While this symmetry is very important, we shall see that the choice of boundary
conditions has a profound impact upon the fundamental “correctness” of the Schack-

Caves quantum baker’s maps.
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Figure 5.5: The peak contours for the states |asa; o:cla:2> with anti-periodic boundary
conditions. The expected centers are plotted with an ‘X’.

Figure 5.5 shows the Q)-function contours for the peak of the states ‘agal ° :)31:52>
plotted as a function of continuous variables x and p. These states are correctly
centered at the points x = 0.x1251 and p = 0.a;as1 as shown by the "X’ plotted in
the center of each contour. One could have defined the Schack-Caves maps using
periodic boundary conditions. In this case, the states }agal oatlx2> would be expected
to be centered at x = 0.x129 and p = 0.aya9, but as Figure 5.6 shows, this is clearly

not the case. These states are correctly centered in momentum, but not in position.
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Figure 5.6: The peak contours for the states ‘agal ° x1x2> with periodic boundary
conditions. The expected centers are plotted with an ‘X’.

The reason for this lack of position centering is not mysterious and helps give
insight into the nature of these partially Fourier transformed states. As stated before,
the state ‘aN_n NP X R xn> is strictly localized in position. The distribution
<ej ‘aN_n ... a1 ey .. xn> is a step function with non-zero values only in the region
where the first n bits of j are equal to zyxs...z,. Using the definition of a binary

number, we see that there are non-zero values when j ranges from
j=axg...2,000...0.0=2""z129...2,.0+0

to

j=amy. a1l 1.0 =2Y "y o2, 0428 — 1
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2V values of j which yield non-zero probability. Obviously, the

Hence there are
partially Fourier transformed state will have position extent uniformly in this region;
therefore, they will be centered at j,,, the midpoint of this region. This midpoint is
given by

N—n
= 2N (g 2, 0+ 1/2) (5.25)

jm = 2N_nl'1.§lf2 ce IL’nO -+

Expressing this point in terms of the continuous variable z = j/D = j /2", we find

that the partially Fourier transformed states are centered at

.0+ 1/2
2, = gn +1/ = 02129 ... 2 1. (5.26)

This is exactly the point specified by the anti-periodic version of the Schack-Caves
quantum baker’s map. Moreover, we see that this midpoint’s value is unaffected
by the choice of boundary condition; hence, the position centering for the states is

unchanged in Figures 5.5 and 5.6.

5.4 Eigenvalue statistics

In quantum chaos, there has been much research done into the area of eigenvalue
statistics [17, 76, 77, 78, 79, 80]. The idea is based upon Wigner’s random matrix
theory and predicts that if one makes a histogram of the spacing between a quantum
map’s nearest neighbor eigenvalues, then this histogram will have a characteristic
shape [11]. If the system is not chaotic then the shape will be Poissonian; otherwise,
it will have one of a variety of shapes predicted by random matrix theory”. While
the subject of eigenvalue statistics is too peripheral to be discussed in detail here, we
will show that the Schack-Caves By_; quantum baker’s map has eigenvalues whose

spacing is completely regular; a trait not shared by the rest of the maps.

"See the introduction of [81] for a brief but thorough description of the possible his-
togram shapes.
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In this case, Equation 5.22 becomes

BN—l = Z ‘1’101'2...1’]\7><.l’11'2...l'1\7‘

1

NG Z Zexp[wi(y1+1/2)(x1+1/2)] |22 any ) (T1ws . 2y

z1...,xN y1=0
(5.27)

where we used Equation 5.13 to rewrite the expression in the position basis.

We see that the action of By_; is very simple. It is to shift all the qubits by one
position to the left, the leading qubit is moved to the end of the string and is then
subjected to a Fourier transform. Realizing this pattern, we can quickly calculate

the action of N iterations of the map,

(By_)" = % T % ewlritn 120 +1/2)

x exp [mi(yn +1/2)(xn +1/2)] lyn ... y1){@1 ... an].
(5.28)

Operating the map once again, we get

(By_1)¥*' = V;N_Z S S explmitu + 1/2) (01 +1/2)] -

1

X Z exp [mi(yn + 1/2)(zn + 21 + 1)] ‘yN_l...y1z1><x1...xN‘.
yn=0

1.-0TN Y1,---YN—1 21=0

(5.29)

This last sum can be done; we find that

Z exp [mi(yy +1/2)(xn + 21 +1)] = exp {%i(xN TP 1)] (1= (=1)=n+a)

yn=0
-2, ifxy=0and 2, =1,
=94 -2, ifry=1and 2z =0,
0, else.

(5.30)
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Equation 5.30 gives the values of the sum for the possible values of xy and z;. In
the language of binary numbers, z; has to be the “not” of xy which is represented
by 21 = Zy. This negating will occur for each successive variable as we continue to

operate By_1; therefore, we see that

(BN_l)QN:(—l)N D R T ) (5.31)

Of course, the “not” of a “not” is identity, so we find that if we continue to operate

the By_1 quantum baker’s map enough times, we will get the identity operator,

(BN_1>4N:(—1)2N Y rieccan)o.an| = 1 (5.32)

T1, TN

Equation 5.32 has a profound effect upon the eigenvalues of the map By_1. Tt
implies that all of the eigenvalues are roots of unity. In fact, they will be given by

27
€XP m] )

where 7 is an integer. For large values of N, this map will have highly degenerate
eigenvalues, and the nearest neighbor spacing will either be zero or 2w /4N. The

eigenvalue statistics will be completely regular.
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Chapter 6

The classical limit for a class of

quantum baker’s maps

6.1 Introduction

This chapter details the author’s work published in the Journal of Physics A: Math-

ematics and General [82].

The inspiration for this classical limit program begins with Saraceno and Voros
[39] and their semi-classical “Van Vleck” [1] ansatz. It states that in the limit 7 — 0

a quantum propagator U has the position representation
7

2
e | W),

7 ~ —-1/2
(2'|U|x) ~ (27h) pp >

where W (x,z’) is the generating function for the classical map. The square root
in the expression acts as a Jacobian since in effect we are performing a change of
variable. Inspired by the spin coherent state work of Kus [49] and Scott [50], this

ansatz has been modified for use with our coherent states,

b|0|a) ~ \/@8;;; exp [W(b*,a)/zh] exp [— %(W + )] (6.1)
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Chapter 6. The classical limit for a class of quantum baker’s maps

In this work, we use the Schack-Caves quantum baker’s map from Chapter 5 and the
coherent states of Chapter 4. To the best of the author’s knowledge, this is the first

time this technique has been applied to a map on this space.

Figure 6.1: The @Q-function, in D = 32 dimensions, for the a = 1/4 + i/4 coherent
state and the state created when the By quantum baker’s map acts upon it.

Figure 6.2: The Q-function, in D = 32 dimensions, for the a = 3/4 +i/4 coherent
state and the state created when the B, quantum baker’s map acts upon it.

The @-function has been of great importance in helping motivate the theoretical
work of this section. Figure 6.1 shows the Q-function for the a = 1/4 + i/4 coherent
state and the Q-function for the state, Bg}a> in D = 32 dimensions. Although it
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Chapter 6. The classical limit for a class of quantum baker’s maps

may not be apparent from the figure, the mapped state is centered at the point
1/24 /8 which is the mapped point of the classical baker’s map. Figure 6.2 repeats
the procedure for the a = 3/4 +i/4 coherent state. It is mapped to a state correctly
centered at 1/2 + 5:/8. Of course, two examples are not sufficient to entail a proof

that all points are mapped correctly, hence the rest of this chapter.

