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Abstract

This work concerns the finding of the semi-classical form of the coherent state rep-

resentation for the class of quantum baker’s maps defined by Schack and Caves.

It begins by introducing the finite-dimensional Hilbert space on which the quan-

tum baker’s map is defined. Its pertinent features including the all important sym-

metry operators are introduced and given a full explanation. We also introduce the

finite-dimensional phase space which will give the semi-classical limit a geometrical

interpretation. For aD dimensional Hilbert space, the finite-dimensional phase space

is found to be a grid with D2 points. Each point corresponds to a particular pair of

position and momentum displacement operator eigenphases.

We then detail the derivation of the finite-dimension version of the Wigner func-

tion, a quasi-distribution for the finite-dimensional phase space. We show that its
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most “irregular” feature, mainly its property of having more values than was thought

necessary, can be explained by its correct behavior under the symmetry operations,

a feature lacking in other Wigner candidates. However, even this special choice for

the Wigner function proves unusable in the semi-classical limit as it is found to have

a non-convergent limit.

We then turn to another possible phase space function: the Q-function. It being

necessary to find a suitable coherent state for the finite-dimensional Hilbert space,

we begin by studying the properties of the periodically continued Gaussian states.

These are the typical Weyl coherent states made periodic in both position and mo-

mentum such as to make them legitimate finite-dimensional states. Developing cer-

tain mathematical techniques allows us to show that they have compatible position

and momentum representations, that a subset of them are complete and can be used

to define a Q-function, and that this function obeys all of the symmetry properties.

Finally, we use these coherent states to find a representation for the propagator

of the quantum baker’s map. In the semi-classical limit, i.e. the large dimension

limit, this representation is found, for most of the maps, to take a form of the

exponentiation of the classical map’s generating function. This form was predicted

long ago by Van Vleck as indicator of an operator’s classical limit. Therefore, we

assert that these maps limit to the classically chaotic baker’s map. In certain limiting

schemes, however, the Schack-Caves maps do not reach this form and must be given

a different interpretation.
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Chapter 1

Introduction

If your wish is to become really a man of science and not merely a petty

experimentalist, I should advise you to apply to every branch of natural

philosophy, including mathematics.

–Frankenstein, Mary Shelley

1.1 A brief history of the classical limit, chaos,

and quantum mechanics in general

The path which leads from the quirky yet captivating world of quantum mechanics

to our mundane classical existence is murky. Is classical mechanics really an emer-

gent phenomena arising from the more fundamental quantum mechanics, and if so,

what physical mechanism separates the two? Is there a region of overlap between

the two theories where one may sometimes find classical behavior and sometimes

quantum? Questions of these sorts have puzzled physicists since the inception of

quantum mechanics.

1



Chapter 1. Introduction

Most physicists’ notion of a classical limit, i.e. a procedure which yields a clas-

sical counterpart to a quantum mechanical system, comes from the correspondence

principle. This principle states that for systems which are described by a quantum

number, like the harmonic oscillator or the Bohr atom, that as this quantum number

becomes large1, classical dynamics is restored. The “proof” of the correspondence

principle relies mostly on analyzing the wavefunctions that can be explicitly found for

the simple systems stated before. For example, the harmonic oscillator’s probability

density is found for large quantum number n to be contained inside an envelope. The

function for this envelope is determined by the time interval a classically oscillating

object spends at a point in space. This is a wonderful measure of the probability2 of

finding the oscillator at a certain point in space; hence, the correspondence principle’s

common acceptance.

While the correspondence principle works well for simple systems, it fails when

considering systems without convenient quantum numbers that can be set arbitrarily

high. Given that the Bohr atom and harmonic oscillator’s quantum numbers measure

the system’s energy, a natural generalization is to examine systems in the high energy

regime. For reasons which will become clear shortly, this regime is called semi-

classical. The inspiration for this type of research was the work of Van Vleck. He

proposed that in the very high energy limit the classical behavior of a system would

re-assert itself; the position matrix representation for a quantum propagator would

have a form dependent on the classical system’s action [1]. Later Einstein, Brillouin,

and Keller would each seize upon this idea of working in the semi-classical regime

while devising a program for finding the quantum counterpart to a classical system

[2, 3, 4]. The backbone of EBK, as it became known, was the quantization of the

classical system’s action. The end result being the approximation of the energy

eigenvalues for systems in the semi-classical regime. In this way, one could study the

1Or equivalently as the action of the system becomes much larger than Plank’s constant.
2Assuming that the function has been normalized.

2



Chapter 1. Introduction

lingering effects of the classical world on a quantum system. Unfortunately, EBK

worked only for systems whose classical dynamics were integrable, i.e. systems in

which all constants of motion are known thus making their motion easy to predict.

It remained uncertain how to continue until the development of chaos theory.

The theory of chaos is a field of study with an enormous body of theoretical

work and variety of application. To detail its salient points would take more space

than is available. For our purposes it shall suffice to define chaos as the motion of

systems in which small changes in initial conditions quickly create large differences in

the final states thus making their motion difficult to predict. Many math historians

trace the existence of chaos back to 19th century work of Poincaré3. Poincaré’s use

of the phase space to represent the motion of a system and his study of systems

near unstable fixed points would not only help later spur the development of chaos

but would have a profound impact on how physicists and mathematicians view the

subject of mechanics. Poincaré’s work helped Einstein realize that the EBK theory

would fail for non-integrable systems. Physicists as a whole, however, remained

mostly unaware of the work of Poincaré and later the development of chaos theory

until it was brought to their attention in the early 1960’s when the numerical studies

of two astrophysicists, Hénon and Heiles [6] showed the existence of chaos in the

motion of stars. This brought about a new interest in the field. In the following

years there would be numerous findings of chaos in physical systems. From the

motion of Saturn’s moons to the turbulent vertices of liquid hydrogen, chaos seemed

to be everywhere. But was chaos in quantum mechanics?

The new field of “quantum chaos” set out to determine the answer to this ques-

tion. At first it seemed impossible that chaos could survive the transition from the

classical world. Classical chaos depends on the phenomena of sensitivity to initial

conditions, the exponential divergence of trajectories in phase space. In quantum

3Of course there were many others who helped this fledgling field. A short list would
include Birkoff, Kovalevskaya, and Liapunov. See Percival’s article in [5] for more details.

3



Chapter 1. Introduction

mechanics, we have vectors in a Hilbert space that are propagated in time by unitary

operators. The natural measure of distance between states in Hilbert space is the

inner product. The unitarity of the time propagator makes it impossible for this

distance to change, thus making the concept of a quantum sensitivity to initial con-

ditions moot. Luckily though, there is an alternative classical mechanics framework

which would provide hope for solving the quantum chaos problem. Classical dy-

namics can be reformulated as the evolution of a probability density in phase space.

This density’s dynamics is determined by the Liouville equation, a linear partial dif-

ferential equation which preserves the overlap between different densities, therefore

masking sensitivity to initial conditions. Chaos manifests itself by its stretching and

folding of the Liouville density to such a fine degree that it ends mixed completely

over phase space. For the quantum case, an immediate analogy is made between the

Liouville density and the quantum mechanical density operator. While this anal-

ogy was not seen by skeptics as a proof for the existence of quantum chaos, it was

sufficiently encouraging for further work [7, 8, 9, 10, 11, 12, 13, 14].

In the early 1970’s, quantum chaos was advanced tremendously when Gutzwiller

invented his periodic orbit theory4 that could find the semi-classical energy eigenval-

ues for classically chaotic systems [15]. Periodic orbit theory’s name is derived from

its dependence on summing over the periodic orbits of a classical system. Later,

Berry and Tabor would show that EBK quantization could be recast as a sum over

periodic orbits for an integrable system [16]. The work of EBK had been completed

and quantum chaos had a new tool. The eventual result of this new ability to find

the semi-classical eigenenergies was the belief that the lingering effect of classical

chaos would be found in the distribution of these energies [17]. This new program,

called eigenvalue statistics, had a theoretical motivation in Wigner’s random matrix

4Of course at that time the field of chaos, much less quantum chaos, had not been
developed yet. It would take a decade before Gutzwiller’s impact on quantum chaos would
become apparent.
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theory [18]; a procedure for predicting the statistical properties of a quantum system

by replacing its Hamiltonian with an appropriate ensemble of random matrices5. It

was believed that the randomness of the matrices would distill the essence of clas-

sical chaos. The appeal of eigenvalue statistics was that it allowed one to simply

determine whether a quantum system was chaotic. A chaotic system’s eigenenergies

would display repulsion from each other while an integrable system’s eigenenergies

would be attractive [17]. This behavior is represented in Figure 1.1 which plots the

population as a function of the energy eigenvalue difference for an idealized chaotic

and integrable system. The integrable system’s eigenvalues are attractive, i.e. many

of its values are nearly equal, thus making their difference approximately zero. Their

statistical distribution reflects this by being peaked at zero. The chaotic system’s

eigenvalues, on the other hand, display repulsion hence their distribution is peaked

away from zero.
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Figure 1.1: The energy eigenvalue difference Histogram for an integrable and chaotic
system. The functional form for each is explained by the attractive (repulsive) nature
of the eigenvalues.

While the eigenvalue statistics program was useful for characterizing a quantum

5This ensemble was chosen such as to have the same symmetries as the studied system.
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system as chaotic, it could not establish a correspondence between a quantum and

classical system, the necessary task for finding the classical limit. There seemed

to be no procedure for starting from a classical system and finding its quantum

analog, besides the trivial cases where the system’s Hamiltonian could be quantized

by operator replacement of variables. Even the simplest “toy” model systems, those

with discrete time evolution such that the dynamics is given by a simple function on

phase space, had no algorithm for finding their quantum counterpart. Given their

simplicity, however, an attempt to derive a quantum version of these “toy” models,

usually called maps, seemed inevitable.

(a) (b) (c)

☎✆◗◗ ☎✆PP

☎✆PP

Figure 1.2: The classical baker’s map: (a) the unit square is dived into left and
right, (b) the square is squeezed in one dimension and stretched in the other, (c) the
resultant right hand side is stacked onto the left to preserve area.

A famous example of a classical map is the baker’s map [19]. As shown in Figure

1.2, the map operates on the unit square with an action that stretches by a factor

of two in position, squeezes by the same amount in momentum, and then stacks the

resultant right hand side on top of the left. In this way, its action is supposed to

mimic a baker kneading dough. Despite the difficulties discussed earlier, in 1989

Balazs and Voros created an operator6 which they claimed was a quantum version

6Given that the baker’s map time evolution is a phase space mapping, the obvious
quantum analog is a unitary time evolution operator.
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of the baker’s map [20]. Later Saraceno, by using anti-periodic boundary conditions,

would improve the symmetry properties of this operator [21]. In the following years

other versions of the quantum baker’s map were to follow. In 1994 Hannay devised

an optical analogy to the baker’s map [22], a so called canonical quantization7 was

devised by Rubin and Lesniewski [23, 24]. Quantum computing realizations have

been proposed by Schack and Brun [25, 26]. A quantum baker’s mapping on the

sphere has also been defined [27]. More recently, an entire class of quantum baker’s

maps was proposed by Schack and Caves using two-level systems i.e. qubits [28].

The Balazs-Voros quantization is but one member of this class. These works often

contained a heuristic argument about why these operators were in fact a quantum

version of the baker’s map, but it remained to be shown in a compelling mathematical

way that these statements were true.

1.2 The classical limit of the quantum baker’s map

The thrust of this work is to find the classical limit for the class of quantum baker’s

maps defined by Shack and Caves and thereby to find out if these maps limit to

the classical map. The classical limit for the Schack-Caves baker’s map has already

been studied by Soklakov and Schack using the decoherent histories apparatus [29].

Decoherent histories, developed by Griffiths, Omnès, and Gell-Mann and Hartle [30,

31, 32], is an alternate program for finding the classical limit. Unlike the semi-

classical approach of this work, it arrives at classical dynamics by an appropriate

coarse graining over phase space. We feel that our program, while using a different

technique, builds upon Soklakov and Schack’s work by studying different possible

7Meaning that Rubin and Lesniewski implemented a covering of the classical map,
i.e. an extension to the entire plane; therefore, their quantum version uses the canonical
position and momentum operators.
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ways of approaching the classical limit8.

Beginning with the Balazs-Voros-Saraceno map and continuing to the Schack-

Caves maps, the quantum baker’s has been defined on a finite-dimensional Hilbert

space9 of dimension D. This space, sometimes called HD, has a long history of use

by physicists and mathematicians. A summary of its properties can be found in

Weyl [33] as well as Schwinger [34] and Perelemov [35] who were all instrumental

in developing it. The finite-dimensional Hilbert space is an abstract space; unlike

the more familiar angular momentum states, there need not be a physical system

motivating its existence. We begin with a complete set of orthonormal states, which

we call for convenience the “position” basis. Using the discrete Fourier transform,

we create a conjugate basis called “momentum,” and from there, we construct the

corresponding finite phase space. For reasons which will be elaborated in Chapter 2,

the finite nature of the Hilbert space prevents the existence of a position and mo-

mentum operator with the canonical “ih̄” commutator. There are, however, position

and momentum displacement operators whose commutator has the same form as in

the continuous Hilbert space. These operators allow us to associate eigenvalues with

the position and momentum basis states. In the semi-classical, i.e. large dimen-

sion limit, these eigenvalues approach continuously-valued bounded variables. With

proper scaling, it is possible to recover the unit square, a very important thing when

working with the baker’s map.

Our classical limit program relies on finding the semi-classical form of the quan-

tum baker’s map’s propagator. It is inspired by the work of Van Vleck, Gutzwiller,

and even Feynman’s path integral formulation of quantum mechanics [36]. Using

Gutzwiller’s periodic orbit theory, the Balazs-Voros-Saraceno quantum baker’s map’s

energy eigenvalues have been extensively investigated [37, 38, 39, 40, 41, 42, 43, 44,

45]. Our inspiration is from Van Vleck’s original work [1]. His hypothesis was that

8See Figure 6.3 for details.
9The canonical version of the quantum baker’s map [23, 24] being an exception
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in the semi-classical regime a quantum propagator Û should have a position ma-

trix element approaching a delta function centered at the classical dynamics’ action.

For a map, the quantity equivalent to the action is another generating function W ,

thereby leaving the expression

〈
x′
∣∣Û
∣∣x
〉
≈
(
2πh̄

)−1/2

∣∣∣∣
∂2W

∂x′∂x

∣∣∣∣ exp [−iW (x′, x)/h̄] .

The lack of a canonical position operator in the finite dimensional Hilbert space,

however, forces a modification of this Van Vleck ansatz as it was called by Saraceno

and Voros [39].

Rubin and Salwen’s work on the canonical quantum baker’s map [23] suggested

that the necessary modification to the Van Vleck ansatz could be found using the

Wigner function; a quasi-distribution found by tracing a system’s density operator

against the Fourier transform of the symmetrically ordered displacement operator.

The symmetrically ordered displacement operator has the form exp [i (ηq̂ − ξp̂) /h̄]

where the constants η and ξ specify displacement amounts. Rubin and Salwen showed

that when η and ξ are multiples of 2πh̄, the h̄ → 0 limit for the trace of the sym-

metrically ordered displacement operator with the Weyl coherent state projector is

equal to a phase. In which case, the coherent state’s Wigner function for these spe-

cial η and ξ values limits to a delta function10. In the finite-dimensional Hilbert

space, 2πh̄ is proportional to 1/D, the fundamental unit of displacement. It there-

fore seemed reasonable that by finding a Wigner function and coherent states for the

finite Hilbert space, one would be assured of a delta function limit for these coherent

states’ Wigner function, thus creating an analogy between the coherent states and

phase space points. In this way, the Van Vleck ansatz would be modified to deal

with phase space points instead of the generating function: if the Wigner function

of a quantum map’s propagator acting on these coherent states also limited to phase

space points then a classical counterpart to the quantum map was obtained. Un-

10The location of this delta function is at the center of the coherent state.
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fortunately, the existence of a finite-dimensional Wigner function was uncertain11.

Undaunted, we began work to find such a function.

Aided by the work of Wootters [47] and Leonhardt [48], our program for finding

a finite dimensional Wigner function relied on the natural connection between the

finite-dimensional Hilbert space and the set of all doubly periodic wavefunctions.

Demanding that a wavefunction be periodic in both position and momentum re-

stricts the possible values of Plank’s constant to be an integer. This has the effect

of restricting the phase space area between orthogonal states, a quantity equal to

Plank’s constant, to be equal to an integer. The same situation is found in the finite-

dimensional phase space where Plank’s constant must be equal to the dimension of

the Hilbert space, another integer. This connection, made precise through the use

of an isomorphism, between the two spaces allows one to give a finite-dimensional

reinterpretation of a doubly periodic wavefunction’s Wigner function. Unfortunately,

it was found that every state’s finite dimensional Wigner function must necessarily

have regions of rapid oscillation. There are various reasons for these oscillations,

including proper symmetry properties and quantum interference. See Chapter 3 for

details. In the large dimension limit, these oscillations’ frequency increase apace

making a convergent expression impossible. It seemed that the Wigner function was

not the correct phase space function to use.

The other popular choice for phase space representation is the so called Q-

function, often called a Husimi representation by mathematicians. A state’s Q-

function is given by the square modulus of its coherent state representation12. Using

spin coherent states Kuś [49] as well as Scott [50] had found examples of angular

momentum systems whose semi-classical propagator had taken a form reminiscent of

11After our work on the finite Wigner function was completed, it would become clear
that Hannay and Berry [46] were aware of its existence in 1980. This fact seems to be
relatively unknown in the physics literature.

12Assuming that the set of coherent states are complete.
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the Van Vleck ansatz. When modified for use with a quantum map B̂ and the HD

coherent states, this form is

〈
b
∣∣B̂
∣∣a
〉
∝ exp

[
W (b∗, a)/2h̄

]
exp

[
−
(
|a|2 + |b|2

)
/4h̄
]

(1.1)

where
∣∣a
〉
and

∣∣b
〉
are the coherent states. This expression is a combination of

the original Van Vleck ansatz and its modification to the phase space; its content

is that in the semi-classical regime, the action of the quantum propagator on the

point13 a is non-zero only when b has the value specified by the classical map. To

use this idea in the finite-dimensional Hilbert space of the quantum baker’s map

required finding appropriate coherent states. Literature on the subject indicated

that a promising choice would be the complete set of periodically continued states

of Shau-Jin and Shi [51]. Here, the traditional Weyl coherent states are periodically

continued, making them legitimate states in the finite-dimensional Hilbert space.

While there are other possibilities for coherent states, we have found that these

states have many characteristics which make their use preferable, the least of which

is the ease with which their analytic form can be manipulated in calculation.

It remained an open question whether these periodically continued coherent states

would yield the appropriate semi-classical form for the quantum baker’s map until

the completion of this work. Using the method of steepest descent, a mathemati-

cal technique for finding an integral’s asymptotic form, we calculated the left hand

side of Equation 1.1 in the large dimensional limit for the class of maps defined by

Schack and Caves. To define these maps, Schack and Caves created states for Hilbert

space of dimension 2N that have varying position and momentum localization. These

states are labelled by an integer n. They are strictly position localized in a region

of width 1/2n and roughly localized14 in a momentum region of width 1/2N−n. The

parameter n, the number of position bits, ranges from 0 for momentum eigenstates

13As was the case with the Wigner function, the coherent states can be seen as limiting
to phase space points.

14See Figure 5.4 for a plot of the momentum probability distribution.
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to N for position eigenstates. The Schack-Caves class of quantum baker’s maps are

constructed by mapping15 the set of “n-localized” states to the set of localized states

with n − 1. The change in localization from the n to n − 1 states is such that the

position localization is doubled while the corresponding momentum localization is

halved. In this way, the Schack-Caves maps mimic the classical baker’s map. Cal-

culating the semi-classical form of the propagator is equivalent to letting N become

infinite; however, one has complete freedom in determining the rate at which n and

N − n, the number of momentum bits, approach infinity. Moreover, by choosing the

appropriate rate either n or N − n can be kept fixed in the limit. We found that as

long as N − n is not kept fixed then the semi-classical propagator has the desired

form of Equation 1.1. Therefore, we assert that these maps have the proper classical

limit. It is possible for most of the Schack-Caves maps, however, to fix the number

of momentum bits in the limit16. We find that for these classically incorrect maps

their propagator’s matrix element has non-zero values for a finite set of states. In

the language of Equation 1.1, there is more than one state b for which the matrix

element
〈
b
∣∣Û
∣∣a
〉
is non-zero. An obvious interpretation of this result is a limit to a

classical stochastic mapping which produces one of the phase space points analogous

to b with a probability determined by the non-zero matrix element. However, it

remains an open question whether this interpretation is valid.

It should be noted that the success for these maps is not a guarantee of this

program working for all maps. Baranger [52] has shown that in general one should

expect extra terms in the exponent of Equation 1.1. Also, we calculate the propagator

for one time step to avoid complications which will arise after many iterations of the

mapping. For long time scales, simple quantum-to-classical correspondences will

break down [53]. In which case, another classical limit program such as decoherence

15The center’s of the prior and resultant states are chosen to mimic the classical baker’s
map.

16This is the difference between our work and that of Soklakov and Schack. They did
not allow for this case and thus did not realize the possibility of a different classical limit.
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[54, 55, 56] or continuous measurement [57, 58] will be necessary to restore the

classical dynamics.

1.3 Thesis outline

This thesis is organized in the following way. Chapter 2 introduces the finite-

dimensional Hilbert space and its corresponding phase space. We begin with a sum-

mary of the basic features of the finite Hilbert space, the position basis vectors and

the discrete Fourier transform’s creation of momentum states. As the question of

creating position and momentum operators is often raised by those unfamiliar with

this space, an explicit calculation of the commutator for the obvious Hermitian oper-

ators is given. We find, as it has been shown in many places before, that the position

representation of the commutator has non-zero off diagonal values; thus, proving that

the canonical commutation relation is not obeyed. Next, we introduce the position

and momentum displacement operators which act on states in the discrete Hilbert

space. We find that their commutator is of the same form as the continuous space.

This allows us to define an finite analog to the symmetrically ordered displacement

operator. The displacement operators also allow us to show that the basis vectors are

periodic, up to phases. From this periodicity, we realize that the finite-dimensional

phase space corresponding to the Hilbert space is a torus. Finally, we introduce the

symmetry operators, Fourier transform and time reversal, for the finite-dimensional

Hilbert space and define them by their action on the position basis vectors. By

demanding that these two operators produce basis vectors when operating on mo-

mentum states, we find these operators can be given a geometrical interpretation in

phase space only for the special choice of periodic or anti-periodic boundary condi-

tions. This interpretation being 90◦ rotation and reflection through the position axis

respectively. Using the geometrical interpretation as a guide allows us to classify the

13
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other possible symmetry operations. We find that every symmetry operation can be

performed by combinations of Fourier and time reversal, thus making their study

paramount.

Chapter 3 concerns the finite-dimensional Wigner functions; its derivation and

relevant properties. As there seems to be a great degree of repetition in the field, we

begin with a summary of the huge body of literature on the finite-dimensional Wigner

function. Next, we introduce the motivation and the actual form of the isomorphism

which maps between HD and the subset of doubly periodic wavefunctions. With this

isomorphism, we calculate the finite-dimensional characteristic function and from it,

the finite-dimensional Wigner function. As the Wigner function plays a large role

in this work, its salient features are studied in great detail. In particular, we show

how the Wigner function produces the correct position and momentum marginal

distribution and investigate its puzzling 4D2 values. As the phase space is a D2

valued grid, it was originally assumed that the corresponding Wigner function would

have the same number of values. Instead, it has 4 times as many values17. We

have forwarded two explanations for these extra “pieces”. One explanation is that

these extra values are necessary to give the Wigner function the same geometrical

interpretation in phase space as the symmetry operators of Chapter 2. The other

explanation comes from the periodicity of the phase space, a characteristic which

must be mirrored in the Wigner function. This periodicity of the Wigner function

creates quantum interference and results in regions of phase space where the Wigner

function’s values oscillate rapidly18. Neither explanation can be proven to be the

“real” reason for the 4D2 values and must instead be viewed as complimentary

17This statement is controversial. Many researchers believe in Leonhardt’s result that
this is true only for even-dimensional Hilbert spaces. We, on the other hand, have found
that the Wigner function has 4D2 values for all dimensions but that it is possible, in odd
dimensions only, to create from this function one with D2 values.

18This is the same rapid oscillation which made the Wigner function unsuitable for use
in the semi-classical calculation.
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features of a phase space function.

Chapter 4 details the pertinent characteristics of the finite-dimensional Q-function.

We first introduce the periodically continued coherent states and give their position

basis representation. With our mathematical technique of finding the Fourier se-

ries representation of the periodically continued coherent states, we show that these

states have the expected momentum basis representation and are able to give a sim-

ple expression for the normalization of the coherent state subset used in defining our

Q-function. We also explicitly prove the completeness of these coherent states and

thus define our Q-function. This Q-function is seen to almost trivially have the phase

space geometrical interpretation that was so difficult to find for the discrete Wigner

function. The periodically continued coherent states are easily modified to create

a finite-dimensional squeezed state, so these states are introduced and shown to be

complete as well. This chapter concludes with a derivation of the fact that a discrete

Gaussian convolution links our choices for the Wigner and Q-function. While this

fact is not directly related to finding the classical limit of the quantum baker’s map,

it is included as it gives greater weight to our belief that these functions are the

proper ones for use in the finite-dimensional Hilbert space.

Chapter 5 introduces the quantum baker’s map. Starting from the Balazs-Voros-

Saraceno map, we motivate the Schack-Caves class of baker’s maps. Balazs and

Voros’ quantum baker’s map was defined using the partial Fourier transform operator

which, to paraphrase Balazs and Voros, is an operator which, “Fourier transform

half of the sites.” Using the Q-function, we clarify this statement; we find that in

phase space the partial Fourier transform operator creates states which are position

localized in either the left or right hand side of the phase space and momentum

localized to within the limits of the uncertainty relation. Their baker’s map recreates

the classical map by taking these states and mapping them to momentum eigenstates
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whose position localization is twice that of the previous states19. Realizing this

interpretation, Schack and Caves created the n-localized states discussed earlier. We

detail the action of these maps and also show the importance of the Schack-Caves

choice of anti-periodic boundary conditions. Lastly, we investigate the eigenvalues

for the n = N Schack-Caves map. Its eigenvalues are found to be completely regular,

i.e. they are all roots of unity, a characteristic not found in the other maps. It is

hypothesized that this difference in eigenvalue behavior could have been seen as an

indicator that this map has a different classical limit.

Finally, Chapter 6 details the calculation of the semi-classical coherent state

representation of the propagator for the Schack-Caves class of quantum baker’s maps.

As stated previously, we find that for limiting schemes which allow the number of

momentum bits to become infinite the propagator’s coherent state representation

has a limiting form of Equation 1.1. Hence, we claim these maps have the proper

classical limit. However, one has complete freedom in taking this limit, thus it is

possible to fix the number of momentum bits and have a map without the correct

classical limit. This is always true for the n = N Schack-Caves map as its input

is a position eigenstate. For these maps, we introduce the possibility and derive an

expression for the probabilities of a stochastic classical interpretation.

Chapter 7 concludes this work by offering insight into the construction of this

document as well as providing topics for future work.

19Where the mapping is chosen such that the center of the prior and resultant states
mimics the classical baker’s map.
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The quantum phase space

2.1 Discrete quantum phase space

The basis of work in this thesis is the discrete phase space corresponding to a D-

dimensional Hilbert space HD. In a finite D-dimensional Hilbert space, there are

no real position and momentum operators. The reason for this is that the canonical

commutation relationship, [q, p] = ih̄, is no longer true. Instead of relying on Her-

mitian position and momentum operators, we instead base our phase space on the

unitary displacement operators1.

We begin with a basis
∣∣ej
〉
, j = 0 . . .D − 1, which will act as our “position”

eigenstates. This assumption is made formal by having them be the eigenstates of

the momentum displacement operator, Û ,

Û
∣∣ej
〉
= exp [2πi(j + β)/D]

∣∣ej
〉
. (2.1)

This basis is complete,
∑D−1

j=0

∣∣ej
〉〈
ej
∣∣ = 1 and orthonormal,

〈
ej
∣∣el
〉
= δj,l.

1These operators, like in the continuous case, still obey the Wigner-Weyl commutation
relation.
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While labelled by variable j, the eigenstate
∣∣ej
〉
can be thought of as having a

“position eigenvalue” ej = (Q/D)(j + β). Geometrically, we represent our Hilbert

space in a configuration space as a discrete set of D points which are equally spaced

between 0 and Q. Each point is offset by an constant amount β which must neces-

sarily be in the range [0, 1).

② ② ② ② ② r r r r r ②0

Q
D
β Q

D
(1 + β) Q

D
(D − 1 + β)

Q

Figure 2.1: Geometrical interpretation of the position eigenstates: D equally spaced
states along a line of length Q, each offset by an amount (Q/D)β. Their eigenvalues
determined by their length from the origin.

We now wish to make a connection with the familiar constant h̄. To do this, we

make an analogy between the operator Û and the continuous displacement operator

exp[iP q̂p/h̄] which displaces by the amount Pp. The constant P sets an overall

momentum scale and p is the displacement amount relative to P . If we naively

operate upon a state2
∣∣ej
〉
, we have

exp

[
iP

h̄
q̂p

] ∣∣ej
〉
= exp

[
iQP

h̄D
(j + β)p

] ∣∣ej
〉
.

Now we must make some assumptions about the variable p. We know that in HD,

the eigenvalues differ by 1/D; therefore, if we set p = 1/D, we get

exp

[
iP

h̄
q̂p

] ∣∣ej
〉
= exp

[
iQP

h̄D2
(j + β)

] ∣∣ej
〉
.

For consistency of units i.e. to get Equation 2.1, we must have that

QP = 2πh̄D. (2.2)

2We will assume that q̂ is the operator whose eigenstate is
∣∣ej
〉
with eigenvalue ej .
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This relationship simply states that the phase space area per orthogonal state QP/D

is given by 2πh̄ = h.

②
②
②
②

rrr
rr
②

0

P
D
α

P
D
(1 + α)

P
D
(D − 1 + α)

P

Figure 2.2: Geometrical interpretation of the momentum eigenstates: D equally
spaced states along a vertical line of length P , each offset by an amount (P/D)α.
Their eigenvalues determined by their length from the origin.

