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Abstract

We examine coupled metal nanoparticle/semiconductor hybrid nano-stuctures and

analyze the e↵ect that the surface response metal nanoparticles (MNP) has on the

transport properties of the system. This analysis is accomplished by treating sur-

face plasmons as quantum oscillators. We find that charge carriers traveling in the

nearby semiconductors experience a repulsion due to the ground state energy of the

quantum SP (QSP). This e↵ect is shown to be the quantum analogue of the pon-

deromotive e↵ect found in plasma physics. We then extend the theory to examine

the transport properties of carbon nano-tube excitons in the presence of localized

SPs and show that this system maps onto a Fano-Anderson Hamiltonian. Through

numerical simulation, we show that the emission patterns of the system are severely

modified by the presence of localized surface plasmons.
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Chapter 1

Introduction

Understanding the dynamics of charge carriers and energy at the nano-scale has been

the focus of an immense amount of research over the last few decades. Manufacturing

capabilities of material scientists have improved to the point where researchers may

design systems that had once been considered simple toy models, but are now real-

izable in a laboratory setting. This opens up the possibility to test novel e↵ects that

in the past had been discounted as unrealistic or washed out in an ensemble average.

There is a need to reexamine our description of how objects and energy interact

with matter in light of a new generation of precision instrumentation. Of interest

to us are hybrid nano-structures consisting of metal nano-particles (MNPs) capable

of carrying localized surface plasmons (LSP) and low dimensional semi-conductors,

such as single-walled carbon nanotubes (SWNT) or quantum dots (QD). The aim of

this thesis is to study low dimensional semi-conductors coupled to MNPs.

The understanding of how charge carriers interact with metal surfaces has a long

history that reaches back to the earliest days of physics. From a modern perspective,

the study of these types of interactions has its roots in the theory of bulk plasmons by

Bohm and Pines formulated in the early 1950’s [PB52, Pin56] . Bulk plasmons are the

quanta of the collective oscillation of a many body interacting electron gas. They are
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a consequence of electron screening e↵ects, which make electrons blind to each other

in the short range, but leave a residual long range interaction. This long range part

of the coulomb force leads to a collective mode of the system [PB52, Pin56]. Another

type of plasmon mode appears when the electron gas is bounded by a surface. The

e↵ect of the surface on the electron system is to also allow for the excitation of electron

density waves on the surface. As it turns out, these surface modes often dominate

the electromagnetic response of a metal. Their quanta are called surface plasmons

(SP). They can propagate or become localized, depending on the material and its

geometry. Since they were theoretically predicted by Ritchie in 1957 [BRB55], SPs

have had a far reaching e↵ect in the theoretical modeling, prediction, and execution

of experiments in the fields of condensed matter and surface physics.

Ritchie invoked the notion of SPs in order to explain the quantization of the

energy-loss spectra observed when passing a beam of low energy electrons through

a thin metallic foil [BRB55]. He based his theory on the prior work of Pines and

Bohm [PB52, Pin56] on bulk plasmons. Their theory, outlined in a set of four

seminal papers, was successfully used to explain experiments on the interaction of

fast electrons with metal films [Rut48, Rut42]. Ritchie extended this work to include

surface e↵ects [Rit57]. Experimental verification of the existence of SPs came only

a few years later from a series of experiments by Powell and Swan [PS59a, PS59b],

who found definitive proof of their existence and subsequently gave them their name

[SF60].

Ever since their discovery, SPs have played an important role in the understand-

ing of the fundamental properties of solid state matter. They have been used to

explain the nature of van der Waals forces [Ger71], energy loss spectra of electrons

moving past a metal surface [ERBI81, SOF67, BH70, Pow68], image potential states

[EU91], and the enhancement of energy transfer between molecules [CPS78]. They

have also been successfully used to model low energy electron di↵raction [NEC70]

and to determine the thickness of thin films [Sta70]. In the early days of the field,
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many experiments focused on proving the existence of SPs in a variety of materi-

als [MML+69, JS69], but potential applications of the discovery did not take long

to materialize. Of particular importance was the prediction [Fer58] and the subse-

quent observation [SS69, ER70] of radiating SPs on planar surfaces. This discovery,

combined with further experiments [HB70] and theory [RACH68], explored the in-

teraction of light with surface modes on rough surfaces and gratings, and led to the

design of measurement devices based on the e↵ect [Rae67].

This set the groundwork for the field known today as plasmonics [Sto11], a field

that has enjoyed a golden age due to the development of nanoscale manufactur-

ing capabilities. The resonant driving of SPs by an external electric field, usually

in the form of a laser, has allowed for the sustained creation of highly localized

intense electric field amplitudes near metal surfaces. These field enhancements,

known as hotspots, are used to magnify a variety of resonance phenomena. The

field of plasmonics, which is just an extension of SP theory, has been responsible

for some of the most exciting advancements in nanoscale physics. The enhance-

ment of Raman scattering by resonantly driven SPs has made it possible to probe

single molecules [KWK+97, NE97, GN80, TKB79]. SPs have been exploited to

create SP lasers (spasers), which excite coherent near field radiation in a manner

that is completely analogous to a traditional laser [GZ13, Gat12, Sto08]. Also,

since the SP resonance condition occurs for negative values of the dielectric con-

stant in most metals, it is possible to create materials with a negative index of

refraction, leading to novel e↵ects such as an induced transparency in metamaterials

[NLON09, ZGW+08, HLO07, AE05]. The e↵ective plasmonic response of an assem-

bly of nanoparticles has also been used to create optical frequency magnetic fields

[AD12, LLL+09, LWM+09]. For more information, we refer the reader to the many

books and review articles that survey the advancements of this rapidly evolving field

[Mai07, Sto11].

We will explore both resonant and non-resonantly driven SPs and study their



Chapter 1. Introduction 4

subsequent e↵ect on the transport properties of energy and charge carriers in coupled

semiconductors nanosystems. The motivation for studying non-resonantly driven

e↵ects is based on recent advances in nano-mechanical/electronic device fabrication

[MKZ+08, Cle03] and force measurement techniques capable of mapping out the

charge distribution in an individual molecule [MGMM12]. In these systems, slow

dynamics in the presence of high frequency SPs can play an important role. Central

to understanding these systems is the image force and its relation to the response

function of the plasmonic system [Mah12, Mah10, MPP86]. The interaction of SPs

with the charge carriers of nearby semiconductors leads to a dynamical back and

forth interaction that can be di�cult to analyze. Generally, the approach has been

to treat SPs classically. This is in spite of the fact that the quantum nature of SPs

was addressed in the first few decades of the theory [Boy68, CA74, LŠ76, Bar77,

Das77, HB80, Hal86]. Over time it was found that a semi-classical description of

SPs was adequate to describe experiment and the quantum nature of SPs was mostly

abandoned in everything but the name, which still carried the su�x of a quantum

quasi-particle. But the growth of nanotechnology in recent years has ushered in a

new generation of experiments that indicate a need for a quantum theory of SPs

[Kum13, TMÖ+13, LTLL12, MKN+12, SMNG12, VAP+12, JS11, Sto11, RDSF+10,

ZPN10]. Part of this is due to the ability of modern day researchers to design simple

nanoparticle systems that at one time could have only existed in a large ensemble

setting, if at all. More than 40 years have passed since the first work on quantum

SPs was carried out, and the work presented here is part of a growing trend to re-

examine, test, and often re-discover the theory. In this thesis, we provide a unique

approach to this problem that di↵ers from others found in the literature. This is used

to explore the dynamics of simple systems with a unique set of parameters a↵orded

to us by current nano-manufacturing technology. This allows us to gain insight into

plasmonic systems and predict novel e↵ects that have yet to be observed.

This thesis has the following layout. Chapter 2 reviews the basics of SPs in the
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near field. We calculate properties of plasmons for a few geometries of interest to

theorists and experimentalists. In Chapter 3, we discuss Förster energy transfer

in the presence of localized SPs between neighboring QDs. This will provide an

overview of the field of plasmonics and allows us to familiarize ourselves with the

nature of localized SP modes on metal nanoparticles (MNPs). This sets the stage

for Chapter 4, where we formally develop a self-consistent dynamical image response

theory for a charge moving above a semi-infinite metal slab. In Chapter 5, we study

the motion of a charge carrier confined to a carbon nanotube and explore the classical

and quantum dynamical image force interaction between it and a MNP. We derive

an expression for a quantum correction to the classical electrostatic image force by

using a time independent adiabatic decoupling scheme based on the use of canonical

transformations. We explore the consequences of these quantum corrections and

discuss their classical analogue as a means of building intuition. Chapter 6 examines

exciton dynamics in a single-walled carbon nanotube (SWNT) coupled to a Ag metal

tip. We report a general theoretical approach to study exciton transport and emission

in a SWNT in the presence of a localized SP. We derive a set of quantum mechanical

equations of motion along with approximate rate equations to account for the exciton,

SP, and environment degrees of freedom. For this system, we find that the radiation

distribution is dominated by SP emission.
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Chapter 2

Surface Plasmons Resonance

2.1 Introduction

In this Chapter, we will provide a short review of SP theory and derive some basic

quantities that will be used in later chapters. We will derive the SP polariton dis-

persion relation, obtain an expression for the Drude-Lorentz response functions, and

calculate the localized SP modes for a select set of geometries of special interest.

2.2 Dielectric Response Functions

We will begin by deriving the classic expression for the frequency-dependent relative

permittivity of a metal. Much of the behavior of elementary and collective excitations

in solids can be modeled by a linear harmonic oscillator, and the approach found here

can be found in any good textbook on the subject [JF99, SDMT98]. First, we derive

the relative permittivity of a polarizable media through the use of the Lorentz model.

Then we will introduce the Drude model of metals and briefly discuss its limitations

in correctly describing the characteristics of metals.
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Figure 2.1: The Lorentz model of an atom under the influence of an electromagnetic
pulse. At t = 0 the oscillator is at rest about its equilibrium. At t = 1, a perturbing
electric field is turned on and the electron is forced in the opposite direction of the
applied field. At t = 2, the field is turned o↵ and the electron is brought back
to equilibrium by the restoring force of the spring, but due to its inertial mass,
it overshoots its mark. In the absence of damping this oscillation would continue
indefinitely.

2.2.1 Lorentz Model

In the Lorentz model of dielectric response, the solid is treated as a fine-grained as-

sembly of non-interacting molecular oscillators. Each oscillator, with spring constant

k, is meant to represent an electron bound to a positive ion.

Let us now focus our attention on the dynamics of a single oscillator. We are inter-

ested in how the system responds to external forces and therefore want to analyze

the following equation,

mẍ+Bẋ+ kx = F (r, t). (2.1)

Here, m is the mass of the electron, k is the spring constant, B is the damping

coe�cient, and x the displacement of the electron about equilibrium.
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If the driving term on the rhs of Eq. (2.1) is taken to be an electric field then the

dipole moment of the atom is,

p̈+ !0p+ �ṗ =
e2

m
E(r, t) (2.2)

where p = ex is the dipole moment of the atom and !0 is its natural frequency, and

� is the damping coe�cient. The total polarization per unit volume is,

P = nP, (2.3)

where n is the number of atoms per unit volume. Taking a Fourier transform and

solving for P gives,

P (!) =
ne2

"0m

1

(!2
0 � !2 � i!�)

E(x,!) = �(!)"0E(r,!) (2.4)

where �(!) is the relative electric susceptibility. Thus the dielectric constant is,

"(!) = (1 + �(!)) = 1 +
!2
p

(!2
0 � !2 � i!�)

(2.5)

where !p =
q

ne2

"0m
is the plasma frequency.

2.2.2 Drude Model

The dielectric constant of a metal can be obtained by simply taking the limit of

!0 ! 0 in Eq.(2.5). However, it is illustrative to derive the response of a metal

from the perspective of a free electron gas. Following a standard textbook approach

[AM05], we assume that the valence band electrons constitute a non-interacting gas

and electrons except for when they infrequently scatter o↵ an ion or another electron.

We subject our system to an external driving force to quantify the response, and write

down an equation for electron’s average momentum m⇤ < v >,

m⇤ ˙< v >+m⇤� < v >= F (r, t). (2.6)
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Since � = 1/⌧ is due to collisions, reciprocal of the rate, ⌧ , characterizes the time

between collisions. In Fourier space the current density is,

j = ne < v >=
ne2

m⇤
⌧E(r)

1 � i!⌧
= �(!)E(r). (2.7)

In Eq. (2.7) we have introduced the electrical conductivity,

�(!) =
�0

1 + i!⌧
=

�0
1 + !2⌧ 2

� i!⌧
�0

1 + !2⌧ 2
(2.8)

where �0 =
ne2⌧
m⇤ .

In the limit of ⌧ ! 1, the response of free non-interacting electrons is entirely

characterized by the mass. Inserting the current density Eq. (2.7) into Eq. (2.6), we

can solve for the polarization per unit volume,

P = �nex = � ne2

m⇤!2
E (2.9)

leading to the Drude dielectric function,

"(!) = 1 � !2
p

!2
. (2.10)

The oscillator model is useful in describing many of the properties of solids and

can easily be modified to create a qualitative and often quantitative description of

a number of the elementary properties of solid state systems. But they are not

without limitation. Let’s reflect on some of the approximations made in the Drude

model of metals. Central to the Drude model is the assumption of a free electron gas.

Given the strength of Coulomb repulsion between like charges, it might seem unlikely

that a model that simply ignores them would provide an accurate description of a

metal. Surprisingly, this is the case as long as the system’s response to external

perturbations is linear. For example, the Drude model correctly predicts that metals

reflect light at frequencies below !p.

To understand why this model is so successful requires a microscopic description

of metals, such as the “quasiparticle” picture of Landau’s Fermi liquid theory [NP58]
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or the more comprehensive techniques of quantum field theory [Mah00]. The Drude

model fails when features such as inter-band transitions or electron electron correla-

tion become important. In such a case, the Drude model will not su�ce and must be

modified or replaced with a quantum mechanical treatment of the dielectric function

[KMK89].

2.2.3 Experimental Data for Dielectric Response

The Drude model fits the optical response of metals quantitatively, but in many cases

experimental data deviates significantly from its predictions. This is particularly true

of gold. Gold is a favorite material for nano-particle synthesis due to the fact that

it’s easy to manipulate and resistant to e↵ects such as oxidation [WIN+10]. Unfor-

tunately, the e↵ects of inter-band transitions are particularly pronounced around the

SP resonance. This not only means that a SP will have a shorter lifetime, but also

that other energy loss channels are enhanced when the system is resonantly driven.

This conspires to reduce the near field enhancements that are at the heart of plas-

monics, and much e↵ort is spent to either avoid, or exploit this behavior. In many

cases, the Drude model can simply be expanded to include a new set of oscillators

that model inter-band transitions. Alternatively, experimental data for the dielec-

tric function exists for most materials in the visible range [JC72], the data can be

tabulated and used as a look-up table for the purposes of modeling. Figures 2.3 and

2.2 show experimental data taken by Johnston and Christy [JC72] compared to the

Drude model.

2.3 Surface Plasmons

In this section we derive the SP modes for a few geometries of special interest. We

also review the basic theory of SPs. We begin with a classical description of SP



Chapter 2. Surface Plasmons Resonance 11
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Figure 2.2: Johnston and Christy experimental data compared to Drude model for
Au. The blue line is RE["(!)] and the red curve is IM ["(!)] as a function of fre-
quency. Gold is poorly described by the Drude model in the optical range since
inter-band transitions begin to play an important role at these energies.
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Figure 2.3: Johnston and Christy experimental data compared to Drude model for
Ag. The blue line is RE["(!)] and the red curve is IM ["(!)] as a function of fre-
quency.

polaritons.

2.3.1 SP Polaritons

The systems we are concerned with here, and in later chapters, are smaller than the

wavelength of light at the SP frequency (visible). This allows us to perform our cal-

culations in the quasi-static near field approximation, which neglects the delay e↵ects

due to the speed of light. In order to justify the use of this approximation, we begin

by deriving the energy dispersion relation for SP polaritons (SPP). The derivation
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Figure 2.4: Schematic of a SP polariton (SSP). The gray slab represents a semi-
infinite metal slab surrounded by air. The red arrow on the left indicate the exciting
field; since electromagnetic radiation can not excite SPP’s something must be done to
an incoming source to create an evanescent wave at the surface. Once the SPP is ex-
cited, it propagates some distance forward with an electric field that has exponential
tales inside and outside of the metal. Outside the surface the field is highly localized
leading to intense near fields. As the wave propagates forward it induces a polariza-
tion of the matter underneath it. When the wave passes by, the charge distribution
grows to a maximum value and undergoes under-damped harmonic motion.

presented here can be found in the review article by Pitarke et al. [PSCE07].

Consider a system consisting of two semi-infinite dielectric slabs that are pressed

against each other, creating an interface at z = 0. Maxwell’s equations for this

system are,

r ⇥ Hi =
"i
c

@

@t
Ei (2.11)

r ⇥ Ei = �1

c

@

@t
Hi (2.12)

r · ("iEi) = 0 (2.13)

r · Hi = 0 (2.14)

where i = 1, 2, depending on which medium we are in. The solutions to this set of

equations are propagating waves.
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These waves represent the bound oscillations of an electron density at the interface.

In order for these modes to exist on the surface they must be transverse, meaning that

some component of the electric field must be normal to the interface. This, combined

with the knowledge that SP modes have a characteristic exponential decay of the

electric field for z ± 0, inspires us to write down the following ansatz for the electric

and magnetic fields;

Ei = E0e
�ki|z|eqix�!t (2.15)

Hi = H0e
�ki|z|eqix�!t. (2.16)

Here, E0 and H0 are the polarization vectors for the electric field polarized perpen-

dicular to the interface and the magnetic field polarized parallel to it. Plugging these

back into Eq. (2.11) gives,

ik1H
y
1 =

!

c
"1E

x
1 (2.17)

ik2H
y
2 = �!

c
"2E

x
2 (2.18)

ki =

r
q2i � "i

!2

c2
(2.19)

When combined with the usual boundary conditions, these lead to set of equations

for the magnetic field:

k1
"1
Hy

1 =
k2
"2
Hy

2 (2.20)

Hy
1 = Hy

2 (2.21)

q1 = q2 = q. (2.22)

This system can only be satisfied if

"1
k1

= �"2
k2

, (2.23)
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which gives us the condition for the existence of SP polaritons. Imposing this con-

dition on Eq. (2.19) allows us to write down the dispersion relation,

q =
!

c

r
"1"2
"1 + "2

. (2.24)

Let us take region 1 to be a metal described by the Drude model Eq. (2.10) and

region 2 to be the vacuum. Inserting Eq. (2.10) into Eq. (2.26) gives,

!4 � !2(!2
p � 2c2q2) � c2q2!2

p = 0, (2.25)

which when solved for !2 is,

!2(q) =
!2
p

2
+ c2q2 ±

r
c4q4 +

!4
p

4
. (2.26)

This is the retarded SPP dispersion relation. Where the ± sign in the expression is

for the upper and lower branch of the dispersion relation. The dispersion relation is

plotted in Fig.(2.5). The upper curve is polariton branch and the bottom curve is

the SP branch. We have chosen !p to be 15 eV, a typical value for metals. When q

is low, the SPP hugs the light line (dashed diagonal line) and behaves like a photon.

It propagates at high group velocities along the surface, but does not radiate since

there is still a momentum mismatch between it and the upper branch. The horizontal

dashed line is the SP line that bounds the bottom band of the dispersion curve. In

the limit that for q >> !sp/c we approach the dispersionless SP limit of !p/
p
2 This

is a standing wave and not a propagating wave. Figure 2.4 shows a schematic of the

SPP excitation mechanism.

2.4 The Quasi-Static Approximation

Almost all the systems of interest in this thesis are localized to distances within a

wavelength of optical light. In this limit we can neglect delay e↵ects due to the

speed of light and only consider delay due to the inertial response of the metal.
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Figure 2.5: SP polariton dispersion relation plotted as a function of wave vector q.

This is known as the quasistatic approximation [KF74]. All information about the

dispersionless limit of SPs can be obtained by solving the time dependent Poisson

equation in frequency space. We solve for the Green function by solving the Poisson

equation with a delta function describing the location of a moving point charge,

r ·
Z t

�1
dt0"̃ (t � t0)E (r, r0, t0) = e�(r � r0(t)), (2.27)

or by noting the relation between the electric field and the potential, E = �r� we

may recast this equation,

r ·
Z t

�1
dt0"̃ (t � t0)r� (r, r0, t0) = e�(r � r0(t)), (2.28)

Transforming into frequency space we get,

r · "(!)r�(r, r0,!) = eF [�(r � r0(t))], (2.29)

where F is the formal Fourier transform of the �-function. In the discussion that

follows, we will be solving this equation for some simple systems. In the context of

these examples we will introduce the Green function notation and how its singularity

structure is connected to the existence of SP modes on the surface of MNPs.
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Planar SP Modes

The first example we consider is the case of a charge moving above a dielectric slab.

We begin with the electrostatic solution for a charge placed in above a dielectric slab

s depicted in Fig.2.6.

We know that when a negative charge distribution is placed above a dielectric

slab, the presence of the charge causes a reorganization of the molecules in the dielec-

tric. To find the Green function we follow the standard image approach [SDMT98].

This allows us to uniquely solve the problem by finding the image charge distribu-

tion inside the plane which correctly mimics the boundary conditions at the surface.

When the location and weight of the image is properly characterized, the principle

of superposition allows us to write down the complete solution. We will refer to the

charge distribution above the plane as the source and the one below as the image.

Figure 2.6 shows a schematic of the method of images method for a charge above a

plane.

We begin by placing a single source charge q0, a distance z0 above the slab, and an

image charge q, a distance z inside the dielectric. As an ansatz, we take the potential

to be,

' =
1

4⇡"0

✓
q0

R0
+

q

R

◆
, z0 > 0 (2.30)

(2.31)

above the slab to be the superposition from two point charges, as is R and R0.

Applying the usual boundary conditions, we find that;

q = �"2 � "1
"2 + "1

q0 (2.32)

z = z0 = d (2.33)

R0 =
p
x2 + y2 + (z � d)2 (2.34)

R =
p

x2 + y2 + (z + d)2, (2.35)
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Figure 2.6: Method of images for a dielectric slab. The left constitutes a “realistic”
schematic of the polarization of the matter underneath the charge. The right hand
side is the image problem we solve in its place. R0 =

p
x2 + y2 + (z � d)2 is the

location of the source charge q0, and R =
p

x2 + y2 + (z + zd)2 is the location of the
image charge q.

Here, "1 is the relative permitivitty outside the slab, and "2 is the relative permitivitty

inside. Thus, the total electric potential is the sum of the potentials of the source

charge and its image.

' =
q

4⇡"0

✓
1

R0
� "2 � "1
"2 + "1

1

R

◆
z0 > 0 (2.36)

Introducing dynamics in the quasi-static limit, we make the following substitution;

"2 = "(!) (2.37)

Thus the total potential is,

'(R,R0) =
q

4⇡"0

✓
1

R01
� "(!) � "1
"(!) + "1

1

R1

◆
z0 > 0. (2.38)
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To introduce the Green function we recast Eq. (2.38) into the form,

q

4⇡"0
G(R,R0) =

q

4⇡"0
(G0(z � d) � g(!)G0(z + d)) z0 > 0. (2.39)

where we have defined,

G0(r, r
0) =

1p
(x � x0)2 + (y � y0)2 + (z � z0)2

. (2.40)

and,

g(!) =
"(!) � "1
"(!) + "1

. (2.41)

Here, G0(r, r0) is proportional to the solution of Poison equation of point charge in

free space, and G(r, r0) is the total Green function for the charge placed outside the

dielectric slab. In this form we see that the source and image charge are related

by a proportionality factor g(!); this factor is called the response function. The

singularity structure of the response function defines the bound state eigenspectrum

of the nanoparticle. To understand why this is the case, recall how the SP dispersion

relation in Eq. (2.24) was derived. We assumed a surface wave solution to Maxwell’s

equations and then determined what conditions needed to be satisfied for that solu-

tion to exist. Bound states correspond to oscillation that remain after the passing

of a delta-function impulse. These are the solutions for which G(r, r0) is finite even

while G0(r, r0) ! 0. This can only happen if g(!) ! 1, and this will only be the

case if ! corresponds to a pole [Mor81]. Response functions play a central role in

understanding SP’s and will be used extensively throughout this thesis.

