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ABSTRACT

I devise a numerical method of high order in space (FDMHS) to simulate flow
past a finite plate and a semi-infinite plate. The method solves the incompressible
Navier-Stokes equation in the stream function-vorticity formulation. The focus is
to study a fundamental problem in fluid dynamics, namely, flow past sharp edges.
Resolving this flow structure is difficult, in particular at early times. The difficulty
is due to the fact that large velocity gradients and vorticity are present in a very
thin boundary layer attached to the plate initially. FDMHS is a splitting method,
implicit in time and uses compact fourth order finite differences. FDMHS has
demonstrated satisfactory performance in our numerical simulations.

For the finite plate case, three background flow are used: impulsively started,
uniformly accelerated, and oscillating. Resolved computations show structure of
the boundary layer separation and roll-up from very early times to relative large
times. For the impulsively started, the details of vorticity structure at early times
have been studied. We resolved the region of negative vorticity along the plate
induced by and entrained into the leading vortex. A secondary entrainment of
positive vorticity into the region of negative vorticity is also found. The maxi-
mum velocity decays as t7'/4 over a large initial time interval. For the uniformly
accelerated, we show evolution in the appropriate non-dimensional variables, and
find agreement with scaling laws observed in experiments. For the oscillating,
we compared the viscous simulation using FDMHS with an inviscid vortex sheet
method. Both are in excellent agreement at early times. There are difference at
later times most likely caused by wall vorticity which is not accounted for by the
vortex sheet model. The shed circulation is independent of viscosity initially for all
three background flows. The effect of viscosity on the vorticity evolution and on
quantities such as the shed circulation, core trajectory and vorticity, vortex size and
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width are also presented. For the semi-infinite plate case, we derived the scaling
rule and verified it numerically.
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1 Introduction

Viscous fluid flow past a bluff body is a fundamental problem that has been studied
for more than ten decades, following Prandtl’s (1904) experiments. In his work,
Prandtl introduced the concept of a boundary layer, which is a layer of fluid in the
immediate vicinity of a wall in which the effect of viscosity is significant. Because
of viscosity, the fluid velocity equals the wall velocity at the boundary, while it
approaches the far field velocity Un.y in a finite distance from the wall. This finite
distance is the boundary layer thickness 6, and it depends on viscosity v and time ¢
in the form of § ~ Vvt. For steady walls, velocity gradients in the boundary layer,
and thus the vorticity, are proportional to U/ Vvt, and are especially large at early
times when t is small. The boundary layer separates in regions of large curvature,
or at corners, and rolls up forming a vortex, often referred to as the starting vortex.
The starting vortex is important in many applications. For example, it is associated
with the lift force that insects gain by flapping wings; with the force that acts on
pillars in a wavy viscous flow and with air swirls that form around buildings
exposed to large winds. Investigating the detailed structure and evolution of the
starting vortex helps understand this fundamental phenomenon.

My thesis focuses on boundary layer separation at the sharp edges of plates of
zero thickness. Vortex separation at edges is ubiquitous and has been the focus of
several experimental and numerical studies. The experimental studies most closely
related to this work are the following. Pierce [34] visualized flow past finite plates
and studied the effect of varying plate profiles. Taneda and Honji [44] varied the
background flow and found a scaling rule relating viscosity, time and vortex size.
Pullin and Perry [36] considered flow past wedges. Lian and Huang [28] obtained
data on the shed circulation. In all these experimental visualizations, one can see
that the boundary layer separates at the sharp edge and rolls up, forming a spiral
vortex. In many cases, the outer turn of the vortex spiral is observed to become
unstable and breaks up into a group of secondary vortices. Careful direct numerical
simulations of flow past bluff bodies have been performed by several researchers.
For example, Wang [50] used a fourth order finite difference scheme to simulate
flow past an elliptical wing undergoing heaving and pitching motion. Wang, Liu
and Childress [47] studied the flow past an ellipse. Several other authors have used
body-fitted grids or vortex particle methods to resolve flow past moving objects
[49, 3, 10, 20]. These flows are more complex than the one of interest here, and
the simulations are not focused on the detail we are looking for. The works most
closely related to ours are Koumoutsakos and Shields [23] (hereafter referred as
KS) and Luchini and Tognaccini [29] (hereafter referred as LT ). KS used a particle
method to resolve flow past a finite plate normal to the flow. he computed the



separated, rolled up shear layer at large times, computed the drag coefficient and
recorded some large scale quantities. Flow past a zero thickness plate is difficult to
compute, and KS was one of the first times that successfully implemented a particle
method reproducing viscous diffusion between particles and viscous generation of
vorticity at walls. LT considered flow past a semi-infinite plate of zero thickness.
They used a finite difference method on a mesh growing self-similarly with the
flow. This technique make it possible to compute the flow to relatively large times.

However, these earlier works focus on large scales of the flow dynamics. Not
much detailed information is given, in particular at the early times of the formation
process in which velocity gradients and vorticity near the wall are large. Much re-
mains to be understood. The goal of my work is to use high resolution simulations
of the Navier Stokes equations to better understand details of the vorticity dynam-
ics, and details of characteristic properties of the flow, such as vortex core trajectory
and vorticity, vortex size, shed circulation and circulation shedding rate. We also
want to document the flow dependence on the fluid viscosity. This work is partly
motivated by vortex sheet simulations of vortex separation. Inviscid vortex sheet
and point vortex models have been used widely to simulate separation because of
their simplicity and significant computational efficiency [6, 12, 30, 48, 19, 41, 40, 2].
Comparison with either experiments or viscous simulations show that they recover
large scale aspects of the viscous flow surprisingly well [12, 37, 49, 46]. Nitsche and
Krasny [31], however, performed vortex sheet simulations of axisymmetric shear
layer separation and compared their results with laboratory experiments. They
observed a discrepancy in the circulation shedding rate at early times which led
to a 10% increase in the total shed circulation. They attributed this discrepancy to
the effect of viscosity at early times, in which the model’s assumption that a shear
layer separates tangentially from the edge does not hold. The work in this thesis
on planar separation will help elucidate details of the starting formation process
and its dependence on viscosity, and this, in turn, may lead to improved separation
models.

I will consider both oncoming flow past a finite plate normal to the flow, and
flow past a semi-infinite plate. The finite plate problem is more physically relevant
and more readily studied in laboratory experiments. Here we consider three types
of background flows: impulsively started, uniformly accelerated and oscillatory
motion. All these types of flows are important. The impulsive start mimics scenar-
ios in which forces act suddenly on an object with often destructive consequences.
Accelerated flows are easiest to reproduce, and the dependence of the solution on
different power law behavior is of interest. Oscillatory flows occur commonly in
biological systems such as swimming fish. Numerically, the finite plate has the
advantage that the area containing the vorticity is finite and the flow can be cap-
tured in a finite computational domain. Semi-infinite case is of interest because a
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scaling rule exists which relates the length scale, time and viscosity. According to
the scaling rule, the solution of flow at one viscosity could be obtained, by a scale,
from the results at any other viscosities. Therefore, computation at one viscosity is
all that are needed. However, the semi-infinite case is numerically more difficult
because the support of fluid vorticity is infinite. LT used an exponential decay
function to approximate the incoming vorticity. They also observed instabilities
in their solutions and it is not clear whether possibly inaccurate modelling of the
infinite boundary layer can cause these instabilities.