Conjugate to position is momentum. We shall create a conjugate basis through

the use of the quantum Fourier transform,

∣∣pk
〉
=

D−1∑

j=0

∣∣ej
〉〈
ej
∣∣pk
〉
≡ 1√

D

D−1∑

j=0

exp

[
2πi

D
(j + β)(k + α)

] ∣∣ej
〉
, (2.3)
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which defines the inner product
〈
ej
∣∣pk
〉
. This equation can also be written as

∣∣pk
〉
=

D−1∑

j=0

∣∣ej
〉〈
ej
∣∣pk
〉
=

D−1∑

j=0

∣∣ej
〉
exp

[
i

h̄
ejpk

]

=
D−1∑

j=0

∣∣ej
〉
exp [iQ(j + β)pk/h̄D] ,

(2.4)

where pk = (P/D)(k+α). Using Equation 2.2, we see that the momentum eigenstates

have “momentum eigenvalues” pk = (P/D)(k+α). Not surprisingly, the momentum

representation of the Hilbert space is also a discrete set of points, but equally spaced

between 0 and P . They are offset by a different constant α ∈ [0, 1). We shall see

that the constants α and β are related to the periodicity of our space.
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Equation summary for section 2.1

Û
∣∣ej
〉
= exp

[
2πi

D
(j + β)

] ∣∣ej
〉
= exp

[
i

h̄
ej(P/D)

] ∣∣ej
〉

ej =
Q

D
(j + β)

D−1∑

j=0

∣∣ej
〉〈
ej
∣∣ = 1

〈
ej
∣∣el
〉
= δj,l

〈
ej
∣∣pk
〉
=

1√
D

exp

[
2πi

D
(j + β)(k + α)

]
=

1√
D

exp

[
i

h̄
ejpk

]

pk =
P

D
(k + α)

QP = 2πh̄D

2.1.1 Non-canonical position and momentum operators

With the mathematics already developed, we can see why it is impossible to define

a position and momentum operator in HD which satisfy the canonical commutation
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relationship3. If we define a position operator, we can write it as

q̂ =

D−1∑

j=0

ej
∣∣ej
〉〈
ej
∣∣, (2.5)

where ej is shorthand for (Q/D)(j+β). Likewise, we can write a momentum operator

p̂ =

D−1∑

k=0

pk
∣∣pk
〉〈
pk
∣∣ (2.6)

with pk = (P/D)(k + α). From these definitions, we see that

q̂p̂ =

D−1∑

j,k=0

ejpk
∣∣ej
〉〈
ej
∣∣pk
〉〈
pk
∣∣

=
1√
D

D−1∑

j,k=0

ejpk exp

[
2πi

D
(j + β)(k + α)

] ∣∣ej
〉〈
pk
∣∣.

(2.7)

Inserting a resolution of the identity, we can write the operator in the position rep-

resentation4 as

q̂p̂ =
1√
D

D−1∑

j,k=0

D−1∑

l=0

ejpk exp

[
2πi

D
(j + β)(k + α)

] ∣∣ej
〉〈
pk
∣∣el
〉〈
el
∣∣

=
1

D

D−1∑

j,k,l=0

ejpk exp

[
2πi

D
(k + α)(j − l)

] ∣∣ej
〉〈
el
∣∣.

(2.8)

We can divide the sum over the l variable into two pieces: l = j and l 6= j. For the

former case, we have

D−1∑

j=0

ej
D

∣∣ej
〉〈
ej
∣∣ P

D−1∑

k=0

k + α

D
=
P

D

(D − 1

2
+ α

) D−1∑

j=0

ej
∣∣ej
〉〈
ej
∣∣ (2.9)

where we have used the summation formula

N∑

m=0

m =
N(N + 1)

2
.

3This topic has been much discussed and is included mostly as a summary of other work.
For a recent review along with a proof of the re-emergence of the canonical commutation
relation in infinite dimension see de la Torre [59].

4A similar treatment in the momentum representation yields similar results.
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For the l 6= j case, we need to be a little trickier. We can write the sum of interest

as

D−1∑

k=0

(k + α) exp

[
2πi

D
(k + α)(j − l)

]
=

D

2πi

∂

∂x

(
D−1∑

k=0

exp

[
2πi

D
(k + α)x

])∣∣∣∣∣
x=j−l

.

Using the summation formula for a geometric sum,

a∑

r=0

xr =
1− xa+1

1− x
, (2.10)

we see that

D−1∑

k=0

(k + α) exp

[
2πi

D
(k + α)(j − l)

]
=

D

2πi

∂

∂x

(
exp [2πiαx/D] (1− exp [2πix])

1− exp [2πix/D]

)
.

After taking the derivative and setting x = j − l, we have

D−1∑

k=0

(k + α) exp

[
2πi

D
(k + α)(j − l)

]
= −D exp [2πiα(j − l)/D]

1− exp [2πi(j − l)/D]
(2.11)

giving

q̂p̂ =
P

D

D−1∑

j=0

ej

(
D − 1 + 2α

2

∣∣ej
〉〈
ej
∣∣−
∑

l 6=j

exp [2πiα(j − l)/D]

1− exp [2πi(j − l)/D]

∣∣ej
〉〈
el
∣∣
)
.

(2.12)

From this expression, we find the commutator matrix elements,

q̂p̂− p̂q̂ = −P
D

D−1∑

j=0

∑

l 6=j

ej

(
exp [2πiα(j − l)/D]

1− exp [2πi(j − l)/D]

∣∣ej
〉〈
el
∣∣− h.c.

)
, (2.13)

where h.c. stands for hermitian conjugate. We see that not only is the commutator

not proportional to the identity matrix, its diagonal elements are zero.

For an infinite-dimensional Hilbert space, the analogous expression for the q̂p̂

operator contains the term

∫
dp p exp

[
− i

h̄
p(x− x′)

]
= ih̄

∂

∂x
δ(x− x′).
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This Dirac-delta function derivative is necessary to create the canonical commutation

relation. In the finite case, the sums are not sufficient to create them5; therefore, the

idea of having canonical position and momentum operators is impossible.

Equation summary for section 2.1.1

a∑

r=0

xr =
1− xa+1

1− x

q̂p̂− p̂q̂ = −P
D

D−1∑

j=0

∑

l 6=j

ej

(
exp [2πiα(j − l)/D]

1− exp [2πi(j − l)/D]

∣∣ej
〉〈
el
∣∣− h.c.

)

2.1.2 Displacement operators and periodicity

The action of Û on the momentum states can easily be calculated as

Û
∣∣pk
〉
=

1√
D

D−1∑

j=0

exp

[
2πi

D
(j + β)(k + α)

]
Û
∣∣ej
〉

=
1√
D

D−1∑

j=0

exp

[
2πi

D
(j + β)(k + 1 + α)

] ∣∣ej
〉

=
∣∣pk+1

〉
.

(2.14)

Hence Û ’s earlier title of “momentum displacement operator.”

By reversing the roles of position and momentum, we define a position displace-

ment operator, V̂ . Its eigenvectors are the momentum basis vectors
∣∣pk
〉
, and its

action on them is defined by

V̂
∣∣pk
〉
= exp

[
−2πi

D
(k + α)

] ∣∣pk
〉
= exp

[
− i

h̄
pk(Q/D)

] ∣∣pk
〉
. (2.15)

5As will be shown in an upcoming section, sums of the form
∑D−1

j=0 exp [2πijk/D] are
Kronecker-delta functions, but one cannot create from them a function with the necessary
Dirac-delta function derivative properties.
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A similar calculation to the one above verifies its name,

V̂
∣∣ej
〉
=
∣∣ej+1

〉
. (2.16)

From their definition, it is easy to calculate the commutator of the two displace-

ment operators. The calculation is

Û V̂

D−1∑

j=0

∣∣ej
〉〈
ej
∣∣ =

D−1∑

j=0

exp

[
2πi

D
(j + 1)

] ∣∣ej+1

〉

V̂ Û

D−1∑

j=0

∣∣ej
〉〈
ej
∣∣ =

D−1∑

j=0

exp

[
2πi

D
j

] ∣∣ej+1

〉

(2.17)

such that Û V̂ = exp [2πi/D] V̂ Û . This procedure can be generalized for arbitrary

powers; we find that the operators obey the Wigner-Weyl commutation relationship,

Û jV̂ k = exp

[
2πi

D
jk

]
V̂ kÛ j . (2.18)

This leads to the idea of a symmetrically ordered displacement operator. If we define

an operator B̂j,k to be the following

B̂j,k ≡ exp

[
iπ

D
jk

]
V̂ jÛk, (2.19)

then we see that this chosen phase factor gives it the very nice property that

B̂†
j,k = B̂−j,−k.

This is analogous to the continuous case where the symmetrically ordered displace-

ment operator is D̂(η, ξ) = exp
[
i(ηq̂ − ξP̂ )/h̄

]
, which trivially satisfies the condition

D̂†(η, ξ) = D̂(−η,−ξ).

But what happens if one tries to displace out of the space, i.e. what is Û
∣∣pD
〉

or V̂
∣∣eD
〉
? There are many ways to answer this question. Perhaps the easiest way
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✻
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Figure 2.3: A representation of the phase space for a D = 5 dimensional Hilbert
space. Each point on the lattice corresponds to a particular eigenvalue pair (ej , pk).

is to look at the equivalent problem of finding the action of ÛD
∣∣p0
〉
. Repeating the

calculation of equation 2.14, we see the following

ÛD
∣∣p0
〉
=

1√
D

D−1∑

j=0

exp

[
2πi

D
(j + β)D

]
exp

[
2πi

D
(j + β)(k + α)

] ∣∣ej
〉
. (2.20)

Now, there are two equivalent ways to continue. We can do as before and say that

ÛD
∣∣p0
〉
=
∣∣pD
〉
, or we can use the fact that exp [2πi(j + β)D/D] = exp [2πiβ] to

conclude that ÛD
∣∣p0
〉
= exp [2πiβ]

∣∣p0
〉
. This argument can be applied to any of the

momentum basis vectors; therefore, we are led to the fact that our Hilbert space is

periodic6 in momentum
∣∣pk+D

〉
= exp [2πiβ]

∣∣pk
〉
. (2.21)

6Periodic with the phase β would be a more accurate statement.
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A similar argument shows that the Hilbert space is also periodic in position

∣∣ej+D

〉
= exp [−2πiα]

∣∣ej
〉
. (2.22)

The constants α and β are boundary conditions, sometimes called Floquet angles,

that determine the kind of periodicity of our phase space. Since this space is periodic7

in both conjugate variables we can identify it to be a torus. While any combination

α and β is possible a priori, there are two sets of boundary conditions which are

used most often. These are α = β = 0, which is periodic boundary conditions:
∣∣ej+D

〉
=
∣∣ej
〉
,
∣∣pk+D

〉
=
∣∣pk
〉
, and α = β = 1/2, which is anti-periodic boundary

conditions:
∣∣ej+D

〉
= −

∣∣ej
〉
,
∣∣pk+D

〉
= −

∣∣pk
〉
.

From this construction of conjugate position and momentum variables, we create

a phase space for our finite-dimensional Hilbert space (Figure 2.3). It consists of

a lattice of D2 evenly spaced points. Each point represents a pair of position and

momentum eigenstates. Given the toroidal nature of the phase space, we must keep

in mind that these points are the fiducial choice for the states and that this grid

extends infinitely in all directions.

7Up to irrelevant phases.
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Equation summary for section 2.1.2

1

D

D−1∑

j=0

exp

[
2πi

D
j(k − l)

]
=

∞∑

m=−∞

δk−l,mD

Û
∣∣ej
〉
= exp

[
2πi

D
(j + β)

] ∣∣ej
〉
= exp

[
i

h̄
ej(P/D)

] ∣∣ej
〉

Û
∣∣pk
〉
=
∣∣pk+1

〉

ÛD
∣∣pk
〉
=
∣∣pk+D

〉
= exp [2πiβ]

∣∣pk
〉

V̂
∣∣pk
〉
= exp

[
−2πi

D
(k + α)

] ∣∣pk
〉
= exp

[
− i

h̄
pk(Q/D)

] ∣∣pk
〉

V̂
∣∣ej
〉
=
∣∣ej+1

〉

V̂ D
∣∣ej
〉
=
∣∣ej+D

〉
= exp [−2πiα]

∣∣ej
〉

Û jV̂ k = exp

[
2πi

D
jk

]
V̂ kÛ j

B̂j,k = exp

[
iπ

D
jk

]
V̂ jÛk

B̂†
j,k = B̂−j,−k
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2.2 Special operators

2.2.1 Fourier transform

InHD there are operators whose use is so common that they deserve special attention.

The first is the Fourier transform operator, F̂ . It is defined through its action upon

a position eigenstate,

F̂
∣∣ej
〉
≡
∣∣pj
〉
. (2.23)

Its matrix elements are given by the discrete Fourier transform,

〈
ej
∣∣F̂
∣∣ek
〉
=
〈
ej
∣∣pk
〉
=

1√
D

exp

[
2πi

D
(j + β)(k + α)

]
. (2.24)

Unfortunately, not all boundary conditions can be used with this Fourier operator.

The reason for this becomes apparent when we look at the action of the parity

operator, F̂ 2. Given parity’s definition, we demand that its operation on a position

eigenstate be another position eigenstate8; therefore, the
〈
ek
∣∣F̂ 2
∣∣ej
〉
matrix element

should equal a Kronecker-delta function.

From the earlier definition,

〈
ek
∣∣F̂ 2
∣∣ej
〉
=

D−1∑

l=0

〈
ek
∣∣F̂
∣∣el
〉〈
el
∣∣F̂
∣∣ej
〉
= exp

[
2πi

D
α(k + β)

]
exp

[
2πi

D
β(j + α)

]

1

D

D−1∑

l=0

exp

[
2πi

D
l(k + j + α + β)

]
.

(2.25)

The sum over l will be a delta function only if α + β is an integer.

To see this we shall prove the following fact

1

D

D−1∑

j=0

exp

[
2πi

D
jµ

]
=

∞∑

m=−∞

δµ,mD (2.26)

8This requirement is equivalent to demanding that the action of the Fourier operator
on a momentum eigenstate be a position eigenstate.
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given that µ is an integer.

The proof is quite simple and relies on the expression for a geometric sum, Equa-

tion 2.10. First it is obvious that if µ is a multiple of D, say µ = mD, then

exp

[
2πi

D
jµ

]
= exp [2πijm] = 1

such that
1

D

D−1∑

j=0

exp

[
2πi

D
jµ

]
= 1.

Otherwise, the geometrical sum formula gives

1

D

D−1∑

j=0

exp

[
2πi

D
jµ

]
=

1

D

D−1∑

j=0

(
exp

[
2πi

D
µ

])j

=
1

D

(
1− exp [2πiµD/D]

1− exp [2πiµ/D]

)
.

(2.27)

If µ is an integer then exp [2πiµD/D] = 1 such that numerator above must be zero.

In which case we have a function whose value is 1 when µ is a multiple of D and 0

otherwise9. By definition, this function is the Kronecker-delta sum of Equation 2.26.

Some care must be used when using Equation 2.26. As was made clear during

the derivation, its content is, “If µ is equal to 0 modulo D then the sum’s value is

unity; otherwise, its value is zero.” Many times when using this sum, the possible

values of µ will be restricted such that there can only be at most one or two possible

values of m in the resulting Kronecker-delta sum. Throughout this work, the author

has taken pains to note places where the sum in Equation 2.26 may seem to create

mathematical difficulties.

With the proof of Equation 2.26 completed, we now see that the sum from Equa-

tion 2.25 yields the Kronecker-delta function,

1

D

D−1∑

l=0

exp

[
2πi

D
l(k + j + α + β)

]
=

∞∑

m=−∞

δk+j+α+β,mD, (2.28)

9If µ is not an integer then Equation 2.27 is the best we can do.
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only when α+β is an integer. Our choice of boundary conditions have been restricted.

Assuming that α+ β is an integer, simplifies the F̂ 2 matrix element to be

〈
ek
∣∣F̂ 2
∣∣ej
〉
=

∞∑

m=−∞

exp [2πimβ] exp

[
2πi

D
(j + α)(β − α)

]
δk+j+α+β,mD. (2.29)

If we choose j and k to be in the fiducial 0 to D − 1 range then the only possible

value for m is 0; in which case

〈
ek
∣∣F̂ 2
∣∣ej
〉
=
〈
ek
∣∣F̂
∣∣pj
〉
= exp

[
2πi

D
(j + α)(β − α)

]
δk,−j−α−β. (2.30)

If we also wish to have the Fourier operator be the geometrical phase space 90◦

rotation then the situation is further simplified. As Figure 2.4 shows, to have the

position state rotate to the proper momentum state, we must have α and β equal.

r r r r r r r r r

r

r

r

r

r

r

r

r

r

rrrrrrrrr

✬
❄

✩✛

Figure 2.4: The Fourier transform operator is counter-clockwise 90◦ rotation.

Combining this restriction with the α + β equal to an integer condition, gives

us our possible boundary conditions. Since α and β have values restricted to the

[0, 1) range, the only possible boundary conditions are: α = β = 0 (periodic) or

α = β = 1/2 (anti-periodic). For these two special case, Equation 2.23 and Equation
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2.30 imply that the action of the Fourier operator is

F̂
∣∣ej
〉
=
∣∣pj
〉
,

F̂
∣∣pk
〉
=
∣∣e−k−α−β

〉
.

(2.31)

To see that this is the proper behavior, we need to remember that the eigenstates’

“eigenvalues” are placed in the phase space at ej = Q(j+β)/D and pk = P (k+α)/D.

In the periodic case, we have the following map for the eigenvalues,

ej =
Q

D
j → pj =

P

D
j,

pk =
P

D
k → e−k =

Q

D
(−k) = −ek,

(2.32)

which is the definition of a 90◦ rotation.

The anti-periodic case works as well. Here, we have the mapping

ej =
Q

D
(j +

1

2
) → pj =

P

D
(j +

1

2
)

pk =
P

D
(k +

1

2
) → e−k−1 =

Q

D
(−k − 1 +

1

2
) =

Q

D
(−k − 1

2
) = −ek.

(2.33)

The additional α + β term in resultant Fourier transformed state ensures that the

eigenvalues are rotated to the correct values.

A compact of writing these final results is that

F̂
∣∣ej
〉
=
∣∣pj
〉

F̂
∣∣pk
〉
=
∣∣− ek

〉 (2.34)

for periodic and anti-periodic boundary conditions.

As a final note on the Fourier operator. We see that its interpretation as a 90◦

rotation holds for repeated applications (not just F̂ and F̂ 2). This can be shown

directly

F̂ 4
∣∣ej
〉
= F̂ 3

∣∣pj
〉
= F̂ 2

∣∣e−j−α−β

〉
= F̂

∣∣p−j−α−β

〉
=
∣∣ej+α+β−α−β

〉
=
∣∣ej
〉
. (2.35)

As is required by a geometry, four 90◦ rotations is identity.
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2.2.2 Time reversal

The other operator of interest is time reversal, T̂ . It is an anti-unitary operator

which means that it is anti-linear and unitary [60]. An anti-linear operator is one

which operates on a linear combination of states in the following way

T̂

(
D−1∑

j=0

aj
∣∣ej
〉
)

=
D−1∑

j=0

a∗j T̂
∣∣ej
〉

(2.36)

where a∗j is the complex conjugate of aj . The unitarity of this operator still means

that T̂ T̂ † = T̂ †T̂ = 1. Time reversal is defined by its action being invariant on a

position eigenstate, i.e.

T̂
∣∣ej
〉
=
∣∣ej
〉

(2.37)

for all values of j. Its operation on a momentum state can easily be found with a

resolution of identity,

T̂
∣∣pk
〉
= T̂

(
D−1∑

j=0

〈
ej
∣∣pk
〉 ∣∣ej

〉
)

=
1√
D
T̂

(
D−1∑

j=0

exp

[
2πi

D
(j + β)(k + α)

] ∣∣ej
〉
)

=
1√
D

D−1∑

j=0

exp

[
−2πi

D
(j + β)(k + α)

] ∣∣ej
〉
.

(2.38)

By rewriting this expression, we see that the reasonable demand that time reversal

produce an eigenstate when operating on a momentum state restricts the choices of

boundary condition,

T̂
∣∣pk
〉
=

1√
D

D−1∑

j=0

exp

[
2πi

D
(j + β)(−k − 2α + α)

] ∣∣ej
〉
=
∣∣p−k−2α

〉
. (2.39)

It is obvious that 2α must be an integer for this last statement to be true; therefore,

we must choose either periodic or anti-periodic boundary conditions for momentum.

The logical choice would be to choose either of these boundary conditions for both
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position and momentum. In which case, the Fourier operator would be rotation in

phase space, and we can give time reversal a similar interpretation. A similar analysis

to the one done before on the eigenvalues shows that the action of time reversal is

T̂
∣∣ej
〉
=
∣∣ej
〉

T̂
∣∣pk
〉
=
∣∣− pk

〉
.

(2.40)

Not surprisingly, as shown in Figure 2.5 time reversal is reflection through the
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Figure 2.5: Time reversal is reflection through the position axis.

position axis.

It is interesting to note that it would be possible without appealing to a geomet-

rical interpretation to have one exist regardless. Demanding that both the Fourier

and time reversal operator produce eigenstates when acting on momentum states

is enough to restrict the choice of boundary conditions to either periodic or anti-

periodic. The Fourier operator restricts us to α + β being an integer, and time

reversal forces 2α to be an integer. Obviously, the second restriction implies that α

must be either 0 or 1/2, and the first then forces β to be 0 and 1/2 respectively. The

drawing of a picture to analyze the behavior of these operators is unnecessary, but as

always a useful tool for reaching a deeper understanding of the principles involved.
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2.2.3 Other symmetries
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Figure 2.6: The action of the operators T̂ F̂ and F̂ T̂ respectively. Each is found to
be a reflection through a different diagonal (represented by the solid line).

The geometrical interpretation of the Fourier and time reversal operators imme-

diately suggests that other interesting operators may be found by considering the

possible symmetries of the square10. The remaining symmetry operations are reflec-

tion through the momentum axis and the diagonal. Fortunately, it can be shown that

these operations can be created from combinations of the ones previously defined.

For example, the operator T̂ F̂ has the following action

T̂ F̂
∣∣ej
〉
= T̂

∣∣pj
〉
=
∣∣− pj

〉
,

T̂ F̂
∣∣pk
〉
= T̂

∣∣− ek
〉
=
∣∣− ek

〉 (2.41)

where we assumed either periodic or anti-periodic boundary conditions such that

both Fourier and time reversal are defined. We see that this operation is reflection

about the diagonal, y = −x (Figure 2.6).

10Give the freedom of choosing Q and P , the symmetries of the rectangle may be a more
semantic yet truer statement of what we wish to find.
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Chapter 2. The quantum phase space

The other operator, F̂ T̂ acts as

F̂ T̂
∣∣ej
〉
= F̂

∣∣ej
〉
=
∣∣pj
〉
,

F̂ T̂
∣∣pk
〉
= F̂

∣∣− pk
〉
=
∣∣ek
〉 (2.42)

which is reflection about the other diagonal, y = x (Figure 2.6).

To get the operator which is reflection about the momentum axis (Figure 2.7), we

need to rotate the state which has been reflected about the positive diagonal. That

is, we use the operator, F̂ F̂ T̂ . Its action is

F̂ F̂ T̂
∣∣ej
〉
= F̂

∣∣pj
〉
=
∣∣− ej

〉
,

F̂ F̂ T̂
∣∣pk
〉
= F̂

∣∣ek
〉
=
∣∣pk
〉
.

(2.43)
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Figure 2.7: The action of the operator F̂ F̂ T̂ ; reflection through the momentum axis.

A list if all possible symmetry operations have been compiled in Table 2.1. These

operations will be revisited when discussing the finite-dimensional Wigner function

of Chapter 3.
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Chapter 2. The quantum phase space

Symmetry Operator

Position Translation V̂

Momentum Translation Û

90◦ Rotation F̂

Reflection about Position T̂

Reflection about Momentum F̂ F̂ T̂

180◦ Rotation (Inversion) F̂ 2

Reflection about y = x F̂ T̂

Reflection about y = −x T̂ F̂

Table 2.1: A summary of all possible symmetry operations including translations,
which were not explicitly discussed in the previous section, but can easily be seen as
such.
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Chapter 2. The quantum phase space

Summary of the symmetry operations

from section 2.2

for periodic and anti-periodic boundary conditions

F̂
∣∣ej
〉
=
∣∣pj
〉

F̂
∣∣pk
〉
=
∣∣− ek

〉

T̂
∣∣ej
〉
=
∣∣ej
〉

T̂
∣∣pk
〉
=
∣∣− pk

〉

F̂ T̂
∣∣ej
〉
=
∣∣pj
〉

F̂ T̂
∣∣pk
〉
=
∣∣ek
〉

T̂ F̂
∣∣ej
〉
=
∣∣− pj

〉

T̂ F̂
∣∣pk
〉
=
∣∣− ej

〉

F̂ F̂ T̂
∣∣ej
〉
=
∣∣− ej

〉

F̂ F̂ T̂
∣∣pk
〉
=
∣∣pk
〉
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Chapter 3

A Wigner function for

finite-dimensional Hilbert spaces

3.1 A history of the finite Wigner function: Re-

inventing the wheel

The quasi-probability function that bears his name was first introduced by E. P.

Wigner in 1932 [61]. It is a real function of position and momentum, W (q, p), whose

marginals give the probability distribution of the conjugate variable, i.e.

∫
dpW (q, p) = P (q),

∫
dqW (q, p) = P̃ (p).

The Wigner function is called a quasi-probability function because there are systems

for which it has negative values; hence, it cannot be a true joint probability func-

tion. The Wigner function is defined as the two-dimensional Fourier transform of a

characteristic function, Φ(η, ξ), which is the expectation value of the symmetrically
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Chapter 3. A Wigner function for finite-dimensional Hilbert spaces

ordered displacement operator,

Φ(ξ, η) = tr
(
ρ̂ exp [i(ηq̂ − ξp̂)/h̄]

)
= tr

(
ρ̂ exp [iηξ/2h̄] exp [−iξp̂/h̄] exp [iηq̂/h̄]

)
.

(3.1)

W (q, p) =
1

(2πh̄)2

∫
dη dξ exp [iξp/h̄] exp [−iηq/h̄] Φ(ξ, η). (3.2)

Contrary to what is reported in much of the physics literature, the first work1 on

a Wigner function for finite-dimensional Hilbert spaces was not done by Wootters

[47]. In 1980, Hannay and Berry developed a Wigner function, by in their words,

“a straightforward application of the definition [of the continuous Wigner function]

it is found that provided irrelevant infinite normalization difficulties are ignored the

Wigner function . . . is a 2N × 2N periodic ‘δ brush’ on the phase plane.” [46] Not

only did Hannay and Berry develop the Wigner function before Wootters, they were

the first to see that finite-dimensional Wigner functions have 4D2 values. We shall

see that the derivation of a finite Wigner function in this work avoids the infinite

normalization difficulties mentioned above.

Having missed the Hannay and Berry paper, Wootters developed his own more

limited version of a finite Wigner function seven years later [47]. He created a D2

valued discrete function, Wl,m, for Hilbert spaces of prime dimensionality D. The

indices label possible position and momentum eigenstates. The sum over one of

the indices gives the probability for the system to be in the eigenstate labelled by

the other index (Figure 3.1). The argument for prime dimensions was based upon

the Wigner function’s projection property, which states that projecting the Wigner

function onto a line in phase space gives the probability distribution for an observable

orthogonal to that line2. It is only possible in prime dimensions to construct a unique

set of discrete “lines;” therefore, only prime dimensional spaces could have Wigner

1We are ignoring the continuous angle variable approach for finding Wigner functions
of spin systems. The interested reader is urged to check the references contained within
Leonhardt [62].

2The marginals are the extreme cases of the projection property.
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✻

q✲

p
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✒

✏

✑∑
kW (qj, pk) = probability(q = qj)

✓
✒

✏
✑
∑

j W (qj, qk) = probability(p = pk)

Figure 3.1: A schematic rendering of Wootters’ Wigner function for a finite-
dimensional Hilbert space. The Wigner function has a real value at each point
of the lattice. Marginal distributions are found by summing over a row or column.

functions defined on them. There was the possibility of factoring composite spaces

into their prime factors, but Wootters was unable to define a Wigner function for

them from first principles.

In the following years, progress was slow [63, 64] until the work by Leonhardt

[48]3. His approach was to find an operator on the finite-dimensional Hilbert space

which is the analogue to the symmetrically ordered displacement operator. With

this operator, he was able to define a characteristic function and by taking a discrete

Fourier transform, a Wigner function. During the derivation, it became clear that

even and odd dimensional Hilbert spaces needed to be treated separately. For odd

dimensional spaces the Wigner function has D2 values and exists at integer lattice

sites; while for even spaces, it has 4D2 values and exists at half-integer lattice sites

[62].

This half-integer nature of the Wigner function is now becoming widely accepted.

3Who also did not reference Hannay and Berry
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Chapter 3. A Wigner function for finite-dimensional Hilbert spaces

This type of Wigner function was recently used by Bianucci et al. [65] to study

Grover’s algorithm, an exciting development in quantum computation. The author’s

approach to finding a Wigner function for finite-dimensional Hilbert spaces relies on

there being an isomorphism between the finite-dimensional Hilbert space and the

space of doubly periodic (unnormalized) wavefunctions. With this map, one can

use the continuous phase space definition of the Wigner function to define a Wigner

function for finite dimensions. This approach also makes clear why the Wigner

function has 4D2 values for all dimensions and how a D2 valued version can be

constructed in odd dimensions.

Of course, not all researchers missed the seminal Hannay and Berry paper. Its

influence can be seen in the works of Dana [66] and Lakshminarayan [67], for example.

However, most physicists continue to begin the Wigner function journey with the

works of Wootters or at best Leonhardt.

3.2 The isomorphism

In the infinite-dimensional Hilbert space, L2, we have position and momentum basis

vectors,
∣∣q
〉
and

∣∣p
〉
, with Dirac-delta function normalization,

〈
q
∣∣q′
〉
= δ(q − q′) and

〈
p
∣∣p′
〉
= δ(p− p′). The basis vectors are related by a continuous Fourier transform

〈
p
∣∣q
〉
=

1√
2πh̄

exp

[
− i

h̄
qp

]
.

There is a natural connection between HD and the subspace of L2 consisting of

doubly periodic states
∣∣ψ
〉
, whose position and momentum wavefunctions satisfy

〈
x+Q

∣∣ψ
〉
= exp [2πiα]

〈
x
∣∣ψ
〉
, (3.3)

〈
p+ P

∣∣ψ
〉
= exp [−2πiβ]

〈
p
∣∣ψ
〉
, (3.4)
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Chapter 3. A Wigner function for finite-dimensional Hilbert spaces

whereQ and P are the periodicity scales in position and momentum4. The periodicity

defines a D-dimensional subspace, provided QP/(2πh̄) = D is an integer, as we will

now show.

Consider a wavefunction whose position representation, ψ(x), is periodic as in

Equation 3.3. Being periodic, it must have a Fourier series representation

ψ(x) =
〈
x
∣∣ψ
〉
=

∞∑

n=−∞

an exp

[
2πi

Q
(n + α)x

]
, (3.5)

where the expansion coefficients, an, are found in the usual way. If we substitute this

relationship into the momentum representation, we get

ψ̃(p) =
〈
p
∣∣ψ
〉

=

√
1

2πh̄

∞∑

n=−∞

an

∫
dx exp

[
2πix

(
n + α

Q
− p

2πh̄

)]

=
√
2πh̄

∞∑

n=−∞

an δ

(
p− 2πh̄

Q
(n+ α)

)
.

(3.6)

From this last expression, we see that

ψ̃(p+ P ) =
√
2πh̄

∞∑

n=−∞

an δ

(
p+ P − 2πh̄

Q
(n + α)

)

=
√
2πh̄

∞∑

n=−∞

an δ

(
p− 2πh̄

Q
(n− QP

2πh̄
+ α)

)
.

(3.7)

We see that unless QP/2πh̄ is an integer, this expression can never be periodic.

It should be noted in the interest of completeness (and for the interested reader)

that the correct periodicity (Equation 3.4) is enforced by the condition an+D =

exp [−2πiβ] an.

