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Abstract

In this document we solve some local connectivity problems in matrix representations
of the form C(TV) — M, and C(TV) — M, <+ C([-1,1]") using the so called
toroidal matrix links, which can be interpreted as normal contractive matrix analogies

of free homotopies in algebraic topology.

In order to deal with the locality constraints, we have combined some techniques

introduced in this document with several versions of the Basic Homotopy Lemma
L.2.3.2,T.2.3.1 and C.2.3.1 obtained initially by Bratteli, Elliot, Evans and Kishimoto
in [4] and generalized by Lin in [19] and [22].
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Chapter 1

Introduction

In this document we study the solvability of some local connectivity problems via

constrained normal matrix homotopies in C*-representations of the form
C(TY) — M, (1.0.1)

for a fixed but arbitrary integer N > 1 and any integer n > 1. In particular we study
local normal matrix homotopies which preserve commutativity and also satisfy some

additional constraints, like being rectifiable or piecewise analytic.

We consider several versions of the Basic Homotopy Lemma 1.2.3.2, T.2.3.1 and
C.2.3.1 obtained initially by Bratteli, Elliot, Evans and Kishimoto in [4] and gener-
alized by Lin in [19] and [22]. We combine the basic homotopy lemma with some
techniques introduced here and some other techniques from matrix geometry and
noncommutative topology developed by Loring [24, 27], Shulman [27], Bhatia [2],
Chu [8], Brockett [5], Choi [7, 6], Effros [6], Exel [11], Eilers [11], Elsner [12], Pryde
[31, 30], McIntosh [30] and Ricker [30], to construct the so called toroidal matriz links,
which we use to obtain the main theorems presented in Chapter 4, and which consist

on local connectivity results in matrix representations of the form 1.0.1 and also of
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the form

C(TY) — M, +— C([-1,1]™). (1.0.2)

Toroidal matrix links can be interpreted as noncommutative analogies of free
homotopies in algebraic topology and topological deformation theory, they are intro-

duced in Chapter 3 together with some other matrix geometrical objects.

In Chapter 5 we present a connectivity technique developed by T. Loring which
provides us with very important imformation on the local uniform connectivity in

matrix representations of the form C(T?) — M,,.

Given § > 0, a function ¢ : R — R} and two matrices x,y in a set S C M, such
that ||z — y|| <6, by a £(0)-local matriz homotopy between x and y, we mean a
matrix path X € C([0,1], M,,) such that Xo =z, X; =y, X; € S and || X;—y| < &(0)
for each t € [0,1]. We write x ~~. y to denote that there is a e-local matrix homotopy

betweeen x and y.

The motivation and inspiration to study local normal matrix homotopies which
preserve commutativity in C*-representations of the form 1.0.1 and 1.0.2, came from

mathematical physics [16, §3] and matrix approximation theory [9].

The problems from mathematical physics which motivated this study are inverse
spectral problems, which consist on finding for a certain set of matrices X1,..., Xy
which approximately satisfy a set of polynomial constraints R(z1, ..., zy) on N NC-
variables, a set of nearby matrices X1,...,Xx which approximate X3, ..., Xy and
exactly satisfy the constraints R(x1,...,zy). The problems from matrix approxima-
tion theory that we considered for this study, are of the type that can be reduced to
the study of the solvability conditions for approximate and exact joint diagonalization

problems for N-tuples of normal matrix contractions.

Since the problems which motivated the research reported in this document can
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be restated in terms of the study local piecewise analytic connectivity in matrix rep-
resentations of the form C.(T?) — M, < C(TV) and C.(T?) — M,, < C([-1,1]V),

we studied several variations of problems of the form.

Problem 1.0.1 (Lifted connectivity problem) Given ¢ > 0, is there § > 0 such
that the following conditions hold? For any integer n > 1, some prescribed se-
quence of linear compressions Kk, : My, — M,, and any two families of N pair-
wise commuting normal contractions Xy,..., Xy and Yy, ..., Yy in M, which sat-
isfy the constraints || X; — Y;|| < 6, 1 < j < N, there are two families of N
pairwise commuting normal contractions Xi,...,Xn and Y1,...,Yn in My, which
satisfy the relations: w(X;) = X;, k(Y;) = Y; and | X; = Y| < e, 1 < j < N.
Moreover, there are N peicewise analytic e-local homotopies of normal contractions
XL XN e O([0,1], My,) between the corresponding pairs )N(j, 17] in Ms,, which
satisfy the relations Xin = XfX{, for each 1 < j,k < N and each 0 <t < 1.

By solving problem P.1.0.1 we learned about the local connectivity of arbitrary J-
close N-tuples of pairwise commuting normal contractions Xi,..., Xy and Yy,..., Yy
in M,,, which was the main motivation of the research reported here. We also obtained
some results concerning to the geometric structure of the joint spectra (in the sense

of [30]) of the N-tuples.

For a given § > 0, the study of the solvability conditions of problems of the
form P.1.0.1 provided us with geometric information about local deformations of
particular representations of the form C(TVY) — Ay := C*(Uy,...,Uy) C M, and
C(TN) = Ay :=C*(V4,...,Vy) C M, where Uy, ..., Uy, Vi,...,Vy € U(n) are pair-
wise commuting matrices such that ||U; — V;|| < 4. By local deformations we mean a
family {A¢}iejo.1) € M, of abelian C*-algebras, with A, := C*(X}, ..., X}) and where
X:, ..., XN e C([0,1],U,) are £(d)-local matrix homotopies between Uy, ..., Uy and

Vi, ..., Vy for some function ¢ : R — Ry .
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The main results are presented in Chapter 4, in section §4.2 we use toroidal
matrix links to obtain some local piecewise analytic connectivity results which are
non-uniform in dimension. In sections §4.3, §4.4 and §4.5 we derive some uniform

local connectivity results.

Some applications to approximate solution of matrix equations on words are pre-

sented in Chapter 6.



Chapter 2

Preliminaries and Notation

2.1 Matrix Sets and Operations

Given two elements z, y in a C*-algebra A, we will write [z, y] and Ad[z](y) to denote

the operations [z,y] := xy — yx and Ad[z](y) := zyz*.

Given any C*-algebra A and any element z in M, (A), we will denote by diag,, [z]

the operation defined by the expression

M,(A) — M,(A)

x +— diag, [z]

X111 T12 - Tin x11 o -- 0

To1 T2 -+ T2n 0 xo --- 0
—

Tpn1t Tp2 - Tnn 0 O e Tnn

Given a C*-algebra A, we write N (A), H(A) and U(A) to denote the sets of
normal, hermitian and unitary elements in A respectively. We will write N'(n), H(n)

and U(n) instead of N'(M,,), H(M,,) and U(M,,). A normal element u in a C*-algebra
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A is called a partial unitary if the element uu* = p is an otrhogonal projection in
A, i.e. p satisfies the relations p = p* = p?, we denote by PU(A) the set of partial
unitaries in A and we write PU(n) instead of PU(M,,).

We write I, J, T! and D? to denote the sets | := [0,1], J = [-1,1], T' := {2 €
C||z| = 1} and D? := {z € C| |z| < 1}. For some arbitrary matrix set S C M,
and some arbitrary compact set X C C, we will write S(X) to denote the subset of

elements in S described by the expression,
S(X) :={z € Slo(z) € X}, (2.1.1)

for instance we can write N'(n)(D?) to denote the set of nomal contractions. We will

denote by M, the C*-algebra described by

M= | L (2.1.2)

neZt

In this document we write 1,, to denote the identity matrix in M,,. The symbol

N,, will be used to denote the diagonal matrices

N, :=diag[n,n—1,...,2,1]. (2.1.3)

We will write €2, and 3, to denote the unitary matrices defined by

2mi g 2mi(n—1) 4mi 27
n

Q,:=en = diag |l,e” » ,...;en en (2.1.4)
and
0 1n71
S, = . (2.1.5)
1 0

Remark 2.1.1 The unitary matrices ), and %, are related, by the equation
Qn ::52;§3n52h7

2mi(j—1)(k—1)
where Fn = < N >

—e¢ 1s the discrete Fourier transform (DFT) uni-
VN 1<j, k<N form (DET)

tary matrix.
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Given an abstract object (group or C*-algebra) A we write A* to denote the

operation consisting on taking the free product of N copies of A.

2.2 Joint Spectral Variation

2.2.1 Clifford Operators

Using the same notation as Pryde in [31], let R(y) denote the Clifford algebra over
R with generators ey, ...,ex and relations e;e; = —eje; for @ # j and ef = —1.
Then Ry is an associative algebra of dimension 2V. Let S(N) denote the set
P({1,...,N}). Then the elements eg = e;, - - - €5, form a basis when S = {s1,...,s;}
and 1 < sy < --- < 5, < N. Elements of Ry are denoted by A = >~ Ageg where
As € R. Under the inner product (1, =), > ¢ Asts, Rvy becomes a Hilbert space

with orthonormal basis {eg}.