Computing the impulsively started flow past plates is difficult for several reasons.
The initial flow is singular at the tip with unbounded maximum velocities. The
boundary layer is thin at an early time stage (f << 1) or for a large Reynolds number
(v << 1). Large velocity gradients and large vorticity that are present in this thin
layer would easily lead to numerical instability. The computational geometry is not
trivial as well since the domain containing the fluid has a slit due to the presence
of the plate. For the semi-infinite plate case, the physical domain is infinite. LT’s
method is very domain-specific and only applies to the semi-similar flow (e.g. the
flow past a semi-infinite plate). The vortex particle methods used by KSis relatively
low order, and does not reveal many details the flow dynamics at early times. I
chose to develop a fourth order finite difference method, referred to as FDMHS
(Finite Difference Method of High order in Space), to compute planar flow past
edges. Following the work of E & Liu, the method uses compact finite differences
and the Thomas formula to obtain vorticity at wall. It is a split method that treats
convection using a semi-Lagrangian method and diffusion using an implicitly high
order Crank-Nicolson method. These components were found to be necessary to
avoid numerical instabilities and resolve the flow, particularly at the early times,
of unbounded maximum velocities and very small length scales. FDMHS is imple-
mented in parallel using the MPI interface, and its parallel performance shows to
be quite efficient.

To validate the method we compare results with E & Liu for driven cavity flows
and found equally well performance to their method, and better performance than
a standard second order method. We tested order of convergence for driven cavity
and found fourth order in space, first order in time. For the much more singular
case of impulsively started flow past a finite plate, this method is between first
and second order in space. We can’t compare to other methods in literature since
order of convergence for the more singular case were not reported. However
we show that we can resolve the highly singular flow at very early times. We
have implemented the method and have resolved detailed aspects of the flows
considered. The impact of this work is the resolution in a regime not studied
before, and complements other work to give a more comprehensive picture of the
flow. We also studied flow quantities not looked at in detail before.
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The thesis is organized as follows. Section 2 describes the problems to be solved.
Section 3, 4, 5 describe the numerical method FDMHS and implementation details.
Section 3 provides the development of FDMHS and performance of the parallel
code. Some other methods that I have implemented in the thesis are also outlined.
Section 4 presents how I determine necessary resolutions for the computation.
Section 5 demonstrates the order of accuracy of FDMHS in space and time in
the driven cavity problem and impulsively started flow past finite plate. Section
6 applies FDMHS to the problem of viscous flow past a finite plate using three
different background flows, respectively. In the oscillatory case, results of FDMHS
are compared with the vortex sheet method. Section 7 applies FDMHS to the
problem of viscous flow past a semi-infinite plate. Finally, Section 8 summarizes
my results and provides some concluding remarks.



2 Problem description

This section describes the three planar flows that are studied in this work: flow past
a finite and a semi-infinite plate, and the driven cavity problem which is used as a
test case. It includes all initial and boundary information on the stream function,
velocity and incoming vorticity that are required by the numerical method. The
problems are described in terms of Cartesian horizontal and vertical coordinates x,
y. The fluid velocity is u(x, y, t) = (u(x, y, t), v(x, y, t)), where t is time. In all cases,
the fluid is assumed to be incompressible and governed by the Navier-Stokes
equations (NSE). The stream function ¢(x, y, t) is defined to be in a way such that
u = v+, and w(x, y,t) = vy — u, is the scalar fluid vorticity.

2.1 Driven cavity

Figure 2.1a is a schematic of driven cavity problem considered here. The fluid is
contained in a square box open at the top. The velocity is zero at the three walls,
and equal to a prescribed parallel driving velocity at the top

Utop = (utop/ 0> (21)
The computational domain is shown in figure 2.1b. The domain is a square box
D={xy),0<x<1,0<y<1}. (2.2)

In the classical driven cavity problem, the driving velocity is constant, Ui, =
constant. However, this induces a jump in the velocity at the top two corners, and
this singularity affects the accuracy of any numerical method. To better test the
accuracy of our method, we follow E & Liu [8] and set

Upop(x) = Ux*(1 — x)? (2.3)

where U = 1. This driven velocity Uy, is zeros actually at two top corners which
yields a less singular flow. The initial values of the stream function at the interior
grid points are

o 1 Y(x,y,0) = Uop@)(y* = y) = (1 = 0*(y* ~ ). (2.4)
Corresponding boundary values of the stream function are
l,bbd =0 (x, y) € dD. (25)

There is no incoming vorticity. This flow was computed by E & Liu using a compact
4th order finite difference scheme. In this work we will implement both E & Liu’s
method and the new method proposed in the thesis and compare results for the
purpose of validation of our method and to establish its order of accuracy.
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Figure 2.1: (a) A schematic of driven cavity flow and (b) the computational domain
of the driven cavity problem.

2.2 Viscous flow past a finite plate

Figure 2.2a is a schematic of the viscous flow past a finite plate. The plate, of length
L, is moving downwards with velocity (0, —U(t)) in direction normal to itself. We
will use a different frame in which the plate is stationary with zero velocity at the
wall, and the far field flow is moving upward, {0, U(t)).

Itis assumed that the plate has zero thickness and the flow stays symmetric about
the center line of the plate. Therefore, the flow is computed only in the half plane
x > 0. The computational domain, shown in figure 2.2b, is a rectangular box

D ={(x,4),0 < x < Xmax, Ymin < Y < Ymax) (2.6)
with a slit
S={(xv),x€[0,L/2],y =0} (2.7)

The center of the plate is at the origin (0, 0). We consider three far-field flows: im-
pulsively stated U (f) = 1, uniformly accelerated U (t) = at, where a is acceleration
and oscillatory U (t) = sin(£), see figure 2.3.

The initial flow is given by the potential flow past a finite plate that matches the
prescribed far-field velocity. The corresponding stream function 1. (x, y, t) is the
imaginary part of the complex potential

z—L/2

Weo(x,y,t) = il 2L

= Peo + 1o, (2.8)
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Figure 2.2: (a) A schematic of flow past a finite plate, and (b) the computational
domain.
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Figure 2.3: Three far-fields flows in simulations of flow past a finite plate. (a)

Impulsively started, (b) Uniformly accelerated, (c) Oscillatory.

where z = (x,y), and ¢ is the velocity potential. For simplicity, I compute ¢
using an equivalent vortex sheet that induces U. This procedure is described in
Appendix I.

The boundary value of the stream function on the plate is zero,

Poa 1 P, y,5) =0, (x,y) €S (2.9)

and the boundary values of the stream function on JD are computed using the
integral formulation (2.10)[33]

Upa t P(x, 9, 1) = Poo(z, 1) + f f w(z,,1)G(z,2,)dz,, (x,y) € ID. (2.10)
D/S
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The geometry-specific Green’s function G(x, y, xo, yo) for the finite plate is
z-L/2 Z-L/2
z+L/2 = \ zo+L/2
12 [weL2)
z+L/2 Zo+L/2
where z is a complex number z = x + iy and * denotes the complex conjugate.
Note that one only needs to compute the integral over the portion of the domain

in which vorticity w(z,) is non-zero to compute the integral of (2.10). In practice, I
only integrate over the portion of domain where |w(z,)| > 10~°.