We shall now show that the expansion coefficients for a general state vector in

the HD and the subspace of L2 are simply related. This will allow us to create an

4There is a small problem with these doubly periodic functions; their periodicity makes
them impossible to normalize. However, these states, just like plane waves, can be used
(with care) in theoretical calculations.
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isomorphism between the two spaces. Take an arbitrary vector in HD,

∣∣ψ
〉
=

D−1∑

j=0

cj
∣∣ej
〉
=

D−1∑

k=0

dk
∣∣pk
〉
. (3.8)

By using the completeness relationship
∑D−1

k=0

∣∣pk
〉〈
pk
∣∣ = 1, we find the relation

between expansion coefficients,

cj =
〈
ej
∣∣ψ
〉
=

D−1∑

k=0

〈
ej
∣∣pk
〉〈
pk
∣∣ψ
〉

=
1√
D

D−1∑

k=0

exp

[
i

h̄
pkej

]
dk.

(3.9)

Within the doubly periodic subspace of L2, we construct a state
∣∣ψ
〉
which has

support only on those q and p whose values are the same as those from the finite-

dimensional subspace. That is, we take q = Q(j+β)/D, p = P (k+α)/D and create

the state

∣∣ψ
〉
=

∞∑

j=−∞

c′j
∣∣qj
〉
=

∞∑

k=−∞

d′k
∣∣pk
〉
. (3.10)

The periodicity of the subspace allows us to rewrite these expressions as

∣∣ψ
〉
=

D−1∑

j=0

c′j

(
∞∑

n=−∞

exp [2πiαn]
∣∣qj + nQ

〉
)

=
D−1∑

k=0

d′k

(
∞∑

m=−∞

exp [−2πiβm]
∣∣pk +mP

〉
)
.

(3.11)

Now we’ll find the relationship between c′j and d′k. We’ll start by using the

position wavefunction,

〈
x
∣∣ψ
〉
=

D−1∑

j=0

∞∑

n=−∞

c′j exp [2πiαn] δ(x− qj − nQ),
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which we’ll relate to the momentum wavefunction,

〈
x
∣∣ψ
〉
=

∫
dp
〈
x
∣∣p
〉〈
p
∣∣ψ
〉

=
1√
2πh̄

∫
dp exp

[
i

h̄
xp

] D−1∑

k=0

∞∑

m=−∞

d′k exp [−2πimβ] δ(p− pk −mP )

=
1√
2πh̄

D−1∑

k=0

∞∑

m=−∞

exp

[
i

h̄
x(pk +mP )

]
d′k exp [−2πimβ]

=
1√
2πh̄

D−1∑

k=0

exp

[
i

h̄
xpk

]
d′k

∞∑

m=−∞

exp [2πim(Dx/Q− β)] .

(3.12)

In the last step, we have used the fact that QP = 2πh̄D.

This expression can be simplified by using the Poisson formula,

∞∑

m=−∞

exp [2πim(x− y)] =

∞∑

l=−∞

δ(x− y − l). (3.13)

After doing the sum,

∞∑

m=−∞

exp

[
2πim

(
D

Q
x− β

)]
=

∞∑

l=−∞

δ

(
D

Q
x− β − l

)
=
Q

D

∞∑

l=−∞

δ(x− ql),

we insert the resulting delta into Equation 3.12 to give

〈
x
∣∣ψ
〉
=

√
Q

P

1√
D

D−1∑

k=0

∞∑

l=−∞

d′k exp

[
i

h̄
qlpk

]
δ(x− ql).

We then separate the summing variable l into two pieces

〈
x
∣∣ψ
〉
=

√
Q

P

1√
D

D−1∑

k=0

D−1∑

j=0

∞∑

n=−∞

exp

[
i

h̄
qjpk

]
d′k exp [2πiα] δ(x− qj − nQ)

=⇒ c′j√
Q

=
1√
D

D−1∑

k=0

exp

[
i

h̄
qjpk

]
d′k√
P
.

(3.14)

Equations 3.9 and 3.14 verify that the expansion coefficients c′j/
√
Q and d′k/

√
P

are related in the same way as cj and dk, thus establishing an isomorphism between
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HD and the doubly periodic subspace of L2. Comparing equations 3.8 and 3.11 gives

a general form for the isomorphism,

∣∣ej
〉
↔
√
Q

∞∑

n=−∞

exp [2πiαn]
∣∣qj + nQ

〉

∣∣pk
〉
↔

√
P

∞∑

m=−∞

exp [−2πiβm]
∣∣pk +mP

〉
.

(3.15)

3.2.1 An improvement to the isomorphism

The different inner products for states in HD and states in L2 forces us to be more

careful in defining this map,

〈
ek
∣∣ej
〉
= δj,k

→ Q

∞∑

n,n′=−∞

exp [2πiα(n− n′)]
〈
qk + n′Q

∣∣qj + nQ
〉

= Q
∞∑

n,n′=−∞

exp [2πiα(n− n′)] δ(qj − qk +Q(n− n′))

= δ(qj − qk)
∞∑

n,n′=−∞

δ(n− n′) exp [2πiα(n− n′)] .

(3.16)

Thus the simple isomorphism maps the Kronecker-delta inner product to a delta-

function multiplied by a highly divergent series.

To avoid this problem, we use a slightly altered form for the isomorphism,

∣∣ej
〉
→

∞∑

n=−∞

exp [2πinα]

∞∫

−∞

dq F (q)G(q − qj − nQ)
∣∣q
〉
. (3.17)

F (q) is a very broad real windowing function whose width is much greater than Q,

while G(u) =
√
D/QΘ(Du/Q) is a very narrow windowing function with the form

Θ(x) =





1/
√
ǫ for −ǫ/2 < x < ǫ/2

0 else
. (3.18)
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Using this form for the isomorphism, we see that the inner product will be mapped

to

〈
ek
∣∣ej
〉
→

∞∑

n,n′=−∞

exp [2πiα(n− n′)]

∫
dq F 2(q)G(q − qj − nQ)G(q − qk − n′Q).

The width of Θ is assumed small enough to ensure no overlap (ǫ≪ 1); therefore, the

integral is non-zero only when qj = qk and n = n′,

〈
ek
∣∣ej
〉

→ δj,k

∞∑

n=−∞

∫
dq F 2(q)G2(q − qj − nQ)

= δj,k

∞∑

n=−∞

∫
du F 2(u+ qj + nQ)G2(u)

= δj,k

∞∑

n=−∞

D

ǫQ

ǫQ/2D∫

−ǫQ/2D

du F 2(u+ qj + nQ).

This leads to a normalization condition

∞∑

n=−∞

ǫQ/2D∫

−ǫQ/2D

du F 2(u+ qj + nQ) = ǫ
Q

D
(3.19)

for all qj . Unfortunately, this condition cannot be satisfied for all j and we must

instead make some approximations. These approximations will be made clear after

we develop an expression for F (u).

To find this expression, we demand that the map for
∣∣pk
〉
have the same form as

that for
∣∣ej
〉
. We start with the quantum Fourier transformation in HD,

∣∣pk
〉
=

1√
D

D−1∑

j=0

exp

[
i

h̄
pkej

] ∣∣ej
〉

which gets mapped by Equation 3.17 to

1√
D

D−1∑

j=0

exp

[
i

h̄
pkej

] ∞∑

n=−∞

exp [2πinα]

∫
dq F (q)G(q − qj − nQ)

∣∣q
〉
.
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We now find the expansion of the last piece in the infinite-dimensional momentum

basis
∫
dq

∫
dp
∣∣p
〉〈
p
∣∣q
〉
F (q)G(q − qj − nQ)

=

∫
dp
∣∣p
〉 ∫

dq
1√
2πh̄

exp

[
− i

h̄
pq

]
F (q)G(q − qj − nQ).

We can simplify by taking the Fourier transform of G(q − qj − nQ),

1√
2πh̄

∫
dp dq

∣∣p
〉
exp [−ipq/h̄]F (q) 1√

2πh̄

∫
dp′ G̃(p′) exp

[
i

h̄
p′(q − qj − nQ)

]
.

Combining terms, we get
∫
dq F (q)G(q − qj − nQ)

∣∣q
〉

=
1√
2πh̄

∫
dp dp′

∣∣p
〉
G̃(p′) exp

[
− i

h̄
p′(qj + nQ)

]
1√
2πh̄

∫
dq F (q) exp

[
− i

h̄
(p− p′)q

]

=
1√
2πh̄

∫
dp dp′

∣∣p
〉
G̃(p′) exp

[
− i

h̄
p′(qj + nQ)

]
F̃ (p− p′).

Now that we have that expansion, we can substitute into the rest of the expression

and find the map for a momentum eigenstate,

∣∣pk
〉

→ 1√
2πh̄D

D−1∑

j=0

exp

[
i

h̄
pkqj

] ∞∑

n=−∞

exp [2πinα]

∫
dp
∣∣p
〉

×
∫
dp′ F̃ (p− p′)G̃(p′) exp

[
− i

h̄
p′(qj + nQ)

]

=
1√

2πh̄D

D−1∑

j=0

∫
dp
∣∣p
〉 ∫

dp′ F̃ (p− p′)G̃(p′) exp

[
i

h̄
qj(pk − p′)

]

×
∞∑

n=−∞

exp

[
−2πi

(
D

P
p′ − α

)
n

]
.

From the Poisson formula,

∞∑

n=−∞

exp

[
−2πi

(
p′
D

P
− α

)
n

]
=

P

D

∞∑

r=−∞

δ

(
p′ − P

D
(r + α)

)

=
P

D

D−1∑

l=0

∞∑

m=−∞

δ (p′ − pl −mP ) ,
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we get rid of the sum over the n variable and find that

∣∣pk
〉

→ P√
2πh̄DD

∞∑

m=−∞

D−1∑

j,l=0

exp

[
i

h̄
qj(pk − pl −mP )

]
G̃(pl +mP )

×
∫
dp F̃ (p− pl −mP )

∣∣p
〉
.

This expression can be simplified further using

exp

[
− i

h̄
qjmP

]
= exp [−2πi(j + β)m] = exp [−2πimβ]

and5

D−1∑

j=0

exp

[
i

h̄
qj(pk − pl)

]
= Dδk,l

to give

∣∣pk
〉
→ P√

2πh̄D

∞∑

m=−∞

exp [−2πimβ] G̃(pk +mP )

∫
dp F̃ (p− pk −mP )

∣∣p
〉
. (3.20)

The Fourier transform of G(q) is easily calculated to be

G̃(p) =

√
2π

P
Θ̃

(
2πp

P

)
=

√
ǫ

P

sin(ǫπp/P )

ǫπp/P
,

and thus we find that

∣∣pk
〉
→
√

2π

Q

∞∑

m=−∞

exp [−2πimβ] Θ̃

(
2π

P
(pk +mP )

)∫
dp F̃ (p− pk −mP )

∣∣p
〉
.

(3.21)

Upon inspection, we see that the functions Θ and F in the map for
∣∣ej
〉
have been

replaced by F̃ and Θ̃ in
∣∣pk
〉
respectively. In order that the momentum map have

the same form as the position map, we need to choose F (q) ∝ Θ̃(q).

5This is another use of Equation 2.26. The restricted value of k and l collapses the sum
of delta functions to one term.
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Let’s assume that F (q) = A
√

2π/QΘ̃(2πq/Q) and F̃ (p) = A
√
D/PΘ(Dp/P )

where the constant A is determined from the normalization condition

ǫ
Q

D
=

∞∑

n=−∞

ǫQ/2D∫

−ǫQ/2D

du F 2(u+ qj + nQ)

= A2 2π

Q

∞∑

n=−∞

ǫQ/2D∫

−ǫQ/2D

du Θ̃2

(
2π

Q
(u+ qj + nQ)

)
.

It is not possible to satisfy this condition for all qj without F (q) being constant,

but this is the situation that lead to an infinite inner product in Equation 3.16.

Therefore, we shall have to make some approximations that are valid in the limit of

small ǫ. First, we shall assume that Θ̃(q) is constant over ranges smaller than Q (by

choosing ǫ small enough) so that we can approximate

Θ̃2

(
2π

Q
(u+ qj + nQ)

)
≈ Θ̃2(2πn).

This leads to a normalization condition of

ǫ
Q

D
= A2 2π

Q

ǫQ

D

∞∑

n=−∞

Θ̃2(2πn) = A22πǫ

D

∞∑

n=−∞

Θ̃2(2πn).

Second, we shall approximate the sum over n with an integral

∞∑

n=−∞

Θ̃2(2πn) =
∞∑

n=−∞

ǫ

2π
(
sin(πnǫ)

πnǫ
)2

ǫ≪1≈ 1

2π

∞∫

−∞

dv

(
sin v

v

)2

=
1

2π
.

Therefore, we see that A =
√
Q, and that the map we should use is the following

∣∣ej
〉
↔
√

2πD

Q

∞∑

n=−∞

exp [2πinα] Θ̃(2πn)

∫
dq
∣∣q
〉
Θ

(
D

Q
(q − qj − nQ)

)
,

∣∣pk
〉
↔
√

2πD

P

∞∑

m=−∞

exp [−2πimβ] Θ̃(2πm)

∫
dp
∣∣p
〉
Θ

(
D

P
(p− pk −mP )

)
.

(3.22)
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We recover the simple form of the map by taking the limit ǫ→ 0

lim
ǫ→0

1√
ǫ
Θ

(
D

Q
(q − qj − nQ)

)
=
Q

D
δ(q − qj − nQ).

This leads to
∣∣ej
〉
→
√
Q

D
ǫ

∞∑

n=−∞

exp [2πinα]
∣∣qj + nQ

〉
. (3.23)

Identical considerations give

∣∣pk
〉
→
√
P

D
ǫ

∞∑

m=−∞

exp [−2πimβ]
∣∣pk +mP

〉
. (3.24)

The factor of ǫ emphasizes that periodically continued states are not normalizable.

Equation summary for section 3.2

∞∑

m=−∞

exp [2πim(x− y)] =

∞∑

l=−∞

δ(x− y − l)

∣∣ej
〉
↔
√

2πD

Q

∞∑

n=−∞

exp [2πinα] Θ̃(2πn)

∫
dq
∣∣q
〉
Θ

(
D

Q
(q − qj − nQ)

)

∣∣pk
〉
↔
√

2πD

P

∞∑

m=−∞

exp [−2πimβ] Θ̃(2πm)

∫
dp
∣∣p
〉
Θ

(
D

P
(p− pk −mP )

)

〈
q
∣∣q′
〉
= δ(q − q′),

〈
p
∣∣p′
〉
= δ(p− p′)

∣∣ej
〉 ǫ→0−→

√
Q

D
ǫ

∞∑

n=−∞

exp [2πinα]
∣∣qj + nQ

〉

∣∣pk
〉 ǫ→0−→

√
P

D
ǫ

∞∑

m=−∞

exp [−2πimβ]
∣∣pk +mP

〉
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3.3 Derivation of the characteristic function

The strategy for calculating the Wigner function is to use the isomorphism developed

in the last section to map a density matrix up to the doubly-periodic subspace

of L2. Then we can use the infinite-dimensional Hilbert space definition for the

characteristic and Wigner function.

Expand a finite-dimensional Hilbert space density matrix in the position basis

and use the limiting case of Equation 3.23 for the isomorphism, i.e do not use the Θ

functions from the last section

ρ̂ =

D−1∑

j,k=0

ρj,k
∣∣ej
〉〈
ek
∣∣

→ Q

D
ǫ2

D−1∑

j,k=0

∞∑

n,n′=−∞

ρj,k exp [2πiα(n− n′)]
∣∣qj + nQ

〉〈
qk + n′Q

∣∣.
(3.25)

From the definition of the continuous characteristic function, Equation 3.1, we see
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that

Φ(ξ, η) =
Q

D
ǫ2

D−1∑

j,k=0

∞∑

n,n′=−∞

ρj,k exp [2πiα(n− n′)]

×
〈
qk + n′Q

∣∣ exp
[
i

2h̄
ηξ

]
exp

[
− i

h̄
ξp̂

]
exp

[
i

h̄
ηq̂

] ∣∣qj + nQ
〉

=
Q

D
ǫ2

D−1∑

j,k=0

∞∑

n,n′=−∞

ρj,k exp [2πiα(n− n′)] exp

[
i

2h̄
ηξ

]

× exp

[
i

h̄
η(qj + nQ)

] 〈
qk + n′Q

∣∣qj + nQ+ ξ
〉

=
Q

D
ǫ2

D−1∑

j,k=0

∞∑

n,n′=−∞

ρj,k exp [2πiα(n− n′)] exp

[
i

h̄
η(qj + nQ)

]

× exp

[
i

2h̄
η(qk − qj + (n′ − n)Q)

]
δ
(
ξ − (qk − qj +Qn′ −Qn)

)

=
Q

D
ǫ2

D−1∑

j,k=0

∞∑

n,n′=−∞

ρj,k exp [2πiα(n− n′)] exp

[
i

2h̄
η(qk + qj + (n′ + n)Q)

]

× δ
(
ξ − (qk − qj +Qn′ −Qn)

)
.

(3.26)

Next we introduce two new summing variables, N = n′ − n and ν = n′ + n. This

simplifies the above expression to

Φ(ξ, η) =
Q

D
ǫ2

D−1∑

j,k=0

∞∑

N=−∞

∑

ν

ρj,k exp [−2πiαN ] exp

[
i

2h̄
η(qk + qj)

]

× exp

[
i

2h̄
ηνQ

]
δ
(
ξ − (qk − qj +NQ)

)
.

(3.27)

Notice that the delta function restricts the values of ξ to integral multiples of Q/D,

regardless of what boundary conditions are used.

Using the relationship QP = 2πh̄D, the sum over ν can be put into an equivalent

form,
∑

ν

exp

[
iηνQ

2h̄

]
=
∑

ν

exp

[
2πi

D

P
η
ν

2

]
.
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This is in the form of the Poisson formula, but we must be careful because the

variables N and ν are parity related. When N is even (odd), ν must be even (odd).

When N is even, ν = 2ν ′, and the sum becomes

∑

ν even
exp

[
i

2h̄
ηνQ

]
=

∞∑

ν′=−∞

exp

[
2πi

D

P
ην ′
]
=

∞∑

L=−∞

δ

(
D

P
η − L

)
.

When N is odd, ν = 2ν ′ + 1, so we have

∑

ν odd

exp

[
i

2h̄
ηνQ

]
=

∞∑

ν′=−∞

exp

[
2πi

D

P
ην ′
]
exp

[
πi
D

P
η

]

=
∞∑

L=−∞

exp [πiL] δ

(
D

P
η − L

)
.

The difference between the two cases is a factor of eπiL when N is odd. This leads

to the conclusion that

∑

ν

exp

[
i

2h̄
ηνQ

]
=

∞∑

L=−∞

exp [πiLN ] δ

(
D

P
η − L

)

=
P

D

∞∑

L=−∞

exp [πiLN ] δ

(
η − P

D
L

)
.

(3.28)

The delta function here restricts η to integer multiples of P/D.

The expression for the characteristic function becomes

Φ(ξ, η) =
QP

D2
ǫ2

D−1∑

j,k=0

∞∑

N,L=−∞

ρj,k exp [−2πiαN ] exp [πiLN ] exp

[
i

2Dh̄
P (qk + qj)L

]

× δ

(
η − P

D
L

)
δ
(
ξ − (qk − qj +NQ)

)
.

(3.29)

Now, let’s use the fact that qj = (Q/D)(j + β) and qk = (Q/D)(k + β) to produce

Φ(ξ, η) =
QP

D2
ǫ2

D−1∑

j,k=0

∞∑

N,L=−∞

ρj,k exp [−2πiαN ] exp

[
2πi

D
Lβ

]
exp [πiLN ]

× exp

[
πi

D
(j + k)L

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
(k − j +ND)

)
.

(3.30)
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Let’s try to simplify the k − j + ND expression that appears in the ξ delta

function. We’ll begin by introducing a new variable l = k − j. This substitution

helps simplify our expression, but we must be careful to keep the proper limits on

the sum over l. Our new expression for the characteristic function is

Φ(ξ, η) =
QP

D2
ǫ2

∞∑

N,L=−∞

D−1∑

j=0

−j+D−1∑

l=−j

ρj,j+l exp [−2πiαN ] exp

[
2πi

D
(j + β)L

]

× exp

[
πi

D
(l +ND)L

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
(l +ND)

)
.

(3.31)

The sum over l can be split into two pieces,

−j+D−1∑

l=−j

=
−1∑

l=−j

+

−j+D−1∑

l=0

.

For the first piece, let’s make two more substitutions, l′ = l +D and N ′ = N − 1.

Under these changes the N and l sums of the first piece become

∞∑

N ′=−∞

D−1∑

l′=D−j

ρj,j+l′−D exp [−2πiα(N ′ + 1)] exp

[
2πi

D
(j + β)L

]

× exp

[
πi

D
(l′ +N ′D)L

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
(l′ +N ′D)

)
.

(3.32)

Given Equation 3.25, the density matrix has an extension consistent with the peri-

odicity of our finite Hilbert space,

ρj+nD,k+mD =
〈
ej+nD

∣∣ρ̂
∣∣ek+mD

〉
= exp [2πi(n−m)α] ρj,k. (3.33)

We will make use of this fact twice. First, we’ll use Equation 3.33 to rewrite ρj,j+l′−D

as exp [2πiα] ρj,j+l′. This rewriting produces a phase which cancels the one in Equa-

tion 3.32, thus allowing us to recombine the sum over l,

Φ(ξ, η) =
QP

D2
ǫ2

∞∑

N,L=−∞

D−1∑

j,l=0

ρj,j+l exp [−2πiαN ] exp

[
2πi

D
(j + β)L

]

× exp

[
πi

D
(l +ND)L

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
(l +ND)

)
.

(3.34)
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We use Equation 3.33 a second time to make the following observation,

ρj,j+l exp [−2πiαN ] = ρj,j+l+ND,

which simplifies the characteristic function to

Φ(ξ, η) =
QP

D2
ǫ2

∞∑

N,L=−∞

D−1∑

j,l=0

ρj,j+l+ND exp

[
2πi

D
(j + β)L

]

× exp

[
πi

D
(l +ND)L

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
(l +ND)

)
.

(3.35)

We see that the two variables l and N can be combined into a single variable M to

give our final expression,

Φ(ξ, η) =
QP

D2
ǫ2

∞∑

M,L=−∞

D−1∑

j=0

ρj,j+M exp

[
2πi

D
(j + β)L

]

× exp

[
πi

D
LM

]
δ

(
η − P

D
L

)
δ

(
ξ − Q

D
M

)
.

(3.36)

This expression has a simple interpretation. The characteristic function has

Dirac-delta function singularities at the lattice of points given by η = (P/D)L,

ξ = (Q/D)M , M,L ∈ Z. When working in HD, however, we should think of the

zero-limiting ǫ multiplying the Dirac-delta function as producing a finite, discrete

value at the singularity, i.e.

ǫ δ

(
η − P

D
L

)
= ǫΘ2

(
η − P

D
L

)
→






0, η 6= (P/D)L,

1, η = (P/D)L.
(3.37)

Thus the characteristic function becomes a discrete-valued function

ΦM,L = Φ

(
Q

D
M,

P

D
L

)
=
QP

D2

D−1∑

j=0

ρj,j+M exp

[
πi

D
LM

]
exp

[
2πi

D
(j + β)L

]
. (3.38)

Using the fact that ρj,M+j = tr(ρ̂
∣∣eM+j

〉〈
ej
∣∣), we see that this characteristic

function ΦM,L = tr(ρ̂B̂M,L) is the expectation value of an operator

B̂M,L =
QP

D2

D−1∑

j=0

exp

[
πi

D
LM

]
exp

[
2πi

D
L(j + β)

] ∣∣eM+j

〉〈
ej
∣∣.
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Remembering the definition of the finite Hilbert space’s displacement operators

(Equations 2.14 and 2.16), this simplifies to

B̂M,L =
QP

D2
exp

[
πi

D
LM

]
V̂ M ÛL. (3.39)

The form of this operator should come as no surprise. Comparison with Equation 2.19

shows that it is the symmetrically ordered displacement operator for HD, suitably

normalized. It is the same as the operator used by Leonhardt [48, 62] and other

works on finite Wigner functions [68, 69, 70].

One last item of note on the characteristic function is its periodicity. As noted

above, the characteristic function does not sit at the same lattice points as the

position and momentum eigenstates (which are offset by the constants α and β

respectively). However, the original periodicity chosen on HD is still expressed in

the characteristic function in an altered form. A simple calculation shows that

B̂M,L+D = exp [2πiβ] (−1)M B̂M,L.

The phase (−1)M prevents B̂M,L from being “β”-periodic in its second index. An

obvious solution is to advance by 2D which gives

B̂M,L+2D = exp [2πi2β] B̂M,L.

Similarly, we have B̂M+D,L = exp [−2πiα] (−1)LB̂M,L and

B̂M+2D,L = exp [−2πi2α] B̂M,L.

The characteristic function is thus doubly periodic with period 2Q and 2P . It

acquires the same phase as would be expected from advancing a vector in the finite-

dimensional Hilbert space by the same amount. Upon Fourier transforming the

characteristic function, this twice periodicity produces the half-integer nature of the

finite Wigner function. Notice that for the boundary conditions of greatest interest,

periodic (α = β = 0) and anti-periodic (α = β = 1/2), the characteristic function is

strictly periodic with period 2Q and 2P .
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Equation summary for section 3.3

ρ̂ =
D−1∑

j,k=0

ρj,k
∣∣ej
〉〈
ek
∣∣

ρj+nD,k+mD = exp [2πi(n−m)α]

ΦM,L = tr(ρ̂B̂M,L)

B̂M,L =
QP

D2

D−1∑

j=0

exp

[
πi

D
LM

]
exp

[
2πi

D
L(j + β)

] ∣∣eM+j

〉〈
ej
∣∣

B̂M,L+2D = exp [2πi2β] B̂M,L

B̂M+2D,L = exp [−2πi2α] B̂M,L

3.4 Derivation of the Wigner function

Knowing the infinite-dimensional expression for the Wigner function, Equation 3.2,

and having calculated the characteristic function, we can do a straightforward cal-

culation to find the Wigner function.
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Using Equation 3.36, we find the Wigner function to be

W (q, p) =
QP

D2
ǫ2

1

(2πh̄)2

D−1∑

j=0

∞∑

L,M=−∞

exp

[
i

h̄D
QMp

]
exp

[
− i

h̄D
PLq

]
ρj,M+j

× exp

[
2πi

D
L(j + β)

]
exp

[
πi

D
LM

]

=
ǫ2

2πh̄D

D−1∑

j=0

∞∑

L,M=−∞

exp

[
2πi

P
pM

]
exp

[
−2πi

Q
qL

]
ρj,M+j

× exp

[
2πi

D
L(j + β)

]
exp

[
πi

D
LM

]

=
ǫ2

2πh̄D

D−1∑

j=0

∞∑

M=−∞

exp

[
2πi

P
pM

]
ρj,M+j

×
∞∑

L=−∞

exp

[
2πiL

(
− q/Q+

j + β +M/2

D

)]
.

From the Poisson sum formula, we have

∞∑

L=−∞

exp

[
2πiL

(
− q/Q+

j + β +M/2

D

)]
=

∞∑

R=−∞

δ

(
q

Q
− j + β +M/2

D
−R

)
.

Therefore, the Wigner function is

W (q, p) =
ǫ2

P

D−1∑

j=0

∞∑

R,M=−∞

exp

[
2πi

P
pM

]
ρj,M+j

δ

(
q − Q

D
(j +RD +M/2 + β)

)
,

(3.40)

where we have used the ever useful QP = 2πh̄D to simplify the factor in front of the

sum. We see that the values of q are restricted to the same lattice sites as position

eigenstates plus the points sitting halfway between these sites.

Let’s simplify the expression in the delta function using the same technique em-

ployed in finding the characteristic function. We start by introducing a new variable,
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M ′ = 2j + 2RD +M . This simplifies the Wigner function to

W (q, p) =
ǫ2

P

D−1∑

j=0

∞∑

R,M ′=−∞

ρj,M ′−j−2RD exp

[
2πi

P
p(M ′ − 2j − 2RD)

]

× δ

(
q − Q

D
(M ′/2 + β)

)
.

(3.41)

Next we use Equation 3.33 to rewrite ρj,M ′−j−2RD as e2πi2Rαρj,M ′−j and combine

terms to give

W (q, p) =
ǫ2

P

D−1∑

j=0

∞∑

M ′=−∞

exp

[
2πi

P
p(M ′ − 2j)

]
ρj,M ′−j

× δ

(
q − Q

D
(M ′/2 + β)

) ∞∑

R=−∞

exp
[
2πiR(2α− 2D

p

P
)
]
.

(3.42)

We can do the sum over R by once again using the Poisson formula,

∞∑

R=−∞

exp
[
2πiR(2α− 2D

p

P
)
]
=

P

2D

∞∑

S=−∞

δ

(
p− P

D
(S/2 + α)

)
, (3.43)

which shows that the values of p are restricting to a half-integer lattice based on the

momentum eigenvalues. Inserting this value for p, we arrive at our final answer for

the Wigner function

W (q, p) =
1

2D
ǫ2

∞∑

S,M=−∞

D−1∑

j=0

ρj,M−j exp

[
2πi

D
(M − 2j)(S/2 + α)

]

× δ

(
q − Q

D
(M/2 + β)

)
δ

(
p− P

D
(S/2 + α)

)
.

(3.44)

Again this expression has a simple interpretation as a discrete valued function,

we end up with

WM/2,S/2 =W
(
qM/2, pS/2

)
=

1

2D

D−1∑

j=0

ρj,M−j exp

[
i

h̄
2 (qM−j − qj) pS/2

]

=
1

2D

D−1∑

j=0

ρj,M−j exp

[
2πi

D
(M − 2j)(S/2 + α)

]
.

(3.45)
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The indices label the lattice of points eM/2, pS/2, M,S = 0, 1, . . . 2D − 1. Unlike the

work of Leonhardt, we find that the Wigner function has values at half-integer lattice

points for all dimensions D, both even and odd. Comparing Equation 3.45 with the

one for a continuous density matrix,

W (q, p) =
2

2πh̄

∫
dx ρx,2q−x exp

[
i

h̄
2(q − x)p

]
,

we see that apart from a different normalization our expression is equivalent to the

continuous one with summation replacing integration.

As was the case for the characteristic function, the Wigner function can be written

as the trace of an operator against the system’s density operator,

WM/2,S/2 = tr
(
ρ̂AM/2,S/2

)
. (3.46)

This operator is hermitian for each value of M and S, thus assuring the Wigner

function is real valued and have a position representation given by

ÂM/2,S/2 =
1

2D

D−1∑

j=0

exp

[
2πi

D
(M − 2j)(S/2 + α)

] ∣∣eM−j

〉〈
ej
∣∣. (3.47)

Unlike the characteristic function’s B̂M,L operators, the ÂM/2,S/2 operators are strictly

periodic for all boundary conditions,

ÂM/2,S/2+D = ÂM/2+D,S/2 = ÂM/2,S/2. (3.48)

Given that there are 4D2 of these operators, they must be overcomplete. A quick

calculation reveals that

ÂM/2,(S+D)/2 = (−1)M ÂM/2,S/2,

Â(M+D)/2,S/2 = (−1)SÂM/2,S/2.
(3.49)

This behavior will ensure that the Wigner function recreates the proper marginal

distributions. Its true purpose, however, is two-fold. One purpose, which will be
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discussed in the next section, is to give the Wigner function a geometrical interpre-

tation. The other purpose is to create phase space “interference.” As was discussed

in Chapter 2, the discrete phase space is represented by a D2 lattice of points cor-

responding to position and momentum eigenvalue pairs; however, the phase space is

toroidal so this grid can be extended infinitely in all directions. Equation 3.48 tells

us that there will be copies of every Wigner function in the phase space’s non-fiducial

continuation6. The quantum mechanical interference between these copies will man-

ifest itself in the series of sharp peaks described in Equation 3.49. An example of

this interference can be seen in the Wigner function for the periodically continued

coherent states of Chapter 4, Figure 4.1. As with the continuous case, these states

have a Gaussian Wigner function centered at phase space point, (x0, p0). Equation

3.48 implies that there are also Gaussians centered at all points x0+nQ and p0+mP ,

the interference of which can clearly be seen in Figure 4.1.