It is interesting to note that the quantum baker’s map not only takes the center
of the states to the classically directed point, but that it recreates the map’s action
in another way. The classical map stretches the unit square in position and squeezes
in momentum. In the same fashion, the quantum baker’s map takes a symmetrical
coherent state and squeezes it along its momentum axis, thus necessarily stretching

it along position.

Our goal for the rest of this chapter is to calculate explicitly the quantum baker’s
map representation in the coherent state basis and find its semi-classical form, i.e.
we wish to obtain the leading term in an asymptotic expansion of the matrix element
<b‘f3n‘a> as D = 2V — 0o. We see that in this limit the total number of position and
momentum bits, N, necessarily become infinite. As Figure 6.3 illustrates, however,
there is considerable freedom of choice on how this may occur. We wish to consider
cases where the relative number of position and momentum bits approaches infinity
at different rates. To this end, we take the number of position bits to be n = n(N) =
ON + s, where 0 < # < 1 is rational and s takes integer values. For ease of reading,
we also introduce the constant ¢ = 1 — 0 such that the number of momentum bits
N —n = ¢N — s. We will now identify the different Schack-Caves quantum baker’s
maps, Equation 5.24, through the new parameters, Bg,s = B,,. In the analysis which
follows, we must consider the two extreme cases of # = 0 and 6 = 1 separately. We
find that for all cases except when 6 = 1 the semi-classical propagator has the Van
Vleck form, i.e. Equation 6.1; hence, we claim they have the correct classical limit.

The 6 = 0 interpretation will be discussed below.
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Chapter 6. The classical limit for a class of quantum baker’s maps

We consider first the # = 0 case where the number of position bits is fixed at s as
N — oo; the Balazs, Voros, and Saraceno quantum baker’s map is the special case

where s = 1.

A
10 i A d i f . A A
n=N/4+2
ot [] ° ° ° ° ° ° ° L)
n=1

8t ° . ° . . . ° . ')
w n=N/2
= 7 [ ° . ° . . . °
E -
é 6 [ ° ° ° ° ° [} L)
[)
g 5 ° . o . o . ° L]
E n=2N/3-1

4 [ ° ° ° ° ° ° L)
é 3 [] ° ° ° ° ° ° ° L)

n=N-2

2+ . ° ° L L ° L >

1t 1/ / ° ° ° ° ° ° L)

0 ®- Py ®- Py Py Py Py &

o 1 2 3 4 5 6 7 8 9 10
n  (position bits)

Figure 6.3: Different possible ways of taking the classical limit for the quantum
baker’s map.

136



Chapter 6. The classical limit for a class of quantum baker’s maps

6.2 The limit of the Balazs-Voros-Saraceno quan-

tum baker’s map

In the # = 0 case, the number of position bits remains constant at n = s > 1 as we

let D — oo. Using Equations 5.24 and 4.31, our matrix element becomes

1 D/S-1 2D/S—1 S§j2-1

OlBoa) =507 > 33 22

pr=—oco x1=0 j k=0
exp [— 7<|a|2 + 16> — a® — 6*2) +im(p —v)
2
— D (e +21/2+ (D — 1/2)/S — a+ p)
2
- wD(el+2(Dem—1/2)/S—b*+u>

+mSD (ejel + x16/S — erek”

where S = 2°. To further the calculation, we now use the Poisson formula to replace

each sum by an integral, e.g.

1/S 1/8

é 0/ exp [2i(Dr —1/2)¢] f(a)de = O/jif(x = (G+1/2)/D) f(a)do
L b5
=5 ; f(e;)
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Chapter 6. The classical limit for a class of quantum baker’s maps

The result is

L sppe1 MS S 2s

(b| By s|a) = SD*? i > Y /dx/dy/dz

w,v,C z1=0 m=0 0 0

T, yY=—00

D B .
oxp [ = T (Ja 4 17 = b7) imu -y = C=r =) (6
2 2
— 7TD<y—|—x1/2+m/S—a—|—u> —7TD<z+2m/S—b*+1/>
+ i?TSD(ZEZ—I—Ilz/S — 2:Ey> + 2irD (:)3(+y7'+z7)].

We are now ready to make a semi-classical approximation to our matrix element.
More precisely, we will make a saddle-point approximation to the triple integral

!, Only near a saddle-point will contributions from such an integral cancel

above
the prefactor D?? and lead to an O(1) contribution for the matrix element. The
saddle-point approximation, Equation A.3, can be written down immediately using
well-known formulae found in any standard text [83]. The limits in the above integrals
are finite; therefore, the saddle point will not make a contribution in all cases. We

need to consider this possibility carefully if we are to recover the classical baker’s

map.

Consider first the y integration? by defining

1/
I = /dy exp [ — 7D f(y)] (6.5)
where
fly) = (y— A7 +2i(Sx—1)y (6.6)
A= a—x1/2—m/S — p. (6.7)

An asymptotic calculation of this integral is done by deforming the integration path,

1See Appendix A for a brief introduction to the saddle-point approximation.
2The variable z is a fixed parameter for this calculation.
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Imy

.
3
=
Imy
O/é
3
2

- (Wso) ) D (1/S0)

Rey Rey
@ (b)
Figure 6.4: Steepest descent paths for f(y). The original integration path along the

real line (blue) is deformed to one where Im f(y) = constant (red). Only the first
path allows for inclusion of the saddle point, 3.

initially along the real line, to one in the complex plane where Im f(y) = constant.
Two important cases are drawn in Figure 6.4. The first (a) occurs when the saddle
point?

y =A—iSr+ir (6.8)
satisfies 0 < Re(y’) < 1/S. In this case, the steepest descent path is one which first
travels along the hyperbola C; from 0 to —oo 4+ ¢Imy/, then along the hyperbolic
asymptote Cy to oo + iImy’, and finally back to 1/S wia another hyperbola Cj.
Consequently, an asymptotic expansion for the integral I; will be the sum of three
parts, each associated with a different contour, C, Cy or (3, in the complex plane.
Note that along the contours C; and Cj, the kernel attains its maximum at the
end points 0 and 1/S, respectively; therefore, the leading term in an asymptotic

expansion takes the form
F1
W €xXp [ - WDf(C)] [1 + O(l/D)} (6.9)

3The saddle point is defined through f'(y') = 0
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Chapter 6. The classical limit for a class of quantum baker’s maps

with ¢ = 0 or 1/S with the sign of this leading term being +1 for ¢ = 1/5 and
vice versa. The prefactor of 1/D in the above expression inhibits such terms from
playing a role in the leading order approximation of our matrix element. As remarked

1/2'in each approximation of the three integrals in

before, we need prefactors of D~
(6.4) in order to obtain an O(1) overall contribution for the matrix element. Hence
we will simply discard the integration along contours C; and (3, and make the
approximation

co+i Im y/

I ~ / dy exp [ — D[ (y)] if  0< Re(y)<1/S

—oo+iImy’

=D "exp [—aDf(y)].

(6.10)

As Figure 6.4 shows, when Re(y’) < 0 or Re(y’) > 1/S the path of steepest
descent no longer passes through the saddle point. In this case, there will be no
leading order contributions to the matrix element, i.e. we may set Iy = 0. The
third and final case occurs when Re(y’) = 0 or 1/S. One may investigate these
possibilities by taking exactly one half of Equation 6.10 as the approximation for I;.
For simplicity, we will not deal with this case, except to make the odd casual remark
when needed. In summary, we use Equation 6.10 as our approximation for /; when

0 < Re(y') < 1/S, and otherwise we set I; to zero.