G(x, ¥, %0, o) = log (2.11)

The computations are performed using L = 1, the whole length of the plate, for
the case of the impulsively started and the uniformly accelerated far field flows
and L = 1 for the oscillatory far field flow. This is consistent with the geometry
used in [23] and [18], respectively.

2.3 Viscous flow past a semi-infinite plate

The flow past a semi-infinite plate is considered here. Figure 2.4a is a schematic
of viscous flow past a semi-infinite plate. The computational domain, shown in
figure 2.4b, is a rectangular box with a slit D/S where

D = {(X, y)/ Xmin <x< Xmax/ ymin < y < ymax}/ (212)

S ={(x,y),x € [xmin, 0], y = O}. (2.13)

In practice, the plate actually occupies the whole negative x-axis with the tip at the
origin (0, 0).

The initial flow is the potential flow past a semi-infinite plate with the stream
function

t -1
Veolx, y,t) = Ur'/? cos (anT(y/x)) , (2.14)
wherer = \x2+y?,and U = 1.
The boundary values of the stream function on the plate is zero,
¢bd : 1;D(x/ ]// t) = 0/ (x/ y) €S (215)
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Figure 2.4: (a) A schematic of flow past a semi-infinite plate and (b) the computa-

tional domain.

and the boundary values of the stream function on JD are computed using (2.10)
as well,

Upa : P(x, y,t) = Yoo(z, t) + fj;/s w(zo,1)G(z, 20)dzy, (x,y) € ID. (2.16)

The geometry-specific Green’s function for the semi-infinite plate is

1

G(x, ¥, %0, Yo) = 5 log

(iz)'? — (iz,)"2
(iz7)1/2 = (iz)'/2

. (2.17)

The computational domain is always finite, though the boundary layer is of
infinite length. I will truncate the plate in the computation. The longer the terminal
time, the longer the plate should be counted. This is handled as follows.

The vorticity to the left of a line x = x,n is ignored. That is, we set the incoming
vorticity at x = xnin equal to zero. The value of xp,, is chosen so that particles
initially at x = xni, traveling in the potential background flow do not reach a
region near the tip by the terminal time T. For example, using T = 0.03, xpin is
chosen to be -1 such that at the terminal time, the particle has not passed x =-1. A
sample trajectory of such a particle for t € [0, T] is shown in figure 2.5. The particle
trajectories are computed by solving the ODE

d d
d_ytc = Uo(X, Y) d—z = Uo(X, V) (2.18)
(Uoo(X, Y), Vo (X, ¥)) = VI Uo(x, ), (2.19)

where (1., Us) are velocities of the potential flow. The terminal positions of parti-
cles are provided.



Figure 2.5: Determine the computational domain of flow past a semi-infinite
plate.Solid line: the semi-infinite plate, dotted line: the computational domain,
dash-dotted line: the path of a fluid particle.

To confirm that the error incurred by setting zero incoming vorticity does not
affect the results, the flow is computed in domains with xpi,=-1,-2 and -3, shown in
tigure 2.6a for v=0.002. The numerical method is going to be described in section
3. The size of the computational domain in y direction is chosen large enough such
that it does not affect the result. These three computational domains are colored
as black, blue and red. The dark thick line in the figure represents the semi-infinite
plate. Black covers most of the plate while red contains the least. Figure 2.6b shows
the maximum velocity Un.x in (x,y) € D/S vs.t using these three domains. The
fact that Unya.x overlap using all three domains confirms that the error made by
imposing zero incoming vorticity in the smallest domain is negligible. In other
words, Xmin = -1 is enough for the terminal time T=0.03, and the rest of the plate
could be truncated.

——Black

0 0.01 0.02 0.03
t

(a) (b)

Figure 2.6: Domain independence verification of flow past a semi-finite plate. (a)
Three domains are chosen, black, blue and red. (b) Plot of maximum velocity Upmax
vs.t using these three domains.
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Table 2.1 shows a list of values of |xy,| for various terminal times T. For the

| Terminal time T | [Ymin| |

50 12.21
128 21.7
256 33.8

Table 2.1: Determination of the plate length that should be included, in the compu-
tation of flow past a semi-infinite plate, provided that the terminal time is given.

relatively large terminal times listed in this table, the value of x, is so large in
magnitude that solving the problem using sufficient resolution on such a rectan-
gular domain is not feasible. We therefore break up the domain into two pieces
as illustrated in figure 2.7. The sub-domain is the long-thin rectangular box below
the plate and it contains the lower boundary layer; the main-domain is the rect-
angular box containing the plate tip and it contains the starting vortex of interest.
We pre-compute the vorticity in the sub-domain, and use its result as the incoming
boundary condition of vorticity for the main-domain. We thus do not account for
the effect of the starting vortex on the vorticity boundary layer far from tip. The
effect is expected to be small, but this still has to be confirmed numerically.

Figure 2.7: The domain decomposition of flow past a semi-infinite plate. The sim-
ulation in sub-domain (cyan) is pre-computed and its results provide the incoming
vorticity boundary condition for the main domain (red), in which a following sim-
ulation is conducted. The overlap between the two regions is shown in green.
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3 Numerical methods

3.1 Motivation

The governing equations are the 2D incompressible Navier-Stokes equations (NSE).
In the stream function-vorticity formulation, they are given by (3.1).

Y Iy
dy’ odx

Dw

Dt Ve, b) v =ow, () u=vity={(-

(a) N R
where u = (u,v) and % = % + u - v is the material derivative. The initial vorticity
w(t = 0) is given. The velocity is zero at steady walls, and prescribed at infinity.

The Reynolds number is defined as

L
_1/

Re (3.2)

where L and U are the characteristic length and velocity, v is kinematic viscosity.

Flow past plates considered here has a range of space and time scales. The
flow is initially singular with unbounded velocity at the tip of the plate. Large
velocity gradients are present within thin boundary layers in the vicinity of the
plate. Small length scales are given by the boundary layer thickness 6 ~ Vvt when
t or v are small. Numerical methods to simulate such flow require that these small
length scales, as well as large scales at later times, be properly represented. To this
effect, I consider several methods in the literature and list their advantages and
disadvantages below.

E and Liu [8] presented an essentially compact fourth order scheme, referred to
here as EC4, and applied it to the driven cavity problem. It is a finite difference
method, fourth order in both space and time. It uses compact finite differences,
that is using information on nearby grid points, at interior and for the boundary
conditions. Vorticity generated at the walls is related to the stream function by
a fourth order Thomas’ formula. The fourth order Runge-Kutta method is used
to advance in time. Details of EC4 are described in section 3.4. Johnston [17]
implemented EC4 for the problem of viscous flow past a cylinder, and showed
well-resolved results of the boundary layer. I have implemented EC4 for the
driven cavity problem and reproduced E& Liu’s results. I have also applied EC4
to simulate flow past the semi-infinite plate and found it to be unstable near the
plate tip. The solution develops large extraneous oscillations that do not vanish
as the mesh is refined. This is attributed to the fact that the method is explicit
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in time and does not handle the large gradients near the wall. Some effort has
been made to make EC4 implicit in time, unsuccessfully. It is hard to make the
temporal derivative implicit while maintaining the compactness and the fourth
order accuracy in time.