The probability of finding the system at position eM/2 is given by summing over

the variable S. But what happens when M is odd? These points do not correspond

to position eigenvalues, so they must have zero probability. We know that any sum

can be broken up into its component pieces

2D−1∑

S=0

ÂM/2,S/2 =

D−1∑

S=0

ÂM/2,S/2 +

2D−1∑

S=D

ÂM/2,S/2, (3.50)

and by using Equations 3.49 and 3.47, we see that

2D−1∑

S=0

ÂM/2,S/2 =
(
1 + (−1)M

) 1

2D

D−1∑

j=0

∣∣eM−j

〉〈
ej
∣∣
D−1∑

S=0

exp

[
2πi

D
(M − 2j)(S/2 + α)

]
.

(3.51)

When M is odd, this sum is 0. When M is even, Equation 2.26 collapses the sum

6This is the set of phase space grid points for position and momentum eigenvalues
outside the 0 to D − 1 fiducial range.
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over j to one value7 ,

2D−1∑

S=0

ÂM/2,S/2 =





0, when M is odd,

∣∣eM/2

〉〈
eM/2

∣∣, when M is even.
(3.52)

Consequently, the value for the sum over S for the Wigner function will have the

non-zero value of ρM/2,M/2 only when M is even. We find that there is no probability

to be at the half-integer positions. For the integral positions, we get the position

marginal probability.

A similar argument holds for summing over M . If we had started with the

momentum representation of the density matrix,

ρ̂ =

D−1∑

l,m=0

ρ̃l,m
∣∣pl
〉〈
pm
∣∣,

we would have found the Wigner function to be

WM/2,S/2 =
1

2D

D−1∑

k=0

ρ̃k,S−k exp

[
−2πi

D
(S − 2k)(M/2 + β)

]
(3.53)

and the ÂM/2,S/2 operator to have a momentum representation given by

ÂM/2,S/2 =
1

2D

D−1∑

k=0

exp

[
−2πi

D
(S − 2k)(M/2 + β)

] ∣∣pk
〉〈
pS−k

∣∣. (3.54)

In an analogous calculation, we find that

2D−1∑

M=0

ÂM/2,S/2 =





0, when S is odd,

∣∣pS/2
〉〈
pS/2

∣∣, when S is even.
(3.55)

Once again summing over the M index of the Wigner function gives the correct

marginal, ρ̃S/2,S/2, for S even; there is no probability at the half-integer momentum

7The restricted values of M and j makes the sum over delta functions in Equation 2.26
irrelevant

63



Chapter 3. A Wigner function for finite-dimensional Hilbert spaces

values. The purpose of the Wigner function’s half-integer values will be explored in

the next section.

How does this Wigner function relate to the work done by previous authors? It

should be noted that our Wigner function is equivalent to Hannay and Berry’s Wigner

function. Our Wigner function, however, was developed using a different technique

and does not suffer from a problem with infinite normalization. Also, our function is

the same as Leonhardt’s for even dimensions. For odd-dimensional Hilbert spaces,

Leonhardt’s Wigner function operators can be found from the subset ÂM/2,S/2 for

M,S = 0, 2, 4, . . .2D − 2. This works because of the fundamental fact that odd

numbers are not divisible by two. In even dimensions, this subset will contain both

the ÂM/2,S/2 and ÂM/2,S/2+D/2 operators. By Equation 3.49, we know that these

two operators are not linearly independent8. For a Wigner function with D2 values

to contain complete information about the system, its elements must necessarily be

linearly independent. In odd dimensions, the M and S even subset selects the D2

linearly independent operators and creates a valid Wigner function.

In 2 dimensions, Wootters [47] has found specific matrices Â′
M,S which create

his Wigner function. A quick calculation reveals the relationship between Wootters’

matrices and our own,

Â′
0,0 = (Â0,0 + Â1/2,0 + Â0,1/2 + Â1/2,1/2)

Â′
1,0 = (Â1,0 + Â3/2,0 + Â1,1/2 + Â3/2,1/2)

Â′
0,1 = (Â0,1 + Â1/2,1 + Â0,3/2 + Â1/2,3/2)

Â′
1,1 = (Â1,1 + Â3/2,1 + Â3/2,1 + Â3/2,3/2).

(3.56)

Here we have used periodic (α = β = 0) boundary conditions. This suggests a

method for creating a D2-valued Wigner function by taking the linear combination

ÂM/2,S/2 + ÂM/2+1/2,S/2 + ÂM/2,S/2+1/2 + ÂM/2+1/2,S/2+1/2

8In fact, they are equal half of the time.
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for M,S = 0, 2, . . . , 2D − 2. This linear combination would still be hermitian and

an index sum would produce the proper marginal, but as will be shown in the next

section, this combination does not give the proper phase space geometrical interpre-

tation. Hence, we reject its use.
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Figure 3.2: A true rendering of the Wigner function WM/2,S/2 for the
∣∣e2
〉
position

eigenstate in D = 16 dimensions with periodic boundary conditions. The height of
each bin is determined by the Wigner function’s value.

Finally, we conclude this section with a example. Figures 3.2 and 3.3 contrast

two representations of the Wigner function for the
∣∣e2
〉
position eigenstate in D = 16

dimensions with periodic boundary conditions. Figure 3.2 is a true rendering of a dis-

crete valued function with the height of each bar determined by our Wigner function

WM/2,S/2. The second plot is created by interpolating a continuous function between
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Figure 3.3: An interpretive rendering of the Wigner function WM/2,S/2 for the
∣∣e2
〉

position eigenstate in D = 16 dimensions with periodic boundary conditions. A
continuously valued function is extrapolated for undefined points, allowing for easier
interpretation.

the grid points. As the second plot allows greater detail and easier interpretation,

such plots will be used throughout this work.

For a position eigenstate, Figure 3.3 shows that the Wigner function has a uniform

distribution along the momentum axis at the position of
∣∣e2
〉
as well as a series of sign-

alternating “spikes” along the momentum axis at a position half a rectangle away.

As was discussed earlier, these spikes are explained by Equation 3.49 and ensure

the proper marginal distributions shown in Figure 3.4. The marginals are found by

summing over the assorted indices of the Wigner function, and then ignoring the zero
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Figure 3.4: The unexciting, but necessary position and momentum marginal distri-
butions of the

∣∣e2
〉
position eigenstate in D = 16 dimensions with periodic boundary

conditions.

valued entries (Equations 3.52 and 3.55). We see that the marginals are correct for a

position eigenstate which is strictly localized in position and completely delocalized

in momentum.
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Equation summary for section 3.4

WM/2,S/2 =
1

2D

D−1∑

j=0

ρj,M−j exp

[
2πi

D
(M − 2j)(S/2 + α)

]

WM/2,S/2 =
1

2D

D−1∑

k=0

ρ̃k,S−k exp

[
−2πi

D
(S − 2k)(M/2 + β)

]

WM/2,S/2 = tr
(
ρ̂AM/2,S/2

)

ÂM/2,S/2 =
1

2D

D−1∑

j=0

exp

[
2πi

D
(M − 2j)(S/2 + α)

] ∣∣eM−j

〉〈
ej
∣∣

2D−1∑

S=0

WM/2,S/2 = ρM/2,M/2 for M even

2D−1∑

M=0

WM/2,S/2 = ρ̃S/2,S/2 for S even

3.5 Symmetry properties of the Wigner function

In this section, we are going to explore the reason for the half-integer valued Wigner

function. We believe that the reason for this has to do with the behavior of the

Wigner function under symmetry transformations. This idea was first used by Luis

and Peřina [69] in constructing a suitable finite-dimensional Wigner function. Since

the Wigner function is defined on phase space, a symmetry operation acting on

ρ̂ should change the Wigner function in the way defined by the geometry of the
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phase space. For example, in Chapter 2 we found that for periodic and anti-periodic

boundary conditions, one could interpret the Fourier transform operator as a 90◦

rotation in phase space. We will find that the Wigner function’s half-integer values

allows us to make a similar interpretation for the ÂM/2,S/2 operators.

Let’s begin with the simplest symmetry transformation: displacement. Our sys-

tems are described by a toroidal, finite-dimensional phase space, i.e. one which is

periodic up to a phase. An overall phase does not affect probabilities, so the Wigner

function should reflect this by being periodic with period D. As was already shown

in Equation 3.48, this is a true statement,

WM/2+D,S/2 = WM/2,S/2+D =WM/2,S/2. (3.57)

Another symmetry of interest is 90◦ rotation, i.e. Fourier transformation9 (see

Chapter 2). Given its definition, Equation 2.23, the Fourier operator’s action upon

the Wigner function is determined by

F̂ ÂM/2,S/2F̂
† =

1

2D

D−1∑

j=0

exp

[
2πi

D
(M − 2j)(S/2 + α)

] ∣∣pM−j

〉〈
pj
∣∣.

We can re-express this in the position basis as

F̂ ÂM/2,S/2F̂
† =

1

2D

D−1∑

j=0

exp

[
2πi

D
(M − 2j)(S/2 + α)

] D−1∑

l,r=0

∣∣el
〉〈
el
∣∣pM−j

〉〈
pj
∣∣er
〉〈
er
∣∣

=
1

2D

D−1∑

l,r=0

exp

[
2πi

D
M(S/2 + l + α+ β)

]
exp

[
2πi

D
α(l − r)

] ∣∣el
〉〈
er
∣∣

× 1

D

D−1∑

j=0

exp

[
−2πi

D
j
(
S + l + r + 2(α+ β)

)]
,

9We should be calculating F̂ †ÂM/2,S/2F̂ , but given Equation 3.47, it is much simpler to

calculate F̂ ÂM/2,S/2F̂
†. If we find that the operator rotates 90◦ clockwise under the latter

transformation, then it must do the correct thing and rotate counter-clockwise under the
former transformation.
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and do the sum over j. We remember that the Fourier transform operator has the

90◦ rotation interpretation only for periodic and anti-periodic boundary conditions;

therefore, α + β must be an integer; Equation 2.26 can be applied to give

1

D

D−1∑

j=0

exp

[
−2πi

D
j
(
S + l + r + 2(α + β)

)]
= δS+l+r+2(α+β),tD. (3.58)

We can omit the sum over t because the values of S, l, r, and α+ β are such that t

ranges only between 0 and 3. Unfortunately, the values of t have no simple relation

to those of the other variables; therefore, we must leave it undefined. Luckily we

will find that all dependence upon t disappears in the final form. Inserting this delta

function into our expression leaves us with

F̂ ÂM/2,S/2F̂
† =

1

2D

D−1∑

r=0

exp

[
2πi

D

(
M

2
+ α

)
(−S − 2(α+ β)− 2r)

]
exp [2πiαt]

×
∣∣etD−S−2(α+β)−r

〉〈
er
∣∣

=
1

2D

D−1∑

r=0

exp

[
2πi

D

(
M

2
+ α

)
(−S − 2(α+ β)− 2r)

]

×
∣∣e−S−2(α+β)−r

〉〈
er
∣∣,

(3.59)

where we have used the fact that
∣∣etD+j

〉
= exp [−2πiαt]

∣∣ej
〉
. From here we see that

F̂ ÂM/2,S/2F̂
† = Â−S/2−(α+β),M/2. (3.60)

For the two cases for which Fourier transform has a geometric phase space interpre-

tation, we get what we wanted: a 90◦ clockwise rotation,

Periodic: F̂ ÂM/2,S/2F̂
† = Â−S/2,M/2

Anti-periodic: F̂ ÂM/2,S/2F̂
† = Â−S/2−1,M/2.

(3.61)

The other operator of interest is the anti-unitary time reversal operator T̂ . For

periodic and anti-periodic boundary conditions it has the geometrical interpretation
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of reflection through the position axis (See Chapter 2). In the position representation,

its action is complex conjugation,

T̂ †ÂM/2,S/2T̂ =
1

2D

D−1∑

j=0

exp

[
−2πi

D
(M − 2j)(S/2 + α)

] ∣∣eM−j

〉〈
ej
∣∣

=
1

2D

D−1∑

j=0

exp

[
2πi

D
(M − 2j) (−S/2 − 2α+ α)

] ∣∣eM−j

〉〈
ej
∣∣

= ÂM/2,−S/2−2α.

(3.62)

Once again our Wigner function behaves correctly. Other possible geometrical

operations can be performed using combinations of Fourier, time-reversal, and trans-

lation symmetries (Table 2.1); therefore, our Wigner function correctly expresses all

possible symmetry transformations. It is an ideal candidate for use in calculation.

It appears that the set of operators ÂM/2,S/2 is the only one for which all of these

symmetries can given the geometrical phase space interpretation for all dimensions.

As was stated earlier, for odd dimensional Hilbert spaces, one can choose the subset

ÂM/2,S/2, M,S = 0, 2, 4, . . .2D − 2. Obviously, if the entire set of operators has the

desired symmetry properties then this subset will behave accordingly. We will have

a D2 valued Wigner function with a well defined geometrical interpretation. In even

dimensions, however, one cannot pick out the D2 linearly independent operators and

give them the desired geometrical interpretation. Both the symmetry behavior and

the marginal calculation for the ÂM/2,S/2 operators are determined by their indices.

Relabeling these indices to give a D2-valued Wigner function which produces the

proper marginals will give a Wigner function without the geometrical interpretation.

As was discussed in the previous section, there is the possibility of defining a

D2 valued Wigner function by taking a linear combination of the ÂM/2,S/2 operators.

One could define a new operator Â′
M/2,S/2,M,S = 0, 2, 4 . . .2D−2 with the definition

Â′
M/2,S/2 = ÂM/2,S/2 + ÂM/2+1/2,S/2 + ÂM/2,S/2+1/2 + ÂM/2+1/2,S/2+1/2. (3.63)
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This new operator created from four of the original operators would be hermitian,

and a sum over an index would give the correct marginal. But this function does not

obey all symmetry properties. As a counter-example, consider the Fourier transform

acting upon one of these new operators. Fourier transformation is a linear operator;

therefore, it will act upon each term of Equation 3.63 separately,

F̂ Â′
M/2,S/2F̂

† = Â−S/2,M/2 + Â−S/2,M/2+1/2 + Â−S/2−1/2,M/2 + Â−S/2−1/2,M/2+1/2

F̂ Â′
M/2,S/2F̂

† = Â−S/2−1,M/2 + Â−S/2−1,M/2+1/2 + Â−S/2−3/2,M/2

+ Â−S/2−3/2,M/2+1/2

(3.64)

for periodic and anti-periodic boundary conditions respectively. But F̂ Â′
M/2,S/2F̂

†

should also be equal to Â′
−S/2,M/2 or Â′

−S/2−1,M/2 for proper Fourier behavior with

periodic and anti-periodic boundary conditions. From the definition, Equation 3.63,

we have that

Â′
−S/2,M/2 = Â−S/2,M/2 + Â−S/2+1/2,M/2 + Â−S/2,M/2+1/2+

Â−S/2+1/2,M/2+1/2

F̂ Â′
−S/2−1,M/2F̂

† = Â−S/2−1,M/2 + Â−S/2−1/2,M/2 + Â−S/2,M/2+

Â−S/2−1/2,M/2+1/2.

(3.65)

A comparison between Equation 3.64 and Equation 3.65 reveals that these two dif-

ferent sets of operators are not equal; therefore, this “4-fold” Wigner function does

not have proper symmetry behavior for either periodic or anti-periodic boundary

conditions.

This problem is detailed graphically in Figures 3.5 and 3.6 for 2 dimensions with

periodic and anti-periodic boundary conditions respectively. The operators used to

create a D2 Wigner function10 A, B, C, and D, represented as boxes, are created

by the linear combination of Equation 3.63 (the original operators are the large

dots at the box vertices). The boxes in the middle represent the Fourier transform

10Obviously, there are 4 operators in this case.
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of the linear combination, i.e. Equation 3.64. The boxes on the right show the

proper transformation of states under Fourier transform for a D2 Wigner function,

Equation 3.65. We see that they do not agree. We need all 4D2 operators to have

proper Fourier behavior.

t t t t
t t t t
t t t t
t t t t

t t t t
t t t t
t t t t
t t t t

t t t t
t t t t
t t t t
t t t t

Â B̂

Ĉ D̂

Ĉ ′ Â′

D̂′ B̂′

Ĉ ′′ Â′′

D̂′′ B̂′′

Figure 3.5: A D2-valued Wigner function created by linear combinations of opera-
tors does not have proper behavior under Fourier transformation. In 2 dimensions
four operators Â, B̂, Ĉ, and D̂ (drawn as squares) can be created by taking a linear
combination of the original operators (represented by the large dots in each of the
pictures). Under Fourier transform, these operators become the new linear combina-
tions labelled Â′, B̂′, Ĉ ′, and D̂′ (as shown in the middle picture). As the right hand
picture portrays, however, the proper Fourier behavior of A, B, C, and D labelled
Â′′, B̂′′, Ĉ ′′, and D̂′′ is different.

As a final note, Luis and Peřina [69] have shown for Hilbert spaces of dimension

D = 4, 8, 12 . . . that it is possible to create a Wigner function that has proper Fourier

symmetry (but not time reversal). While we question some of their mathematical

techniques11, we agree with the conclusion. It is possible to have Fourier symmetry

in certain cases. However, it seems (to the author) that it is better to use a Wigner

function which has all symmetry properties for all dimensions instead of one which

only works in fraction of them.

11Especially the statement that for anti-periodic boundary conditions, the hermitian
conjugate of the displacement operator raised to a power is the same as that operator
raised to the negative of that power mod D
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Figure 3.6: A D2-valued Wigner function created by linear combinations of operators
does not have proper Fourier behavior for anti-periodic boundary conditions either.
Once again, the primed operators are the Fourier transform of the linear combinations
while the double primed operators are the combination of states necessary for proper
Fourier behavior.

Equation summary for section 3.5

F̂ ÂM/2,S/2F̂
† = Â−S/2−(α+β),M/2

T̂ †ÂM/2,S/2T̂ = ÂM/2,−S/2−2α
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Chapter 4

A Q-function for finite-dimensional

Hilbert spaces

4.1 Coherent states for HD

We will now introduce coherent states for the finite-dimensional Hilbert space. These

states1 are infinite-dimensional coherent states that have been periodically continued

in both position in momentum so as to be valid states in HD.

We begin with the expression for the standard Weyl group coherent states,

〈
x
∣∣a
〉
= (πh̄)−1/4 exp

[
− 1

2h̄
(x− x0)

2

]
exp

[
i

h̄
xp0

]
exp

[
− i

2h̄
x0p0

]
, (4.1)

a = x0 + ip0. We then periodically continue these states using the isomorphism,

1First introduced by Shau-Jin and Shi [51] and used by among others Leboeuf [71] and
Nonnenmacher [72].
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Equation 3.15, from section 3.2,

〈
ej
∣∣a
〉
=

√
1

N
∞∑

m=−∞

exp

[
− 1

2h̄
(ej − x0 +mQ)2

]
exp

[
i

h̄
(ej +mQ) p0

]

× exp

[
− i

2h̄
x0p0

]
exp [−2πimα] .

(4.2)

As usual ej in equations is shorthand for Q(j + β)/D and N is a constant to ensure

normalization. Equation 4.2 reveals the states’ periodicity,

〈
ej+D

∣∣a
〉
= exp [2πiα]

〈
ej
∣∣a
〉
,

∣∣a+Q
〉
= exp

[
πiD

p0
P

]
exp [−2πiα]

∣∣a
〉
,

∣∣a + iP
〉
= exp

[
−πiDx0

Q

]
exp [2πiβ]

∣∣a
〉
.

(4.3)

The first expression above is the important verification that these states obey the

fundamental position boundary condition of HD. To verify the states’ momentum

boundary condition, we will need to find their momentum representation. We also

find the states are periodic with respect to x0 and p0; thus, we can restrict our

attention to those states centered within the fiducial rectangle2. We see that they

are not strictly α or β-periodic due to the exp [−ix0p0/2h̄] term in Equation 4.2.

The reason for keeping this term will be discussed next when finding the momentum

representation of the coherent states.

Figure 4.1 shows the Wigner function for the coherent state a = 4/16 + i4/16,

i.e. a = 1/4 + i/4. We see a Gaussian peak at the coherent state’s center. The re-

maining three peaks are realized as being a consequence of Equation 3.49 and create

the proper marginals shown in Figure 4.2. These peaks can also be given a geo-

metric interpretation as being interference terms. The Wigner function is periodic,

WM/2+D,S/2 = WM/2,S/2+D = WM/2,S/2; therefore, we can imagine an infinite set of

2The rectangle of area QP such that 0 ≤ x0 ≤ Q, 0 ≤ p0 ≤ P .
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Figure 4.1: The Wigner function of the coherent state centered at x0 = 4/16, p0 =
4/16 in D = 16 dimensions.

repeated peaks in the unplotted, non-fiducial rectangles. As was discussed in sec-

tion 3.4, there will be quantum mechanical interference between these peaks which

manifests itself as these regions of rapid oscillation.
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Figure 4.2: The position and momentum marginal distributions of the coherent
state of Figure 4.1. We see symmetrical Gaussian like probabilities for |

〈
ej
∣∣a
〉
|2 and

|
〈
pk
∣∣a
〉
|2.

Equation summary for section 4.1

〈
ej
∣∣a
〉
=

√
1

N
∞∑

m=−∞

exp

[
− 1

2h̄
(ej − x0 +mQ)2

]
exp

[
i

h̄
(ej +mQ) p0

]

× exp

[
− i

2h̄
x0p0

]
exp [−2πimα]

∣∣a+Q
〉
= exp

[
πiD

p0
P

]
exp [−2πiα]

∣∣a
〉

∣∣a + iP
〉
= exp

[
−πiDx0

Q

]
exp [2πiβ]

∣∣a
〉
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4.2 The momentum representation of the coher-

ent states

We find the momentum representation using the completeness of the position basis

states,

〈
pk
∣∣a
〉
=

D−1∑

j=0

〈
pk
∣∣ej
〉〈
ej
∣∣a
〉
, (4.4)

and the discrete Fourier transform,

〈
pk
∣∣ej
〉
=

1√
D

exp

[
−2πi

D
(j + β)(k + α)

]
.

Using Equation 4.2, we have

〈
pk
∣∣a
〉
=

√
1

ND
exp

[
− 1

2h̄
x0p0

] ∞∑

m=−∞

D−1∑

j=0

exp

[
− 1

2h̄
(ej − x0 +mQ)2

]

× exp

[
i

h̄
(ej +mQ) p0

]
exp [−2πimα] exp

[
−2πi

D
(j + β)(k + α)

]
.

(4.5)

To further the calculation, we shall introduce a mathematical technique which will

be of great use in the rest of this chapter.

4.2.1 The Fourier representation of periodic functions

We begin by considering the function,

f(u) =
∞∑

m=−∞

exp

[
− 1

2h̄
(Qu/D − x′0 +mQ)

2

]
exp [−2πimα]

× exp

[
i

h̄
(Qu/D +Qβ/D +mQ) p0

]
exp

[
−2πi

D
(u+ β)(k + α)

]
,

(4.6)

where x′0 = x0 − Qβ/D. With a little bit of work, it can be seen that this function

is strictly periodic with period D, i.e. f(u +D) = f(u); therefore, we can write it

as a Fourier series,

f(u) =

∞∑

r=−∞

exp

[
2πi

D
ru

]
cr. (4.7)
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The expansion coefficients are found in the usual way,

cr =
1

D

D∫

0

du f(u) exp

[
−2πi

D
ru

]
. (4.8)

To calculate the expansion coefficients in this case, we insert Equation 4.6 into the

expression above, square out the Gaussian, collect terms, and then re-combine them

by completing the square. The end result is

cr =
1

D

D∫

0

du
∞∑

m=−∞

exp

[
− 1

2h̄
(Qu/D + ξ)2

]
exp

[
− 1

2h̄

(
−ξ2 − (mQ− x′0)

2
)]

× exp

[
i

h̄
p0 (Qβ/D +mQ)− β(k + α)

D
− 2πimα

]
,

(4.9)

where

ξ = mQ− x′0 + i

(
P

D
(r + k + α)− p0

)
= mQ− x′0 + i

(
P

D
r + pk − p0

)
.

After squaring the variable ξ and inserting the definition of x′0, we find that there

are many cancellations. We are left with

cr =
1

D

D∫

0

du
∞∑

m=−∞

exp

[
− 1

2h̄

(
Qu/D +mQ− x′0 + i

(P
D
r + pk − p0

))2
]

× exp

[
− 1

2h̄
(pk − p0 + Pr/D)2

]
exp

[
− i

h̄
x0 (pk + Pr/D)

]
exp

[
i

h̄
x0p0

]

× exp

[
2πi

D
βr

]
.

(4.10)

The remaining dependence on the variables m and u is found in the leading Gaussian

term only; we can combine them into a continuous variable defined for the entire real
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line,

1

D

D∫

0

du

∞∑

m=−∞

exp

[
− 1

2h̄

(
Qu/D +mQ− x′0 + i

(P
D
r + pk − p0

))2
]

=
1

D

∞∫

−∞

dy exp

[
− 1

2h̄

(
Qy/D − x′0 + i

(P
D
r + pk − p0

))2
]

=

√
2πh̄

Q
=

√
P

QD

Our final expression for f(u) is

f(u) =

√
P

QD

∞∑

r=−∞

exp

[
2πi

D
ru

]
exp

[
− 1

2h̄
(pk − p0 + Pr/D)2

]

× exp

[
− i

h̄
x0 (pk + Pr/D)

]
exp

[
i

h̄
x0p0

]
exp [2πiβr/D] .

(4.11)

This equation is true for all real numbers u; therefore, it must hold when u is an

integer.

Returning to the momentum representation for the coherent state, we use Equa-

tion 4.11 to write our inner product as

〈
pk
∣∣a
〉
=

√
P

QN
1

D

∞∑

r=−∞

D−1∑

j=0

exp

[
2πi

D
rj

]
exp

[
− 1

2h̄
(pk − p0 + Pr/D)2

]

× exp

[
− i

h̄
x0 (pk + Pr/D)

]
exp

[
i

2h̄
x0p0

]
exp

[
2πi

D
βr

]
.

(4.12)

Using Equation 2.26 yet again, we know that

D−1∑

j=0

exp

[
2πi

D
rj

]
= D

∞∑

t=−∞

δr,tD. (4.13)

Consequently, we have

〈
pk
∣∣a
〉
=

√
P

QN
∞∑

t=−∞

exp

[
− 1

2h̄
(pk − p0 + tP )2

]
exp

[
− i

h̄
(pk + tP )x0

]

× exp

[
i

2h̄
x0p0

]
exp [2πiβt] .

(4.14)
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Comparing this expression with Equation 4.2, we see the expression one would

expect for the Weyl coherent states. The momentum representation could easily

have been found using the isomorphism of section 3.2; however, as the Fourier series

technique will prove immensely useful in the upcoming chapter, this simple problem

allowed its introduction in a natural, elegant way.

We find that our states have been periodically continued in the correct way,

〈
pk+D

∣∣a
〉

= exp [−2πiβ]
〈
pk
∣∣a
〉

(4.15)
∣∣a+Q

〉
= exp

[
−πiDp0

P

]
exp [−2πiα]

∣∣a
〉

(4.16)

∣∣a+ iP
〉

= exp

[
−πiDx0

Q

]
exp [2πiβ]

∣∣a
〉
. (4.17)

They have the fundamental momentum boundary condition of HD and necessarily

have the same periodicity for x0 and p0.

There is another reason to be pleased with Equation 4.14. It can be interpreted3

as showing that under Fourier transform, the state a = x0 + ip0 transforms to the

state a′ = p0−ix0; we have ninety degree rotation in phase space. This interpretation

is possible only with the exp [−ix0p0/2h̄] term in Equation 4.2 hence its inclusion

even though it alters the periodicity one might desire for these states.

3Assuming that Q = P .
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Equation summary for section 4.2

∞∑

m=−∞

exp

[
− 1

2h̄
(Qx/D − x′0 +mQ)

2

]
exp [−2πimα]

× exp

[
i

h̄
(Qx/D +Qβ/D +mQ) p0

]
exp

[
−2πi

D
(x+ β)(k + α)

]

=

√
P

QD

∞∑

r=−∞

exp

[
2πi

D
rx

]
exp

[
− 1

2h̄
(pk − p0 + Pr/D)2

]

× exp

[
− i

h̄
x0 (pk + Pr/D)

]
exp

[
i

h̄
x0p0

]
exp [2πiβr/D]

〈
pk
∣∣a
〉
=

√
P

QN
∞∑

t=−∞

exp

[
− 1

2h̄
(pk − p0 + tP )2

]
exp

[
− i

h̄
(pk + tP ) x0

]

× exp

[
i

2h̄
x0p0

]
exp [2πiβt]

4.3 Normalization for a subset of the coherent

states

From here, we will be considering a very special subset of the coherent states which

in Equation 4.2 were defined for all x0 and p0. If we create a lattice of coherent states

by taking the set

x0 =
Q

D
(l + β)

p0 =
P

D
(v + α)

(4.18)

with l, v = 0, 1, . . . , D−1, then we can show that they have some very nice properties,

the least of which is a simple form for normalization.

Substituting these definitions for x0 and p0 into Equation 4.2, we have a simple
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coherent state form,

〈
ej
∣∣a
〉
=

√
1

N
∞∑

m=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
2πi

D
(j + β)(v + α)

]
exp

[
−πi
D
(l + β)(v + α)

]
.

(4.19)

We obviously find the normalizing constant by insisting that
〈
a
∣∣a
〉
= 1. Inserting

a resolution of the identity and using the expression for our coherent state gives

N =

D−1∑

j=0

∞∑

m,n=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]
exp

[
− 1

2h̄

(
Q(j − l)/D + nQ

)2
]
.

(4.20)

We can simplify this expression by showing that the sum over j is independent of

the mean l. To see this, we redefine the summing variable to be j′ = j − l. This

simplifies the sum to be

D−1−l∑

j′=−l

∞∑

m,n=−∞

exp

[
− 1

2h̄

(
Qj′/D +mQ

)2
]
exp

[
− 1

2h̄

(
Qj′/D + nQ

)2
]
. (4.21)

Split this new sum into two pieces:

D−1−j∑

j′=−l

=

−1∑

j′=−l

+

D−1−l∑

j′=0

.

For the first term, define yet another summing variable, j′′ = j′ +D. This change of

variable produces a simple output,

D−1∑

j′′=D−j

exp

[
− 1

2h̄

(
Qj′′/D + (m− 1)Q

)2
]
exp

[
− 1

2h̄
(Qj′′/D + (n− 1)Q)2

]
.

We can redefine the summing variables m and n without affecting their infinite

summing ranges.