The Clifford operator of N elements Xi,..., Xy € M, is the operator defined in
M, ® R(N) by

N
CLff (X1,..., Xn)=1)_ X;@e;.
j=1
Each element T'= ) Ty ®eg € M, ® R(n) acts on elements v = ) s r3®eg € C"®
R(N) by T(l’) = 2575, Ts(ajsl) ® egegr. SO Chff(Xl, e ,XN) eEM,® R(N) - [,(Cn &

Rivy). By [|Cliff (X4,..., X)|| we will mean the operator norm of Cliff(Xy,..., Xy)
as an element of £L(C" ® R(yy). As observed by Elsner in [12, 5.2] we have that

N
[ (6, Xl < ST 221)
j=1
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2.2.2 Joint Spectral Matchings

It is often convenient to have N-tuples (or 2N-tuples) of matrices with real spectra.
For this purpose we use the following construction, initiated by McIntosh and Pryde.
If X =(Xy,...,Xy) is a N-tuple of n by n matrices then we can always decompose
X, in the form X; = Xy; + iXy; where the Xj; all have real spectra. We write
7(X) = (Xq1,..., Xan, Xo1, ..., Xon) and call (X)) a partition of X. If the Xj; all
commute we say that 7(X) is a commuting partition, and if the X}, are simultaneously
triangularizable 7(X) is a triangularizable partition. If the Xj; are all semisimple

(diagonalizable) then 7(X) is called a semisimple partition.

We say that N normal matrices Xi,..., Xy € M, are simultaneously diagonal-
izable if there is a unitary matrix ) € M, such that Q*X;Q is diagonal for each
j =1,...,N. In this case, for 1 < k < n, let AP(X;) = (Q*X,;Q) the (k, k)
element of Q*X;Q, and set A® (X,,..., Xy) = (A®(X)),...,A®(Xy)) € CV. The
set

A(Xl, e ,XN) = {A(k)<X1, e 7XN)}1§k§N

is called the joint spectrum of Xi,..., Xx. We will write A(X;) to denote the j-

component of A(X7y,..., Xy), in other words we will have that

AXG) = (A (XG), . A(X))
The following theorem was proved in McIntosh, Pryde and Ricker [30].

Theorem 2.2.1 (McIntosh, Pryde and Ricker) Let X = (Xy,...,Xy) andY =
(Y1,..., Yn) be N-tuples of commuting n by n normal matrices. There ezists a per-

mutation T of the index set {1,...,n} such that
[A® (X1, . X)) =ATE (v, Y || < enol|[CfE (X, Y4, ..., Xn=Ya)| (2.2.2)

forall k€ {1,...,n}.
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In this theorem, ey is an explicit constant depending only on N defined in [30,

(2.4)].

2.3 Amenable C*-algebras and Basic Homotopy

Lemmas

The following lemma is proved by H. Lin in [20].

Lemma 2.3.1 (H. Lin.) For anye >0 and d > 0, there exists 6 > 0 satisfying the
following: Suppose that A is a unital C*-algebra and v € A is a unitary such that
T\o(u) contains an arc with length d. Suppose that a € A with ||a| < 1 such that

|lua — aul| < 6.

Then there is a self-adjoint element h € A such that u = e,

|ha —ah|| <ec and ||e™a —ae™|| < ¢

for allt € 1. If, furthermore, a = p is a projection, we have

The following lemma was proved by H. Lin in [22] using L.2.3.1, since for any
integer n > 1 and any u € U(n), we will have that T'\o(u) contains an arc with

length at least 27 /n.

Lemma 2.3.2 (H. Lin.) Let ¢ > 0, n > 1 be an integer and M > 0. There exists
d > 0 satisfying the following: For any finite set F C M, with |la| < M for all

a € F, and a unitary uw € M, such that

|lua — aul|| <6 for all a€ .Z,
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there exists a continuous path of unitaries {u(t)her C M, with u(0) = u and u(l) =
1,, such that

|lu(t)a —au(t)|| <e for all a€ .Z.

Morover,

Length({u(t)}) < 2m.

2.3.1 Basic Homotopy Lemmas

Definition 2.3.1 (The obstruction Bott(u,v).) Given two unitaries in a K-
simple real rank zero C*-algebra A that almost commute, the obstruction Bott(u,v)
is the Bott element associated to the two unitaries as defined by Loring in [24]. It is
defined whenever ||luv — vul|| < vy, where vy is a universal constant. It is defined as

the Ko-class

10
Bott(u,v) = [X[I/Q,oo)(e<u7 v))] - 00 ’

where e(u,v) is a self-adjoint element of My(A) of the form

RO B R GTEORY

uh(v) +g(v) 11— f(v)

where f,g,h are certain universal real-valued continuous functions on T1.

For details on the subject of K-theory for C*-algebras the reader is referred to
[32].

Let us use a similar convention to the one used by H. Lin in [19]. Let us write
B to denote the class of unital C*-algebras which are simple with real rank zero and

stable rank one. The following results were proved by H. Lin in [19].

10
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Theorem 2.3.1 (H. Lin [19], Generalized basic homotopy lemma) Let X be
a finite CW co-mplex of dimension 1. Then, for any ¢ > 0 and any finite subset
F C C(X), there is § > 0 and a finite subset G C C(X) satisfying the following:
Let A € B with K1(A) = {0}, let h : C(X) — A be a unital homomorphism and let

u € A be a unitary such that
I[h(g),u]|| <6 forall g € Gand Bott,(h,u) = 0.
Then there ezists a continuous rectifiable path of unitaries {u; : t € [0,1]} such that
ug = u, uy = Laand |[[h(f), u]|| < eforall f € F.

Moreover,

Length({u;}) < 7 +e.

Corollary 2.3.1 (Bratteli, Elliot, Evans, Kishimoto and Lin. [4]) Let e > 0.
We have that there is 0 > 0 satisfying the following: For any two unitaries u and v

in a unital C*-algebra A € B with K,(A) = {0} and if
l[u,v]]| <6 and Bott(u,v) =0,

then there exists a continuous path of unitaries {u;}ie) of A such that
up=u, up =1 and ||[us,v]]| < e.

Morover,

Length(u;) < 7+ e.

11
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Matrix Varieties and Toroidal

Matrix Links

Let us denote by H a universal separable Hilbert space, by B(H) the C*-algebra of
bounded operators on H, and for any given S C B(H) let us denote by B,.(S) the
closed r-ball in S defined by B,.(S) := {z € S|||z| < r}.

Given some N € Z* and a set R(S) = R(yi,...,yn) of normed polynomial
relations on the N-set S := {y1,...,yn} of NC-variables, we will call the set Z[R]
described by

Z[R| =A{x1,...,an|R(z1,...,2Nn)} (3.0.1)

with x1,...,2zy € B1(B(#)), a noncommutative semialgebraic set.
Example 3.0.1 As an ezample of normed NC'-polynomial relations we can consider
the set R(x,y) == {||la* — 1] < 107, [jy" — 1[| < 107, [Jay — yz| < §, 22" = 2*x =

Lyy* =y'y =1},

Given a NC-semialgebraic set Z[R], we will use the symbol EZ[R] to denote the

12
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universal C*-algebra
EZ[R] :=C"(xy,...,an |R(x1,...,2N)), (3.0.2)

which we call the environment C*-algebra of Z[R]. For details on universal C*-

algebras described in terms of generators and relations the reader is referred to [26].

Definition 3.0.2 (Semialgebraic Matrix Varieties) Given J € Z*, a system of
J polynomials py,...,p; € Uiny = C(x1,...,2n) in N NC-variables x1,..., x5 €
Iny and a real number € > 0, a particular matriz representation of the noncommu-

tative semialgebraic set Z. ,(p1,-..,ps) described by

Ze,n(pla"'7pJ) = {X17"'7XN € Mn | ||pj<X177XN)|| S 571 Sj S J}7
(3.0.3)
will be called a €,n-semialgebraic matrix variety (¢,n-SMV), if ¢ = 0 we can

refer to the set as a matrix variety.

Example 3.0.2 As a first ezample, we will have that the set Z,, := {X € M,|N, X
—XN,, = 0} is a matriz variety defined by the set with one NC'-polynomial relation
{N, X —XN,, =0}. If for some 6 > 0, we set now Zy, 5 := {X € M,|||[N,, X]|| <},
the set Z,, 5 1s a matriz semialgebraic variety defined by the set with one normed NC'-

polynomial relation {|N, X — XN, || <d}.