Koumoutsakos and Shields [23], referred to as KS, used a particle method to
compute flow past a finite plate. These are Lagrangian methods that track par-
ticles which carry the fluid vorticity. They move with the fluid velocity, which
is computed using the Biot-Savart law, as an integral over the region containing
vorticity. Vorticity diffusion between particles is accounted for using the method of
particle strength exchange, Degond & Mas-Gallic[7]. For a review, see Koumout-
sakos [21]. Vorticity generation at the walls is based on the technique introduced
by Koumoutsakos & Pepin [24] which embodies Lighthill’s creation mechanism.
High resolution can be achieved in local regions by placing a large number of vor-
tex particles in those regions. This method was first applied to flow past a cylinder
[22], and then extended to planar flow past a finite plate [23], and has also been ap-
plied to 3D flow [20]. Eldredge modified a vortex particle method with a simplified
particle treatment near the boundary and applied it to simulate a flapping wing
with hovering insect kinematics. Particle-based methods provide an alternative to
grid-based method. However, the vortex particle method is of low order and the
simulations in the literature do not resolve small scale features.

Luchini and Tognaccini [29], referred as LT, used a a highly domain-specific finite
difference method to simulate flow past a semi-infinite plate. They used the scal-
ing property of the flow (also see section 2), to derive an alternative formulation
in which variables scale in time. They solved these scaled equation using a finite
difference method, in essence resolving small scales initially and large scales at later
times equally well. Their method uses an upwind scheme to treat vorticity con-
vection, the Crank-Nicolson method to advance in time, and the Thomas formula
to generate vorticity at the plate (see section 3.2.4). The method is formally second
order in space and time. LT use an exponentially decaying analytical function to
approximate the incoming vorticity from the boundary layers outside the compu-
tational domain. In the results, the outer spiral turn of the leading vortex becomes
unstable. It is not clear whether their boundary layer approximation introduces the
oscillations that leads to the unstable behavior. We will recompute this flow using
an alternative method and a different approximation of the incoming boundary
layer, computed numerically (see section 2.3), and use our results to resolve the
early dynamics, which are not studied in LT.

I decided to develop a new method to fulfill the goal of resolving the initially
singular flow. It is desired that this new method be suitable for problems with a
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large range of space and time scales, be capable of unveiling details of the flow
near the plate tip initially and be able to use large time steps while maintaining
numerical stability. We use some of the ideas in the works discussed above and
combine them with others. Based on our experience, the treatment of the temporal
derivative has to be implicit; the compactness and fourth order approximations are
preferred, since these properties yield lower truncation errors in the approximation;
and high resolution at early times is necessary to better represent the small scales
and large gradients near the plate. We denote this method as Finite Difference
Method of High Order in Space, FDMHS. The method is described below.

3.2 Finite Difference Method of High Order in Space (FDMHYS)

FDMHS is a compact fourth order finite difference method using a regular, rectan-
gular grid to solve the 2D incompressible Navier-Stokes equations (NSE) in stream
function-vorticity formulation, 3.1. It requires initial and boundary conditions on
the stream function 1) and incoming vorticity at the boundary. Outgoing nonzero
vorticity at the boundary is approximated using extrapolation along characteristics.

We establish the finite difference grid in the 2D computational domain as

Xmin = X0, X1, Xi,*** , XNx-1, XNx = Xmaxs i= 0/ e le (33)
}/min = ]/0;]/1/"']/]'/"' /]/Ny—lr]/Ny = ymaX/ ] = O/ /N]/ (34)

where Xi = Xmin + lh/ Yi = Ymin + ]h/ and h = (xmax - xmin) /Nx = (ymax - ymin) /N]/
Similarly, time is partitioned as

0=ty ty, -ty tn-1,In =T, n=0,---,N (3.5)

where t, = nAt and T = NAt. gbf] approximates 1 (x;, y;, t,), the value of the stream
function at the grid point (x;, y;) at time ¢t = t,. The interior grid points are given
byl1<i<Nx-1and1 < ;< Ny-1. Wenow list some notation that will be used
in the following contents. A}, is the five point stencil to approximate the Laplacian
operator v?; D7 is the second order central difference to approximate 9°/dx* and D;,
is the second order central difference to approximate 9*/dy?; D, is the second order
central difference to approximate d/dx and D, is the second order central difference
to approximate d/dy; as follows,
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ﬁ+1/j + ﬁ—l,j - 4ﬁ/] + ﬁ/j+1 + .firj_l

Mf = = (3.6)
Dy = P Hutlo 37)
pif, = P2t (38)
Dxfi,j _ f+112hfl Lj (3.9)
D.f,; = i “l%ﬁ e (3.10)

FDMHS is a split method which, in rough terms, first solves the inviscid portion
of the transport equation (3.1)a,

dw* Dw*
= —u-vVo i = .
o u- Vo', thatis Di 0, (3.11)
and then solves the viscous portion
d
a_C: —v 2w, (3.12)

Here, w* denotes an intermediate vorticity value. (3.11) is solved using a semi-
Lagrangian scheme, which is second order in time and fourth order in space. (3.12)
is solved using a Crank-Nicolson method which is second order in time and fourth
order in space. Even though the scheme for each temporal step is relatively high
order in space and time, the splitting scheme reduces the overall order of accuracy
in time. In the next subsections, the whole algorithm is presented, followed by
details for each step.

3.2.1 The algorithm

Initialization. Prescribe the initial conditions of the stream function ¢, and give
the incoming vorticity condition if it is non-zero.

To advance from ¢, to t,,1,

Step 1: Solve the vorticity convection in the interior
dw*
dt

=0 (3.13)
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using a two-level semi-Lagrangian method. The method consists of three stages

1 For each interior grid point, assuming a particle sits here, find the location of
the particle at t, along the characteristic path. This is equivalent to solving

dz

7 = u@ b z(ti) = (0, y)). (3.14)

where z = (x, y).

2 Obtain the vorticity w(z(t,), t,) of the particle from vorticity values at nearby
grid points using a fourth order bi-cubic interpolation.

3 Set w*(xi, yj, tur1) = w(z(tn), ).

Step 2a: Compute Ypq using the integral formulation (2.10) for the finite plate, or
the equivalent (2.16) for the semi-infinite plate. The integral is computed using the
fourth order Simpson’s method. We integrate only over that portion of the domain
in which |w| > 107~°. For the driven cavity problem, set 4 = 0

Step 2b: Find the stream function in the interior by solving the Poisson equation
VY = " (3.15)

using a fourth order finite difference scheme [43]

2
(An + h—D2D2)¢”+l 1+ %Ah)m*. (3.16)

The Conjugate Gradient method is used to invert the resulting linear system.