The irrelevancy on the l variable reveals the normalizing expression to be

N =

D−1∑

j=0

∞∑

m,n=−∞

exp

[
− 1

2h̄
(Qj/D +mQ)2

]
exp

[
− 1

2h̄
(Qj/D + nQ)2

]
. (4.22)
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We now use the techniques from section 4.2.1 to re-write the Gaussians in a form

that is easier to manipulate. The function

f(u) =
∞∑

m=−∞

exp

[
− 1

2h̄
(Qu/D +mQ)2

]

is periodic with period D; we can write it as a Fourier series,

∞∑

m=−∞

exp

[
− 1

2h̄
(Qj/D +mQ)2

]

=

√
P

QD

∞∑

r=−∞

exp

[
2πi

D
jr

]
exp

[
− 1

2h̄

(
Pr

D

)2
]
.

(4.23)

Using this expression in Equation 4.22 gives

N =
P

QD

D−1∑

j=0

∞∑

r,t=−∞

exp

[
2πi

D
j(r + t)

]
exp

[
− 1

2h̄
(Pr/D)2

]
exp

[
− 1

2h̄
(Pt/D)2

]
.

(4.24)

Using Equation 2.26 again tells us that

D−1∑

j=0

exp

[
2πi

D
j(r + t)

]
= D

∞∑

s=−∞

δr+t,sD.

Inserting this fact into our normalizing constant and making some slight algebraic

simplifications , we arrive at

N =
P

Q

∞∑

s=−∞

exp

[
− 1

4h̄
(Ps)2

] ∞∑

t=−∞

exp

[
−1

h̄

(
Pt

D
− Ps

2

)2
]
. (4.25)

We see that the second term is periodic in the s variable, this time with period 2/D.

Its Fourier series is given by

∞∑

t=−∞

exp

[
−1

h̄

(
Pt

D
− Ps

2

)2
]
=

√
QD

2P

∞∑

t′=−∞

exp [πiDt′] exp

[
− 1

4h̄
(Qt′)

2

]
. (4.26)

Our final expression is

N =

√
DP

2Q

∞∑

s,t=−∞

exp [πiDst] exp

[
− 1

4h̄

(
(Ps)2 + (Qt)2

)]
. (4.27)
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Dimension, D

∞∑

s,t=−∞

exp [πiDst] exp

[
− 1

4h̄

(
s2 + t2

)]

2 1.18034059901610
3 1.03561039253191
4 1.00748372034508
5 1.00155221000889
6 1.00032282411993
7 1.00006710200039
8 1.00001394941807
9 1.00000289978690
10 1.00000060280700
11 1.00000012531124
12 1.00000002604965
13 1.00000000541519
14 1.00000000112571
15 1.00000000023401

Table 4.1: The very precise values for the normalization sum of the coherent state as
a function of dimension. Its value is seen to decrease rapidly enough to approximate
as unity.

The scale of the normalizing constant is

N ∼
√
DP

2Q
, (4.28)

but scanning Table 4.1 which gives the values for Equation 4.27 when Q = P = 1,

shows that in practice the value of the sum decays rapidly to 1 as D increases. A

very good approximation for a normalized coherent state is

〈
ej
∣∣a
〉
=

(
2Q

DP

)1/4 ∞∑

m=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
2πi

D
(j + β)(v + α)

]
exp

[
−πi
D
(l + β)(v + α)

]
.

(4.29)
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Inserting the value for N into Equation 4.14, we find that

〈
pk
∣∣a
〉
=

(
2P

DQ

)1/4 ∞∑

t=−∞

exp

[
− 1

2h̄

(
P (k − v)/D + tP

)2
]

× exp

[
−2πi

D
(k + α)(l + β)

]
exp

[
πi

D
(l + β)(v + α)

]
,

(4.30)

which nicely mirrors the position representation.

Finally, when we perform our semi-classical analysis in Chapter 6, it will be more

convenient to represent the coherent states in terms of the complex variable a. To

this end, we can rewrite Equation 4.29 as

〈
ej
∣∣a
〉
≡
(

2Q

DP

)1/4 ∞∑

µ=−∞

exp

[
−πD

2

(
|a|2 − a2

)
− πD (ej − a+ µ)2 + iπµ

]
. (4.31)

87



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

Equation summary for section 4.3

∞∑

m=−∞

exp

[
− 1

2h̄
(Qj/D +mQ)2

]

=

√
P

QD

∞∑

r=−∞

exp

[
2πi

D
jr

]
exp

[
− 1

2h̄

(
Pr

D

)2
]

N =

√
DP

2Q

∞∑

s,t=−∞

exp [πiDst] exp

[
− 1

4h̄

(
(Ps)2 + (Qt)2

)]

N ∼
√
DP

2Q

〈
ej
∣∣a
〉
=

(
2Q

DP

)1/4 ∞∑

m=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
2πi

D
(j + β)(v + α)

]
exp

[
−πi
D
(l + β)(v + α)

]

〈
pk
∣∣a
〉
=

(
2P

DQ

)1/4 ∞∑

t=−∞

exp

[
− 1

2h̄

(
P (k − v)/D + tP

)2
]

× exp

[
−2πi

D
(k + α)(l + β)

]
exp

[
πi

D
(l + β)(v + α)

]

〈
ej
∣∣a
〉
≡
(

2Q

DP

)1/4 ∞∑

µ=−∞

exp

[
−πD

2

(
|a|2 − a2

)
− πD (ej − a+ µ)2 + iπµ

]
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4.4 Proof of completeness for the subset of coher-

ent states

Finally, we shall define a Q-function for HD using the subset of coherent states

defined by Equation 4.29. The proof that this lattice of coherent states is complete

is straight forward. One merely shows that,

D−1∑

l=0

D−1∑

v=0

〈
ej
∣∣a
〉〈
a
∣∣ek
〉
∝ δj,k, (4.32)

and thus
D−1∑

l=0

D−1∑

v=0

∣∣a
〉〈
a
∣∣ ∝ 1̂. (4.33)

We begin our proof by inserting the definition for the coherent state,

D−1∑

l,v=0

〈
ej
∣∣a
〉〈
a
∣∣ek
〉
=

1

N
D−1∑

l=0

∞∑

m=−∞

∞∑

n=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
− 1

2h̄

(
Q(k − l)/D + nQ

)2
]D−1∑

v=0

exp

[
2πi

D
(v + α)(j − k)

]
.

(4.34)

The reason for taking a “step back” and not using the normalization factor found in

the previous section will become apparent shortly.

Continuing our habit of using Equation 2.26 in every section, we have that

D−1∑

v=0

exp

[
2πi

D
(v + α)(j − k)

]
= D

∞∑

r=−∞

exp [2πirα] δj−k,rD. (4.35)

In this case, we shall assume that
∣∣ej
〉
and

∣∣ek
〉
have been chosen in the fiducial

0, . . . , D − 1 range such that we can set4 r = 0.

4The other values of r are a reminder of the periodicity of HD. We see from Equation
4.32 that choosing j or k outside the fiducial range would create an overall phase; the
variable r keeps track of this phase.
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This delta function simplifies the matrix element to

D−1∑

l,v=0

〈
ej
∣∣a
〉〈
a
∣∣ek
〉
= δj,k

D

N
D−1∑

l=0

∞∑

m=−∞

∞∑

n=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
− 1

2h̄

(
Q(j − l)/D + nQ

)2
]
.

(4.36)

We see that the truly important part of the proof is finished. Equation 4.32 is true.

The remaining task is to find the proportionality constant.

The first step in finding this constant is to remember that the sum

D−1∑

l=0

∞∑

m=−∞

∞∑

n=−∞

exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]
exp

[
− 1

2h̄

(
Q(j − l)/D + nQ

)2
]

(4.37)

is independent of l, thus Equation 4.37 becomes

D−1∑

l=0

∞∑

m=−∞

∞∑

n=−∞

exp

[
− 1

2h̄

(
Ql/D +mQ

)2
]
exp

[
− 1

2h̄

(
Ql/D + nQ

)2
]
. (4.38)

A quick comparison with Equation 4.22 shows that this equation is equal5 to N .

Our final expression is

D−1∑

l=0

D−1∑

v=0

〈
ej
∣∣a
〉〈
a
∣∣ek
〉
= δj,k D. (4.39)

Our proof is complete (as are the coherent states).

5Hence the keeping of the normalization constant in Equation 4.34. No approximations
are necessary to make these states complete.
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Equation summary for section 4.4

x0 =
Q

D
(l + β)

p0 =
P

D
(v + α)

1

D

D−1∑

l=0

D−1∑

v=0

∣∣a
〉〈
a
∣∣ = 1̂

4.5 A Q-function for HD

Now that we have shown that this subset of coherent states is complete, we may use

them to define a quasi-distribution function. In analogy to the continuous case, we

define a finite-dimensional Q-function for a system with a density operator ρ̂ by

Q(a) ≡ 1

D

〈
a
∣∣ρ̂
∣∣a
〉
, a =

(
l + β

D

)
+ i

(
v + α

D

)
(4.40)

l, v = 0, 1, . . . , D − 1. This function is discrete with D2 values.

Due to the completeness relation, the Q-function is normalized,

D−1∑

l=0

D−1∑

v=0

Q(a) = 1,

but as with the continuous case, the Q-function does not give the proper marginals.

If we substitute the position6 expansion of the density matrix,

ρ̂ =
D−1∑

j,k=0

ρj,k
∣∣ej
〉〈
ek
∣∣,

6The momentum expansion for the density matrix would give similar results for the
momentum marginal.
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into Equation 4.40 and use the expression for the coherent state, we find that

Q(a) =
1

D

√
2Q

DP

D−1∑

j,k=0

∞∑

m,n=−∞

ρj,k exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
− 1

2h̄

(
Q(k − l)/D + nQ

)2
]
exp

[
2πi

D
(k − j)(v + α)

]
.

(4.41)

If this quasi-distribution was like the Wigner function, summing over the variable v

would create the position marginal probability distribution. Instead, we find after

using7 Equation 2.26,

D−1∑

v=0

Q(a) =

√
2Q

DP

D−1∑

j=0

∞∑

m,n=−∞

ρj,j exp

[
− 1

2h̄

(
Q(j − l)/D +mQ

)2
]

× exp

[
− 1

2h̄

(
Q(j − l)/D + nQ

)2
]
.

(4.42)

No further simplifications are possible. We find the discrete analog of the continuous

result that instead of the marginal, we have a Gaussian convolution of the density

matrix.

Figures 4.3 and 4.4 show the Q-function for different systems. Its usefulness lies

in it giving an idea of what the system “looks like.” We see that the position and

momentum states behave as expected: localized in one variable while completely de-

localized in the other. The Q-function for a coherent state (Figure 4.5) is a Gaussian

centered at the point [x0, p0]. Comparing the Q-function with the Wigner function

for such states (Figure 4.1), we see that the Q-function lacks the interference terms

found in the Wigner function, making interpretation easier.

As a final note, we see that even though the subset of D2 coherent states is

complete, it is possible to include more coherent states for the purpose of creating

plots with greater detail. Figure 4.6 shows the two Q-functions for the squeezed

7Here, as before, the restricted values of j and k make the sum over Kronecker-delta
functions unnecessary
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Figure 4.3: The Q-function of the
∣∣e16
〉
position eigenstate in D = 32 dimensions

with periodic boundary conditions plotted as a function of x0 = j/D, p0 = k/D.

state8 centered at σ = 1/2+ i/2 with squeezing parameters r = 1, φ = π/4. The first

plot has dimension D × D, the other has 2D × 2D. The greater number of points

helps fill in the shape of the squeezed state. Since Equation 4.27 is not applicable,

care must be taken to normalize these extra coherent states and the resultant quasi-

distribution numerically, but the increase in detail helps “round out” the squeezed

state’s features.

8These discrete analogs of the continuous squeezed states along with their parameters
will be introduced in the next section.
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Figure 4.4: The Q-function of the
∣∣p16
〉
momentum eigenstate in D = 32 dimensions

with periodic boundary conditions; x0 = j/D, p0 = k/D.

4.5.1 Symmetry properties of the Q-function

As was the case for the Wigner function, we would like the Q-function to have a

geometrical interpretation in phase space. Writing Equation 4.40 as

Q(a) =
1

D
tr
(
ρ̂
∣∣a
〉〈
a
∣∣ ) , (4.43)

we see the analogous relation between the Wigner function’s ÂM/2,S/2 operator and

the Q-function’s
∣∣a
〉〈
a
∣∣ operator.

For later comparison, we write the position representation of the operator
∣∣a
〉〈
a
∣∣
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Figure 4.5: The Q-function of the coherent state centered at a = 1/4+ i/4 in D = 32
dimensions with periodic boundary conditions; x0 = j/D, p0 = k/D.

using Equation 4.2,

〈
ej
∣∣a
〉〈
a
∣∣ek
〉
=

1

N
∞∑

m,n=−∞

exp

[
− 1

2h̄
(ej − x0 +mQ)2

]
exp

[
− 1

2h̄
(ek − x0 + nQ)2

]

× exp

[
i

h̄
(ej − ek + (m− n)Q) p0

]
exp [−2πi(m− n)α] .

(4.44)

Here we have used the more general Equation 4.2 instead of Equation 4.29 to show

that these symmetry properties hold for all x0 and p0 values.

Using Equation 4.3, we quickly see that the Q-function has displacement sym-
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Figure 4.6: Two Q-functions of the σ = 1/2 + i/2 squeezed state with squeezing
parameters r = 1, φ = π/4. The second plot shows the increase of detail obtained
by using more than the required D2 points.

metry,

∣∣a+Q
〉〈
a+Q

∣∣ =
∣∣a
〉〈
a
∣∣

∣∣a+ iP
〉〈
a + iP

∣∣ =
∣∣a
〉〈
a
∣∣.

(4.45)

As was already mentioned when finding the momentum representation of the

coherent state, this Q-function behaves correctly under Fourier transform when Q

and P are equal. We see that

〈
ej
∣∣F̂ †
∣∣a
〉〈
a
∣∣F̂
∣∣ek
〉
=
〈
pj
∣∣a
〉〈
a
∣∣pk
〉
. (4.46)

Using Equation 4.14, we have that

〈
pj
∣∣a
〉〈
a
∣∣pk
〉
=

1

N
∞∑

m,n=−∞

exp

[
− 1

2h̄
(pj − p0 +mP )2

]
exp

[
− 1

2h̄
(pk − p0 + nP )2

]

× exp

[
− i

h̄
(pj − pk + (m− n)P ) x0

]
exp [2πi(m− n)β] .

(4.47)

The Fourier transform operator has a 90◦ phase space rotation interpretation for
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periodic, α = β = 0 and anti-periodic, α = β = 1/2 boundary conditions; thus,

exp [2πi(m− n)β] = exp [−2πi(m− n)α] .

Remembering that Q = P implies that pk = ek, such that when we compare this

expression with Equation 4.44, we see that our Q-function has the proper Fourier

behavior,

x0 → p0, p0 → −x0.

Finally, we see that time reversal also behaves properly,

〈
ej
∣∣T̂ †
∣∣a
〉〈
a
∣∣T̂
∣∣ek
〉
=

1

N
∞∑

m=−∞

∞∑

n=−∞

exp

[
− 1

2h̄
(ej − x0 +mQ)2

]

× exp

[
− 1

2h̄
(ek − x0 + nQ)2

]

× exp

[
− i

h̄
(ej − ek + (m− n)Q) p0

]
exp [2πi(m− n)α] .

(4.48)

Time reversal has a phase space interpretation when 2α is an integer; therefore, we

have that

exp [2πi(m− n)α] = exp [−2πi(m− n)α] .

Hence, under time reversal the state center at a = x0 + ip0 goes to the state a′ =

x0 − ip0 which is the proper behavior.

Without much fuss, the Q-function defined through the use of the periodically

continued coherent states obeys all symmetry properties9. This property alone makes

these coherent states special. As we saw with the finite-dimensional Wigner function,

it’s not always easy to find such accommodating states.

9The reader is reminded that all symmetry operations can be written in terms of the
displacement, Fourier transform, and time reversal operators. See Table 2.1 for details.
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Equation summary for section 4.5

Q(a) ≡ 1

D

〈
a
∣∣ρ̂
∣∣a
〉
, a =

(
l + β

D

)
+ i

(
v + α

D

)

Q(a) =
1

D
tr
(
ρ̂
∣∣a
〉〈
a
∣∣ )

∣∣a+Q
〉〈
a+Q

∣∣ =
∣∣a
〉〈
a
∣∣

∣∣a+ iP
〉〈
a+ iP

∣∣ =
∣∣a
〉〈
a
∣∣

F̂
∣∣x0 + ip0

〉〈
x0 + ip0

∣∣ F̂ † =
∣∣p0 − ix0

〉〈
p0 − ix0

∣∣

T̂
∣∣x0 + ip0

〉〈
x0 + ip0

∣∣ T̂ † =
∣∣x0 − ip0

〉〈
x0 − ip0

∣∣

4.6 Squeezed states for finite dimensions

Given the success of periodically continuing the standard Weyl coherent states, it

seems natural to question whether there are other states which could be periodically

continued to create finite-dimensional analogies.

An obvious choice would be the squeezed states. They have a position represen-

tation,

〈
x
∣∣σ
〉
=
( γ

πh̄

)1/4
exp

[
− γ

2h̄
(x− x0)

2
]
exp

[
i

h̄
xp0

]
exp

[
− i

2h̄
x0p0

]
, (4.49)

where

γ =
cosh r + exp [2iφ] sinh r

cosh r − exp [2iφ] sinh r
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is a constant determined by the squeezing parameter r ≥ 0 and rotation angle

0 ≤ φ ≤ π. To ensure a valid wave function, the constant γ is such that

Re (γ) =
2

(cosh r + sinh r)2 − 4 cosh r sinh r cos2 φ
(4.50)

is always positive; the Gaussian never diverges.

The coherent states re-emerge when r = 0, i.e. when there is no squeezing. In

the infinite squeezing limit,

γ → i cosφ

sinφ
= i cotφ. (4.51)

An unrotated state with φ = 0 causes the Gaussian to become a Dirac-delta func-

tion10. Our squeezed state becomes

∣∣σ
〉
=

∞∫

−∞

dx
∣∣x
〉
δ(x− x0) exp

[
i

h̄
xp0

]
exp

[
− i

2h̄
x0p0

]

= exp

[
i

2h̄
x0p0

] ∣∣x0
〉
.

(4.52)

We have a position eigenstate.

When φ = π/2, γ = 0 thus causing the Gaussian to become unity. In this case,

the squeezed state is

∣∣σ
〉
= (πh̄)−1/4

∞∫

−∞

dx
∣∣x
〉
exp

[
i

h̄
xp0

]
exp

[
− i

2h̄
x0p0

]

= exp

[
− i

2h̄
x0p0

] ∣∣p0
〉

(4.53)

which is a momentum eigenstate.

10Technically, the square of the wavefunction has the correct Dirac-delta normalization,
but the end result is the same.
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Figure 4.7: The Q-function of the σ = 1/2 + i/2 squeezed state with squeezing pa-
rameters r = 0.75, φ = π/2 in D = 32 dimensions with periodic boundary conditions;
x0 = j/D, p0 = k/D.

An analogous periodically continued squeezed state would be

〈
ej
∣∣σ
〉
=

√
1

N
∞∑

m=−∞

exp
[
− γ

2h̄
(ej − x0 +mQ)2

]
exp

[
i

h̄
(ej +mQ) p0

]

× exp

[
− i

2h̄
x0p0

]
exp [−2πimα]

(4.54)

where γ has the same definition as in the continuous case and σ = x0+ ip0. As would
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be expected, these states have the same periodicity as the coherent states

〈
ej+D

∣∣σ
〉
= exp [2πiα]

〈
ej
∣∣σ
〉
,

∣∣σ +Q
〉
= exp

[
πiD

p0
P

]
exp [−2πiα]

∣∣σ
〉
,

∣∣σ + iP
〉
= exp

[
−πiDx0

Q

]
exp [2πiβ]

∣∣σ
〉
.

(4.55)

As with the continuous case, our periodically continued coherent states are re-

covered when r = 0. In the large squeezing limit, we find that not all analogies with

the continuous case survive. When φ = π/2 such that γ = 0, we, in some cases, can

still recover a momentum eigenstate. We have that

∣∣σ
〉
=

√
1

N ′

D−1∑

j=0

∞∑

m=−∞

∣∣ej
〉
exp

[
i

h̄
(ej +mQ) p0

]
exp

[
− i

2h̄
x0p0

]
exp [−2πimα] .

(4.56)

If we make an obvious guess and take p0 = P (v + α)/D, we have11

∣∣σ
〉
=

√
1

D

D−1∑

j=0

∣∣ej
〉
exp

[
2πi

D
(v + α)(j + β)

]
exp

[
− i

2h̄
x0p0

]

= exp

[
− i

2h̄
x0p0

] ∣∣p0
〉
.

(4.57)

Other choices for p0 lead to states that are not momentum eigenstates.

For φ = 0 in the large squeezing limit, i.e. when γ approaches infinity, our

Gaussian becomes zero unless12 ej = x0 and m = 0. The only way for ej and x0 to

be equal is for x0 = (l + β)/D. In which case,

∣∣σ
〉
= exp

[
i

2h̄
x0p0

] ∣∣x0
〉
. (4.58)

11It has not been shown, but one can easily derive that N ′ = D for this choice of p0.
12Given that we have a periodically continued Gaussian, anytime x0 = ej + nQ for any

integer n will produce a non-zero result as well, but let’s stick to the fiducial rectangle.
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Figure 4.8: The Q-functions for the state σ = 1/2 + i/2 for increasing squeezing
parameter. For large squeezing and specially chosen σ, we recover (c) position and
(d) momentum eigenstates.

In summary, we find that for large squeezing, we can recover position and momen-

tum eigenstates, but only for the special subset of Equation 4.18. Figure 4.8 demon-

strates the eigenstate recovery, Plot a: the Q-function for an initially unsqueezed,

r = 0 coherent state centered at one of the special points, a = 1/2 + i/2. Plot b:

with the increase of the parameter r to r = 1 φ = 0, the Q-function demonstrates the

characteristic elongation of a squeezed state. Plot c: setting r = 10, φ = 0, provides

enough squeezing to create a position eigenstate thus verifying our position eigenstate

recovery statement. Plot d: Setting φ = π/2 with r = 10 rotates the position eigen-

state to a momentum eigenstate. Figure 4.9 shows the periodic boundary condition
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Figure 4.9: The Q-function for a φ = π/2 squeezed state centered at a point not in
the special subset of Equation 4.18; it is not a momentum eigenstate.

Q-function of the non-special subset φ = π/2 squeezed state σ = 1/2+ i/2+ i/(2D).

While having characteristics similar to a momentum eigenstate, this function is not a

momentum eigenstate. The Q-function for a state centered at a non-special position

value in the large squeezing limit is not shown since given the argument above, it is

trivially zero valued everywhere.

The various Figures 4.6, 4.7, and 4.8 have shown the Q-function for these squeezed

states. As desired, these states have the same characteristics as their continuous

counterparts. As the squeezing parameter increases, the states’ variance changes.

We also see that as the angle φ is changed, the states have a corresponding rotation.
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Even more exciting than these states behaving “correctly” is the fact that they

also can be used to define a quasi-distribution function. If one uses the subset defined

in Equation 4.18,

x0 =
Q

D
(l + β)

p0 =
P

D
(v + β),

(4.59)

and substitutes it into Equation 4.55, then

〈
ej
∣∣σ
〉
=

∞∑

m=−∞

√
1

N exp

[
− γ

2h̄

(
Q

D
(j − l) +mQ

)2
]
exp

[
2πi

D
(v + α)(j + β)

]

× exp

[
−πi
D
(l + β)(v + α)

]
.

(4.60)

It can be shown that
1

D

D−1∑

l,v=0

∣∣σ
〉〈
σ
∣∣ = 1̂. (4.61)

One way of proving this fact follows the coherent state case exactly. We look at the

position representation matrix element

D−1∑

l,v=0

〈
ej
∣∣σ
〉〈
σ
∣∣ek
〉
=

D−1∑

j=0

∞∑

m,n=−∞

1

N exp

[
− γ

2h̄

(
Q

D
(j − l) +mQ

)2
]

× exp

[
− γ

2h̄

(
Q

D
(k − l) +mQ

)2
]

D−1∑

v=0

exp

[
2πi

D
(v + α)(j − k)

]
.

(4.62)

As was the case previously, Equation 2.26 gives that the sum over v isDδj,k; therefore,

D−1∑

l,v=0

〈
ej
∣∣σ
〉〈
σ
∣∣ek
〉
= δj,k

D−1∑

j=0

∞∑

m,n=−∞

D

N exp

[
− γ

2h̄

(
Q

D
(j − l) +mQ

)2
]

× exp

[
− γ

2h̄

(
Q

D
(j − l) +mQ

)2
]

= D
N
N δj,k.

(4.63)
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Alternatively, one could look deeper into the states’ creation for a proof of their

completeness. In the continuous phase space, Perelomov has generalized the coherent

states definition to ones created by the displacement of a fiducial state about phase

space [35]. The Weyl coherent states’ fiducial function is a Gaussian. Likewise, our

grid of D2 coherent or squeezed states can be created by a displacement operator,13

D̂l,v = exp

[
πi

D
lv

]
exp

[
πi

D
(lα− vβ)

]
V̂ lÛv, (4.64)

acting upon the fiducial state
∣∣0
〉
whose definition is

〈
ej
∣∣0
〉
=

1

N
∞∑

m=−∞

exp

[
− γ

2h̄

(
Q

D
j +mQ

)2
]
exp

[
2πi

D
(j + β)α

]
exp

[
−πi
D
αβ

]
.

(4.65)

This operator is a slightly modified version of Equation 2.19, the symmetric dis-

placement operator B̂l,v = exp [−πi (lα − vβ) /D] D̂l,v of section 2.1.2. The modi-

fication is necessary to create the exp [−ix0p0/2h̄] term in our coherent (γ = 1) or

squeezed state. It is easily seen that for any normalized fiducial state, the operator
∑D−1

l,v=0 D̂l,v

∣∣0
〉〈
0
∣∣D̂†

l,v always resolves the identity,

D−1∑

l,v=0

〈
ej
∣∣D̂l,v

∣∣0
〉〈
0
∣∣D̂†

l,v

∣∣ek
〉
=

D−1∑

v=0

exp

[
2πi

D
v (j − k)

] D−1∑

l=0

〈
ej−l

∣∣0
〉〈
0
∣∣ek−l

〉

= D δj,k

D−1∑

l=0

〈
0
∣∣ej−l

〉〈
ej−l

∣∣0
〉

= D δj,k
〈
0
∣∣0
〉
= D δj,k.

(4.66)

It is neither mysterious nor surprising that both the coherent and squeezed states

can define a quasi-distribution function.

In the continuous case, the squeezed states can also be used to define a proba-

bility distribution. For that case, the distribution corresponds to a true probability.

13Please see the equation summary of section 2.1.2 for the action of the displacement
operators Û and V̂ .
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It corresponds to a simultaneous position and momentum measurement taken in the

Arthurs-Kelly measurement model [73, 74, 75]. The ability of the discrete squeezed

states to also define a Q-function may be a remnant of the continuous form used

in their definition. Alternatively, it may be that there is a discrete analog to the

Arthurs-Kelly measurement model which enables them to define a Q-function. Ob-

viously, one could use these operators to define a POVM and therefore a measurement

model; however, given that position and momentum are not defined in HD, it is un-

certain if an interpretation of a discrete Arthurs-Kelly model could be rigorously

upheld.
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Figure 4.10: Two “squeezed” Q-functions, i.e. Q-functions defined using squeezed
instead of coherent states, for the a = 1/2+i/2 coherent state. In this representation
coherent states appear squeezed.

Figure 4.10 shows the “squeezed” Q-function representation of a coherent state

using the squeezed states with parameters r = 1, φ = 0 and r = 1, φ = π/4

respectively. In this representation, coherent states appear squeezed. However, as

Figure 4.11 shows, this characteristic is not reversible; the squeezed Q-function for

a squeezed states is not symmetric even, as shown in the right hand side of Figure

4.11, when the same squeezed state is used for system and basis.
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Figure 4.11: Two “squeezed” Q-functions for the σ = 1/2 + i/2 squeezed state
r = 1, φ = π/2 using basis states r = 1, φ = π/4 and r = 1, φ = π/2.

As with the coherent states, we can find a normalizing expression14 analogous

to Equation 4.27 for our squeezed states. Following the derivation for the coherent

states, we find the obvious analogs for Equation 4.23

∞∑

m=−∞

exp
[
− γ

2h̄
(Qj/D +mQ)2

]

=

√
P

γQD

∞∑

r=−∞

exp

[
2πi

D
jr

]
exp

[
− 1

2γh̄

(
Pr

D

)2
] (4.67)

and Equation 4.26

∞∑

t=−∞

exp

[
− 1

γh̄

(
Pt

D
− Ps

2

)2
]
=

√
QDγ

2P

∞∑

t′=−∞

exp [πiDt′] exp

[
− 1

4γh̄
(Qt′)

2

]
.

(4.68)

We are left with a normalizing expression of

N =

√
DP

2Qγ

∞∑

s,t=−∞

exp [πiDst] exp

[
− 1

4h̄

(
1

γ
(Ps)2 + γ(Qt)2

)]
. (4.69)

Given that γ is continuously defined, it would be unwise try an approximation like the

one used previously when finding N for the coherent states. We will note, however,

14Once again, we deal only with the special subset of states.
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that a starting approximation to normalize the squeezed states would be

N ∼
√
DP

2Qγ
.

Equation summary for section 4.6

γ =
cosh r + exp [2iφ] sinh r

cosh r − exp [2iφ] sinh r

〈
ej
∣∣σ
〉
=

√
1

N
∞∑

m=−∞

exp
[
− γ

2h̄
(ej − x0 +mQ)2

]
exp

[
i

h̄
(ej +mQ) p0

]

× exp

[
− i

2h̄
x0p0

]
exp [−2πimα]

1

D

D−1∑

l,v=0

∣∣σ
〉〈
σ
∣∣ = 1

4.7 The relation between the Q and Wigner func-

tions for finite dimensions

In this final section of this chapter, we shall find how the finite-dimensional Q-

function and Wigner function are related. Along the way, we shall find how to

express the density matrix in terms of the Wigner function. In the end, we shall find

the amazing fact that the Q-function is a Gaussian convolution of the continuous

Wigner function for a periodically continued state15.

15It appears that this fact has been proven in Nonnenmacher [72]. Given this author’s
inaptitude with la langue française, it remains unverified.
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We begin with the expression for the finite-dimensional Wigner function, Equa-

tion 3.45,

WM/2,S/2 =
1

2D

D−1∑

j=0

ρj,M−j exp

[
2πi

D
(M − 2j)(S/2 + α)

]
(4.70)

where the reader is reminded that the indices, M and S, range from 0 to 2D − 1.

We then find the following

2D−1∑

S=0

WM/2,S/2 exp

[
2πi

D

(
S

2
+ α

)
k

]
=

1

2D

D−1∑

j=0

ρj,M−j exp

[
2πi

D
(M − 2j + k)α

]

×
2D−1∑

S=0

exp

[
2πi

D

(
M + k

2
− j

)
S

]
.

(4.71)

The sum over S is similar to the one performed when finding the marginals of the

Wigner function. We find that

2D−1∑

S=0

exp

[
2πi

D

(
M + k

2
− j

)
S

]
=






2

D−1∑

S=0

exp

[
2πi

D

(
M + k

2
− j

)
S

]
, when M + k is even,

0, when M + k is odd.