Example 3.0.3 Other examples of matriz semialgebraic varieties, that have been
useful to understand the geometric nature of the problems solved in this document,
are described by the matriz sets Isos(x,y), STs(x,y,u) and STgm)(x,y,u), defined
for some given 6 > 0, m > 1, any two normal contractions x and y and some fixed

but arbitrary unitary u in M,, by the expressions

|lzw —wz|| =0
Isos(z,y) := } (z,w) € N(n)(D?) x U(n) Iz 9]l =0 ,
|z =yl <4

13
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o — 20l =0,
STs(z,y,u) = { (2,0) € N(n)(D*) x U(n) | [I[z,y][| =0,z —yl <5, ¢+
\ I[w, z]|| = [[[w, y]|| = 0.
( lva — zv]| = 0, ‘
ST (2yu) = 4 (20) € N)(D?) x UGmp?| |2 =0 1wl <6
[, z]|| = ||[w, y]ll = 0,
um =1,. )

3.1 Toroidal Matrix Links

3.1.1 Finsler manifolds, matrix paths and toroidal matrix

links

Definition 3.1.1 (Finsler manifold) A Finsler manifold is a pair (M, F) where
M is a manifold and F : TM — [0,00) is a function (called a Finsler norm) such

that

Fis smooth on TM\{0} = J,cp {T-M\{0}},

o [(v) > 0 with equality if and only if v =0,

o ['(\v) = AF(v) for all A > 0,

o Fv4+w) < F(v)+ F(w) for allw at the same tangent space with v.

Given a Finsler manifold (M, F), the length of any rectifiable curve + : [a, b] — M
is given by the length functional
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where F'(z,-) is the Finsler norm on each tangent space T, M.
The pair (V]| - ||) is a Finsler manifold, where N denotes the set of normal

matrices N (of any size) and || - || denotes the operator norm.

Definition 3.1.2 (Matrix path curvature) Given a piecewise-C* matriz path v :

0,1] = N, we define its curvature k[y] to be
I (1) )H
5 (— .
"\ on@)]

Definition 3.1.3 (Matrix flows) Given n > 1, a mapping ¢ : R§ x M, — M,

1
0= e ‘

(t,x) — x¢ will be called a matriz flow in this document. If we have in addition that

o(z:) = o(xs) for every t,s >0, we say that the matriz flow is isospectral.

Definition 3.1.4 (interpolating path) Given two matrices x and y in M, and a
matriz flow ¢ : | x M, — M, such that ¢o(z) = x and ¢1(x) = y, we say that the
corresponding path {x;}ier := {de() }rar C My, is a solvent path for the interpolation

problem x ~ y.

Definition 3.1.5 (¢ ) Given a matriz path {x;}icr in M, we will write ¢y, (z;) to
denote the length of {x;}1e1 with respect to the operator norm which is defined by the

eTPression
m—1

() o= sup > g, — 2|,
k=0

where the supremum is taken over all partitions of | as 0 =ty < ... <t,, =0b. If the

function x € C(1, M,) is a piecewise C' function, then

() = /IHﬁtxtHdt.

Definition 3.1.6 (|| - ||-flatness) A set S of M, is said to be || - ||-flat if any two
points x,y € S can be connected by a path {x:}er C S such that £y (x:) = ||z —yl|.

15



Chapter 3. Matrix Varieties and Toroidal Matrix Links

Definition 3.1.7 (Toroidal matrix link) Given any two normal contractions x,y
in My, a toroidal matriz link is any normal path x, := K[T,(I(x))] induced by a locally
normal matriz flow T : | x My — My with N > n, together with a locally normal
compression K : My — M, with relative lifting map | : M,, — My, which satisfy
the interpolating conditions K[To(I(z))] = = and K[T\(I(x))] = y together with the
constraints |[K[T;(1(x))]|| <1 for each t € I.

Remark 3.1.1 In the particular case where [K(T,(I(x))), K(T;(I(y)))] = 0 for each

t €1, whenever [x,y] =0, we call T a toral matriz link.

Remark 3.1.2 The curved nature of the matriz varieties (as Finsler sub-mani-
folds of N') whose local connectivity is studied in this document, induces an obstruc-
tion to local connectivity via entirely flat toroidal matrixz links in general. The toroidal
matriz links T C C([0,1],N') we have used to solve the connectivity problems which

motivated this study satisfy the constraint

3.1.2 Embedded matrix flows in solid tori

Given some fixed but arbitrary W € U(n), using the operation diag,, : M,, — M,, one
can define the mapping 2 : U(n) x M, — D?, determined by the expression.

U(n) x M, — D? (3.1.1)
(W,z) — Z¢[W](x) (3.1.2)

It is clear that diag [Z7[W](z)] = diag,, [WxW*] and that diag [Z7[1,](z)] = diag,, [z],
because of this when W = 1,, we will write Z(x) instead of Zr[1,](z).

16
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Given a matrix flow | x N'(n)(D?) — N(n)(D?), (t,z) — X;(x), one can identify
X with the set of flow lines in D? x T! determined by {(Z2(X;(z)), €*™)}sc1. The geo-
metric picture determined by the mapping cylinder A'(n)(D?) x | — D? x T', (x, ) —
(2(X¢(z)), ™) will be called the embedded matrix mapping cylinder relative to the
flow X. We can think of the embedded matrix mapping cylinder in topological terms
as a deformation described by the expression Dy z,, which is defined as

(Zl X I) |_|Z2

DX,ZQ[Zl X |] = Zl —x Z2 ,

(3.1.4)

where Z; and Z5 are some prescribed matrix varieties such that x € Z; and y € Zs.

Example 3.1.1 (Graphical example in M3) Let us set 3 := e Na

. For some
prescribed W3 € U(3), we can obtain a graphical example of a particular geometric
picture of the computation of the embedded matrix mapping cylinder relative to the

interpolating flow uw which solves the problem g ~» WsusWy.
Let us set

Zy = {z€eU3)|[us, 2] =0},
Zy = {z e U@)|[WsausW5,z] = 0}.

Using projective methods, we can trace specific flow lines along the matriz flows
corresponding to the dynamical deformation D,, z,[Z1 X 1], which solve the interpolation

problem gz ~~» WausWy.

A particular (approximate) geometric picture of the matriz deformation induced
by the toral matriz link {u;}ic) in M,, projected in D* x Tt via Zr[us](-) is presented
i figures F.3.1-F.3.3.

Alternative methods to trace particular flow lines on mapping cylinders can be
otained using matrix homotopies, which can be done using similar methods to the

ones implemented in [8].

17



Chapter 3. Matrix Varieties and Toroidal Matrix Links

Figure 3.1: Projected matrix mapping cylinder corresponding to the orbit uy, %}(ﬂg)
in M3.

Figure 3.2: Projected matrix mapping cylinder corresponding to the orbit u(i3) in
M.

Figure 3.3: Embedded matrix mapping cylinder corresponding to the orbit w(u3) in
M.

3.2 Environment algebras and localization

Definition 3.2.1 (Environment algebra (of a matrix algebra)) Given a mat-

riz algebra A C M, a universal C*-algebra E4 := C} (x1,...,Tm|R(z1,...,2m)) for
18
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which there is a matrix representation £4 — E4 C M, such that A C Ey, will be

called an environment algebra for A.

Let us consider the universal C*-algebras C'(J), C(T'), C(T!) ¢ C(T'), Cs(T?)

and C5(J x T'), defined in terms of generators and relations by the expressions.

CJ) = C: <u] he=hlhl <1 )

wu® = utu =1,
Cs(T?) .= Cr <u,v vt = v*o = 1,

|luv —vul| <4

Cs(IxThH :=Cf <h,u uu* = uru =1, >
||hu — uh| < 4§

Let us consider now a local matrix representation result that we will use later in

the construction of particular representation schemes.
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Lemma 3.2.1 For every integer n > 1, there are Sy, uy,, v, € U(My) such that the
diagram
C(TH*2 ——— C* ((Z/n)**) — C (un, vy)

l

C*(Z/n*Z]2) —» C(s9, V) ——= M,

commutes, where sy € H(n), u, and v, are unitary elements in M,.