Step 3: Update the velocity
u=viy. (3.17)

on the interior grid points using a fourth order central difference method

5 W2
u™! -D,(1 - —D;)I,D”” (3.18)

2
" = D1 —%DZ)M+1 (3.19)

Step 4a: Compute the vorticity on the walls using Thomas’ formula. For the
finite plate problem, the vorticity on all four sides of the rectangular domain is
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zero. Specify the incoming vorticity on incoming boundaries and set it using
extrapolation on the outgoing boundaries.

Step 4b: Update w™*! on the interior grid points from

&a)n+1

ot

using a three-level Crank-Nicolson method.

= VvAw" (3.20)

3.2.2 Two-level semi-Lagrangian method

The semi-Lagrangian method is widely used to solve the convection process for
partial differential equations. It is derived from the Lagrangian nature of flow
transport and allows computation on Cartesian grids. Traditional numerical tech-
niques for convection equation are subject to the CFL stability condition, which
imposes a restriction on the time steps in the computation. The semi-Lagrangian
method traces particles along the characteristic curve and this allows for a larger
time step.

Following [39][42][45], the two-level semi-Lagrangian technique basically uses
the information on the current time stage and one time stage before. The convection
equation in my method is

Dw
— =0. 3.21
Dr (3.21)
Suppose a fluid particle resides at a given grid point (x;, y;) at time ¢,.1. One obtains
the vorticity value w(x;, y;, t,+1) carried by this particle through three stages. First,
find the particle’s position at the previous time, t,. This is equivalent to solving the
ODE

dz

= = uz ), zte) = (v, y). (3.22)

Then, recover the vorticity value w(z(t,),t,) by values in its neighborhood. Last,
assign w(x;, yi, thr1) = w(z(t,), t,). Repeat this process for all grid points (x;, y;).
Next, details of the computation is presented.

Integrate the ODE (3.22) and write the solution as
1
2(6) = 2ltye) ~ [ (et i (323)
tn
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This integration can be evaluated using a Runge-Kutta method. Here, I use the
method proposed in [42] which is second order in time. Denoting Az = z(t,.1) —

z(t,) = J; bt u(z(t), t)dt and using the mid-point rule to approximate the integral in
(3.23), yields

tn+]
f u(z(t), tydt = Atu(z(tm%), tn+%) + O(At3) (3.24)
t

Az 2 3

= Atu(z(t,41) — > + O(AF), tn+%) + O(AY) (3.25)
Az 3
= Atu(z(t,s1) — T,t,ﬁ%) + O(A?). (3.26)
This is written as
Az 3

Az = Atu(z(t,1) — X tn+%) + O(APF). (3.27)

(3.27) is an implicit formula for Az in terms of known velocity field at two previous
time stages. Using a second order extrapolation from two previous time stages to
find the velocity at ¢,

3 1
u(zl tn+%) = E U(Z, tn) - E u(zl tn—l) + O(Atz)/ (328)
we obtain the following iterative scheme to compute Az,
0 3 1
Az’ = At Eu(z, t,) — Eu(z, ti-)|, (3.29)
AZ5 = At [éu(z LAz ) — lu(z e )] k=1,2,...(3.30)
2 2 rtn 2 2 7 tn—-1 7 g4y A0,

Once Az is known, the departure point along the characteristics path is
z = z(t,41) — Az. (3.31)

Usually, z will not coincide with a grid point. Therefore, the velocity u and vorticity
w are obtained by interpolation from the known values in the neighborhood. The
fourth order bi-cubic interpolation is used since it has smaller truncation errors
than a lower order interpolation method, for example, the bilinear interpolation.

3.2.3 Solve the Poisson equation and compute the velocity near the boundary

In section 3.2.1, step 2, the boundary values of the stream function are required
in order to solve the Poisson equation, expressions of 1},q are given in section 2.
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Remember that for flow past plates, we use Biot-Savart formula to compute 14,
and the formula is calculated using the 2D Simpson integration technique which is
fourth order in space. Actually, the Biot-Savart formula can be used in the interior
as well to compute ¢. The problem is that the computational time is too expensive,
therefore, we solve for ¢ using the Poisson equation instead.

The Poisson equation is solved by Conjugate Gradient (CG) (The tolerance is
the residual is < 107%). CG is one of the optimal options if the linear system is
positive definite and symmetric, other optimal options include methods based on
FFT, Multigrid, etc.. Therefore, CG is suitable for the driven cavity problem. For
the cases of flow past finite and semi-infinite plates, the linear system is positive-
definite but slightly non-symmetric due to the presence of the plate. A comparison
of the performance of CG, BiCGS (Bi-Conjugate Gradient Stabilize) and GMRES
(General Minimum Residual Scheme)[15] is shown in table 3.1 for the driven cavity
problem and the problem of flow past a finite plate. The computations are con-
ducted on my laptop. The CPU time is the time elapsed for a fixed number of
iterations. In the driven cavity problem, the number of grid points in the x and v
directions is 100 X 100 and the CPU time is for 100 iterations. For the finite plate
problem (FP), a second order finite difference method (FDM2) and FDMHS are
used. The CPU time is for 40 iterations, and the number of grid points are 40 x 40.
The Reynolds number is 20 for all. Apparently, CG converges in my problem for a
slightly non-symmetric linear system, and it takes the least time.

Driven Cavity FP FDM?2 FP FDMH
Method CPU time(sec) || Method CPU time || Method CPU time
CG 29.936 CG 4.82 CG 61.64
BiCGS 49.728 BiCGS 5.94 BiCGS 63.96
GMRES 420.5970 GMRES 43.53 GMRES 100.174

Table 3.1: The Comparison of three Poisson solvers: CG, BiCGS and GMRES[15].
FP stands for the problem of flow past a finite plate. FDM2 stands for a finite
difference method that is second order in space and time. The computations are
performed on my laptop.

In section 3.2.1, step 3, a fourth order one-sided finite difference method is used
to compute the velocity on the grid points next to the plate. The Biot-Savart
formula is used to compute the stream function 1 on ghost points just outside the
computational domain, givenby i = Nx+1,-1 < j<Ny+1, i=-1,-1<j<
Ny+1, j=Ny+1,-1<i<Nx+1landj=-1,-1<i<Nx+1,so thatthe fourth
order central difference method can be applied to interior grid points near the four
sides of the domain.
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3.2.4 Thomas’ formula

Following [8], Thomas’ formula is used to compute the vorticity generation from
the plate. Recall that the horizontal velocity u and vorticity w are calculated using

Py Py

The spatial grid points near a solid boundary are depicted in figure 3.1, where the

° ° ° ° ° °
o o o o o o J:O
o o o o o o

i
Figure 3.1: Spatial mesh grids near the solid boundary.

solid line is the plate, the solid dots are the actual grid points, and the empty dots
are the ghost points located outside of the domain. For simplicity, j = 0 represents
the plate. The horizontal velocity and the stream function, as well as the first and
second derivatives of 1 are all zero at j = 0.

oy el
uio=0, =0, (g)i/O =0, (ﬁ)i,o =0. (3.33)
Using the second order central difference method to approximate u;,
Ui = wi’lz_A;bi L (3.34)
this yields
Yi1 =i (3.35)

Using the second order central difference method to approximate vorticity on the
boundary w;, one gets

> Yin =200+ i1 _ 290
wip = ( EY )i,O == AP = AP (3.36)
Using (3.35) in (3.36), one gets
2yiy
Wip = Ay (3.37)
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(3.37) concludes the second order Thomas’ formula.