(4.72)

When M + k is even, we can apply Equation 2.26 to get a Kronecker-delta func-

tion16 which simplifies our expression to

2D−1∑

S=0

WM/2,S/2 exp

[
2πi

D

(
S

2
+ α

)
k

]
= ρM/2+k/2,M/2−k/2. (4.73)

Given that

ρ̂ =
∑

j,k

ρj,k
∣∣ej
〉〈
ek
∣∣,

16Yet again, the sum over delta functions in Equation 2.26 is unimportant here. The
sum creates terms which cancel each other.
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we find that a density matrix can be written as

ρ̂ =
∑

M,k

2D−1∑

S=0

WM/2,S/2 exp

[
2πi

D

(
S

2
+ α

)
k

] ∣∣eM/2+k/2

〉〈
eM/2−k/2

∣∣ (4.74)

where the sums over M and k are performed such that the M + k is even.

To simplify these sums, we shall introduce two new variables

µ =
M + k

2
, ν =

M − k

2

which range from 0 to D − 1. Substituting them yields our final expression for the

Wigner function expansion of the density matrix,

ρ̂ =

D−1∑

µ,ν=0

2D−1∑

S=0

W(µ+ν)/2,S/2 exp

[
2πi

D

(
S

2
+ α

)
(µ− ν)

] ∣∣eµ
〉〈
eν
∣∣. (4.75)

Using Equations 4.40 and 4.75, we can now write our Q-function in terms of our

Wigner function,

Q(a) =
1

D

D−1∑

µ,ν=0

2D−1∑

S=0

W(µ+ν)/2,S/2 exp

[
2πi

D

(
S

2
+ α

)
(µ− ν)

] 〈
a
∣∣eµ
〉〈
eν
∣∣a
〉
. (4.76)

We shall use Equation 4.29 to find the inner products17. After a tiny bit of algebra,

we find that

Q(a) =

√
2Q

DP

1

D

D−1∑

µ,ν=0

2D−1∑

S=0

∞∑

m,n=−∞

W(µ+ν)/2,S/2 exp

[
− 1

2h̄

(
Q(µ− l)/D +mQ

)2
]

× exp

[
− 1

2h̄

(
Q(ν − l)/D + nQ

)2
]
exp

[
2πi

D
(µ− ν)(S/2− v)

]
.

(4.77)

To further the calculation, we introduce another set of variables

µ′ = µ+ ν, ν ′ = µ− ν

17The reader is reminded that our coherent states are centered at x0 = Q
D (l + β), p0 =

P
D (v + α).
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which have values 0, 1, . . . , 2D − 1. Substituting these new variables into the above

Gaussians, we find, after many pages of algebraic simplification, a remarkable fact

exp

[
− 1

2h̄

(
Q

D

(
µ− l

)
+mQ

)2
]
exp

[
− 1

2h̄

(
Q

D

(
ν − l

)
+ nQ

)2
]

= exp

[
−1

h̄

(
Q

D

(µ′

2
− l
)
+Q

(m+ n

2

))2
]
exp

[
−1

h̄

(
Q

D

ν ′

2
+Q

(m− n

2

))2
]
.

(4.78)

Hence, we have

Q(a) =

√
2Q

DP

1

D

2D−1∑

µ′,ν′=0

2D−1∑

S=0

∞∑

m,n=−∞

Wµ′/2,S/2 exp

[
2πi

D
ν ′(S/2− v)

]

× exp

[
−1

h̄

(
Q

D

ν ′

2
+Q

(m− n

2

))2

− 1

h̄

(
Q

D

(µ′

2
− l
)
+Q

(m+ n

2

))2
]
.

(4.79)

We now wish to define new variables for m and n, such that

m′ = m+ n, n′ = m− n.

We remember from the characteristic function calculation that such variables are

parity related. When m′ is even, n′ must necessarily be even and vice versa. When

m′ is even, we write it as m′ = 2Υ, Υ ∈ Z; likewise, n′ = 2Ξ, Ξ ∈ Z. In this case,

our Q-function is

2D−1∑

µ′,ν′=0

2D−1∑

S=0

∞∑

Υ,Ξ=−∞

Wµ′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′

2
− l
)
+QΥ

)2
]

× exp

[
−1

h̄

(
Q

D

ν ′

2
+QΞ

)2
]
exp

[
2πi

D
ν ′(S/2− v)

]
.

(4.80)
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When m′ and n′ are odd, we write them as m′ = 2Υ + 1, n′ = 2Ξ + 1 to give

2D−1∑

µ′,ν′=0

2D−1∑

S=0

∞∑

Υ,Ξ=−∞

Wµ′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′ +D

2
− l
)
+QΥ

)2
]

× exp

[
−1

h̄

(
Q

D

(ν ′ +D

2

)
+QΞ

)2
]
exp

[
2πi

D
ν ′(S/2− v)

] (4.81)

where we have combined the extra terms with µ′ and ν ′.

Here we consider making yet another variable change

µ′′ = µ′ +D, ν ′′ = µ′ +D

to simplify the Gaussians above. Inserting these variables makes three important

changes. First, the summation limits change

2D−1∑

µ′,ν′

f(µ′, ν ′) =
3D−1∑

µ′′,ν′′=D

f(µ′′, ν ′′);

second, the Wigner function index changes

Wµ′/2,S/2 = Wµ′′/2−D/2,S/2 = (−1)SWµ′′/2,S/2;

and third, the Fourier component changes

exp

[
2πi

D
ν ′(S/2− v)

]
= exp

[
2πi

D
(ν ′′ −D)(S/2− v)

]

= (−1)S exp

[
2πi

D
ν ′′(S/2− v)

]
.

Obviously, the two factors (−1)S cancel; we are left with

3D−1∑

µ′′,ν′′=D

2D−1∑

S=0

∞∑

Υ,Ξ=−∞

Wµ′′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′′

2
− l
)
+QΥ

)2
]

× exp

[
−1

h̄

(
Q

D

ν ′′

2
+QΞ

)2
]
exp

[
2πi

D
ν ′′(S/2− v)

]
.

(4.82)
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Next, we realize that the sums over µ′′ and ν ′′ can be renumbered with impunity.

We see that
3D−1∑

µ′′=D

=

2D−1∑

µ′′=D

+

3D−1∑

µ′′=2D

.

For the second term, we set µ′′′ = µ′′−2D. The periodicity of the Wigner function and

the periodic continuation of the first Gaussian ensures that our expression remains

unchanged. A similar treatment for the sum over ν ′′ gives similar results; therefore,

when m′ and n′ are odd, we have

2D−1∑

µ′,ν′=0

2D−1∑

S=0

∞∑

Υ,Ξ=−∞

Wµ′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′

2
− l
)
+QΥ

)2
]

× exp

[
−1

h̄

(
Q

D

ν ′

2
+QΞ

)2
]
exp

[
2πi

D
ν ′(S/2− v)

]
.

(4.83)

This is exactly what we had when m′ and n′ were even, so the sums can be recom-

bined. Our Q-function is

Q(a) =

√
2Q

DP

1

D

2D−1∑

µ′,ν′=0

2D−1∑

S=0

∞∑

Υ,Ξ=−∞

Wµ′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′

2
− l
)
+QΥ

)2
]

× exp

[
−1

h̄

(
Q

D

ν ′

2
+QΞ

)2
]
exp

[
2πi

D
ν ′(S/2− v)

]
.

(4.84)

Finally, we use the same technique for finding Equation 4.23 to rewrite the second

Gaussian as

∞∑

Ξ=−∞

exp

[
−1

h̄

(
Q

D

ν ′

2
+QΞ

)2
]

=

√
P

2QD

∞∑

r=−∞

exp

[
2πi

D
r
ν ′

2

]
exp

[
− 1

4h̄
(Pr/D)2

]
.

(4.85)

Combining this expression with the Fourier term from Equation 4.84, we have

113



Chapter 4. A Q-function for finite-dimensional Hilbert spaces

the sum

2D−1∑

ν′=0

exp

[
2πi

D
ν ′
(r + S

2
− v
)]

=





2D
∞∑

t=−∞

δr/2+S/2−v,tD , when r + S is even,

0, when r + S is odd.

(4.86)

Substituting for r into the above expression18, we get our final expression

Q(a) =
2

D

2D−1∑

µ′,S=0

∞∑

Υ,t=−∞

Wµ′/2,S/2 exp

[
−1

h̄

(
Q

D

(µ′

2
− l
)
+ΥQ

)2
]

× exp

[
−1

h̄

(
P

D

(S
2
− v
)
+ tP

)2
]
.

(4.87)

Rewriting it slightly, we have

Q(a) =
2

D

2D−1∑

M,S=0

∞∑

m,n=−∞

WM/2,S/2 exp

[
−1

h̄

(
eM/2 − x0 +mQ

)2
]

× exp

[
−1

h̄

(
pS/2 − p0 + nP

)2
] (4.88)

which is the discrete analog of the fact the Q-function is the Gaussian convolution

of the Wigner function.

Even more remarkable is the relation between Equation 4.88 and the Wigner

function for a doubly periodic state. As stated before, the continuous Q and Wigner

function are related by the Gaussian convolution,

Q(x0, p0) =
1

πh̄

∞∫

−∞

dqdpW (q, p) exp

[
−1

h̄
(q − x0)

2

]
exp

[
−1

h̄
(p− p0)

2

]
. (4.89)

To derive our expression for the discrete Wigner function, we used the natural re-

lationship between the discrete Hilbert space HD and the space of doubly-periodic

18Actually, to enforce the r + S even restriction, we have to break the sums into their
two non-zero pieces:

∑
r=even

∑
S=even+

∑
r=odd

∑
S=odd. For each piece, we substitute for

r; the net result is a straight substitution for r.
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wavefunctions. During the course of our derivation, we found the expression for the

Wigner function of a state that is doubly-periodic. It is given by Equation 3.44,

W (q, p) =

∞∑

S,M=−∞

WM/2,S/2 δ

(
q − Q

D
(M/2 + β)

)
δ

(
p− P

D
(S/2 + α)

)
(4.90)

where WM/2,S/2 is the expression used for the finite-dimensional Wigner function.

Using the periodicity of the finite Wigner function, we can write this as

W (q, p) =
2D−1∑

M,S=0

∞∑

m,n=−∞

WM/2,S/2δ
(
q − eM/2 +mQ

)
δ
(
p− pS/2 + nP

)
. (4.91)

Inserting this Wigner function into the Gaussian convolution expression, we find the

expression for a doubly periodic state’s Q-function,

Q(x0, p0) =
1

πh̄

2D−1∑

M,S=0

∞∑

m,n=−∞

WM/2,S/2 exp

[
−1

h̄

(
eM/2 − x0 +mQ

)2
]

× exp

[
−1

h̄

(
eS/2 − p0 + nP

)2
] (4.92)

which19 is Equation 4.88.

We see that our choice of using the coherent states of Equation 4.29, which

at first may have seemed a bit arbitrary, is instead the most natural ones to use.

The coherent states give us a direct connection between the discrete and continuous

Hilbert spaces.

19Aside from some normalization problems due to the difference between discrete and
continuous spaces.
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Equation summary for section 4.7

ρ̂ =
D−1∑

µ,ν=0

2D−1∑

S=0

Wµ+ν
2

,S
2

exp

[
2πi

D

(
S

2
+ α

)
(µ− ν)

] ∣∣eµ
〉〈
eν
∣∣

Q(a) =
2

D

2D−1∑

M,S=0

∞∑

m,n=−∞

WM
2
,S
2

exp

[
−1

h̄

(
eM/2 − x0 +mQ

)2
]

× exp

[
−1

h̄

(
pS/2 − p0 + nP

)2
]
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Quantization of the baker’s map

5.1 The classical baker’s map

The baker’s map [19] is a standard example in chaotic dynamics. It is a mapping of

the unit square onto itself in the form

(
qn+1, pn+1

)
=






(
2qn,

pn
2

)
, 0 < qn < 1/2

(
2qn − 1,

(pn + 1)

2

)
, 1/2 < qn < 1

(5.1)

where q, p ∈ [0, 1) and n denotes the n-th iteration of the map. Geometrically, the

map acts like a baker kneading bread, stretching the unit square by a factor of two

in the q direction, squeezing by a factor of two in the p direction, and then stacking

the right half onto the left1.

The map’s action may be rewritten in terms of the complex variable a ≡ q + ip,

an+1 =
5

4
an +

3

4
a∗n +

(
i

2
− 1

)
⌊an + a∗n⌋ ≡ bn(an, a

∗
n) (5.2)

1See Figure 1.2.
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where ⌊an⌋ denotes the integer part of an. A generating function for this mapping2

is

W (b∗, a) =
1

10

(
3b∗2 + 8ab∗ − 3a2

)
+

4

5

(
1 +

i

2

)(
a+ ib∗ − 1

2

)
⌊a+ a∗⌋ (5.3)

assuming a+ a∗ is non-integer. The classical baker’s map may then be rederived via

the relations
∂W

∂b∗
= b,

∂W

∂a
= a∗. (5.4)

Interest in the baker’s map is due mainly to the simplicity of its symbolic dynam-

ics. Each point of the unit square can be identified through its binary representation,

q = 0 · s1s2 . . . =
∞∑

k=1

sk2
−k

and

p = 0 · s0s−1 . . . =
∞∑

k=0

s−k2
−k−1

with a bi-infinite symbolic string

s = . . . s−2s−1s0 • s1s2s3 . . . (5.5)

si ∈ {0, 1}. If the point is in the region 0 ≤ q < 1/2, then its binary representation

must necessarily have s1 = 0. Likewise when 1/2 ≤ q < 1, s1 = 1; therefore, using

mod 1 arithmetic, we can rewrite Equation 5.1 in the simple form

q′ = 2 (q − s1) = 0 · s2s3 . . .

p′ =
(p+ s1)

2
= 0 · s1s0s−1 . . .

(5.6)

where (q′, p′) is the mapped point. The action of the baker’s map is to shift the

position of the dot

s→ s′ = . . . s−2s−1s0s1 • s2s3 . . . (5.7)

by one point to the right.

2Generating functions are necessarily defined up to an arbitrary constant.
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Equation summary for section 5.1

W (b∗, a) =
1

10

(
3b∗2 + 8ab∗ − 3a2

)
+

4

5

(
1 +

i

2

)(
a+ ib∗ − 1

2

)
⌊a + a∗⌋

. . . s−2s−1s0 • s1s2s3 . . .→ . . . s−2s−1s0s1 • s2s3 . . .

5.2 The quantum baker’s map of Balazs, Voros,

and Saraceno

The first work on a quantum baker’s map was done by Balazs and Voros [20]. Their

expression for the map was given in the form

B̂ = F̂−1
D


 F̂D/2 0

0 F̂D/2


 (5.8)

where F̂D/2 is the finite Fourier transform acting on half of the Hilbert space. Later

Saraceno [21] improved certain symmetry characteristics of the map using anti-

periodic boundary conditions (α = β = 1/2).

This expression can be rather cryptic unless one knows how to express it in a

more active form. Figure 5.1 shows two Q-functions. Obviously, the second one

is a momentum eigenstate. In fact, it is the Q-function for the
∣∣p11
〉
momentum

eigenstate when D = 30. The first is the Q-function for the state
∣∣ψ
〉
created by

the inverse of Equation 5.8 acting on
∣∣p11
〉
; therefore, the net result of this quantum

baker’s map is

B̂
∣∣ψ
〉
=
∣∣p11
〉
. (5.9)
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Figure 5.1: Two Q-functions in D = 30 dimensions with anti-periodic boundary
conditions. The Balazs-Voros-Saraceno quantum baker’s map acting on the left hand
state produces the momentum eigenstate on the right.

Figure 5.2 shows the action of this quantum baker’s map on the state
∣∣ψ′
〉
which

results in the
∣∣p19
〉
momentum eigenstate. Studying the states

∣∣ψ
〉
and

∣∣ψ′
〉
, we

find that they are localized in either the left or right hand side in position and well

reasonably localized in momentum. Figure 5.3 shows for D = 8 dimensions the peak

contours of the states which map to momentum eigenstates3. We see that indeed

all of these states are localized either in the region 0 < x < 1/2 or 1/2 < x < 1,

and they are well localized in momentum. The action of the Balazs-Voros-Saraceno

baker’s map is to take these states to momentum states, which as we know are

completely localized in momentum and delocalized in position. This is the essence

of their quantization: the mapped states are such that their position spread is twice

that of the original state while the momentum spread is halved. In this way, their

quantum map mimics the classical baker’s map.

3For higher dimensions, the essential characteristics are the same. The main difference
is that there are more circles.
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Figure 5.2: Another example of the action of the Balazs-Voros-Saraceno quantum
baker’s map in D = 30 dimensions.

5.3 A class of baker’s maps

Inspired by the active interpretation of the Balazs-Voros-Saraceno quantum baker’s

map espoused in the previous section, Schack and Caves formulated a set of quantized

maps [28] by creating different types of “localized” states using the partial Fourier

transform operator, which we will define below. These maps will be the focus of

the next chapter, where we will use a semi-classical treatment to find their classical

limit.

The Schack-Caves quantum baker’s maps are defined for anti-periodic Hilbert

spaces in which D = 2N . In this case, we can model our system as the outer product

of N qubits, i.e. N two-level systems. We write our position basis vectors4 as

∣∣ej
〉
=
∣∣x1
〉
⊗
∣∣x2
〉
⊗ · · · ⊗

∣∣xN
〉
, xl ∈ {0, 1}, (5.10)

4Since the classical baker’s map is defined on the unit square, we shall from now on be
setting our characteristic position and momentum scales Q and P equal to one.
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Figure 5.3: The Q-function’s contour plots for the peaks of the 8 states which map to
the momentum eigenstates under the Balazs-Voros-Saraceno quantum baker’s map
in D = 8 dimensions.

where j has the binary expansion5

j = x1 . . . xN .0 =

N∑

l=1

xl2
N−l and ej =

j + 1/2

D
=
x1 . . . xN .1

D
, (5.11)

where the use of “.1” is binary shorthand for 1/2. Next we rewrite the quantum

Fourier transform as

∣∣pk
〉
= F̂D

∣∣ek
〉
=

1√
2N

∑

x1,...,xN

∣∣x1
〉
⊗
∣∣x2
〉
⊗ · · · ⊗

∣∣xN
〉
exp

[
2πi

2N
(y + 1/2)(x+ 1/2)

]

(5.12)

5All strings ending with either “.0” or “.1” denote a binary number.
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where

y + 1/2 = y1 . . . yN .1 = k + 1/2 and pk =
k + 1/2

D
=
y1 . . . yN .1

D
.

The connection with the classical baker’s map comes from its symbolic dynam-

ics. In the quantum case, a set of states localized in position and momentum is

created through the partial Fourier transform, Ĝn, which is an operator that Fourier

transforms the N − n least significant qubits, i.e.,

Ĝn

(∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉
⊗
∣∣a1
〉
⊗ · · · ⊗

∣∣aN−n

〉)

≡
∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉

⊗ 1√
2N−n

∑

xn+1,...,xN

∣∣xn+1

〉
⊗ · · · ⊗

∣∣xN
〉
exp

[
2πi

2N−n
(a + 1/2)(x+ 1/2)

] (5.13)

where a and x are defined through the binary expansions a = a1 . . . aN−n.0 and

x = xn+1 . . . xN .0. In the limiting cases, we have Ĝ0 = F̂D and ĜN = i1̂. The

analogy to the classical case is made clear through the definition

∣∣aN−n . . . a1 • x1 . . . xn
〉
≡ Ĝn

(∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉
⊗
∣∣a1
〉
⊗ · · · ⊗

∣∣aN−n

〉)
. (5.14)

Notice that
∣∣ • x1 . . . xN

〉
= i

∣∣x1
〉
⊗ . . .⊗

∣∣xN
〉
.

These states form an orthonormal basis since
〈
bN−n . . . b1 • y1 . . . yn

∣∣aN−n . . . a1 • x1 . . . xn
〉

= δy1,x1
. . . δyn,xn

1

2N−n

2N−n−1∑

x=0

exp

[
2πi

2N−n
(x+ 1/2)(a− b)

]

= δy1,x1
. . . δyn,xn

δb1,a1 . . . δbN−n,aN−n
,

(5.15)

and they are localized in both position and momentum. They are quantum analogies

of localized classical phase space regions. Looking at Equation 5.13, we see that they

are strictly localized in a position region of width 1/2n centered at

0.x1 . . . xn1 =
x1 . . . xn.1

2n
. (5.16)
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To find the momentum representation, we begin with

〈
pk
∣∣aN−n . . . a1 • x1 . . . xn

〉

=

√
2n

2N

∑

xn+1,...,xN

exp

[
−2πi

D
(y + 1/2)

(
x1x2 . . . xnxn+1 . . . xN .1

)]

× exp

[
2πi

2N−n
(a + 1/2)(x+ 1/2)

]
.

(5.17)

To combine the two Fourier terms, we expand the variable

x1x2 . . . xnxn+1 . . . xN .1 = 2N−nx1x2 . . . xn.0 + xn+1 . . . xN .1

= 2N−nx1x2 . . . xn.0 + x+ 1/2,
(5.18)

using the fundamental definition of a binary number. This leaves us with

〈
pk
∣∣aN−n . . . a1 • x1 . . . xn

〉

=

√
2n

2N
exp

[
−2πi

2n
(x1 . . . xn.0)(y + 1/2)

]

×
2N−n−1∑

x=0

exp

[
2πi

2N−n
(x+ 1/2)

(
a+ 1/2− y + 1/2

2n

)]
.

(5.19)

Unfortunately, a + 1/2− (y + 1/2)/2n is not an integer; therefore, we cannot apply

Equation 2.26. We can instead perform the geometric sum over x. After a little bit

of algebra, we find that

〈
pk
∣∣aN−n . . . a1 • x1 . . . xn

〉
=

√
2n

2N
exp

[
−2πi

2n
(x1 . . . xn.1)(y + 1/2)

]

×
cos
(
π(y + 1/2)/2n

)

sin
(
πξ/2N−n

)
(5.20)

where ξ = a + 1/2− (y + 1/2)/2n. Consequently, the momentum probability distri-

bution is given by

∣∣〈pk
∣∣aN−n . . . a1 • x1 . . . xn

〉∣∣2 = 2n

D2

cos2
(
π(y + 1/2)/2n

)

sin2
(
πξ/2N−n

) =
2n

D2

cos2
(
π2N−npk

)

sin2 (π2npa − πpk)

(5.21)
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Figure 5.4: The momentum distributions,
∣∣〈pk

∣∣aN−n . . . a1 • x1 . . . xn
〉∣∣2, for D = 26.

For each plot, a1 . . . aN−n = 2N−n−1.

where pa = (a + 1/2)/2N .

This form is not very illuminating, but we can use numerical calculation to in-

terpret it. Figure 5.4 shows the plots of
∣∣〈pk

∣∣aN−n . . . a1 • x1 . . . xn
〉∣∣2 as function

of p = (k + 1/2)/D for n = 0, 1, 2, . . . , 5 and D = 26. Here a has been chosen to

be half of its maximum value6 2N−n. We see that the states are roughly localized

in a momentum region of width 1/2N−n centered at p = 0.a1 . . . aN−n1. The scale

at which the momentum is localized increases, as expected, as n increases. More

importantly, the sharpness of the momentum localization is best for small n and gets

progressively worse as n increases.

6Other choices of a shift the center of the plots.
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Using the notation of Equation 5.14, Schack and Caves defined a whole class of

quantum baker’s maps B̂n (n = 1, . . . , N)

B̂n ≡
∑

x1,...,xn
a1,...,aN−n

∣∣aN−n . . . a1x1 • x2 . . . xn
〉〈
aN−n . . . a1 • x1x2 . . . xn

∣∣. (5.22)

The Balazs-Voros-Saraceno quantum baker’s map is recovered when n = 1. In the

language of Equation 5.5, we see that each quantum baker’s map takes a state local-

ized at 1aN−n . . . a1 •x1 . . . xn1 to a state localized at 1aN−n . . . a1x1 •x2 . . . xn1. The
decrease in the number of position bits and increase in momentum bits enforces a

stretching and squeezing of phase space in a manner resembling the classical baker’s

map. As n increases, the progressively poorer momentum localization might be ex-

pected to have important consequences on the map’s behavior. When considering

the classical limit in the next chapter, we find this to be true.

It will be useful to rewrite our baker’s map in the position basis. To do this, we

first use Equations 5.13 and 5.14 to rewrite Equation 5.22 as

B̂n =

√
2

2N−n+1

∑

x1,...,xn
a1,...,aN−n

∑

z1,...,zN−n+1
y1,...,yN−n

∣∣ • x2 . . . xnz1 . . . zN−n+1

〉〈
• x1 . . . xny1 . . . yN−n

∣∣

× exp

[
πi

2N−n

(
(j + 1/2)(l + 1/2) + 2N−nx1(l + 1/2)− 2(j + 1/2)(k + 1/2)

)]

(5.23)

where

j =

N−n∑

k=1

ak2
N−n−k, k =

N−n∑

k=1

yk2
N−n−k and l =

N−n+1∑

k=1

zk2
N−n+1−k.

Next, using Equations 5.10, 5.14, and the notation ej = (j + 1/2)/D, ek = (k +

1/2)/D, etc., we arrive at the quantum baker’s map in the position basis

B̂n =

√
2

2N−n+1

1∑

x1=0

2N−n−1∑

j,k=0

2N−n+1−1∑

l=0

2n−1−1∑

m=0

×
∣∣∣el + em2

N−n+1 − 2−n
〉〈
ek + x1/2 + em2

N−n − 2−n−1
∣∣∣

× exp
[
2πiD2n−1

(
ejel + 2−nx1el − 2ejek

)]
.

(5.24)
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Notice that it is possible to sum over the index j at this point; however the rep-

resentation above proves to be most convenient when performing our semi-classical

analysis.

Equation summary for section 5.3

Ĝn

(∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉
⊗
∣∣a1
〉
⊗ · · · ⊗

∣∣aN−n

〉)

≡
∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉
⊗ 1√

2N−n

2N−n−1∑

x=0

∣∣xn+1

〉
⊗ · · · ⊗

∣∣xN
〉
exp

[
2πi

2N−n
(a.1)(x.1)

]

∣∣aN−n . . . a1 • x1 . . . xn
〉
≡ Ĝn

(∣∣x1
〉
⊗ · · · ⊗

∣∣xn
〉
⊗
∣∣a1
〉
⊗ · · · ⊗

∣∣aN−n

〉)

B̂n =
∑

x1,...,xn
a1,...,aN−n

∣∣aN−n . . . a1x1 • x2 . . . xn
〉〈
aN−n . . . a1 • x1x2 . . . xn

∣∣

B̂n =

√
2

2N−n+1

1∑

x1=0

2N−n−1∑

j,k=0

2N−n+1−1∑

l=0

2n−1−1∑

m=0

×
∣∣∣el + em2

N−n+1 − 2−n
〉〈
ek + x1/2 + em2

N−n − 2−n−1
∣∣∣

× exp
[
2πiD2n−1

(
ejel + 2−nx1el − 2ejek

)]

5.3.1 The importance of anti-periodic boundary conditions

When Saraceno introduced the anti-periodic boundary conditions for the quantum

baker’s map, he was mostly interested in giving his map the proper phase space

symmetry of inversion through the center of the square [21], i.e. the phase space

operation of

q → 1− q, p→ 1− p.
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While this symmetry is very important, we shall see that the choice of boundary

conditions has a profound impact upon the fundamental “correctness” of the Schack-

Caves quantum baker’s maps.
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Figure 5.5: The peak contours for the states
∣∣a2a1•x1x2

〉
with anti-periodic boundary

conditions. The expected centers are plotted with an ‘X’.

Figure 5.5 shows the Q-function contours for the peak of the states
∣∣a2a1 • x1x2

〉

plotted as a function of continuous variables x and p. These states are correctly

centered at the points x = 0.x1x21 and p = 0.a1a21 as shown by the ’X’ plotted in

the center of each contour. One could have defined the Schack-Caves maps using

periodic boundary conditions. In this case, the states
∣∣a2a1•x1x2

〉
would be expected

to be centered at x = 0.x1x2 and p = 0.a1a2, but as Figure 5.6 shows, this is clearly

not the case. These states are correctly centered in momentum, but not in position.
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Figure 5.6: The peak contours for the states
∣∣a2a1 • x1x2

〉
with periodic boundary

conditions. The expected centers are plotted with an ‘X’.

The reason for this lack of position centering is not mysterious and helps give

insight into the nature of these partially Fourier transformed states. As stated before,

the state
∣∣aN−n . . . a1 • x1 . . . xn

〉
is strictly localized in position. The distribution

〈
ej
∣∣aN−n . . . a1 • x1 . . . xn

〉
is a step function with non-zero values only in the region

where the first n bits of j are equal to x1x2 . . . xn. Using the definition of a binary

number, we see that there are non-zero values when j ranges from

j = x1x2 . . . xn000 . . . 0.0 = 2N−nx1x2 . . . xn.0 + 0

to

j = x1x2 . . . xn111 . . . 1.0 = 2N−nx1x2 . . . xn.0 + 2N−n − 1.
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Hence there are 2N−n values of j which yield non-zero probability. Obviously, the

partially Fourier transformed state will have position extent uniformly in this region;

therefore, they will be centered at jm, the midpoint of this region. This midpoint is

given by

jm = 2N−nx1x2 . . . xn.0 +
2N−n

2
= 2N−n (x1x2 . . . xn.0 + 1/2) . (5.25)

Expressing this point in terms of the continuous variable x = j/D = j/2N , we find

that the partially Fourier transformed states are centered at

xm =
x1x2 . . . xn.0 + 1/2

2n
= 0.x1x2 . . . xn1. (5.26)

This is exactly the point specified by the anti-periodic version of the Schack-Caves

quantum baker’s map. Moreover, we see that this midpoint’s value is unaffected

by the choice of boundary condition; hence, the position centering for the states is

unchanged in Figures 5.5 and 5.6.

5.4 Eigenvalue statistics

In quantum chaos, there has been much research done into the area of eigenvalue

statistics [17, 76, 77, 78, 79, 80]. The idea is based upon Wigner’s random matrix

theory and predicts that if one makes a histogram of the spacing between a quantum

map’s nearest neighbor eigenvalues, then this histogram will have a characteristic

shape [11]. If the system is not chaotic then the shape will be Poissonian; otherwise,

it will have one of a variety of shapes predicted by random matrix theory7. While

the subject of eigenvalue statistics is too peripheral to be discussed in detail here, we

will show that the Schack-Caves BN−1 quantum baker’s map has eigenvalues whose

spacing is completely regular; a trait not shared by the rest of the maps.

7See the introduction of [81] for a brief but thorough description of the possible his-
togram shapes.
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In this case, Equation 5.22 becomes

BN−1 =
∑

x1,...,xN

∣∣x1 • x2 . . . xN
〉〈

• x1x2 . . . xN
∣∣

=
1√
2

∑

x1...,xN

1∑

y1=0

exp [πi(y1 + 1/2)(x1 + 1/2)]
∣∣x2 . . . xNy1

〉〈
x1x2 . . . xN

∣∣

(5.27)

where we used Equation 5.13 to rewrite the expression in the position basis.