Similarly, for the z integration,

2/
I, = O/dz exp [ —7Dg(2)] (6.11)
~ D Y2 exp [ - mDg(2)] if  0< Re(?)<2/8S,
with
g(2) = (z—B)*—2i(Sx/2+ x,/2 +7)z, (6.12)
B = b —-2m/S—v, (6.13)
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Chapter 6. The classical limit for a class of quantum baker’s maps

and the saddle point is
7= B+iSx/2+ ix1/2+ iv.
Now letting x vary again and setting

hz) = f(y) + g9(2') — 2iCx
= 25%2 + S(2iA —iB4+x/2-21+v— QiC/S>SL’ — 2AT
—iB(xy +27) + 72 + (21/2 + ),

we have the final integral

1/8

I3 = /d:c exp [ — mDh(z)]
0
4
552D

~
~

exp [ — wDh(a')] if  0< Re(d') <1/8S,
with the saddle point at

2, : :
x ——£<22A—ZB—|—1’1/2—27‘—}—7—22C/S>.

(6.14)

(6.15)

(6.16)

(6.17)

Inserting our saddle-point approximations back into Equation 6.4 and setting

a = ay + iay and b = by + by, with a little algebra we obtain

1 S/2—1

CENBIATERD DD DI St ket (SR A O

wr,l  x1=0 m=0
T, Y=—00

+ (az—252+I1+7'+27)2}+i7T(M—V—C—T—7)
2imr D

+ z'7rD(a1a2 — blbg) —

— (a1 +2by —x1/2 — p—2v)(x1 + 7+ 27) + ((ay —47‘+27)/S}]
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provided that all three of the inequalities

/ 2 1
0 < Re(:z):£<2a2+bg—z1/2—|—27'—7)<§ (6.19)
.1 1 1
0 < Re(y)—g<a1—|—2b1—z1/2—,u—2u>+£<4C—5m><§ (6.20)
1 , 1 1 1
0 < SRe(z) —g<a1+2bl—x1/2—,u—2y>—£<C+5m)<§ (6.21)

are satisfied. Otherwise the matrix element is taken to be zero.

Note that although m no longer appears in the exponent, we cannot trivially
evaluate the sum since not all values of m will satisfy Equations 6.20 and 6.21.

Consider the cases when the approximation in Equation 6.18 becomes O(1), i.e.,

20 — by — 2 —2u+v—20/S = 0, (6.22)

ag —2bs + 11 +7+27y = 0. (6.23)
Substituting (6.23) into (6.19) we obtain
O<as+7<1 or O<b2-l’1/2—’7<1/2. (624)

The integers 7 and ~ give the periodicity in the momentum direction. If we assume
0 < ag,by < 1 then we may set 7 =~ = 0 in Equation 6.18, making a note that we
are discarding exponentially small Gaussian tails. Also notice from Equation 6.24

that we must have z; = |2b,].

Now, negating Equation 6.21 and adding it to Equation 6.20, we immediately
arrive at the inequality —1 < ¢ < 1; we must set ( = 0. Substituting this into
Equations 6.20 and 6.21 implies that

2m 2 2(m+1
If we drop the sum over m in Equation 6.18, we have
2
O<g<a1+261—x1/2—,u—21/> <1 (6.26)
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Following a similar procedure to the one above, we can substitute Equation 6.22 into
Equation 6.26 and deduce that under the assumption 0 < ay,b; < 1, our matrix
element, Equation 6.18, becomes O(1) only when p = v = 0. Furthermore, we will

have x; = |2a4 .

The surviving term of the summation is our semi-classical approximation for the

propagator,

. 4 D
<b}Bo,S}a> = \/gexp [— %{(2&1 — b — LQalj)z + (a2 — 2by + L2alj)2
+ i(3a1a2 + 3blbg + 4&162 — 4&261) (627)

— 2i[2a1 ] (a1 + 20y + 205 + by — [2a1]/2) }} ;

where we have chosen x; = |2a; | and implicitly assumed a; # 1/2 and by # 1/2 by
ignoring cases of equality in Equations 6.19-6.21. All other terms in Equation 6.18,

being exponentially small, are discarded.

Note that the above approximation is O(1) only when b is the iterate of a under
the classical baker’s map. Furthermore, a little algebra reveals that our semi-classical

propagator may be rewritten in the Van Vleck form

® 4 1 * *
(b| Bos|a) = \/gexp {WD (1—0 (30 + 8ab* — 3a?)

+ g(l + %)(a+ib* — %)La+a*j)} exp [— % (Ja]* + |b\2)}

=4/ aa;g;k exp [ﬂ'DW(b*,a)] exp [— % (|a\2 + |b‘2) ]v

(6.28)

where W (b*,a) is Equation 5.3, the classical generating function. Hence we have
shown that the class of quantum baker’s map with 8 = 0 will approach the classical

baker’s map in the limit D — oo.
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6.3 The classical limit of the 0 < 0 < 1 Schack-

Caves quantum baker’s maps

We will now consider the case when 0 < # < 1, n = N6 + s. Here we define
2" =2N%2° = DP2° = Dy, 2V = D927 = D,

The quantum baker’s map, Equation 5.24, becomes
1 D¢ 1 2D¢—1 D9/2 1

Boo=p 2 2 2 2

:(:1 =0 7,k=0 =0
L e
2Dy

1
X ‘el +en2Dy — —><ek +21/24+ enDy —
Dy
. T1€;
X exp {mDDg (ejel 4+ —-2 Jek)} )
Dy
To clear things up a bit, we introduce new variables

@ =eD/Dy, q;=¢;D/Dy, qp=exD/Dy, Gn = enD/Dy. (6.30)

This replacement smartens up Equation 6.29 to the form

BGS_\/_D Z Z Z mz ‘Ql ><qk2791/2+qm+%

wlojkO 1=0

x exp [TiDy (qjq + 211 — 2q;q)] -

Equation 4.31 then yields a rather long expression for the coherent state matrix

element,

(bl Bo,s| @) =

D
exp [— % (|a|2 + 6] —a® — 6*2) +im(p —v)
g ) (6.31)
— 7D (De (qk—1/2)—|—qm—|—x1/2—a+u)
— 7D (Dy (g — 1) + 2gm — b* +v)°

+ 1Dy (q;q0 + 2100 — 251 |-
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Chapter 6. The classical limit for a class of quantum baker’s maps

To further the calculation, we again use the Poisson formula to replace the finite
sums over ¢;, qx, qi, ¢m With integrals over the variables x, y, z, and ¢, respectively.

This trick turns our matrix element expression into a bit of a monster,

. ;1 1 2 1/2
(b Bps|a) =vVDDy > Z/dx/dy/dz/dt
0 0 0 0

WG, x1=0
V,R=—00

exp [— % (Ja]* + |6 — a® = b)) + im(p — v)

— 7D (t+ /2 —a+p)’ — 7D (2t — b +v)°

—27Dy(y — 1/2)(t +11/2 — a+ p) — 2 Dy(z — 1)(2t — b* +v)

— mDy(y — 1/2)*/Dy — mDy(2 — 1)/ Dy

+ miDy(zz + 212 — 22Y)

+ mi(2Dyx — 1) + mi(2Dyy — 1)T + wi(2Dyz — 1)y + mi(2Dyt — 1)K|.
(6.32)

The terms with highest power of D are those containing t. We can write them as
1/2
I, = / dt exp [-7D (t + A)®> — 7D (2t + B)* — 2rDytC + 2rDgtE],  (6.33)
0

where

A=x1/2—a+p, B=-b"+v,
(6.34)
C=y—1/24+2(z—-1), E =ik.
We now approximate this integral using a variation on the method of steepest de-
scents*. The third and fourth terms in I, with their lower dependence on D, alters

this expression from that usually found in standard steepest descent formulae; how-

ever, we need to keep them to ensure that the entirety of the matrix element is

‘When ¢ = 1, the third term of the exponent in Equation 6.33 also becomes dominant
and must be incorporated. Hence the need to consider this case separately in the previous
section.
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calculated®. The technique for approximating this integral will be the same as that
shown in Figure 6.4. We deform the integration along the real line to steepest descent
paths in the complex plane. The integrals along the contours € and C3 are again

set to zero, thereby leaving us with
oco+it’
I ~ / dt exp [-7D (t + A)> — 7D (2t + B)? — 2rDgtC + 2w Dt E],  (6.35)
—oo+it!
which is a standard Gaussian integral. The condition for making this approximation
is
5
O<CL1+2b1—SL’1/2—/J,—2I/<§. (636)
We shall return to this inequality later.