The fourth order Thomas’ formula can be derived in a similar manner. Using
two fourth order finite differences to approximate u;, one writes

1 2 2 1
0 = E‘nbi,—z - 51101',—1 + 5%1 - E%‘,z (3.38)
1 3 1 1
0 = —g¥in— 5= 5¥ia + g ¢is. (339)

Note that 1), is erased from equations above since it is zero. Considering 1; -1 and
Y;—» as unknowns, one solves them to get

1
i1 61— 2;n + 51,1)1',3 (3.40)

8
1#1',_2 = 401#1’,1 — 1577Di,1 + 5170,',3. (341)
Applying the fourth order central difference to the vorticity w;o, one has

(P —flia 3t — 5 - Wi 6% — 5Uia + 5is
wip=|5%5| = > = - . (3.42)
dy i0 Ay Ay

Using the expressions of 1; -1 and 1; , in w; o, one solves these two equations to get

61 — 3in + %1,01',3
Ay?

(3.43)

(3.43) concludes the fourth order Thomas” formula.

The fourth order central difference scheme is used to compute @* on the grid
point of the plate tip.

3.2.5 Two-level and three-level Crank-Nicolson methods

Starting with the diffusion equation
dw

5 " VWi (3.44)
and using a fourth order approximation in space, one gets
1+ —Ah) =v(A, + KD D))w. (3.45)
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The variable w"*!

to @™ in time,

is the vorticity at the time stage t,,1. Apply the Taylor expansion

A
W™ = @ + Af[ A“; ) (3.46)

where Aw means a small increment of @ in time. Now one has

(8_a)) ~ A9 o, (3.47)

ot At

The ( ) on the left hand side of (3.45) is approximated by =%-— A" and for the right

At
hand 51de of (3.45), w is split into two time stages, n and n + 1, by a weight 3

w ~ B + (1 - B, (3.48)

where f is chosen to be 0.5 following a standard second order Crank-Nicolson
method. Therefore, (3.45) becomes

hZ Awn+1
1+ —Ah)

=v(1 - B) (A, + %DzDz)a} +VB(AL + %DZDZ)w”“ (3.49)

Rearranging the above equation and using

" = 0" + Aw™?, (3.50)

one has

2 h? h?
[1+ ]f—zAh — BVAH(A, + gDZDZ)]A = YAHA, + gD2D2) . (3.51)
(3.50) and (3.51) concludes the two-level Crank-Nicolson method. This method is
tirst order in time, fourth order in space.

Similarly, one can derive a three-level Crank-Nicolson which has smaller errors
in time, see [14]. I have modified the three-level Crank-Nicolson method to make
it fourth order as well. This fourth order three level method is described next.

One starts with the difference equation (3 45) directly. A second order central
difference method is used to approximate % at the time stage 7,

n+1 -1

dw @ -
ot 2At

Awn+1 Aa)” 5

= oA + O(AP). (3.53)

O(A#) (3.52)
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The weight «a is introduced to make the expression of £2 more general

Jdw Aw"*! A"
— =~ (1+ - . 3.54
ot I+ o)== -7y (3:54)

In my computation, a is chosen to be 0.5 following [14]. (3.54) is used to approxi-
mate the 22 on the left hand side of (3.45). Similarly, w is split as

w ~ " + (1 - Pl™, (3.55)

and used to replace w on the right hand of (3.45). Therefore, one has

2 n+1 n
1+ %Ah)[(l ra) A“ - aAA“; 1= v(1 - B)(A + %D2D2>w FVB(Ay + %DzDz)w“és 56)

Rearrange the above equation to yield

[1+Z2A, - E5(Ar + ED2D2)]Aw™! = 2L (A, + ED2D2)0" +

1+a 1+a

(1 + EA)ABI57)

1+a
The vorticity w at time stage n + 1 is then computed by

" = 0" + A" (3.58)

(3.57) and (3.58) conclude the three-level Crank-Nicolson method. This method
is a second order in time, fourth order in space approximation to " on each grid
point based on the Taylor expansion.

3.3 Efficient implementations
3.3.1 Parallel implementation and efficiency

FDMHS is a compact finite difference method and this property makes it ideal to
exploit on modern multi-core clusters or supercomputers. I parallelized FDMHS
using the MPI interface and implemented the code on clusters at CARC (Center
for Advanced Research Computing) at UNM. Figure 3.2 illustrates the domain
decomposition of parallel FDMHS using twelve processors in the finite plate case.
The thin solid line around the rectangular box sets the size of the computational
domain. The bold solid line is the plate, the bold dashed line is the center line of
the plate. Black dots are interior grid points and empty dots are boundary grid
points. The grid points around each subdomain from inside serve as the boundary
grid points for its neighbors. At every time step, processors exchange information
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Figure 3.2: The application of parallel FDMHS using 12 processors. Bold solid line
is the plate; bold dashed line is the center line of the plate; the solid line around
four sides sets the computational domain; black dots are interior grid points; empty
dots are boundary grid points.

of boundary values, and the time this process takes is called the communication
cost.

The performance of a parallel program is a complex issue. The metrics that people
measure can be execution time, parallel efficiency, memory requirement, latency,
hardware requirement, etc.. The relative importance of these diverse metrics will
vary according to the nature of the problem. In my problem, I am interested in the
runtime of FDMHS in strong scaling and weak scaling. In strong scaling, the total
size of the problem or data is fixed, and one adjusts the number of processors. Let
tp denote the runtime using P processors. Speed up Sp is the ratio t;/tp. Ideally,
using P processors is P times faster than using one processor, as t;/tp = P. The
speed up can be viewed as a normalization of the runtime, and it characterizes the
scalability of the program. In weak scaling, the size of the problem or data on each
processor is fixed, If more processors are used, the total size of the problem needed
to be adjusted.

We test the strong scaling in the driven cavity problem. The degree of freedom,
DOF, is the total number of grid points in the computation, it is 10°. The compu-
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tations are performed on the cluster pequena at CARC of UNM. This cluster uses
InfiniBand interconnect and has 8 processors per node. Figure 3.3 shows the speed
up in strong scaling, t; is the runtime of the serial code. This figure shows that
for P = 40, the speedup almost lies on the linear line, corresponding to almost
100% efficiency. Table 3.2 gives corresponding the runtime per DOF, ¢, here is the
runtime of the parallel FDMHS on one processor. In my computation, the runtime
on one processor is greater than the runtime using the serial code.

We test the weak scaling in the problem of flow past a finite plate. A fixed number
of DOF (= 2.56 x 10%) is assigned to each processor. Computations are performed
on the cluster nano at CARC of UNM. The cluster uses Myrinet interconnect, and
has 4 processors per node. Table 3.3 shows the average runtime per time step per
processor. The runtime scales well, and is basically independent of the number of
processors used.