For the form of the response function in Eq. (2.41), we find that the SP frequency

for "1 = 1 is

!sp = !p/
p
2, (2.42)

which is the same as the q ! 0 limit of Eq. (2.24).
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Figure 2.7: Schematic of a resonantly driven localized SP. The red curve is an os-
cillating external field. The grey circles represent the neutral background, and the
yellow portions are the displaced electron cloud. The red portion is the ionic back-
ground and the source of the restoring force. Time moves from left to right and
takes us through one cycle of oscillation. During the first half of the cycle the field
pushes the electron cloud away, during the second half of the cycle it pushes in the
opposite direction. If this is done in resonance with the natural frequency of the
electron cloud then the near fields located around the sphere are greatly enhanced.

2.4.1 Spherical Nanoparticles

Spherical nanoparticles are of interest because they support localized SPs. We review

the quasi-static derivation of SP modes for spherical geometries of a sphere, a layered

sphere, and a spheroid.

SP Modes of a Metallic Nanosphere

For a sphere of radius a, the Green function is determined from the following system

of equations;

r < a : �r2G(r, r0) = 0

r > a : �r2G(r, r0) = 4⇡�(r � r0). (2.43)
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Figure 2.8: Charge placed outside an isolated dielectric sphere.

The coordinate r0 is the position of the source, and r is the position where we require

knowledge of the potential. Taking into account the expected behavior of the solution

at the center of the sphere and at 1, we write the eigenfunction expansion of the

Green function in spherical harmonics. For the three sections of space that include

a boundary we write,

GI(r, ✓,') =
1X

l=0

lX

m=�1
Almr

lYlm(#,') r < a (2.44)

GII(r,#,') =
1X

l=0

lX

m=�1

✓
Blmr

l +
Clm

rl+1

◆
Ylm(#,'), a < r < r0 (2.45)

GIII(r, ri�) =
1X

l=0

lX

m=�1

Dlm

rl+1
Ylm(#,') r > r0 (2.46)

Here, cos � = cos# cos#0 + sin# sin#0 cos('� '0) is the angle between r and r0. We

apply the usual boundary conditions at the surface of the sphere.

�@G
@r

�

r=a+0

=


�"@G

@r

�

r=a�0
(2.47)

At the location of the source, r = r0, we have,.

�r2

@G

@r

�r=r0+0

r=a+0

=
4⇡

sin#
�(#� #0)�('� '0). (2.48)
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Expanding the delta function source in spherical harmonics and solving for the co-

e�cients,

Alm =
4⇡Y ⇤lm(#

0,'0)

l("+ 1) + 1

1

r0l+1
(2.49)

Blm =
4⇡Y ⇤lm(#

0,'0)

(2l + 1)

1

r0l+1
(2.50)

Clm = � ("� 1)l

l("+ 1) + 1

4⇡Y ⇤lm(#
0,'0)

(2l + 1)

a2l+1

r0l+1
(2.51)

Dlm = Clm +
4⇡Y ⇤lm(#

0,'0)

(2l + 1)

a2l+1

r0l+1
(2.52)

The addition theorem for spherical harmonics we find,

Pl(cos �) =
lX

m=�1

4⇡

2l + 1
Ylm(#,')Y

⇤
lm(#

0,'0) (2.53)

allows us to express the Green function in terms of Legendre polynomials,

G(r, r0) =
1

|r � r0| �
1X

l=1

("� 1)l

l("+ 1) + 1

✓
a2l+1

r0l+1

◆
1

rl+1
Pl(cos �). (2.54)

Here we have set "1 = 2 and "2 = ". To consider the frequency response of the metal,

we the invoke quasistatic approximation and set " = "(!). The response function is

thus,

g(!; l) =
l("(!) � 1)

l("(!) + 1) + 1
. (2.55)

The roots of the denominator of the response function gives us the eigenspectrum of

the SP modes. They are,

!sp = !p

r
l

2l + 1
, (2.56)

for l between 0 and 1, where !p is the bulk frequency. This gives a bound on possible

values of !sp,

!pp
3

 !sp  !pp
2
: (2.57)
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Figure 2.9: Multipole response of a metal sphere.

Each value of l labels an eigen-mode of the system, l = 1 corresponds to the dipole

mode and l = 2 is the quadrupole mode. Notice that the upper bound of !sp as l ! 1
is !p/

p
2, which is the Ritchie frequency for planar SPs. Every mode of the sphere is

a standing wave with l � 1 nodes. As l ! 1, the oscillations associated with higher

order modes become so dense that the SP standing wave does not distinguish the

curvature of a sphere from that of a plane. In the quasistatic limit, the l ! 1 limit

is equivalent to the a ! 1 limit of the sphere. Figure 2.7 describes SP resonance.

SP modes of core/shell and shell/core systems

We now consider the geometry of a nanoshell. When finding the SP modes, we will

consider two cases. The case of a metal core with a dielectric shell (core/shell), and

the case of a dielectric core with a metallic shell (shell/core).

Since the procedure for finding the Green function is the same as in earlier ex-

amples for shell geometries, we write down the solution directly;

G(r, r0) =
1

|r � r0| +
1X

l=1

F ("; l)
R2l+1

II

(r0r)l+1
Pl(cos �). (2.58)
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Figure 2.10: Charge placed outside a isolated shell.

Here, F ("; l) is the response function,

F ("; l) = �(�l + 1)/"II + �l/"III
1 + ↵l�lr̄2l+1

↵lR
2l+1
I +

(�l + 1)/"II � 1/"III
1 + ↵l�lr̄2l+1

R2l+1
II . (2.59)

In Eq. (2.59) we have introduced have also defined the following dimensionless pa-

rameters:

↵l =
l("I/"II � 1)

(l"I/"II + l + 1)
(2.60)

�l =
(l + 1)("II/"III � 1)

(l"II/"III + l + 1)
(2.61)

r̄ = RI/RII . (2.62)

Here, RI is the radius of the inner shell, and RII is the radius of the outer shell. The

relative permittivity "I , "II , and "III correspond to inner, outer, and surrounding

space respectively. We once again invoke the quasistatic approximation, but consider

the core/shell and shell/core structures separately.
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Core/Shell

The modes of a core/shell plasmon are obtained by setting "III = "(!) and solving

for the roots of the response function, F (", l). In this case the SP frequencies are

�
!±
sp

�2
= !2

p

l
�
(l + 1)r̄2l+1("II � "III) + "III + l("II + "III)

�

l(l + 1)r̄1+2L(1 � "II)("II � "III) + (l + "II + l"II)("III + l("II + "III))
(2.63)

The l = 1 mode is,

!sp =

s
!p("II + 2r̄3("II � "III) + 2"III)

2r̄3(1 � "II)("II � "III) + (1 + 2"II)("II + 2"III)
, (2.64)

and the l = 1 mode is,

!sp =
!pp

(1 + "II)
. (2.65)

SP modes of a metal shell with a dielectric core

(!±
sp)

2 =

!2
p

�"III + l
��2(1 + "III) � (l + 1)r̄2l+1(�2 + "I + "III) � l(2 + "I + "III)

�± �̄

2l(l + 1)r̄2l+1("I � 1)("III � 1) � 2(1 + l + l"I)(l + (l + 1)"III)
.

(2.66)

Here, we have defined the dimensionless parameter �̄ as,

�̄2 = �4l2(l+1)2
�
r̄2l+1 � 1

�2
"I"III+

�
(2l + 1)"III + l

�
l + (l + 1)r̄2l+1

�
("I + "III)

�2

(2.67)
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By setting "I = "II = ✏ we get a simplified expression that maintains all orders

of l,

!±
sp =

s
2l(l + 1)("� 1)r2l+1 + 2l(l + 1)("+ 1) + "± �"(2l + 1)

2"� 2l(l + 1) (r2l+1("� 1)2 � ("+ 1)2)
. (2.68)

Here, � = �̄("I = "II = ").

In the l ! 1 limit we obtain,

!±
sp =

!pp
1 + "I

,
!pp

1 + "III
. (2.69)

Here we have two values of !sp due to the two metal surfaces of a shell. This gives

rise to two modes correspond to oscillation being in phase or out of phase.

Without assuming any values for the dielectric constant inside and outside of the

shell, we find that the l = 1 SP mode is,

!±
1 = !sp

p
("I + 4"III � 4 + 2r̄3(�2 + "I + "III) ± A]

4r̄3("I � 1)("III � 1) � 2(2 + "I)(1 + 2"III)
(2.70)

Here we have defined a dimensionless parameter,

A =
q

("I � 4"III)2 + 4r̄6("I � "III)2 + 4r̄3 ("2I + 13"I"III + 4"2III).

Setting "I = "III = " simplifies this expression to give,

!±
sp = 2!p

s
1 � r̄3

4 + 4r̄3("� 1) + 5"± 3"
p
1 + 8r̄3

. (2.71)

Surface-plasmon Modes of Prolate Spheroid

To model anisotropic SP modes, we consider a metal nanoparticle in the shape of

a prolate spheroid. Some liberty can be taken when defining the prolate spheroidal

coordinate system and we follow the convention of Morse and Feshbach [Mor81].

We place the center of the prolate spheroid at the origin of a Cartesian coordinates
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Figure 2.11: Prolate spheroidal coordinate system.

system and orient the spheroidal major axis along the z-axis and the minor axis in

the (x, y) plane.

After denoting the length of the major and minor axis by a and b respectively,

the prolate spheroidal coordinates are defined as,

⇠ = (r1 � r2)/2f (2.72)

⌘ = (r1 + r2)/2f. (2.73)

Here, f =
p
a2 � b2 is the distance to the focal points and ⌘ = [1 � (a/b)2]�1/2 is

inverse eccentricity. With this we define distances that connect the focal points of

the spheroid to any point in space,

r1 =
p

x2 + y2 + (z + f)2, (2.74)

r2 =
p

x2 + y2 + (z � f)2. (2.75)
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The Cartesian coordinate representation in prolate spheroidal coordinates are,

x = f [(1 � ⇠2)(⌘2 � 1)]1/2 cos', (2.76)

y = f [(1 � ⇠2)(⌘2 � 1)]1/2 sin', (2.77)

z = f⇠⌘. (2.78)

Spherical coordinates can be recovered as a limiting case by taking ⌘ ! 1 and

⌘f ! r. The Green function is sought by solving the boundary-valued problem

for a point charge disturbance. The eigenfunction expansion in prolate spheroidal

coordinates is given in terms of the associated Legendre polynomials Pm
n and Qm

n

of the first and the second kind, respectively [Mor81]. Following the approach of

Morse and Feshbach [Mor81], we write the Green function for inside and outside the

spheroid,

G(r) =
1

f

1X

l=0

nX

m=0

(Anm cosm'+Blm sinm')Pm
l (⇠)Qm

l (⌘) ⌘ > ⌘0 (2.79)

G(r) =
1

f

1X

l=0

nX

m=0

(Clm cosm'+Dlm sinm')Pm
l (⇠)Pm

l (⌘) ⌘ < ⌘0 (2.80)

Here ⌘0 is the boundary of the spheroid.

We also need the eigenfunction expansion of a point charge in spheroidal coordi-

nates [Mor81] located at point r0 = (⇠0, ⌘0,'0):

Gs(r, r
0) =

1

|r � r0| (2.81)

=
1

f

1X

l=0

nX

l=0

Hlm cosm('� '0)Pm
l (⇠)Pm

l (⇠0)Pm
l (⌘<)Q

m
l (⌘>)

Here,

Hlm = (2n+ 1)(2 � �m0)(�1)m

(l � m)!

(l +m)!

�
(2.82)
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and ⌘< = min(⌘, ⌘0) and ⌘> = max(⌘, ⌘0). Assuming that the charge is outside the

spheroidal nanoparticle, we set ⌘< = ⌘ and ⌘> = ⌘0.

By matching the boundary conditions, we obtain the coe�cients:

Anm = � ⇤nm cosm'0 ["(!)/"d � 1]

[Qm
n (⌘0)/P

m
n (⌘0)] "(!)/"d � [Qm

n
0(⌘0)/Pm

n
0(⌘0)]

(2.83)

Blm = � ⇤lm sinm'0 ["(!)/"d � 1]

[Qm
l (⌘0)/P

m
l (⌘0)] "(!)/"d � [Qm

l
0(⌘0)/Pm

l
0(⌘0)]

(2.84)

Clm = Alm [Qm
l (⌘0)/P

m
n (⌘0)] + ⇤lm cosm'0 (2.85)

Dlm = Blm [Qm
l (⌘0)/P

m
l (⌘0)] + ⇤lm sinm'0 (2.86)

where

⇤lm = HlmP
m
l (⇠0)Qm

l (⌘
0). (2.87)

Solving for the SP eigenspectrum gives,

!2
sp = !2

p

"dPm
n
0(⌘0)Qm

n (⌘0)

Pm
n
0(⌘0)Qm

n (⌘0) � Qm
n
0(⌘0)Pm

n (⌘0)
(2.88)

2.5 Conclusion

The purpose of this Chapter was to to provide a basic overview and create a reference.

We have derived the near field SP eigenmodes for every geometry considered in later

chapters and we have reviewed the basics of SP theory.
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Chapter 3

Förster Transfer in the Presence of

Metal Nanospheres

3.1 Introduction

Förster resonance energy transfer (FRET), is the non-radiative transfer of energy

between neighboring molecules [För60, För48]. This process is enhanced by the pres-

ence of metal surfaces [GLK07, KBR+08, KTS+13]. In this chapter, we review the

basics of Förster theory and show how to account for the presence of SPs. Specifically

we consider the influence of MNPs on the FRET rate between two QDs.

Förster Theory

FRET describes nonradiative energy transfer from a donor molecule to an acceptor

molecule. Since it is mediated by near field interactions, it does not involve the

emission or absorption of real photons. FRET occurs when the donor has an induced

dipole moment, which is resonant to the gap energy of the acceptor. The strength
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of the interaction depends on the strength of the induced dipole and the respective

orientation of the donor and acceptor. The Förster rate can be derived following a

semi-classical approach or through quantum mechanics using Fermi’s golden rule. We

choose the latter to show how to derive the result. A derivation of the type presented

here can be found in any standard textbooks on the subject [Bir70, NH12].

We model the donor and acceptor molecules as two-level systems shown in Fig.3.1,

with allowed dipole transitions, and write a Hamiltonian for the system in which they

are coupled through dipole-dipole interaction.

H = H0 +H1 (3.1)

H0 = |D⇤AiHD hD⇤A| + |A⇤DiHA hA⇤D| (3.2)

H1 = �µD · ED =
3(µA · r̂)(µD · r̂) � µA · µD

r3
(3.3)

The states |Di and |Ai represents the donor and acceptor subsystems, respectively.

The unit vector r̂ connects the center of mass of the donor and acceptor transition

dipoles, µD and µA, and r is the distance between them. H0 is composed of HD and

HA, which represent the excited state energy of the donor and acceptor parameter-

ized by vibrational coordinates, respectively. H1 is the dipole-dipole donor-acceptor

interaction energy. High-multipole interactions are neglected and H1 is taken as a

small perturbation. HD and HA are taken to be displaced oscillator potentials in

the Condon approximation [Bir70], meaning that the dipole operators act solely on

the electronic states. Though we call this resonant energy transfer, the inclusion of

the fast vibrational dynamics introduces intraband relaxation processes assisting in

the energy flow from donor to acceptor. We apply this concept by always taking

the acceptor to be slightly detuned from the excitation energy of the donor. This

coincides with what is observed in experiment.
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Figure 3.1: Schematic of Förster transfer mechanism. An incoming laser excites a
“donor” molecule into an excited state, which quickly relaxes down to the bottom of
the band and forms an exciton with energy ~!D. This induces a transition dipole in
a nearby “acceptor” molecule, which then interacts with the donor through a dipole-
dipole coupling. The excitation hops from donor to acceptor through a non-radiative
energy transfer and then quickly relaxes to the bottom of the band and emits the
energy as radiation with energy ~!A.

We begin by introducing acceptor and donor dipole operators as,

µA = |Ai µAA⇤ hA⇤| + c.c., (3.4)

µD = |Di µDD⇤ hD⇤| + c.c., (3.5)

and recast the interaction term Eq. (3.3) to the following operator form,

H1 = µAµD


r3
[|D⇤Ai hA⇤D| + |A⇤Di hD⇤A|] , (3.6)

where an asterisk indicates the excited states and

µD = | µd |2, (3.7)

µA = | µA |2, (3.8)

 = 3(êA · r̂)(êD · r̂) � µ̂Aµ̂D. (3.9)



Chapter 3. Förster Transfer in the Presence of Metal Nanospheres 32

According to the Fermi’s golden rule, the FRET rate associated with the Hamiltonian

given by Eq. (3.6) is;

Rf i =
2⇡

~2 | hf |H1 |ii |2 ⇢("f ) (3.10)

=
2⇡

~2
X

f

| hA⇤D|H1 |D⇤Ai |2 �("f � "i) (3.11)

=
2⇡

~2
X

f

| hA⇤D|µAµD


r3
[|D⇤Ai hA⇤D| + |A⇤Di hD⇤A|] |D⇤Ai |2 �("f � "i)

=
2⇡

~2
X

f

| hA⇤D|µAµD


r3
[|D⇤Ai hA⇤D| + |A⇤Di hD⇤A|] |D⇤Ai |2 �("f � "i)

=
2⇡

~2
X

f

| µAµD


r3
|2 �("f � "i).

In Eq. (3.11), the initial energy "i is the sum of the initial energy of the donor

and the initial energy of the acceptor:

"i = "Ai + "Di , (3.12)

and the final energy "f is the sum of the final energy of the donor and the final energy

of the acceptor:

"f = "Af + "Df , (3.13)

The delta-function can be written as the integral of a product of delta functions.

One for the donor, and one for the acceptor,
Z
�
�
"� "Df + "Di

�
�
�
"� "Af + "Ai

�
d" (3.14)

For each molecule, the energies are sums of the electronic state energies plus the

vibrational state energies. In calculating the exciton hopping rate, we are interested

in the rate for specific electronic state energies, without regard to the particular

vibrational state energy the molecule happens to be in when they interact. For this

reason, we introduce a thermal average over initial vibrational state energies;

1

ZAZ⇤D

X

i(D),i(A)

e��("
D
i +"Ai )

Z
�
�
"� "Df + "⇤Di

�
�
�
"� "⇤Af + "Ai

�
d". (3.15)
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The factorization of the partition function for the vibrational manifold, Z = ZAZ⇤D

occurs under the assumption that the vibrational modes on each molecule are inde-

pendent. The asterisk indicates that for the donor, it is the excited-state vibrational

manifold that is averaged over. Similarly, for the acceptor, the final state is the

excited-state vibrational manifold. The next ingredient is the square of the ma-

trix element | µAµD

r3

| in Eq. (3.10). This factorizes into a product of squares of

the Frank-Condon overlap factors, FC2
i(D),f(D) for the down-transition in the donor

oscillator manifold, and FC2
i(A),f(A) for the up-transition in the acceptor oscillator

manifold.

Under the assumption that the electronic part of the transition matrix element,

can be taken to be approximately independent of the vibrational states, the transfer

rate can be written as the overlap of a product of two functions,

R /
Z

d"

0

@
X

i(D),f(D)

e��"
⇤D
i

Z⇤D
FC2

i(D),f(D)�
�
"� "Df + "⇤Di

�
1

A

·
0

@
X

i(A),f(A)

e��"
A
i

ZA

FC2
i(A),f(A)�

�
"� "Af + "Ai

�
1

A .

The first factor is the line-shape function that characterizes the emission spectrum

of the donor,

�D
fluor (") /

X

i(D),f(D)

e��"
⇤D
i

Z⇤D
FC2

i(D),f(D)�
�
"� "f(D) + "⇤Di

�
,

and the second factor is the line-shape function that characterizes the absorption

spectrum of the acceptor,

�A
abs (") =

X

i(A),f(A)

e��"i(A)

ZA

FC2
i(A),f(A)�

�
"� "⇤Af + "i(A)

�
.
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Taking into account that the delta-function sums in these expressions describe donor

and acceptor density of states, the FRET rate Eq. (3.11) can be represented as,

Rf i =
2⇡

~2
| µD |2| µA |2 2

r6
J. (3.16)

Here,

J =

1Z

�1

�D
fluor(")�

A
abs(") d". (3.17)

is the overlap integral between the donor emission and acceptor absorption spectra.

The rate given by Eq.(3.16) has the characteristic 1/r6 spatial scaling resulting

from the donor and acceptor dipole-dipole interactions. Also, it is a function of the

overlap of donor emission and acceptor absorption line-shapes. The orientational

term  is of great importance since it can completely eliminate Förster transfer when

the transition dipoles are oriented perpendicular with respect to each other. Due to

the uncertainty of the exact orientation of the donor and acceptor, and because

many experiments are done on an ensemble of molecules,  is usually rotationally

averaged. The spectral overlap integral, J , is usually determined by experiment and

will henceforth be taken as a parameter.

3.2 FRET in the Presence of MNPs

In this section we will model FRET in the presence of MNPs. We will consider three

di↵erent MNPs, a metal sphere, a metal sphere with a dielectric shell (core/shell),

and a metal shell with a dielectric core (shell/core). All systems will be assumed to

be embedded in a medium with dielectric constant "d. The metal’s permittivity will

be calculated using data from the experiments of Johnston and Christy [JC72].
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Figure 3.2: Schematic of Förster transfer in the presence of a semi-infinite metal slab.
The donor transition dipole induces an image response at the metal surface. We do
not consider the secondary e↵ect of the image of the acceptor transition dipole.

The problem of Förster transfer above a planar metal surface has been well stud-

ied, beginning with the seminal work of Chance, Prock and Silbey [CPS78]. The

last few years have seen greater interest in the use of nanoparticles to observe this

e↵ect. Since MNPs can provide localized SPs with intense field enhancements, they

are an ideal candidate for enhancing the Förster rate. Spherical nanoparticles have

received a significant amount of attention due to reliable synthetic techniques and

their strong plasmonic characteristics [DRKS08].

Solutions to spherical geometries can be written down exactly through Mie theory,

or more simply in the near field quasi-static approximation [EN74]. For SP frequen-

cies of MNPs smaller than the wavelength of optical light the method is in excellent

agreement with experiment. The quasi-static approximation does fail to predict re-

tardation e↵ects, such as the size dependence of !sp [Kre92, KG85, KF69]. Also not

included are e↵ects due to electron wave function spill out from nanoparticles of very

small radii [HL94, CA74].

When including the e↵ects of a metal surface, the simplest approach is to modify
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Eq. (3.16) by including the image electric field induced by the donor transition dipole

on the surface of the nanoparticle (see Fig. 3.2 for planar geometry). Clearly the type

of metal and its geometry are important due to the e↵ect that these parameters have

on the value of the SP resonance frequency. Specifically, we modify the transition

matrix element used in the Fermi’s golden rule calculation by expanding the electric

field term to include the image field of the donor due to the presence of the MNP.