Proof. Since we have that C(T')*? ~ C*(Fy) ~ C*(Z*?), by universality of the

C*-representa-tions

wu* =u'u =1,
c*(Z?%) ~ C* <u,v >
1

C*((Z/n)*Q) ~ C* <u,v v =v'v =1, >

* *

wu* =u'u =1,
C*(Z/n*Z)2) o~ C*<U,U v = v =1, >;

u =02 =1

and by the structural properties of M, it is enough to find for any n € Z*, up to
unitary congruence in M, three unitaries s, u,,v, € U(n) such that C*(s2,v,) =
M, = C*(u,,v,) and u” = v* = s3 = 1,, this can be done by taking for any
n € Z* the orthogonal projection p := diag[1,0,...,0] € H(n) and the matrix
sy = 1 —2p € H(n), setting u,, := Q, and v, := X, for n > 2 and u; = v; =1
for n = 1, by functional calculus and direct computations it is easy to verify that
S, U, U, € U(n) for every n € ZT, and that sy = s, it is also easy to verify that the
system of matrix units { e; ;, }, <ij<n and wu,, can be expressed as words in C*(sq, vy,)

for every n € Z*, it is also clear that p = e;1, and hence, sy can be written as

linear combinations of words in C*(uy,v,,), we will then have that C* (Z/n % Z/2) —
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C*(Uy, 82) and C* (Z/n*?) — C*(uy,,v,) by the universal properties of C* (Z/2 * Z/n)

and C* (Z/n*?) respectively, since it can be easily verified that

n_ .n__ 2 _
uy =0, =8, =1,,

from these facts and the universal property of C(T')** ~ C* (Fy) ~ C*(Z*?), the

result follows. [

Remark 3.2.1 It can be seen that for any matriz C*-subalgebra A C M, there is
§ > 0 such that both C(T') xc C(T') and Cs(T?) are environment algebras of A. It
can also be seen that for any abelian C*-subalgebra D C M,,, C(T') is an environment

algebra of D.

3.2.1 Localized matrix representations

Definition 3.2.2 (Localized N-tuples in N (n)(D?)") Given two integers N <
M and a universal C*-algebra L(z1,...,zp) = C*(z1,..., 20 | Re(21y .o, 20)), we
say that two N-tuples X1,..., Xy and Yy,..., YN of normal contractions in M, are
d-localized with respect to L(z1,...,zy), if there are Zy, ..., Zy € N(n)(D?) such
that

C*(Zl, .. .,ZN) Q O*(Zl, .. ,ZM) «— E(Zl, .. .,ZM)

and maxy<;<n{[| X; = Z;|, [[Y; = Z;]|} < 9.

Given two abelian C*-subalgebras D, D, C M, and any two normal matrices
Ni, Ny € M,, with distinct eigenvalues such that [Ny, X;] = [No, X5] = 0 for every
X; € Dy and every Xy € Dy, let us set A := C*(Ny, Ny) C M,,, the situation in

R.3.2.1 can be ilustrated via the following diagram of C*-representations.
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Cs(T?) (3.2.1)

D1 D2

3.3 Dimensionality Reduction of Matrix Semialge-

braic Varieties

Definition 3.3.1 (Dimensionality reduction condition (DRC)) Given any in-
tegern > 1, any 6 > 0 and N pairwise commuting normal contractions X, ..., Xy
mn M,, we say that normal contractions have the dimensionality reduction condition
(DRC), if there are a number M < N, M indices j; < --- < jy € {1,...,N} and
a set of N functions Fy :={f1,..., fx} C C(D* D?), such that for each 1 <k < N
we have || Xy — fu(Xjy, .., Xjy, )l < 6. If the functions fi,..., fx and the number
0 > 0 do not depend on n, we will say Xi,..., Xy have the uniform dimension-
ality reduction condition (UDRC). We will write dims(A(Xy,...,XN))) = M or
dimy (A(X1,...,Xn))) = M if the normal contraction X,,..., Xy = N have that
(DRC) or (UDRC) respectively, because of the corresponding geometric implica-
tions in the joint spectrum A(Xy, ..., Xn) of X1,..., XN.



Chapter 3. Matrix Varieties and Toroidal Matrix Links

Example 3.3.1 (DRC in an approximate Matrix 2-Sphere) Given § > 0, any
three pairwise commuting matrices X1, Xo, X3 € H(n) and two functions fo, f3 € C(J)

such that
X2+ X2+ X2-1,] <4,

||f2(X1) - XQ” < 67
1/3(X1) — Xs]| <.
We will have that dims(A(X1, Xo, X3)) = 1.

Example 3.3.2 (DRC in an approximate Matrix 3-Sphere) Given § > 0, any
four pairwise commuting matrices X1, Xo, X3, Xy € H(n) and two functions fs, fy €
C(J3?) such that

| X7+ X3+ X5+ X7 —1,]| <4,

[f3(X1, X2) — X3 <6,

1f4(X1, Xo) = Xy < 6.
We will have that dims(A(X7, Xo, X35, X4)) = 2.

Example 3.3.3 (DRC in a Matrix 2-Torus) Given ¢ > 0, two pairwise commut-
ing matrices Uy, Uy € U(n) and one function fo € C(TY, T such that |Us— fo(U1)]| <
d. We will have that dims(A(Uy,Us)) = 1.

Lemma 3.3.1 (Non-derogatory normal approximants) Given any 6 > 0 and
any two normal matrices X,Y in M, such that | X =Y || <9, there is a nonderogatory

matriz X such that, max{|| X — X||,||X = Y|} < 35.

Proof. Let us set &' := min{min,, , cox){|z; — x| | @; # x1},0}. By chang-
ing basis if necessary we can assume that X is diagonal, by applying permutation
congruence transformations in necessary we can also assume that X has a diag-
onal block decomposition X = X; ® Xo @& ... & X,. Given any diagonal block

Xy = diag[zj,,...,x;,] = diag [z;,,...,x;,] of m repeated eigenvalues of X, we
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Vo — i : (k=1)8
can form the block X(;y := diag [z},,...,x,,,| + diag [{F}gkgm

that the matrix X := X(1) @ - - @ X, satisfies the inequality || X — X| < 10, more-
over, we will also have that | X — Y| < [|X — X||+ || X — Y| < 25 and we are done.
0

} , we will have

Definition 3.3.2 (Nearby generators) Given § > 0 and N normal contractions
Xq,..., XN in M,, we call a non-derogatory normal contraction X like the one de-
scribed in L.3.3.1 a d-nearby generator of Xi,...,Xn. The reason for this is that
C*(X1,...,Xy) C C*(X).

Remark 3.3.1 [t is important to notice that if we allow § > 0 to depend on n, any
N normal contractions Xy, ..., Xy C M, will satisfy dims(A(Xq,..., Xn)) = 1.
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Local Matrix Connectivity

4.1 'Topologically controlled linear algebra and
Soft Tori

Definition 4.1.1 (Controlled sets of matrix functions) Given § > 0, a func-
tion € : R — Ry, a finite set of functions F C C(T',D?) and two unitary matrices
u,v € M, such that ||uv — vul| < 6§, we say that the set F' is d-controlled by Ad[v] if

the diagram,

C*(u,v) +—— C*(u) +———{u}

\dml Ad[v]l mf}

C* (vuv*) «— {vuv*} —f>N(n)(D2)
commutes up to an error €(0) for each f € F.
Remark 4.1.1 The C*-homomorphism Cs(T?) — C*(u,v) allows us to see that the

Soft Torus Cs(T?) provides an environment algebra for any §-controlled set of matrix

functions.
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Lemma 4.1.1 (Existence of 6-JMP) Given any § > 0, for any 2 families of N
pairwise commuting normal matrices x1, ..., xy and yi, ..., yn such that ||x;—y;|| <6
for each 1 < j < N, there are a constant ¢y (which depends only on the number of

matrices in each family) and a permutation matriz T € U(n) such that, ||[T\(z;)T —
Ay;)|| < end for each 1 < j < N.

Proof. From T.2.2.1 we will have that there is a permutation 7 of the index set

{1,...,n} such that for each 1 < k < n we have that
AW (@) = AT ()] < (A (2, aw) = ATy )|

< enolCliff (2 —y1,..., 28 —yn)|- (4.1.1)

Using 2.2.1 and as a consequence of 4.1.1 we can find a permutation matrix 7 € U(n)

such that

| T diag [A(x;)] T — diag [A(y;)] || < enpol/Cliff(z1 —v1, ..., 28 —yn)|(4.1.2)
< enoNS, 1<j<N. (4.1.3)

It can be seen that cy := ey /N and T satisfy the required conditions in the statement

of the lemma and we are done.

Remark 4.1.2 Any permutation T satisfying the normed relation in the conclu-

sion of L.4.1.1 will be called a joint matching permutation (JMP ) for the matrices

Ti,..., Ty and Yi,...,YN.
Remark 4.1.3 If for the matrices xy,...,xx and yy,...,yn n L.4.1.1, we consider
a basis in which yy,...,yn are diagonal, then there is a unitary W € M, and a

(JMP ) T € M, such that
W diag [A(z;)] W* — Tdiag [A(z;)] 7| < [[Wdiag [A(z;)] W* =y
+lly; — Tdiag [A(z;)] Tl

< (T 4en)llzy =yl < (14 cen)é.
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It can be seen that the previous inequalities provide us with a particular representation

of a d-controlled set of matrixz functions.

