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Abstract—Several techniques are presented, both iterative and non-
iterative, for synthesizing a recursive digital filter whose amplitude
spectrum approximates a desired shape. The synthesis is carried out by
implementing known algorithms for rational function approximation of
a continuous function on a finite interval. In particular, techniques for
synthesizing the best rational function approximation in the Chebyshev
sense and in the least squares sense are treated. Examples are given
which illustrate the quality of approximation achievable through each
technique.

I. AMPLITUDE DESIGN OF RECURSIVE DiGITAL FILTERS

HERE ARE filtering applications which require the

synthesis of a digital filter whose amplitude spectrum
(henceforth referred to as a spectrum) approximates a given
continuous shape. Such an application occurs in data trans-
mission systems where signal shaping is often done at both
the transmitter and receiver.!

Motivated by recent work concerning the synthesis of
nonrecursive digital filters [1], we examine the problem of
synthesizing a recursive digital filter whose spectrum best
(in the Chebyshev sense) approximates a desired spectral
waveshape. We reduce this problem to one of a rational
function fit to a desired continuous function on a finite
interval. Just as the polynomial approximation work of
Remez provided a base for the nonrecursive design of digital
filters, it is our intention here to make the filter designer
aware of the relationship between the recursive filter prob-
lem and the vast amount of work done on rational approx-
imation in a real variable. We do not intend to survey the
current state of the art in rational function approximation
theory, but rather demonstrate its equivalence to the digital
filter problem. Specifically, there exist many algorithms
which provide the rational function which approximates a

function approximation theory has been applied to s-plane
filter design problems [2]. However, the digital filter designer
encounters a great deal of difficulty in applying much of this
work to his problems on the z plane. At best, some similarity
in design procedures can be observed but the two design
problems are by no means equivalent.

In this paper, we describe general purpose algorithms for
iteratively finding rational function approximations of a
given order. In exercising some of these algorithms, we have
experienced that algorithmic convergence can sometimes
become a problem. However, a linear programming design
procedure we have also considered does not suffer from this
convergence problem. We also considered the question of
initial guesses to the iterative routines. Toward this end,
we review two noniterative techniques of rational function
approximation. As is illustrated by example, these latter
techniques become interesting since they can provide filters
whose amplitude characteristics are only slightly inferior to
that given by an approximation which is best in a given
norm,

II. PRELIMINARIES

A digital filter of recursive design of order M has the

following form for its transfer function?:

_ g + az7t F o a2 Az
H(Z l) —- 0 1 — M — = ( _1) . (1)
Bo+ Biz7' + 1+ Buz B(z™)

Consider the case where M is even and the « and § param-
eters are assumed to have the symmetry o, = ap_,, B, =
By—1 k = 0,1,2,- - - M/2. This symmetry causes zeros and
poles to be located outside the unit z circle but let us set
aside this point for the moment. By extracting a z™¥ factor
from the numerator and denominator, we have

H(z—l) — aN(zN + z—N) + aN—l(zN_l + Z_(N_l)) + 4 al(z + z_l) + 2aO (2)
by(z" + 27Ny + by (2T + 2T ® D) 4 1 bz + 27 + 2b,

where N' A M/2 and where we have defined g, A 2ay._, except for a, = «,. We evaluate H(z™!) on the unit circle

for its frequency response

ay cos 2aNf + ay_, cos 2n(N — 1)f + -+ + a, cos 2nf + a,

v H(z-l)|z=exp(j2xf)b=

desired function in a given norm. Of special interest is that
approximation which is best in the Chebyshev sense.
We note in passing that a sizable amount of rational

Manuscript received March 18, 1974; revised July 1, 1974.

The authors are with Bell Laboratories, Holmdel, N.J.

! Phase equalization is a problem in this particular application as
well, Such equalization is often accomplished through all-pass networks.

