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Transport Theoretical Studies of Some
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Abstract

This dissertation is a report on theoretical transport studies of two systems of vastly
different sizes. The first topic is electronic motion in quantum wires. In recent years, it
has become possible to fabricate wires that are so small that quantum effects become
important. The conduction properties of these wires are quite different than those of
macroscopic wires. In this dissertation, we seek to understand scattering effects in
quantum wires in a simple way. Some of the existing formalisms for studying trans-
port in quantum wires are reviewed, and one such formalism is applied to calculate
conductance in some simple systems. The second topic concerns animals which move
in groups, such as flocking birds or schooling fish. Exact analytic calculations of the
transport properties of such systems are very difficult because a flock is a system that
is far from equilibrium and consists of many interacting particles. We introduce two
simplified models of flocking which are amenable to analytic study. The first model
consists of a set of overdamped Brownian particles that interact via spring forces. The
exact solution for the probability distribution is calculated, and equations of motion
for continuous coarse-grained quantities, such as the density, are obtained from the

full solution. The second model consists of particles which move in one dimension
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at constant speed, but which change their directions at random. The flipping rates
are constructed in such a way that particles tend to align their directions with each
other. The model is solved exactly for one and two particles, the first two moments
are obtained, and equations of motion for continuous coarse-grained quantities are
written. The model cannot be solved exactly for many particles, but the first and
second moments are calculated. Finally, two additional topics are briefly discussed.
The first is transport in disordered lattices, and the second is a static magnetic model

of flocking.
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Chapter 1

Introduction

In our everyday lives we encounter many objects, both large and small, that move from
one place to another. Several tools have been developed over the years in transport
theory, the branch of statistical physics dealing with entities in motion, which are

useful for modeling such objects.

This thesis is in two parts. In the first part we study the motion of very small
objects: electrons moving in tiny wires with sizes on the order of hundreds of nanome-
ters to microns. In the second part, we look at much larger objects: animals, such as

birds or fish, moving together in groups.

One way to model electronic motion in solids is to simply treat the electrons and
ions as point particles and apply kinetic theory to calculate the desired transport
properties. This is the basis of the Drude-Sommerfeld theory described in many
textbooks on solid state physics (for example ref. [I]). In such a theory, the heavier
ions are assumed to be stationary, and the electrons move in straight lines according
to Newton’s laws until they collide with an ion and scatter. Long range electron-
electron interactions and electron-ion interactions are ignored, and collisions happen

instantaneously with a constant probability per unit time.
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In this simple picture, the current density J in the solid is directly proportional

to the applied electric field E,
J=0E (1.1)

where the proportionality constant o is called the conductivity. This relation is simply
Ohm’s law, which can be written in terms of the total current I and the voltage

difference V across the conductor as
I =GV. (1.2)

The proportionality constant G is called the conductance and for a three-dimensional
conductor is related to the conductivity by

gA

G=7

(1.3)

where A is the cross-sectional area of the conductor and L is its length. In the
Drude-Sommerfeld model, the conductance o is independent of the dimensions of the

conductor, but the conductivity G is not.

Although the largely classical Drude-Sommerfeld theory has been relatively suc-
cessful in qualitatively describing some of the observed properties of macroscopic
solids, in the past few decades it has become possible to fabricate devices which
are so small that the crude form of the theory must be abandoned in favor of more

sophisticated quantum mechanical models.

Quantum mechanics tells us that electrons and ions are certainly not point par-
ticles with definite position and momentum; they must instead be described by a
wavefunction. In macroscopic conductors, electrons scatter many times, and after
they have traveled a distance which is small compared to the size of the conductor
any information about the phase of their wavefunctions is destroyed and interference
effects are washed out. This is not the case in small high mobility conductors where

electrons are only scattered a few times, or not at all, as they move through the
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device. The conductance in very small systems with low scattering can therefore be
quite different than in macroscopic systems. For example, in a ballistic conductor
(i.e. a conductor in which the electrons move without being scattered at all), the
conductance G is not proportional to the width of the device, as it is in the classical
expression . Instead, as the width of a ballistic conductor is increased the con-
ductance can remain constant, then suddenly jump to a higher value. This behavior,
called conductance quantization, has been observed experimentally (see refs. [2H4])

and is well understood in terms of current quantum theories of transport.

This effect can be seen in devices called heterostructures, which consist of two
different materials, such as GaAs and GaAlAs, in contact with each other. If the two
materials have different electrochemical potentials, when the two materials are put in
contact with each other, in order to equalize the electrochemical potential, electrons
spill over and the bands “bend” at the interface. In some cases, the conduction band
edge on one side of the interface can dip below the electrochemical potential, resulting
in the formation of a high mobility two-dimensional electron gas at the interface. The
device can be made into a field-effect transistor by etching a gate onto the structure.
The effective width of the conductor, and thus its conductance, can then be varied

by changing the gate voltage.

A topic of present interest in the literature is when the electronic motion is neither
completely ballistic nor completely classical. The subject of Chapter [2]is a review of
some of the existing formalisms developed by various authors for studying quantum
transport, and the origin of conductance quantization in ballistic conductors will be
addressed. In Chapter[3] one of these formalisms, the Landauer-Biittiker transmission

theory, will be applied to some simple one-dimensional systems with scattering.

The second part of this thesis concerns motion on a much larger scale. It is often
advantageous for biological organisms to move together in cohesive groups. This is
termed flocking or collective motion and occurs in many different kinds of biological

systems such as the motion of bacteria [5HI0], flocking of birds [IIHI5], schooling of
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fish and other marine life [I6H19], insect motion |20, 21], and even human behavior

122, 23).

The problem of collective motion presents several interesting challenges from a
theoretical perspective. A flock is a non-equilibrium system consisting of a large, but
finite, number of objects which can interact in complicated ways. Furthermore, since
the constituents of flock are biological organisms, they can sometimes move in ways
which are difficult to predict. These challenges can make analytic calculations of the

transport properties quite difficult.

One method of avoiding the difficulties of analytic calculations is to simply perform
numerical simulations. Typically, one begins with a model of individual behavior (i.e.
a description of how each member of the flock moves and interacts with others),
simulates this behavior on a computer, and looks at the results. The quantities of
interest are usually coarse-grained quantities such as the average position and velocity
of the whole flock, its size, its angular momentum, and whether or not there is a phase
transition from coherent to incoherent motion. One disadvantage of this approach
is that if the parameters of the individual-level model (such as interaction strength
between individuals or amount of noise) are changed, the simulation must be run

again.

An example of an individual-level model is the one devised by Mikhailov and
Zanette [24]. In this model, the members of the flock are taken to be point particles
which move in one dimension. Biological entities like birds and fish are able to propel
themselves, so in this model each particle is subject to a force which drives its speed
to a constant, nonzero value. The particles interact simply via spring forces which
pull all particles toward all others. Finally, a stochastic force is added to account for
random perturbations. The equation of motion for the evolution of the position of

the mth particle is

G (2, — 1)y, + % S (@ — 2a) = T(2). (1.4)
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The first term is the acceleration of the particle, the second term is the self-propulsion
force, the third term is the interaction forces, and I',,(¢) is the stochastic force. This
model is relatively simple, but the presence of nonlinearity in self-propulsion term

makes an exact analysis impossible.

The aim in this thesis is to construct two highly simplified models of collective
motion, and use tools from statistical physics to calculate analytically their transport
properties. The subject of Chapter [4is a model of collective motion with a centering
interaction, and the subject of Chapter |5 is a model of collective motion with an
alignment interaction. The precise meaning of the terms centering and alignment

will be made clear in Chapter

In Chapter [6] two final topics will be briefly discussed, followed by some closing
remarks. The first of these topics is motion in disordered lattices, and the second is

a magnetic model of flocking with focus on static analysis.



Chapter 2

Review of Some Existing

Formalisms of Quantum Transport

2.1 Introduction

In this chapter several existing formalisms which have been used in the literature
to study electronic quantum transport will be reviewed, beginning with the trans-
mission formalism developed by Landauer [25H27] and others [28H30] (for a textbook
introduction to the subject, see ref. [31]). Landauer’s first paper on the subject was
published in 1957, but the connection between transmission and conductance was not
well understood until further publications in the 1970s and 1980s. Here we will first
show the derivation of the well known expressions for the current in one-dimensional
(1D) and quasi-1D ballistic conductors and obtain the relationship between conduc-
tance and transmission for a 1D conductor with elastic scattering. We then show
how the transmission can be calculated from the single-particle Green’s function and

explain the connection to the non-equilibrium Green’s function formalism.

Next we will discuss a formalism based on quantum quasi-distribution functions

known as Wigner functions [32], emphasizing their similarity to classical distribution
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functions. Although Wigner first introduced the functions in 1932, it was not until
the 1980s that authors began to apply Wigner functions to study quantum transport
in mesoscopic devices [33-37]. Here we will provide a brief description of Wigner
functions and their properties. Next, we calculate the conductance of a quasi-1D
ballistic conductor from the Wigner function and show the conductance obtained in

this fashion is equivalent to the Landauer result.

Thirdly, we review an approach for studying current flow of arbitrary degree of
coherence in scanning tunneling microscopes developed by Kenkre, Biscarini, and
Bustamante in the 1990s [38-43]. The basic formulas for the current will be derived
here, and it will be shown how partially coherent motion can be modeled with a

generalized Master equation.

Finally, we briefly discuss an approach developed by Lyo and Huang in the early
2000s which uses a formal solution to the Boltzmann equation for studying different

kinds of scattering [44H47].

2.2 Transmission Formalism

One intuitively expects the resistance of a device to depend on the ease with which
carriers may pass through the device. If it is difficult to move a carrier through the
device, for example due to the presence of scatterers, it is reasonable to expect a higher
resistance than if there were no scattering. For a device in which carriers are only
scattered elastically, this idea can be made more precise by introducing a quantity
called the transmission function. The transmission function T'(F) is defined as the
probability that a carrier with energy E incident from one terminal will pass through
the conductor and reach the other terminal. The transmission formalism developed
by Landauer, Imry, and Biittiker and others indeed expresses the current, and thus

the conductance, in a simple way in terms of the transmission function [25-30].
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Several review articles [48-50] and books [29 [31, GIH53] are available on the
subject. We will follow here mainly the standard development as in Datta [31].
First, a 1D conductor in which the charge carriers are not scattered at all will be
considered. Surprisingly, the conductance G = 1/R is found to be finite. It will
be seen that this finite conductance is a result of the coupling to the contacts. The
result is then generalized to a two-dimensional conductor in which the carriers are
confined in the dimension perpendicular to current flow. Finally, formulae relating

transmission to conductance will be obtained in the 1D case.

2.2.1 1D Ballistic Conductor

Consider now the 1D conductor in which carriers move ballistically (without scat-
tering). The device must be connected to at least two reservoirs for current to flow
through it. Suppose that one end of the device is connected to a source reservoir
held at constant temperature 7" and electrochemical potential ug, and the other end
is connected to a drain reservoir held at temperature 17" and electrochemical potential
wp. We will take the source reservoir to be on the left of the device and the drain
reservoir to be on right of the device. The difference in electrochemical potentials is

related to the voltage difference ¢ by

fis — fhp = q¢ (2.1)

with ¢ being the carrier charge. This difference in chemical potentials is responsible for
the injection of carriers into the device from the source reservoir and the corresponding
removal in the drain reservoir, causing a net flow of current. The conductor will never
reach electrochemical equilibrium with either of the reservoirs, but arguments can be
made about which states in the conductor are filled when a steady state is reached. It
is generally assumed that a rightward moving carrier may exit into the drain reservoir
without being reflected, and that similarly a leftward moving carrier may exit into the

source reservoir without reflection (see ref. [31] for example for discussion). Under
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this assumption, in the steady state, positive k (rightward moving) states must have
originated in the source reservoir, and are thus distributed according to the Fermi

function at chemical potential pg:

1
Is(B) = I cm—myany

(2.2)

Similarly, in the steady state, all negative k (leftward moving) must have originated
in the drain reservoir and are distributed according to the Fermi function at electro-

chemical potential up,

1
IolB) = T (2:3)

Knowing the steady state distribution of states in the conductor, the current may
now be calculated. The current carried by a single state with wavenumber k is two
(for spin) times the carrier charge ¢ times the probability current j(k) carried by the

state:

i(k) = 2qj(k). (2.4)

The total current in the conductor is then the current carried by each k state times
the probability that the state is occupied, multiplied by the k-space density of states
pr(k) and integrated over all k. There is no phase relationship between the carriers
originating in the source reservoir and carriers originating in the drain reservoir so
that leftward and rightward moving waves do not interfere with each other. This
allows us to simply add up the currents from the leftward and rightward moving

carriers. The total current carried by the positive k states is

[e.9]

I = / i) fs (B () puk)dk = 2 / J(k) fs (B (k) pi(k) i (2.5)

with F(k) being the energy of a state with wavenumber k. Similarly, the current

carried by the negative k states is

L= [ it E@nia =2 [0 o E@n0d 20
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with a minus sign since the carriers are moving to the left. The net current is then

=2 / RS (ER) — fo(ER)]pu(k)dk. (2.7)

Let us now calculate the probability current j(k) and k-space density of states a
1D conductor. Instead of writing a Hamiltonian which explicitly includes a potential
due to interaction of the carriers with atoms in the lattice, we will take simply a 1D

effective mass Hamiltonian which treats the carriers as free particles,

p2

2m*

H=&+ (2.8)

with & being the energy at the bottom of the band. The mass m* is not the carrier
mass; it is an effective mass which is related to the curvature at the bottom of the
band. In typical solids the band will not be parabolic, but this can still be used as

an approximation near the bottom of the band (i.e. when k is small).