We therefore want to calculate,

Rf i =
2⇡

~
��hf |µ̂A · Etotal

D |ii��2 J. (3.18)

Here, Etotal
D is the total electric field of the donor transition dipole and the image

response of the metal. We have not included secondary e↵ects, such as the image re-

sponse of the MNP to the acceptor transition dipole field, or feedback re-polarization.

It is assumed that these e↵ects are small when compared to the electric field of the

donor transition dipole and its image.

The total electric field will depend on the polarizabilty, ↵(!), of the MNP, which

is singular when a SP is excited. But enhancement of the electric field does not

guarantee enhancement of the Förster rate because the presence of a metal surface

also opens up decay channels that didn’t exist in the system prior to it being plas-

monically coupled.

We can mitigate this somewhat by tuning the parameters of the system in such

a way as to change its energy profile. For example, it is well known that gold is

very lossy in the frequency range surrounding !sp. This is due to contributions to

the damping coe�cient by interband scattering, which is unfortunately high around

optical frequencies. Nanorods partially solve this problem by reducing non-radiative

damping in gold nanoparticles [Sön01]. This can be understood by modeling the

nanorod as a prolate spheroid. Doing so gives an expression for the SP modes that

depends on the aspect ratio of the spheroid. Higher aspect ratios lower !sp, which
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places the system in a frequency range further away from where interband scattering

dominates.

Ignoring this problem for now, let’s return to modifying Fermi’s golden rule to

include image e↵ects. We need to calculate the total electric field of the donor and

its image. The potential of a point charge is proportional the Green function,

G0(r, r
0) =

1

| r � r0 | (3.19)

We expand the Green function in a Taylor series expansion as follows [SDMT98]:

1

| r � r0 | =
1

r
� r0 · r1

r
+

1

2
(r0 · r)2

1

r
+ · · · (3.20)

=
1

r
+

r · r0

r3
+

1

2

1

r5
r · �3rr0 � 1r02

� · r + · · · .

On the first line of Eq. (3.20), the first term is the potential of a point charge, the

second term is the interaction energy of a point dipole with the field produced by a

point charge, and the third term is the interaction energy of a point quadrupole and

the field of a point dipole. Equating the second terms of lines 1 and 2 of Eq. (3.20)

gives,

r · r0

r3
= �r0 · r1

r
(3.21)

Since the Green function is invariant under the substitution r ! r0, we write,

r · r0

r3
= �r · r0 1

r0
. (3.22)

With this identity, we can relate the potential of an arbitrary point dipole µ, to the

gradient of the Green function,

�(r)dipole = � 1

4⇡"0
µ · r0 1

r0
(3.23)
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Recall that the Green function for an inhomogeneous environment has the form,

G(r, r0) = G0(r, r
0) + g(!)G0(r, r

00), (3.24)

so the argument above works for both the source and image fields. We can use the

results of Chapter 2 to derive the potential of a point dipole in the same environments.

Therefore, the field of a the donor transition dipole in the presence of a layered

dielectric sphere with inner radius RI and outer radius RII , including its image, is,

Etotal
D = r((µD · r0'(r, r0)). (3.25)

Here '(r, r0) is the potential of a point charge located at r0. Using Eq. (2.58) we

obtain an expression for the total electric field;

Etotal
D =

[3(µD · r̂)r̂ � µD]

r3
(3.26)

�
1X

l=1


1

rl+2
g(!, l)

✓
a2l+1

r0l+2

◆⇣
R(l,#,')r̂ + �(l,#,')#̂ +⇥(l,#,')'̂

⌘�
.

Here, R(l,#,'), ⇥(l,#,'), and �(l,#,') are defined as follows:

R(l,#,') = �µ̃dx(l + 1)(sin# cos')P 0l (cos#)

� µ̃dy(l + 1) sin# sin'P 0l (cos#) + µ̃dz(l + 1)2Pl(cos#),

⇥(l,#,') = (µ̃dx cos'+ µ̃dy sin')(cos#P
0
l (cos#)

� sin2 #P 00l (cos#)) + µ̃dz(l + 1) cos#P 0l (cos#), (3.27)

�(l,#,') = (µ̃dy cos'� µ̃dx sin')P
0
l (cos#).

Also defined is the orientation of the donor transition dipole, µ̃dx = µdx sin#D cos'D,

µ̃dy = µdy sin#D sin'D, and µ̃dz = µdz cos#D, where #D and 'D are the angles that

define the orientation of the donor.

The first term in Eq. (3.26) is the donor dipole electric field and the second term

is the contribution of the images dipoles due to the response of the metal. All primed
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coordinates represent the location of the donor and all un-primed coordinates locate

the position of the acceptor. We set #0 = 0, and '0 = 0, making cos � = cos#. This

implies that the donor is oriented along the z-axis. Inserting this expression into

Eq. (3.18) allows us to calculate the Föster rate for the multi-polar response of both

isolated and shell spherical geometries. The functional form of Eq. (3.26) is the same

for both cases, and one only needs to re-define the response function.

Since tuning the energy spacing between donor and acceptor is key for deter-

mining the magnitude of the enhancement, it is important to find materials that

allow for the control of this parameter. Here we consider QDs, which are small

crystals that behave like artificial “atoms” and may be approximated as two-level

systems [LBB96, BGL+99]. Because their radii are proportional to their bandgap

energies [LBB96], they make ideal candidates for testing the bounds of a plasmon-

ically enhanced FRET. We model the QDs as two transition dipole moments using

the following parameters; J = 0.004 cm�1, µD = 0.2 D and µA = 22.5 D, a = 20 nm,

r0 = 22 nm and r = 22 nm [DRKS08]. When calculating the FRET rate, we place

the donor and acceptor QDs equidistant from the surface of the sphere, fixing the

position of the donor, and varying the angle between them.

Metal Sphere

The first system we consider is that of two CdSe QDs placed near an isolated metal

sphere. We take the parameters from Ref.[DRKS08] and also reproduce some of the

results from that work.

For an isolated metal sphere, the response function in Eq. (3.26) is given by,

g(!; l) =
l("(!) � "d)

l("(!) + "d) + "d
. (3.28)

The expression for the case of an isolated sphere was derived in Chapter 2, and here

we include the e↵ect of the dielectric environment though "d. We will use "(!) of
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Figure 3.3: SP enhanced FRET rate for an isolated sphere calculated using the Drude
model. The peaks represent the spectrum of the system. Each peak corresponds to a
term of the multipole expansion of the image field. Dipole response is the first peak
and corresponds to l = 1. The quadrupole is the second peak and represents l = 2,
and so on.

the metal to be of the Drude form,

"(!) = "1 � !2
p

!(! + i�)
, (3.29)

where � is the damping coe�cient of the metal and !p is the bulk plasma frequency.

Figure 3.3 shows FRET rates as a function of frequency using the Drude model.

Here the frequency represents the possible values of the energy gap between ground

and excited states of our two-level QD system. We do this to explicitly show how

FRET is enhanced in the presence of the metal. We have made the frequency dimen-

sionless with respect to the plasmon frequency, so Fig. (3.3) serves as a qualitative

example. Each resonant peak corresponds to a pole of the response function. When-

ever the separation between the ground and excited states of the donor-acceptor

system are in coincidence with the plasmon frequency, the Föster rate also inherits

the associated singularity. This leads to a significant enhancement of the rate.

Figure 3.4 shows the enhancement of the Förster rate when experimental data are

used for the dielectric [JC72] response. The e↵ect is still substantial, but obviously
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Figure 3.4: Enhancement of Forster rate between two QDs in the presence of both
gold (left) and silver (silver) for an isolated metal sphere. Here, " = 1.

dulled due to the damping. Notice the large di↵erence between Au and Ag MNP

cases. Au predicts an enhancement factor of about 30 for a simple isolated sphere

and Ag predicts a value on the order of 103. The lower enhancements in Au are due

to the lossy character in the region around !sp. Ag is far less lossy in this range.

While gold has the benefit of being easy to handle during synthesis, the enhancement

gains of silver suggest that it is worth the added di�culty. Furthermore, Ag shows

a peak dominated by dipole response but also features a second smaller peak due to

quadruple response [HS03]. In contrast, Au is so dissipative in this range that the

contributions of higher poles are indistinguishable from the dipole peak. It should

be noted that, when calculating these rates, we took many terms in the expansion

of the response function. For Au we noticed that, while the overall shape did not

seem to be e↵ected, the height of the peak was. It seemed to be the case that higher

multipole contribution lowered the height of the peak. This is in contrast to Ag,

which shows a nice succession of peaks corresponding to each term of the multipole

expansion.
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Figure 3.5: Enhancement of FRET rate for both gold and silver core/shell systems
in free space as a function of donor-acceptor band gap energy.

Core/Shell and Shell/Core Nanospheres

Next, we consider the case of core/shell and shell/core structures. The form of the

response function for these systems before the substitution of a frequency dependent

dielectric constant is:

g(!; l) = �(�l + 1)/"II + �l/"III
1 + ↵l�lr̄2l+1

↵lR
2l+1
I +

(�l + 1)/"II � 1/"III
1 + ↵l�lr̄2l+1

R2l+1
II , (3.30)

where the dimensionless constants are defined in Eqs.(2.60-2.62). Whether or not

we are calculating rates for a core/shell or shell/core depends upon which dielectric

constant in Eq. (3.30) is is set to "(!).

The results of the simulation for the core/shell structure are found in Fig.3.5.

This is of interest because often MNPs have a dielectric shell left over form synthe-

sis. This can have a strong e↵ect on the location of the SP frequency. The main

features of this system are not much di↵erent than those of the isolated sphere. The

e↵ect of the dielectric shell is to redshift the value of !sp. This can lead to slightly

higher enhancements because it places the SP mode in a frequency range where the

imaginary part of the dielectric function is lower in magnitude.

Shell/core structures are unique because they support SPs on each surface of the

shell. Recall that, in Chapter 2, we derived the modes for this system and found the
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Figure 3.6: FRET rate for both gold and silver shells as a function of frequency in
units of eV. The free space FRET rate can be seen in the high frequency limit where
the plots saturate.

l ! 1 limit of the SP modes to be,

!±
sp =

!pp
1 + "I

,
!pp

1 + "III
. (3.31)

This e↵ect can be seen in the formation of a second band in the enhancement factor

of FRET, corresponding to the in-phase, and out-of-phase modes of SPs at each

surface of the shell. Figure 3.7 shows the idealized FRET rate enhancement factor

for QDs in the presence of a shell/core MNP. We can clearly see the e↵ect of having

two surfaces by the appearance of two SP bands. The dielectric environment inside

and outside the shell can be used to tune the spacing between the bands. However,

when experimental data for the dielectric function are used (see Fig. (3.6)), the e↵ect

is completely washed out in Au MNPs, and greatly reduced in Ag MNPs. But even

with losses, Fig. 3.6 shows that Ag MNPs can lead to an enhancement factor on

the order of 10 at the peak of the second SP band. While not as impressive as the

drastic gains predicted by the lower bands of shell/core MNPs, it’s still competitive

with the enhancement properties of Au core/shell MNPs. This could be exploited to

enhance resonance phenomena at frequencies outside the optical range.

For Au MNPs, the enhancement factor predicted by the model is the same or-
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Figure 3.7: Förster rate for shell/core MNPs using the Drude model. Panels a) and
b) have the same dielectric constant for inside and outside the metal nanoshell. a)
" = 1 and b) " = 2. This illustrates the role of the dielectric surroundings in tuning
the SP frequency band. Panels c) and d) have inside and outside dielectric constants
that di↵er by a factor of 4. This illustrates the ability of dielectrics to tune each
band individually, allowing control of the gap between SP bands for di↵erent values
of the inner and outer dielectric constants. The aspect ratio was set to 0.85.

der of magnitude for both core/shell and shell/core structures. However, shell/core

structures exhibit a clearly distinguishable quadrupole response. This e↵ect is due

to the redshift of the SP band caused by environment and geometry. For Au MNPs,

these e↵ects move the dipole response of the MNP by about 0.5 eV, allowing for a

greater separation between the dipole and quadrupole response.

Figure 3.8 shows how sensitive the multi-polar response of Ag nansoshells is

to aspect ratio. As the aspect ratio increases, the nanoshell becomes more like a

core/shell structure and we see the multi-polar response of the MNP become evident
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Figure 3.8: FRET enhancement for a Ag nanoshell. Parametric in aspect ratio.

in the enhancement factor of FRET.

3.2.1 Quantum Yield

The Förster transfer mechanism is only one of the several possible energy pathways

present in the system. Losses to radiation and heat must also be calculated and

compared with the Förster rate. The quantity of interest is often the quantum yield.

It is defined as,

QY =
�f

(�f + �m + �r)
, (3.32)

where �f is the FRET rate, �m is losses to the metal, and �r are radiative losses.

Radiative losses, can be ignored for nanoparticles with dimensions smaller than the

skin depth of the SP layer [Sto11]. An expression for �m is related to the imaginary
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Figure 3.9: Quantum yield as a function of aspect ratio for ! � 3 eV.

part of the total electric field function by, [DRKS08, NH12],

�m = � |µD|2
6"h~a3

1X

l=1

ImFl(r̄,!)(2l + 1)(l + 1)
⇣a
r

⌘2l+4

. (3.33)

Here, Fl(!) is the response function of a spherical shell derived in Eq. (2.59). The

aspect ratio of nanoshells is known to be a key parameter in determining the response

of the system, for example the relationship between SP lifetimes and the aspect ratio

of nanoshells was established by Kirakosyan et al. [KSS09]. Figure 3.9 shows the

quantum yield as a function of aspect ratio of a Ag nanoshell. Because the aspect

ratio tunes the SP frequency, we see an oscillation in the quantum yield corresponding

to when system comes into resonance with the FRET rate. Showing how one can

mitigate losses due to damping by tuning the characteristics of the MNP and how

sensitive the quantum yield is to the geometry of the MNP even, in the presence of

damping.
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3.3 Conclusion

We have examined the enhancement of FRET due to the image response of MNPs.

We have considered several di↵erent MNP structures and metals, and have reported

on the role of geometry and material in tuning the enhancement factor. Figure 3.10

compares the FRET rate for all MNPs considered in this chapter. The parameters

used for Fig. 3.10 are as follows; the FRET rate was calculated at a frequency of,

! = 2 eV and, the dielectric constant was set to "i = 2 for all MNPs. The donor

QD was placed 2 nm from the surface of the MNP and oriented along the z-axis.

The acceptor QD orientation was averaged over all angles. The acceptor QD was

kept a fixed distance of 2 nm from the surface, and its position varied in the range of

✓ = 20� 180 deg, where ✓ is the angle made by the center of the MNP to the centers

of the QDs. This increased the distance between the QDs while e↵ectively turning

FRET into a probe of the electric field near the surface of the MNP. Ag nanoshells

produced the highest enhancement and was the most sensitive to variations in the

electric field than any of the configurations studied.

Figure 3.10: Comparison of FRET rates for all three types of MNPs. The results for
both a) Au and b) Ag are shown.
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Chapter 4

Dynamic Image Force on a Charge

Moving above a Metal Plane

4.1 Introduction

We now continue to explore the image response of metal surfaces in the context of

non-resonantly driven systems. Recently, a resurgence of interest has emerged in the

study the non-driven interactions with metal surfaces. Recent developments in force

measurement [SAI13, THW+13, RCJ11, Cle03] and nano-optomechanics [MKZ+08,

LRC+10] require a detailed understanding of low energy charge-surface interactions,

including quantum e↵ects. Commonly used semi-classical descriptions of SPs are

unable to properly account for quantum e↵ects [LTLL12, TMÖ+13], leading to a

resurgence in interest quantum mechanical models [ERW+05, TMÖ+13, LTLL12,

SHE+12, JS11]. In this Chapter, we begin to address these issues in the context of

planar surfaces.

The image force is central to the understanding of classical and quantum surface

plasmons (QSP). We begin by considering the back-attraction felt by a charge as it
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moves through a dielectric medium, and then we extend the formalism to include

the case of a charge moving above a metal slab. We consider the parallel and per-

pendicular motion separately, and develop a Hamiltonian formalism to describe the

dynamics of the charge. We then quantize the system at the level of the Hamiltonian.

We then treat the system adibadically in the limit of high QSP frequency as com-

pared to the motion of the charge. We discuss the existence of a zero point repulsion

due to the ground state energy of the QSPs. These results are analyzed and checked

for self-consistency. We find that the e↵ective potential for motion perpendicular to

the plane is inconsistent with adiabatic arguments, showing that existing work on

the subject is flawed [ŠTL72, Bar77, SMPP91, NH78].

4.2 Motion of a Charge Through an Electron Gas

Before we address the problem of a charge above a plane, it is illustrative to consider

the problem of a charge moving in a dielectric medium. The analysis followed in this

chapter is similar to that found in the calculation of dielectric friction [HO77, Zwa70].

Consider a positive spherical charge density ⇢ =
q

4⇡a2
�(r � a), of total charge q,

distributed uniformly on the surface of a sphere of radius a sitting inside a homoge-

neous dielectric medium. Suppose that we want to know the induced polarization.

The polarization of a material is proportional to the inducing electric field E, by a

coe�cient independent of direction. In linear response the relation is,

P = �E. (4.1)

Taking the divergence of Eq. (4.1) returns an expression for the bound charge density

[JF99],

⇢b(r) = �r · P = � �q

4⇡"a2
�(r � a) , r � a. (4.2)
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Dielectric material

Figure 4.1: A sphere of charge density ⇢ inside a dielectric medium of relative per-
mittivity ".

The total charge on the surface of the sphere is then,

qtotal = q(1 � �

"
) =

"0
"
q (4.3)

with a total electric field outside of the sphere of,

Etotal =
qtotal
4⇡"0r2

r̂ =
q

4⇡"r2
r̂. (4.4)

Now let us suppose that we move the sphere to a new location quickly enough that

the surrounding material doesn’t have a chance to relax. There will be an attraction

between the sphere and the disturbance left behind. Initially, there is an attractive

force,

Fattraction =
�q2

4⇡""0r2
, (4.5)

pointing in the direction of the residual polarization cloud. After dielectric relaxation,

the initial polarization dies away and the back-force goes to zero. At the same time,

however, the medium surrounding the new position of the sphere begins to become

polarized, becoming fully polarized after some time. If the sphere subsequently moves

again, it will again experience a back-attraction, but this time to its new location.

Presumably there will be a small lingering back-attraction to its original location.
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Figure 4.2: Trail of images left along the trajectory of the charge density. The image
charges grow and decay away based on the intrinsic properties of the material. The
charge density ⇢ is back attracted to all images that have not decayed.

If you think of the continuous motion of the sphere as being a sequence of abrupt

movements, then it is apparent that as the sphere moves through the dielectric, it

is back attracted to a dynamical trail of image charges created along its trajectory.

The strength of the back-attraction depends on the strength of the image and the

distance between the it and the sphere. The strength of images have an initial rise

time associated with the dielectric constant of the material, as well as a decay time

associated with the material’s intrinsic loss mechanisms.

Now suppose that, instead of a sphere, we have a single point charge, moving in

space under the influence of the cumulative back-force. The equation of motion for

the charge can be found through Newton’s second law;

mr̈+ �ṙ = FI(t), (4.6)

where r(t) is the position of the charge, FI(t) is the image back attraction, m is the

mass of the charge, and � is the damping constant.

To calculate the image force we start by writing down an expression for the total
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electric field of the charge and the images.

Etotal =
q

4⇡"0

r 0 � r(t0)

| r0 � r(t0) |3 +
1

4⇡"0

Z

all space

d3r00⇢I(r
00)

r � r 00

| r � r 00 |3 (4.7)

Here ⇢I(r) is equal to the image charge density. To find the value of ⇢I(r) we must first

calculate the polarization vector. In the time domain this is given by a convolution

integral,

P(t) =

tZ

�1

dt0�(t � t0)E(t0), (4.8)

where �(t � t0) is the susceptibility of the medium. Taking the divergence of both

sides, we have the following expression for the image charge density;

⇢I(r
0, t) = �

tZ

�1

dt0�(t � t0)r0 · E(r0, t0) (4.9)

Taking Eq. (4.7) and substituting into Eq. (4.9) gives an expression for ⇢I(r0, t),

⇢I(r
0, t) = � 1

4⇡"0

tZ

�1

dt0�(t� t0)r0 ·
2

4 q(r � r(t0))

| r � r(t0) |3 +

Z

all space

d3r00
⇢I(r00)(r0 � r00)

| r0 � r00 |3

3

5 .

(4.10)

The integrand can be simplified by noting that r · r0 � r

| r0 � r |3 = �3(r0 � r), giving an

equation for ⇢I ,

⇢I(r
0, t) �

tZ

�1

dt0�(t � t0)⇢I(r
0, t) = �q

tZ

�1

dt0�(t � t0)�3(r0 � r(t)). (4.11)

Taking the Fourier transform over time gives,

⇢̃I(r
0) + �̃(!)⇢̃I(r

0) = �q�̃(!) · F [�3(r0 � r(t))], (4.12)

where F is the Fourier transform operator. Solving this equation and transforming

out of Fourier space gives a final expression ⇢I(r 0, t).

⇢I(r
0, t) = �q

tZ

�1

dt0g(t � t0)�3(r0 � r(t)) (4.13)
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Here, we have defined the response function as,

g(t) =
1

2⇡

tZ

�1

d! e�i!t
�̃(!)

1 + �̃(!)
. (4.14)

Recalling that �̃(!) = ✏(!) � 1, we find that the response function in Fourier space

is,

g̃(!) =
"(!) � 1

"(!)
. (4.15)

Using the Drude dielectric function and inverting Eq. (4.15) back into the time

domain gives an explicit expression for the equation of motion including image e↵ects,

mr̈ =
e2

4⇡✏0

tZ

�1

dt0!p sin (!p(t � t0))
r(t) � r(t0)

| r(t) � r(t0) |3 . (4.16)

Here, !p =
q

ne2

e"0
is the bulk plasmon frequency.

The problem with Eq.(4.16) is that the singularities when r = r(t) cause diver-

gence in the force, and how these are avoided for real systems becomes the most

relevant issue. This issue does not arise for a charge moving external to the polariz-

able medium, a problem to which we now turn our attention.

4.3 Charge Moving Above a Metal Slab

Consider now the problem of a charge moving above a metal slab. We again solve

the time-dependent Poisson equation. Here, the free charge density will consist of a

delta-function at the location of the moving point charge,

r ·
Z t

�1
dt0"̃ (t � t0)E (t0) = ⇢(r) (4.17)

For simplicity, we consider motion in the x-direction at some height z = d from the

slab. In this case,

⇢(r) = e�(x � x(t))�(y = 0)�(z = d). (4.18)
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Figure 4.3: Charge density rises on the surface of a metal slab due to the presence
of an external charge with a timescale ⌧sp. If the charge is suddenly removed and
damping is ignored the electron density will oscillate at a frequency of !sp.