70
60/
50/
t/t, 40
30
20

107

Figure 3.3: Strong scaling of FDMHS in the driven cavity problem. The figure plots
the speed up (tp/t1)vs.P, where tp is the runtime for a sample problem with a fixed
number of degrees of freedom (= 10°) computed on P processors. t; is the runtime
of the serial code.
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p 1 4 8 16 20 40 64
tpP/DOF (us) | 3197 | 3663 | 4457 | 2389 | 1670 | 1560 | 2824

Table 3.2: Strong scaling of FDMHS in the problem of flow past a finite plate.
Number of micro seconds per time step for a fixed number of degrees of freedom
(DOF) (10°). t; is the runtime of parallel FDMHS using one processor.

P 4 9 16 25
tpP/DOF (us) | 1428 | 1418 | 1465 | 1481

Table 3.3: Weak scaling of FDMHS. Average number of micro second per time step
for a fixed number of degrees of freedom (= 2.56 x 10*) per processor.

3.3.2 Domain decomposition and CG as the Poisson solver

The domain decomposition is employed for simulations of flow past a semi-infinite
plate in order to count the vorticity along the plate at infinity, see section 2, and
CG is used for the Poisson equation, see section 3.2.3. Both techniques are stressed
here again is because that they are considered as efficient implementations as well.

3.3.3 Adaptive domain

For simulations of viscous flow past a semi-infinite (main domain) plates, the
computations use a thin domain initially, when the support of the vorticity is small
but the flow is highly singular, requiring small mesh sizes and time steps. At
later times, the computational domain will be increased adaptively, as indicated in
tigure 3.4. This is still an on-going work.

7 7.
7L 57557705575277:

Figure 3.4: A adaptive domain is used in flow past a finite plate to save computa-
tional expense.
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3.4 Other methods

The following sections give brief descriptions of a second order finite differ-
ence method (FDM2), the essentially compact scheme (EC4) and the vortex sheet
method. The results of those methods are compared with that of FDMHS in the
thesis.

3.4.1 FDM2

FDM2 solves the NSE (3.1) in the stream function vorticity formulation. The
algorithm of FDM2 is listed below.

Initialization. Prescribe the initial and boundary conditions of the stream function

Yo

Advance the time from ¢, to t,,1,
Step 1: Obtain the stream function by solving the Poisson equation

VY = w. (3.59)
on the interior grid points using the standard central differentiation

A" = @™, (3.60)

Step 2: Compute the velocity
u=viy. (3.61)
on the interior grid points using a standard central difference method

Mn+1 — _Dyl,bn+1 (362)
ol = Dy, (3.63)

Step 3a: Compute the vorticity on walls using a second order Thomas’ formula.

Step 3b: Update w™*! on the interior grid points

aa)n+1

ey u" v o' = vAw" (3.64)
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using a standard Crank-Nicolson method which is of second order accuracy in
space and time. The convective derivative u V w is approximated using a upwind
scheme. Taking udw/dx for example,

dw  Wis1,j = Wi L @2 Bwi-1,j + 3w;j — Wiy,

. = — 3
uj >0, - o - +O0(H%) (3.65)
ow _ Wiy~ Wi1j - Wi-1,j — 3CUz',j + 3Cl)z‘+1,j — Wit2,j 3
u;; <0, o o + 7 + O(h’). (3.66)

Note that the above finite difference approximations are of order /2, they provide
a more stable scheme than the three-point upwind scheme, for example,

dw  —Wirzj + 4win,j — 3w

wij> 0, o= 2

(3.67)

34.2 EC4

The contents mainly follows E & Liu [8]. EC4 is an efficient numerical scheme to
solve the NSE (3.1) for the driven cavity problem. This method is coupled with
Runge Kutta method, and is fourth order in both space and time.

EC4 is based a reconstruction of the NSE. Using a fourth order operator on the
transport equation (3.1)a, one has

h? dw h? B P, 5\, 4
(1 + EAh) E + (1 + EAh) (u . V)a) =v (Ah + EDXD]/) V-ow + O(h ) (368)
with

W2 LR K W2 . -
(1 + —Ah) (uv)w = Dx(1+ZD§)(ua))+Dy(1+ED§)(va))—ﬁAh(qua)+vDya))+O(h4).

12
. (3.69)
Let (1 + %Ah)w = @, the algorithm of EC4 is listed as below
Initialization : Given ", compute
hz
1+ EAh)wo =" (3.70)

Advance the time from ¢, to t,4;
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Step 1: Given ", compute v"*! by

C(_)n+1 —o" _ hz ) _ hz ) hz B B hz )
T+Dx(1+gDy)(ua))'i_Dy(l'i_ng)(Ua))_ﬁAh(qua)'i_vDya)) =v|(l+ EAh Vw.
(3.71)
Step 2: Solve for "*! interior using
hZ 2712, /,n+1 —n+1
(An + ngDy)gb =" (3.72)
Step 3: Solve for »"*! interior using
hz
1+ EAh)w”+1 = o™ (3.73)
Step 4: Update velocity using
~ h?
u™ = -Dy(1 - gDi)l)an (3.74)
~ h?
v =D, (1 - gDi)wﬂ. (3.75)

The order of accuracy of EC4 is checked for the driven cavity problem described
in section 2. Figure 3.5a plots the maximum error at t = 1 in the stream function
Y, the velocity components u and v, and the vorticity w, computed with various
values of h=0.125, 0.0625, 0.03125, 0.015625, 0.0078125, and 0.00390625. The error
is computed using the results with h=0.001953125 as the ’exact” solution. For
reference, the time step used throughout is At=0.0025. The figure also plots a line
of slope 4. Therefore, this figure shows that all four quantities converge to fourth
order in space, as predicted theoretically by E & Liu.

Figure 3.5b shows the order of accuracy in time. It plots the maximum error
at t = 1 in the same quantities, computed with At = 0.01, 0.005, 0.0025, 0.00125,
0.000625 and 0.0003125, where h=0.0078125. Here, the result with At = 0.000078125
is used as the “exact’ solution. The straight line has slope 4. Thus the figure shows
that the method is fourth order accurate in time. Note that the curves in figure
3.5b level up when At is less than 0.00125, this is because either the spatial error
dominates.
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Figure 3.5: (a) Order of accuracy in space and (b) in time, using EC4. The y axis for
both figures are the maximum errors over the whole domain. The x axis for (a) is h
and for textit(b) is At.
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3.4.3 Vortex sheet method

In the vortex sheet model the fluid is treated as a purely inviscid one. The plate is
modeled as a bound vortex sheet that satisfies zero normal flow through the plate.
A point vortex is released at each time step from the edges of the plate and the
shed vorticity is modeled as a regularized free sheet [27]. A key component is the
algorithm used to determine the shed circulation I'(f). Here, we follow [31] and
impose the Kutta condition

1, 5
il T 7
o = i —ud), (3.76)
where u, are the tangential velocities left and right of the plate, at the edge. An
alternative method introduced by Jones [18] is based on representing the flow in
the complex plane (see also [19, 41, 40, 2]). The vortex sheet model depends on the
regularization parameter 6 for the free sheet. For more details, see [31].
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4 Determine the necessary resolution using FDMHS

For cases of the impulsively started flow past a plate, and flow past a semi-infinite
plate, the initial flow is singular with unbounded velocity. Itis difficult to accurately
resolve these flows at small times. However, my results show that with sufficient
resolutions in space and time, one actually can resolve the flow at any possible
time. The earlier the time is, the higher resolutions are required; the larger the
Reynolds number is, the higher resolutions are required. In this section, we are
going to determine what are necessary resolutions in space and time for the flow
at a given time of interest.