We see that the action of BN−1 is very simple. It is to shift all the qubits by one

position to the left, the leading qubit is moved to the end of the string and is then

subjected to a Fourier transform. Realizing this pattern, we can quickly calculate

the action of N iterations of the map,

(BN−1)
N =

1√
2N

∑

x1...,xN

∑

y1,...yN

exp [πi(y1 + 1/2)(x1 + 1/2)] · · ·

× exp [πi(yN + 1/2)(xN + 1/2)]
∣∣yN . . . y1

〉〈
x1 . . . xN

∣∣.

(5.28)

Operating the map once again, we get

(BN−1)
N+1 =

1√
2N+1

∑

x1...,xN

∑

y1,...yN−1

1∑

z1=0

exp [πi(y1 + 1/2)(x1 + 1/2)] · · ·

×
1∑

yN=0

exp [πi(yN + 1/2)(xN + z1 + 1)]
∣∣yN−1 . . . y1z1

〉〈
x1 . . . xN

∣∣.

(5.29)

This last sum can be done; we find that
1∑

yN=0

exp [πi(yN + 1/2)(xN + z1 + 1)] = exp

[
πi

2
(xN + z1 + 1)

] (
1− (−1)xN+z1

)

=






−2, if xN = 0 and z1 = 1,

−2, if xN = 1 and z1 = 0,

0, else.

(5.30)
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Equation 5.30 gives the values of the sum for the possible values of xN and z1. In

the language of binary numbers, z1 has to be the “not” of xN which is represented

by z1 = x̄N . This negating will occur for each successive variable as we continue to

operate BN−1; therefore, we see that

(
B̂N−1

)2N
= (−1)N

∑

x1,...xN

∣∣x̄1 . . . x̄N
〉〈
x1 . . . xN

∣∣. (5.31)

Of course, the “not” of a “not” is identity, so we find that if we continue to operate

the B̂N−1 quantum baker’s map enough times, we will get the identity operator,

(
B̂N−1

)4N
= (−1)2N

∑

x1,...xN

∣∣x1 . . . xN
〉〈
x1 . . . xN

∣∣ = 1̂. (5.32)

Equation 5.32 has a profound effect upon the eigenvalues of the map B̂N−1. It

implies that all of the eigenvalues are roots of unity. In fact, they will be given by

exp

[
2πi

4N
j

]
,

where j is an integer. For large values of N , this map will have highly degenerate

eigenvalues, and the nearest neighbor spacing will either be zero or 2π/4N . The

eigenvalue statistics will be completely regular.
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Chapter 6

The classical limit for a class of

quantum baker’s maps

6.1 Introduction

This chapter details the author’s work published in the Journal of Physics A: Math-

ematics and General [82].

The inspiration for this classical limit program begins with Saraceno and Voros

[39] and their semi-classical “Van Vleck” [1] ansatz. It states that in the limit h̄→ 0

a quantum propagator Û has the position representation

〈
x′
∣∣Û
∣∣x
〉
≈ (2πh̄)−1/2

√
∂2W

∂x′∂x
exp

[
− i

h̄
W (x, x′)

]
,

where W (x, x′) is the generating function for the classical map. The square root

in the expression acts as a Jacobian since in effect we are performing a change of

variable. Inspired by the spin coherent state work of Kuś [49] and Scott [50], this

ansatz has been modified for use with our coherent states,

〈b|Û |a〉 ≈
√

∂2W

∂a∂b∗
exp

[
W (b∗, a)/2h̄

]
exp

[
− 1

4h̄
(|a|2 + |b|2)

]
. (6.1)
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Chapter 6. The classical limit for a class of quantum baker’s maps

In this work, we use the Schack-Caves quantum baker’s map from Chapter 5 and the

coherent states of Chapter 4. To the best of the author’s knowledge, this is the first

time this technique has been applied to a map on this space.
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Figure 6.1: The Q-function, in D = 32 dimensions, for the a = 1/4 + i/4 coherent
state and the state created when the B̂2 quantum baker’s map acts upon it.

0
5

10
15

20
25

30

0
5

10
15

20
25

30

0.005

0.01

0.015

0.02

0.025

0.03

jk 0
5

10
15

20
25

30

0
5

10
15

20
25

30

0.005

0.01

0.015

0.02

jk

Figure 6.2: The Q-function, in D = 32 dimensions, for the a = 3/4 + i/4 coherent
state and the state created when the B̂2 quantum baker’s map acts upon it.

The Q-function has been of great importance in helping motivate the theoretical

work of this section. Figure 6.1 shows the Q-function for the a = 1/4+ i/4 coherent

state and the Q-function for the state, B̂2

∣∣a
〉
in D = 32 dimensions. Although it
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Chapter 6. The classical limit for a class of quantum baker’s maps

may not be apparent from the figure, the mapped state is centered at the point

1/2+ i/8 which is the mapped point of the classical baker’s map. Figure 6.2 repeats

the procedure for the a = 3/4+ i/4 coherent state. It is mapped to a state correctly

centered at 1/2 + 5i/8. Of course, two examples are not sufficient to entail a proof

that all points are mapped correctly, hence the rest of this chapter.

It is interesting to note that the quantum baker’s map not only takes the center

of the states to the classically directed point, but that it recreates the map’s action

in another way. The classical map stretches the unit square in position and squeezes

in momentum. In the same fashion, the quantum baker’s map takes a symmetrical

coherent state and squeezes it along its momentum axis, thus necessarily stretching

it along position.

Our goal for the rest of this chapter is to calculate explicitly the quantum baker’s

map representation in the coherent state basis and find its semi-classical form, i.e.

we wish to obtain the leading term in an asymptotic expansion of the matrix element
〈
b
∣∣B̂n

∣∣a
〉
as D = 2N → ∞. We see that in this limit the total number of position and

momentum bits, N , necessarily become infinite. As Figure 6.3 illustrates, however,

there is considerable freedom of choice on how this may occur. We wish to consider

cases where the relative number of position and momentum bits approaches infinity

at different rates. To this end, we take the number of position bits to be n = n(N) ≡
θN + s, where 0 ≤ θ ≤ 1 is rational and s takes integer values. For ease of reading,

we also introduce the constant φ = 1 − θ such that the number of momentum bits

N − n = φN − s. We will now identify the different Schack-Caves quantum baker’s

maps, Equation 5.24, through the new parameters, B̂θ,s ≡ B̂n. In the analysis which

follows, we must consider the two extreme cases of θ = 0 and θ = 1 separately. We

find that for all cases except when θ = 1 the semi-classical propagator has the Van

Vleck form, i.e. Equation 6.1; hence, we claim they have the correct classical limit.

The θ = 0 interpretation will be discussed below.
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Chapter 6. The classical limit for a class of quantum baker’s maps

We consider first the θ = 0 case where the number of position bits is fixed at s as

N → ∞; the Balazs, Voros, and Saraceno quantum baker’s map is the special case

where s = 1.
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Figure 6.3: Different possible ways of taking the classical limit for the quantum
baker’s map.
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Chapter 6. The classical limit for a class of quantum baker’s maps

6.2 The limit of the Balazs-Voros-Saraceno quan-

tum baker’s map

In the θ = 0 case, the number of position bits remains constant at n = s ≥ 1 as we

let D → ∞. Using Equations 5.24 and 4.31, our matrix element becomes

〈
b
∣∣B̂0,s

∣∣a
〉
= SD−3/2

∞∑

µ,ν=−∞

1∑

x1=0

D/S−1∑

j,k=0

2D/S−1∑

l=0

S/2−1∑

m=0

exp

[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)
+ iπ(µ− ν)

− πD
(
ek + x1/2 + (Dem − 1/2)/S − a+ µ

)2

− πD
(
el + 2(Dem − 1/2)/S − b∗ + ν

)2

+ iπSD
(
ejel + x1el/S − 2ejek

)]

(6.2)

where S ≡ 2s. To further the calculation, we now use the Poisson formula to replace

each sum by an integral, e.g.

∞∑

ζ=−∞

1/S∫

0

exp
[
2πi(Dx− 1/2)ζ

]
f(x)dx =

1

D

1/S∫

0

∞∑

j=−∞

δ
(
x− (j + 1/2)/D

)
f(x)dx

=
1

D

D/S−1∑

j=0

f(ej).

(6.3)
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The result is

〈
b
∣∣B̂0,s

∣∣a
〉
= SD3/2

∞∑

µ,ν,ζ
τ,γ=−∞

1∑

x1=0

S/2−1∑

m=0

1/S∫

0

dx

1/S∫

0

dy

2/S∫

0

dz

exp

[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)
+ iπ(µ− ν − ζ − τ − γ)

− πD
(
y + x1/2 +m/S − a+ µ

)2
− πD

(
z + 2m/S − b∗ + ν

)2

+ iπSD
(
xz + x1z/S − 2xy

)
+ 2iπD (xζ + yτ + zγ)

]
.

(6.4)

We are now ready to make a semi-classical approximation to our matrix element.

More precisely, we will make a saddle-point approximation to the triple integral

above1. Only near a saddle-point will contributions from such an integral cancel

the prefactor D3/2 and lead to an O(1) contribution for the matrix element. The

saddle-point approximation, Equation A.3, can be written down immediately using

well-known formulae found in any standard text [83]. The limits in the above integrals

are finite; therefore, the saddle point will not make a contribution in all cases. We

need to consider this possibility carefully if we are to recover the classical baker’s

map.

Consider first the y integration2 by defining

I1 ≡
1/S∫

0

dy exp
[
− πDf(y)

]
(6.5)

where

f(y) ≡ (y − A)2 + 2i(Sx− τ)y (6.6)

A ≡ a− x1/2−m/S − µ. (6.7)

An asymptotic calculation of this integral is done by deforming the integration path,

1See Appendix A for a brief introduction to the saddle-point approximation.
2The variable x is a fixed parameter for this calculation.
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Figure 6.4: Steepest descent paths for f(y). The original integration path along the
real line (blue) is deformed to one where Im f(y) = constant (red). Only the first
path allows for inclusion of the saddle point, y′.

initially along the real line, to one in the complex plane where Im f(y) = constant.

Two important cases are drawn in Figure 6.4. The first (a) occurs when the saddle

point3

y′ = A− iSx+ iτ (6.8)

satisfies 0 < Re (y′) < 1/S. In this case, the steepest descent path is one which first

travels along the hyperbola C1 from 0 to −∞ + i Im y′, then along the hyperbolic

asymptote C2 to ∞ + i Im y′, and finally back to 1/S via another hyperbola C3.

Consequently, an asymptotic expansion for the integral I1 will be the sum of three

parts, each associated with a different contour, C1, C2 or C3, in the complex plane.

Note that along the contours C1 and C3, the kernel attains its maximum at the

end points 0 and 1/S, respectively; therefore, the leading term in an asymptotic

expansion takes the form

∓1

πDf ′(c)
exp

[
− πDf(c)

][
1 +O(1/D)

]
(6.9)

3The saddle point is defined through f ′(y′) = 0
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with c = 0 or 1/S with the sign of this leading term being +1 for c = 1/S and

vice versa. The prefactor of 1/D in the above expression inhibits such terms from

playing a role in the leading order approximation of our matrix element. As remarked

before, we need prefactors of D−1/2 in each approximation of the three integrals in

(6.4) in order to obtain an O(1) overall contribution for the matrix element. Hence

we will simply discard the integration along contours C1 and C3, and make the

approximation

I1 ≈
∞+i Im y′∫

−∞+i Im y′

dy exp
[
− πDf(y)

]
if 0 < Re (y′) < 1/S

= D−1/2 exp
[
− πDf(y′)

]
.

(6.10)

As Figure 6.4 shows, when Re (y′) < 0 or Re (y′) > 1/S the path of steepest

descent no longer passes through the saddle point. In this case, there will be no

leading order contributions to the matrix element, i.e. we may set I1 = 0. The

third and final case occurs when Re (y′) = 0 or 1/S. One may investigate these

possibilities by taking exactly one half of Equation 6.10 as the approximation for I1.

For simplicity, we will not deal with this case, except to make the odd casual remark

when needed. In summary, we use Equation 6.10 as our approximation for I1 when

0 < Re (y′) < 1/S, and otherwise we set I1 to zero.

Similarly, for the z integration,

I2 ≡
2/S∫

0

dz exp
[
− πDg(z)

]

≈ D−1/2 exp
[
− πDg(z′)

]
if 0 < Re (z′) < 2/S,

(6.11)

with

g(z) ≡ (z − B)2 − 2i(Sx/2 + x1/2 + γ)z, (6.12)

B ≡ b∗ − 2m/S − ν, (6.13)
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and the saddle point is

z′ = B + iSx/2 + ix1/2 + iγ. (6.14)

Now letting x vary again and setting

h(x) ≡ f(y′) + g(z′)− 2iζx

=
5

4
S2x2 + S

(
2iA− iB + x1/2− 2τ + γ − 2iζ/S

)
x− 2iAτ

− iB(x1 + 2γ) + τ 2 + (x1/2 + γ)2,

(6.15)

we have the final integral

I3 ≡
1/S∫

0

dx exp
[
− πDh(x)

]

≈
√

4

5S2D
exp

[
− πDh(x′)

]
if 0 < Re (x′) < 1/S,

(6.16)

with the saddle point at

x′ = − 2

5S

(
2iA− iB + x1/2− 2τ + γ − 2iζ/S

)
. (6.17)

Inserting our saddle-point approximations back into Equation 6.4 and setting

a ≡ a1 + ia2 and b ≡ b1 + ib2, with a little algebra we obtain

〈
b
∣∣B̂0,s

∣∣a
〉
≈
√

4

5

∞∑

µ,ν,ζ
τ,γ=−∞

1∑

x1=0

S/2−1∑

m=0

exp

[
− πD

5

{
(2a1 − b1 − x1 − 2µ+ ν − 2ζ/S)2

+ (a2 − 2b2 + x1 + τ + 2γ)2
}
+ iπ(µ− ν − ζ − τ − γ)

+ iπD(a1a2 − b1b2)−
2iπD

5

{
(2a1 − b1 − x1 − 2µ+ ν − 2ζ/S)(2a2 + b2)

− (a1 + 2b1 − x1/2− µ− 2ν)(x1 + τ + 2γ) + ζ(x1 − 4τ + 2γ)/S
}]

(6.18)
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provided that all three of the inequalities

0 < Re (x′) =
2

5S

(
2a2 + b2 − x1/2 + 2τ − γ

)
<

1

S
(6.19)

0 < Re (y′) =
1

5

(
a1 + 2b1 − x1/2− µ− 2ν

)
+

1

5S

(
4ζ − 5m

)
<

1

S
(6.20)

0 <
1

2
Re (z)′ =

1

5

(
a1 + 2b1 − x1/2− µ− 2ν

)
− 1

5S

(
ζ + 5m

)
<

1

S
(6.21)

are satisfied. Otherwise the matrix element is taken to be zero.

Note that although m no longer appears in the exponent, we cannot trivially

evaluate the sum since not all values of m will satisfy Equations 6.20 and 6.21.

Consider the cases when the approximation in Equation 6.18 becomes O(1), i.e.,

2a1 − b1 − x1 − 2µ+ ν − 2ζ/S = 0, (6.22)

a2 − 2b2 + x1 + τ + 2γ = 0. (6.23)

Substituting (6.23) into (6.19) we obtain

0 < a2 + τ < 1 or 0 < b2 − x1/2− γ < 1/2. (6.24)

The integers τ and γ give the periodicity in the momentum direction. If we assume

0 < a2, b2 < 1 then we may set τ = γ = 0 in Equation 6.18, making a note that we

are discarding exponentially small Gaussian tails. Also notice from Equation 6.24

that we must have x1 = ⌊2b2⌋.

Now, negating Equation 6.21 and adding it to Equation 6.20, we immediately

arrive at the inequality −1 < ζ < 1; we must set ζ = 0. Substituting this into

Equations 6.20 and 6.21 implies that

2m

S
<

2

5

(
a1 + 2b1 − x1/2− µ− 2ν

)
<

2(m+ 1)

S
. (6.25)

If we drop the sum over m in Equation 6.18, we have

0 <
2

5

(
a1 + 2b1 − x1/2− µ− 2ν

)
< 1. (6.26)
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Following a similar procedure to the one above, we can substitute Equation 6.22 into

Equation 6.26 and deduce that under the assumption 0 < a1, b1 < 1, our matrix

element, Equation 6.18, becomes O(1) only when µ = ν = 0. Furthermore, we will

have x1 = ⌊2a1⌋.

The surviving term of the summation is our semi-classical approximation for the

propagator,

〈
b
∣∣B̂0,s

∣∣a
〉
=

√
4

5
exp

[
− πD

5

{(
2a1 − b1 − ⌊2a1⌋

)2
+
(
a2 − 2b2 + ⌊2a1⌋

)2

+ i
(
3a1a2 + 3b1b2 + 4a1b2 − 4a2b1

)

− 2i⌊2a1⌋
(
a1 + 2b1 + 2a2 + b2 − ⌊2a1⌋/2

)}]
,

(6.27)

where we have chosen x1 = ⌊2a1⌋ and implicitly assumed a1 6= 1/2 and b2 6= 1/2 by

ignoring cases of equality in Equations 6.19-6.21. All other terms in Equation 6.18,

being exponentially small, are discarded.

Note that the above approximation is O(1) only when b is the iterate of a under

the classical baker’s map. Furthermore, a little algebra reveals that our semi-classical

propagator may be rewritten in the Van Vleck form

〈
b
∣∣B̂0,s

∣∣a
〉
=

√
4

5
exp

[
πD
( 1

10

(
3b∗2 + 8ab∗ − 3a2

)

+
4

5

(
1 +

i

2

)(
a+ ib∗ − 1

2

)
⌊a + a∗⌋

)]
exp

[
− πD

2

(
|a|2 + |b|2

) ]

=

√
∂2W

∂a∂b∗
exp

[
πDW (b∗, a)

]
exp

[
− πD

2

(
|a|2 + |b|2

) ]
,

(6.28)

where W (b∗, a) is Equation 5.3, the classical generating function. Hence we have

shown that the class of quantum baker’s map with θ = 0 will approach the classical

baker’s map in the limit D → ∞.
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6.3 The classical limit of the 0 < θ < 1 Schack-

Caves quantum baker’s maps

We will now consider the case when 0 < θ < 1, n = Nθ + s. Here we define

2n = 2Nθ2s = Dθ2s ≡ Dθ, 2N−n = Dφ2−s ≡ Dφ.

The quantum baker’s map, Equation 5.24, becomes

B̂θ,s =
1√
2Dφ

1∑

x1=0

Dφ−1∑

j,k=0

2Dφ−1∑

l=0

Dθ/2−1∑

m=0

×
∣∣∣el + em2Dφ −

1

Dθ

〉〈
ek + x1/2 + emDφ −

1

2Dθ

∣∣∣

× exp

[
πiDDθ

(
ejel +

x1el
Dθ

− 2ejek

)]
.

(6.29)

To clear things up a bit, we introduce new variables

ql = elD/Dφ, qj = ejD/Dφ, qk = ekD/Dφ, qm = emD/Dθ. (6.30)

This replacement smartens up Equation 6.29 to the form

B̂θ,s =
1√
2Dφ

1∑

x1=0

Dφ−1∑

j,k=0

2Dφ−1∑

l=0

Dθ/2−1∑

m=0

∣∣∣
ql − 1

Dθ
+ 2qm

〉〈qk − 1/2

Dθ
+ qm +

x1
2

∣∣∣

× exp [πiDφ (qjql + x1ql − 2qjqk)] .

Equation 4.31 then yields a rather long expression for the coherent state matrix

element,

〈
b
∣∣B̂θ,s

∣∣a
〉
=

1√
DDφ

∞∑

µ,ν=−∞

1∑

x1=0

Dφ−1∑

j,k=0

2Dφ−1∑

l=0

Dθ/2−1∑

m=0

exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)
+ iπ(µ− ν)

− πD
(
D−1

θ (qk − 1/2) + qm + x1/2− a+ µ
)2

− πD
(
D−1

θ (ql − 1) + 2qm − b∗ + ν
)2

+ πiDφ (qjql + x1ql − 2qjqk)
]
.

(6.31)
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To further the calculation, we again use the Poisson formula to replace the finite

sums over qj , qk, ql, qm with integrals over the variables x, y, z, and t, respectively.

This trick turns our matrix element expression into a bit of a monster,

〈
b
∣∣B̂θ,s

∣∣a
〉
=

√
DDφ

∞∑

µ,ν,ζ,τ
γ,κ=−∞

1∑

x1=0

1∫

0

dx

1∫

0

dy

2∫

0

dz

1/2∫

0

dt

exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)
+ iπ(µ− ν)

− πD (t+ x1/2− a + µ)2 − πD (2t− b∗ + ν)2

− 2πDφ(y − 1/2)(t+ x1/2− a+ µ)− 2πDφ(z − 1)(2t− b∗ + ν)

− πDφ(y − 1/2)2/Dθ − πDφ(z − 1)2/Dθ

+ πiDφ(xz + x1z − 2xy)

+ πi(2Dφx− 1)ζ + πi(2Dφy − 1)τ + πi(2Dφz − 1)γ + πi(2Dφt− 1)κ
]
.

(6.32)

The terms with highest power of D are those containing t. We can write them as

I4 ≡
1/2∫

0

dt exp
[
−πD (t + A)2 − πD (2t+B)2 − 2πDφtC + 2πDθtE

]
, (6.33)

where

A = x1/2− a + µ, B = −b∗ + ν,

C = y − 1/2 + 2(z − 1), E = iκ.
(6.34)

We now approximate this integral using a variation on the method of steepest de-

scents4. The third and fourth terms in I4, with their lower dependence on D, alters

this expression from that usually found in standard steepest descent formulae; how-

ever, we need to keep them to ensure that the entirety of the matrix element is

4When φ = 1, the third term of the exponent in Equation 6.33 also becomes dominant
and must be incorporated. Hence the need to consider this case separately in the previous
section.
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calculated5. The technique for approximating this integral will be the same as that

shown in Figure 6.4. We deform the integration along the real line to steepest descent

paths in the complex plane. The integrals along the contours C1 and C3 are again

set to zero, thereby leaving us with

I4 ≈
∞+it′∫

−∞+it′

dt exp
[
−πD (t + A)2 − πD (2t+B)2 − 2πDφtC + 2πDθtE

]
, (6.35)

which is a standard Gaussian integral. The condition for making this approximation

is

0 < a1 + 2b1 − x1/2− µ− 2ν <
5

2
. (6.36)

We shall return to this inequality later.

Using the Gaussian integration of Equation 6.35, we have

〈
b
∣∣B̂θ,s

∣∣a
〉
≈ Dφ√

5

∞∑

µ,ν,ζ,τ
γ,κ=−∞

1∑

x1=0

1∫

0

dx

1∫

0

dy

2∫

0

dz

exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)
+ iπ(µ− ν)− πD

5
(2A− B)2

− πDφ

5Dθ
(2y − z)2 − 2πDφ

5
(2y − z) + πiDφ(xz + x1z − 2xy)

− 2πi

5
(y + 2z)κ− 2πiDθ

5
(A+ 2B)κ− πDθ

5Dφ
κ2

+ 2πiDφ(xζ + yτ + zγ)
]
.

(6.37)

The repeated appearance of terms with the expression 2y − z suggests a change

of variable may be advantageous. After some trial-and-error, the following change of

variables is found to be best,



u

v

w


 =




1 −2 1

1 2 −1

0 1 2







x

y

z


 . (6.38)

5Ironically, these terms will be set to zero in the final analysis. A fact that could not
be known a priori.
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Here the fairly simple integration region of (x, y, z) ∈ [0, 1] × [0, 1] × [0, 2] must be

replaced by the parallel-piped Ω.

After changing to these variables and making some simplifications, we write Equa-

tion 6.37 in a form useful for the method of steepest descent,

〈
b
∣∣B̂θ,s

∣∣a
〉
=

Dφ

10
√
5

∞∑

µ,ν,ζ,τ
γ,κ=−∞

1∑

x1=0

∫∫∫

Ω

du dv dw exp
[
− πDφf(v)

− πDφg(u)−
πDφ

20Dθ
(v − u)2

]
F (w),

(6.39)

where

f(v) =
i

4
v2 + (C − iζ)v,

g(u) = − i

4
u2 − (C + iζ)u,

C =
1

5
(2A−B) +

ix1
10

− 2i

5
(τ − γ/2) ≡ C1 + iC2,

F (w) = exp

[
2πi

5
w (Dφ(x1 + τ + 2γ)− κ)

]
.

(6.40)

We’ll start our steepest descent program by looking at the function g(u). If we

write u as u1 + iu2, we see that

g(u) =
1

2
u1u2 −C1u1 + (ζ +C2)u2 + i

(
−1

4
u21 +

1

4
u22 − (C2 + ζ)u1 − C1u2

)
. (6.41)

The contours on which the imaginary part of g is constant are hyperbolae. We wish

to find those contours which pass through its saddle point. A trivial calculation

shows that the saddle point, u′, is located at

u′ ≡ u1 + iu2 = −2(ζ + C2) + i2C1, (6.42)

and that the saddle point contours are given by

u1 − u′1 = ±(u2 − u′2), (6.43)

147



Chapter 6. The classical limit for a class of quantum baker’s maps

∧C
1

∧

C
3

∞

∞

(a,0) (b,0)

u′

u′′

(a)

∧
C

2

∧

Re u

Im
 u

∧C
1 ∧

C
3

∞

∞

(a,0)

(b,0)

u′

u′′

(b)

∧

Re u

Im
 u

Figure 6.5: Two possible steepest descent paths. Only the first allows for inclusion
of the saddle point.

which are the asymptotes of our steepest descent hyperbolae.

Looking at the real part of Equation 6.41, we see that along the line u1 − u′1 =

−u2 + u′2,

Re
(
g(u)

)
= −1/2u21 + . . .⇒ exp

[
−πDφ Re

(
g(u)

)]
→ ∞.

We shall refer to this contour as the ∞-asymptote6. Along the other line, u1 − u′1 =

u2 − u′2, we have

exp
[
−πDφ Re

(
g(u)

)]
→ 0.

To have a finite valued integration, we must integrate along this line.

The ∞-asymptote is not useless. As Figure 6.5 shows, this asymptote determines

when the contribution from the saddle point is included. Whenever the∞-asymptote

passes through the real line integration region [a, b], our steepest descent contours

6In figure 6.5, the ∞-asymptote is depicted in green.
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include the saddle point. This occurs at the point (u′′1, 0) where

u′′1 − u′1 = 0 + u′2 ⇒ u′′1 = u′1 + u′2.

This last statement implies

a < u′1 + u′2 = 2(C1 − C2 − ζ) < b. (6.44)

The importance of the inequality is not clear yet. We shall return to it shortly.

Looking at Equation 6.40, we see that the function f(v) is very similar to g(u). It

therefore should come as no surprise that the analysis is the same; the only differences

are the position of the saddle point, v′ = 2(ζ − C2) + i2C1, and the equation for the

saddle point asymptotes. In this case, the saddle point will be included provided

that the ∞-asymptote, v1 − v′1 = v2 − v′2 in this case, passes through the real line

segment [c, d]; thus,

c < v′1 − v′2 = 2(ζ − C1 − C2) < d. (6.45)

But what are these mysterious points a, b, c, d? Unfortunately given the nature

of the variable change, their values differ as one integrates over the volume element

Ω. We must convert back to our original variables x, y, z. We do this by inverting

the matrix in Equation 6.38. We see the following,

u′′ = 2(C1 − C2 − ζ)

v′′ = 2(ζ − C2 − C1)

w′′ = w

⇒
x′′ = −2C2

y′′ = 4
5
(ζ − C1) +

1
5
w

z′′ = −2
5
(ζ − C1) +

2
5
w

, (6.46)

where we have left the for now unrestricted variable w unchanged.

Given the independent integration ranges for x, y, z, the restrictions of Equations

6.44 and 6.45 become

0 < x′′ < 1

0 < y′′ < 1

0 < z′′ < 2.
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Using Equations 6.46 and 6.40, we can rewrite this as

0 <
2

5
(2a2 + b2)−

1

5
x1 +

4

5
(τ − 1

2
γ) < 1,

0 <
4

5
(ζ − C1) +

1

5
w < 1,

0 < −2

5
(ζ − C1) +

2

5
w < 2.

(6.47)

These last two expression restrict the values of w. Simply rewriting them gives

ζ − C1 < w < 5 + ζ − C1,

−4(ζ − C1) < w < 5− 4(ζ − C1).

This means that w is restricted to values wb < w < 5 + ws where

wb ≡ max
(
ζ − C1,−4(ζ − C1)

)
.

Similarly, ws is the min of the previous expression. If ζ − C1 is positive, then it is

necessarily true that wb = ζ − C1; therefore,

ζ − C1 < w < 5− 4(ζ − C1) ⇒ ζ − C1 < 1.

Similarly, if ζ − C1 is negative, then wb = −4(ζ − C1), such that

−4(ζ − C1) < w < 5 + (ζ − C1) ⇒ ζ − C1 > −1.

Combining these two conditions together gives another restriction,

−1 < ζ − C1 < 1. (6.48)

Having learned all we can about the restrictions placed upon our variables by the

finiteness of their integration, we can now proceed to finding the asymptotic form

of the integrals over u and v. Given the form of Equation 6.39, we again use the

variation of the steepest descent technique employed when integrating over t. After
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much algebraic simplification, we find the following

〈
b
∣∣B̂θ,s

∣∣a
〉
≈ 1

5

√
4

5

∞∑

µ,ν,ζ,τ
γ,κ=−∞

1∑

x1=0

5+ws∫

wb

dw exp
[ (

|a|2 + |b|2 − a2 − b2
)

− iπ (ζ + τ + γ − µ+ ν)− πD

5
(2A−B)2 − πDθ

5Dφ

κ2

− 2πiDθ

5
((A + 2B)κ)− 2πi

5
w (κ−Dφ(x1 + τ + 2γ))− 4Dφ

5Dθ
πζ2

− 4πDφζC
]
.

(6.49)

Looking at Equations 6.36, 6.47, and 6.48, we see that currently there are no

restrictions placed on the sum over κ. However, by doing the integration over w it is

revealed that there are only certain values of κ that yield non-zero matrix elements,

5+ws∫

wb

dw exp
[
− 2πi

5
w (κ−Dφ(x1 + τ + 2γ))

]

=
5i

2π (κ−Dφ(x1 + τ + 2γ))

[
exp[−2πi

5
w (κ−Dφ(x1 + τ + 2γ))]

]5+ws

wb

.

(6.50)

This expression goes to zero like 1/Dφ unless

κ = Dφ(x1 + τ + 2γ);

therefore, we have

〈
b
∣∣B̂θ,s

∣∣a
〉
≈ 1

5

√
4

5

∞∑

µ,ν,ζ,τ
γ=−∞

1∑

x1=0

(5 + ws − wb) exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b2

)

− iπ (ζ + τ + γ − µ+ ν)− πD

5
(2A− B)2 − πD

5
(x1 + τ + 2γ)2

− 2πiD

5
(A+ 2B)(x1 + τ + 2γ)− 4Dφ

5Dθ
πζ2 − 4πDφζC

]
.

(6.51)

Using the definitions of A and B from Equation 6.34, we see that

2A− B = x1 − 2a+ 2µ+ b∗ − ν,
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A+ 2B =
1

2
x1 − a+ µ− 2b∗ = 2ν.