The eigenfunctions of the effective mass Hamiltonian are

eikmw
nla) = (2.9
where
2mm
= 2.1
o= 2 (2.10)

and with L being the length of the conductor and m being any integer. The corre-

sponding energy eigenvalues are

n*k? h*(27m)?
E(k,,) = mo_ gy LT 2.11
G A Tl S (2.11)
The probability current is given by [54]
, h My, o hk,,
) = * O e ) = m 1
3 (Fm) 2m*i (wm ox v ox ) m*L (2.12)

In the limit as L becomes large, the discrete set of k states becomes a continuum, and

sums over states m can be converted to integrals over k via the usual prescription

L
— [ dk 2.1
> — 27r/ (2.13)

10
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so the k-space density of states is

L

:%‘

P (k) (2.14)

Using these, the current becomes

L h
[ =2g—
q27rm*L

/0 “Us(B(R)) - fo(E(k))kdk. (2.15)

This can be converted to an integral over energy using

dE 1’k
dk — m*’

(2.16)

The current is finally

_2q %

I
h Je,

[fs(E) — fp(E)]dE. (2.17)

In deriving this result, we have used a parabolic effective mass band; however, similar
calculations can be done for other systems. For example, if the conductor consists of
a 1D tight binding chain the result is the same, except the upper bound of the energy
integral becomes the upper band edge energy [53].

In the limit of zero temperature, the Fermi functions are step-like so states with
energies below the electrochemical potential are filled and states with energies above
p are empty. Thus, if the electrochemical potentials g and pp are below the energy
at the bottom of the band &, then the reservoirs are unable to inject any electrons
into the conductor, and no current flows. If however the electrochemical potentials

are greater than &, then we have

2q 2¢°

I'=~"(ps —pp) = - (2.18)

and thus the conductance is
G=-=—=0G,. (2.19)

The quantity Gy = 2¢?/h when ¢ is taken to be the electron charge is sometimes

known as the “quantum of conductance” for reasons which will soon become clear.

11
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The numerical value of 1/Gj is approximately 12.9 k{2 and represents the minimum

possible resistance for a 1D conductor.

It should also be noted that in this limit, only carriers with energies between g
and pp are responsible for current flow. Although leftward moving states are filled
below pp, their current flow is exactly canceled by filled rightward moving states

below pp.

Why is the resistance nonzero if the charge carriers move ballistically? A thorough
discussion and explanation of this point may be found in the literature. Authors such
as Imry [29] have pointed out that the resistance in fact depends on how the voltage
difference ¢ is measured. If the voltage difference is measured between two different
points inside the conductor, then it is found to be zero, and thus the resistance is also
zero. However, the resistance is nonzero if the voltage difference is measured between
two points in the source and drain reservoirs, as we have defined it to be. For this
reason, this resistance is sometimes known as the “contact resistance” since it arises
from coupling to the contacts. Although carriers may exit from the conductor into
the reservoirs without scattering, the reverse is not likely true [31]. The source and
drain reservoirs typically contain many more states than the conductor, and thus
some carriers in the reservoirs must be reflected back rather than entering into the

conductor, resulting in a finite resistance.

2.2.2 Mutli-Mode Ballistic Conductor

Next, consider a two-dimensional conductor in which carriers are confined in the
direction perpendicular to current flow. Coordinates will be labeled x and y, with x
measuring the coordinate along the direction of current flow and y being perpendicular

to . We take an effective mass Hamiltonian of the form

2 2

px py
H=—"

2m*+2m*

+V(y) (2.20)

12
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where V (y) is a potential which confines the carriers in the y direction. Again, we
treat the carriers as free particles with an effective mass m* rather than modeling the
interaction with the atomic lattice explicitly. In devices such as field effect transistors,
the strength of the confinement potential V(y), and thus the effective width of the
conductor, may be controlled through use of an electric field. The eigenfunctions are
of the form

eikmm

wm,n(x7y) = ngn(y) (2'21)

with again k,, = 2rm/L for integer m, and ¢, (y) being eigenfunctions of the y part

of the Hamiltonian with eigenvalues &,

2
Py
V)] 6a00) = a0 (2.22)
The corresponding eigenvalues for the total eigenfunctions v,, , are then
nk?
E(ky,n) = T+ & 2.23
(ko) = (223

The energy levels are illustrated in Figure [2.1 Rather than one single parabolic
band, we now have one for each &,. These are sometimes known as “sub-bands”,

“channels”, or “modes”.

The preceding calculation for the 1D conductor may now be repeated for each
mode. In the low temperature limit, every mode which is occupied contributes Gy to

the conductance, thus the total conductance becomes

2
G = Q%M — GoM (2.24)

where M is the integer number of occupied modes which participate in transport, i.e.
the number of modes for which &, is less that pp. The separation between the sub-
band edges may be controlled by changing the strength of the confinement potential
V(y). If the source and drain electrochemical potentials are held constant, this then
changes the number of occupied modes M. The observed conductance thus jumps in

steps of Gy = 2¢*/h. This is the origin of the term quantum of conductance.

13
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Quasi-1D Conductor Energy Levels

Figure 2.1: Example energy diagram for a quasi-1D conductor with multiple sub-
bands. Each line represents a single sub-band.

The same effect can be achieved as the strength of an external magnetic field is
varied. The mechanism for this is similar to the Shubnikov-de Haas effect [55]. In
the presence of a sufficiently strong magnetic field, the electron levels become Landau
levels with energies &, = hw, (n + %) where w, is the cyclotron frequency. As the
strength of the field is increased (or decreased), the separation between successive
sub-bands increases (or decreases). If the chemical potential is held constant, this

causes depletion (or filling) of modes.

This is not a true quantization (as in the case of charge quantization, for example)
because the conductance may be less than GoM, for instance if there is scattering in
the conductor. This “quantization” has been observed experimentally in split gate

heterostructures [21-4].
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Carrier Flow

______________

______________

-
~

Source g Source Lead T(E) Drain Lead Drain pp

Figure 2.2: Tllustration of a how current may be driven through an elastic scatterer.
The scatterer with transmission function T'(F) is connected to two 1D ballistic source
and drain leads. The leads are in turn connected to source and drain reservoirs held
respectively at electrochemical potentials pg and pp.

2.2.3 Relation between Transmission and Conductance

We will now return to the 1D conductor in the presence of elastic scattering and
determine the relationship between the conductance GG and the transmission function
T(E). We follow here again the standard development as given in ref. [31]. The
elastic scatterer is connected to two 1D ballistic leads, which in turn are connected
to reservoirs so that a current may be passed through the device as in Figure [2.2
Charge carriers flow into the leads from source and drain reservoirs held at differing
electrochemical potentials ug and pp. Again, carriers are allowed to exit from the

leads into the source and drain without reflection.

In the source lead, there are:

e Rightward moving (positive k) carriers injected from the source reservoir

e Leftward moving (negative k) carriers which originated in the source reservoir

and were reflected in the conductor

e Leftward moving (negative k) carriers which originated in the drain reservoir

and were transmitted through the conductor

15
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Assuming again that the k states from source and drain have random phases and
thus do not interfere with each other, the total current in the source lead can be
written as the sum of the currents due to incident, reflected, and transmitted beams.
The total current carried in the incident beam I; is then the current carried by each
state k, times the distribution of incoming states from the source fs(E(k)), times the
k-space density of states py(k) and integrated over all positive (rightward moving) k

states:

I =2 / " ) fs(E(E) () dk (2.25)

where fg is again the Fermi function at electrochemical potential pg. Similarly, the

current in the source lead due to the reflected beam is

In=—2 / " RV R(ER)) fs (E(k))pu (k)R (2.26)

with a negative sign since the carriers are traveling to the left, and with R(E(k))
being the probability that a carrier with energy E(k) is reflected. The current in the

source lead due to transmitted carriers originating in the drain is

Ip = —2 / " SRYT(E®R)) fo(E(R)) pr(k)dk (2.27)

with fp(E*) being again the Fermi distribution at the drain electrochemical potential

ip. Adding these, the total current in the source terminal is
=l It Io =2 [ J(BS(ER) - Fo(EOTERpEE (225
0

where we have used the fact that since the scattering is elastic R(E(k))+T(E(k)) =1
(i.e. the carrier must be either transmitted through the conductor or reflected back;

it cannot be absorbed).

Using our earlier results for the probability current j(k) and the k-space density

of states pi(k), and changing integration variables to E, we have finally

=2 [ 1e) 5 - o(B)E: (2.20)
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In the limit of small bias, we can write

{_df_D
dE

1= s o) [ 1)

A } dE (2.30)

Additionally, in the limit of low temperature, —dFp/dE ~ §(E — pp) and we have

approximately
2q
I'=="(us = po)T (1p)- (2.31)

The conductance is then

I 24
G=75= %T(MD) = GoT(up). (2.32)

This formula relating the conductance to the transmission function is the simplest
version of what is known as the Landauer formula [26]. As expected, a higher trans-
mission means a higher conductance, with the ballistic result being recovered in the

limiting case T = 1.

In the case where there are multiple sub-bands, such as the two-dimensional con-
ductor discussed earlier, then the generalized version of the Landauer formula (when

potential difference is measured between the reservoirs) is
G = GoTr(tt") (2.33)

where t is the matrix of transmission amplitudes.

More generalizations may be displayed, in particular there is a formula for mul-
tiple terminals derived in ref. [28]. Phase breaking scattering processes can then be
incorporated into the theory by introducing a “scattering” terminal which removes
electrons and reinjects them with different energies. The transmission formalism has
been successfully applied in the literature to understand conductance in mesoscopic
semiconductors. In the following chapter, the transmission formalism will be applied

to calculate the conductance for various kinds of elastic scatterers.
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2.2.4 Transmission and the Green’s Function

So far we have not yet discussed how the transmission function 7'(F) can be calcu-
lated. One simple method, oft found in quantum mechanics textbooks (see ref. [54]),
is to take an incoming wave of the form e**? to the left of the scatterer, a reflected
wave re” " to the left of the scatterer, and a transmitted wave te’** to the right of
the scatterer. The amplitudes r and ¢ are then calculated by matching the wavefunc-
tion at the boundaries of the scatterer so that the Schrodinger equation is everywhere
satisfied. If the group velocities are the same on either side of the scatterer, the

transmission and reflection functions are R = |r|* and T' = [¢[*.

In certain cases, it may be more convenient to calculate the transmission function

from the single-particle Green’s function. The Green’s function is defined as [56]
1
E—H

It can be shown that only the part of the Green’s function for the conductor subsys-

G(FE) =

(2.34)

tem (i.e. the elements (m|G(E)|n) where |m), |n) are conductor states) is needed to
calculate the transmission function. The effect of the coupling to reservoirs may be
incorporated into the conductor Green’s function by introducing a complex energy
dependent function 3(F) known as the self energy. This may be done as follows
[56]. Suppose for now that only one contact is connected to the conductor. Divid-
ing the Hilbert space into conductor and reservoir subspaces and writing the total

Hamiltonian for the total system as a block matrix gives

HR ’7'Jr
H— (2.35)

T H,
where Hg and H, are respectively the Hamiltonians for the isolated reservoir and con-
ductor and 7 represents the coupling between reservoir and conductor. The Green’s

function obeys (£ — H)G = 1, so as block matrices,
E—-Hp -t Grr Gre 10

= . (2.36)
7 E-H.) \Gr G 01
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Multiplying the two block matrices on the left hand side,

(E - HR)GRR + TTGCR =1 (237)
(E - HR)GRC + TTGCG =0 (238)
TGRrr + (E — HC)GCR =0 (239)

TGre + (B — H)Gpo = 1 (2.40)

If we are only interested in the part of the Green’s function for the conductor subspace,

G, we can combine the second equation with the fourth equation to write

1
Gcc(E) = E—H,— E(E) (2'41)
with the self energy 3 (F) given byE|
S(E) = 7Gg7! (2.42)

where G is the Green’s function for the isolated reservoir, Ggr = [E — Hg|™*. In the
case where multiple terminals are connected, it may be shown that the resulting self

energies add, provided that the leads do not interact with each other.

The transmission function 7'(E) may be expressed in terms of the conductor
Green’s function, even when there are multiple terminals and multiple channels per
lead. The details of the derivation may be found in textbooks such as [31], 56]. For

the special case of two terminals, the result is
T(E) = Tr{T'sGT pG'} (2.43)

where the trace runs over conductor states and the quantities I' are related to the self

energies by

I'(E) =i[%(E) — X1(E)]. (2.44)

"When H has a continuous spectrum, G has a branch cut along the real axis and must
therefore be defined through a limiting process. In these expressions, G(FE) should be taken
to mean G (E) = lim,_,o+ G(E + in) [56].
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This is sometimes known as the Fisher-Lee relation [57].

In addition to providing another way to calculate the transmission function, this
relation also connects the transmission theory to the non-equilibrium Green’s function
(NEGF) formalism. The NEGF approach, developed by Keldysh [58], Kadanoff and
Baym [59], and others, is completely equivalent to the transmission theory when the
motion is coherent. However, rather than incorporating incoherent scattering effects
phenomenologically as in the Landauer-Biittiker theory, scattering can be modeled
microscopically. Scattering is introduced into the Green’s function through additional
self energy terms . As the Green’s function depends on the self energies, these self
energy terms typically will depend on the Green’s function itself. This necessitates

an iterative procedure whereby a self-consistent solution can be arrived at.

2.3 Wigner Function Approach

Although the transmission theory and the NEGF formalism have been successfully
used in the literature, they are quite different from the classical theory of conduc-
tance based on the kinetic Boltzmann equation. Some authors have used so called
Wigner functions to study quantum transport because of certain similarities to clas-
sical transport theory. A Wigner function, first introduced by Eugene Wigner in 1932
[32], like the classical probability distribution, is a quantity defined on phase space,
yet it completely describes the quantum state of the system. It obeys an equation
of motion which is similar to the semi-classical Boltzmann transport equation, and

observables are calculated in a similar manner.

Many review and tutorial articles are available in the literature, see refs. [60-64]

and references therein. We follow here a similar development as in ref. [64].