Using the Gaussian integration of Equation 6.35, we have

(b By,s|a) ~ Z Z/dx/dy/dz

wv,¢,m x1=0
v,K=—00
D D
exp [- T2 (a2 + b2 = a® = b2) + im(p — v) — Z=(24 — B)?
g (6.37)

D 2nD :

— %(Zy —2)? — T ©(2y — 2) + TiDy(xz + 212 — 27Y)
0
2 2miD D

_ ?(y +22)k — i %(A+2B)k — g—DZH2
+2miDy(xC + y1 + zv)] :

The repeated appearance of terms with the expression 2y — z suggests a change
of variable may be advantageous. After some trial-and-error, the following change of

variables is found to be best,

U 1 -2 1 x
v | =11 2 —1 y |- (6.38)
w 0 1 2 z

°Ironically, these terms will be set to zero in the final analysis. A fact that could not
be known a priori.
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Here the fairly simple integration region of (z,y,z) € [0,1] x [0,1] x [0, 2] must be
replaced by the parallel-piped 2.

After changing to these variables and making some simplifications, we write Equa-

tion 6.37 in a form useful for the method of steepest descent,

<b}Bg7s‘a>:% i i///dudvdw exp[—ﬁDd,f(v)

¢, x1=0
e (6.39)
7TD¢ 2
—7Dpg(u) ~ gor(v —u) }F(w),
where
fv) = izﬂ +(C =il
g(u) = —iu2 — (C +iQ)u,
1 iy 2 R (6.40)
2
F(w) = exp [?w (Dy(z1 + 74 27) — H):| .

We'll start our steepest descent program by looking at the function g(u). If we

write u as uy + iug, we see that
1 . 1o, 1,
g(u) = §u1u2 — C’lul + (C + CQ)UQ “+1 —Zul + Zu2 — (CQ + C)Ul — C’lu2 . (641)

The contours on which the imaginary part of g is constant are hyperbolae. We wish
to find those contours which pass through its saddle point. A trivial calculation

shows that the saddle point, ’, is located at
u’ =u + ’éUQ = —Q(C + 02) + ’éQCl, (642)
and that the saddle point contours are given by

up — uy = t(ug — uj), (6.43)
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Reu Reu

@ (b)

Figure 6.5: Two possible steepest descent paths. Only the first allows for inclusion
of the saddle point.

which are the asymptotes of our steepest descent hyperbolae.

Looking at the real part of Equation 6.41, we see that along the line u; — u} =

—ug + ub,
Re (g(u)) = —1/2u +... = exp [—7TD¢ Re (g(u))] — 00.

We shall refer to this contour as the oo-asymptoteS. Along the other line, u; — u} =

us — uy, we have
exp [—ﬂ'D(b Re (g(u))} — 0.
To have a finite valued integration, we must integrate along this line.

The oo-asymptote is not useless. As Figure 6.5 shows, this asymptote determines
when the contribution from the saddle point is included. Whenever the co-asymptote

passes through the real line integration region [a,b], our steepest descent contours

SIn figure 6.5, the co-asymptote is depicted in green.
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include the saddle point. This occurs at the point (uf,0) where

uf —uy =0+ uy = uf =u + ub.
This last statement implies

a<uy+uy=2(C,—Cy—)<b. (6.44)
The importance of the inequality is not clear yet. We shall return to it shortly.

Looking at Equation 6.40, we see that the function f(v) is very similar to g(u). It
therefore should come as no surprise that the analysis is the same; the only differences
are the position of the saddle point, v' = 2(¢{ — Cy) + i2C1, and the equation for the
saddle point asymptotes. In this case, the saddle point will be included provided
that the oo-asymptote, v, — v} = vy — v} in this case, passes through the real line
segment [c, d]; thus,

c < Ui — ’Ué = Q(C — Cl — Cg) <d. (645)

But what are these mysterious points a, b, ¢, d? Unfortunately given the nature
of the variable change, their values differ as one integrates over the volume element
2. We must convert back to our original variables z,y, z. We do this by inverting

the matrix in Equation 6.38. We see the following,

u” == 2(01 - C2 - C) LU” - —202
N Q(C O, — Cl) = ' = %(C _ Cl) + %w , (646)
w' = w = —23((—Ch)+ 2w

where we have left the for now unrestricted variable w unchanged.

Given the independent integration ranges for x,y, z, the restrictions of Equations

6.44 and 6.45 become

0<2" <1
0<y’' <1

0< 2 <2.

149



Chapter 6. The classical limit for a class of quantum baker’s maps

Using Equations 6.46 and 6.40, we can rewrite this as

2 1 4 1
0< 5(2&2 + bg) — 51'1 + 5(7' — 5’7) < 1,
4 1
2 2
~Z¢— Zw< 2.
0< 5((’ Cl)+5w<

These last two expression restrict the values of w. Simply rewriting them gives

(—C’1<w<5—|—C—C’1,
—4((—Cl)<w<5—4(§—C’1).

This means that w is restricted to values w, < w < 5 + w, where
Wp = max (g - Cl, —4(C - Cl)>

Similarly, w, is the min of the previous expression. If ( — (] is positive, then it is

necessarily true that w, = { — C; therefore,
(—Ci<w<b—-4((-C)=(-0C; < 1.
Similarly, if ¢ — C is negative, then w, = —4(¢ — C), such that
A -C)<w<b+((—C)=¢—-C,>—1.
Combining these two conditions together gives another restriction,

-1<¢(-0C <1 (6.48)

Having learned all we can about the restrictions placed upon our variables by the
finiteness of their integration, we can now proceed to finding the asymptotic form
of the integrals over u and v. Given the form of Equation 6.39, we again use the

variation of the steepest descent technique employed when integrating over t. After
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much algebraic simplification, we find the following

S54ws

. 1 4 [e'9) 1
<b‘Bg,s‘a>%g\/g >y / dw exp [(|a\2+|b\2—a2—52)

w1, CoT z1=0 wy,

¥, K=—00
D D
_M(C+T+7—u+y)—L(gA_B)2_u2 (6.49)
5D,
2miD 27 AD
~ 0 (A4 2B)k) — 2w (5 — Dylag + 7+ 27)) — m22m(?
0 5 5D,
—47TD¢CC .