1<%

by cos 2aNf + by_ cos 2a(N — Df + +++ + a, cos 2nf + b,

Transforming the multiple angle cosine functions to powers
of cosines, we have with x A cos 2nf

N
H(X) = Po + DX + + pNxN = P(X) le < 1 (3)
Qo + q1x + -+ + gnx”  Q(x)

? We chose the numerator and denominator order to be identical for
convenience only.
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where the p and g parameters relate in a straightforward
manner to the @’s and b’s. Now H(x) is a real function and
provides the workable form of the filter transfer function
which we can now use to approximate a given spectrum
D(x) on the finite interval |x|] < 1.

Specifically, we can apply known algorithms for rational
function approximation of a continuous function on a
finite interval. Upon obtaining the {p,}o" and {g}o" of a
rational approximation to D(x), it is a simple matter to
reverse the transformations of variable made to return to
the form given in (1). We recall that symmetry was imposed
on the « and f parameters of (1) in order to achieve the
form (3). It is clear at this point that such a restriction on the
a2 and B parameters does lead to instability when (3) is trans-
formed back to (1). However, when instability does occur
itis a simple matter to reflect the unstable roots back into the
unit circle and not affect the filter’s amplitude characteristic.
For example, if Qy(z™ ) = riz72 + ryz~! + r, represents
a quadratic factor of the resultant solution B(z™!) with
both its roots outside the unit z circle, then Q,(z"!) =
r3z”% 4 rz7! + r, has its roots inside the circle and
1Qo(z™Y)| = Q,(z" Y|, |z~ = 1. Similarly, when a quad-
ratic factor produces two real roots, one of which lies out-
side the unit circle, there exists another quadratic factor
with identical magnitude which has both real roots inside
the unit circle.

To prevent real singleton zeros from occurring in (3), the
positivity constraint p, + pyx + * - + pyx” = 0 can be
included in at least one of the design procedures we will
discuss. This constraint forces a magnitude squared approx-
imation to be made. In this case, D(x) would then represent
the square of the desired magnitude function.

At this point, it is beneficial to note that the rational
function approximation can be made on disjoint closed
subintervals of |x| < 1. The danger with doing this is that
unwanted poles (i.e., O(x) = 0) may appear in the transition
regions (or “don’t care” regions).

L. L, p = 2, 0 APPROXIMATION IN RECURSIVE
DiGITAL FILTER DESIGN

Equation (3) provides the key for launching a direct
synthesis procedure for recursive filters in the real variable
X. We have tacitly assumed that any phase constraints on the
filter’s frequency specification will be handled by equaliza-
tion networks. In the following we will discuss the character-
ization of L, (p = 2,0) approximation of a continuous
function on a finite interval with rational functions. A large
number of known algorithms exists for achieving this type
of approximation.®

A. Best Approximation in the Chebyshev Sense (L)

It is well known [3] that to every continuous function
D(x) on an interval [a,b] there corresponds a rational
function approximation R(x) of degree N (we have assumed
that the numerator and denominator are both polynomials

3 See, for example, [3]-{12). Reference [4] provides a particularly
good survey.
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of degree N) which is the best rational approximation in
the Chebyshev sense (or simply best). Without loss of
generality the denominator polynomial is taken to be
positive on [a,b]. To characterize the best approximation,
an alternation theorem [3, p. 161] states that the error
function, defined as the difference between the desired
continuous function and a rational function of degree N
(i.e., D — R), has at least one more alternation than the
dimension of the polynomial subspace spanned by {Py(x) +
RQuN(x)} where Py(x) and Qy(x) are arbitrary polynomials
of, at most, Nth degree. It is easily shown that the maximum
dimension of this subspace is 2N + 1. Hence a necessary
and sufficient condition that R be the best rational approx-
imation to D on [a,b] is that the error have at least 2N + 2
alternations. There exist algorithms which search for the
best rational approximation of a continuous function [8]-
[12]. Since the search is iterative and amounts to'a nonlinear
programming problem, the question of initial guesses arises.
That is, convergence may depend upon the initial values
assigned to the rational function’s parameters. We will
have more to say about this matter later.