In classical transport theory, the state of a system can be described by a distribu-

tion function f(x, p,t) defined on phase space which describes the density of particles

20



Chapter 2. Review of Some Existing Formalisms of Quantum Transport

with position x and momentum p at time ¢. The time evolution of the distribution

function f is governed by the Boltzmann equation [65],

of of
WP G+ V= (at)cou (2.45)

where the term on the right hand side accounts for the change in the distribution
function due to collisions. To find the expectation value of an observable quantity
O(x, p), the distribution function is multiplied by the observable and integrated over

all phase space,
://O(X,p)f(x,p,t)dxdp. (2.46)

In a quantum system, because of the uncertainty principle, the momentum and
position of a particle cannot be simultaneously specified, and the semi-classical dis-
tribution function f cannot be used. Instead, for a quantum mechanical system in
a statistical mixture of states, the density operator p is used to describe the com-
plete state of the system. The density operator may be defined as (see any standard

quantum mechanics textbook, e.g. [54])
P = me|¢m><¢m| (247)

where p,, is the statistical weight to find the system in state |t/,,,). In the Schrédinger

picture, states evolve as
[ (1)) = e |(0)), (2.48)
so the density matrix evolves as

= > e (0) (Y (0) | (2.49)

Taking a time derivative, we have

- (GO O] = o) (0] ) (2.50)
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The density operator thus obeys

ap 1

= —[H.p. (2.51)

This is the quantum mechanical analogue of the Liouville equation and is known as

the von Neumann equation or Liouville-von Neumann equation.

For a system in a pure quantum mechanical state |1), the expectation value of
an observable O is given by (O) = (¥|O|¢)). When in a statistical mixture of states,
the expectation value is averaged over possible states, weighted by the statistical

probability to be in each state,
(O) = P (W] Oltn). (2.52)
Inserting a complete set of states, (assuming the [i,,) are normalized so that
(Ym|n) = Omn), we have

<O> = me<wm|0|1/’n><wn’1/’m> = an<¢m|0|¢n> <wn|wm> (2'53)

where p,, has been substituted for p,,, which is valid since the only nonzero terms in

the double sum have m = n. Using the definition for the density operator, this is just

(0) = 3 (WnlOplim) = Te{Op) (2.54)

m

where Tr denotes the trace.

The statements made thus far apply in any representation. If we have a set of

position states, |x), such that
(x|x'y = d(x — x') (2.55)
and for any state [1(t)),

(x[v(t)) = ¥(x,1), (2.56)
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the density operator may then be defined as a function of two position variables (and

time) via
p(x, X, t) = (X|plx) = me@/) (%, 1) ¢m (X', 1). (2.57)

The Wigner function in d dimensions is defined by changing to mean and relative
coordinates, and Fourier transforming on the relative coordinate,

1

W(x,p,t) = W

/ px+y,x —y 1) ®¥/gly, (2.58)

To derive the evolution equation for the Wigner function, the von Neumann equa-
tion in the position representation will first be written and then transformed to obtain
the evolution equation for the Wigner function. Using equation (2.57)), the von Neu-

mann equation becomes

) Y 0
ihop(x, X', 1) = Zm: Pm {ihwm(X’, )5 Um (36, 1) + 0], (%, 8) = Um (X', 1)

(2.59)

For a Hamiltonian of the form H = p?/(2m) + V(x), the Schrodinger equation and

its complex conjugate can be used to rewrite this as

Zhapxxt meM— —V(x))

+(;%V$+Wf0}%QJWMfﬁ- (2.60)

Again using equation (2.57)), the von Neumann equation in the position representation
is

6 h2 2 h 2 /

(915'0(}( X' t) = ——V o T —V + V() = V(x)| p(x,x',t). (2.61)

Changing to centered and relative coordinates, this is

0 n?
gl yox = 3.0 = [T Ty 4 Vix-y)

— V(x+y)} p(x+y,x—y,t) (2.62)

23



Chapter 2. Review of Some Existing Formalisms of Quantum Transport

Fourier transforming, integrating the first term by parts and using the convolution

theorem for the second term, the evolution of the Wigner function is finally given by

ow P
- = o VsV p,t) + /X(X,p —p)W(x,p, t)d’p’ (2.63)
with y given by

\(xp) =~ (W;)d / V(x—y) = V(x+y)e ™Y/ dl. (2.64)

oh
This equation, known sometimes as Moyal’s evolution equation [66], is superficially
similar to the Boltzmann equation , except now with a term which is nonlocal
in momentum space. Again, since all transforms are invertible, this is completely
equivalent to the fully quantum von Neumann equation, thus this equation completely
describes the evolution of the quantum system. Additional terms may be added to

account for incoherent scattering effects.

Next, it will be shown how the expectation value of any observable can be calcu-

lated. Starting from ([2.54)), and taking the trace over position states,

(0) =Tr{Op} = /(X|Op]x>ddx. (2.65)

Inserting a complete set of position states,

(0) = //(x]O\x’><X’\p\x>ddxddx’. (2.66)

Next, changing to centered and relative coordinates,

©) =2 [ [ 10— y)x = ylobe + y)dixy. (2.67)
Using the properties of Fourier transforms, this can be rewritten as

(0) — / / O(x, p)IW (x, p, £)d’xd’p (2.68)
where O is said to be the Wigner-Weyl transform of the operator O, defined by

O(x,p) = 2 /<X — y[Olx + y)e* ¥/ dty. (2.69)
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Equation (2.68]) is analogous to the classical expression (2.46)) used for calculating

observables.

To apply the Wigner function formalism to quantum transport, one must solve
equation subject to appropriate boundary conditions. In [51] the problems of
specifying the correct boundary conditions are discussed, and it is suggested that an
appropriate method is to extend the domain of the problem far from the source of
quantum effects (i.e. into the reservoirs) so that a semi-classical distribution may be
used at the boundaries. In the literature, the Wigner function formalism has been
successfully applied by a few authors to simple systems, such as the 1D resonant

tunneling diode (RTD), in particular see [33-37].

Next, the equivalence of the Landauer transmission theory and the Wigner func-
tion theory for the two-dimensional ballistic conductor discussed earlier will be demon-
strated. Instead of solving (2.63) directly, the steady-state Wigner function can be
found from the steady-state density matrix. Knowing the Wigner function, the cur-
rent can then be calculated using (2.68). The result is equivalent to the Landauer
result.

Starting with the same effective mass Hamiltonian,

2
2 py
H=_—"“ 4 —
2m*  2m

recall that the rightward moving k states are filled according to the source distribution

-+ V(y) (2.70)

function, and leftward moving k states are filled according to the drain distribution

function. The steady state density matrix in the position representation is then

1 o . ,
pleX) = oo Z / fs(Eum) G2 (W) Oy Ve,

Z/ FD(Eren) 04 (y)bn (v e~ dk, (2.71)

with &, ., = h*k?/(2m*) + &, being the energy eigenvalue associated with a state
ik

Vi (T, y) = \/Zcbn(y) (2.72)
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with ¢,(y) an eigenfunction of the y part of the Hamiltonian with eigenvalue &,.

Changing coordinates, this becomes

p(x+u,x —u) =5 Z/ F5(Erp )b (y + ) b (y — uy e~ 25 dk,

S [ ol )ty e,

Fourier transforming, the Wigner function in the steady state is

W (x,p) hz F5(Epusnn)O(02) + 0 (Epoynn)O(=p2)] Waly, py)

(2.73)

(2.74)

where © is the Heaviside step function and W, is the Wigner function associated with

the nth eigenfunction of the y Hamiltonian ¢, (y),

Wy, py) = /qb (y + ) dn(y — uy)e2 P/ Mduy,,.

The current operator is

2q

I =
m*L

— 7 Pz

and its Wigner-Weyl transform is

2q

I(x,p) = hé(py) —ps

We then have for the current

fD (gpr 7n)]pcc dp.

Converting to an integral over energy gives

2q o
> / AE) ~ FolE e,

In the low temperature, low bias limit, this reduces to the Landauer result,

(1) = 2 s — o).
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Although the current depends only on the number of occupied sub-bands at a
particular energy, not the specific form of the y part of the Wigner function, we
display here the Wigner functions W, (y, p,) for the two most commonly used types

of confinement: square well and harmonic.

2.3.1 Wigner Functions for Infinite Square Well Confinement

For the infinite square well the potential is

0 if0<y<lL,
V(y) = (2.81)

oo otherwise

and the eigenfunctions are
1/lsin<“—7fy) if0<y<L
Ly Ly y
Pnly) = (2.82)
0 otherwise

with energies

2.2
nreo,

- ' 2.
" 2m*L§n (2.83)
The associated Wigner functions are [67]
n\Y, Dy whL, A(py/h —nm/L,) 4(py/h + nr /L)
2n7ry> sin(2pyy/h)}
— oS8 2.84
< L?/ (pr/h) ( )

for y < L,/2 and W, (y,p,) = Wy (Ly — y,py,) for y > L, /2. The functions W,,(y, p,)
are plotted for n = 1 through n = 4 in Figure (2.3).

2.3.2 Wigner Functions for Harmonic Confinement

For harmonic confinement, we have for the potential
1

Viy) = gm'e’y’ (2.85)
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and the eigenfunctions are [54]

y 1/4
m*w 1 m*w 2 /052
N — - —mwy?/2h
On(y) ( purs ) T"n!H ( 5 y) e

where H,, is the nth Hermite polynomial. The energies are

E, = (n—l— %) hw.

The corresponding Wigner functions are [61]

- 4H(y, py)
—1)re 2y /ho Py
(=1)% o

Wn(y7 py) =

S

where L, is the nth Laguerre polynomial and

_ pZZJ 1 * 2.2

Explicitly, the first few are

Wo(y, py) = +ze*2H(y,py)/nw’

SN S

4H
Wiy, py) = —ge e {_M + 1} )

2 hw

2
Wa(y, py) = +%e2H<yvpy>/hw [1 <4H(%Py)) 9 (_4H(y,py)) n 1] .

The functions W, (y, p,) are plotted for n = 0 through n = 3 in Figure (2.4).

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

2.4 Kenkre, Biscarini, Bustamante Scanning Tun-

neling Microscope Formalism

Motivated by a desire to understand partially coherent transport in scanning tunnel-

ing microscope (STM) junctions in a simple fashion, Kenkre, Biscarini, and Busta-

mante formulated a theory of quantum transport using generalized Master equations
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(GMESs) to study transport of with an arbitrary degree of coherence [38-43]. Scatter-
ing effects are not modeled microscopically; they are instead introduced phenomeno-
logically through the use of stochastic Liouville equations (SLEs). One advantage of
this approach is that one can make use of several exact solutions to SLEs that have

already been published in the literature (see for example refs. [68-70]).

2.4.1 Derivation of Formulae for Calculating Current

The current will be calculated here for the simplest case, following the same procedure
as described in detail in ref. [41], but relaxing the assumption that there is no transient
net buildup of charge in the conductor. Suppose we have a conductor which consists of
a discrete set of states with labels m. When the conductor is isolated (not connected
to any contacts), suppose that the probabilities obey a generalized Master equation

(GME), i.e.
t
% -3 / Ay (E— ) P (#)dE. (2.93)
n 0

Later in this section, it will be shown how a GME may be used to model coherent
(quantum mechanical) motion, incoherent (classical) motion, and partially coherent

motion.

Next, suppose that only a single state m = S is connected to a source reservoir
and a single state m = D is connected to a drain reservoir. The source and drain will
be assumed to be held at equal temperatures, but differing electrochemical potentials
is and pp. This results in a flow of probability into the source state at a rate which
will be denoted Rgs(t), and a removal of probability from drain state at a rate Rp(t).
In the steady state, there should be no accumulation of charge, thus Rg(t) = Rp(?)
at long times. The steady state current is then the carrier charge ¢ times the number

of carriers n. times the probability flux out of the conductor,

I(t) = gqn.Rp(t) = qn.Rs(t). (2.94)
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When the conductor is connected to source and drain terminals, the generalized

Master equation for the open system becomes

dP,, ! ND (e 18
W _ zn: /0 Ayt = ) Pu(t') 08 + 6.5 R (1) — S Rio(2). (2.95)

Laplace transforming, this is

Py (€) = Prn(0) = = Apn(€) Pa(€) + 0 s Rs(€) — 6m.n R (e) (2.96)
where the Laplace transform of a function f is

f(e) =LAf(t)} = /000 f(t)e dt. (2.97)

The solution is
]Sm(e) = Nm(€) + ns(€)Rs(€) — I,p(€)Rp(e) (2.98)

where 7, is the solution to the Master equation for the isolated conductor,
i (€) = > Tna(€) P 0). (2.99)

The IIs are the propagators of the isolated conductor, i.e. Il,,,(t) is the probability of
finding the particle at state m at time ¢ given that it began at state n. The Laplace
transformed propagators II,,,(¢) are given in terms of the rates A,,,(¢) through the

matrix equation

TI(e) = [el + A(e)] L. (2.100)

To proceed, the form that the rates Rg and Rp should take must now be deter-
mined. The rates must depend on the probabilities in some way, since for example
if the conductor were in equilibrium with only the source (or drain), then Rg (or
Rp) should vanish. Ideally, this dependence on the probabilities should be linear.

The interaction with the reservoir should attempt to drive the state connected to the
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reservoir to its thermal value. Thus, it is reasonable to assume that the rates should

take the simple form

Rs(t) = w, (2.101)
Ts
Ro(t) = —w. (2.102)

Here P is the probability to find a carrier at the source state S if the conductor
were in equilibrium with the source reservoir alone. P& is similarly defined; it is the
probability to find a carrier at the drain state D if the conductor were in equilibrium
with only the drain reservoir. 79 and 7p are constants with the dimensions of time
which describe respectively the strength of the coupling to the source and drain

reservoirs, with a smaller 7 meaning a stronger coupling.