4.2 Local piecewise analytic connectivity

In this section we will present some piecewise analytic local connectivity results in
matrix representations of the form C.(T?) — M, + C(TV) and C.(I x T!) — M, +
C(IN).

Theorem 4.2.1 (Local normal toral connectivity) Given ¢ > 0 and any n €
Z*t, there is 6 > 0 such that, for any 2N normal contractions xy,...,xx and y,. ..,

yn in M, which satisfy the relations

there exist N toroidal matriz links X', ..., X" in M, which solve the problems

and satisfy the constraints

(X7 (2), XF ()] = 0,
17 (25) =yl < e,

for each 1 < j,k < N and each t € |. Moreover,

O(Xi(z;)) <e, 1<j<N.

Proof. By changing basis if necessary, we can assume that y;,...,yy are diagonal.

Let us set M := maxj<j<n ||z; — y;||. By L.4.1.1 and R.4.1.3 we will have that there
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are diagonal matrices Z1,...,Zy in M (n)(D?), W € U(n) and a constant cy, such

that z; := Wx;WW* and

Wi, —&,W| < (1+ey)M, 1<j<N. (4.2.1)

By taking any diagonal hermitain matrix H with distinct eigenvalues and by
setting A := C*(W, H), we can now solve the interpolation problems using the generic
matrix models C*(y1,...,yxy) € C*(H) and C*(z1,...,xy) C C*(WHW?™) related to

the environment algebra £4 = C5(J x T') via a diagram of the form 3.2.1.

As a consequence of 1..2.3.1, 1..2.3.2 and the normed inequalities 4.2.1, we have
that for any e.,s > 0, we can find § > 0 and a unitary path W € C(l, M,,) defined
by the expression W, := e~ for each t € |, where Hy € M, is a hermitian
matrix such that e!fw = W, and is defined by Hy := h(W), for some function
h:Qf, — [—1,1], and where (W) C Q5 = {'™™| —1+s <t <1-s} CT,
with s,a € R chosen in such a way that T'\Qg contains an arc of length d (with

d > 2w /n). Using the path W, we can construct N toroidal matrix links of the form

AdWy|(x5), 0<t < 3,

A t
(2—2)7; + (2t — 1)y;, 53 <t <1,

(4.2.2)

which solve the problems x; ~ y;, locally preserve normality and commutativity and

for £ := (1 + cy) max{e.ys,0} > 0 satisfy the || - ||-distance constraints
IX7 =il < 11X7 =250+ lly; —
S Eend + CN5
< £ cNe

(T ten)  (ten)
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together with the || - [[-length constraints

Oi(XT) < AdDV () + (13 — (4.2.3)
- / loAdDW ()l + 12 — (4.2.)
= ([, 50+ 135 — )l (4.2.5)
< eos+end <, (4.2.6)

which hold whenever ||z; —y;|| < 6,1 <j <N, and we are done. O

Corollary 4.2.1 (Local hermitian toral connectivity) Given e > 0 and any in-
teger n > 1, there is 6 > 0 such that, for any 2N hermitian contractions xi,...,TN

and vy, ...,yn in M, which satisfy the relations

there exist N toroidal matriz links X', ..., X~ in M, which solve the problems

and satisfy the constraints

(X7 (), X[ (1)) = 0,
X (x;) = (X{ (2;))",
1X7 () — yjll < e,

for each 1 < j,k < N and each t € |. Moreover,

O(Xi(z;)) <e, 1<j<N.

Proof. Since for any o € R, any pair of hermitian matrices x,y € H(n) and any
partial unitary z € PU(n), we have that  + a(y — x) and zzz* are also in H(n), the

result follows as a consequence of [..4.1.1, R.4.1.3 and T .4.2.1. OJ
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Theorem 4.2.2 (Local unitary toral connectivity) Given any ¢ > 0 and any
integer n > 1, there is 6 > 0 such that given any 2N unitary matrices Uy, ..., Uy

Vi, ...,V in M, which satisfy the relations

U;, Ul = [V}, Vi] =0,
Uk — Vil <0,

N

for each 1 < j.k < N, there are toroidal matriz links u',...,u"™ in M, which solve

the interpolation problems

UkWVk, 1§/€§N,

and also satisfy the relations

[ui,uf] =0,
(up)*u = uj (u])* = 1,,
Jui = Vjll <e,

for each t € | and each 1 < j,k < N. Moreover, £||.||(u{) <eg 1<j<N.

Proof. By changing basis if necessary we can assume that V..., Vy are diagonal
matrices. Let us set M := max;{||u; —v;||}. By L.4.1.1 and R.4.1.3 we will have that
there are W € U(n), diagonal unitaries f/l, ...,Vy € M, and a constant cn, such

that U; = WV;W* and
WV, = V;W| < (1+cxy)M, 1<j<N. (4.2.7)
By taking any diagonal unitary U with distinct eigenvalues and setting A :=
C*(W,U), we can obtain generic matrix models C*(V4, ..., Vy) C C*(U) and C*(Uy,

..., Un) C C*(WUW™) to solve the interpolation problems, which are related to the

environment algebra £4 = Cs(T?) via a diagram of the form 3.2.1.

As a consequence of the inequalities 4.2.7 and by applying L.2.3.1 and 1.2.3.2,
we have that for any .5 > 0, there are § > 0 and a unitary path W € C(l, M,,)
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defined by the expression W, := e~ *Hw for each t € |, where Hy, € M,, is a hermitian
matrix such that e = W, and is defined by Hy := h(W), for some function
h:Qf, = [—1,1], and where o(W) C Qf, = {e'™| —1+s <t <1—-s} C T,
with s,a € R chosen in such a way that T'\Qg contains an arc of length d (with

d>2m/n).

Using the path W, we can construct N local commutativity preserving piecewise

smooth unitary paths, that will be defined for each 1 < j < N by
AdWe|(U;), 0<t < %»
V.

J
,
j

N (4.2.8)
Vv, b<t <L

) =
€(2t—1) In(

It can be seen that the unitary toral matrix links 4.2.8 solve the interpolation problems
Uj ~ V;, 1 < j < N, and locally preserve commutativity. As a consequence of the
evident | - ||-flatness of U(C*(U)), if we set € := (1 + cy) max{e. 5,0} we can use

L.2.3.1 and L.2.3.2 again to obtain for each 1 < j < N the || - ||-distance estimates

laf = Vil < lld = Vil +11V; = Vil

IN

Ecné + CN(S
g CNE
+
1+ CN 1+ CN

IA

=ec.
for each t € I, together with the || - |-length estimates

C(ud) < (AAWIU;)) + £ (VDT
- / 1B AU de + [V; — V5
= [Hw VIl + 17 —

< eens Fend <,

which hold whenever ||U; — V|| <6 for each 1 < j < N, and we are done. O

Theorem 4.2.3 (Locally symmetric toral linking) Given ¢ > 0 and any n €

Z*, there is 0 > 0 such that, for any 2N normal contractions xv,...,Tx, Y1,.-., YN
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and any unitary matriz u in M, which satisfy the relations

(u, z;] = [u,y;] = [z, 2] = [yj. y6) =0, 1 <5,k <N,
|z, —ysll <6, 1<j<N,

there exist N toroidal matriz links X', ..., X" in M, which solve the problems

and satisfy the constraints

[u, X7 (2;)] = [X] (), X} (x)] = 0,
17 (25) = yill < e,

for each 1 < 5,k < N and each t € |. Moreover,

O(Xi(z;)) <e, 1<j<N.