Looking at Equations 6.36, 6.47, and 6.48, we see that currently there are no
restrictions placed on the sum over k. However, by doing the integration over w it is

revealed that there are only certain values of x that yield non-zero matrix elements,

54ws
o
dw exp [ - %Zw (k — Dy(x1 + 7+ 27))

w (6.50)
5i 2mi 5w

T on (k — Dg(x1 + 7 +27)) exp[—?w (k — Dy(x1 + 7+ 27))]]

Whp

This expression goes to zero like 1/D, unless
R = D¢(l’1 + 7+ 2’)/)7

therefore, we have

. 1[4 & ¢ D
<b‘Bg7s}a>zg\/g Z Z(5+ws—wb)exp[—%(\a|2+\b|2—a2—b2)

!’L?VvaT z1=0
y=—o00
D D
_m(C+T+”y—,u+l/)—%(2A—B)2— %(x1+7+27)2
2D AD
- ”52 (A+2B)(21 +7+2) - 52n¢” - 47rD¢§C] .
6

(6.51)

Using the definitions of A and B from Equation 6.34, we see that

2A—B=2y—2a+2u+b"—v,
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1
A—|—2B:§[L’1—a—|—,u—26*:21/.

Writing the real and imaginary parts of our variables a = a; + ias, b = by + iby, we

can gather all terms which have leading power D and write them as

1 1
—(2a1—bl—xl—2u+u)2+g(a2—2b2+x1+7+27)2

2
+ % (3&1&2 + 3blb2 + 4@1()2 — 4@2()1)

21 21
—l—gl(xl/Q—al+,u—2b1+2y)(:c1+7'+27)—g(b2+2a2)(x1+2u—y).

(6.52)
Both of these Gaussians decay rapidly. The matrix element will be O(1) when

by = 2a; — 21 — 2u + v, (6.53)

62:a2/2—x1/2+7/2+7. (654)
In this case, our restriction from the first integration, Equation 6.36, becomes

1
O<CL1—IL’1/2—M<§. (655)

Given that a; is defined on the interval [0, 1], this inequality implies that ¢ = 0. We

also know that b; is restricted to the same interval; therefore, Equation 6.53 implies
0<2a;—x1+v<1, (6.56)

so that v = 0 as well.

Combining Equation 6.54 with the inequality from Equation 6.47 gives
0<ar+7<1l=7=0, (6.57)
A similar argument with 0 < by, < 1 gives

0<ay/2+3/24+~<1, (6.58)
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implying that v = 0. Finally, Equation 6.48 gives’

-5 < 5C + 2a1 — bl —x; < 5. (659)

Using Equation 6.53, we see that ( = 0 as well.

When all of the summing variables have been set to zero, we get the conditions

! < < L + L

— a/ J— —

2I1 1 5 2$1,
0< ay < 1.

The first of those means that 7 = |2a, .

As a final note, we see that w, — ws = 5|C}| = by — 2a; + x; which we shall set
to 0 given Equation 6.53. Using all of these facts in Equation 6.51, we arrive at our

final answer,

. 4 D
(b| By.o|a) = \/gexp [— - ((2a1 — by — [2a1])? + (ag — 2bs + |2a1])?
+ i(BCLlCLQ + 3()162 + 4&162 — 4a2b1)

— 2i[2a; | (a1 + 201 + 2a3 + by — L2a1J/2))}

4 mD .
— \/gexp [— - (|a\2 + |b\2) + 7 DW (b ,a)},

(6.60)

where once again W (b*, a) is Equation 5.3, the generating function for the classical
baker’s map. We see that for 0 < 6 < 1, the semi-classical propagator also takes
the Van Vleck form; thus, the classical baker’s map will be recovered in the limit

D — 0.
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Figure 6.6: The Q-function in 32 dimensions of the Bs operator acting upon the
a = 1/4+i/4 coherent state.

6.4 The classical limit of the # = 1 Schack-Caves

quantum baker’s map

In Chapter 5, it was seen that the eigenvalues of the By Schack-Caves baker’s map
are significantly different from those of the rest of the maps. It should come as no
surprise that the classical limit of this map is different as well. Figures 6.6 and 6.7
show the Q-function for the By map acting on the a = 1/4 +i/4 and a = 3/4 +i/4
coherent states respectively. Unlike Figures 6.1 and 6.2, these Q-functions for the

T After using the fact that Oy = 1/5(by — 2a; + x1).
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Figure 6.7: The Q-function in 32 dimensions of the Bs operator acting upon the
a = 3/4 +1/4 coherent state.

mapped states have two “humps.” One hump is centered at the correct point, while
the other is centered at the point specified by the other half of the classical baker’s
map. While this behavior is not alarming a priori since the extra hump could vanish
in the classical limit, we shall see in the forthcoming analysis that these humps do
not, in fact, disappear in the classical limit. Therefore, this map cannot be said to

have the correct limit.

Technically, this map must be treated separately because an assumption made
in the previous section is no longer true. In particular, in Equation 6.37, we have

taken the terms with prefactor D? as dominate. This clearly cannot now be the case

155



Chapter 6. The classical limit for a class of quantum baker’s maps
as ¢ = 0. We must repeat the analysis taking the correct dominant terms. To this

end, we shall assume that n = N — r where r is constant. This allows us to study

the map which has a fixed number of momentum bits r,
Bl,_r‘ar IR Y A 2 .xN_T> = ‘ar S (1T @ T .. .xN_T>. (6.61)

We see that in this case 2" = D27" which for ease of reading we shall call D/R such
that R = 2". Using Equation 5.24, we have

R R
e; + 2Re,, — 5><ek+x1/2+Rem— 5D

miD?
X exp 7 <€jel + R/Dxe; — 2ejek)].
(6.62)
We are now set to find the matrix element:
A 1 0 1 R-12R-1 D/(2R)—1 D
(b|B1—|a) = —— Z Z Z Z exp | — —(|a]* + |b]* — a® — b*
\/ER p,v=—00 x1=07,k=0 I= m=0 [ 2 ( )
k+1/2— R/2)\2
vir(u—v) = 7D (Rey +21/2 — a4+ -+ LTI ZE)
. (1+1/2—R)\2
7rD<2Rem b* +v+ D )
41 . 2 .
i 50+ /2 +1/2) + 01l +1/2) = S0+ 1/2)(k+1/2)) |.
(6.63)

Using the Poisson formula again, we replace the finite sum over the variable m with
an integral over the interval [0, (2R)™!]. Tt will be advantageous to quickly do a

change of variable such that the integration interval will be [0,1/2]. Having done
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this and made some algebraic simplifications, the matrix element expression becomes

1 R12R11/2

OBy =2 S S [ayen [~ T2 (1 + -t - 0?)

wv,k=—00 x1=0 5,k=0 [=0

2miD

—I-Z'ﬂ‘(,u—l/—l{)—l- y/-z—wD(y+9:1/2—a+u)2
—7TD<2y— b* +u)2 — 27r<y+x1/2 —a+u> <k+ 1/2 — R/2>
—27r<2y—b* +y) (z+ 1/2 —R) +m’<%(j +1/2)(1+1/2)
Fao(l41)2) - %(j F1/2)(k+1/2))]

(6.64)

We will now do the method of steepest descent again on the following integral

1/2
/ dy f(y) exp [ - ng(y)}

where
g(y) = <y+x1/2—a+u>2+<2y—b*+u)2—2i%, (6.65)
f(y):exp[—27r<y+:1:1/2—a—|—,u><k+1/2—R/2> 6.66)

—27r<2y—b*—l—l/) (z+1/2—R)]

After using the steepest descent formula, Equation A.3, we get

1 R-12R-1

OBy = Ao >0 50 Y S e[ 5 (lal o - ?)

pv,k=—0c0 x1=0 j,k=0 [=0

—I—Z'ﬂ‘(u—y_,%)_@<2A_B)2_27TiDI€<A+QB>_iH2

5 5R 5R2
- 2%(2(2,4 -B)+ ) (k+1/2- R/2)
2m

—?<—(2A—B)+2Z§><l+1/2—1%>

+m‘<%(j +1/2) (1 +1/2) + 21 (1 +1/2) — %(j +1/2)(k + 1/2))

[ I—
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where

A=x1/2—a+nu B =-b"+v.