Returning to (2.98)) and writing out explicitly the equations for m = S and m = D
gives

ps(G) = 775(6) + ﬁgs(E)Rs<€> — ﬁSD(E)RD(G), (2103)

PD(E) = ﬁD(E) + ﬁps(ﬁ)és(ﬁ) — ﬁDD(E)RD<€>. (2104)

Equations (2.101)) and (2.102)) may now be used to eliminate Ps and Pp in favor of
Rg and Rp, giving

PP /e — 4Rg(€) = 7g(€) + Hss(e)Rg(€) — Hsp(e) Rp(e), (2.105)
th/E —+ TDPLD(E) = T~]D(€) -+ ﬁDS(G)Rs(E) — ﬁDD(E)RD(G). (2106)

This is now a set of two coupled equations in two unknowns, the rates Rg and Rp,

which we may be easily solved. After some rearrangement,

—(ﬂgs(E) + TS)RS(E) + fISD(e)RD(e) = [fis(e) — P&/, (2.107)
—Mps(e)Rs(e) + (Mpp(e) + mp)Rp(e) = [Aip(e) — P /e]. (2.108)

Using Cramer’s rule to solve this system gives the rates explicitly in the Laplace
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domain,
Ree) = [in(€) — Pp'/e] [ﬂSD(f)] — [7s(e) = P/ [ﬁ~DD(€) + TD]J (2.100)
pp(e) + 7p][lss(e) +7s] — Hsp(€)llps(e)
Rp(e) = [1n(€) — Pp'/e] [Lss(e) + 7s] — [11s(€) — P§h~/€] ps(e)] (2.110)
pp(e) + mp][Mss(€) + 7s] — Hsp(€)ps(e)

The steady state current may now be obtained using the final value theorem for

Laplace transforms,

lim f(t) = limef(e). (2.111)

t—00 e—0

For Rg we have

Re(00) = lim 1200 = PELsp(9] — [eils(e) = P ellop(e) + e

_ - S ~ (2.112)
e—0 E[HDD(G) + TD] [HSS(E) + TS] - 6HS’D<€>HDS(€)

where we have multiplied top and bottom by e.

If the conductor were isolated, we should expect it to reach the same final state
regardless of whatever the initial condition is. Using the same notation as (ref), let
N = limy 0 N (t) = lim_g €7, (€) be the probability to find a particle at state m at
long times in the isolated conductor. We may then write

lim €IT,,,,, (¢) = 0t (2.113)

e—0

again since the final state is independent of initial condition. This should hold pro-
vided that any state m may be reached from any other state n (i.e. there are no
states or sets of states which are totally cut off from the rest of the conductor). Using
this, we have in the numerator

limerip(€) — Pp[ellsp ()] — [efis(e) — P5][ellpp(e) + eTp]

e—0

=[np — Ppng' — [ns' — P&

=np P§" — 115 Pp' (2.114)
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In the denominator we have

lim [ILpp(e) + 7p][Hss(€) + 75] — ellsp(€)Ips(c)

=lim efIDD(e)HSS(e) — eﬁSD(e)fIDS(e) + ETDﬁSS(e) + ETSfIDD(e) + €TpTy

e—0
= lim ellpp(e)ss(e) — ellsp()llps () + o + Tsmip.- (2.115)

We must proceed with care here since the Laplace transformed propagators have poles
at the origin in the complex € plane, as a consequence of probability conservation in
the isolated conductor. However, due to the preceding argument, we know that the

residue of l:[mn at zero is just the thermal value nﬁj. Thus writing I pp as
pp(e) = [Mpp(e) = np /el +np /e (2.116)
and similarly for Igg, gives
ellpp(e)llss(e) = e[llpp(e) — 1y /el[llss(e) — g /e] + n [ss(€) — n§' /€]
+ 05§ Ipp(e) = /e + npns'/e. (2.117)
Similarly, we have also
el ps () Lsp(e) = e[lIps(e) — nis /el [Tsnle) — /e + nblsn(e) — /e
+ 1§ [Mps(e) — np /] + npns'/e. (2.118)
Subtracting the two yields
ellpp(e)lss(€) — ellps(e)llsp(€) = e[llpp(e) — 05 /| [ss(e) — 15 /e]

— €[lps(e) — np /el[llsp(e) — ng'/e] + 05 [Mss(e) — Msp(e)

+1¢" [Mpp(€) = Mps(e)]. (2.119)
The limit € — 0 may now be taken. The first term (and similarly the second term) on
the right hand side vanishes in the limit since neither I p(€)—n% /e nor I pp(e)—nth /e

have poles at zero (we have subtracted them out). The third and fourth terms may

appear infinite since the II’s have poles at zero; however, [Igg and IIgp have the same
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residue at zero (n%'), thus the difference is finite in the limit. Similarly, the fourth

term also remains finite, and we have
11_{% G[ﬁDD(E) + TD][ﬁgs(E) + Ts] — EﬁSD(E)ﬁDS(E)
= Ugl[ﬂss(()) — ﬁSD(O) + ’7'5] + Ugh[ﬂDD(O) — ﬁDs(O) + TD]. (2120)

Finally, we have for the steady state rate

wyPy — Py
¥ [IIss(0) — Isp(0) + 7s] + n [Ipp(0) — Mps(0) + 7p]
A similar calculation for Rp shows that indeed in the steady state Rp = Rg, as

Rg(c0) (2.121)

expected. The differences of propagators in the denominator may also be rewritten
in terms of time integrals using the fact that from the definition of the Laplace

transform

f(0) = / f(t)dt. (2.122)

0
The result (2.121)) differs slightly from the result obtained by Kenkre, Biscarini, and
Bustamante in ref. [41] due to the face that here it was not assumed that Rg(t) =
Rp(t) for all times. In situations where the source and drain are coupled not to a single
state each, but to multiple states, Kenkre, Biscarini, and Bustamante also obtain

approximate expressions in terms of averages of probability propagators. Details may

be found in ref. [41].

Although this approach may be used for incoherent or partially coherent motion,
we found that it does not reproduce the Landauer result in the fully coherent limit.
The reason appears to be the fact that level broadening of the conductor states due
to the coupling to the contacts has not been included in the STM theory. Such a
possibility is pointed out in ref. [53]. We follow closely that argument in the following,.

Consider a conductor which consists only of a single state with energy &. This
single state is connected to both the source and drain reservoirs. The Master equation

for the evolution of the probability P to find an electron in the conductor is then
dP Pgh — P Pgh — P
- = +
dt T T

(2.123)
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where for simplicity, the time constants have been set equal, 7¢ = 7p = 7. In the
steady state, the probability to find an electron in the conductor is simply the average

of the source and drain thermal probabilities,

Pth Pth
p— % (2.124)
and the rate at which probability flows out of (and into) the conductor is
Pth o Pth
Rp = Rg = % (2.125)
T

From this expression, is appears that an arbitrarily large amount of current could be
passed through the device; however, we have seen earlier that there is a maximum

amount of current that may be passed through a 1D conductor, [,,.x = V Gy.

To see how level broadening can decrease the amount of current that can be passed
through the device, consider the zero temperature limit. In this case P& is zero if
the energy of the conductor state & is above the source chemical potential pug and
one if & is below pg. Similarly P}_i)h is zero for & > pup and one if & < pp. Thus
if & is below both the source and drain chemical potentials, both reservoirs try to
inject electrons into the conductor, and no net current flows. Similarly, if & is larger
than both source and drain potentials, then no current flows since neither reservoir

has electrons with high enough energies to enter into the conductor.

Is is only when the energy of the conductor state is between source and drain
potentials, up < & < ug, that net current flows. However, the stronger the conductor
is coupled to the contacts, the broader its energy level becomes, part of which leaks

out from between up and pg, thus decreasing the amount of current that fows.

This problem also arises in other coherent conductors (this is discussed briefly for
a two site conductor in ref. [39]) where the current is proportional to 1/7. Although
broadening effects can be incorporated into the one level conductor, it remains un-
clear, at least to us at the moment, how they can be included in a Master equation
approach with many sites or energy levels. This remains an issue in the STM for-

malism for perfectly coherent motion; however, in the presence of sufficiently strong
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scattering or phase breaking processes, the contribution to the resistance due to the

coupling to the contacts is typically small and the formulae would become valid.

2.4.2 Generalized Master Equation for Modeling Partially
Coherent Motion

We will now discuss briefly how a generalized Master equation can be used to model
coherent and partially coherent motion following the analyses of Kenkre [68] [71], [72].
We will begin with a discussion of stochastic Liouville equations (SLEs) and show
[73] how they can be converted into generalized Master equations via a projection

technique.

As discussed earlier, the state of a quantum system is described by the density ma-
trix p, which obeys the quantum version of the Liouville equation, the von Neumann

equation,

LOp
ZRE = [H,p]. (2.126)

The diagonal elements py,, = (m|p|m) represent the probabilities to find the system
in a state |m). The off diagonal elements of the density matrix p,,, arise when the
system is in a quantum superposition of states and are related to the relative phases.

To illustrate this, consider a two state system consisting of states |1) and |2).

If an ensemble is prepared in such a way that each member has statistical prob-
ability 1/2 to be in state |1) and probability 1/2 to be in state |2), then the density

matrix is

p= Il + 512)(2 (2127)

If however, the ensemble is prepared so that each member has probability one to

be in a quantum superposition of states |1) and |2) given by

)

75 (2.128)
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then the resulting density matrix is
1 1 1 1
= —|1){1|+ =|1)2] + =(2)(1]| + =|2)(2|. 2.12
p= 2+ 310+ 5l2) (1 + 22 (2,129
The diagonal elements are the same, so an observer measuring in the |1),]2) basis
measures |1) with probability 1/2 and |2) with probability 1/2. The difference here

is that an observer measuring |+) will find it with probability 1 in this case, but only

with probability 1/2 in the previous case.

When the system is put in interaction with a bath or incoherent scattering is
introduced, we should expect the system to evolve toward a classical statistical mix-
ture of states in which the density matrix is diagonal in the energy basis. Thus, one
may approximate the interaction with a reservoir in a simple way by adding to the
von Neumann equation a term which causes the off diagonal elements of the density

matrix to decay, such as [6§]

IPmn
ot

with « being a constant representing the strength of the incoherence, @ = 0 meaning

ih = [H, plmn — tha(l = bmn) Prmn (2.130)
that the motion is perfectly coherent and v — oo meaning totally incoherent, or clas-
sical motion. This is the simplest form of the stochastic Liouville equation. Although
strictly speaking the off diagonal elements should only vanish in the energy represen-
tation, this simple approach may be used approximately in other representations such
as when the |m)s are tight binding states. More sophisticated SLEs exist, and may

be found in the literature (see for example [68-70), [74] [75] and references therein).

We have seen how an SLE may be used to introduce incoherent scattering effects
in a simple phenomenological way. Now let us look at how we can pass [73] from an
SLE to a generalized Master equation to be used in the STM formalism described
above, following the projection approach as described by Zwanzig and Nakajima [76-
78]. First, define a Liouville superoperator £ and write the evolution of the density

matrix as

dp )
—_— = 2.131
5 = iLp (2.131)
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where the action of L on an operator is defined according to the von Neumann equa-
tion or SLE equation being used. For the simple SLE (2.130), £ on an operator f

is

(Lf)mn = (Lof)mn + (Laf)mn = %[H, Flon — (1 = Gy fnm (2.132)

where £y and L, are superoperators which produce respectively the commutator and

the off-diagonal part,

(Lof)mn =

(Laf)mn = —ia(1 = Sn).- (2.134)

[H, flmn, (2.133)

S

Next, define a time independent, idempotent (P? = 1) projection superoperator P.
Since we are interested in the evolution of the probabilities P,, = p,um (in a particular
representation), an appropriate choice is a P which when acted on the density matrix

projects away the off diagonal elements,

(PP)mn = OmnPrmn- (2.135)

We would like write an evolution equation for the projected part of the density matrix
alone, Pp. To this end, we formally solve for the evolution of the remaining part,

(1 —P)p. Applying P and (1 — P) to (2.131)) and writing p = Pp + (1 — P)p gives

%Pp — —iPLPp—iPL(1—P)p, (2.136)
9

a(l —Plp=—i(1=P)LPp—i(1 —P)L(1L—"P)p. (2.137)
Solving the second equation formally for (1 — P)p, treating Pp as an independent
quantity gives
t
(1 —P)p(t) = e EPIEL —P)p(0) — i / e IPIEE) (1 — PYLPp(t)dt'.
0

(2.138)
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Inserting this into the first equation now gives an equation which depends on the

projected part Pp and only the initial condition of the non-projected part (1—7P)p(0),

t
%Pp = —iPLPp—PL / e =PI (1 — P LPp(t)dt + T(t) (2.139)
0

with the initial condition term given by
Z(t) = —iPL(1 — P)e =P — P)p(0). (2.140)

If the initial condition term vanishes or can otherwise be neglected, we have success-
fully obtained a closed generalized Master equation for the probabilities, as we set

out to do. The generalized Master equation can be written in gain-loss form as
d t
—P,(t) = Win(t = )Py (t") — Wi (t — t') P, (t)]dt’ 2.141
7y () zﬂ: /0 Wi (t = ) B (t) (t — 1) Pn(t)] (2.141)

where P, is the probability to be in state m and the quantities W,,,,(t —t’) are known
as the memories or memory functions since they connect the evolution of the system

at time ¢ with the state of the system at earlier times.

For the Liouville superoperator in equation (2.132)), £ = Ly + L., Kenkre showed

in ref. [73] that the total memory is simply the coherent memory function multiplied

by a factor e™, i.e.

Winn(t) = e WP (1) (2.142)

where WY is the memory obtained from the coherent part £, alone.

2.5 Lyo and Huang Boltzmann Equation Solution

Although the semi-classical distribution function does not contain information about
the full quantum state of the system, a Boltzmann equation approach can may be
useful to help understand the effects of scattering in quantum devices. In particular,

Lyo and Huang have applied a Boltzmann equation approach to study the effects of
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different kinds of scattering in quantum wires [44H47]. Their approach, as described

in more detail in [44] and [45] is to begin with a Boltzmann equation,
2T
vt oo > WVisl(gy — 9;)0(& — &) + P+ Q; = 0. (2.143)
j/

Here j is used to represent a set of quantum numbers. For instance, in the two-
dimensional conductor an appropriate set of quantum numbers is the sub-band index
n and the wave number in the direction of current flow, k,. v; represents the group

velocity in the direction of current flow,
1 0€;
V= ——-.
h Ok

The quantities V; j represent matrix elements of the elastic scattering matrix. g; is the

(2.144)

non-equilibrium component of the distribution function, defined implicitly through

fi = fo(&) + gi[—fo (&), (2.145)

fo being the equilibrium distribution function. Additional terms may be added for
electron-electron scattering and electron-phonon scattering. Implicit in writing this
equation are the assumptions firstly that a Boltzmann equation is valid (i.e. that
the off diagonal elements of the density matrix decay quickly) and secondly that
the scattering is small so that Fermi Golden Rule transition rates may be used. A
careful analysis of the particular system under consideration should be performed to

determine the validity of these assumptions.