1) Remez Techniques: One particular method of deter-
mining the best rational approximation to a continuous
function D is the extension of Remez’s second algorithm
from polynomials to rational functions. An interesting
feature of this algorithm for polynomial approximation is
that it always converges [13] for any initial data. Further,
if D is differentiable the convergence rate is known to be
quadratic [14]. Shenitzer extended the algorithm to rational
function approximation where the denominator poly-
nomial is fixed [9]. Later, Fraser and Hart developed a
simple technique which released the denominator poly-
nomial in order to achieve the full éxtent of the approx-
imation [8]. (While this algorithm may be pedagogically
appealing to those digital filter theorists familiar with Remez-
like algorithms for designing finite response filters, there is
no indication that it is more suited for recursive filter
design than any of the other methods available.) In Appen-
dix III we review the steps traditionally requirzd for rational
function approximation using Remez techniques.

2) Differential Correction Algorithms: The advantage
Remez-like algorithms have over other rational function
approximation techniques is that convergence is at least
quadratic. It has been known [3] that linear programming
can be used to solve approximation problems on a finite
set. However, convergence speeds have been known to be
only at least linear.

Among those approximation techniques employing linear
programming is a differential correction type algorithm
attributed to Cheney and Loeb [15]. It has been recently
shown by Barrodale ef al. [12] that this algorithm enjoys
at least quadratic convergence. An additional advantage
of the algorithm is that convergence is guaranteed from any
initial approximation with no poles (i.e., Q(x) # 0, [x| < 1).
Finally, the condition Q(x) > 0 is maintained through every
iteration automatically.

We have implemented this algorithm for the magnitude
only design of recursive digital filters. We summarize the
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procedure in the following steps. In the notation of Section
II, we wish to minimize

P(x)
o(x)
where D(x) is our desired function while P(x) and Q(x) are
the polynomials of degree N of (3). On a discrete point set
of {x: |x| < 1}, we have the problem -

P(x,)
Qx|
Define the quantity A to be an upper bound of the error
function |D(x,) — P(x,)/Q(x,)| for all x,:

P(x,)
D —_
T

Since we always assume Q(x,) > 0, we can rewrite (6) to
read

max
[xls1

@

D(x) -

inf max n=12---K. ()

PQ n

D(xn) -

A > (6)

1D(x,) - Q(x,) — P(x,)| < AQ(x,). Q)

At this point we decide on the iteration procedure towards
finding A* = inf, ;, A. Let the subscript & denote the kth
iteration step. The product AQ(x,) of the right-hand side
of (7) is expanded in a Taylor series expansion traditional of
differential correction techniques [3]. Truncating the series
after the linear terms, we have

AQ(x,) = AQu(x,) + (A — AYQi(x,)

+ (Q(x,) — Qux DA,
Combining (7) and (8), we arrive at
ID(x)Q(x,) — P(x)l — A Q(x,)

= (A = A)Qu(x) < 0. (9)
By expanding the absolute value sign, we have
(D(x) + A)Q(x,) — P(x,) + (A — AYQ(x,) = 0 (10)
(=D(x,) + AJQ(x,) + P(x,) + (A — 8,)Qu(x,) 20. (1)

The objective at the k + 1th step then is to minimize A — A,
which will become a negative quantity since Barrodale et al.
[12] have shown A,,, < A,. Defining o = A — A,, the
linear programming problem is complete. We wish to
minimize w subject to (10) and (11) and a normalization
constraint on Q(x), notably either g, = 1 or |g,| < 1,
i=0,12,- N

At this juncture two important observations can be made
concerning the digital filter design problem. First, the con-
dition P(x) > 0 can also be added to the constraint set very
easily. As we recall from our discussion in Section II, this
condition allows a magnitude squared approximation prob-
lem to be solved without undue complications. Second, we
note that the linear programming approach also allows the
approximation to be made over disjoint closed intervals
of |x| < 1. However, in this case, unlike the Remez algo-
rithms discussed in III-Al, it is possible to constrain
Q(x) > 0 over the entire interval by simply adding linear
constraints to those of (10) and (11). This means that ap-
pearance of poles in the transition region can be prevented.