Proof. By changing basis if necessary, we can assume that y;,...,yy and u are
diagonal. We will have that v commutes with both z,...,xx and yy,...,yn, this

constraint will force the matrices x1, ..., xx to have a block structure of the form,

x9 0 o0

0 XQ(JQ) )
0 0 0 XPu
for some m < n. Let us set M := max;{||z; — y;||}, by L.4.1.1 and R.4.1.3 we will

have that there are W € U(n), diagonal normal contractions Zi,...,Zx € M, and a

constant cy, such that z; = Wz;W* and
For each 1 < 7 < N and each 1 < k < m, let us consider the joint spectral decompo-

sitions X,g],z = WkA(X,EJ,l)W,j and let us set W =W, @ --- @ W,,.
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Since T'\o (W) contains an arc of length at least 27/n, we can apply a similar
functional calculus trick to the one implemented in the proof of 1..2.3.1 to find a
hermitian matrix Hy := h(W), for some h : QF — [-1,1] (with QF  defined as in
T.4.2.1), such that W = W, By hypothesis and elementary functional calculus we
will have that

uHwu" = uh(W)u* = h(uWu*) = h(W) = Hy, (4.2.10)

and this implies that if we set X (z;) := w7,  then [u, X} (x;)] for each t € I.
The result now follows by using a similar argument to the one used for the proof of

T.4.2.1. O

4.3 Almost Z/m-centralized normal matrices

In this section we will present an application of 1.2.3.1 and L.2.3.2 which is less
general than T.4.2.1 since it considers a much simpler geometric situation, we include
this result because of its potential applications to the (uniform) approximate solution
of matrix and operator equations and to the solution of constrained inverse eigenvalue

problems.

Definition 4.3.1 Given 6 > 0 any integer n > 1, some fized but arbitrary integer
m > 1, a matriz representation Z/m — U(n),Z/m > 1z, — G € U(n) (where 1z,
is the generator of Z/m) and a subset S C N(n), we say that the set S is (Z/m,?d)-
centralized with respect to G, if ||[G, s]|| < & for each s € S. In particular we say that
a matriz x € N'(n) is (Z/m, §)-centralized if ||[G,z]|| < d. (The explicit reference to

G will be omitted when it is clear from the context.)

Lemma 4.3.1 (Approximate almost Z/m-centralized normal matrices) For

any € > 0 and a matriz representation Z/m — U(n),Z/m > 1z, — G € U(n),
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there is 0 > 0 such that, for any N pairwise commuting (Z/m, 0)-centralized matrices
X1,..., Xy € N(n)(D?) there are N pairwise commuting (Z/m, 0)-centralized matri-
ces X1,..., Xy € N(n)(D?) and N toral matriz links T*,..., TN € C(1, M,) which
solve the problems X; ~ X; and satisfy the constraints | T} — X;|| < & for each t € |

and 1 < j < N. Moreover, . (T/) <e, 1< j <N.

Proof. The correspondence 1z,, — G implies that G™ = 1,. By elementary

representation theory we have that for each 1 < 7 < N, the matrices

—_

3

¥ 1 my*
Xj = E GXJ(G ) 5

J

Il
<)

will satisfy the relations [G,Xj] = 0. Using similar techniques to the ones imple-

mented in the proof of [28, L.2.3] we can obtain the estimates

m—1
¥ 1 m*
Xl = — D GX (G| < 1Xl)
7=0

and
IGX; - X;G|| < |IGX,;G"—Xj|| + X, - X,
= [|GX;G" — GX;G"|| + || X; — X}

< 2X; - X
2m(m — 1)
2m
for each 1 < j < N. It is clear now that we can find 6 > 0 small enough such that, by

< G, X1l = (m = DG, X,

using [..2.3.1 and L.2.3.2 we can procced as in the proof of T.4.2.1 to find the solvent
toral matrix links 71,..., 7™ € C(l, M,,), and we are done. [J

4.4 Lifted local piecewise analytic connectivity

Definition 4.4.1 (Symmetry dilations) Given any unitary u € M, we will write

U to denote its corresponding unitary dilation s := (3o ® 1,,)(u* @ u) in Ma,.
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Chapter 4. Local Matrix Connectivity

Definition 4.4.2 (Standard dilations) We will denote by k the matriz compres-
sion My, — M, defined by the mapping

T11 12
KZMgn%Mn, = 11.
To1 22

We say that X € M, is a standard dilation of x € M,, if v = k(X).

In this section we will derive some uniform connectivity results by using a dilation
technique consisting on constructing for any normal contraction z € M, and any
unitary w € U(n) which satisfy the relation ||wz — zw| < C§ for some constants
C,6 > 0, the matrix dilations @ := w & w* and 2 := Ad[w|(z & ) in Ms,. Using
the symmetry dilation @, of w we can obtain the normed relations |wx — zw| =

WL — TWs|| = * *rw—x x| < )
|wst — Zwg|| = |Jwrw* G w x| <O

Theorem 4.4.1 (Lifted local toral connectivity) Given ¢ > 0, there is 6 > 0
such that, for any 2N normal contractions xy,...,xn and yy,...,yn tn M, which

satisfy the relations
[%7$k]:[y]ayk:]:07 1§jvk§N7
lzj —yill <0, 1<j <N,
there exist N pairwise commuting normal contractive standard dilations x; — Xj €

Ms,, 1 < j < N and N toroidal matriz links X*, ..., XN in C(l, Ma,), which solve
the problems

A

Xj~y;@y;, 1<j<N,
and satisfy the constraints
X7, Xt =0,
IX7 —y; @yl <,

for each 1 < j,k < N and each t € |. Moreover,

(X)) <e, 1<j<N.
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Chapter 4. Local Matrix Connectivity

Proof. By changing basis if necessary, we can assume that yi,...,yy are diagonal.
Let us set M := maxj<j<n ||z; — y;||. By L.4.1.1 and R.4.1.3 we will have that there
are diagonal matrices Z1,...,Zy in N(n)(D?), W € U(n) and a constant cy, such

that z; := Wa;WW* and
||Wjj — @WH <(I4+ey)M, 1<j<N. (4.4.1)

It can be seen that if for each 1 < j < N, we set X := #,;®7;, X; := AdWeW*](X;)
and §j; 1= y; ® y;, then we will have that z; — Ad[W,](X;) = X;, 1 <j < N are N

standard normal contractive dilations of z1,...,zy, we will also have that
W X; — X;Wo|| < (14+en)M, 1<j<N. (4.4.2)

Since W, € U(2n) N H(2n), we will have that W, can be represented as W, =
5 (Ws=12n) for any n > 1. We also have that there is a unitary path {W;},e C Ma,
with W, = eiﬂ(l{t) (W5_12"), which satisfies the conditions W, = WS, W, = 1y,, to-

gether with the normed estimates,

IWX; — X Wil = |cos(mt/2)]||WeX; — X;Wi|
< HWSXJ — XJWSH < (1 + CN)]\f7

for each 1 < j < N and each 0 <t < 1. Moreover, for each 1 < 7 < N we have that

AV = [IoAdVIE)ldr

(1 + cn)
2

T A~ ~ A
= ZIWX, - X < M.

By using a similar argument to the one implemented in the proof of T.4.2.1, we
can now construct the solvent toral matrix links X, ..., X" € C(l, My,) in a uniform

way, and we are done. [J

Remark 4.4.1 It can be seen that by using the technique implemented in the proof
of T.4.4.1 one can obtain lifted versions of T.4.2.2, C.4.2.1 and T.4.2.3.
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Chapter 4. Local Matrix Connectivity

Remark 4.4.2 As a consequence of T.4.4.1 we can derive simple detection meth-
ods to identify families of pairwise commuting matrices in M, that can be connected
uniformly via piecewise analytic toral matriz links. The existence of these detection

methods raises some interesting questions for further studies.

Let us denote by C*(Z/2 x Z) the universal C*-algebra defined by the expression

wut = utu = u? =1,
C:(Z/)2 x Z) :=CY <u,v vt = v*u =1, >

luv —oul| < e

Remark 4.4.3 We can interpret T.4.4.1 as an existence theorem of solutions to lifted

connectivity problems defined on matriz representations of the form
C;<Z/2 X Z> C*(Usa V) MQTL 9
C*(Fy) ——— C5(T*) ——— C*(U, V) —— M,

with Uy = (S, @ 1,)(U* @ U) and V=V & V.

Matrix Klein Bottles: Local matrix deformations and special symmetries

Using T.4.4.1 we can solve all connectivity problems (together with their softened
versions) in M,, that can be reduced to connectiviy problems of the form x ~. z* in

N (n)(D?), with zz* = 2*z, ||z|| < 1, 2* =TT and 7% = 1,.

Remark 4.4.4 For each ¢ € [0,2], we can use the previously described symmetries

and P to interpret | J, ¢y, {7~ 2%} as matriz analogies of the Klein bottle.

By a softened matriz Klein bottle we mean that the symmetries are softened,

in particular we can consider the connectiviy problems x ~-. x* and y ~~. y* in
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N (n)(D?) subject to the normed constraints ||zy —yx|| <8, yy* = v*y, |||, [ly|]| < 1,
|z* — TxT||, ||«T — Ty|| <6 and T? = 1,,. The details regarding to the solvability of

these local connectivity problems will be the subject of future work.