Lyo and Huang write the conductance in terms of the distribution function g,

2q2 00

=0 ), dg[—fé(g)]z;sugy- (2.146)

Here v are the quantum numbers for which &£, = E, and s, represents the sign of the
velocity for a state with quantum numbers v. Lyo and Huang refer to these points

as “Fermi points”.

Next, they formally solve the Boltzmann equation ([2.143)) and write
2q2 00

G = UL, de[—f5(&)]sTu™'s (2.147)
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where s is a column vector whose elements s, give the sign of the velocity for a state

with quantum numbers v and u is defined from the scattering matrix elements by

L |VV 7//|2 : /
= L fv#£v
Uy = T 1000 7 . (2.148)

— > uipy Upy  Otherwise
One row and column are deleted from u to make the matrix nonsingular, but it is

shown that the result does not depend on the removed part.

Lyo and Huang are then able to calculate the elements of the matrix u to study
how different types of scattering affect the conductance. One interesting result in
particular they have predicted in [44] is the behavior conductance as the strength of
an applied magnetic field is strikingly different when scattering is present than when

the motion is ballistic.

2.6 Remarks

In this chapter several formalisms of quantum transport have been reviewed, each

with advantages and disadvantages, summarized here.

The Landauer-Biittiker theory is popular in the literature for analyzing quan-
tum transport, but incoherent scattering is introduced only phenomenologically. The
NEGEF formalism is valid even for strong bias and incoherent scattering effects may be
modeled from microscopic considerations, but it typically requires iterative numerical

solution.

Wigner functions are desirable because of their similarity to classical distribution
functions, but difficulties can arise when attempting to determine the correct bound-
ary conditions in nontrivial systems. Furthermore, they obey an equation of motion
which is nonlocal in momentum space which may be difficult to solve for certain

potentials.
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The STM theory of Kenkre, Biscarini, and Bustamante provides a simple way
to study motion of any degree of coherence, but needs to be extended to include
broadening effects before it can be connected to the Landauer theory when the motion

is fully coherent.

The approach by Lyo and Huang using a Boltzmann equation, but the procedure
of calculating the scattering matrix and its inverse can be computationally difficult.
Furthermore, a careful analysis should be made to examine the validity of the ap-

proximations made.
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Figure 2.3: Wigner Functions for the first four eigenstates of the infinite square well.
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Harmonic Potential, n=0 Wigner Function

2
hw(y,py)
1
2
0
0 -1
-2
-2
4
4
Harmonic Potential, n=2 Wigner Function
2
hw(y,py)
1
2
0
0 -1
-2

Figure 2.4: Wigner Functions for the first four eigenstates of the harmonic oscillator
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Chapter 3

Application of the Transmission
Formalism to Simple 1D

Conductors

3.1 Introduction

In Chapter [2], it was shown that the conductance of an elastic scatterer is related to the
transmission function T'(E) through the scatterer. In this chapter, the transmission
function through several different kinds of conductors will be calculated. Two meth-
ods will be used for calculating the transmission function. Firstly, the “textbook”
method of taking an incoming and reflected wave in one lead and a transmitted wave
in the other and calculating the amplitudes by ensuring that the Schrodinger equa-
tion is everywhere satisfied will be applied (see ref. [54] for example). Secondly, the

relation between Green’s function and transmission function,
T(E) = Tr{T'sGT pG'} (3.1)
will be used.
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The first system to be considered is a conductor consisting of a single site. It will
be coupled to two semi-infinite 1D ballistic tight binding leads which are in contact
with reservoirs held at different electrochemical potentials. Although the result is
well known in the literature, the transmission function 7'(E) will be derived again
here for purposes of comparison with more complicated systems and to demonstrate

both methods of calculating the transmission function.

Next to be considered is a two-level system where both states are connected to
both leads and there is no interaction between the two conductor states. It will be
shown that when the two-levels are degenerate, the result is related to to the one-level
conductor with a stronger coupling to the leads. The result is then extended to N
degenerate levels, with each connected to both leads, and it is shown again that the

result is related to the one-level result.

Another two-level system of a different configuration will then be analyzed. Only
one of the two states is connected to the leads, but an interaction between the two

conductor states is added.

Finally, a one-level system in interaction with a harmonic oscillator is examined.

This could be looked at as a simplified model of electron-phonon interaction.

3.2 Single-Site Conductor

First, consider a conductor which consists only of a single lattice site. This problem
has already been examined in the literature, see for example [79] or section 9.5 in

53].

The conductor will be coupled to two semi-infinite 1D tight binding chains, repre-
senting the leads. Let V' be the magnitude of the matrix element connecting adjacent
sites within the leads, and let the matrix element coupling the reservoirs to the con-

ductor be nV. Let the site energies of all the sites in the contacts to be zero and the
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Figure 3.1: A conductor consisting of a single site (blue) connected to two semi-
infinite tight binding leads (black). The strength of the coupling from the conductor
to the leads nV (orange) is allowed to differ from the intersite coupling within the

leads V.

site energy of the conductor to be &. The situation is illustrated in Figure (3.1)).

Suppose that the tight binding states are labeled as |m) with m being the integer

index of the site that the state is centered on. The conductor site will be labeled

as m = 0, thus all sites with m < 0 belong to the left (source) lead, and all sites

m > 0 belong to the right (drain) lead. The Hamiltonian for the total system can be

decomposed as follows,
H=H.+ Hs+ Hp + 75 + 7 +7p + 7).
Here H, is the Hamiltonian for the isolated conductor,
H. = &]0)(0],
Hg and Hp are the Hamiltonians for the isolated left and right leads,

Hs =V Y [m)(m+1]+ |m+1)(ml],

m<—1

Hp =V ) [jm)(m+ 1]+ [m +1)(m]],

m>1

and 7g and 7p are the couplings from conductor to the left and right leads,

s = nV]0)(-1],
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3.2.1 Textbook Calculation of the Transmission Function

First, the transmission function T'(E) will be calculated in the traditional textbook
way, by looking for eigenstates [¢)*) of the total Hamiltonian H with wavenumber k
which consist of an incoming and reflected wave to the left of the conductor and a
transmitted wave to the right of the conductor. Defining 1* as the projection of |¢*)

onto the state |m),

v = (ml), (38)
to the left of the conductor, for m < 0, ¥F is

Y = gihm | peikm (3.9)

where r is the amplitude of the reflected wave, and to the right of the conductor

(m > 0) is it
Yk = temihm (3.10)

with ¢ being the amplitude of the transmitted wave. Away from the conductor, this

is an eigenstate of the Hamiltonian with eigenvalue
E* =2V cosk. (3.11)

The values of the reflection and transmission amplitudes r and t as well as the wave-
function inside the conductor ¥f = (0]1)*) which ensure that the Schrédinger equation

is satisfied everywhere must now be determined.

The Schrodinger equation for the conductor and the two adjacent sites is

EFyF = Vyr, +nVyk, (3.12)
ERYE = Ef +nVyk, + nVyr, (3.13)
ERyy = nVaps + Vs, (3.14)
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Using equations (3.9) and (3.10)) for ¢* for the sites in the left and right leads, these

three equations become

EF (e + reth) = V(e 4 retik) 4 pVak, (3.15)
ERl = gl 4+ nV (e™™* 4 re't) + nVite', (3.16)
E*te™ = nVap + Ve, (3.17)

The three unknowns (%, r, and ¢) must now be found which satisfy these three

equations. Rearranging,

NV = Efe™ — Ve ?* 4 r(Ere™ — V), (3.18)
(E* — &)k =V (e ™ +re*) 4 nVite, (3.19)
nVk = t(E*e* — Verh), (3.20)

Combining the first and third equations, and solving for ¢,

Eke—z‘k o Ve—Zik
t=r+ Tk ek = +1 (3.21)

where the second equality follows since E¥ = 2V cos k. Now using the second equation

and eliminating r,
(E* — &) = nV]e ™ 4 (t — 1)e™*] + nVite* = —2inVsink + 2tnVe*.  (3.22)

Using again the third equation to eliminate 1§ and solving for ¢ finally gives

—2in?V?sink

t = —. 3.23
(EF — &) — 22V etk (3.23)
The transmission function is then
2n?V sin k|2
T(E*) = |t] = [ : 3.24
(E%) =1 [EF — & — 2n?V cos k]? + [2n?V sin k]2 (3:24)
The carrier velocity is given by [31]
1dE
v(E) = T —2V sink (3.25)
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so the transmission function can now be written

n'[ho(E)]*
[E(1—n%) = &J* + n'[ho(E)]*

T(E) = (3.26)

where E* = 2V cos k has been used to completely eliminate k. The squared velocity

as a function of energy is

[ho(E)]? = 4V?sin® k = 4V? — E°. (3.27)

3.2.2 Transmission from the Green’s Function

Before the properties of (3.26) are examined further, the transmission function will

now be obtained from the Green’s function using equation ([2.43)),
T(E) = Tr{I'sGT pG'} (3.28)
to illustrate the equivalence to the preceding method.

The first step in this process is to calculate the self energies which result from the

coupling to the leads. The self energy for the source lead is
Sy = 15GgTd (3.29)

where g is the coupling between lead and channel and Gy is the (retarded) Green’s

function for the isolated lead,
Gs=[(E+in)I — Hs| ™.

The self energy is a matrix, but for this single-site system is is only a 1x1 matrix,
2s(E) = n*V((-1|Gs(E)| - 1))[0)(0] (3.30)

Since the coupling 7¢ couples only the end of the reservoir chain to the conductor,

only the self propagator for the site at the end of the chain, (—1|Gg(E)|—1) is needed.
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This may be obtained easily from the Green’s function for an infinite 1D tight binding
chain by applying the method of images.

From Chapter 5 in ref. [50], the (retarded) Green’s function for the 1D tight
binding chain for E coinciding with the spectrum (£ < 2V) is

Go(l,m; E) = (—x + zﬂ) o (3.31)

—1
2VV1 — 22

where

x (3.32)

E
2V
Using the method of images, the self propagator for the site at the end of the chain is

(—1[Gs(E)| = 1) = Go(—1, =1 E) + Go(—1,+1; E)
[1 (a4 Vi) }

B 2V\/_12'—7:152
- [(1 — %)+ zx@] . (3.33)

i
)
2VA/1 — 2?
Define ¢ between m and +7 so that
cos ¢ = x, (3.34)

then this can be written more compactly as

(FlGsE) - 1) = 7 [ - i ]

Vv V1—22
b—i sin? ¢
= — |cosp—1i
14 \/sin? ¢
1 )
— ve—z\aﬁl. (3.35)
The self energy is finally
Y(E) = n*Ve 19l (3.36)

A similar calculation for the drain lead shows that Yp(E) = Sg(E) = n*Ve 9l
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The matrices I's and I'p may now be calculated. They are

Iy =Tp=i[Sp —Xh) = 29V sin|¢|. (3.37)

The next step is to write the Green’s function for the channel subsystem. Since

the conductor only consists of a single site this is easily done as it is only a 1x1 matrix:

G(E)=[E—~H—3%s—¥p]™"
o
E — & — 2n2Veiol’

(3.38)

The energy dependent transmission function through the conductor is then

T(E) = Tr{T'sGT' pG'}
[20*V sin [$[]*
[E — & — 2n2Ve l|[E — & — 2n2Vetildl]
[20*V sin [[]”

T [B =& — 2PV cos 92 + [212V sim [[]2° (3.39)

Using 2V cos ¢ = E and hv(E) = g—f the transmission function when F is inside the
band is

n'[ho(E)]*

T = (o) — & - il B

(3.40)

(and zero outside the band). This is exactly the result obtained earlier through a

different method.

3.2.3 Discussion of the One-Level Conductor

First consider the special case when the coupling from the leads to the conductor
is equal to the intersite coupling within the leads, i.e. 7 = 1. In this case, the

transmission function becomes

T(E) = |t|> = % (3.41)
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Transmission Function versus Energy for the One-Level Conductor, n=1
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Figure 3.2: Transmission function versus energy for the one-level conductor with
n =1 for different values of a = £4/(2V).

If additionally the conductor site energy &, vanishes, then it is easy to see that the
incoming waves are not scattered at all and T" = 1. As the magnitude of the site energy
|€o| is increased, the transmission function everywhere decreases. In particular, at the
band edges £ = +2V,| the velocity vanishes, so the transmission also goes to zero.

The maximum transmission is at the center of the band F = 0, and its value is

1

Tmaxz—gz'
1+ 28

(3.42)

Furthermore, for this special case, n = 1, the transmission function is not sensitive

to the sign of &, and T'(F) is symmetric around E = 0. This is illustrated in Figure
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Transmission Function versus Energy for the One-Level Conductor, a = 0.5
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Figure 3.3: Transmission function versus energy for the one-level conductor with
a=E4/(2V) = 0.5 for different coupling strengths 7.

0.2}

If the coupling to the leads is strong (7 large), then the transmission function is

2

Ixzz)::],—-5§;§-+<)(1/n2). (3.43)

In this limit, the transmission function is parabolic, with T = 1 at the center of the

band and again T" = 0 at the edges, independent of the strength of &,.

In the general case, T'(E) still vanishes at the band edges, but it loses its symmetry
around £ = 0. If n # 1 and the value & /(1 — n?) is within the band, i.e.

€0/ (1= n*)| < 2V, (3.44)

maximum transmission occurs at that energy and is unity. Otherwise, maximum
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Transmission Function versus Energy for the One-Level Conductor, a = 1.5
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Figure 3.4: Transmission function versus energy for the one-level conductor with
a=E4/(2V) = 1.5 for different coupling strengths 7.

transmission occurs at
E=01-n)— (3.45)

and is less than unity,

7,’4

TmaX:—z-
2772—1+48%

(3.46)

The transmission function versus energy for different values of n for constant £4 is

displayed in Figures (3.3) and ({3.4]).
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b <

N
®
W

Figure 3.5: A conductor consisting of a two-levels (blue) connected to two semi-infinite
tight binding leads (black).

3.3 Two-Level Systems

There are various different configurations of two-level conductors and different ways

of connecting them to the leads. First, consider a two-level system with Hamiltonian
H = E4|A)(A| + Eg|B)(B|

where |A) and |B) are the energy eigenstates of H and £4 and £p their energies.
There is no matrix element coupling the two states |A) and |B). Now suppose that
both A and B are connected to both leads (the same 1D semi-infinite chains as before)
with a coupling strength V' which is the same as the intersite coupling V' within the

leads. This is illustrated in Figure (3.5)).