Plugging Eq. (4.18) into the r.h.s. of Eq. (4.17) and taking a Fourier transform gives,

r · "(!)Ẽ(!) = F [�(x � x(t))]. (4.19)

Where "(!) = 1+ �̃(!), is the dielectric function. The Fourier transform of the delta

function source term can be written as,

Z 1

�1
dtei!t�(x�x(t)) =

Z 1

�1
dtei!t

X

n

�(t � tn)

|dx(t)
dt

|t=tn

=
X ei!tn

|dx(t)
dt

|t=tn

⌘ f̃(x,!) (4.20)

Where tn are the roots of x � x(t) = 0, and we have made use of the identity

�(g(x)) = �(x�x0)
|g0(x0)| . After substituting f̃(x,!), the Poisson equation becomes

r · "0Ẽ(!) = q�(y)�(z � d)f̃(x,!), z > 0 (4.21)

r · "(!)Ẽ(!) = 0, z < 0

To find the electric field we must solve this set of equations subject to the usual

boundary conditions,

Ẽk |z=0† = Ẽk |z=0� (4.22)

"0Ẽ? |z=0† = "(!)Ẽ? |z=0� .
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Figure 4.4: Charge density wake set up by a charge moving parallel to the surface of
a metal slab. The standing wave structure is a SP that oscillates at a frequency of
!sp.

Rewriting the source term as a superposition of delta functions,

f̃(x,!) =

Z
dx0�(x � x0)f̃(x0,!) (4.23)

we see that, in the frequency domain, this dynamical system can be interpreted as

the solution to a sum of static electric fields due to the superposition of point charges

of strength

Q(x0,!) ⌘ Qf̃(x0,!). (4.24)

These charges are located at x0 along a straight line segment parallel to the dielectric.

One way to solve for the total electric field is to consider the contribution from each

point charge separately and then superimpose these contributions to find the total

field. Thus for each point charge at x0 we must solve the Poisson equation,

r · "0Ẽ(!) = Q(x0,!)�(y)�(z � d)f̃(x,!), z > 0 (4.25)

r · "(!)Ẽ(!) = 0, z < 0
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subject to the usual boundary conditions. The total electric field in the x direction

is therefore,

Ẽx(x : x0,!) = �@'
@x

(4.26)

=
Q(x0,!)

4⇡"0

"
x � x0

[(x � x0)2(z � d)2]3/2
� g̃(!)

x � x0

[(x � x0)2(z + d)2]3/2

#
.

In writing the total electric field, it is convenient to define a dimensionless response

function,

g̃(!) =
"(!) � 1

"(!) + 1
=

�(!)

2 + �(!)
. (4.27)

Inverting Eq. (4.27) to the time domain gives the total electric field;

Ex(x, t) =
e

4⇡"0

x � x(t)

[(x � x(t))2 + y2 + (z � d)2]3/2

� e

4⇡"0

tZ

�1

dt0g(t � t0)
x(t) � x(t0)

[(x(t) � x(t0))2 + (z + d)2]3/2
. (4.28)

The first term is obviously the field due to the point charge itself, which is located at

x(t). The second term with the memory function is the field due to a superposition

of image (point) charges at locations x(t0) below the dielectric, where x(t0) are the

positions that the charge has visited in the past. To find the force on the moving

charge, we simply pick up the second term of Eq. (4.28). Thus the image force is

given by,

F (x, t) = qEx,image(x(t), t)

= � q2

4⇡"0

tZ

�1

dt0g(t � t0)
x(t) � x(t0)

[x(t) � x(t0))2 + 4d2]3/2
. (4.29)

Now that we have the force we can Newton’s equation of motion,

mẍ(t) + �ẋ(t) = � e2

4⇡"0

tZ

�1

dt0g(t � t0)
x(t) � x(t0)

[(x(t) � x(t0))2 + 4d2]3/2
(4.30)
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Figure 4.5: image trail of a charge moving perpendicular to a metal slab

Equation of Motion Perpendicular to the Plane

For motion perpendicular to the plane we follow the same procedure but change the

rhs of the Poisson to read,

r ·
Z t

�1
dt0"̃ (t � t0)E (t0) = e�(x = 0)�(y = 0)�(z � z(t)) (4.31)

Thus, the equation of motion for z(t) is,

mz̈ + �ż(t) = � e2

4⇡"0

1Z

0

dt0
g(t � t0)

(z(t) + z(t0))2
. (4.32)

The response function is is the same for both the parallel and perpendicular

directions,

g(t � t0) = F�1

"(!) � 1

"(!) + 1

�
= !spe

��(t�t0) sin [!sp(t � t0)] . (4.33)

The roots of the denominator of Eq. (4.33) define the SP frequency. When the

Drude model is used for ✏(!), we find that

!sp =
!pp
2
. (4.34)
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Integro-di↵erential equations of the form of Eq, (4.32) are di�cult to solve due to the

non-local nature of the integrand. This motivates us to search for an alternative but

equivalent formulation of the problem. We notice the form of kernel Eq. (4.32) is the

homogeneous solution to a harmonic oscillator equation and use this as motivation

to formulate a Hamiltonian description of the problem.

4.3.1 Hamiltonian Formalism

Here we develop a Hamiltonian representation of a charge moving above a metal

plane for motion parallel and perpendicular to the surface of the metal slab.

4.3.2 Motion Perpendicular to the Plane

Let us first consider the motion of the charge perpendicular to the plane. We propose

the following Hamiltonian (in the � = 0 limit) to describe the motion:

H =
}2

2m
+

s
e2M↵0

4⇡"0
!sp

1Z

n=0

d↵n Qne
�↵nz +

1Z

n=0

d↵n

✓
P 2
n

2M
+

1

2
M!2

spQ
2
n

◆
. (4.35)

Here, ↵n = n↵0, and we will be taking the limit as ↵0 ! 0. A fictitious oscillator

with mass M represents the response of the metal, and !sp is the SP a frequency.

We can check that we retrieve Eq. (4.32) by writing down Hamilton’s equations of

motion for z(t):
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}̇ = �@H
@z

=

s
e2M↵0

4⇡"0
!sp

X

n

↵nQne
�↵nz = mz̈ (4.36)

Ṗn = � @H

@Qn

= �M!2
sp (4.37)

Qn �
s

e2M↵0

4⇡"0
!spe

�↵nz = MQ̈n (4.38)

Formally solving this set of equations for Qn(t), for the initial conditions, Qn(0) =

Q̇n(0) = 0, we get,

Qn(t) = �
s

e2M↵0

4⇡"0

1

M

tZ

0

dt0 sin!sp(t � t0)
X

n

↵ne
�↵n(z(t)+z(t0)), (4.39)

Substituting Eq. (4.39) into Eq. (4.36) we get,

mz̈ = �e2↵0

4⇡"0
!sp

tZ

0

dt0 sin!sp(t � t0)
X

n

↵ne
�↵n(z(t)+z(t0)), (4.40)

Let us now bring the ↵0 inside the summand, let ↵0�n ! d↵ and convert the

sum to an integral. The result is an inverse-square -law,

1Z

0

d↵↵e�↵(z+z(t0)) =
1

(z + z(t0))2
, (4.41)

with the result that

mz̈ = � q2

4⇡"0

1Z

0

dt0!sp
sin!sp(t � t0)

(z(t) + z(t0))2
(4.42)
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Thus we see that the Hamiltonian Eq. (4.36) gives us back the correct equation

of motion in the limit ↵ ! 0. Realizing this, we could just use the first order Hamil-

ton’s equations of motion to solve for the dynamics numerically. However, seeing

the problem cast in a Hamiltonian form makes us wonder what, if any, quantum

mechanical e↵ects exist.

Quantum mechanical Hamiltonian

We quantize this system by promoting the generalized coordinates to operators and

imposing upon them the canonical commutation relations [Dir47].

H =
}2

2m
+

s
e2M↵0

4⇡"0
!sp

1Z

n=0

d↵n Qne
�↵nz +

1Z

n=0

d↵n

✓
P 2
n

2M
+

1

2
M!2

spQ
2
n

◆
(4.43)

With the displacement,

Qn = Q0
(bn + b†n)p

2
(4.44)

(4.45)

and the momentum,

Pn =
~
Q0

(bn � b†n)p
2i

, (4.46)

expressed in terms of raising and lowering operators, the Hamiltonian becomes,

H =
}2

2m
+

s
e2↵0M

4⇡"0

Q0p
2
!sp

X

n

(bn + b†n)e
�n↵0z + ~!sp

X

n

~
✓
b†nbn +

1

2

◆

=
}2

2m
+ ~!sp

X

n

gn(z)
�
bn + b†n

�
+ ~!sp

X

n

✓
b†nbn +

1

2

◆
(4.47)
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where,

gn(z) ⌘ !sp

~!sp

s
e2↵0M

4⇡"0

Q0p
2
e�n↵0z (4.48)

is a dimensionless coupling constant and where Q0 =
q

~
M!sp

. is the zero point

displacement. We note the Hamiltonian contains a linear coupling to the oscillator

coordinates and elect to make the Lang-Firsov (LF) transformation [Kup63, LF63].

A unitary transformation on any operator Ô is defined as [Wag86],

eSOe�S = O +
1

1!
[S,O] +

1

2!
[S, [S,O]] + · · · (4.49)

where S is the generating function for the transformation. In the case of LF trans-

formation, S = i
P
n0

gn(z)(b̂n � b̂†n) causes a displacement of the oscillator by the

coupling function gn(z). This displacement of the SP oscillator changes dynamically

with respect to the position of the charge, and thus is explicitly dependent on the

electron coordinate. This leads to the following set of transformations;

eSbne
�S = egn(z)(bn�b

†
n)bne

�gn(z)(bn�b†n) (4.50)

= bn + gn(z)[b
†
n, bn] = bn + gn(z)

eSze�S = z (4.51)

e�S}e�Ŝ = }�
X

n

i~g0n(z). (4.52)

Applying this unitary transformation to the Hamiltonian gives,
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eSHe�S = H =


}� i~

P
n

g0n(z)(bn � bn
†)

�2

2m
� ~!sp

X

n

gn(z)
2 + ~!

X

n

(b†nbn +
1

2
)

=
}2

2m
+

~
i

X

n

(bn � b†n)(gn(z)}+ }g0n(z) (4.53)

+

✓
~
i

◆2X

n1m

g0n(z)g
0
m(z)(bn � b†n)(bm � bm

†) � ~!sp

X

n

gn(z)
2

+ ~!sp

X

n

✓
bn

†bn +
1

2

◆
.

The cross term, (g0n(z)}+}g
0
n(z))(bn � bn

†), of the extended momentum in Eq. (

4.53) will be thrown out in the rotating wave approximation due to the fast motion

of the oscillators that vibrate at the SP frequency. The double sum,

X

n

X

m

g0n(z)g
0
m(z)(bnbm + b†mb

†
n � b†m � b†nbm � b†nbm), (4.54)

connects oscillator states of di↵erent SP occupation number. It can easily be shown

that this term will not contribute if the system is initially in the ground state and

the incoming particle energy is much less than a quanta of SP energy. This is

e↵ectively an adiabatic argument. We assume that the charge never picks enough

energy to cause real transitions between SP eigenstates. If this condition is satisfied,

the electron moves in an e↵ective potential,

U(z) =
1X

n=0

(
~2
2m

g0n(z)
2 � ~!spgn

2(z)), (4.55)

determined by the spatial extent of the SP-electron coupling function. Let us recall

that,

gn
2(z) =

e2↵0M

4⇡"0

Q2
0

2

e�2n↵0z

(~!sp)2
!2
sp, (4.56)
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Multiplying by ~!sp and summing over n gives,

~!sp

1X

n

g2n(z) =
e2

4⇡"0

1X

n=0

↵0�ne�2n↵0z!2
sp (4.57)

! e2

8⇡"0

1Z

0

d↵e�2↵z =
e2

16⇡"0z

Upon di↵erentiating gn(z), we find

g0n(z) =
1

~!sp

s
e2↵0M

4⇡"0

Q0p
2
(�n↵0)e

�n↵0z!2
sp (4.58)

!
X

n

~2
2m

(g0n(z))
2 =

~e2
8⇡m"0!sp

X

n

(n↵0)
2e�2↵0z (4.59)

=
~e2

8⇡m"0!sp

1Z

0

d↵↵2e�2↵z =
e2

16⇡"0

z20
4z3

, (4.60)

where z0 =
q

~
m!sp

⇠= 2Å. The e↵ective potential is the sum of two parts,

Ueff (z) = UCL + UQSP (4.61)

The potential,

UCL(z) = �
✓

e2

16⇡"0

◆
1

z
(4.62)

is the classical electrostatic image potential, and the potential

UQSP (z) =

✓
e2

128⇡"0m!sp

◆
1

z3
(4.63)

is a repulsive quantum correction. The connection of SPs to the classical image

potential is well known [Rit72] result. It is the lowering of the SP ground state

energy due to the presence of an external charge. Figure 4.6 plots both components

of Ueff (z) and their sum.
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Figure 4.6: E↵ective potential for motion perpendicular to the plane.

The quantum correction to the image force, UQSP , is repulsive for all values of

z. Since this potential is only defined outside of the metal slab, z can only take

on positive values. Because it is proportional to 1/z3, the repulsion dominates the

attraction near the surface.

As the charge approaches the surface it first experiences a long-range attraction

due to UCL, but when it reaches within of few Ås of the surface it feels a zero-point

repulsion due to the ground state energy of the QSP. Looking at Fig.4.6, one can’t

help to notice that the minimum of the Ueff is on the order of a few eV’s.

We can calculate the amount of energy the particle picks up at the deepest part

of the well,
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Umin = �2

3

r
4

3

✓
e2

16⇡"0z0

◆
⇠= �2 eV. (4.64)

As an electron travels from x = �1, it will pick up enough energy to excite a SP.

This violates the adiabatic assumption under which Ueff was derived.

For self consistency, we should also find the frequency of small oscillations in for

potential well, and demand that this frequency be small as compared to the plasma

frequency !sp. Setting
dU
dz

= 0 we find the minimum of the potential to be

zmin =

r
3

4
z0, (4.65)

where z0 =
q

~
m!sp

. We then calculate the e↵ective spring constant “K” to find the

natural frequency of the bound state.

d2u

dz2
|zmin = K =

e2

16⇡✏0

✓
3z20
z5

� 2

z2

◆
|zmin (4.66)

The frequency of small oscillation, !0, in this potential well is,

!0 =

r
K

m
⇡ 3 eV. (4.67)

Assuming a value of, ~!sp ⇡ 2eV for the energy of a SP, we can compare the the two

energies. We find the ratio,

~!0

~!sp

> 1, (4.68)

to be on the order of 1 or larger, whereas for the adiabatic approximation to be valid

we require ~!0
~!sp

<< 1. This finding is in conflict with much of the work done on this

topic [Bar77, Bar79, Luc79, MR81, RM72]. Part of the problem is that some authors

did not formulate the problem in terms of Hamiltonian dynamics and this left them

with a cumbersome integro-di↵erential equation to solve. Some authors tried setting
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the electron velocity to be constant [Mil77], but that removes a necessary component

of the dynamics. The charge must be able to able to pick up speed. Otherwise the

interplay between the long range nature of UCL and the short range nature of UQSP

will not occur. Sunjic and Toulouse formulated a quantum mechanical treatment

of SPs [ŠTL72], and used perturbative methods to derive the quantum correction.

While they arrived at the same result, they did not see the inconsistency of the

argument. While they appreciated the perturbative nature of the interaction, their

formalism did not explicitly consider any adiabatic arguments.

4.3.3 Motion Parallel to the Plane

Having considered motion perpendicular to the plane, let us now turn our attention

to the parallel motion of the charge. The equation of motion for a charge moving

parallel to the plane is,

mẍ =
�e2!sp

4⇡"0

tZ

0

dt0 sin(!sp(t � t0))
(x(t) � x(t0))

[(x(t) � x(t0))2 + (2d)2]
3
2

(4.69)

We map this to a Hamiltonian system by using Graf’s addition theorem for Bessel

functions. It is useful to note the following identities,

1Z

0

dke�2kdJ0(k(x � x0)) =
1p

(x � x0)2 + (2d)2
(4.70)

@

@x

1Z

0

dke�2kdJ0(k(x � x0)) =
(x � x0)

[(x � x0)2 + (2d)2]
3
2

.

Graf’s addition theorem states [GRJ+65],

J0(kR) =
+1X

n=�1
Jn(k⇢)Jn(kr)e

in' (4.71)
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where R =
p

r2 + ⇢2 � 2r⇢ cos'. If ' = 0, R =
p
(r2 + ⇢2 � 2r⇢) =

p
(r � ⇢)2 =|

r � ⇢ |. Let r = x and ⇢ = x0 . Therefore,

J0(k(x � x0)) =
+1X

n=�1
Jn(kx)Jn(kx

0) (4.72)

1Z

0

dke�2kdJ0(k(x � x0)) =
=1X

n=�1

@

@x
Jn(kx)Jn(kx

0) (4.73)

=
x � x0

[(x � x0)2 + (2d)2]
3
2

(4.74)

Furthermore, we can write the integral over k as a sum. Introducing the factor k0 so

that k = k0m.

lim
k0!0

k0

1X

m=0

1X

n=�1
e�k0m2d @

@x
Jn(mk0x)Jn(mk0x

0) (4.75)

=
x � x0

[(x � x0)2 + (2d)2]
3
2

(4.76)

Our Hamiltonian is as follows

H =
}2

2m
+

s
e2Mk0
4⇡"0

!sp

X

m,n

e�k0mdJn(mk0x)Qm,n+
X

m,n

✓
Pn,m

2

2M
+

1

2
M!2

spQn,m
2

◆

(4.77)

This will give the correct equations of motion and represents a free charge interacting

with a field of oscillators and is analogous to the Holstein polaron Hamiltonian. To

simplify the form of the Hamiltonian we define,

gn,m(x) ⌘ !sp

~!sp

s
e2k0M

4⇡"0

Q0p
2
e�k0mdJn(mk0x) (4.78)

Pn,m !
s

1

M~!sp

Pn,m (4.79)

Qn,m !
r

M!sp

~ Qn,m (4.80)
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Figure 4.7: Oscillator model a charge moving over a metal slab. The SP response is
modeled as a set of oscillators with which the charge interacts.

leading to a more manageable form of the Hamiltonian.

H =
}2

2m
+ ~!sp

X

n,m

gn,m(x)(Qn,m) +
~!sp

2

X

m,n

�
P 2
n,m +Q2

n,m

�
(4.81)

Quantum mechanical Hamiltonian

To examine quantum mechanical aspects, let us first write the oscillator coordinates

in terms of raising and lowering operators;

H =
}2

2m
+ ~!sp

X

n,m

gn,m(x)(bn,m + b†n,m) +
X

n,m

~!sp

✓
b†n,mbn,m +

1

2

◆
(4.82)

The same arguments followed for the case of perpendicular motion can be repeated

here, leading to the e↵ective Hamiltonian,

Heff =
}2

2m
+ U(x) + ~!sp

X

n,m

✓
b†n,mbn,m +

1

2

◆
, (4.83)

where U(x) =
P
n,m

( ~2
2mg0n,m(x)

2 �~!spg2n,m(x)). The di↵erent structure of the coupling

function leads to some di↵erent results. The U(x) seen by our moving electron can
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be understood by first evaluating the terms in the e↵ective Hamiltonian.

X

n,m

g2n,m(x) =
1

~2
e2k0
4⇡"0

~
!sp

1

2

1X

m=0

e�2k0md

+1X

n=�1
J2
n(mk0x) (4.84)

=
e2

8⇡"0

1

~!sp

1

2d
(4.85)

and,

~!sp

X

n,m

g2n,m(x) =
e2

16⇡"0d

X

n,m

g0n,m(x)
2 (4.86)

=
1

~2
e2k0
4⇡"0

~
!sp

1

2

1X

m=0

e�2k0md

=1X

n=�1

✓
d

dx
Jn(mk0x)

◆2

Taking z ! mk0x we recall that,

d

dx
Jn(mk0x) = mk0

d

dz
Jn(z) (4.87)

=
mk0
2

(Jn�1(z) � Jn+1(z))

and that,

+1X

n=�1

✓
mk0
2

◆2

(J2
n�1(z) + J2

n+1(z) � 2Jn�1(z)JN+1(z)) (4.88)

= 2

✓
mk0
2

◆2
 
1 �

+1X

n=�1
Jn+1(z)Jn�1(z)

!

Shifting the summation index to n0 = n � 1 results in,

+1X

n0=�1

Jn0(z)Jn0+2(z) = Jn(0) = 0 (4.89)
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We see that there is no contribution from this term. Finally,

1

2

1Z

0

dkk2e�2kd =
1

2

�(3)

(2d)3
=

1

8d3
(4.90)

~2
2m

X

n,m

g0n,m(x)
2 =

e2

16⇡"0d

1

8

✓
d0
d

◆2

(4.91)

where d0 =
~

m!sp
. Thus we find that U(x) is just a constant, independent of x, and

so does not a↵ect motion. We should not be surprised because we have nothing that

breaks the translational invariance of the system.

Parallel Motion and E↵ective Mass

We used Graf’s addition theorem to obtain the e↵ective adiabatic potential Ueff (x)

for a charge moving parallel to a metal surface. We found Ueff (x) to independent of x,

as one would expect from the translational invariance of the problem. Unfortunately,

there was apparently no e↵ect whatsoever of the on the motion of the charge. Let

us take a closer look at the cross-term produced by the new momentum and see if

there are residual e↵ects when we keep it to higher order.

H1 =
~

2mi

X

n

(bn � b†n)(g
0
n(x)}+ }g0n(x)) (4.92)

=
~

2mi

X

n

(bn � b†n)(2g
0
n}� i~g00n) (4.93)

Let us assume that all dynamics are such that SPs remain in their ground states.

In such a case, we can define an e↵ective Hamiltonian for the charged particle by

carrying out perturbation theory to second order,

E = E(0) + E(1) + E(2) + · · · , (4.94)
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where,

E(0) = h0|H0 |0i (4.95)

E(1) = h0|H1 |0i (4.96)

E(2) =
X

n0

h0|H1 |n0i hn0|H1 |0i
✏0 � ✏n

. (4.97)

Here, |0i is the SP ground state and |n0i represents the product over all SP excited

states,

|n0i = |n1i |n2i |n2i |n3i · · · (4.98)

SinceH1 /Pn

�
b � b†

�
, when we take its ground state expectation value, only singly-

excited states of the type; |0i |0i |0i |nii |0i |0i, with ni = 1, need to be considered.

Therefore,

E(2) =

✓
~
mi

◆2X

n

h0| (bn � b†n) |1i h1| (bn � b†n) |0i
~!sp

(4.99)

⇥ (2g0n}� i~g00n) (2g0n}� i~g00n) (4.100)

Expanding Eq.(4.99) produces terms proportional to g0ng
00
n = 1

2
d
dx
(g0n)

2, and since
P

n(g
0
n)

2 = constant, independent of x, it follows that these terms vanish. We also

get terms proportional to
P

n(g
0
ng
000
n ) and

P
n(g
00
n)

2, that will be independent of x,

and are therefore uninteresting for motion in the x direction. These will be ignored.

To carry out the sum in Eq.(4.99), recall that,

~2
2m

X

n,m

(g0n,m(x))
2 =

e2

16⇡✏0d

1

8

✓
d0
d

◆2

(4.101)

where d20 ⌘ ~
m!0

. An expression for the second order correction in E is,

E(2) =
2m

~2!sp

e2

16⇡✏0d

✓
d0
d

◆2 }2

(2m)2
, (4.102)
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plus uninteresting constants. Adding this to h0|H0 |0i, we have

H =
}2

2m⇤
+ constants, (4.103)

where

[m⇤]�1 =


1 � 1

m!2
sp

e2

32⇡✏0d3

�
. (4.104)

Thus, the e↵ective mass Hamiltonian is,

H =
}2

2
m

[1 � 1
m!2

sp

e2

32⇡✏0d3
]

(4.105)

Notice that, even though we are keeping the zero-pt. motion of the SPs, the e↵ective

mass does not depend on ~. Also, the lighter the mass of the electron, the more

important the mass correction. That is, m⇤ ! 1 as m ! 0. (Specifically, when

m = 32⇡✏0d3!2
0

e2
, m⇤ = 1.) For !sp = 1015sec�1, and m = 9.1⇤10�31 kg, 1

m!2
sp

e2

32⇡✏0d3
⇠=

0.04 at d = 1 nm, a small correction to the electron mass.