©®)

- imations without norm,”

B. Least-Squares Approximation (L,)

The approximation objective here is to find a rational
function of a fixed order which approximates (in the least
squares sense) a desired function on a sufficiently dense
finite point set. That is,

P(xi))2

X
= X, v 100 - 220

is minimized over polynomials P(x), Q(x) of Nth order over
a given point set X = {x,, i = 1,2,--+,K}. The given func-
tion, w(x;) serves as a weighting function over X. A
convenient computer algorithm for accomplishing the
minimization of E is available in [16].

x, € X

IV. INITIAL GUESSES AND APPROXIMATION WITHOUT NORM

An important feature of many iterative routines is the
specification of an initial guess. Convergence may depend
heavily on the closeness of the initial guess to the solution.
Intuitively, it is felt that a good initial guess provides a
better environment for convergence than any random
initialization procedure. Hence, we draw attention to known
techniques providing rational function approximations
without iteration. These latter techniques, dubbed “approx-
require only the solution to a
linear set of equations. In addition to the simplicity and
speed of obtaining these approximations, we will provide
examples to show that they provide excellent rational
function fits to continuous functions in their own right.

However, we should warn that there is no guarantee
that these approximations lead to rational functions which
have no poles in |x| < 1. Of course, the approximation
is worthless as an initial guess for an iterative routine
should this occur.

A. Padé Approximant Technique

We obtain a rational function approximation to a series
YL o c,x" which can be the truncated Taylor series expan-
sion of the desired function D, the best polynomial
approximation to D, or perhaps a weighted least-squares
approximation to D. In any case, a two-stage fitting proce-
dure is implied. First, a polynomial estimate of D is obtained
and then a rational function approximation is made to that
polynomial. It is easily shown that only a linear set of
equations needs to be solved for obtaining the rational
function parameters after the polynomial expansion is found
(see Appendixes II and III).

B. Rational Function Generalized Expansions

The idea in the Padé approximate technique can be gen-
eralized to orthonormal sets of polynomials {¢,}. Specific-
ally, we can obtain a rational function approximation

; Da®n(x)
N
; 2nPa(x)

by equating the coefficients of the {¢,(x)} expansion of
R(x) to the coefficients of the desired function’s expansion

R(x) = |x] <
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Fig. 1.
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-140.00 )|
0 0.1 0.2 0.3 0.4 0.5

12th-order recursive filter design with rational Chebyshev

approximation.

in {@,(x)}, i.e., f(x) = THo, c,b.(x) for a sufficiently high
M,. A case in point is that of the Chebyshev polynomial
expansion. We choose to elaborate on this type of expansion
because it is well known that the weighted least-squares
approximation the expanston provides is “‘close” to the
best polynomial approximation of the same order [3, p.
126]. As we convert from f(x) = ¥ ¢, T\(x) to f(x) =

> T/ q.T, (x) it is conceivable that this closeness
may be preserved.* In any case, techniques exist for restrict-
ing the loss of approximation in going from a series expan-
sion to rational function form [7]. As in the Padé case,
only a set of linear equations needs to be solved to complete
this generalized rational function approximation ([17,

p. 80].
Y. EXAMPLES

Iterative routines such as those discussed in Sections
III-A1 and III-B often require initial starting points which
themselves should be excellent approximations to the
desired function. Hence we begin by illustrating one method
of obtaining an initial guess for the parameter sets {p,},",
{@o"-

Fig. 1 depicts the desired function shape for the amplitude
spectrum of a recursive digital filter. As a first example, we
find the Chebyshev series expansion for this shape for an
appropriate number of coefficients. Then we convert the
series expansion to a ratio of Chebyshev polynomials each
of degree N (see Appendix II for the transformation equa-
tions). We note that this procedure consists of two approx-
imations in cascade. Nevertheless, a visibly good initial

* T(x) is the Chebyshev polynomial of nth order. See Appendix It
for more detail.

approximation to the desired shape is obtained as shown
in Fig. 1.