4,1 Effects of the resolution

Note that the thickness of the boundary layer is proportional to Vvt. For a certain v,
anecessary mesh size is required to represent the flow’s structure. This is analogous
to imposing a certain number of grid points per wavelength in Fourier analysis, in
order to represent the wave.

Figure 4.1 shows vorticity contours for Re= 500 at t=0.05 using three different
time steps At=0.0001, 0.0002, 0.0004, and four mesh sizes h = 0.0015625, 0.003125,
0.00625, 0.0125, for the problem of flow past a semi-infinite plate. Figure 4.1a shows
the best result of all, it uses h = 0.0015625 and At=0.0002. The figures at the second
row of figure 4.1 use the same h = 0.003125. There is a kink on the outer spiral,
and this kink is getting worse with At becoming larger. The middle column of
tigure 4.1 show a comparison of results using a fixed At and increasing h (from
top to bottom). At h=0.00625, a negative region appears along the outer turn and
the profile of the outer vortex looks oscillatory. The negative region between the
positive starting vortex and the plate has an irregular shape. h=0.0125 gives the
worst result. The region of negative vorticity right above the plate disappears.

Figure 4.2 shows vorticity contours for Re=500 at ¢=0.05 for the problem of
impulsively started flow past a finite plate. Four mesh sizes are used, and the time
step is chosen small enough such that vorticity contours do not get alot better by eye
(in terms of the smoothness of the contours). It occurred to me that the computation
for a fixed h is stable for a certain range of At. Too large At yields instability and too
small At yields incorrect flow behavior. Figure 4.2ab seem to represent the vorticity
well and show no apparent difference. The instability appears in figure 4.2c with
a mesh size h=0.003125, and the instability gets worse in figure 4.2d with a mesh
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size h=0.00625. Therefore, one can say that a necessary mesh size of h=0.0015625 is
needed to resolve the vorticity at =0.05 for Re=500. An example about the effect
of time step is shown in figure 4.3. This figure plots vorticity contours for Re=500
at t=0.05 as well, the mesh size is fixed at #=0.003125. Three time steps are chosen,
At=1x10"*, At =2x10"* and At=2.5x10*. All three figures have instabilities, as
At gets bigger, the instability gets worse.

Therefore, our approach to determine if the flow is well resolved or not in the
computation is that if h is further refined, there are no visible changes. More
concisely, we will use enough number of grid points such that the flow looks like
resolved as shown in figure4.1a and figure 4.2ab for the given time of interest.

33



00T 005 0 0.05 01

1 -0.05 0 0.05 01 =81 -0.05 0.05 01 1 ~0.05 0 0.05

01y

0.051 Vil

00’

Figure 4.1: Vorticity contours for Re=500 at ¢ =0.05 for the problem of flow past a
semi-infinite plate. The spatial mesh size and temporal step are (a) #=0.0015625,
At=0.0001, (b) #=0.003125, At=0.0001, (c) h=0.003125, At=0.0002, (d) h=0.003125,
At=0.0004, (e) h=0.00625, At=0.0002, (f) h=0.0125, At=0.0002, (g) h=0.0015625,
At=0.0001. The contour levels of the vorticity are +2!"88l. The vorticity is neg-
ative in dashed lines and the positive in solid line.
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Figure 4.2: Vorticity contours at =0.05 for Re=500 for the problem of impulsively
started flow past a finite plate. The mesh size and time step is (a) h=0.00078125, At
=5x%107°, (b) h =0.0015625, At =1x107*, (¢) h =0.003125, At=2x107*, (d) h =0.00625,
At=4x 107 @ = 2075121,
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Figure 4.3: Vorticity contours at t=0.05 for Re=500, h = 0.003125 for the problem of
impulsively started flow past a finite plate. The time step is (a) At =1x 107%, (b) At
=2x107%, (c) At=2.5x 107*. @ = £27512],
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4.2 The resolution for Re=500

The computations show that in order to resolve the flow for a larger Reynolds
number than Re=500 or at a smaller time than t=0.05, the mesh size & and time step
At are required to be smaller than #=0.0015625 and At = 1 X 107, In other words,
the requirement on /r and At can be lessened if one is interested in results for a small
Reynolds number or at a large time. One numerical evidence is shown in figure 4.4.
This figure plots the maximum velocity Upax vs.t for Re=500 using four mesh sizes,
h=0.00078125, h=0.0015625, h=0.003125 and h=0.00625. The time period is from
0 to 0.04. Plots of figure 4.4bcd are closeups of figure 4.4a at three different time
intervals. In figure 4.4a, the Uy, at all /i’s are not smooth initially, that is the ‘early
time stage” at which the flow can not be resolved using these /i’s. As t increases, the
Unax using these h's start to converge (overlap), and the convergence is at different
times for different hi’s. Taking the result of #=0.00078125 as the "exact’ solution, the
solution of h=0.0015625 overlaps the ‘exact’ solution around t = 1 X 1073 as shown
in figure 4.4b, the time is around t = 2 x 10~ for ©=0.003125 as shown in figure
4.4c and around t = 4 x 107 for h=0.00625 as shown in figure 4.4d. To be more
precise, the relative errors at h1=0.0015625, h=0.003125 and /#=0.00625 are computed
as below

ex
UmaX - Umax

relative error =
Umax

(4.1)

and results are listed in table 4.1. For each row, h is fixed and t varies, the relative
error decreases as t increases. In each column, t is fixed and h varies, a small & has
a small relative error.

| [#=0.01 [ #=0.02 [ #=0.04 |
h=0.0015625 | 0.0084 | 0.0031 | 0.0001
h=0.003125 | 0.1424 | 0.0125 | 0.0034
1=0.00625 | 0.1582 | 0.0898 | 0.0231

Table 4.1: Relative errors in Uy using (4.1).

Two other I’s are used in computations as well, they are ©=0.0001953125 and
h=0.000390625. Figure 4.5 plots the corresponding Uy vs. t. Since the runtime is
expensive for these two s, the time period is from 0 to 0.0025 for #=0.0001953125
and from 0 to 0.0005 for h=0.000390625. Taking the result of h=0.00078125 as the
‘exact’ solution again, the solution of #=0.0001953125 overlaps the ‘exact” solution
at around t = 2 X 107 as shown in figure 4.5a and for ©=0.000390625, the error
seems quite small after the time t = 2.5 X 1072 as shown in figure 4.5b.
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