Writing the real and imaginary parts of our variables a = a1 + ia2, b = b1 + ib2, we

can gather all terms which have leading power D and write them as

1

5
(2a1 − b1 − x1 − 2µ+ ν)2 +

1

5
(a2 − 2b2 + x1 + τ + 2γ)2

+
i

5
(3a1a2 + 3b1b2 + 4a1b2 − 4a2b1)

+
2i

5
(x1/2− a1 + µ− 2b1 + 2ν) (x1 + τ + 2γ)− 2i

5
(b2 + 2a2) (x1 + 2µ− ν) .

(6.52)

Both of these Gaussians decay rapidly. The matrix element will be O(1) when

b1 = 2a1 − x1 − 2µ+ ν, (6.53)

b2 = a2/2− x1/2 + τ/2 + γ. (6.54)

In this case, our restriction from the first integration, Equation 6.36, becomes

0 < a1 − x1/2− µ <
1

2
. (6.55)

Given that a1 is defined on the interval [0, 1], this inequality implies that µ = 0. We

also know that b1 is restricted to the same interval; therefore, Equation 6.53 implies

0 ≤ 2a1 − x1 + ν ≤ 1, (6.56)

so that ν = 0 as well.

Combining Equation 6.54 with the inequality from Equation 6.47 gives

0 < a2 + τ < 1 ⇒ τ = 0. (6.57)

A similar argument with 0 ≤ b2 ≤ 1 gives

0 ≤ a2/2 + x1/2 + γ ≤ 1, (6.58)
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implying that γ = 0. Finally, Equation 6.48 gives7

−5 < 5ζ + 2a1 − b1 − x1 < 5. (6.59)

Using Equation 6.53, we see that ζ = 0 as well.

When all of the summing variables have been set to zero, we get the conditions

1

2
x1 < a1 <

1

2
+

1

2
x1,

0 < a2 < 1.

The first of those means that x1 = ⌊2a1⌋.

As a final note, we see that wb − ws = 5|C1| = b1 − 2a1 + x1 which we shall set

to 0 given Equation 6.53. Using all of these facts in Equation 6.51, we arrive at our

final answer,

〈
b
∣∣B̂θ,s

∣∣a
〉
=

√
4

5
exp

[
− πD

5

(
(2a1 − b1 − ⌊2a1⌋)2 + (a2 − 2b2 + ⌊2a1⌋)2

+ i(3a1a2 + 3b1b2 + 4a1b2 − 4a2b1)

− 2i⌊2a1⌋
(
a1 + 2b1 + 2a2 + b2 − ⌊2a1⌋/2

))]

=

√
4

5
exp

[
− πD

2

(
|a|2 + |b|2

)
+ πDW (b∗, a)

]
,

(6.60)

where once again W (b∗, a) is Equation 5.3, the generating function for the classical

baker’s map. We see that for 0 < θ < 1, the semi-classical propagator also takes

the Van Vleck form; thus, the classical baker’s map will be recovered in the limit

D → ∞.
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Figure 6.6: The Q-function in 32 dimensions of the B̂5 operator acting upon the
a = 1/4 + i/4 coherent state.

6.4 The classical limit of the θ = 1 Schack-Caves

quantum baker’s map

In Chapter 5, it was seen that the eigenvalues of the B̂N Schack-Caves baker’s map

are significantly different from those of the rest of the maps. It should come as no

surprise that the classical limit of this map is different as well. Figures 6.6 and 6.7

show the Q-function for the B̂5 map acting on the a = 1/4 + i/4 and a = 3/4 + i/4

coherent states respectively. Unlike Figures 6.1 and 6.2, these Q-functions for the

7After using the fact that C1 = 1/5(b1 − 2a1 + x1).
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Figure 6.7: The Q-function in 32 dimensions of the B̂5 operator acting upon the
a = 3/4 + i/4 coherent state.

mapped states have two “humps.” One hump is centered at the correct point, while

the other is centered at the point specified by the other half of the classical baker’s

map. While this behavior is not alarming a priori since the extra hump could vanish

in the classical limit, we shall see in the forthcoming analysis that these humps do

not, in fact, disappear in the classical limit. Therefore, this map cannot be said to

have the correct limit.

Technically, this map must be treated separately because an assumption made

in the previous section is no longer true. In particular, in Equation 6.37, we have

taken the terms with prefactor Dφ as dominate. This clearly cannot now be the case
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as φ = 0. We must repeat the analysis taking the correct dominant terms. To this

end, we shall assume that n = N − r where r is constant. This allows us to study

the map which has a fixed number of momentum bits r,

B̂1,−r

∣∣ar . . . a1 • x1x2 . . . xN−r

〉
=
∣∣ar . . . a1x1 • x2 . . . xN−r

〉
. (6.61)

We see that in this case 2n = D2−r which for ease of reading we shall call D/R such

that R = 2r. Using Equation 5.24, we have

B̂1,−r =

√
2

R

1∑

x1=0

R−1∑

j,k=0

2R−1∑

l=0

D/(2R)−1∑

m=0

∣∣∣el + 2Rem − R

D

〉〈
ek + x1/2 +Rem − R

2D

∣∣∣

× exp
[πiD2

R

(
ejel +R/Dx1el − 2ejek

)]
.

(6.62)

We are now set to find the matrix element:

〈
b
∣∣B̂1,−r

∣∣a
〉
=

1√
DR

∞∑

µ,ν=−∞

1∑

x1=0

R−1∑

j,k=0

2R−1∑

l=0

D/(2R)−1∑

m=0

exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)

+ iπ
(
µ− ν

)
− πD

(
Rem + x1/2− a+ µ+

(k + 1/2− R/2)

D

)2

− πD
(
2Rem − b∗ + ν +

(l + 1/2−R)

D

)2

+ πi
( 1

R
(j + 1/2)(l + 1/2) + x1(l + 1/2)− 2

R
(j + 1/2)(k + 1/2)

)]
.

(6.63)

Using the Poisson formula again, we replace the finite sum over the variable m with

an integral over the interval [0, (2R)−1]. It will be advantageous to quickly do a

change of variable such that the integration interval will be [0, 1/2]. Having done
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this and made some algebraic simplifications, the matrix element expression becomes

〈
b
∣∣B̂1,−r

∣∣a
〉
=

√
D

R2

∞∑

µ,ν,κ=−∞

1∑

x1=0

R−1∑

j,k=0

2R−1∑

l=0

1/2∫

0

dy exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)

+ iπ
(
µ− ν − κ

)
+

2πiD

R
yκ− πD

(
y + x1/2− a + µ

)2

− πD
(
2y − b∗ + ν

)2
− 2π

(
y + x1/2− a+ µ

)(
k + 1/2− R/2

)

− 2π
(
2y − b∗ + ν

)(
l + 1/2−R

)
+ πi

( 1

R
(j + 1/2)(l + 1/2)

+ x1(l + 1/2)− 2

R
(j + 1/2)(k + 1/2)

)]
.

(6.64)

We will now do the method of steepest descent again on the following integral

1/2∫

0

dy f(y) exp
[
− πDg(y)

]

where

g(y) =
(
y + x1/2− a+ µ

)2
+
(
2y − b∗ + ν

)2
− 2iyκ

R
, (6.65)

f(y) = exp
[
− 2π

(
y + x1/2− a+ µ

)(
k + 1/2−R/2

)

− 2π
(
2y − b∗ + ν

)(
l + 1/2−R

)]
.

(6.66)

After using the steepest descent formula, Equation A.3, we get

〈
b
∣∣B̂1,−r

∣∣a
〉
=

1√
5R2

∞∑

µ,ν,κ=−∞

1∑

x1=0

R−1∑

j,k=0

2R−1∑

l=0

exp
[
− πD

2

(
|a|2 + |b|2 − a2 − b∗2

)

+ iπ
(
µ− ν − κ

)
− πD

5

(
2A−B

)2
− 2πiDκ

5R

(
A + 2B

)
− πDκ2

5R2

− 2π

5

(
2(2A− B) +

iκ

R

)(
k + 1/2− R/2

)

− 2π

5

(
− (2A− B) +

2iκ

R

)(
l + 1/2− R

)

+ πi
( 1

R
(j + 1/2)(l + 1/2) + x1(l + 1/2)− 2

R
(j + 1/2)(k + 1/2)

)]

(6.67)
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where

A = x1/2− a+ µ B = −b∗ + ν.

The restriction for using this approximation is

0 < a1 − x1/2− µ+ 2b1 − 2ν <
5

2
, (6.68)

where again a = a1 + ia2 and b = b1 + ib2.

Now we use tricks similar to last time. We gather the leading terms of the matrix

element and write out the real and imaginary parts. We find

1

2

(
|a|2 + |b|2 − a2 − b∗2

)
+

1

5

(
2A−B

)2
+

2iκ

5R

(
A + 2B

)
+

κ2

5R2

=
1

5

(
b1 − 2a1 + x1 + 2µ− ν

)2
+

1

5

(
a2 − 2b2 +

κ

R

)2

+
i

5

(
3a1a2 + 3b1b2 + 4a1b2 − 4a2b1

)
− 2i

5

(
b2 + 2a2

)(
x1 + 2µ− ν

)

+
2iκ

5R

(
x1/2− a1 + µ− 2b1 + 2ν

)
.

(6.69)

Once again, we have two rapidly decaying Gaussians. The matrix element is O(1)

when

b1 = 2a1 − x1 − 2µ+ ν and b2 =
1

2
a2 +

κ

2R
.

Equation 6.68 along with the range of a1 values, implies that µ = ν = 0; thus, we

arrive at the following semi-classical approximation for our propagator

〈
b
∣∣B̂1,−r

∣∣a
〉
=

1√
5R2

∞∑

κ=−∞

R−1∑

j,k=0

2R−1∑

l=0

exp

[
− πD

5

{(
2a1 − b1 − ⌊2a1⌋

)2

+
(
a2 − 2b2 + κ/R

)2
+ i
(
3a1a2 + 3b1b2 + 4a1b2 − 4a2b1

)

− 2iκ
(
a1 + 2b1 − ⌊2a1⌋/2

)
/R− 2i⌊2a1⌋

(
2a2 + b2

)}

+
2π

5

(
2a− b∗ − ⌊2a1⌋

)(
2k − l + 1/2

)
− 2iπ

5R

(
k + 2l + 3/2

)
κ

+
iπ

R

{(
j + 1/2

)(
l + 1/2

)
+R⌊2a1⌋

(
l + 1/2

)
− 2
(
j + 1/2

)(
k + 1/2

)}]
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The only restriction for the value of κ is that a2 must be in the (0, 1) range; therefore,

b2 =
1

2
a2 +

κ

2R
, −Ra2 < κ < R(2− a2). (6.70)

Setting µ = ν = 0, we have that

b1 = 2a1 − x1. (6.71)

Substituting these facts, Equation 6.68 becomes

1

2
x1 < a1 <

1

2
+

1

2
x1

such that x1 = ⌊2a1⌋.

The consequence of Equation 6.70 is the additional humps in momentum seen in

Figures 6.6 and 6.7. In general, in the region 0 < b1, b2 < 1, there will be 2R humps

at the points defined by Equations 6.71 and 6.70.

For the simplest case, when r = 0, our semi-classical propagator is

〈
b
∣∣B̂1,0

∣∣a
〉
=

√
4

5

1∑

κ=0

exp

[
− πD

5

{(
2a1 − b1 − ⌊2a1⌋

)2
+
(
a2 − 2b2 + κ

)2

+ i
(
3a1a2 + 3b1b2 + 4a1b2 − 4a2b1

)
− 2iκ

(
a1 + 2b1 − ⌊2a1⌋/2

)

− 2i⌊2a1⌋
(
2a2 + b2

)}
+ iπ

(
⌊2a1⌋ − κ

)]

cos

[
iπ

5

(
2a− b∗ − ⌊2a1⌋

)
+
π

2

(
⌊2a1⌋+ 1/2

)
− 2π

5
κ

]
.

(6.72)

This defines the two humps: one at a position specified by the classical baker’s map,

(b1, b2) =

(
2a1 − ⌊2a1⌋,

a2 + ⌊2a1⌋
2

)
,

with an asymptotic size of

∣∣〈b(a)
∣∣B̂1,0

∣∣a
〉∣∣2 = 4

5
cos2

[π
2

(
a2 − 1/2

)]
. (6.73)
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The other hump is located at the point specified by the other “half” of the classical

baker’s map, i.e. at the point

(b1, b2) =

(
2a1 − ⌊2a1⌋,

a2 + 1− ⌊2a1⌋
2

)
.

It has asymptotic size

∣∣〈b(a)
∣∣B̂1,0

∣∣a
〉∣∣2 = 4

5
sin2

[π
2

(
a2 − 1/2

)]
. (6.74)

One interpretation of these equations could be that a stochastic mapping is implied

in the classical limit: a point at (a1, a2) has the probability cos2[π(a2 − 1/2)/2] of

obeying the classical baker’s map, and probability sin2[π(a2 − 1/2)/2] of ending up

at (2a1 − ⌊2a1⌋, (a2 + 1− ⌊2a1⌋)/2). Notice that there is now a smooth transition of

probabilities as one crosses the lines a2 = 0, 1.

Consider the size of our probabilistic humps in the general case. If we set (b1, b2) =

(2a1 − ⌊2a1⌋, (a2 + κ/R)/2), with κ fixed, then

〈
b(a)

∣∣B̂1,−r

∣∣a
〉
=

√
4

5
exp

[
iπD

2R

(
2a1κ+R⌊2a1⌋a2 − ⌊2a1⌋κ

)]
Ψκ(a) (6.75)

where

Ψκ(a) =
1

2R2

R−1∑

j=0

cos2
[
πRa2

]

sin
[
π
(
a2 − (j + 1/2)/R

)]
sin
[π
2

(
a2 − ⌊2a1⌋+ κ/R− j + 1/2

R

)] .

(6.76)

The probability associated with each hump is given by Ψ2
κ, with

∑2R−1
κ=0 Ψ2

κ = 1,

and is plotted for r = 2 in Fig. 6.8(a). The curve with the largest probabilities

is that associated with the “correct” hump prescribed by the classical baker’s map

(κ′ = ⌊2a1⌋R). It takes maximum values of unity whenever a2 = (m + 1/2)/R

(0 < m < R − 1), and as R becomes large, Ψ2
κ′ → 1 for all 0 < a2 < 1. Hence,

as expected, we are left with a single hump located at the correct position. In

figures 6.8(c) and (d), we have drawn the function |〈b|B̂|a〉|2 and its semi-classical

approximation (6.70), respectively, when a = 3/4+i/20, r = 2 and N = 8. For such a
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large dimension, D = 28, our semi-classical approximation becomes almost identical

to the exact matrix element. One may also view our semi-classical propagator as an

approximation to the Husimi function for the mapped state B̂|a〉.
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Figure 6.8: (a) The probabilities Ψ2
κ when r = 2. The Husimi functions of (b) the

initial state |a〉 (a = 3/4 + i/20), (c) its mapping B̂|a〉, and (d) our semi-classical
approximation (6.70), when r = 2 and N = 8. The humps have the height 4

5
Ψ2

κ with
a2 = 1/20 (gray line in (a)).
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Chapter 7

Conclusion

7.1 Summary of results

In this work, we have explored the transition from the quantum realm to the classical

one. Using a favorite “toy” mapping from classical chaos, the baker’s map, we

have explored the boundary between the two realms in hopes of finding a general

procedure for taking the classical limit. It was our hope that for the admittedly

non-physical baker’s map, the classical limit could be found without introducing

extraneous elements like a decohering environment or resorting to a coarse graining

program. Of course, one may argue that coarse graining and limit taking are equally

mathematical1 , but in such a pure system, one would like to recover classical behavior

in the h̄→ 0 limit.

Obviously before the classical limit program could be started, certain mathemat-

ical tools needed to be developed. We began in Chapter 2 with introducing the

phase space for our finite-dimensional Hilbert space, HD. The fundamental objects

1Others would argue that the net effect of taking the classical limit is a coarse graining
over phase space.
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that this thesis is based on were the position eigenstates,
∣∣ej
〉
. From them and the

discrete Fourier transform, we created the momentum eigenstates,
∣∣pk
〉
. Of course

our choice of which eigenstates to start with was entirely arbitrary, but as position

holds a special place in most physicists’ hearts, we chose to label them as such.

Once the position and momentum eigenstates were established, we were able to

create the phase space for our finite-dimensional Hilbert space. The position and

momentum displacement operators allows one to associate an eigenvalue to each

position and momentum eigenstate. From them, we construct our phase space as a

grid of D2 points each corresponding to a pair of position-momentum eigenvalues.

When our coherent states were introduced in Chapter 4, we found it necessary to

extend the phase space to all points in the QP area rectangle. Our original phase

space grid is a sampling of this rectangle at the points x = Q(j + β)/D, p = P (k +

α)/D. This switching between a finite grid and a continuous set of points can be

a little confusing, but as it is sometimes necessary to increase the resolution of a

Q-function plot, it is seen as a necessary evil.

After defining the phase space, we then introduced the symmetry operations act-

ing in this space. These operators would be paramount in explaining the form of

the finite-dimensional Wigner function; therefore, they were given a context free in-

troduction. The displacement, Fourier transform, and time reversal operators were

all defined through their action upon the position eigenstates. Afterwards, the oper-

ators’ action upon the momentum eigenstates was found using the discrete Fourier

transform. Demanding that the result of these operations upon the momentum

eigenstates be another eigenstate allowed us to infer a geometrical interpretation for

these operators. As with the continuous case, the Fourier transform was found to

be ninety degree rotation in the phase plane, while time reversal was found to be

reflection through the position axis. Unfortunately, these definitions were valid only

for the periodic and anti-periodic boundary conditions; therefore, these two bound-
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ary conditions became the focus for the rest of the thesis. It was then shown that

all other symmetry operations could be performed using combinations of Fourier

transform and time reversal; it was unnecessary to consider any other operators.

In Chapter 3, a finite-dimensional Wigner function was found. There has been

much research done on finding such a quasi-distribution, therefore the chapter began

with a summary of the previous work. It was pointed out that there have been

repeated discoveries of a function that would behave like the Wigner function in finite

dimensions2; hence, the humorous title of that section. Our derivation of the Wigner

function relied on the relationship between the finite-dimensional Hilbert space and

the subspace of doubly periodic functions. Any wavefunction can be expanded in

either the position or momentum basis with a simple relationship between each bases’

expansion coefficients. We showed that this relationship had the same form in both

HD and for the doubly periodic functions; therefore, we could create an isomorphism

from one space to the other. To make this isomorphism mathematically rigorous,

we found it necessary to introduce windowing functions and perform some rather

tedious analysis to prove they behaved correctly. Luckily, we found that the simple

non-windowing form of the isomorphism produced a valid Wigner function, thus

making a harder calculation unnecessary.

Once the isomorphism was established, we could find the characteristic function

for a state in HD. We found it to be a discrete function which meant that it could be

simply interpreted in the finite-dimensional Hilbert space as the expectation value of

the symmetrically ordered displacement operator. Previous work on the finite Wigner

function had used such an operator, so it was reassuring to find that we were going

to have a similar form for our function. To find our Wigner function, it was then

necessary to Fourier transform the characteristic function. Doing this calculation

led to another discrete function, the interpretation of which was not as apparent.

2The author includes himself in the list of those re-inventing the wheel.
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The phase space has D2 points; therefore, most work had concentrated on finding a

Wigner function with a value for each grid point. Even in previous work, however,

it was found that it was not always possible to find such a function. In particular,

when the dimension of the Hilbert space was even, some researchers had found it

necessary to use a discrete function with 4D2 points. Our calculation found that the

Wigner function could have 4D2 points for all dimensions. The question was why?

The answer was found in the symmetry operations. With these additional points,

our Wigner function is found to have the proper action under displacement, Fourier

transform, and time reversal and therefore, all symmetry operations. Without these

extra points, no defined Wigner function would behave properly in all dimensions;

they are rejected as being unphysical.

Having a distribution in our phase space3, it now seemed possible to begin a

program which could explore the classical limit. The idea behind such a program

relied on finding coherent states whose Wigner function’s classical limit could be

shown to be a delta function. This delta function limit would be conferred a classical

point status. If the map being studied acted on this coherent state to create a Wigner

function that also limited to a delta function, then the limit of the quantum map

would be the classical function which mapped the first point to the second point.

Looking for these coherent states began the work of Chapter 4. A literature search

unearthed the idea of periodically continuing the Weyl coherent states. These states

were fairly easy to work with and an analytical expression could be found for their

Wigner function. Unfortunately, their classical limit was found to be uncooperative.

The Wigner function for these state have “interference” terms which take the form

of sharp peaks of alternating sign. In the limit, these peaks do not disappear as

desired; instead, they oscillate with ever greater frequency, making the classical limit

undefined.

3Even if it did have a bit too many points.

166



Chapter 7. Conclusion

It was therefore necessary to try a different approach to find the classical limit.

Having discussed this problem with colleagues, the author was encouraged to attempt

a program which relied upon the coherent states in a different way. Instead of

trying a geometrical approach where the states were found to limit to points in the

plane, the coherent states could be used to find a representation of a quantum map’s

propagator. If this coherent state representation of the propagator was found to

have a semi-classical “Van-Vleck” form, i.e. an exponentiation of the classical map’s

generating function, then the limit of the map would be verified. Unfortunately, there

was still no guarantee of success since this program had not been tried for either the

periodically continued coherent states or for a map defined in HD. Moreover, it had

been shown in other cases that the Van-Vleck form was not always recovered.

Having decided that this new classical limit program was a worthy successor, it

was necessary to study these coherent states in detail; therefore, the rest of Chapter 4

was born. First the method of finding the Fourier series expansion for the periodic

pieces of the coherent state wavefunction was devised in order to show that these

states have the expected momentum representation. Next, it was shown that a

specific subset of these coherent states were complete. This allowed us to define

a D2 valued discrete Q-function for HD which was later discovered to have all of

the symmetry operations correctly defined for it. It was also easily shown that the

squeezed states could be periodically continued in the same fashion. While these

states were not needed in the classical limit program, their existence is intrinsically

interesting and was included for future study. Finally, since the Wigner and Q-

function had already been defined, it was natural to wonder if their interrelation had

the same Gaussian convolution form of the continuous case. As the proof of this

statement’s veracity was determined without too much trouble, it was included here.

Once the coherent states were well understood, Chapter 5 was needed to introduce

the quantum baker’s map. As this work had mostly been done by other authors, this
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chapter was necessarily a review of pertinent information. We began historically by

first introducing the Balazs and Voros quantum baker’s map. Given that their intro-

duction to the map had been found by some to be lacking in clarity, we reformulated

their map into a more active form using the Q-function. We showed that the action

of their map is to take states which have good position and momentum localization

to states whose localization is doubled in position and halved in momentum. In this

way, their quantum baker’s map recreates the classical one.

We then introduced the Schack-Caves class of baker’s maps. Inspired by the active

interpretation of the Balazs and Voros work4, Schack and Caves created a whole set

of partially Fourier transformed states which have varying position and momentum

localizations. They then created a class of quantum baker’s maps by setting up a

correspondence from one set of states to the other. In this work, the details of these

maps were thoroughly presented with special care given to the importance of the

choice of anti-periodic boundary conditions. It was shown that only anti-periodic

boundary conditions predicted the correct position centering of the partially Fourier

transformed state. Finally, it was pointed out that the eigenvalues for one of the

maps could easily be found since it was demonstrated that this map raised to the

4D power was equal to the identity operator.

Finally, in Chapter 6 the classical limit was found for the Schack-Caves class of

baker’s maps. The calculation to find the semi-classical expression for the quantum

propagator had two important features. The first was that the Poisson formula

could be used to replace the propagator’s finite sums with a combination of infinite

sums and finite integrals. Then the method of steepest descents5 asymptotically

expanded the finite integrals. The end result is that in most cases, this semi-classical

propagator can be put in the Van-Vleck form; hence, we say that it has the proper

classical limit.

4Later Saraceno would help improve the map.
5Or slight improvements upon the standard steepest descent formulae.
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The localization of the Schack-Caves partially Fourier transformed states are de-

pendent upon their number of position and momentum bits. We found that in taking

the limit, we could control the rate at which the number of these bits approached

infinity. Only in the case where the number of momentum bits was kept fixed was the

correct classical limit not found. This seems to be a consequence of the fact that the

localized states used to define the quantized Schack-Caves maps are not sufficiently

localized in momentum if the number of momentum bits is kept constant in the limit.

Presently, however, this remains only speculation. There may be the possibility of

interpreting this map’s limit as a stochastic version of the classical baker’s map, but

this also remains an open question.

7.2 Future work

When a theoretical calculation delights its creators by yielding a long sought after

result, it is sometimes unappealing to consider creating further work. Such is the

case here with the semi-classical program and its months of excruciatingly detailed

algebraic work. But as Æsop said, “Do not invoke the gods without making some

effort yourself. Otherwise you will invoke them in vain,” [84] or as it is commonly

translated “The gods help those who help themselves; the best prayer for good is

right action.”

To this end, the author has already found many open questions which could

keep one busy for many months to come. The first question is obvious; can this

technique be applied to other quantum maps. As was mentioned earlier, there has

been evidence that other terms besides the Van-Vleck might be found in the semi-

classical limit for more complicated maps. It then seems reasonable that instead of

opening a favorite chaos book and sequentially attempting each map found inside,

that it would be more productive to find a general classical limit theory. To call this
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idea “ambitious” might be a bit of an understatement, as this has been the thrust

of many research programs for many years. As of this time, the author is unsure of

how to begin solving this problem, but hope springs eternal.

A problem which has a greater chance of being solved this century is the limit of

the Schack-Caves, θ = 1 quantum baker’s map. While the interpretation of the limit

being a stochastic map is the author’s favorite, it remains a conjecture. Likewise,

the easily assumed fault of insufficient momentum localization has not been tested.

This idea could be verified by quantizing in terms of a different set of states. As was

explained in Chapter 5, Schack and Caves defined their localized states by Fourier

transforming the N − n least significant qubits of a state. This created states which

are strictly localized in position. An obvious variation of these states would be ones

which are strictly localized in momentum. A whole different set of baker’s maps

could then be defined using these states. The expectation would be that the classical

limit would be recovered for all cases in which the number of position bits is allowed

to become infinite.

Another open question is that of the eigenvalue statistics. Much faith in the

usefulness of these statistics has been espoused by other researchers. And while such

a simple program for determining whether a quantum system is chaotic is appealing,

the practical use of such statistics has proven to be troublesome. It was the author’s

intent to include in this work a study of the eigenvalue statistics for the Schack-Caves

quantum baker’s maps, the purpose of which was to demonstrate the difference in the

θ = 1 map, thus providing additional evidence for its improper classical limit. Upon

researching the matter, however, it became clear the quantum baker’s map seems

to be singularly unsuited for such study. In their 1989 paper, Balazs and Voros

asserted that the eigenvalue statistics for their map was dependent upon dimension

[20]. In particular, for dimension D = 2N the eigenvalue statistics were found to

be Poissonian, a characteristic found in non-chaotic systems. Obviously, this change
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in character could be troubling for the Schack-Caves maps which are defined only

for such dimensions. Later, Saraceno claimed that the introduction of anti-periodic

boundary conditions would destroy the eigenvalues’ dimensional dependence [21].

Indeed the eigenvalues were changed; numerical studies found that for anti-periodic

boundary conditions, the eigenvalue statistics were neither Poissonian nor any of the

types of statistics which are supposed to indicate chaos. It seems that more study will

be needed before any claims about the eigenvalue statistics of the quantum baker’s

maps can be made.

Finally, the periodically continued squeezed states could be studied in detail. One

needs only to examine the large body of literature on the continuous squeezed states

to realize the usefulness of the existence of a discrete analog. In particular, there are

many unanswered questions about their use in defining a squeezed Q-function. In

the continuous case, the squeezed states can be used to define the probability density

for the simultaneous measurement of position and momentum in the Arthurs-Kelly

model6. It remains an open question as to whether this measurement model can be

adapted to HD given that position and momentum are not defined for it. Alterna-

tively, the POVM defined from these finite squeezed states could be used to create

position and momentum operators different from those discussed in Chapter 2.

6See Chapter 4 for references.
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The method of steepest descents:

A brief introduction

This Appendix serves as the briefest possible introduction to the method of steepest

descents. For a more detailed explanation, the reader is urged to investigate one of

the many available resources from books [85, 83] to online notes [86].

The method of steepest descents is a technique for finding the asymptotic expan-

sion for certain types of integrals. We are interested in integrals of the form

∫
dz φ(z) exp [−λg(z)] , (A.1)

with the parameter λ→ ∞. Many times this technique is referred to as the saddle-

point method or saddle-point approximation for reasons which will become clear

shortly.

As a means of introducing the important concepts, let’s first consider the case

when g(z) is a real function. In the case, we wish to find an asymptotic expression
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Figure A.1: Plots of exp (−λx2) showing the increase in localization as λ increases.

for the integral
b∫

a

dx f(x) exp [−λg(x)] . (A.2)

The heuristic behind the method of steepest descent is quite simple in this case:

If the function g(x) has a maximum at the point x0 somewhere in the range (a, b)

then as λ → ∞, g(x0) will dominate the integrand. Figure A.1 demonstrates this

by plotting exp [−λx2] for increasing values of λ. To find an asymptotic expansion

of the integral, we approximate g(x) = g(x0) + 1/2g′′(x0)(x − x0)
2 as a Gaussian

and assume that the function is peaked enough to ensure that the function f(x) can
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be considered constant and that the tails of the Gaussian are unimportant to the

integrals value. Using these approximations, we arrive at our asymptotic expansion,

b∫

a

dx f(x) exp [−λg(x)] =
√

2π

λg′′(x0)
exp [−λg(x0)]

[
f(x0) +O

(exp [−λg(x0)]
λ3/2

)]
.

(A.3)

It is possible, even likely, that g(x) will not have a maximum within the integral’s

range. In this case, one of the endpoints becomes the maximum. In the case when

g(x) has zero derivative at the endpoints, one can show1 that the contribution to the

asymptotic expansion is exactly half that of Equation A.3. Otherwise, the asymptotic

expansion is found by using g(x) ≈ g(a) + g′(a)(x− a),

b∫

a

dx f(x) exp [−λg(x)] = − f(a)

λg(a)
exp [−λg(a)] [1 +O(1/λ)] . (A.4)

A similar calculation for x0 = b gives the same results with the opposite sign.

In the case when g(z) has an imaginary part, this simple heuristic argument

will not work. As λ → ∞, this imaginary part will create oscillations that could

destroy the exponent’s convergence. Instead, we use Cauchy’s theorem2 to deform

the integral path to a contour in the complex plane where Im (g(z)) is constant.

Then in the limit λ → ∞, the dominating contribution to the integral will occur

at the point along the contour where the value of Re (g(z)) is maximum, so we can

approximate the integral using Equation A.3. Given that we integrate along paths

where the imaginary part of g(z) is constant, the maxima will be found at the points

where the total derivative of the function is equal to zero, i.e.

dg

dz

∣∣∣∣
z=z′

= 0.

1The proof of this statement is fairly simple and relies upon “Watson’s Lemma,” but
as the details are unimportant to the work here, we shall state it as fact. The details can
be found in Bleistein [85].

2A reminder: Cauchy’s theorem states that the value of a closed integral in the complex
plane is 2πi times the sum of the residues.
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This point is called the saddle point which is why this technique is often referred to

as the saddle point approximation.

In the region of the saddle point, it can be shown that along the paths where

Im
(
g(z)

)
= constant, the value of g(z) is always less than its value at the saddle

point. Hence we are always descending from the saddle point; therefore, we call this

path the steepest descent.
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functions. Physical Review A, 53:3822–3835, 1996.
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