The restriction for using this approximation is
D
O<CL1—LE‘1/2—,U/—|—2[)1—2V<§, (668)

where again a = a; + tas and b = by + ibs.

Now we use tricks similar to last time. We gather the leading terms of the matrix
element and write out the real and imaginary parts. We find

2

%(|a|2—|—|b|2—a2—b*2> +1(2A—B>2+%(A+2B) +

) 5R 5R?
1 2 1 K\ 2
:—<b1—2a1+x1+2u—y) +—<a2—2b2+—>
52. 5 s R (6.69)
+ g (3@1&2 -+ 3b1b2 + 4a1b2 — 4a2b1) — g (bQ -+ 2&2) (LL’l + 2/J, — V)
21K
+ ﬁ(xl/Q_ aq —|—,u— 2b1 —|—2V)

Once again, we have two rapidly decaying Gaussians. The matrix element is O(1)
when
1

K
b1 =2a; —x1 — 2 d by=-— —.
1 a; — a1 u4+v an o 2a2+2R

Equation 6.68 along with the range of a; values, implies that © = v = 0; thus, we

arrive at the following semi-classical approximation for our propagator

00 R—-1 2R-1

Bl = 2 3 X ow |- T{Ca—b- o)

k=—00 7,k=0 =
+ (ag - 2b2 + K,/R)z + i(3a1a2 + 3blbg + 4&162 — 4&261)
— 2in(ar + 26 — |241]/2)/R — 2i[2a1| (205 + 12) }

2m . 2im
+ ?(Qa— b — |2a1]) (2k — 1+ 1/2) — =

{(j +1/2) (14 1/2) + R[2a1 | (1 + 1/2) —2(j + 1/2) (k + 1/2)}]

(

(k+20+3/2)x
s
R
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The only restriction for the value of  is that ay must be in the (0, 1) range; therefore,

1 K
by = 5@2 + ﬁ’ —Ray, < Kk < R(2 — CLQ). (670)

Setting i = v = 0, we have that
bl = 2&1 — X. (671)

Substituting these facts, Equation 6.68 becomes

1 - <1+1
21'1 a1 5 2$1

such that z; = [2a].
The consequence of Equation 6.70 is the additional humps in momentum seen in

Figures 6.6 and 6.7. In general, in the region 0 < by, by < 1, there will be 2R humps
at the points defined by Equations 6.71 and 6.70.

For the simplest case, when r = 0, our semi-classical propagator is

<b}f31,o‘a> = \/ég exp [— %{(2&1 — b, — L2alj)2 + (ag — 2by + n)z

+ ’i(3a1&2 + Bblbg + 4&162 — 4&261) — 2@%(&1 + 2b1 — |_2(1,1J/2) ( )
6.72

— 2i[2ay ] (2a2 + bg)} +im([2a1] — /{)]

cos {%(2@ —b" = [2a1]) + g(@alj +1/2) — 2%&}

This defines the two humps: one at a position specified by the classical baker’s map,

as +2L2alj)

Y

(by,b9) = (2a1 — 2a4],

with an asymptotic size of

Kb(a)‘BLo‘aﬂz = %(3052 [g (az — 1/2)]. (6.73)
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The other hump is located at the point specified by the other “half” of the classical

baker’s map, i.e. at the point

(br, by) = (2&1 ~ |2ay), 22 L2‘“J).

2
It has asymptotic size

™

}<b(a)‘Bl,0‘a>}2 — %SinQ [2

(a2—1/2)]. (6.74)

One interpretation of these equations could be that a stochastic mapping is implied
in the classical limit: a point at (a1, as) has the probability cos?[r(ay — 1/2)/2] of
obeying the classical baker’s map, and probability sin?[r(ay — 1/2)/2] of ending up
at (2a; — |2a41 ], (aa +1—|2a1])/2). Notice that there is now a smooth transition of

probabilities as one crosses the lines ay = 0, 1.

Consider the size of our probabilistic humps in the general case. If we set (b1, by) =

(2a1 — [2a4 ], (as + k/R)/2), with & fixed, then

(b(a) BL_T‘@ = \/g exp {% <2a1m + R|2a1]ay — |2a4 | m)} U, (a) (6.75)

where

1 R-1
\If,{(a) - 2R2 Z
j=0

cos? [1Ras)

sin |:7T(a2 -+ 1/2)/R>} sin [g <a2 —2a1] +K/R - ! +Rl/2ﬂ

(6.76)
The probability associated with each hump is given by W2, with Y27 102 = 1,

and is plotted for » = 2 in Fig. 6.8(a). The curve with the largest probabilities
is that associated with the “correct” hump prescribed by the classical baker’s map
(' = [2a1]R). It takes maximum values of unity whenever a; = (m + 1/2)/R
(0 < m < R—1), and as R becomes large, ¥?, — 1 for all 0 < a, < 1. Hence,
as expected, we are left with a single hump located at the correct position. In
figures 6.8(c) and (d), we have drawn the function |(b|B|a)|? and its semi-classical

approximation (6.70), respectively, when a = 3/4+i/20, r = 2 and N = 8. For such a
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large dimension, D = 28, our semi-classical approximation becomes almost identical
to the exact matrix element. One may also view our semi-classical propagator as an

approximation to the Husimi function for the mapped state B|a).
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Figure 6.8: (a) The probabilities U2 when 7 = 2. The Husimi functions of (b) the
initial state |a) (a = 3/4 +4/20), (c) its mapping Bla), and (d) our semi-classical
approximation (6.70), when 7 = 2 and N = 8. The humps have the height ¥2 with
as = 1/20 (gray line in (a)).
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Conclusion

7.1 Summary of results

In this work, we have explored the transition from the quantum realm to the classical
one. Using a favorite “toy” mapping from classical chaos, the baker’s map, we
have explored the boundary between the two realms in hopes of finding a general
procedure for taking the classical limit. It was our hope that for the admittedly
non-physical baker’s map, the classical limit could be found without introducing
extraneous elements like a decohering environment or resorting to a coarse graining
program. Of course, one may argue that coarse graining and limit taking are equally
mathematical! | but in such a pure system, one would like to recover classical behavior

in the A — 0 limit.

Obviously before the classical limit program could be started, certain mathemat-
ical tools needed to be developed. We began in Chapter 2 with introducing the

phase space for our finite-dimensional Hilbert space, Hp. The fundamental objects

1Others would argue that the net effect of taking the classical limit is a coarse graining
over phase space.
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that this thesis is based on were the position eigenstates,

e;). From them and the

discrete Fourier transform, we created the momentum eigenstates, pk>. Of course
our choice of which eigenstates to start with was entirely arbitrary, but as position

holds a special place in most physicists’ hearts, we chose to label them as such.

Once the position and momentum eigenstates were established, we were able to
create the phase space for our finite-dimensional Hilbert space. The position and
momentum displacement operators allows one to associate an eigenvalue to each
position and momentum eigenstate. From them, we construct our phase space as a
grid of D? points each corresponding to a pair of position-momentum eigenvalues.
When our coherent states were introduced in Chapter 4, we found it necessary to
extend the phase space to all points in the QP area rectangle. Our original phase
space grid is a sampling of this rectangle at the points z = Q(j + 5)/D, p = P(k +
«)/D. This switching between a finite grid and a continuous set of points can be
a little confusing, but as it is sometimes necessary to increase the resolution of a

Q-function plot, it is seen as a necessary evil.