3.3.1 Calculation of the Transmission

The transmission function will now be calculated using the Green’s function method
to illustrate its use for a system consisting of more than one state. Again, the first

step is to calculate the self energies due to the coupling to the leads.

The coupling 75 from the conductor to the source lead is

T = V([A)(=1] +B){-1]) (3.47)
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where | — 1) is the state on the end of the contact chain. Then the self energy is
Sg = 15GgTh (3.48)
= V*(=1|Gs| = D)(|A)(A] + [A)(B| + | B)(A| + |B)(B]). (3.49)

The matrix element (—1|Gg| — 1) was already calculated in the previous section, it is
1 )
(—1|Gg| — 1) = ve*l“ﬁi (3.50)

where again cos ¢ = E/(2V) and is between —7 and 7. The self energy written as a

matrix is then

el (11
%, =Ve L (3.51)

A similar calculation for the drain lead yields Xp = ¥g. The I matrices are
, ; ) 11
s =Tp=1i(Es — Xg) =2V sin |¢| . (3.52)
11

The Green’s function for the conductor subsystem is

GE)=[E—H—-Xs— ED]_I

_ -1

_ E 0 B Es O oyl 11
0 F 0 &g 11
- -1
E — &4 —2Ve il —2Ve~ilél
- AT | . (3.53)
—2V e 9l E — &g —2Ve 9l
The inverse on the right hand side may be easily calculated, and the result is
E—Ep—2Ve~ildl 2Ve el
G(E) ((EEA)(ESB)2V61¢[2E5ASB} (EEA)(EE‘B)2V€7‘¢’[2E£A£B])
2V e~ ¢l E—E4—2Ve~il9l )
(E—EA)(E—ER)—2Ve 9 2E—EA—EB] (E—Ea)(E—ER)—2Ve Ud[2E—E4—E5]
(3.54)
The transmission function may now be calculated. It is
T(E) = Tr{T'sGT pG'}
hw(E)]?
_ [hw(E)] ' (3.55)

9 2
(Z82) + ho(B)?
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3.3.2 Discussion

Now let us examine the properties of equation (3.55). First, the following special

cases will be considered:

e The two-levels are degenerate £4 = £p.
e The two energies have the same magnitude, but opposite signs, £4 = —&Ep.

e One of the energies is zero, £ = 0.

If the two sites are degenerate, £4 = £ = &y, then the transmission function
becomes
[ (E)P?
B8P [ho(E)]?

T(E) = (3.56)

This is exactly the same as for the one site conductor, equation (3.26)), if 7 is set to
V2 in that expression, and all the comments made about that system apply here also.
The effect of adding a degenerate site with the same coupling is therefore equivalent

to increasing the strength of the coupling for a one-level conductor.

Next, consider the special case where £4 = —€p. The transmission function is
[ (E)]?

T(E) = ——— .
(52) + (B

(3.57)

The conductor is opaque (7" = 0) at the center of the band (provided the energies are
nonzero) as well as at the band edges, and the transmission function is symmetric
around £ = 0. The maximum transmission occurs at

£4/2V

E = j:—z (3.58)
£
2(5) 11
and has the value
Tnax = (3.59)
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Transmission Function versus Energy for the Two-Level Conductor, Ep = -Eg
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a=0.1 a=0.5 a=1.0 --------- a=2.0 ——--

Figure 3.6: Transmission function versus energy for the two-level conductor described

in Section when €4 = —E&p for different values of a = £4/(2V).

The maximum transmission is always less than one for £4 nonzero and decreases

sharply as €4 is moved further outside of the band. This is illustrated in Figure (3.6)).

Next, consider the case where one of the energies is zero. Since it does not matter
which one, let £5 = 0. The transmission function is then given by
[ (£)]?
5 :
2
(3) + o (E)2

The conductor becomes transparent at the center of the band, E = 0, but the trans-

T(E) = (3.60)

mission function is no longer a symmetric function of energy. If £4/2 is within the
band, then the conductor becomes opaque (T' = 0) at E = £4/2. If £4 is moved far
outside the band, then transmission function becomes nearly one everywhere inside

the band. This is illustrated in Figure (3.7]).
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Transmission Function versus Energy for the Two-Level Conductor, Eg = 0
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Figure 3.7: Transmission function versus energy for the two-level conductor described

in Section |3.3| when £ = 0 for different values of a = £4/(2V).

Now some comments can be made about the general case. As with the one-level
conductor, the transmission function vanishes at the band edges, £ = +2V. If £4
and £p both have the same sign, and if \/£4Ep is within the band, then the conductor

becomes transparent at plus and minus the geometric mean of the site energies,

E=+\/EsEp. (3.61)

On the other hand, at the arithmetic mean of the site energies,

_bat&s (3.62)

E
2

the conductor becomes opaque (T = 0), provided £4 # €. For certain values of

&4 and &g, the arithmetic and geometric means are close to one another, causing
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the conductance to dip (or rise) rapidly from one to zero (or zero to one). This is

illustrated in Figure (3.8]).

Transmission Function versus Energy for the Two-Level Conductor, Ep =V

T(E)

0 | |
-1 -0.5 0

E/(2V)

b=0.1 —— b=1.0 b=10.0 -------

Figure 3.8: Transmission function versus energy for the two-level conductor described
in Section [3.3| for different values of b = E5/(2V) for fixed £4 = V.

3.4 N-Level Degenerate System

Now consider a conductor consisting of N degenerate levels at energy &. Each level
is coupled to the same semi-infinite contacts with a strength V. The states in the

conductor will be labeled |¢,,) for the nth degenerate level. The situation is illustrated

in Figure (3.9)) for N = 4.

It is simpler to perform this computation using the textbook way. Therefore, let
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b <

N
®
W

|¢0)

Figure 3.9: A conductor consisting of a 4 degenerate levels (blue), each of which are
connected to two semi-infinite tight binding leads (black).

us take again an incoming and reflected wave to the left, and a transmitted wave to

the right,

erm pre=thm m < ()
Yk = : (3.63)
te—tkm m > 0

The reflection and transmission amplitudes |r| and |¢|, as well as the wavefunction
inside the conductor |¢) must now be determined so that the Schrédinger equation is
everywhere satisfied. The Schrodinger equation for the conductor states and the two

lead states to the left and right of the conductor is

Ep =V <¢_2 +) cn> , (3.64)
By =V <¢+2 +)° cn> , (3.65)

ECn == SOCn + V('(b_l + ¢+1), (366)

where ¢, is the amplitude of the wavefunction in the nth conductor state, ¢, = (¢,|®).

From the third equation, all the amplitudes ¢, must evidently be the same, i.e. ¢, = A
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for all n, and inserting this the Schrodinger equation becomes
Ele™® +re®)y =V (e*MC + re?* 4 NA)
E(te™) =V (te** + NA)
EA=&A+ V(e £ re* +te).
Using the first two gives ¢t = r + 1, and eliminating r from the third,
(B —&)A=V(eT™ tet* — e 1 te)
= V(—2isink + 2te™).
Combining this with the second equation to eliminate A,
(E — E)tV = VEN(—2isin k + 2te'™).

Finally, solving for the transmission amplitude t,

B —21NV sink
- E—& —2NVeik

so the transmission function is

T(E) — |t|2 — T [hU(E)]Q

Q=ME-8F | (1 (E)]?

(3.67)
(3.68)
(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

This is exactly equivalent to the transmission function obtained earlier for the one-

level system under the replacement > = N. Thus, adding degenerate levels has

the same effect as increasing the strength of the coupling to the leads in a one-level

system.

3.5 A Different Two-Level Conductor

Now consider again a two-level conductor, but suppose that only one of the states

is coupled to the contacts, and add a coupling between the two states.

Hamiltonian for the isolated conductor be

H = EA[A)(A| + Es|B)(B| + Vap (|B){A] + [A)(B]),
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® B)
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Figure 3.10: A conductor consisting of two states (blue). Only the |A) state is
connected to the two semi-infinite tight binding leads (black). There is an interaction
between the two conductor states of strength Vjp.

and let only the state |A) be coupled to the contacts. This is illustrated in Figure
(3-10).

The Green’s function method will be used to calculate the transmission function.

The coupling matrices are

75 =V (14)(-1) (3.75)
=V (I4)(+1). (3.76)

The self energies are then

ZS = ED = TsGsTgv
= V{=1|Gs| = 1)]A)(A]
= Ve 19| A) (Al (3.77)

where in going from the second to the third line the Green’s function matrix element

calculated earlier has been used. These may be written in matrix form as

g (10
Se=%p = Ve Nk (3.78)

The I' matrices are

10
Is=Tp =14 — XN =2V sin|g| : (3.79)
00
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The Green’s function inside the conductor is

G(E)=[EI — H — %5 — Xp]*

-1

| (F O [ & Vas _ oy e—ildl
0 E Vap €& 0 0
E - gB VAB
— 1
T (B-Ea—2Ve 9\ (E-ER)-V3ig ( Vi E— €4 2Vei¢’,) . (3.80)

The transmission function is finally
[ (E)]?
V2 2 '
(€4 + @oe5) + [ (E)P

T(E) = Tr{IT'GT'G'} =

It is worth pointing out that this calculation could have been done in a simpler way,
by noting that the Green’s function for the A subsystem (which is all that is needed

when computing the trace since the leads are only coupled to A) is

1
Ga(F) = 3.81
ey oy (3:81)
where Yp is the self energy resulting from coupling to the |B) state,
V2
Yp(E) = —42B_ (3.82)

 E-&5

Let us now discuss the properties of the transmission as a function of energy.
Again, the transmission vanishes at the band edges, and it is not in general a sym-
metric function of energy. If £g is within the band, the the conductor becomes opaque

at E:gB At
E=§Ez— 2B (3.83)

the conductor becomes transparent, provided this energy is within the band. As the
magnitude of £ becomes very large compared to Vg, the transmission function

approaches the single-site value, i.e. it behaves as if the site |B) were not there. This

is illustrated in Figure (3.11)).
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Transmission Function versus Energy for the Two-Level Conductor, Ep = 2V, Vag = V

T(E)

b=0.1 —— b=0.2 b=1.0 --------- b=5.0 —-—-—
Figure 3.11: Transmission function versus energy for the two-level conductor de-

scribed in Section for different values of b = E5/(2V) for fixed €4 = V and
Vap=V.

3.6 Single-Site Conductor Coupled to Oscillator

Now consider a one-level conductor which is placed in interaction with a harmonic
oscillator. This could be looked at as a highly simplified model of electron-phonon
scattering. The total Hamiltonian exists in the product space of the electron and
boson spaces, and consists of the following parts:

e Hamiltonians for the isolated source and drain leads.

e Coupling between leads and the conductor.

e Hamiltonian for the isolated conductor.
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e Hamiltonian for the isolated oscillator.

e Interaction between conductor and oscillator.

The Hamiltonians for the isolated leads and the coupling between leads and conductor
may be written in total as

Hioas =V ) (Im){m + 1| + [m + 1)(m|) @ I, (3.84)

m=—o00
Here V' is the intersite interaction energy in the leads as well as the coupling strength
from leads to conductor. The states |m) are electronic states with |0) being the
conductor state, and the operator [, is the identity operator in the boson space.

Next, the Hamiltonian for the isolated conductor is
Hconductor = €0|0> <0| X Ib (385)

where & is the site energy of the conductor site relative to the site energies in the

leads. The Hamiltonian for the isolated oscillator is
1
Hoscillator - ]e ® hw (élb + bTb) . (386)

Here I, is the identity operator in the electron space, w is the frequency of the
oscillator, and b' and b are the raising and lowering operators in the oscillator space.

Finally, let the interaction between oscillator and conductor to be
0)(0] ® ghw(b + b") (3.87)

where ¢ is a dimensionless constant which determines the strength of the interaction.
This type of interaction between conductor and oscillator changes the effective energy

of the |0) state based on the position of the oscillator.
Putting everything together, the total Hamiltonian is

H=V i (Im)(m + 1|+ |m + 1)(m|) @ I, + &0)(0| ® I,

m=—0oQ

1
+ 1. ® hw (ilb + bTb) +10)(0| ® ghw(b + b'). (3.88)

67



Chapter 3. Application of the Transmission Formalism to Simple 1D Conductors

If the temperature in source and drain reservoirs is low enough, the oscillator
should be in its (non-shifted) ground state |¢g) before the electron passes through the

junction, so for the incoming wave take

) = > e™®™m) @ o) (3.89)

m<0

where the energy of the incoming electron is E. = 2V cosky and |¢y) is the ground
state of the isolated oscillator. Because of the interaction, as the electron passes
through the conductor it may create one or more excitations in the oscillator, so the

reflected and transmitted waves must be of the form

reflected wave: |i,) = Z Z rne” MY @ |éy), (3.90)
m<0 n

transmitted wave: [i;) = Z Ztne_k”m|m) ® |Gn)- (3.91)
m>0 n

where r,, and t,, are reflection and transmission amplitudes for modes with n bosons
in the oscillator. The |¢,)’s are n boson eigenstates of the non-shifted oscillator.
Since the incoming wave only has enough energy to create a finite number of bosons,
some of the k,,’s will necessarily be complex, and part of the electron wavefunction

will be exponentially localized around the conductor.