4.4 Conclusion

We have analyzed the problem of a charge moving above a metal slab. We established

a quantization procedure for near field QSPs. We also showed that for motion parallel

to the plane that quantum correction to the classical image force is inconsequential.

For motion perpendicular to the plane, we found that the results of an adiabatic

expansion of the Hamiltonian fail to be self-consistent with the adiabatic limit under

which it was derived. Our results are in conflict with those established by others

[Sun72, RM72, Rit72]. Future research in this field should include the bosonic nature

of QSPs as it relates to multiple excitations of SPs, electron-QSP scattering rates

and electron-QSP interaction in resonantly driven systems. Furthermore, though the
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relationship between ground state QSPs and the image force is known [Rit72, EN74],

a careful review of current literature shows that this is an unappreciated subtlety.
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Chapter 5

Dynamical Image of a Charge

Moving Towards a Metal Sphere

5.1 Introduction

The optical absorption and scattering of light o↵ ensembles of small metal particles

was first considered by Gustav Mie in 1908 [Mie08] to explain the experiments of

Steubing [GH09]. The problem was also addressed by Debye [Deb10], who calcu-

lated the mechanical pressure exerted upon the a spherical particle by the incoming

light. Mie’s solution to the problem has dominated the modeling of light scattering

o↵ small particles due to its ability to correctly predict resonances in the absorption

coe�cient of the scattered light. We refer the reader to the works by Stratton [Str07]

for a comprehensive overview of the theory and to the book by Kreibig [VK95] for

an overview of the optical properties of metal clusters in a modern context. From

a modern perspective it was through the experiments of Doremus [Dor64] and the

pioneering theoretical work of Kawabata and Kubo [KK66, Kub62] that the con-

nection between plasmons and the absorption spectra was understood. Kawabata

and Kubo used linear response theory to explain the widths of the absorption reso-
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nances in terms of plasmon decay into single electron-hole excitations and radiative

decay. The excitation of plasmons on spheres through interaction with nonrelativis-

tic electrons wasn’t considered until 1967 by Fujimoto [FKI67] and also separately

by Ritchie [CR68] a year later. These sphere plasmons were immediately attractive

since radiative decay of SPs is allowed without the need of surface roughness as in

the case of planar geometries. Experimental verification of the radiative decay of

spherical SP’s followed the next year [KZ70].

In the early days of the field much of the theoretical and experimental focus cen-

tered on the observation and characterization of ensembles of metal clusters. How-

ever, the coming of age of nanoscale fabrication has made the manufacturing, control,

and observation of single metal nanoparticles [Sön01, KPG+98] a reality. While there

has always been some interest in the field of plasmons localized to small particles,

it wasn’t until the observation of single molecules using surface enhanced Raman

spectroscopy (SERS) [KWK+97, NE97] that interest in the field exploded. SERS

uses the intense electric (near) fields of MNPs to enhance the Raman scattering rate.

This observation motivated further exploration of how to exploit the intense elec-

tric near fields of localized SPs (LSP), and set the stage for subwavelengths optics

[GTG+98, ELG+98, BVD+06, BDE03], .

The coupling of semiconductors to plasmonic systems has also become an active

field of research [BS03, BS04, LLSB05, SFB02, YLZ+13, ANP+13], particularly with

respect to the coherent amplification of near fields [SFB02]. Most applications of

LSPs use either a laser or fast electrons as the exciting field source. Due to the high

energies and relatively large sizes involved, a classical description of LSPs was seen as

adequate for many years. Recently, there has been a growing interest in the quantum

nature of LSPs [ES, CPD13, SGEKD13, TMÖ+13, LTLL12, MKN+12, SHE+12,

SKD12]. In this Chapter we want to focus on the implications of a quantum LSP,

with an eye towards potential applications in the growing fields of nanomechanics

[Cle03] and nanoelectronics.
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We consider a model system of a SWNT coupled to a single MNP and examine

the e↵ect QSPs have on the transport properties of charge carriers in SWNTs. We

model the SWNT by considering the charge carrier to be an electron confined to

move in one dimension. We consider the MNP as a perfect sphere; using the Drude

dielectric function to model its material properties. By using the tools built in

previous chapters, we find that the first correction to the classical image force is

a quantum repulsion. Furthermore, we find that due to the properties of SWNTs

and QSPs, when the QSP remains in its ground state, a charge can feel a repulsion

comparable to the classical image force. We frame the repulsive term in the context

of ponderomotive forces and provide a new interpretation of zero point SP e↵ects.

5.2 Charge Motion in the Presence of a Metal

Sphere

Let us assume that a MNP is situated downstream and below a moving charge.

As the charge approaches the sphere, the metal responds by forming image charges

on its surface. Let us assume that the spatial extent of the system is less than a

wavelength of optical light, and carry out our calculations neglecting retardation

e↵ects due to the speed of light. We build the response function in the same way

that we have in previous chapters, by solving the electrostatic Poisson equation

and replacing the static response with its frequency dependent analogue. We are

concerned, as we were in the case of a plane geometry, with how the dynamics of the

moving charge are modified by the interaction with the metal. We assume that the

spatial extent of the system is less than the wavelength of optical light and carry out

our calculations neglecting retardation e↵ects due to the speed of light. We build

the response function in the same way we have in previous chapters by solving the

electrostatic Poisson equation and replacing the static response with its frequency

dependent analogue. We are concerned, as we were in the case of a plane geometry,
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Figure 5.1: Schematic of time dependent response of a metal sphere due to a moving
charge. As the charge approaches the MNP, it seeds images. These images grow to
some maximum value and decay away. If they are given some initial energy, they
oscillate with a frequency of !sp.

with how the dynamics of the moving charge are modified by the interaction with

the metal.

5.2.1 Linear Response of the Sphere

To solve this problem we need the equation of motion of a moving charge in the

presence of the metal sphere. Figure 5.1 is a schematic of the system. As a reaction

to the electric field of the charge, the metal forms a surface state, which from the

perspective of a point outside the sphere is equivalent to a set of oscillators located

within the sphere. Each dipole formed in the body of the sphere has both a rise and

decay time associated with the solid-state properties of the metal. As the charge

passes by the sphere the back-force felt by the charge at a later time is due to the

distance between it and all the images located in the sphere, as well as their strength.
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Figure 5.2: Time delayed response of a metal sphere due to a stationary charge.
Time moves from left to right. If we place a charge in front of a metal sphere, the
image dipole rises on a timescale associated with !sp. In the second row, we have
removed the charge, and the image dipole decays away on a timescale associated
with the damping mechanisms of the metal.

This is completely analogous to the case of a charge moving above a plane with the

exception that the images are now localized. With this description in mind, our goal

is to find a solution to the following equation,

mẍ = Fx(x, t) = �qrx'
I(x, t). (5.1)

Here, 'I(x, t) is the image potential induced by the presence of the charge, m is

the mass of the incoming particle, and q is the net charge. The gradient defining

the image electric field on the right hand side of the equation is only taken in the

direction the particle is constrained to move in, since we only care about the forces

in that direction.

In order to get 'I(x, t), we solve the time dependent Poisson equation. The

total force is the contribution of all images laid by the particle during its history of
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interaction with the metal up to the present moment in time. The Poisson equation

is

r ·
Z t

�1
dt0"̃ (t � t0)E (x, t0) = ⇢(t), (5.2)

where we have defined the free charge density ⇢(r) as,

⇢(r, t) = q�(x � x(t))�(y)�(z � d). (5.3)

Here, E is the total electric field E = Ee + EI , with Ee and EI being the source

electric field of the incoming particle and the image field, respectively. Using the

Green function solution found in Eq. (2.54), and multiplying by q
4⇡✏0

, we get an

expression for the total electrostatic potential,

'(r, r0) =
q

4⇡"0

"
1

| r � r0 | �
1X

l=1

l("� "0)

l("+ "0) + 1

a2l+1

r0l+1rl+1
Pl cos �

#
. (5.4)

Here, cos � = cos# cos#0+cos# sin#0 cos ('� '0) is defined as the angle between the

source charge located at r0, and r is the location where we require knowledge of the

potential. Pl are the Legendre polynomials, defined for integer values of l. Invoking

the quasistatic approximation, we replace " with "(!). The potential is thus,

'(r;!) =
q

4⇡"0

"
1

| r � r0 | �
1X

l=1

g̃(!; l)
a2l+1

r0l+1rl+1
Pl cos �

#
. (5.5)

Here, as usual, we have defined the dimensionless response function,

g̃(!; l) =
l("(!) � 1)

l("(!) + 1) + 1
. (5.6)

Using the Drude dielectric function Eq. (2.10), we write down an explicit expression

for the motion of a single charge under the influence of the image electric field in the

time domain;

mẍ(t) =
e2

4⇡"0

Z t

�1
dt0r

1X

l,m

e��l(t�t
0) (5.7)

⇥!l sin [!l(t � t0)]
a2l+1

r (t0)l+1 r (t)l+1Yl,m(✓(t),�(t))Y
⇤
l,m(✓(t

0),�(t0)).
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Let us only consider the dipole response of the sphere and take l = 1. In such a case

we obtain,

ẍ(t) = 4⇡"0a
3!sp

Z t

�1
dt0e��(t�t

0) sin (!sp(t � t0))(rxE
e(x(t)))Ee(x(t0)). (5.8)

Here t is the present time, and t0 the past time. We would like to find the Hamiltonian

that reproduces the dynamics predicted by Eq. (5.8), but as a set of first ordered

coupled equations instead of a second order integro-di↵erential equation of the form

of Eq. (5.8). This would not only make the problem easier to solve numerically, but

would also give us some insight into the underlying mechanics at play and set the

stage for a quantum mechanical description of the system.

5.3 Classical Hamiltonian Description

We know that the kernel of Eq. (5.8) is the solution to a harmonic oscillator equation

with natural frequency !sp. The oscillator is driven by the external force caused by

the electric field of the charge. In dimensionless units, a Hamiltonian for the electron-

SP is

H =
�

2
}2 +

1

2

X

n

�
P 2
n +Q2

n

��
X

n

Qngn(x). (5.9)

Here, n is the number of oscillators needed to model a three-dimensional dipole and

gn(x) =

s
e2

4⇡"0a~!sp

⇣a
d

⌘2
fn(x) (5.10)

is the spatially dependent coupling, and � = ~2
md2

/(~!sp). The function fn(x) is the

dimensionless and unit free function associated with the three Cartesian components

of EI , a is the radius of the sphere, d is the distance of the charge from the center of

the sphere, and !sp = !p/
p
3 is the SP frequency.
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Recall that the expansion in Legendre polynomials is related to spherical harmon-

ics through the addition theorem (Eq.(2.53)). Therefore, the l = 1 term in Eq. (5.4)

has a degeneracy of 2l+ 1 = 3. These are the three degenerate oscillators needed to

model the dipole response of the sphere in three dimensions. Because the charge is

constrained to move in one dimension, we only need two oscillators to describe the

tracking of a charge by the image dipole. In the Legendre polynomial representation,

the two terms appear when cos � is written in Cartesian representation with z = d

and y = 0. It can be easily verified that, by integrating out the oscillator coordinates,

one regains Eq. (5.8) under the condition that Qn(0) = 0 and Pn(0) = 0. Hamilton’s

equations of motion for this system are as follows:

ẋ =
@H

@}
= } (5.11)

}̇n = �@H
@x

= Qnrxgn(x)

Q̇n =
@H

@Pn

= Pn

Ṗn = � @H

@Qn

= gn(x) � Qn

5.3.1 Numerical Simulation

To regain Eq. (5.8) from the Hamiltonian in Eq.(5.9), it was necessary to assume

that the oscillator had no initial energy. The coupling is rooted in the image response

of the sphere so that, as the charge comes in from far away, the SP oscillator slowly

deforms as it approaches. Under these conditions the dynamics are uninteresting.

However, now that we see this problem from the vantage point of a Hamiltonian

system, it is tempting to ask what happens when the oscillator does have some

initial energy.

Figure 5.3 shows the simulation results of Eq.(5.12) as a function of dimensionless

initial velocity. We have also given the oscillator some initial energy equal to 1
2 in
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Figure 5.3: Plot of position versus dimensionless time parametric in incoming initial
momentum. The plots are the far left are for incoming electron momentum on the
order of ~!sp/10. As we move to the right each trajectory plotted represents a lower
incoming momentum.

dimensionless units. In comparison, the range of initial momentum given to the

moving electron in Fig. 5.3 is 1
10 < v < 1/100. It was also necessary to give a value

of the dimensionless constant � = 2.

Trajectories for di↵erent initial velocities are shown in Fig.5.3. When the mo-

mentum is high, the particle simply shoots past with little change. As we lower

the initial velocity, the dynamics become complex and we see a variety of behaviors

stretching from bound, reflection, transmission, or a mixture of all three. We even

see situations where the charge leaves with less energy than it came it with or vice-

versa. If we want to understand the dynamics of this system in terms of a simple

e↵ective Hamiltonian, we have to stay clear of the more complex behavior for the

moment. As we decrease the incoming energy, we see the formation of what appears

to be adiabatic behavior. In this regime the particle comes in, begins to wiggle and

is reflected back with the same energy as it started with. We anticipate that it will
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be possible to adopt an adiabatic description of the motion in this parameter range.

Furthermore, the oscillation of the electron “wiggle” can be checked and is found to

be in resonance with the !sp. This is quite interesting since we began this discussion

emphasizing the lack of resonant phenomena in the system. It seems that the inter-

action has induced its own resonance. Our goal is to derive an e↵ective Hamiltonian

for the system in this limit and analyze both the classical and quantum dynamics of

the charge.

5.3.2 Adiabatic Expansion

Turning our focus back to the Hamiltonian in Eq. (5.9), we notice a resemblance to

the Fröhlich [Frö54] electron-lattice coupling Hamiltonian found in polaron theory

[Hol59] and other related electron-lattice coupling theories [BP55]. Generally the

Hamiltonians studied in those systems are translationally invariant, and as we will

see, the loss of this symmetry will complicate matters.

The strategy we follow is to look for the set of canonical transformations that

get us to an adiabatic representation. For simplicity, consider only one oscillator

oriented in the z direction.

H =
�

2
}2 +

1

2

�
P 2 +Q2

�� Qg(x) (5.12)

where � = ~2
md2

/(~!sp) and g(x) =
q

e2

4⇡"0a~!sp

�
a
d

�2 1

(1 + x2)
is the coupling for a

ẑ-oriented dipole perpendicular to the motion of the charge.

First let’s focus on the linear coupling between the oscillator coordinate and the

dimensionless electric field g(x), which we will henceforth refer to as an influence

function. Given the similarities between this and the polaron Hamiltonian, we are

tempted to look to that theory for clues on how to begin our analysis. A common

place to start is to perform a displaced oscillator transformation and try and remove

the linear coupling [LF63]. One doesn’t need prior knowledge of the polaron to know
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that completing the square in Q will get rid of the linear term. Doing so gives,

H =
�

2
}2 +

1

2
P 2 +

1

2
(Q � g(x))2 � 1

2
g(x)2 (5.13)

In Eq. (5.13) what usually plays the role of the polaron lowering energy g2/2 is the

square of the influence function, and due to the dependence of g on x, it appears

as a potential term in the Hamiltonian. In polaron theory one is more accustomed

to seeing this term as a constant. The spatial dependence of the coupling has some

important consequences, as we will soon see. The form of the Hamiltonian after

completing the square indicates that the displaced coordinateQ�g(x) is the preferred

frame of reference. To properly perform a coordinate transformation at the level of

a Hamiltonian we write down a generating function that relates the old and new

variables. Following Goldstein [Gol62], we propose a generating function of the

form,

F1 = � (Q+ g(x)) P̃ � q}̃. (5.14)

The set of equations which relate old and new variables through the generating

function are,

x̃ = �@F1

@}̃
= x (5.15)

Q̃ = �@F1

@P̃
= Q+ g(x) (5.16)

} = �@F1

@q
= rg(x)P̃ + }̃. (5.17)

We now write our new Hamiltonian in terms of our old variables to get,

H =
�

2
(}� rg(x)P )2 +

1

2

�
P 2 +Q2

�� 1

2
g(x)2. (5.18)

There are a few things to notice about the form of the Hamiltonian in Eq. (5.18). The

first thing, as we already noted, is the polaron lowering energy as a potential term
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in our Hamiltonian. In actuality, this term is nothing more than the classic image

potential of a charge placed in front of a dielectric sphere. Another, and perhaps

more interesting feature, is that the spatial dependence of the influence function has

resulted in an extended momentum, consistent with transforming into an accelerating

reference frame. So while our transformation did remove the linear coupling to Q it

replaced it with a coupling between the charge and oscillator momenta. Focusing on

the adiabatic limit of Fig. 5.3, we identify two timescales associated with the motion

of the charge; a fast oscillatory motion, and a slow translational motion. The fast

“wiggles” are due to the fast optical frequencies of !sp, and the slow translational

motion of the particle is due to initial conditions and the long range coulomb potential

�g(x)2

2 .

Action angle variables

It makes sense to introduce action angle variables when searching for adiabatic ar-

guments having to do with separation of time scales, but since we will intend to

treat this system quantum mechanically we should be careful not to over-learn any

lessons gained. Any results results coming from an action angle variable represen-

tation cannot be quantized [SSS94] because they represent cyclic variables in phase

space. Keeping this in mind, we proceed with a classical analysis by introducing

action angle variables,

P =
p
2J sin'

Q =
p
2J cos'

where J = 1
2(P

2 + Q2) is the action, the radius of the circle in phase space. The

action angle variable Hamiltonian is

H =
�

2
}2 +

1

2

�
�(rg(x))2J sin2 '� g(x)2

�
+

�

2

pJ rg(x)} sin'+ J (5.19)
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Interaction Picture Transformation

We perform another transformation to bring in the explicit time dependence of the

SP. The generating function for this transformation is,

F = J ('� t), (5.20)

giving rise to a new Hamiltonian,

H =
�

2
}2+

1

2

�
�(rg(x))2J sin2('� t) � g(x)2

�
+
�

2

pJ rg(x)} sin ('� t). (5.21)

Hamilton’s equation of motion gives the following set of equations,

'̇ =
@H
@J =

�

2
p
J
[}+

pJ rg(x) cos('� t)]rg(x) cos('� t) (5.22)

J̇ = �@H
@'

=
pJ [}+

pJ rg(x) cos('� t)]rg(x) sin ('� t)

It is at this level that we will make our adiabatic arguments.

Time Averaged Hamiltonian

We solve this system of equations for ' and J by iteration. First, we formally solve

Eq.(5.22) as integral equations,

' = '(0) +�

tZ

0

dt0
}

2
pJ rg(x) cos ('� t) +

�

2

tZ

0

dt0(rg(x))2 cos2 ('� t)

(5.23)

J = J0 +�

tZ

0

dt0}
pJ rg(x) sin ('� t) +�

tZ

0

dt0J (rg(x))2 sin(2'+ t).

Because of the high frequency of the oscillators we throw away all terms linear in

sin(� � t) or cos sin(� � t) since they integrate to 0 on average. We keep all terms
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quadratic in sin(�� t) or cos sin(�� t) because they average out to 1/2. To lowest

order, the action

J = J0 ! J̇ ⇠= 0 (5.24)

is an adiabatic invariant, and the phase evolves linearly in time,

' ⇠= t. (5.25)

(proportional !spt in dimensional units). This gives us an e↵ective Hamiltonian.

Heff =
�

2
}2 +

1

2

✓J (rg(x))2

2
� g(x)2

◆
. (5.26)

We should be careful to note that this argument only works if the oscillator has

non-zero initial conditions. Otherwise the solution for ' is divergent. If the oscillator

does have some initial amplitude then the e↵ective e↵ective potential is,

Ueff =
1

2

✓J (rg(x))2

2
� g(x)2

◆
(5.27)

The term proportional to g(x)2, is as we stated earlier, analogous to the polaron

lowering energy, and is the remnant of our completing the square analysis. It is

nothing more than the electrostatic image potential.

What’s di↵erent here is the term proportional to J (rg(x))2 in Eq, (5.27). Recall

that it appeared as part of the extended momentum obtained when transforming into

the displaced oscillator frame of reference (Eq.(5.18)); When we integrated out the

oscillator coordinates, we gave the oscillator some initial amplitude, i.e.

Qn = Qn(0) cos t+

Z t

0

dt0 sin (t � t0)gn(x(t
0)) (5.28)

If we examine the structure of the term J g(x)2

2 we see that its proportional to the

derivative of g(x), meaning that it is peaked in a di↵erent location than g(x)2

2 . It’s
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Figure 5.4: E↵ective potential seen by moving charge in adiabatic basis. The red
curve is the electrostatic image potential. The green curve is the repulsive contri-
bution and the black curve is the sum of the two for � = 2 and the maximum
of the influence function set to gmax = 0.1 and J = 1

2 , with all quantities made
dimensionless and normalized with respect to the SP energy ~!sp.

also short range, and appears as a positive squared quantity, always making it a

repulsive contribution to the e↵ective potential. If the parameters of the system are

tuned correctly, the particle can come in and reflect o↵ the barrier as we saw in the

far right region of Fig.5.3.

Clearly this analysis is very sensitive to the parameters of the system. The particle

needs to be light enough to respond to weak external forces. The coupling must be

weak enough to justify the perturbative nature of the calculation, the oscillator must

have some initial energy and the electron may never pick up enough energy when

compared to the energy of the oscillator. If any of these conditions are violated the

adiabatic argument fails.

Our adiabatic Hamiltonian describes a free particle moving in an e↵ective poten-

tial that consists of a long-range attractive potential and a short range repulsion.

This system has many similarities to the case of a charge moving perpendicular to
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a semi-infinite metal slab, and we expect to see similar results in this system. For

that system we found that the particle would have a resonant frequency when in a

bound state that was very near or larger than the SP frequency. Furthermore we

saw that when the electron is traveling directly over the deepest part of the well,

that it would pick up enough energy to violate the adiabatic approximation. Perhaps

there are reasons due to the geometry of the system that this will not be the case

here. One thing that’s di↵erent about this system is the location of the repulsion.

The charge-plane interaction had a repulsive term, but it was always located over

the attractive part of the potential well. In contrast, in the case of the sphere, the

structure of Ueff is such that the charge will hit a repulsive barrier before it reaches

the bottom of the well. Let’s calculate some physical values of the system. Recall

that � = ~2
md2

/(~!sp) and g(x) =
q

e2

4⇡"0a~!sp

�
a
d

�2 1

(1 + x2)
. If we take the distance

between the SWNT and the surface of the sphere to be on the order of 1 nm, and the

radius of the sphere to be about 5 nm, we can approximate the value of the coupling

to be g ⇠ 1
32 which is well withing the limits of perturbation theory. If we set J = 1

2

then the e↵ective potential is,

Ueff = �1

2
g2(x) +

�

8
[rg(x)]2 (5.29)

We are also interested in maintaining as strong of a repulsion as possible while not

violating our adiabatic arguments. Therefore, to have the repulsion compete with

the attraction, we need the ratio of the attractive and repulsive terms of the e↵ective

potential to be on the order of 1. Making � ⇠= 1 requires a very light mass. If we

take the 1-D system to be a SWNT, we can take advantage of the light e↵ective mass

of SWNT charge carriers. Taking a value for m⇤ ⇡ me
100 [KM97], makes it possible to

observe this e↵ect without violating the adiabatic approximation. This seems like

a narrow window to work in, but it might be possible if the materials are carefully

chosen.
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Figure 5.5: Position for exact, adiabatic and attractive potentials. The red curve is
for simulations using the e↵ective Hamiltonian, the blue curve is for simulations using
the untransformed Hamiltonian, and the orange curve is for the e↵ective Hamiltonian
ignoring the repulsive contribution to Ueff .