After defining the phase space, we then introduced the symmetry operations act-
ing in this space. These operators would be paramount in explaining the form of
the finite-dimensional Wigner function; therefore, they were given a context free in-
troduction. The displacement, Fourier transform, and time reversal operators were
all defined through their action upon the position eigenstates. Afterwards, the oper-
ators’ action upon the momentum eigenstates was found using the discrete Fourier
transform. Demanding that the result of these operations upon the momentum
eigenstates be another eigenstate allowed us to infer a geometrical interpretation for
these operators. As with the continuous case, the Fourier transform was found to
be ninety degree rotation in the phase plane, while time reversal was found to be
reflection through the position axis. Unfortunately, these definitions were valid only

for the periodic and anti-periodic boundary conditions; therefore, these two bound-
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ary conditions became the focus for the rest of the thesis. It was then shown that
all other symmetry operations could be performed using combinations of Fourier

transform and time reversal; it was unnecessary to consider any other operators.

In Chapter 3, a finite-dimensional Wigner function was found. There has been
much research done on finding such a quasi-distribution, therefore the chapter began
with a summary of the previous work. It was pointed out that there have been
repeated discoveries of a function that would behave like the Wigner function in finite
dimensions?; hence, the humorous title of that section. Our derivation of the Wigner
function relied on the relationship between the finite-dimensional Hilbert space and
the subspace of doubly periodic functions. Any wavefunction can be expanded in
either the position or momentum basis with a simple relationship between each bases’
expansion coefficients. We showed that this relationship had the same form in both
‘Hp and for the doubly periodic functions; therefore, we could create an isomorphism
from one space to the other. To make this isomorphism mathematically rigorous,
we found it necessary to introduce windowing functions and perform some rather
tedious analysis to prove they behaved correctly. Luckily, we found that the simple
non-windowing form of the isomorphism produced a valid Wigner function, thus

making a harder calculation unnecessary.

Once the isomorphism was established, we could find the characteristic function
for a state in Hp. We found it to be a discrete function which meant that it could be
simply interpreted in the finite-dimensional Hilbert space as the expectation value of
the symmetrically ordered displacement operator. Previous work on the finite Wigner
function had used such an operator, so it was reassuring to find that we were going
to have a similar form for our function. To find our Wigner function, it was then
necessary to Fourier transform the characteristic function. Doing this calculation

led to another discrete function, the interpretation of which was not as apparent.

2The author includes himself in the list of those re-inventing the wheel.
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The phase space has D? points; therefore, most work had concentrated on finding a
Wigner function with a value for each grid point. Even in previous work, however,
it was found that it was not always possible to find such a function. In particular,
when the dimension of the Hilbert space was even, some researchers had found it
necessary to use a discrete function with 4D? points. Our calculation found that the
Wigner function could have 4D? points for all dimensions. The question was why?
The answer was found in the symmetry operations. With these additional points,
our Wigner function is found to have the proper action under displacement, Fourier
transform, and time reversal and therefore, all symmetry operations. Without these
extra points, no defined Wigner function would behave properly in all dimensions;

they are rejected as being unphysical.

Having a distribution in our phase space®, it now seemed possible to begin a
program which could explore the classical limit. The idea behind such a program
relied on finding coherent states whose Wigner function’s classical limit could be
shown to be a delta function. This delta function limit would be conferred a classical
point status. If the map being studied acted on this coherent state to create a Wigner
function that also limited to a delta function, then the limit of the quantum map
would be the classical function which mapped the first point to the second point.
Looking for these coherent states began the work of Chapter 4. A literature search
unearthed the idea of periodically continuing the Weyl coherent states. These states
were fairly easy to work with and an analytical expression could be found for their
Wigner function. Unfortunately, their classical limit was found to be uncooperative.
The Wigner function for these state have “interference” terms which take the form
of sharp peaks of alternating sign. In the limit, these peaks do not disappear as
desired; instead, they oscillate with ever greater frequency, making the classical limit

undefined.

3Even if it did have a bit too many points.
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It was therefore necessary to try a different approach to find the classical limit.
Having discussed this problem with colleagues, the author was encouraged to attempt
a program which relied upon the coherent states in a different way. Instead of
trying a geometrical approach where the states were found to limit to points in the
plane, the coherent states could be used to find a representation of a quantum map’s
propagator. If this coherent state representation of the propagator was found to
have a semi-classical “Van-Vleck” form, i.e. an exponentiation of the classical map’s
generating function, then the limit of the map would be verified. Unfortunately, there
was still no guarantee of success since this program had not been tried for either the
periodically continued coherent states or for a map defined in Hp. Moreover, it had

been shown in other cases that the Van-Vleck form was not always recovered.

Having decided that this new classical limit program was a worthy successor, it
was necessary to study these coherent states in detail; therefore, the rest of Chapter 4
was born. First the method of finding the Fourier series expansion for the periodic
pieces of the coherent state wavefunction was devised in order to show that these
states have the expected momentum representation. Next, it was shown that a
specific subset of these coherent states were complete. This allowed us to define
a D? valued discrete Q-function for Hp which was later discovered to have all of
the symmetry operations correctly defined for it. It was also easily shown that the
squeezed states could be periodically continued in the same fashion. While these
states were not needed in the classical limit program, their existence is intrinsically
interesting and was included for future study. Finally, since the Wigner and Q-
function had already been defined, it was natural to wonder if their interrelation had
the same Gaussian convolution form of the continuous case. As the proof of this

statement’s veracity was determined without too much trouble, it was included here.

Once the coherent states were well understood, Chapter 5 was needed to introduce

the quantum baker’s map. As this work had mostly been done by other authors, this
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chapter was necessarily a review of pertinent information. We began historically by
first introducing the Balazs and Voros quantum baker’s map. Given that their intro-
duction to the map had been found by some to be lacking in clarity, we reformulated
their map into a more active form using the Q)-function. We showed that the action
of their map is to take states which have good position and momentum localization
to states whose localization is doubled in position and halved in momentum. In this

way, their quantum baker’s map recreates the classical one.

We then introduced the Schack-Caves class of baker’s maps. Inspired by the active
interpretation of the Balazs and Voros work?*, Schack and Caves created a whole set
of partially Fourier transformed states which have varying position and momentum
localizations. They then created a class of quantum baker’s maps by setting up a
correspondence from one set of states to the other. In this work, the details of these
maps were thoroughly presented with special care given to the importance of the
choice of anti-periodic boundary conditions. It was shown that only anti-periodic
boundary conditions predicted the correct position centering of the partially Fourier
transformed state. Finally, it was pointed out that the eigenvalues for one of the
maps could easily be found since it was demonstrated that this map raised to the

4D power was equal to the identity operator.

Finally, in Chapter 6 the classical limit was found for the Schack-Caves class of
baker’s maps. The calculation to find the semi-classical expression for the quantum
propagator had two important features. The first was that the Poisson formula
could be used to replace the propagator’s finite sums with a combination of infinite
sums and finite integrals. Then the method of steepest descents® asymptotically
expanded the finite integrals. The end result is that in most cases, this semi-classical
propagator can be put in the Van-Vleck form; hence, we say that it has the proper

classical limit.