Enforcing H|v) = El¢) with [¢)) consisting of the sum of incoming, reflected, and

transmitted waves, it is possible to show that the k,’s are determined by
hw 1
Eioal = 2V cos ko + 5 2V cosk, + hw [ n+ 2 (3.92)
and the reflection and transmission amplitudes are
0o + 1 =ty = —2iV sin ko (¢, |G(E)|do) (3.93)
and the Green’s function G is
G(E)=[E — Hy— H, — 2%(E)] ™! (3.94)
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with
Hy = ¢ + hw (b*b - %) : (3.95)
H, = ghw(b +b), (3.96)
S(E)=V ) ™ |n)(¢nl- (3.97)

If we restrict ourselves to the special case hw > 4V, then the incoming electron
does not have enough energy to create a boson and keep propagating, so all k,,’s for

n > 0 will be complex, and the transmission function is only affected by o,
T = [to]* = [2V sin ko]* (60| G (E)[do) (90| GT (E) ). (3.98)
Due to the difficulty in calculating G(F) exactly, we have considered the limit of
weak coupling g. Expanding equation (3.94)), we have [50]
G == GO + GOH1G0 + GoHlGoHlGO + ... (399)

where

E)=[E—Hy—-2%(E)] ' = [9n) (00 ——. 1
Go(E) = | 0 (E)] ; E — ¢y — hw(n + 1/2) — 2Veikn (8-100)
Using this approximation, the transmission when fiw > 4V to order ¢° as a func-

tion of electron energy F, is

(B
TE) ™ e Tho(E)

where the correction term is

5 +g°h(E.) (3.101)

2E0h°wW?h*v?(E,)
(€2 + 1202 (E.))” [50 + \/h%ﬂ — 2B, fiw — h*2(E,)

hE.) = (3.102)

and with v(E,) again the velocity as a function of the electron energy, [fiv(E,)]* =
AV? 2.

This correction term may be positive or negative depending on the sign of ¢y, and
it is not symmetric around F, = 0. Interestingly, h(E,) also vanishes if the site energy

&o is zero. The function h(E.) is plotted in figure (3.12]).
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Correction to Transmission Function, One-Level Conductor Coupled to Oscillator

h(Ee)

Ee/(2V)

a=-1 a=-0.5 a=0 - a=0.5 ——- a=1

Figure 3.12: First order correction to the transmission for a one-level conductor
coupled to a harmonic oscillator, with hw/(2V) = 4 and for different values of a =

E0/(2V).

3.7 Summary

In this chapter, we saw how the transmission varies as a function of energy for dif-
ferent kinds of conductors connected to 1D leads. For the conductor consisting of a
single site, the known result was recovered using two different methods: the textbook

scattering approach, and the Green’s function method.

The transmission function was calculated for different configurations of two-level
conductors, and it was shown that the transmission function depends on the how the

leads are connected to the conductor.
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For a conductor consisting of N degenerate levels at energy &y, each connected to
the leads with interaction strength V', it was shown that the transmission is equivalent

to a one-level system at the same energy & but with a stronger coupling strength

VNV.

Finally, for a one-level conductor in interaction with an oscillator, although the
problem could not be solved exactly, to lowest order it was found that the interaction
can enhance or reduce the transmission function, depending on the sign of the site

energy &.
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Chapter 4

Collective Motion of Macroscopic

Objects: A Model with Centering

Several different approaches have been used in the literature for modeling the cooper-
ative motion of various biological organisms. One approach is to explicitly model the
motion of every member of the group by specifying how the positions and velocities
of each individual evolve in time. One way to do this is to simply construct equa-
tions of motion for each individual’s position and velocity. Such models are known as
Lagrangian or dynamical models [10] 24, 80HR2]. Other authors prefer to make time
discrete in order to make it easier to perform computer simulations. In these discrete
time models, at each time step a set of rules is used to determine the state of system
in the next time step based on the current state of the system. These are typically

known as rule-based models or cellular automata [17, [83H93].

Yet another approach is to construct equations of motion for continuous functions
of space and time such as the density and velocity fields. This is a coarse-grained
description since the motion of individual particles is not modeled explicitly. This is

known as the continuum or fluid dynamics approach [94-100].

In the realm of collective motion, due to the difficulties inherent in studying sys-
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tems of many interacting particles, very few authors have been able to analytically
connect a description where each particle is modeled individually (a rule-based or
dynamical model) to a coarse-grained continuum description. A notable exception
is the 1999 paper by Czirdk et al. [97] where approximate continuum equations of
motion for the density and velocity fields are constructed from a rule-based model.
Recently, some authors have used hybrid approaches to help bridge the gap be-
tween individual-level descriptions and continuum descriptions [I0THI09]. In such
approaches, a model of individual behavior is chosen and numerical simulations are
performed. Next, equations of motion are postulated for continuous coarse-grained
quantities. The undetermined parameters in the equations of motion are then esti-
mated from simulations. In particular, in a recent 2010 paper Raghib et al. [108§]
used an advection-diffusion equation with memory for the evolution of the center of
mass distribution. An advection-diffusion equation with memory is a generalization
of the advection-diffusion equation which is non-local in time in the sense that the
evolution at time ¢t depends on the state of the system at previous times. In one
dimension, the advection-diffusion equation with memory has the form

0 ! 0 ! o?

aP(m,t) = —/0 V(t — t')%P(x,t’)dt’ +/0 D(t — t')@P(x,t’)dt’. (4.1)
Raghib et al. postulate a form for the memory, and fit the unknown parameters using

simulation of a rule-based model.

Although this procedure can produce coarse-grained equations of motion which
fit well with simulation, it does not make clear why the memory has the particular
form found. The presence of a memory at least should not be surprising. In Chapter

it was shown that for a quantity p which obeys

dp .

where L is a linear (super)operator, the Zwanzig-Nakajima projection approach [76-

78] shows that the projected quantity Pp naturally obeys a memory equation of the
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form

t
%Pp = —iPLPp—PL / e~ =PI (1 P LPp(t)dt + T(t) (4.3)
0

where Z is a term which depends on initial conditions. This expression formally
gives the memory in terms of the projection and evolution operators, but it is not
very useful for practical calculations of the memory, since calculating the operator

e~ "1=P)Et can be difficult even for extremely simple systems [72].

In this chapter, we construct a simplified dynamical model of collective motion
and obtain exact equations of motion for a few continuum quantities. We begin by
writing stochastic differential equations of motion for the positions of each particle in
the system. We then construct and solve the corresponding equation of motion for
the probability distribution function using standard techniques. Next, we perform
coarse-graining to find the evolution of continuous quantities such as the center of

mass distribution function and the density.

For one particular coarse-grained quantity, the density, we find that even in this
simple system an advection-diffusion equation with memory cannot completely cap-
ture the dynamics. The full dynamics are described via an evolution equation which

is non-local in space as well as time.

4.1 Description of the Model

Models of collective motion typically consist of several ingredients. The majority of
these ingredients can be classified as either self-propulsion, interaction, or noise. We

will define each of these in turn.

Self-propulsion is the tendency for each individual to move at a particular speed.
Self-propulsion can be incorporated into dynamical models by introducing a force

which drives the speed of each particle to a given value. In rule based models, self-

74



Chapter 4. Collective Motion of Macroscopic Objects: A Model with Centering

propulsion is typically included simply by specifying that the particles move at a
given constant speed and using a set of rules which only modifies the directions of

the particles.

Collective motion is a result of interaction between individuals in a group. The

most common kinds of interaction included in models of collective motion are:

e Short Range Collision Avoidance: The tendency for individuals to move away

from each other if they are too close together.

e (lentering: The tendency for individuals to move toward other nearby individ-

uals.

e Alignment: The tendency for individuals to align their directions with the di-

rections of nearby individuals.

Biological organisms can change speed or direction in apparently random ways.
This is taken into account in models of collective motion through noise. Noise is
typically included in dynamical models by introducing a stochastic force acting on
the particles, or in rule-based models by randomly perturbing the direction of each

particle at every time step.

Finally, one may also introduce a preferred direction. A group of organisms may
have a preferred direction if, for example, a food source lies in that direction. One
topic of interest in the literature is the idea of collective decision making [90], 92| 110,
IT1]. In the simplest approaches, the flock is divided into two groups: one group
consisting of individuals which are “informed” and have a preferred direction, and
the other group consisting of individuals which are “uninformed” and do not have

any such preferred direction.

As an example of a model including some of these ingredients, the dynamical

model of Mikhailov and Zanette [24] has self-propulsion, a centering interaction, and
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noise. Their equation of motion for the position of the mth particle is
T+ (32, — V)i + % En:(:cm — ) = D(2). (4.4)

The first term on the left hand side is inertia, the second term is a self-propulsion
force which drives the speed of the particle to —1 or +1, and the third term represents
a centering interaction. The particular kind of centering interaction they have chosen
is to simply couple all particles to all other particles with spring forces. Finally,
the term on the right hand side, I',,(t), represents a stochastic noise force, which
they take to be delta-correlated white noise with a given strength. Although the
model of Mikhailov and Zanette is relatively simple, the presence of the nonlinear

self-propulsion term precludes exact analysis.

The simplified model of collective motion we construct and analyze in this chapter
is similar to the model of Mikhailov and Zanette, but does not contain any self-
propulsion. We do however allow for a preferred direction. Our simplified model thus
consists of three ingredients: a centering interaction, noise, and a bias. The model
can be solved exactly. The entire joint probability distribution as a function of time
can be found and any observable dependent on the distribution can be calculated

explicitly.

We begin with a description of the model and a discussion of the dynamics when
there is no noise. Next, we find the evolution of the probability distribution when the
dynamics are noisy. We then look at the evolution of coarse-grained quantities and

write continuum equations of motion.

The model consists of N identical overdamped Brownian point particles in one
dimension. As in the model by Mikhailov and Zanette, the centering interaction is
introduced by coupling each particle to all others with spring forces of equal strengths.

We take the springs to all have zero equilibrium length.

Next, we introduce a bias, i.e. a directional feature in the motion of the particles.

Furthermore, to include the idea of informed and uninformed individuals, we allow
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different particles to feel different strength biases.

The equation of motion for the position of the mth particle in the flock, z,,, is a

Langevin equation,
T = —7 Z(mm — ) + Vm + D(2) (4.5)

where 7 is a constant which determines the strength of the spring interactions and

', (t) is delta-correlated Gaussian white noise with
(Chr ()T () = 2Do0pnd (t — t'). (4.6)

The bias v,, depends on the particular particle m under consideration; some particles
may feel a different bias than others. In the case where the group is divided only into
informed and uninformed individuals, v, only takes on two values: either zero (for

uninformed individuals) or a constant v (for informed individuals).

4.2 Deterministic Dynamics

First, we consider the deterministic case, i.e. when there is no noise. The equations

of motion become
T = —7 Z(mm — Tp) + U (4.7)

One way of finding the solution is to decouple the equations of motion using a discrete
Fourier transform. Here we first show that the all-to-all coupling can be viewed as a
coupling to only the center of mass coordinate. We then solve for the center of mass
position as a function of time, Z(t), and substitute it into the equation of motion for

Zm, which can then be integrated.
Define the center of mass position to be

%; - (4.8)

T
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and rewrite the equations of motion as

Written in this form, it is easy to see that the mth particle is only coupled to the
center of mass position. The spring interactions exert no net force on the center of

mass; it only affected by the bias. This can be seen explicitly by summing equation

(4.9) over m, which gives
i=7 (4.10)

where 0 = & 3, ¥, is the mean of the v,,s. The center of mass position as a function

of time is then

z(t) = z(0) + vt. (4.11)
Substituting this into gives an equation for z,, and t alone,

Tm = —Nvy(xy, — Z(0) — 0t) + vpp,. (4.12)

The solution to this equation is

T (t) = 2 (0)e N7 4+ 0t + (E(O) + U”;V;T)) (1 —e Ny, (4.13)

When ¢ is much less than 1/(/N+), the right hand side can be expanded in a Taylor

Ty () = 2 (0) + Ut + (NyH)[2(0) — 2,,(0)] + O(1?). (4.14)

At short times, the mth particle drifts at a velocity which is the sum of the bias it
feels v, and an amount which is proportional to its initial separation from the center

of mass.

At times ¢t > 1/(N+) the position becomes

(4.15)
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At long times, each particle drifts at a velocity v and is displaced from the center
of mass by an amount which depends on the difference between the bias it feels v,,
and the mean bias v. For the special case when v, is either zero (for uninformed
individuals) or v (for informed individuals), the particles collect into two clusters.
The informed birds cluster ahead of the center of mass at v = 7 + (1 — a)v/(N7)
where a is the fraction of informed birds, and the uninformed birds cluster behind the
center of mass at * = Z — a/(N~). The informed and uninformed birds are therefore

separated from each other by a distance v/(N~).

4.3 Noisy Dynamics

We now add noise to the system. Although the Langevin equations can be
solved directly, it is simpler for the purposes of calculating observables to construct
and solve the corresponding equation of motion for the evolution of the probability
distribution function. We define the probability distribution function W(xy, ..., zy,t)
so that at time ¢ the probability to find particle 1 in a small interval between z; and

1 + dxq, particle 2 between z9 and x9 + drg, et cetera is

W(xy,....xn, t)dzy - - dy. (4.16)

The partial differential equation of motion for the distribution function W is
known as a Fokker-Planck equation [112], 113]. The Fokker-Planck equation can be
constructed from the Langevin equations using standard techniques (see e.g.
Chapter 4 in Risken [I14] for a detailed discussion). For this system, the Fokker-
Planck equation is

ow 0 ow O*W
WZVZ%Z(xm_In)W_ZUWW—FDOZ or2 (4.17)

n m

We proceed by first performing a coordinate transformation to a frame where the

bias does not appear explicitly in the equations of motion. The transformed Fokker-
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Planck equation can be solved with the standard techniques described in the book by
Risken [114].

Motivated by the long time solution in the deterministic case, equation (4.15),
define u,, to be

Uy, — U

N~

Uy = Ty — Ut — (4.18)

In the deterministic case, each w,,(t) at long times goes to a constant, z(0), indepen-
dent of m. For the evolution of the u,,s we have
= o — 0= =Y (i + o Uy — < ) vy — 0+ D), (4.19)
N~ N~y ¥

n

Since the mean velocity is v = % >, Un, this simplifies to
:_72 m = tn) + Lo (8). (4.20)

The equations of motion for the wu,, variables do not explicitly contain any bias.
The Fokker-Planck equation for evolution of the probability distribution function in
terms of the new variables u,, may be obtained either by constructing it from the
transformed Langevin equations, or by transforming the partial derivatives in the

untransformed Fokker-Planck equation [I14]. In either case, the result is
ow’ 0
— = — W'+ D —W’ 4.21
o 2 2 e

The prime is used here simply as a reminder that we have changed to a different

coordinate frame.