Figure 5.5 shows a comparison of the results for the position of the moving charge

for the parameters discussed above. The e↵ective Hamiltonian does a remarkable job

if we place ourselves in the correct parameter range. Even though we used the image

force initially to derive the Hamiltonian, if we ignore the e↵ect of the additional

repulsive terms we lose any agreement at all. The key to all of this is the separation

of time scales in which we separate the moving charge’s quivering in response to the

SP oscillation and its translational motion due to the long range image attraction.

The dynamics of the particle can be further understood if we realize that the system

under consideration is mathematically equivalent to the well-known ponderomotive

interaction in gaseous state plasma physics.
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Ponderomotive Force

The ponderomotive force is a well known e↵ect in Plasma physics [BH57]. It is based

on the same fundamental physics we’ve already described. The key to the e↵ect is

the balance between weak coupling, light mass and oscillator strength and the two

time scales in the motion of the incoming charge. Consider the equation of motion

for the charge when we give the SP oscillator some initial amplitude,

ẍ(t) = �
pJ rg(x) cos t+

Z t

0

dt0 sin (t � t0)(rg(x(t)))g(x(t0)). (5.30)

If we ignore the second term, we recover the traditional starting point for a particle

interacting with a fast oscillating field [LL60]. The particle interacts with a fast

oscillating SP field in the same way that it would with a laser field. A key feature

to this is the spatial modulation of the time dependent term in Eq. (5.30). This is

significant, because as an electron oscillates back and forth it samples the derivative

of the modulating function g(x). In a single oscillation cycle the electron is pushed

back and forth over a space where the forces are not equal. This leads to the two

types of motion we’ve been discussing, a fast quivering motion which is resonant with

the frequency of the oscillating field and a one slow translational that is associated

with the sum of the electrostatic potential and the electron’s initial energy. What

the adiabatic argument does is separate these two time scales and averages over the

fast in resonance with the SP. A perturbation expansion is possible if it turns out

that the fast motion has small amplitude. The averaged quivering motion shows up

in the e↵ective potential as a repulsive contribution.

It might be tempting to conclude that the particle steals some energy away from

the oscillator, but in the adiabatic limit under consideration this is not the case. This

is a self interaction mediated by the SP modes of the sphere. Figure 5.3 clearly shows

that, in the limit of low incoming momentum, as the electron begins to quiver, the

translational component of its overall motion also goes down. The quivering energy

is taken from the net translational energy. This is possible even in the low energy
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Figure 5.6: Momentum of the electron, the time axis is in dimensionless units of
time normalized to !sp. The black curve is for the untransformed Hamiltonian. The
blue curve is from the displaced oscillator Hamiltonian and the red curve is form the
simulation results from the adiabatic Hamiltonian.

limit because of the small amplitude nature of the quivering. Once the electron has

exhausted the reservoir of translational energy, it stops and then returns the energy

to itself through the electron-SP interaction, and turns around. Figure 5.5 compares

the approximate and exact solutions and shows the particle quivering back and forth

as it approaches the position of the oscillator, slowing down, and going back the

other way with the same energy it had on the way in. The adiabatic solution in

the same figure shows the e↵ective position of the electron cuts perfectly though the

oscillations (see inset).

It should be noted that, in the case of the laser induced ponderomotive interac-

tion, the electron couples weakly to the photon field, and only intense laser fields can

induce the e↵ect. In contrast, localized SPs are mostly concentrated in the near field,

and therefore can couple more e↵ectively. It is also interesting that the displaced

oscillator transformation has played such an important role. If one looks at Fig.

5.6, one sees a comparison of the exact Hamiltonian, the exact displaced oscillator
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Hamiltonian, and the e↵ective Hamiltonian. The amplitude is vastly reduced in in

the displaced oscillator picture even though the phase and frequency stay the same.

The corresponding plots for position are not reproduced here because they are iden-

tical. It’s only when you look at the rate of change of position with respect to time

that this feature appears. This justifies our intuition in using the displaced oscillator

transformation in the weak coupling limit.

Source of Oscillator Energy

We started this discussion with a charge coming in from infinity, but found that in

order to carry out an adiabatic approximation it was necessary to have some initial

energy in the SPs. We wonder if there might be a physical source for this energy

that would not require that the plasmon be pumped. We’re motivated by the idea

that if the SP is treated quantum mechanically, it will have some zero point energy

because it’s an oscillator. Could the ground state energy be enough to make the

repulsive term contribute? The old Borm-Sommerfeld-Wilson rule of qunatization

[Wil15, Som16], when patched up to describe an oscillator, gives

J = n+
1

2
. (5.31)

and thus J = 1
2 is the action. For the moment let’s accept the heuristic argument

outlined above and discuss some of the other parameters in the model. It turns out

that, for low e↵ective mass particles, such as those found in SWNT, the parameter

range seem to be on the edge of making it possible that a self induced ponderomotive

repulsion could be observed in an experiment. This motivates us to rigorously prove

the existence of a quantum mechanical counterpart to Eq, (5.26). The problem with

the argument above is that action angle variables may not be quantized.

To resolve this we can follow one of two paths. We can reformulate our classical

arguments when arriving to Eq. (5.26) in such a way avoid action angle variables
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and remain in a Cartesian representation. This way would allow the canonical quan-

tization [Dir47] of the generalized coordinates. Alternatively, we can quantize the

exact unmolested Hamiltonian and find a set of unitary transformations that lead us

to the same e↵ective Hamiltonian or use perturbation theory to arrive to the same

result. In the following section we do the latter.

5.4 Quantum Mechanical Hamiltonian

We begin again by writing our system in terms of raising and lowering operators.

Accordingly, the Hamiltonian for this system is,

Ĥ0 =
�

2
}̂2 +

✓
b̂†b̂+

1

2

◆
� �g(x)(b̂† + b̂) (5.32)

where, p̂ = �id/dx. b̂† and b̂ are the surface-plasmon creation and annihilation

operators, respectively. They satisfy Bose commutation relations. The surface-

plasmon frequency, !sp, is obtained using the metal Drude dielectric function, "(!) =

"1 � !2
p/!(! + i�), and � is for book keeping since we will be using g(x) as an ex-

pansion parameter.

5.5 Heisenberg’s Equation of Motion Approach

One way of finding the e↵ective Hamiltonian is through the use of Heisenberg’s equa-

tion of motion. Writing the Hamiltonian in terms of raising and lowering operators

gives,

Ĥ =
~⌦
2
(}̂� rg(b̂† � b̂))2 + ~!sp(b̂

†b̂+
1

2
) � ~!sp

2
g(x)2, (5.33)

which is the same starting Hamiltonian we have been using, but I have elected to

leave in the factor of ~!sp and ⌦ = �~!sp, to better expose !sp in the calculation.
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We start from equations of motion for b̂,

˙̂b = �i(!sp + ⌦(rg)2)b̂+
i⌦(rg)2

2
b̂† + (�⌦

2
rg(x)}+ i⌦r2g) (5.34)

Let us define ⌦̃(t) ⌘ !sp +
⌦
2 (rg)2 as the time dependent frequency and solve for b

to zeroth order;

b̂(t) = b̂(0)e
�i

tR

0
dt0⌦̃(t0)

= b̂(0)e�i'(t). (5.35)

Here, the phase '(t) ⌘
tR
0

dt0⌦̃(t0) will deviate from linearity during the interaction,

but return to linearity afterwards. But will only deviate a small amount as long as

the incoming charge carrier never acquires much energy.

After inserting the zeroth order solution into the rhs of Eq. (5.34), we find the

first order correction to be,

b̂(t) = b̂(0)e�i('(t) + i~⌦
tZ

0

dt0b̂†(0)ei('(t
0)e�i(('(t)�'(t

0))

+

tZ

0

ei('(t
0)e�i(('(t)�'(t

0))(�~⌦rg(x)}̂+ i⌦r2g(x))

= b̂(0)e�i('(t) + i~⌦e�i'(t)b̂†(0)
tZ

0

dt0e2i'(t
0) (5.36)

+ e�i'(t)
tZ

0

ei'(t
0)(�~⌦

2
rg(x)}̂+ i~⌦r2g(x))

We throw out the last term because ei'(t
0) will pass through many cycles during the

time that (�⌦
2 rg(x)P + i⌦r2g(x)) changes any appreciable manner. Writing '(t0)

explicitly, we have,

ei'(t
0) = ei!spt0e

i
t0R

0
dt00 ⌦2 (rg)

2

(5.37)
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which, when combined with the slow variables gives,

tZ

0

ei!spt0 [e
i
t0R

0
dt00 ⌦2 (rg(x))

2

(�⌦rg(x)}̂+ 2i⌦r2g(x))]dt0 ⇠= 0. (5.38)

We can also throw out the second term since
tR
0

dt0e2i'(t
0) ⇠= 0. Thus, to first order,

b̂(t) = b̂(0)e�i'(t),

b̂†(t) = b̂†(0)e+i'(t). (5.39)

Let us now insert these solutions into the equations for ẋ and ˙̂},

x̂(t) = x̂(0) + ~⌦
tZ

0

dt0}̂(t0) (5.40)

� i~⌦
tZ

0

dt0(b̂†(0)ei'(t
0) � b̂(0)e�i'(t

0))rg(x(t0))

}̂(t) = }̂(0) + i~⌦
tZ

0

dt0}̂(t0)r2g(x(t0))(b̂†(0)ei'(t
0) � b̂(0)e�i'(t

0)) (5.41)

� i~⌦
tZ

0

dt0(b̂†(0)ei'(t
0) � b̂(0)e�i'(t

0))(rg(x(t0)))2rg(x(t0))

� 2~⌦
tZ

0

dt0r(r2g(x(t0)))(b̂†(0)ei'(t
0) � b̂(0)e�i'(t

0))

+~!sp

tZ

0

r(g(x(t0))2

We again throw away all fast oscillating terms, leaving us with,

˙̂} ⇠= 1

2
~⌦r(rg(x))2

✓
b̂†(0)b̂(0) +

1

2

◆
+ ~!sprg(x)2 (5.42)

=
1

2
~⌦r(rg(x))2(n̂+

1

2
) + ~!sprg(x)2
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where n̂ is the occupation number of the quantum SP oscillator. Choosing the ground

state, we have,

˙̂} = �r

�

2
(rg(x)))2 � g(x)2

�
, (5.43)

˙̂x = �}̂,

in dimensionless form. The e↵ective Hamiltonian that gives this set of equations is,

Ĥeff =
�

2
}̂2 +

1

2


(rg(x))2

4
� g(x)2

�
. (5.44)

This method works as long as we don’t go past first order, where higher order cor-

rections begin to produce secular terms and make the expansion invalid. We simply

have to let our classical intuition guide us and assume that all the secular terms

produced will sum to some oscillatory function that does not blow up at long times.

Polaron Transformation and Perturbation Expansion

A di↵erent way to obtain the Hamiltonian above is to use the polaron transformation

directly and see what the ground state Hamiltonian looks like. The Hamiltonian in

the polaron picture is,

Ĥ =
�

2

⇣
}̂+ rg(x)P̂

⌘2
+

1

2

⇣
P̂ 2 + Q̂2

⌘
� 1

2
g(x)2 (5.45)

which, when expanded gives,

Ĥ =
�

2
}̂2+

�

2
(g(x)P̂ )2)+

(}̂rg(x) + rg(x)}̂)P̂

2
+
1

2

⇣
P̂ 2 + Q̂2

⌘
� 1

2
g(x)2. (5.46)

Let us separate this into two parts,

Ĥ0 =
�

2
}2 +

1

2

⇣
P̂ 2 + Q̂2

⌘
; (5.47)

Ĥ1 =
�

2
rg(x)2P̂ 2 +�}̂rg(x)P̂ � 1

2
g(x)2. (5.48)
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Let us now perform Schrödinger perturbation theory using Ĥ1 as the perturbing

Hamiltonian on the states of H0, which are products |ni |ki. The term in Eq. (5.47)

linear in P̂ does not contribute to the ground state energy. Thus, the ground state

energy is perturbed by,

E(1)
0,k =

Z 1

�1
dx [�1

2
g(x)2 +

�

8
g0(x)2] ⇤ . (5.49)

This is compatible with a Hamiltonian of the form,

Ĥgs =
�

2
}̂2 +

1

2

✓
�

4
rg(x)2 � g(x)2

◆
(5.50)

Classical Frohlich “Trick”

We have given a number of arguments as to why one should expect a quantum me-

chanical Hamiltonian to exist of the form analogous to Eq. (5.26). Another method

is to attempt to derive Heff while remaining in Cartesian coordinate space. To begin

we again consider the analogy drawn between the electron-SP and polaron Hamil-

tonians. We are inspired Frölich’s work on the electron-lattice Hamiltonian [Frö54].

What Frölich realized was that perturbation theory gave no contribution to the

ground state wave function when considering the electron-lattice interaction. This

was due to the linear form of the coupling in the interaction Hamiltonian between the

electron and the lattice displacement coordinate Q̂lattice, leaving all corrections to be

of second order or higher. Due to the di�culty of the problem he proposed to find a

transformation that would transform to a coordinate frame which removed all terms

linear in the Q̂lattice or P̂lattice. The contributions to the ground state could then be

calculated using first order perturbation theory. The way Frölich approached the

problem was by searching for the unitary transformation that satisfied the following

condition.

[�Ŝ, Ĥ0] = �Ĥ1(�) (5.51)
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Here, Ŝ is the transformation generating function and � is the expansion parameter.

A review of this technique, and generalizations of it can be found in Wagner’s [Wag86]

book on unitary transformations. Unfortunately, accomplishing this solely through

unitary transformations has proven to be di�cult. Instead we develop a classical

analogue to this approach while remaining in Cartesian coordinate space. Instead of

searching for a unitary operator S that satisfies the Frölich condition Eq. (5.51), we

search for a generating function F ,

�{F,H0} = �H1(�). (5.52)

We don’t know the exact form of the generating function F , but we do know that any

generating function that does satisfy Eq. (5.52) must be composed of old and new

variables. Condition Eq. (5.52) is the same as Eq. (5.51) except that the commutation

brackets have been replaced with Poisson brackets. We can show this to be true by

first writing the generating function as a function of new and old variables,

F = f0 + �f(}̃, x, P̃ , Q) (5.53)

Let us write down the formal relations between old and new variables,

P = P̃ � �
@f

@Q
(5.54)

Q̃ = Q � �
@f

@Q̃
(5.55)

} = }̃� �
@f

@x
(5.56)

x̃ = x � �
@f

@}̃
. (5.57)

Plugging these back into the Hamiltonian and collecting all terms of order � and

setting this to zero, we arrive at the equation,

�

✓
�}̃

@f

@x̃
� P̃

@f

@Q̃
+ Q̃

@f

@P̃
+�}̃rg(x̃)P̃

◆
= 0. (5.58)
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This is exactly the classical Fröhlich condition Eq. (5.52).

Equation (5.58) can be solved by the method of characteristics. The solution is,

f(s) = f(s = 0)+P̃

Z x̃

0

dx0cos

✓
(x̃ � x̃0)

�}

◆
rg(x̃0)+Q̃

Z x̃

0

dx0sin

✓
(x̃ � x̃0)

�}

◆
rg(x̃0).

(5.59)

For the limit of small }, the integral in Eq. (5.59), can be approximated by a station-

ary phase argument. Here we see that the particle must must have low momentum

in order to justify the stationary phase argument, as this is what makes the sine and

cosine oscillate wildly. In this form we explicitly see the necessity for low momentum

in order to insure the validity of any adiabatic argument.

After approximating the integrals, the generating function has the form,

f(s) = f(s = 0)+}̃P̃rg(x̃ = 0) sin

✓
x̃

�}

◆
+}̃Q̃rg(x̃ = 0) cos

✓
x̃

�}

◆
+�Q̃rg(x̃).

(5.60)

Using this to find the new variables, and substituting into the old Hamiltonian gives

us a new Hamiltonian of the form,

Heff =
�

2
}2
�
1 + �2h(x,Q)

�
+

1

2
(P 2+Q2)+�2

�

4
P 2(rg(x))2 � 1

2
�2g(x)2. (5.61)

We observe that the e↵ective Hamiltonian has been reduced to a system of order

g(x)2. A new term arises, taking the form of spatially dependent e↵ective mass,

h(x) =
�2

2
g00(x) � �2

2
g000(x)rg(x) � �

2
(rg(x))2. (5.62)

We did not see this term in any other of our arguments, and if we include them when

doing classical simulations, we find that they have no e↵ect. Recall that we derived

Heff under the restriction of small }. Under these conditions it seems reasonable

to assume that terms that scale like �2}2 are e↵ectively fourth order terms and can

thus be ignored. To show this, we can perform one more transformation that scales
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the coordinates x and }. Introducing another generating function,

F = �}
xZ

0

dx0

1 + �2h(x0)
, (5.63)

gives new variables as follows:

} = �@F
@x

=
}̃p

1 + �2h(x)
(5.64)

x̃ = �@F
@}

=
1p

1 + �2h(q)
⇠=

xZ

0

dx0(1 � �2h(x)) (5.65)

= x � 1

2
�2

qZ

0

dx0h(x0)

Any function f(x) can be expressed as an expansion,

f(x) ⇠= f(x̃) + f 0(x̃) · 1
2
�2

x̃Z

0

dx0h(x0) + · · · (5.66)

So any function in the Hamiltonian already of order �2 can be ignored in subsequent

transformations because the corrections will go as �4.

We now have an e↵ective Hamiltonian that can be quantized,

Ĥeff =
�

2
}̂2 +

1

2

⇣
P̂ 2 + Q̂2

⌘
+

�

4
(rg(x))2)P̂ 2 � g(x)2. (5.67)

This Hamiltonian represents a free quasi particle dressed with SP states traveling

under the influence of an e↵ective potential. Written in terms of raising and lowering

operators gives,

Ĥeff =
�

2
}̂2 +

1

2

0

@

⇣
b̂†b̂+ 1

2

⌘
(rg(x))2

2
� g(x)2

1

A , (5.68)

which, in the ground state, gives,

Ĥgs =
�

2
}̂2 +

1

2

✓
(rg(x))2

4
� g(x)2

◆
. (5.69)
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Figure 5.7: Schematic of quantum ponderomotive interaction. As the charge comes
towards the sphere it excites virtual transitions between the ground and excited state
of the SP. This mediates a self interaction.

This is the same as we found before, in Eq. (5.50), and also in Eq. (5.44).

Since we assuming a ground state solution, it turns out that the addition of more

oscillators does not change the basic result. The e↵ective Hamiltonian where both

oscillators are included is,

Ĥeff =
�

2
}̂2 +

X

i

1

2

⇣
P̂ 2
n + Q̂2

n

⌘
+
X

i

1

2

✓
(rgn(x))2

4
� gn(x)

2

◆
. (5.70)

Classically we understood the e↵ective potential as a sum of two terms, the elec-

trostatic potential and the averaged fast quivering of the charge. Now the quantum

mechanical description needs a new interpretation. Ĥeff is only valid in the adiabatic

limit where the electron never gains enough energy to excite a real SP. However, en-

ergy need not be conserved on short time scales and the electron can induce virtual

transitions of SPs. As the particle approaches the sphere it continuously excites vir-

tual transitions which then mediates the self interaction of the electron, lowering the

ground state of the SP modes. This is how the e↵ect was understood by Sunjic and

Lucas [ŠTL72], and also by Ritchie [Rit72], in their papers on the dynamical image

force of a charge above a plane.
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Figure 5.8: E↵ective potential seen by electron parametric in distance from the
surface of MNP

5.6 Tunneling through the E↵ective Barrier

We are now free to explore the implications of Ĥeff . Specifically we want to know

how important the zero point repulsion is in a realistic system. One quantity that

can be calculated is the tunneling amplitude of the electron. Tunneling experiments

were used in the 1980’s to test quantum dynamical image theory in planar geometries.

The original experiment was proposed by Jonson [Jon80], and then quickly verified

by Harstein [HWD82] at IBM labs. This motivates us to examine tunneling to see if

our system exhibits any novel behavior due to the quantum corrections.

Imagine an experimental setup consisting of a SWNT and a MNP, in which the

distance d between the SWNT and the MNP can be controlled. If the parameters

are such that Eq. (5.69) correctly describes the system, then the potential seen by

the electron as the distance is varied will dramatically change due to ponderomotive

e↵ects. Figure 5.8 shows the family of potentials for a range of values for d�a. Here,

a is the radius of the MNP, which we have chosen to set to 5 nm, the e↵ective mass
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Figure 5.9: Transmission as a function of distance from surface of MNP.

of the electron in the SWNT is, m⇤ = 1/100, and we have assumed a silver MNP

with a SP frequency of !sp ⇡ 3 eV. Figure 5.9 shows the results of a transfer matrix

calculation using the ground state Hamiltonian Eq. (5.69). It plots the transmission

coe�cient of the electron as a function of the distance between the SWNT and

the MNP, and is parametric in initial energy. There appears, at first glance, to be

a tunneling resonance at 1 nm from the surface of the MNP for very low energy

electrons. However, the deBroglie wave length of the electron at these energies is too

large to coincide with the width of the potential and the peak can not be explained

as a tunneling resonance. Instead, due to the long deBroglie wave length of the

electron, the e↵ective potential behaves as if it were a �-function potential.

By treating Ueff as a delta function we can formulate an e↵ective transmission

coe�cient in the form,

T = |t|2 = k2

k2 + (m~2
R1
�1 Ueff (x)dx)2

. (5.71)

The expression in Eq. (5.71) indicates that when the total area under the potential

vanishes, the electron e↵ectively sees no potential at all, leading to the illusion of
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Figure 5.10: Transmission of an electron though a step potential with varying po-
tential depth.

a resonant peak. As the initial energy of the particle increases, the potential looks

less like a � function and the e↵ect is less pronounced. This is just the simple

observation that, when the potential is zero, there is no potential to scatter from.

This can be visualized through a potential well model. Figure 5.10 shows the result

for a step potential problem where the depth of the well is allowed to vary from

negative to positive values, as though mimicking the ponderomotive repulsion. When

the potential is identically zero, we see the transmission go to unity, as we would

expect. The similarities between Fig. 5.9 and Fig. 5.10 suggest that the same essential

mechanism is at play. Figure 5.10 shows more peaks at lower negative energies

because it has some features that our potential does not. Namely, as the well gets

deeper, the electron catches tunneling resonances.

5.7 Conclusion

We have shown how to derive an adiabatic Hamiltonian for the case of a moving

charge interacting with a MNP. These results have been justified through classical
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and quantum mechanical arguments, and have been applied to a tunneling problem

where we have shown the existence of a novel resonance. Though similar reflection

e↵ects were derived for planar interfaces [ŠTL72, ZRM89, RM72] we have contributed

to the field by examining the e↵ect in materials and geometry relevant to the current

research goals of the nanoscience community. Most importantly, we have provided a

new and unknown interpretation of the result by framing the electron-SP interaction

in the language of ponderomotive forces.
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Chapter 6

Exciton Transport in Carbon

Nanotubes

6.1 Introduction

The excitation of SP resonances at a metal-dielectric interface results in a strong

local electric field in close (i.e., nanoscale) proximity to the interface. This in turn

can a↵ect the optical properties of nearby quantum emitters such as fluorescent

molecules or semiconductors nanostructure [NH12, Sto11]. Basic quantities, such

as emission rates, Raman scattering and absorption cross-sections can be enhanced

[NH12, CPS78, GN80]. On the other hand, energy transfer from a quantum emitter

to a metal nanoparticle and the subsequent Ohmic losses also occur as a result of

the same near field coupling. The balance between the enhancement of the optical

properties and the dissipation of energy has a complex dependence on the distance

between the quantum emitter and metal interface as well as nanoparticle geometry

[NH12, Sto11].