Another procedure which yields an excellent initial guess
of the p and g parameters involves first setting up a best
polynomial approximation (as described in [1]) instead of
the Chebyshev truncated series. The polynomial is simply
rewritten in terms of the Chebyshev polynomials and then
the ratio of Chebyshev polynomials is obtained of corre-
sponding order.

Upon obtaining the initial approximation corresponding
to Fig. 1, we supplied the p and g parameters to the least
squares fitting routine [16]. Convergence was achieved and
the results are displayed in Fig. 2.

As a final example, we show in Fig. 3 a best approxima-
tion to the desired shape indicated using the routine
explained in [10].

It is of interest to note that convergence was realized with
nominal computation (viz., a few seconds of IBM 360
CPU time) even though our examples involve a 12th-order
rational function of z~!. However, in our experience of
applying three different Remez routines [7], [8], [10]
which seek the best rational function approximation, we
have never felt confident of convergence. Each routine has
failed to converge from initializing scts of parameters we
thought reasonable. The least-squares iterative routine
was just as unreliable in achieving convergence.

In contrast to the Remez and least-squares routines, we
have found that the differential correction algorithm has
had no convetgenee problems. In Figs. 4 and 5 we show
examples of filter design obtained using this routine.
exm W Whown that any initial guess will lead to
% i1 about the same amount of time. In the
R in Flg. 5, a “don’t care” transition
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Fig. 3. 12th-order recursive filter design with rational best approx-
imation.

region was included in the design. These advantages make
it clear that the differential correction algorithm is far
superior for magnitude only design of recursive digital
filters.

By way of comparison to known techniques for synthe-
sizing recursive digital filters (magnitude only approxima-
tion), the techniques described in this paper are either

simpler or algorithmic convergence is faster. Using the
least squares criterion, Steiglitz [18] described a synthesis
procedure which uses a Fletcher-Powell minimization sub-
routine. Disadvantages encountered were that no fast
initial guess procedure is apparent, and higher order
(beyond fourth degree) filters required excessive computa-
tion time. Two algorithms using Chebyshev approximation
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Fig. 4. 8th-order recursive filter design by ODC algorithm.
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Fig. 5. 8th-order recursive filter design by ODC algorithm.

have appeared recently [19], [20]. The first algorithm
employs Remez approximation routines. However, a non-
linear function of the magnitude (logarithm) is the approx-
imating function and this results in complicating both the
synthesis procedure and the initialization. In addition, in
our experience Remez algorithms are plagued with con-
vergence problems when rational functions are the
approximants. The second algorithm is based on a linear

programming approach to solving the approximation
problem. The speed of convergence is at least linear for such
an approach while it is known that the speed is at least
quadratic for Remez algorithms. The contribution made by
Barrodale et al. [12] is that an approximation procedure
using linear programming was found which exhibited at
least quadratic convergence. As we have reported in this
paper, we have applied this faster procedure to the synthesis
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problem in digital filters and have found it to be a
superior design technique.

APPENDIX I
PADE RATIONAL FUNCTION APPROXIMATION

The power series expansion® of the rational function

ag + ax + ax* + - + ayx"

R(x) =
) 14+ byx + byx? + -+ + byxV

x| <1

has for its coefficients

€o = 4o
¢, = — bicy + a,
¢; = — biey + ¢o + a,

|
{
M=

Cy = bch—k + ay

1

CN4n =

|
™=

biCn n—k
1

Rx) = Y cx* |Ix|l < L
k=0

Hence it is easily seen that the first 2N + 1 coefficients ¢,
0 < k < 2N completely determine the rational function.
The Padé approximant of order (N,N) to a given power
_ series G(x) = Y%, dx%,]x| < 1 is that rational function
whose coefficients ¢, agree with d, 0 < k < 2N + 1, i.e,
G =4d,k=012,---,2N + 1.