4.5 Dimensionality Reduction and Local C° con-

nectivity

Theorem 4.5.1 (UDRC constrianed unitary toral connectivity) Given any

e>0andd >0, there is § > 0, such that for any two families of N pairwise commut-
ing unitaries Uy, ..., Ux and Vi, ..., VN in M,, such that dim(I;J(A(Ul, L Un) =1
and TN\o(U;) contains an arc of length d, 1 < j < N, there are N toral unitary matriz
links 21, ..., ZN € C(1, M,,) which solve the problems U; ~ V; for each 1 < j < N,
and also satisfy the normed relations ||Zf —Vill <e, foreacht €l and1 < j < N.

Moreover, 0y(Z]) < 2w + ¢, for each 1 < j < N.

Proof. Given any € > 0. Let us assume that Vi, ..., Vy are diagonal. Since we have
that dimy (A(Uy,...,Uy)) = 1, by using L.4.1.1 and R.4.1.3 we will have that there
are 6 >0, ke {l,...,N}, W eU(n), Vi,...,.Vy € U(n), fi,..., fv € C(T,,T!) and
a constant cy such that, ||f;(Uy) — Uj|| < 8, WV;W* = Uy, ||[V;, W]|| < (1 + cn)d
and [%,Vl] =0 foreach 1 < j,l < N.

Since T'\o(U;) contains an arc of length d > 0, 1 < j < N, by following a similar
argument to the one used by Loring in [24, §6] we will have that Bott(W,V},) = 0.

Since Vi, € U(n) and f1,..., fx € C(TH,TY), § > 0 can be rescaled to § < .

in such a way that by using the basic homotopy lemma (C.2.3.1), we can now find a
unitary path W € C(l, M,,) such that for each ¢t €  and each 1 < j < N

£
3—{—01\[7

LFOVViWy) = (Vi) < (4.5.1)
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and this implies that

VW, =WVl < 2005 = F(U I+ Wt (Vi) = (VWi

= 2|U; — £;U)] + I £ OVViW;) — (V)|
19
?)—I—CN7

< 26+

for each t € | and each 1 < 53 < N. Moreover, EH.”(Wt) < 2m+ 3+€CN.

We can use the path W to construct N toral unitary matrix links Z!,..., ZN €
C(l, M,,) of the form

Zl = (4.5.2)

It can be seen that the unitary toral matrix links described by 4.5.2 solve the interpo-

lation problems U; ~ V;, 1 < j < N, and locally preserve commutativity. For each

1 < j < N, we can obtain the || - [|-distance estimates

12 = Vill < 1120 =Vl + 11V =Vl

< 264 —°

0 <e.
3+CN+CN =€

for each t € I, together with the || - ||-length estimates

O(Zl) < G (AdVI(T))) + 4 (e TV
< 20 (W) + Vs = Vil
< <
< 27+ 3t en +cnd < 2w + ¢,

and we are done. O
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Loring’s unitary connectivity

technique

Suppose Uy and V; are unitary matrices in M,,(C) for t = 0 and ¢t = 1 and we define
U, = Upe!™(Us 1) (5.0.1)

and

V; = Vpe! (%), (5.0.2)

Fort = 0 or t = 1 the C*-algebra generated by U, and V; is abelian, so select a MASA

C; = C™ in each case. Let
A(Co,01) = {X eC ([O, 1], Mn(C))| X(O) € Cy and X(l) S Cl} .
Lemma 5.0.1 (Loring) The C*-algebra A(Cy, C}) has stable rank one.
Proof. Starting with X continuous with X (¢) in C; at the endpoints, we can adjust

this by a small amount, leaving the endpoints in C;, to get X piece-wise linear,

with the endpoints of every linear segment having no spectral multiplicity and being
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Chapter 5. Loring’s unitary connectivity technique

invertible. Using Kato’s theory of analytic paths, we can get a piece-wise continuous
unitary U; and piece-wise analytic scalar paths A, (f) so that the new path ¥ ~ X
satisfies
Au(t)
Y(t) =1, U;.
An(t)

There may be finitely may places where Y (t) is not invertible. These places will
be in the interior of the segment so in an open interval where U; is continuous. A
small deformation of some of the A; will take the path through invertibles. We have

not moved the endpoints in the second adjustment so the constructed element is in

A(Cy, C4) and close to X.OJ

Lemma 5.0.2 (Loring) The endpoint-restriction map p : A(Cy,C1) — Co @ Cy

induces an injection on K.

Proof. The kernel of p is C ([0,1], M,,(C)) which has trivial K-group. So this result

follows from the exactness of the usual six-term sequence in K-theory.[]

Lemma 5.0.3 (Loring) Given unitaries U and V in A(Cy, Cy), with ||[U, V]| < vy
as in D.2.3.1 (so the Bott index makes sense), Bott(U,V') is the trivial element of

Proof. By the previous lemma, we need only calculate Bott(p(U), p(V)). These
Yy Yy p P

unitaries are in a commutative C*-algebra so they have trivial Bott index.[]

Theorem 5.0.2 (Loring) Givene > 0, there exists 6 > 0 so that for alln, given uni-
tary matrices Uy, Uy, Vi, V1 in M,,(C) with UgVy = VoUy, U1 Vi = ViU, |[Ug — Up|| <6
and ||[Vo — Vi|| < 6, then there exists continuous paths Uy and Vy between the given
pairs of unitaries with each Uy and V; unitary, and with UV, = V,Uy, ||Uy — Up|| < €
and ||V — V| < € for all t.
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Chapter 5. Loring’s unitary connectivity technique

Proof. The paths U; and V; defined in equations 5.0.1 and 5.0.2 will be almost com-
muting unitary elements of A(Cy, C). By Lemma 5.0.1 we may apply [10, Theorem
8.1.1] regarding approximating in A(Cp, C7) by commuting unitaries. Lemma 5.0.3
tells us there is no invariant to worry about, so we can find A; and B; close of U;
and V; that are commuting continuous paths of unitaries with A; and B; in C; for
t = 0,1. The unitary elements in the commutative C; are locally connected, so we
can find a short path from Uy and V) to Ay and By, and likewise at the other end.
Concatenating, we get a paths of commuting unitary matrices from Uy and V{ to Uy

and V] so that at every point we are close to some pair (U, V;). These then are all

close to Uy and V. [
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Local Deformation of Matrix

Words

Given a finite set C = {¢1,...,cpp € M, of normal contractions which con-
tains the identity matrix 1, € M, and some fixed but arbitrary integer L > 0,
by a mixed matrix word of length L we mean a function W : MM x M2N —
My, (c1,y. .. cp, @1, Ton) cjlx;? . -chxg?LL on 2N matrix variables X := {x,
..., Tan}, where ¢;; € C and k € Z§, 1 < | < L. The number deg(W) :=
maxi<;<z{k} will be called the degree of the word Wy. We call the sets C and

X matrix coefficient and matrix variable sets respectively.
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6.1 Matrix Equations on Words

By a system of matrix equations on words, we mean expressions of the form

E Y (z1,...,2y5) = Z; 1a1,jW1L (C,z1,...,zN,27,...,2%) =0,

J
Eq(p)(ml, conan) =k W (Coxy, ooy, 2y, 2y) = 0.

(6.1.1)

Example 6.1.1 For an example of a matriz equation on words we can consider an

equation of the form

UX — X*U = R,

where X 18 a normal matrixz variable in M, and the matrice U and R are normal
contractions in M,. In this case the coefficient set is C := {U, R, 1,,} and the variable
set is X := {X}.

Example 6.1.2 For an example of a system a matrix equations on words we can

consider a system of matrix equations of the form

UX - X*U =R,
VY +U*XV =5,

where X and Y are normal matriz variables in M, and the matrices U,V, R and S
are normal contractions in M,. In this case the coefficient set is C := {U,V, R, S,

1,} and the variable set is X := {X,Y}.

Given 0 > 0, an N-tuple X1,..., Xy in M, is called a d-approximate solution of
6.1.1 if we have that
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IEqW (X1, Xl <6,

IEq® (Xy,..., Xyl < 4.