Recent advances in nanoscale fabrication allow for precise control over the ge-
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ometry of MNPs, allowing one to tune their SP response across the visible and

near-IR spectrum, and to control the associated SP line shapes [PRHN03, LPK06,

LBU+08, Ach10] . This allows for the modification of desired properties, e.g., en-

hancing Förster energy transfer between molecules and/or semiconductor QDs as

discussed in Chapter 3 [GLK07, DRKS08, ZLS+13, PS11]. Single and multi-exciton

emission rates and emitted photon statistics can be manipulated in composite semi-

conductor QD and metal nano-structures for applications such as single-photon or

entangled photon-pair sources [MNMI09, PGC+13]. Single-photon emission can also

be controlled via the coupling of localized quantum emitters to SPP modes in metal

nanowire [KGB+09]. Interactions within assemblies of quantum emitters, as medi-

ated by SPP modes, can lead to cooperative optical behavior such as the plasmonic

Dicke e↵ect [PS09, PS10].

The strong exciton-SP interaction regime, as characterized by the interaction fre-

quency exceeding the dissipation rate, can be achieved in specially chosen geometries

of metal nano-structures and quantum emitters. In these systems, strong coupling

leads to the formation of mixed exciton-SP states referred to as plexitons, and the ap-

pearance of a significant exciton energy Rabi shift [SKB+06, GVMD09, GVMD10,

MAN11]. Furthermore, the interference between exciton and SP energy exchange

pathways results in Fano resonances [ZGB06, AB08, RDSF+10]. Strong coupling

between a single quantum emitter and a SPP confine to a narrow metal nanowire

results in the excitation of quantized SP modes [AMY+07, dLSC+12, FTS+07] and

allows for control of SP transmission, suggesting a potential application in single-

photon transistors [CSHL05]. A nanoscale plasmon resonator has been realized by

combining a metal nanowire with a distributed Bragg grating [dLSC+12]. These

studies, primarily focused on the interactions of localized quantum emitters with SP

modes, constitute a new field of quantum plasmonics [TMÖ+13].

On the other hand, localized SP modes can interact with delocalized excitons

in one-dimensional semiconductor nanostractures, particularly a↵ecting their long-
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range transport and emission properties. In one example, the e↵ect of exciton-SP

energy transfer on the exciton emission wave lengths has been investigated in a semi-

conductor nanowire decorated with metal nanoparticles [GLK07]. It has been shown

that energy transfer to the metal prevents excitons from finding local minima and

enhances the resulting blue shifted emission. Another class of one-dimensional nano-

structures exhibiting long-range exciton transport are SWNTs. Their optical and

transport properties look very promising for potential applications in optoelectronic

and photovoltaic devices [ABC+13].

Exciton motion in SWNTs has di↵usion-limited transport features that are likely

caused by coupling to extensive environmental fluctuations [CDW+12]. Measure-

ments of exciton transport in SWNTs have been carried out using optical microscopy

techniques[NH12, CDW+12] including near-field enhancement caused by the interac-

tions of excitons with SP modes in a metal tip (MT) [GBQ+09]. These techniques are

sensitive to the emitting dipole orientation via the angular distribution of emitted

radiation in the far-field [NH12]. Further application of optical microscopy tech-

niques to study MT e↵ects on SWNT excitons has revealed a nanoantenna e↵ect

in which there is fast near-field energy transfer to the tip that is followed by e�-

cient SP radiative emission with a specific directional redistribution [BHG+10]. To

this point, these observations have been described in the context of a simple ex-

citon random walk model with enhanced excitation and radiation rates. However,

a complete understanding of the e↵ect of the localized SP resonances on transport

properties of excitons in SWNTs requires a theoretical approach capable of treat-

ing exciton transport, near-field exciton-SP interactions, dissipation processes, and

radiation properties, on the same footing.

In this Chapter, we report on the systematic investigation of a localized SP mode

on exciton transport and emission properties in a SWNT. The exciton, SP, and

photon degrees of freedom are accounted for using a unified quantum mechanical

approach. Parameters associated with the exciton-SP interactions are determined
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from independent numerical calculations of the quasi-static SP response. These

parameters are subsequently used in simulations of coupled exciton transport that

are used to calculate a combined exciton/SP radiation distribution pattern. This

Chapter is organized as follows. Our theoretical model is introduced in Sec. 6.2. In

Sec. 6.3 we apply the model to a (6,5) SWNT in proximity to a MT, and present

the results of numerical simulations. Concluding remarks are given in Sec. 6.4. This

work presented in this Chapter has been submitted for publication at Journal of

Chemical Physics B [RCDP14].

6.2 Theoretical Model

In this section we derive a set of coupled equations describing the evolution of the

exciton and MT-SP populations and their coherences following a reduced density

matrix approach [KKK84, Muk99, VW06] to account for the coherent exciton-SP

coupling and the e↵ect of the environment. Integration of coherences results in a

set of the rate equations for exciton and SP populations. We express the exciton-SP

population transfer rates in terms of the SP dyadic Green function, introduced in

Chapter 2, associated with the near-field interactions of the SP mode and excitons.

This quantity can be determined from numerical simulations of the MT-SP response.

Ultimately the overall emission cross-section can be calculated in terms of the exciton

and SP populations and coherences.

6.2.1 Transport Model

Consider an exciton migrating in a SWNT that is aligned with the x-axis. The

exciton excites SP modes in a MT a distance, d, below the center of the SWNT,

as shown in Fig. 6.1. For computational purposes, the SWNT has been partitioned

into N + 1 sites, each labeled by a site-index n, with site n = 0 locating the center.
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Figure 6.1: Partitioning of the exciton delocalization length along SWNT into N sites
separated by distance a. Transition dipole, µn, is assigned to each site and oriented
along the SWNT axis, i.e., the x-axis. The MT is placed on the distance d below
the SWNT with the symmetry axis coinciding with the z-axis. We consider the SP
mode associated with the transition dipole, µsp, oriented along the MT symmetry
axis.

To model the exciton-SP interaction, we assign a transition dipole, µn = exµn, to

each site, with direction defined by the unit vector ex. The SP dipole, µsp = ezµsp,

has a perpendicular orientation in a direction defined by the unit vector ez. Vector

connecting the centers of the µsp and µn is denoted by rn.

We will assume that the SP energy ~!sp associated with the chosen polarization is

tuned to be close to the on-site exciton energies ~!n, and yet well-separated from the

energies of other SP modes. The quasi-electrostatic exciton-SP interaction will be

characterized by the energy ~gn. As discussed in section 6.2.2, the coupling constant

gn provides frequency of a single-quantum exchange between site-n and the SP mode
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due to transitions characterized by the associated dipole matrix elements µn and

µsp. By adopting a rotating-wave approximation for the coupling term, the system

Hamiltonian maps on a spinless Anderson-Fano Hamiltonian [Mah00].

ĤAF =
X

n

~!nb̂
†
nb̂n + ~!spâ

†
spâsp +

X

n

~
⇣
gnb̂

†
nâsp + g⇤nâ

†
spb̂n

⌘
, (6.1)

where b̂†n and b̂n (â†sp and âsp) are creation and annihilation operators of the exciton

on site n (localized SP state), respectively. Considering low exciton population, both

exciton and SP operators obey Bose commutation relations.

To account for the e↵ect of the environment, we introduce the reduced density

operator, ⇢̂AF , which satisfies the Liouville equation in the following form

˙̂⇢AF =
1

i~ [ĤAF , ⇢̂AF ] + R̂1⇢̂AF + R̂2⇢̂AF + ˙̂⇢ex. (6.2)

The first term on the right hand side describes coherent dynamics corresponding to

the Anderson-Fano Hamiltonian (Eq. (6.1)), and the last term described the exciton

population increase due to optical pumping. The second and the third terms are

relaxation terms are accounted for in a general Lindblad form

R̂1⇢̂AF =
X

n

�n
2

⇣
2b̂n⇢̂AF b̂

†
n � b̂†nb̂n⇢̂AF � ⇢̂AF b̂

†
nb̂n
⌘

(6.3)

+
�sp
2

�
2âsp⇢̂AF â

†
sp � â†spâsp⇢̂AF � ⇢̂AF â

†
spâsp

�

R̂2⇢̂AF =
X

nm

wnm

2

⇣
2b̂†nb̂m⇢̂AF b̂

†
mb̂n � b̂†mb̂nb̂

†
nb̂m⇢̂AF � ⇢̂AF b̂

†
mb̂nb̂

†
nb̂m
⌘
. (6.4)

Eq. (6.3) accounts for the exciton and SP population decay processes with rates

�n and �sp respectively. These include both non-radiative and radiative channels.

Eq. (6.4) describes exciton scattering processes with the rates wnm giving rise to

dephasing and di↵usion.

The complete set of reduced density operator matrix elements can be introduced

as the following set of operator averages: the on-site exciton population is Nn =
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tr{b̂†nb̂n⇢̂AF}, the SP population is Nsp = tr{â†spâsp⇢̂AF}, the exciton spatial coherence

between sites n 6= m is Xnm = tr{b̂†nb̂m⇢̂AF}, and the exciton-SP coherence is Yn,sp =

tr{b̂†nâsp⇢̂AF}. We consider an experimentally realized situation in which only the

excitons are optically excited but not the SP mode (e.g., the laser is tuned to an

energy lying well above the SP resonance, and exciton population growth follows

inter and/or intra-band relaxation). These process are accounted for by introducing

an on-site exciton population gain with the rate tr{b̂†nb̂n ˙̂⇢ex} = In.

For the density matrix elements introduced above, we obtain the following coupled

equations of motion from Eq. (6.2):

Ṅn(t) = �i
�
gnYn,sp � g⇤nY

⇤
n,sp

�
+D

@2Nn

@n2
� �nNn + In, (6.5)

Ṅsp(t) = i
X

n

�
gnYn,sp � g⇤nY

⇤
n,sp

�� �spNsp, (6.6)

Ẋnm(t) = i!̃nmXnm � i
�
gmYn,sp � g⇤nY

⇤
m,sp

�
, (6.7)

Ẏn,sp(t) = i!̃n,spYn,sp � i
X

m 6=n

g⇤mXnm � ig⇤n(Nn � Nsp). (6.8)

Eq. (6.5) contains a di↵usion term in which the second derivative @2Nn/@n2 =

(Nn+1�2Nn+Nn�1) is defined as the finite di↵erence of the nearest neighbor popula-

tions. The di↵usion term is the long-wavelength approximation to the master equa-

tion associated with the relaxation term (Eq. (6.4)) matrix element tr{b̂†nb̂nR̂2⇢̂AF}
=
P

m(wnmNm � wmnNn). Assuming inversion and translational symmetry, wnm =

wmn ! w|m�n|, the di↵usion rate D =
P

n wnn2 is given by the weighted sum of exci-

ton site-scattering rates from Eq. (6.4). The coherences (Eqs. (6.7) and (6.8)), Xnm

and Yn,sp depend on the complex frequencies !̃nm = !n �!m+ i(�n/2+ �m/2+ �̃mn)

and !̃n,sp = !n � !sp + i(�n/2 + �sp/2 + �̃n), respectively. Here, �n and �sp are the

exciton and SP population decay rates defined in Eq. (6.3), and the dephasing rates

are expressed in terms of the exciton scattering rates as follows �̃n =
P

m wmn/2 and

�̃mn = wmn + wmm/2 + wnn/2.

Typically, coherences approach their steady state values on the timescale faster
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than the populations, and can be eliminated from the equations for the populations.

The steady state solution for coupled Eqs. (6.7) and (6.8) can be found from a

perturbation expansion in the small parameter gn/(�n/2 + �sp/2 + �̃n), resulting in

the following second and third order expressions

Xnm =
1

!̃nm

{(µm · Gmn(!̃n) · µn)(Nn � Nsp) (6.9)

� (µm · Gmn(!̃n) · µn)
⇤(Nm � Nsp)}

Yn,sp =
X

m

|µm · Gmn(!̃n) · µn|2
gn!̃nm

(Nn � Nm) (6.10)

+
1

gn
(µn · Gnn(!̃n) · µn)(Nn � Nsp),

respectively. Substitution of the coherences into Eqs. (6.5) and (6.6) leads to coupled

rate equations for the exciton and SP populations:

Ṅn(t) = �Wn,sp (Nn � Nsp) (6.11)

�
X

m 6=n

Wnm (Nn � Nm) +D
@2Nn

@n2
� ��nrn + �rdn

�
Nn + In,

Ṅsp(t) =
X

n

Wn,sp (Nn � Nsp) +
X

n

X

m 6=n

Wnm (Nn � Nm) (6.12)

� (�nrsp + �rdsp )Nsp,

valid in the weak coupling regime and accounting for both energy transfer to SP

and SP-assisted exciton site energy transfer on the same footing. Specifically, the

exciton-SP population transfer rate is

Wn,sp =
2

~Im (µn · Gnn(!̃n) · µn) , (6.13)

with !̃n = !n + i(�n/2 + �̃n), and the SP-assisted exciton site transfer rate is

Wnm =
2�nm

~2(!2
nm + �2nm)

|µn · Gnm(!̃n) · µm|2 , (6.14)
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with !nm = !n � !m and �nm = �n/2 + �m/2 + �̃mn. These expressions, along with

Eqs. (6.9) and (6.10) are written in terms of the dyadic Green function Gnm(!) for

the SP mode, as described in section 6.2.2.

6.2.2 Exciton-SP interaction and dyadic Green function.

The system we want to consider and model is of a SWNT and a metal tip (MT).

In order to model this system we do not specify the geometry of the nanoparticle

but instead declare the SP to be a quantum oscillator with an e↵ective transition

dipole moment. Alternative cavity QED quantization approach requires knowledge

of MNT geometry [WS10]. To identify the parameters of the SP quantum oscillator,

we exploit the connection between parameters of the Hamiltonian (Eq. (6.1)) and

the classical dyadic Green function.

Consider quantum mechanical oscillator associated with a SP mode characterized

by a transition dipole operator µ̂sp = µsp(âsp + â†sp) coupled to a local electric field

Êloc. The associated Hamiltonian is,

Ĥsp = ~!spâ
†
spâsp � µ̂sp · Êloc. (6.15)

Here, the local field is induced by the exciton transition dipole leading to the following

relation;

Êloc =
X

n

Tn · µn(b̂
†
n + b̂n), (6.16)

containing a tensor Tn which asymptotically corresponds to the longitudinal electric

field component of a dipole

Tn ⇠ 3nn � I

4⇡"0"r3n
. (6.17)
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In Eq. (6.17), n = rn/rn (Fig. 6.1) and I is the 3 ⇥ 3 identity matrix. Substitution

of Eq. (6.16) in Eq. (6.15) in the rotating wave approximation gives second and

the third terms in the Hamiltonian ĤAF (Eq. (6.1)) with the exciton-SP interaction

energy:

~gn = µsp · Tn · µn. (6.18)

To find the relationship between the dyadic Green function and the exciton-SP inter-

action rate, gn, we solve the frequency-domain equations of motion for the Hamilto-

nian system given by Eqs. (6.15) and (6.16), adding the SP nonradiative relaxation

rate �nrsp /2 via the second term of Eq. (6.3). The outcome is an expression for the

local contribution to the SP dipole induced by the exciton dipole at site m,

µsp(!m) = ↵(!m)ez(ez · Tm · µm). (6.19)

In Eq. (6.19), ez is the polarization direction of the SP mode (Fig. 6.1) with polar-

izability

↵sp(!) =
µ2
sp

~(! � !sp + i�sp/2)
. (6.20)

The electric field at exciton site n due to the induced SP dipole is En = Tn · µsp, so

that formally,

En = ↵(!m) (Tn · ez) (ez · Tm · µm).

Alternatively, one could use the dyadic Green function to express the same field,

En(!m) = Gmn(!m) · µm(!m).

Comparison of the two expressions above shows that the dyadic Green function may

be expressed in the form,

Gmn(!) = ↵sp(!) (em · Tm · ez) (ez · Tn · en) . (6.21)
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The substitution of Eqs. (6.18) and (6.20) into Eq. (6.21) results in,

µn · Gnm(!) · µm =
~gng⇤m
! � !̃sp

, (6.22)

which is extensively used in Sec. 6.2.

Typically, the dyadic Green function is introduced as the solution to Maxwell’s

equations [NH12, VW06]. In our case, however, it is only the near field interactions

defined by the Poisson equations that are responsible for the exciton-SP coupling

and contribute to the Green function given by Eq. (6.21). We determine Gmn(!)

numerically using the Boundary Element Method implemented in MNPBEM13 code

[dAH02, HT12]. Values of the SP frequency !sp and the nonradiative decay rate �sp

are extracted from the calculated SP absorption spectrum (excited by a z-polarized

plane wave) as this is proportional to the imaginary part of Gmn(!). The SP tran-

sition dipole µsp can be determined analytically from the dyadic Green functions

found in Eqs. (6.17), (6.20), and (6.21). In this calculation, a SWNT axis is sepa-

rated from the MT by distance d > 100 nm to insure that the asymptotic Eq. (6.17)

holds. For distances d < 100 nm, Eq. (6.17) breaks down and the absolute values

of the coupling rates gn must be determined from direct numerical simulations of

Im(µn · Gnn(!n) · µn) with the help of Eq. (6.22). The sign of gn is recovered by

examining the derivative of the coupling rate, dgn/dx.

6.2.3 Radiation Emission Pattern

To include spontaneous emission processes leading to PL, we extend our system

Hamiltonian (Eq. (6.1)) by adding a term describing a quantized radiation mode

interacting with material dipoles [Lou00, VW06]

ĤRD =
X

q,�=1,2

~v|q|â†q�âq� (6.23)

+ µ̂n ·
⇣
Ê+(rn) + Ê�(rn)

⌘
+ µ̂sp ·

⇣
Ê+(rsp) + Ê�(rsp)

⌘
.
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The free photon term explicitly depends on the photon energy ~v|q| where v = c/
p
"

is the speed of light in the surrounding environment characterized by the dielectric

constant ". The operators â†q� and âq� respectively create and destroy modes with

the wave vector q and polarization �. The interaction terms contain exciton and SP

transition dipole operators µ̂n = µnb̂†n+µ⇤nb̂n and µ̂sp = µspâ†sp+µ⇤spâsp, respectively,

and the electric field operators are [Lou00],

Ê+(r) = i
X

q,�=1,2

s
~v|q|
2"0"V

eq�âq�e
iq·r, (6.24)

and Ê� = (Ê+)†, where V is a photon mode cavity volume, and "0 is the vacuum

permittivity.

At this point, we are ready to calculate the distribution of emitted radiation. The

power radiated per solid angle may be expressed as the averaged radiation intensity

operator [Lou00],

dP

d⌦
= 2"0"vr

2tr
⇣
Ê�(r, t)Ê+(r, t)⇢̂AF

⌘
. (6.25)

In order to calculate the trace, we express the electric field operators in term of

the exciton and SP operators, adopting the so-called source quantity representation.

[Lou00, VW06] For this purpose, we solve Heisenberg equation of motion i~ ˙̂E+ =

[Ê+, ĤAF + ĤRD] in the rotating-wave approximation to find,

Ê+(r, t) =
µn � e(e · µn)

4⇡"0"v2r
!n!m�nmb̂m(t � r/v) (6.26)

+
X

nm

µsp � e(e · µsp)

4⇡"0"v2r
!2
sp�spâ(t � r/v).

Here, e = r/r, where r is the vector from the center of the SWNT to the photon
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detector. The quantities

�nm =

Z 1

0

d!

⇡

!2

!n!m

Im {Gnm(!)} , (6.27)

�sp =

Z 1

0

d!

⇡

!2

!2
sp

Im {Gsp(!)} , (6.28)

account for the photon emission line shape, and are given by integrals over the

imaginary parts of exciton and SP Green functions, Gnm and Gsp, associated with

the Anderson-Fano model.

The exciton Green function is associated with the equation of motion for the

operator b̂m as determined by ĤAH (Eq. (6.1)). Its explicit form can be written in

terms of the scattering matrix [Eco84],

Gnm(!) = �nmG(0)
n (!) + G(0)

n (!)Tnm(!)G(0)
m (!), (6.29)

where,

G(0)
n (!) =

1

! � !n + i✏
, (6.30)

is the zero-order exciton Green function, and the exciton scattering matrix,

Tnm(!) = µn · Gnm(! � ⌃sp(!)) · µm, (6.31)

may be written in terms of the SP dyadic Green function using Eq. (6.22), whose

argument depends on the self-energy

⌃sp(!) =
X

n

µn · Gnn(! � !n,sp) · µn. (6.32)

The SP Green function can be calculated in the same manner, and has the form

[Mah00],

Gsp(!) =
1

! � !sp � ⌃sp(!) + i✏
. (6.33)
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Substitution of Eq. (6.26) along with the hermitian conjugate to Eq. (6.25) gives the

final expression for the radiated power,

dP

d⌦
=

X

nm

~!n�
rd
n fnn(⌦)�

2
nmNm(t � r/v) (6.34)

+ ~!sp�
rd
spfsp(⌦)�

2
spNsp(t � r/v) +

X

nm

X

n0m0

~
p
!n!m�rdn �

rd
m

⇥ �nn0�mm0Xn0m0(t � r/v) +
X

nm

~
q
!sp!n�rdsp�

rd
n fn,sp(⌦)�nm�sp

⇥ (Ym,sp(t � r/c) + Y ⇤m,sp(t � r/v)).

We observe that the angular distribution is described as a superposition of following

ellipsoidal patterns

fnm(⌦) =
3

8⇡
(1 � (e · en) (e · em)) , (6.35)

fsp(⌦) =
3

8⇡

�
1 � |e · esp|2

�
, (6.36)

fn,sp(⌦) = � 3

8⇡
(e · en) (e · esp) , (6.37)

appropriately weighted by exciton and SP radiative decay (rd) rates

�rdn =
!3
n |µn|2

3⇡~✏0✏v3
, (6.38)

�rdsp =
!3
sp |µsp|2

3⇡~✏0"v3
, (6.39)

respectively. These rates comprise part of the total exciton and SP decay rates,

�sp = �nrsp + �rdsp and �n = �nrn + �rdn , appearing in the relaxation operator in our

equations of motion, Eq. (6.3). The contribution to these rates from nonradiative

decay, �nrsp and �nrn , are to be determined empirically from experiment.

Finally, for !n ⇠ !sp, the ratio of photon fluxes

R =
�rdsp�

2
spNspP

nm �
rd
n �

2
nmNm

, (6.40)
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produced by the SP and the exciton states can be introduced. Provided the contri-

bution of the coherences in Eq. (6.34) is negligible, this quantity is reflects variation

of the radiation pattern as a function of the exciton-SP coupling strength. If R � 1

(R ⌧ 1) then the radiation is dominated by the SP (exciton) dipole emission and is

referred as the SP (exciton) emission. For R ⇠ 1, the emission pattern represents a

superposition of both emitting dipoles.

In summary, the populations and coherences entering Eqs. (6.34) are solutions of

Eqs. (6.5)-(6.8). In the weak coupling regime the coherences are given by Eqs. (6.9)

and (6.10) and the populations can be determined by solving Eqs.(6.11) and (6.12).