APPENDIX 11
CHEBYSHEV POLYNOMIALS TO RATIONAL FUNCTION
TRANSFORMATION

Much like the Padé approximant technique, Machly’s
method [17] converts a series expansion to a rational
function form. However, the algorithm now involves a
Chebyshev series and a rational function composed of a
ratio of Chebyshev polynomial expansions.

Specifically, we convert

kZO & T(x) x| <1

to a rational function approximation

N
a, Ty(x)
R(x) = —X=2° 5

1+ Y bT(x)
k=1

Ixf <1

where T,(x) is kth Chebyshev polynomial on [x| < 1. Akin
to the Padé method we obtain the recursive relationships
(using the identity T,(0)To(x) = HTjpom() + Toiml®)),

N
kZO (Cnsn-k + CN4ns)b = 0, n=12N

where b, A 1. The a’s are determined from

% Conditions for its existence are presumed here.
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1 N
ag = Co + - Z ckbk
2 k=1
1 1 X
a, = ¢, + = Cobu + = Z (Cln-kl + cu+k)bb
2 2 k=1

n=12--N.

APPENDIX III
REMEZ ALGORITHMS FOR RATIONAL FUNCTION
APPROXIMATIONS

The Remez algorithm has been found to be a stable
method for finding the best polynomial approximation (in
Chebyshev sense) to a continuous function on a finite closed
interval(s) [3]. The extension of the Remez technique to
rational function approximation does not come without
problems. To appreciate the difficulties, we outline the
general procedure. Let

Y ax'

R(x) = —=° x| <1
1+ Y bx
i=1
where
xF location of extrema at kth iteration;

D(x¥) value of desired function at x,*; and
E* max; |[R(x}*) — D(x").

By the alternation theorem for the best rational function
approximation we expect

at + a*x}t + a*(x)? + - + ay'(xH)
1+ bifxk 4 b*(x)? + -+ + by (xHY

= (—-1)'E¥, i = 0,1,2,---,2N + 1.
Clearing the fraction and rearranging terms
D(x¥) = (=1)'E* + ap* + a,*xf + af(x})? + -+
+ ap' (Y — bx D) — (-1'EY) - ---
— by eHMD(t) - (~1'EM),

P=012 2N + 1. (12)

We solve this nonlinear set of equations by first iterating to
a solution for E*. First, we take E®° = 0 and solve (j = 0)

D(xf) = (=1'E**' + ag* + ax} + -+
+ ap(xF)N — byx} - (D(x*) — (-1)'E*) — ---
— b (xHMD(xf) = (- 1YE™).

At this point, we observe that a nonlinear relationship
exists between E and the unknown coefficients {a;}," for
a given set of points of extrema {x;}2"**. In their algorithm,
Fraser and Hart [8] suggest iterating first towards a value
of E at a given set of points {x;}2¥**. Upon determining E,
the a’s and b’s are then solved. An {x;}3¥*! is now deter-
mined for these coefficients and the cycle is repeated.
Werner [10] iteratively solves for estimates of the unknown
coefficients and E by setting up the problem in an eigen-
vector-eigenvalue form.

D(xik) -
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A problem often encountered in iterative procedures used
for solving (12) is that of cycling. A perhaps more serious
problem is that of losing the “correct” number of alterna-
tions in the error curve. One particular Remez routine
[11] we have used remedies these conditions by falling
back on an interpolation procedure in order to recover
from cycling or retain the minimum number of sign changes
in the error curve. The interpolation is performed by
assuming the error curve behaves parabolically between its
ZEeros.
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