(6.1.2)
6.1.1 Perturbation and relative lifting of matrix words
Given any expression of the form
J
Eq(z1,...,2n) = ZoszLj(C, Tl ooy IN, LYy ey Th)-
j=1
Let us restrict the variable subset Y := {x1,..., 2y} in such a way that its elements

only take values on the unit ball of normal elements in M,, for some fixed but arbitrary
integer n > 1, let us also impose the restriction zjz; = xpz; 1 < 5,k < N, we will

have that Eq(x1,...,2y) can be represented by the expression

J
Eq(z1,...,2n) = ZajWLj(C,xl, C TN,

j=1
where WLj (C,x1,...,zy) is a mixed matrix word with respect to C and Y. If we
consider now two N-tuples of pairwise commuting normal matrices Xi,..., Xy and

Xi,..., Xy in M, such that | X; — X,|| < ¢ for some fixed but arbitrary number
0 > 0, it can be seen that if we define the numbers d; := deg(WLj), then there is a
number C' := C(oy, ..., o ,dy,...,dy,J) > 0 such that

|Eq(X1, ..., Xn) — Eq(X1,..., Xn)| < Co.
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Let us now consider the mappings L : M,, — M, and K : M, — M,,, defined by the

expressions
LX) = L®X,
K T11 T12 = 2y
To1 T22
It is clear that L is a relative lift of K, if we write Eq(:r;l7 cT

MM x MY — Mo, described by the expression

we will have that

[Eq(L(X0), .., L(Xw)) = By(L(X), ... L(XN))] =

IN

IN

A further reduction

J
Eq(fﬁl, cee ,ZL‘N) = ZO{jWL‘j(L(C%ZEl, ..
j=1

~) to denote the function

IL(Eq(X1,...,XnN)
—Eq(X1,.... Xn))|
¢ max [[X; — X

Cé. (6.1.3)

Given any system of matrix equations on words like 6.1.1 with pairwise commuting

normal contractive matrix variable set, using the unitaries ¥y € My defined by

2.1.5 in §2.1 together with the mappings Xy := Ad[Xy ® 1,] we can lift any matrix

equation on words in M, to matrix equations in My, of the form

= j=

LEq(l)(xl,...,xN) = ‘-]11061,jW1,Lj(N,X1,~--

LEq(p)(ZL‘l, PN ,fL’N) = Z;']il O-/p,ij,L]- (].\I7 Xl, PN

46
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Where N is some set of pairwise commuting normal matrix contractions in My,
with contains 1y, and Xy, ..., Xy are pairwise commuting matrix variables in My,
and where we have that any d-approximate solution of 6.1.1 can be recovered from a

corresponding lifted d-approximation solution of 6.1.4.

6.2 Local Homotopies and Approximation Solu-

tion of Matrix Equations

Since L is a lift of K, it can be seen that Xi,..., Xy are d-approximate solutoins
to 6.1.1, then L(X3),...,L(Xy) will be d-approximate solutions of the transformed

system of matrix equations described by the expressions

Egl)(l’l, ce ,ZEN) = 07

E((lp)(xl, coay) =0.
(6.2.1)

Using the inequality 6.1.3 and T.4.4.1 we can derive the following result.

Theorem 6.2.1 Given € > 0, there is 0 > 0 such that the following holds: Given
any integer n > 1 and any system of matrix equations on words in normal pairwise

commuting matriz variables of the form:

Eq(l)($1, PN ,ZL’N) = Z;h:l OéLjWLLj(C,[Lj, Ce ,JTN) = 0,

Eq(p)(azl, e ,SCN) = z;']il Oép,ij,Lj (C, Tiy... ,33]\7) =0.
(6.2.2)

For any two N-tuples of pairwise commuting normal matrices Xy,..., Xy and Y7,

., Yy in My, such that, |EqY (X, ..., Xx)|| <6, [EqD(Y1,..., Y| <61<5<p
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and

1B (X1,..., Xn) — ED (W, ... Ya)l <6,

HEq(p)(Xla <. aXN) - Eq(p)(Y’l, cee ,YN)H < 5,
(6.2.3)

there are, a mapping ® : M,, — Ms, and N picewise analytic pairwise commuting
normal contractive matriz matriz paths X', ..., X" € C([0,1], Ms,), such that X7 is
e-local with respect to the pair ®(X;),L(Y;), 1 < j < N, and such that

IES (X XN =B LM), . L) <,

IEP (XL, ..., XN) = ED(LM),... . L) <,

(6.2.4)
for each t € [0,1].
Proof. Since by 6.1.3, given € > 0, there is 4 > 0 such that
1B (X1,..., Xx) — ED (Y, ... Ya)| <6,
IEqP(X1,..., XN) = Eq®(Y1,...,Yy)| < 6.
(6.2.5)

Moreover, by T.4.4.1 there are a unitary W € U(n) and N picewise analytic pairwise
commuting normal contractive matrix paths X!,... X" € C([0,1], Ms,), such that
and X7 is e-local with respect to the pair ®(X;),L(Y;), 1 < j < N, with & :=

Ad[1, @ W??] o L and such that
IBY X X)) = BP LM, L) < G max [1X] —L(Y))[| <e,
1<5<N

(6.2.6)

where C, is some constant (that does not depend on the size of the matrices), for

each 1 <r < pand each t € [0, 1], and we are done. [J
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Hints and Future Directions

The detection (recognition) of almost localized matrix representations of universal
C*-algebras that can be connected uniformly via piecewise analytic paths induces
interesting problems which are topological/K-theoretical and computational in na-
ture. Motivated by Loring’s connectivity technique we consider that the study of
uniform local matrix connectivity in C*-representations of the form C(TV) — M,
and C.(T?) — M, «+ C(TV) will present interesting challenges and questions that
will be the subject of future study. In particular we are interested in the application
of T.4.4.1 to the study of the question. Is C*(Fy x Fy) RFD? (This is equivalent to

Connes’s embedding problem.)

Let us consider now relative lifting problems of the form.

Problem 7.0.1 Given anye > 0, an integer k > 1 and a sequence of norm decreasing
linear compressions Kk, : My, — M,. Is there 6 > 0 such that the following conditions
hold? For any two families of N pairwise commuting normal contractions X, ..., Xy
and Yi,...,Yn in My, and M polynomials py,...,py € Clzy,...,xan]| such that
IY; = Xl <,

o (X, .o, XN, Ve, oY) <6 (7.0.1)
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and

iR (X1), - oo (XN, n (Y1), - s k(Y| < 6 (7.0.2)

for each 1 < 7 < N and 1 <1 < M. We have that there are N pairwise com-
muting normal contractions Xl, . ,XN in My, and N piecewise analytic normal
contractive matriz paths X',.... XN € C([0,1], My,) which satisfy the relations:
k(X)) = ka(X), 1% = Vil < &, X5 = X, X] = Y, and |X] = V|| < <, together

with the normed constraints
1P (XD), (XD, i (Y2), - (V)| < 2 (7.0.3)

for each 1 <1< M,1<j <N and each t € [0,1].

A better understanding of the geometric and combinatorial nature of problems
of the form P.7.0.1, can lead to the solution of some conjectures related to matrix
approximation problems, and which have been stated by Chu in [9], in the language
of matrix homotopies. It would also allow one to find matrix based proofs of classical

conjectures in matrix analysis and operator theory, restated in matrix terms by K.

M. R. Audenaert and F. Kittaneh in [1].

Using a similar approach one can provide answers to some questions in topologi-

cally controlled linear algebra in the sense of [14], raised by M. H. Freedman.

Another area where a better understanding of the solvability conditions of problem
P.7.0.1 could have important implications, is the study of solvability conditions of
lifting problems related to the connectivity and asymptotic behavior of the matrix

representations C(TV) — M, + C([-1,1]V).

The construction and generalization of detection methods like the ones mentioned
in the remark R.4.4.2 of theorem T.4.4.1 together with their implications on inverse

spectral problems, will be the subject of future studies.
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A better understanding of the geometric and approximate combinatorial nature of
toroidal matrix links would provide a mutually benefitial interaction between matrix
flows in the sense of Brockett [5] and Chu [9], topologically controlled linear algebra
in the sense of Freedman and Press [14] and matrix geometric deformations in the
sense of Loring [25], Hajac and Masuda [15], and Woronowicz [34]. This also may
provide some novel generic numerical methods to study and compute normal ma-
trix compressions, sparse representations and dimensionality reduction of large scale

matrices.

Using the dynamical techniques presented in this document, it seems possible to
find more mutually benefitial connections betweeen Cl-realizations of the toroidal
matrix links studied here and the solution to some problems in the theory of matrix
equations and matrix approximation. These connections will be the object of further

studies.

Another interesting questions are motivated by the the possibility of using piece-
wise analytic toral matrix links to study the local deformation properties of matrix
representations of the form C.(T') x, Z/2 — M, (where a denotes the standard
flip) via softened matriz Klein bottles. These problems are related to: Galois cor-
respondence in the sense of Landstad, Olsen and Pedersen, spectral decomposition
problems with time reversal symmetry in quantum theory and deformation theory for

C*-algebras in the sense of Loring, Dadarlat Hajac and Woronowicz.

The combination of toroidal matrix links with some matrix lifting techniques along
the same lines of the proof of T.4.4.1, seem also promising on the solvability of some

conjectures studied numerically on [28].
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