4Later Saraceno would help improve the map.
0r slight improvements upon the standard steepest descent formulae.
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The localization of the Schack-Caves partially Fourier transformed states are de-
pendent upon their number of position and momentum bits. We found that in taking
the limit, we could control the rate at which the number of these bits approached
infinity. Only in the case where the number of momentum bits was kept fixed was the
correct classical limit not found. This seems to be a consequence of the fact that the
localized states used to define the quantized Schack-Caves maps are not sufficiently
localized in momentum if the number of momentum bits is kept constant in the limit.
Presently, however, this remains only speculation. There may be the possibility of
interpreting this map’s limit as a stochastic version of the classical baker’s map, but

this also remains an open question.

7.2 Future work

When a theoretical calculation delights its creators by yielding a long sought after
result, it is sometimes unappealing to consider creating further work. Such is the
case here with the semi-classical program and its months of excruciatingly detailed
algebraic work. But as Asop said, “Do not invoke the gods without making some
effort yourself. Otherwise you will invoke them in vain,” [84] or as it is commonly
translated “The gods help those who help themselves; the best prayer for good is

right action.”

To this end, the author has already found many open questions which could
keep one busy for many months to come. The first question is obvious; can this
technique be applied to other quantum maps. As was mentioned earlier, there has
been evidence that other terms besides the Van-Vleck might be found in the semi-
classical limit for more complicated maps. It then seems reasonable that instead of
opening a favorite chaos book and sequentially attempting each map found inside,

that it would be more productive to find a general classical limit theory. To call this
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idea “ambitious” might be a bit of an understatement, as this has been the thrust
of many research programs for many years. As of this time, the author is unsure of

how to begin solving this problem, but hope springs eternal.

A problem which has a greater chance of being solved this century is the limit of
the Schack-Caves, § = 1 quantum baker’s map. While the interpretation of the limit
being a stochastic map is the author’s favorite, it remains a conjecture. Likewise,
the easily assumed fault of insufficient momentum localization has not been tested.
This idea could be verified by quantizing in terms of a different set of states. As was
explained in Chapter 5, Schack and Caves defined their localized states by Fourier
transforming the N — n least significant qubits of a state. This created states which
are strictly localized in position. An obvious variation of these states would be ones
which are strictly localized in momentum. A whole different set of baker’s maps
could then be defined using these states. The expectation would be that the classical
limit would be recovered for all cases in which the number of position bits is allowed

to become infinite.

Another open question is that of the eigenvalue statistics. Much faith in the
usefulness of these statistics has been espoused by other researchers. And while such
a simple program for determining whether a quantum system is chaotic is appealing,
the practical use of such statistics has proven to be troublesome. It was the author’s
intent to include in this work a study of the eigenvalue statistics for the Schack-Caves
quantum baker’s maps, the purpose of which was to demonstrate the difference in the
0 = 1 map, thus providing additional evidence for its improper classical limit. Upon
researching the matter, however, it became clear the quantum baker’s map seems
to be singularly unsuited for such study. In their 1989 paper, Balazs and Voros
asserted that the eigenvalue statistics for their map was dependent upon dimension
[20]. In particular, for dimension D = 2%V the eigenvalue statistics were found to

be Poissonian, a characteristic found in non-chaotic systems. Obviously, this change

170



Chapter 7. Conclusion

in character could be troubling for the Schack-Caves maps which are defined only
for such dimensions. Later, Saraceno claimed that the introduction of anti-periodic
boundary conditions would destroy the eigenvalues’ dimensional dependence [21].
Indeed the eigenvalues were changed; numerical studies found that for anti-periodic
boundary conditions, the eigenvalue statistics were neither Poissonian nor any of the
types of statistics which are supposed to indicate chaos. It seems that more study will
be needed before any claims about the eigenvalue statistics of the quantum baker’s

maps can be made.

Finally, the periodically continued squeezed states could be studied in detail. One
needs only to examine the large body of literature on the continuous squeezed states
to realize the usefulness of the existence of a discrete analog. In particular, there are
many unanswered questions about their use in defining a squeezed Q-function. In
the continuous case, the squeezed states can be used to define the probability density
for the simultaneous measurement of position and momentum in the Arthurs-Kelly
model®. It remains an open question as to whether this measurement model can be
adapted to Hp given that position and momentum are not defined for it. Alterna-
tively, the POVM defined from these finite squeezed states could be used to create

position and momentum operators different from those discussed in Chapter 2.

6See Chapter 4 for references.
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Appendix A

The method of steepest descents:

A brief introduction

This Appendix serves as the briefest possible introduction to the method of steepest
descents. For a more detailed explanation, the reader is urged to investigate one of

the many available resources from books [85, 83] to online notes [86].

The method of steepest descents is a technique for finding the asymptotic expan-

sion for certain types of integrals. We are interested in integrals of the form

[ dzo)em (-rgt), (A1)

with the parameter A — oco. Many times this technique is referred to as the saddle-
point method or saddle-point approximation for reasons which will become clear

shortly.

As a means of introducing the important concepts, let’s first consider the case

when ¢(z) is a real function. In the case, we wish to find an asymptotic expression
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Figure A.1: Plots of exp (—Az?) showing the increase in localization as A increases.

for the integral
b

/ du £ (2) exp [~ Ag(x)]. (A2)

The heuristic behind the method of steepest descent is quite simple in this case:
If the function g(z) has a maximum at the point zy somewhere in the range (a,b)
then as A — oo, g(xp) will dominate the integrand. Figure A.1 demonstrates this
by plotting exp [~Az?] for increasing values of A\. To find an asymptotic expansion
of the integral, we approximate g(z) = g(zo) + 1/2¢9"(xo)(z — x0)* as a Gaussian

and assume that the function is peaked enough to ensure that the function f(x) can
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be considered constant and that the tails of the Gaussian are unimportant to the

integrals value. Using these approximations, we arrive at our asymptotic expansion,
b

/dm f(x)exp[—Ag(z)] = )\;72;0) exp [—Ag(zo)] [f(xo) + O(W)
’ (A.3)
It is possible, even likely, that g(x) will not have a maximum within the integral’s
range. In this case, one of the endpoints becomes the maximum. In the case when
g(x) has zero derivative at the endpoints, one can show! that the contribution to the
asymptotic expansion is exactly half that of Equation A.3. Otherwise, the asymptotic
expansion is found by using g(z) ~ g(a) + ¢'(a)(x — a),

f(a)
Ag(a)

A similar calculation for zy = b gives the same results with the opposite sign.

b

/ dz f(z) exp [~Ag(z)] = —

a

exp [—Ag(a)] [1 + O(1/N)]. (A4)

In the case when ¢(z) has an imaginary part, this simple heuristic argument
will not work. As A — oo, this imaginary part will create oscillations that could
destroy the exponent’s convergence. Instead, we use Cauchy’s theorem? to deform
the integral path to a contour in the complex plane where Im (g(z)) is constant.
Then in the limit A — oo, the dominating contribution to the integral will occur
at the point along the contour where the value of Re (g(z)) is maximum, so we can
approximate the integral using Equation A.3. Given that we integrate along paths
where the imaginary part of g(z) is constant, the maxima will be found at the points
where the total derivative of the function is equal to zero, i.e.

dg

| ="

Z/

IThe proof of this statement is fairly simple and relies upon “Watson’s Lemma,” but
as the details are unimportant to the work here, we shall state it as fact. The details can
be found in Bleistein [85].

2A reminder: Cauchy’s theorem states that the value of a closed integral in the complex
plane is 277 times the sum of the residues.
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This point is called the saddle point which is why this technique is often referred to

as the saddle point approximation.

In the region of the saddle point, it can be shown that along the paths where
Im (g(z)) = constant, the value of g(z) is always less than its value at the saddle
point. Hence we are always descending from the saddle point; therefore, we call this

path the steepest descent.
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