These sets of equations along with the expression for radiative power represent main

results of our theory. They will now be used in the numerical calculations described

below.

6.3 Numerical Calculations

In this section we discuss the results of numerical calculations of the exciton pop-

ulation distribution and the associated radiation patterns for three (6,5) SWNTs

of di↵erent sizes in the presence of SP mode excited in Ag MT. We consider first

a nanotube of length L = 300 nm, which is on the order of the measured value

lD = 202 nm of the exciton di↵usion length [ABC+13, CDW+12]. We also consider

nanotubes of lengths L = 2600 nm and L = 5200 nm. These three will be referred

below as SWNT-I, SWNT-II and SWNT-III, respectively.

6.3.1 Model Parameterization

For computational purposes, each nanotube is divided into N = L/a � 1 sites with

lattice constant a = 1.0 nm. This is su�ciently small to resolve the spatial depen-
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Figure 6.2: Comparison of experimentally measured [ABC+13] (6,5) SWNT photo-
luminescence (red) and absorption (black) spectra with the simulated SP resonances
polarized along z-direction (blue) for the adopted Ag MT geometry.

dencies in the Hamiltonian, but large enough to keep the calculation from becoming

unwieldy. We assign a dipole moment µn = 10 D to each of site (Fig. 6.1). Further-

more, we assume that the system is embedded into a solvent with the dielectric con-

stant set to " = 1.36. According to Eq. (6.38) the adopted dipole value corresponds

to a radiative decay rate �rdn = 4.3⇥10�5 ps�1 and associated decay time ⌧ rdn = 23 ns.

The value of the nonradiative decay rate is set to �nrn = 1.8 ⇥ 10�2 ps�1 in order

to reproduce the experimentally measured [ABC+13, CDW+12] photoluminescence

decay time ⌧PL = 55 ps. Dephasing e↵ects due to exciton scattering are neglected in

our calculations, i.e., �̃n = 0. Finally, the di↵usion rate D = l2D/a
2⌧PL = 750 ps�1 is

determined from the measured di↵usion length lD = 220 nm.

To model the SP response, we consider Ag MT with the Ag bulk dielectric func-

tion represented by the Drude formula in which the parameters are fit to experiment
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Figure 6.3: Calculated (a) exciton-SP population transfer rate (Eq. (6.13)) vs nan-
otube coordinate x = na and (b) the SP-assisted exciton site transfer rate (Eq. (6.14))
vs �x = a(m � n) for various SWNT-MT distances, d. Here, we mark d = 6 nm
and d = 8.5 curves only. All subsequent curves are obtained for d increased by
�d = 2.5 nm up to dmax = 100 nm. The inset shows the dimensionless parameter
|gn|/(�nrn + �nrsp ) determining exciton-SP coupling regime. The variation in d is the
same.

[JC72]. The surface coordinates, ⇢ =
p

x2 + y2 and z, of the MT rounded cone

(Fig. 6.1) obey the equations z = t0z0 � d � t0
p
z20 + ⇢2, where we set t0 = 1/8,

z0 = 10 nm, and vary 0  ⇢  400 nm. For this MT, numerical simulations of

the SP response, carried out as outlined in section 6.2.2, result in the SP resonance

progression shown as a blue curve in Fig. 6.2. We identify the lowest energy SP

mode ~!sp = 1.25 eV (� = 985 nm) as asymptotically corresponding to the SP

dipole response. For the adopted parameters this SP mode is in resonance with the

lowest energy S1 exciton band and therefore interacts with the exciton states partic-

ipating in the di↵usion process and photon emission. Fitting the SP response with

Lorentzian profile (Eq. 6.20), we find a SP nonradiative decay rate �nrsp = 33.4 ps�1

(⌧nrsp = 30 fs) and a transition dipole moment µsp = 12128 D. According to Eq. (6.39),

the SP radiative decay rate becomes �rdsp = 56.8 ps�1 (⌧ rdsp = 18 fs).

Photoluminescence is typically excited via high energy S2 absorption at � =

570 nm followed by rapid internal conversion to the S1 band [ABC+13]. According

to Fig. 6.2 The S2 band does not overlap with any SP resonances of the MT. As
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a result this model consistently accounts for the SP e↵ect on the exciton di↵usion

and emission within the S1 band only, and does not require consideration of SP

enhancement of the exciton photo-generation processes. Assuming that SWNT is

photo-excited homogeneously, we set the exciton population gain In = �nrn , for all n.

With the parameters as discussed above, we solve numerically Eqs. (6.11)-(6.13).

The solutions were benchmarked against solutions of Eqs. (6.5)–(6.8) and found to

be indistinguishable, indicating that the weak exciton-SP coupling approximation is

valid. Numerical evaluation of the integral quantities �nm and �sp (Eqs. (6.27) and

(6.28)) shows that �nm ⇡ �nm and �sp ⇡ 1 for the parameter range of interest.

6.3.2 Simulation Results

Key quantities defining the e↵ect of the SP on exciton di↵usion, such as exciton-

SP and the SP-assisted exciton site transfer rates, are plotted in panels (a) and

(b) of Fig. 6.3. The plot shows that the e↵ective exciton-SP interaction range is

constrained to an interval of ⇠ 100 nm around the origin. Increasing d leads to a

rapid decrease of the rates and the e↵ective interaction length. The di↵usion rate

(D = 750 ps�1) significantly exceeds the population transfer rate which in turn has

significant e↵ect on the exciton populations profile, as we show below. On the other

hand, the SP-assisted exciton site transfer rate (panel (b)) is small compared to the

exciton-SP transfer rate (panel (a)), and has weak e↵ect. Finally, we find that the

dimensionless parameter, |gn|/(�nrn + �nrsp ) is below 0.15 for all n, which is consistent

with the weak exciton-SP coupling assumption made in deriving of the approximate

rate Eqs. (6.11)-(6.14).

Let us first examine how the exciton-SP interaction influences the steady state

exciton distribution, Nn, obtained from solution of Eqs. (6.11)-(6.14). This quantity

is plotted in panels (a), (b), and (c) of Fig. 6.4 for SWNT-I, II, and III, respec-

tively. The di↵usion boundary conditions [CDW+12] require vanishing populations
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Figure 6.4: Calculated steady state exciton distribution along (a) SWNT-I, (b)
SWNT-II, and (c) SWNT-III as a function of SWNT coordinate x = na. Here,
we mark d = 6 nm and d = 8.5 curves. All subsequent curves are obtained with
the distance increased by �d = 2.5 nm up to dmax = 100 nm. Red dash shows the
exciton population in the absence of the SP-assisted exciton site population transfer
with the rate Wnm for d = 6 nm.

at the SWNT ends. As a result, the SP-uncoupled excitons population distributions

(d ⇠ 100 nm) deviate from a rectangular profile, showing a smooth drop of the end

populations, the e↵ect being strong in shorter nanotubes. Interaction with the SP

modes causes a population dip around x = 0, reaching maximum depth at small

d. We find that the main contribution to this dip is from the exciton-SP popula-

tion transfer at the rate Wn,sp (Eqs. (6.11) and (6.12)). The SP-assisted exciton site

transfer at the rate Wnm slightly changes the dip. This is seen from the behavior of

the red dashed curve representing the solution of Eqs. (6.11) and (6.12) with Wnm

set to zero. We find a tiny ratio of Nsp to the exciton population within the SP-dip,

showing that most of the exciton energy transferred to the SP is dissipated to heat

(Ohmic loss).
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Figure 6.5: Variation of the equilibration time, ⌧eq, required to reach the steady state
exciton populations as a function of SWNT-MT separation, d, for (a) SWNT-I, (b)
SWNT-II, and (c) SWNT-III.

Next, we examine the transient population dynamics characterized by the exciton

equilibration time, ⌧eq, required to reach the steady state solutions (Fig. 6.4). We

present ⌧eq vs d in panels (a), (b), and (c) of Fig. 6.5 for SWNT-I, II, and III,

respectively. At large MT-SWNT separation (d ⇠ 100 nm), this quantity approaches

the equilibration time for uncoupled excitons. The SWNT size (boundary) imposes

an upper limit on the equilibration time which is faster for short SMNTs (compare

panel (a) with (b) and (c)). The SP induced reduction in ⌧eq is noticeable for d .
50 nm regardless of the tube length. We also examined the e↵ect of SP-assisted

exciton transfer (not shown in the plot) and found it to be negligible. We thus

conclude that the SP modifies transient dynamics primarily from the exciton-SP

population transfer, accompanied by Ohmic loss.

At this point we turn our attention to the radiation emission properties of the

SWNT-MT system by examining the photon flux ratio, R, (Eq. (6.40)) and the
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associated radiation angular distribution (Eqs. (6.34)–(6.38)) due to the steady state

exciton and SP populations (Fig. 6.4). As pointed out in Sec. 6.2.3, R distinguishes

between the SP (R � 1) and exciton (R ⌧ 1) emissions if the contribution of the

coherences Yn,sp and Xnm to Eq. (6.34) is negligible. This is exactly the case if !n =

!sp, but it is also true if !n 6= !sp provided that !n is a random variable (reflecting

diagonal energy disorder) with a mean value equal to !sp. If there is a fixed frequency

detuning �! = !n �!sp for all n, one can apply symmetry arguments, including the

fact that the coupling frequency gn is antisymmetric function, i.e., gn = �g�n, to

make the case that for the MT located at the center (or more specifically away from

the ends) of the nanotube (Fig. 6.1), the coherences vanish identically. This can be

easily demonstrated by looking at the dipole-dipole interaction form for gn and has

been numerically validated for small d when this approximation beaks down.

Panels (a), (b), and (c) in Fig. 6.6 present R plotted vs d for SWNT-I, SWNT-

II, and SWNT-III, respectively. The radiation emission is dominated by the SP

dipole (red segments) with the angular distribution shown by red curves in the inset

to panel (b) for d in a range of a few tens nanometers. For the short SWNT-

I, SP-dominated emission occurs for d . 40 nm, whereas, for the long SWNT-

II and SWNT-III, it occurs for d . 20 nm and d . 10 nm, respectively. This

observation can be rationalized by examining the exciton population distribution

shown in Fig. 6.4. For SWNT-I, the exciton-SP interaction range (Fig. 6.3 (a)) is

about the size of the nanotube. According to Fig. 6.4 (a), this results in a significant

reduction of the exciton population across the SWNT-I. Therefore, the total exciton

contribution to the radiated power decreases. In contrast, for long SWNT-II and

III (Fig. 6.4 (b) and (c)) only the excitons near the center of the nanotube su↵er

drastic population reduction, and there is significant photoexcited exciton population

outside the interaction region that enhances the exciton emission component. This

shows that a stronger coupling (i.e.,smaller d) is needed to reach the SP-dominated

emission regime.
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Figure 6.6: The ratio of the SP and the exciton radiation fluxes, R, and associated
ratio of the state populations, Ns/Nex, where Nex =

P
n Nn, for (a) SWNT-I (b)

SWNT-II, and (c) SWNT-III as a function of the SWNT-MT separation d. The
inset in panel (a) shows color code for di↵erent segments of the cure distinguishing
SP (red) and exciton (blue) emissions. The green segment denotes the crossover
regime. This color code applies to all panels including the inset in (b) which shows
the associated radiation angular distributions.

According to Eq. (6.40), there are two main quantities determining the angular

distribution of emitted radiation. One is the ratio of the steady state SP and exciton

populations, Nsp/Nex with Nex =
P

n Nn, plotted in Fig. 6.6 (right scale). The other

is the ratio of their radiative decay rates, �rdsp/�
rd
n = 1.3 ⇥ 106. Fig. 6.6 shows that

the total population transferred to the SP state from the coupled exciton states is

five to seven orders of magnitude less than the exciton population, a consequence of

weak coupling. However, a large ratio of the radiative decay rates (associated with

the large values of the SP transition dipoles) compensates for the low population,

allowing the SP state to dominate the angular distribution at small d. In other words,

it is primarily the fast SP emission rate that causes the angular distribution to be

SP-dominated. Increasing d leads to a rapid SP population drop, causing a shift to
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Figure 6.7: Radiation angular distribution of SWNT-I with the energy detuned to
~�! = 10 meV plotted for various SWNT-MT distances ranging between d = 100 nm
and d = 15 nm as indicated in parenthesis. The angle is measured with respect to
the x-axis in Fig. 6.1. Solid lines mark the distributions associated with the MT
placed at the end of the nanotube, i.e., x = 150 nm. Dashed lines are for the MT
located at the center, i.e., x = 0.

the exciton-dominated emission regime (blue segments in Fig. 6.6). The evolution

of the radiation angular distribution as a function of d can be seen in the inset to

Fig. 6.6 (b).

Finally, we note that the coherences can have a strong influence on the orientation

of the radiation diagram when the inversion symmetry is broken, especially in small

nanotubes in which the emission from excitons outside the interaction region is min-

imized. For example, let us break the symmetry of the gn in SWNT-I by placing the

MT at the end of the tube, at x = 150 nm, and let us also detune the exciton energy

from the SP by ~�! = 10 meV. Our results are shown in Fig. 6.7, where we compare

the radiation angular distributions associated with the MT placed at the end (solid

lines), and at the center (dash lines), of the nanotube, parametric in d. The general

trend is that the nonvanishing coherences induce rotation of the radiation diagram.

The e↵ect is strongest for the distance range corresponding to R ⇠ 1, which is the
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crossover regime (green segment) in Fig. 6.6. Our data analysis also indicates that

the dominant contribution to the diagram rotation originates from Yn,sp. The Xnm

contribution to the radiated power is weak because the system is in the regime of

weak coupling. In this case Xnm is a perturbative correction to Yn,sp. This e↵ect is

similar to what we observed comparing contributions of Wn,sp associated with Yn,sp

and Wnm associated with the Xnm.

To rationalize this e↵ect we should recall that an exciton dipole behaving inco-

herently, i.e., without any information about its oscillation phase, merely transfers

energy to the SP dipole. As a result, the exciton and SP dipoles become excited

together, but the overall radiation pattern is a superposition of their intensities (see

inset to Fig. 6.6 (b)). In contrast, a sustained oscillation of the coherences intro-

duces a phase shift in the exciton and SP dipoles, and they behave as a a single

superposition dipole whose orientation depends on the phase shift. Such a phase

shift corresponds to the radiation diagram of a rotated e↵ective dipole as observed

in Fig. 6.7. Quantum mechanically this e↵ect can be explained as the emission as-

sociated with spatially reoriented superposition dipole whose matrix elements are

calculated in the dressed exciton-SP eigenstates. The e↵ect is most noticeable in the

crossover regime because the net contribution of the excitons and SP to the emitted

power are about the same.

6.4 Conclusion

We have developed a general theoretical approach to study exciton transport and

emission in a SWNT in the presence of a localized SP mode within a MT inter-

acting via near-field coupling. Our primary result is a set of quantum mechanical

equations of motion (Eqs. (6.5)–(6.8)) that account for the exciton, SP, and the envi-

ronment (including radiation mode) on the same footing. These material equations

are complemented by the expressions for the radiated power (Eqs. (6.34)–(6.38))
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which depends on the exciton and SP populations and coherences, allowing for an

examination of the angular distribution (and spectrum) of the emitted radiation. The

model is capable of describing both strong and weak exciton-SP coupling regimes,

as well as the transition from ballistic to di↵usive transport, thus spanning a broad

range of behaviors in low-dimensional semiconductor materials.

In this Chapter, the weak exciton-SP limit has been examined in detail. Using

a perturbation approach, with the exciton-SP coupling frequency normalized per

dissipation rate as the expansion parameter, we have derived a minimal set of rate

equations (Eq. (6.11)–(6.14)) for the exciton and SP populations. These equations

account for the exciton-SP population transfer and SP-assisted exciton site transfer

processes with their associated rates given by Eqs. (6.13) and (6.14), respectively.

The expressions for the rates are represented in terms of the dyadic Green func-

tion, which is determined via numerical calculations of the SP response, allowing

for consideration of a Ag tip in the shape of a rounded cone. The exciton-SP and

site exciton transfer matrix elements required in this model have been extensively

considered in the literature and Chapter 3 in the context of the Förster energy trans-

fer to metal and between donor and acceptor sites. In fact, master equations with

rates determined by the dyadic Green function have been introduced in the same

manner [GLK07, DRKS08, ZLS+13, PS11]. The di↵erence (and advantage) of the

present treatment is that the steady state coherences (Eqs. (6.9) and (6.10)) have

been retained in expressions for the radiated power. They play an important role in

its analysis, as demonstrated in Sec. 6.3.2. Furthermore, we have established a sim-

ple relationship (Eq. (6.22)) between the dyadic Green function and the exciton-SP

coupling frequency that allows one to obtain the latter quantity from simulation.

Numerical simulations for various sizes of (6,5) SWNT and Ag MT have been

performed using our proposed methodology. We have found that the near-field inter-

action between the exciton-SP is e�cient on 100 nm lengthscales or less and occurs in

the weak coupling regime with di↵usion processes being much faster than the exciton-
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SP population exchange. Exciton-SP population transfer dominates over SP-assisted

site exciton transfer, resulting in fast energy transfer to the MT with subsequent dis-

sipation (i.e., Förster energy transfer). The exciton-SP energy transfer also causes a

reduction in equilibration time for excitons to reach their steady sate distributions.

Analysis of radiation emission properties shows that the radiation diagram is dom-

inated by SP emission for a SWNT-MT separation of a few tens of nanometers. In

small SWNTs, whose length is on the order of the e↵ective exciton-SP interaction

range, this e↵ect requires weaker coupling to the plasmon than in long SWNTs for

which delocalized excitons provide an additional contribution to the radiated power.

We have found that the SP population in the steady state regime is orders of mag-

nitude below the exciton population, and yet the fast SP radiative decay rate still

makes the SP emission more e�cient. Finally, we found that breaking the inversion-

symmetry of the exciton-SP interaction by moving the MT away from the center of

the SWNT causes a rotation in the radiation pattern that depends on the strength

of the coherences.The rotation can be understood as the emission pattern of a tilted

dipole comprised of hybridized exciton-SP eigenstates.

In conclusion, exciton di↵usion in SWNT a↵ected by a localized SP mode has

been systematically modeled using a unified approach. We have calculated the in-

fluence of exciton-SP energy transfer and dissipation on radiative power and angular

distribution. We find that the shape of the radiation pattern depends on the inter-

play between the exciton-SP state populations and radiative decay rates, and that

a high ratio of the SP to exciton radiative rates is what causes the emission to be

SP-dominated. We demonstrate that the coherences can play significant role in the

pattern orientation.
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Chapter 7

Conclusion

We have explored some topics of transport in nanoscale systems coupled to metal sur-

faces. First we looked at the e↵ect of SP resonances on the FRET rate between QDs.

We found that amount of enhancement depends greatly on the material properties

and geometry of MNPs. In Chapter 4, we explored the dynamics of a charge moving

above a metal slab. We developed a Hamiltonian formalism suited for both classical

and quantum descriptions of low energy electron-SP interactions. From a classical

perspective we were able to convert a non-linear intergro-di↵erential equation into a

set of first ordered equations by transforming the problem into a Hamiltonian system.

Based on this, we then developed a theory of QSPs that is applicable in the adiabatic

(slow electron, fast SP) limit. We showed that the conclusions reached by previous

authors regarding the SP repulsion are flawed, because they failed to properly ac-

count for the adiabatic nature of the e↵ect they were describing [ŠTL72, RM72]. In

Chapter 5, we then expanded the formalism, and considered a charge carrier in a

SWNT coupled to a MNP. We show the existence of a zero-point repulsion due to

the ground state energy of the QSP, and proposed an experimental setup to test for

the existence of this e↵ect. In Chapter 6, we reported on the systematic investigation

of the e↵ects of a localized SP mode on exciton transport and emission properties in
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a SWNT. We again approached the problem from a quantum perspective and found

the that it mapped onto the well known Fano-Anderson model. We showed that the

population dynamics between excitons and SPs leads to measurable changes in the

emission spectrum.

The main theme of this work has been to explore the transport properties of

charge carriers and energy in the presence of SPs. We have focused on some of

the novel e↵ects that can occur when the SP is treated as a quantum mechanical

oscillator. We hope that the methods developed in this thesis can be expanded upon

and used to further explore the unique properties of semi-conductor/SP coupled

hybrid nano-structures.
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der Physik 334 (1909), no. 7, 277–300.

[GLK07] Alexander O Govorov, Jaebeom Lee, and Nicholas A Kotov, Theory of
plasmon-enhanced förster energy transfer in optically excited semicon-
ductor and metal nanoparticles, Physical Review B 76 (2007), no. 12,
125308.

[GN80] Joel Gersten and Abraham Nitzan, Electromagnetic theory of enhanced
raman scattering by molecules adsorbed on rough surfaces, The Journal
of Chemical Physics 73 (1980), no. 7, 3023.

[Gol62] Herbert Goldstein, Classical mechanics.

[GRJ+65] Izrail Solomonovich Gradshteyn, Iosif Moiseevich Ryzhik, Alan Je↵rey,
Daniel Zwillinger, and Scripta Technica, Table of integrals, series, and
products.



References 140

[GTG+98] HF Ghaemi, Tineke Thio, DE e al Grupp, Thomas W Ebbesen, and
HJ Lezec, Surface plasmons enhance optical transmission through sub-
wavelength holes, Physical Review B 58 (1998), no. 11, 6779.

[GVMD09] DE Gomez, KC Vernon, Paul Mulvaney, and TJ Davis, Surface plasmon
mediated strong exciton- photon coupling in semiconductor nanocrystals,
Nano letters 10 (2009), no. 1, 274–278.

[GVMD10] , Coherent superposition of exciton states in quantum dots in-
duced by surface plasmons, Applied Physics Letters 96 (2010), no. 7,
073108–073108.

[GZ13] Pavel Ginzburg and Anatoly V Zayats, Linewidth enhancement in
spasers and plasmonic nanolasers, Optics express 21 (2013), no. 2,
2147–2153.

[Hal86] WP Halperin, Quantum size e↵ects in metal particles, Reviews of Mod-
ern Physics 58 (1986), no. 3, 533.

[HB70] O Hunderi and D Beaglehole, Study of the interaction of light with rough
metal surfaces. ii. theory, Physical Review B 2 (1970), no. 2, 321.

[HB80] Lillian H Hoddeson and Gordon Baym, The development of the quantum
mechanical electron theory of metals: 1900-28, Proceedings of the Royal
Society of London. A. Mathematical and Physical Sciences 371 (1980),
no. 1744, 8–23.

[HL94] Wen Chu Huang and Juh Tzeng Lue, Quantum size e↵ect on the opti-
cal properties of small metallic particles, Physical Review B 49 (1994),
no. 24, 17279.

[HLO07] Joel Henzie, Min Hyung Lee, and Teri W Odom, Multiscale patterning
of plasmonic metamaterials, Nature nanotechnology 2 (2007), no. 9,
549–554.

[HO77] J Hubbard and L Onsager, Dielectric dispersion and dielectric friction
in electrolyte solutions. i., The Journal of Chemical Physics 67 (1977),
4850.

[Hol59] Th Holstein, Studies of polaron motion: Part i. the molecular-crystal
model, Annals of Physics 8 (1959), no. 3, 325–342.

[HS03] Encai Hao and George C Schatz, Electromagnetic fields around silver
nanoparticles and dimers, The Journal of chemical physics 120 (2003),
no. 1, 357–366.



References 141

[HT12] Ulrich Hohenester and Andreas Trügler, Mnpbem–a matlab toolbox for
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