Before we proceed to find the solution, let us first recall the single particle Orstein-
Uhlenbeck process [115] [116], which is just an overdamped harmonic oscillator with

noise,

&= —yr+1I(t) (4.22)
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again where I'(¢) is delta-correlated Gaussian white noise with (I'(¢)I'(¢')) = 2Dyd(t —

t'). The corresponding Fokker-Planck equation is

ow 0 O*W
o0 = Vap W)+ Dogs

(4.23)

The standard method of solving this is to Fourier transform and solve the resulting
first order partial differential equation with the method of characteristics. The solu-
tion G(x,z’,t) subject to a delta function initial condition G(z,2’,0) = §(z —z’) is a

Gaussian distribution [114],

V(@ —a'e )

f‘y
Gz, t) = —
(z,2,2) \/ 21 Do(1 — e=2t) P | 72Dy (1 — e—2)

(4.24)

At long times any information about the initial condition of the system is lost and
the distribution is centered around x = 0 due to the spring force pulling the particle

2 at short times is 02 = 2Dyt, like in an ordinary

to the origin. The variance o
diffusive process, but at long times becomes constant because the spring force limits

the distribution from spreading further.

The Ornstein-Uhlenbeck process can be generalized to higher dimensions. A
stochastic process with linear drift and constant diffusion in any number of dimen-
sions can be called an Ornstein-Uhlenbeck process. The most general form of the

Fokker-Planck equation describing such a process is [114]

oW B
B~ 2 g, i +Z%am (4.25)
ij v J

The system described by equation (4.21)), in which all particles are coupled to all
others with equal strengths, is indeed a particular special case of the multivariate

Ornstein-Uhlenbeck process.

One method of solving equations of this form, as described by Wang and Uhlen-
beck [I16] is to transform to normal mode coordinates (i.e. transform to a basis in
which the matrix a is diagonal), then Fourier transform the Fokker-Planck equation

and solve the resulting first order partial differential equation using the method of
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characteristics. An equivalent method, described in section 6.5 of the book by Risken
[114], is to first Fourier transform then, knowing that the solution must be a multi-
variate Gaussian distribution, work out the means and the covariance matrix so that

equation (4.25)) is satisfied.

Although both of these methods are able to produce exact solutions to equation
, such general solutions are given in terms of eigenvalues and eigenvectors of
the matrix . To obtain the solution more explicitly for a particular special case,
one must therefore specify the form of a for the system and be able to diagonalize
it. We apply here the method described by Risken [114] to find explicitly the Green’s

function for the special case described by equation (4.21]).

We wish to find the Green’s function for equation (4.21)), i.e. the function
G'({u}, {u'}, tf]] that obeys equation (4.21]) subject to the initial condition

G ({u} {u'}, ) = [ [ 6w — ur). (4.26)
Next, define the Fourier transform of G’ to be
Gk}, {u'},t) = /ei(k1“1+"'+kN“N)G'({u}, {u'}, t)d™u. (4.27)

The Fourier transform of G’ at t = 0 is simply

G'({k}, {u'},0) = exp (-@ > kmu;n> : (4.28)

Next, Fourier transform equation (4.21)) using integration by parts to obtain

aaf =-> amnkm%é’ — Dy > kG (4.29)

where the matrix o has elements

o = V(NG — 1). (4.30)

L As in Risken [114], we use the notation f({z}) to mean the function f depends on every
T, 1.e. G'({u}, {u'},t) is shorthand for G'(uy, ..., un, uj, ..., Uy, t).
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It can be shown [114] that the solution must be a Gaussian, therefore G’ has the form

G'({k}, {u'},t) = exp [—@Zk M, (t) — —Zk‘ FenOpn (t ] (4.31)

where M,, and o,,, are functions of time which must be chosen so that equation

(4.29) is satisfied. Taking a derivative with respect to k,, we have

G'({kY, {u'},t). (4.32)

_Gf({k} {u'}, 1) [—2 > kM, Z K in G
Substituting this into equation 1} and dividing by G gives
. . 1 .
- Z O577171]'{7771 _ZMn - 1 Z kl<0—ln + Unl)
m,n 2 l

Rearranging, this becomes
P> ki [ M+ ozmnMn]

dmn Oin + Onl
— ; Ko ki [— o - ; O ——— + Doémn] . (4.34)

— Dok2,. (4.33)

For this to be true for any set of k,,s, M, and o,,, must be solutions to
= M, = =7 > [My — M, (4.35)
é'mn = - Z aml(aln + Unl) + Doémn (436)
!

At time ¢ = 0, the Green’s function must reduce to equation (4.28)), so the initial

conditions for M,, and o,,, are

(4.37)
Omn(0) = 0. (4.38)
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The M,,(t)s are evidently solutions to the deterministic problem,

My (t) = o (£, (4.39)
where ¢,,, is given by

Gmn(t) = Gmne N + %(1 —e N, (4.40)

The solution to the equation for the o,,,s with initial condition ¢,,,(0) = 0 is [I14]
t t
Trn(t) = Y 2Dod / i () gm(t)dt' = 2Dy > / Gt () g (E)dE (4.41)
4.l 0 ; V0

Using the g,,,, given above, this is

1 — e 2NVt 1 1 — 2Nt
W =2Dg |6, — 4 ()], 4.42
Frnlt) = 200 { 2Ny N ( 2Ny H 442

The Fourier transform may be inverted to obtain the Green’s function in real

space. The Fourier inverse is

G ({u}, {u'}, 1) =

(2;)N / G/ (kY ('} ) exp(ikTu)d Nk (4.43)

where k and u are column vectors so that k"u means Y kp,u,,. Plugging in equation

(4.31)), this becomes

G'({u},{u'},t) = (271)]\[ /exp (—z’kTM — %kTO'k> exp(ikTu)dVk. (4.44)

The integration can be done using the standard formula for multidimensional Gaus-

sian integrals,

N
/exp (—%XTAX + BTX> AN = EiQZ)A exp (%BTAlB) : (4.45)
e

Using this, we have for the Green’s function in real space

G'({u}, {u'}, 1) = LMo - M)) . (4.46)

——ex
2m)N det o p( 2
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The determinant and inverse of the matrix o can be calculated explicitly for this
system. The matrix o can be written as

_opy (L) + 2Dy~ L= 4.47
= - —(t———) Iy .
7 0( 2N~ ) N ON( IN~ ) N (4.47)

where Iy is the Nx/N identity matrix and Jy is an Nx/N matrix with each element

equal to one, (Jy)m, = 1. Using the fact that det(cA) = ¢V det A for a constant c,

we have
devo = 200" (L2 e e (2 gyl s
et = (2Dy) TNy et | Iy + N\ —en ~ N[ (4.48)
Next, consider determinants of the form
det(IN + OéJN). (449)

The determinant of a matrix may be written as a the product of its eigenvalues, while
the trace of the matrix can be written as the sum of its eigenvalues. We can therefore

write
det(Ty + aJy) = ety +ady)] (4.50)

where tr denotes the trace. Using the power series expansion for In(1 + ), we have

det(Iy + aJy) = exp {tr [— i HW+JW] } : (4.51)

We have for the elements of J%
! !

therefore J3 = NJy. Then, by induction we have J% = N""1Jy for integer n > 1.

Putting this in, we have

det(Iy + aJy) = exp { Z trj\][N} : (4.53)

n=1
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The trace of Jy is N, so

o0

det(In + aJy) :exp{—zw} =exp{In(l + aN)}. (4.54)

n=1
Using this identity, we have finally for the determinant of o,

(1 _ 672N'yt> N-1

Next, we calculate the inverse of . We have

1 1 2Nt !
71 _
g = W |:IN + N (m — 1) JN:| . (456)
Consider now inverses of the form [Iy + aJ N]fl. Expanding this in a power series
gives

o0

Iy +ady] ™ =D (=1)"(ady)". (4.57)

n=0

Using J%, = Iy and J% = N""1Jy for n > 1, this becomes

Iy + onN]_1 =1Iy+ JWN g(—l)”(od\f)”. (4.58)
Summing the series gives
Iy +aJy] " =1y + JWN i(—l)"(a]\f)” - 1]
n=0
= Iy + JWN [110‘5]\[] . (4.59)

Using this to compute the inverse of o gives finally

_ 2N’}/ JN JN
1_ Iy — =2 ) 4.
T T ODy(1 — e2) ( N N) T ON Dol (4.60)

Inserting M, (t) = ul,e ™" + @' (1 — e ") where @ = >, u}, and the results for
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det o and o~ ! into equation (4.46]), the Green’s function in real (u,,) space is finally

/ / 1
& ({u}. '} 1) = _
\/ 4m Dot (27 D152 )

N"}/ ! —N~t —/ —N~t\12
.exp{_QDO(l_e2N'yt>2m:[um_um€ w1 e )]

2
1 N~ 1 I ~Nyt _ =1 —Nnt
— (4D0t - 2D0<1_62N'yt)) N (;um_ume —u(l—@ ) .

(4.61)

Since the Jacobian matrix of the transformation from =z,, variables to u,, variables
has unit determinant, the Green’s function back in z,, coordinates may be found now
simply by substituting back

Uy, — U
N~

(4.62)

Uy, = Ty, — Ut —

Although the general expression (4.46|) for the real space Green’s function for a
multivariate Ornstein-Uhlenbeck process in terms of the covariance matrix o and the
vector M can be found in earlier literature (see page 156 in ref. [114]), the author

does not know of any published work containing the explicit expressions for det o,

o1, and the real space Green’s function, equations (4.55)), (4.60)), and (4.61]), for the

particular system described here.

Now that the Green’s function is known, for any given initial condition W ({z},0)

the probability distribution as a function of time can be determined from

W({z},1) = /G({w}a {«"} oW ({a'}, )d" e, (4.63)

and the average of any observable O can be calculated from
©) = [ o)W ({z}, 1" (4.64)

To gain a better understanding of noisy dynamics, let us now look at two coarse-
grained quantities: the center of mass distribution function and the single particle

distribution functions.

87



Chapter 4. Collective Motion of Macroscopic Objects: A Model with Centering

The center of mass distribution function P(Z,t) we define so that the probability
to find the center of mass & = Y, &y, in a small interval between = and Z + dz at

time ¢ is P(Z,t)dz.

We can determine the evolution of the center of mass distribution function easily
by returning to the Langevin equations. Summing equation (4.5)) on m, and dividing
by 1/N, we have

r=0+T(t) (4.65)

where I'(t) = + > T,,(t). Since (T(HT(Y)) = 2226(¢t — t'), the center of mass
distribution obeys simply an advection diffusion equation,

J 0 Dy 0% _
aP(x,t) = —U%P(l‘,t) + ——P(z,1). (4.66)

For a delta function initial condition, the distribution as a function of time is a
Gaussian centered at = 7’ 4+ vt with a variance which increases proportional to

time, 02 = 2Dyt /N.

Next, consider the single particle distribution functions P )(:E, t). We define these
so that P\ )(:c,t)d:vm is the probability to find the mth particle in a small interval
between z,, and z,, + dz,, at time ¢, regardless of where any of the other particles
are found. These can be obtained from the full distribution function by integrating

out all variables except for one,
PW(z,t) = /5(95 — zp)W ({2}, t)dV z. (4.67)

We will calculate now the single particle distribution functions for a delta function
initial condition. Instead of performing a difficult integral on equation (4.61]), it is
simpler to return to the Fourier transformed expression, set every k, except k,, to
zero, then invert the remaining transform. This works because the Fourier transform

of a function f at k = 0 is simply its integral,

Fk=0) = /_ " (). (4.68)
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Furthermore, we can use the expressions in u,, coordinates and change back to x,,
coordinates at the end since each u,, is related to each x,, by only a translation.

Using equation (4.31)) and setting all but one k,, to zero, we have
~ 1
(1) — exp (—ik:mMm — §kiamm) . (4.69)

(with a prime to remind us that we are still in w,, coordinates). Inverting the Fourier

transform gives

/ 1 (U — My)?
P — _xm ) 4.
" V 2Jmm P ( 2077l77l > ( 70)

Finally, inserting the values calculated earlier for M,, and o,,,, and changing back to

T, coordinates, the single particle distribution function for the mth particle is

exp < —[zm—ape NV -2 (1—e NV vy r—0(t—7)]? )

25(0)

PW(z,t) = 0 (4.71)

where we have defined the variance S(t) to be
t 1 — e 20Nt

S(t) = 2D, {N (- 1/N)W} (4.72)

and 7 has units of time and is related to ¢ by
1 —e Nt
T (4.73)

Our expression (4.71]) for the single particle distribution function for this particu-
lar system, which follows from the known result (4.31) by inserting the M and o

calculated here, is apparently a new result.

At short times 7 = t, but at long times 7 goes to a constant, 1/(N+). The
distribution is again a Gaussian, centered at the position where the particle would be
deterministically, x,,, = 2/, e """+ 7'(1 — e ) + v,,7 +0(t — 7). At short times, the

variance is

S(t) = 2Dqt, (4.74)
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which is characteristic of diffusive motion with an effective diffusion constant Dy. At

long times; however, the variance becomes

2Dgt
S(t) ~ TO + constant (4.75)
so the effective diffusion constant at long times is reduced to Dy/N. This is due
to the fact that the internal spring coordinates have stopped spreading (as in the
1D Orstein-Uhlenbeck process), but the center of mass is still diffusing with effective
diffusion constant Dgy/N.

4.4 A Mean Field Approach in the Presence of

Noise

We will now rederive our results for the center of mass and single particle distribution
functions in a different manner. In our calculation of the deterministic dynamics we
already showed that we could view each particle as being coupled only to the center
of mass. Instead of solving the full N particle problem, we now treat the group as
an effective two particle system consisting of a single particle from the group and a
center of mass particle. This is reminiscent of “mean field” calculations in statistical
mechanics in which the interaction with other particles is replaced with a mean field
(in this case, the center of mass acts as the field). In this system, since each particle
is coupled to all others, there is no need to make any approximations; the calculation

1s exact.

The Langevin equations for the evolution of the position of the mth particle in

the group, z,,, and the center of mass position are

T = —NY (T — T) 4+ vy + Tin(2), (4.76)
v =10+ (t) (4.77)
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where ['(t) = + >, I'm(t). We treat this now as a two variable (z,, and Z) system.
Care must be taken when constructing the Fokker-Planck equation for this system

since the noises I',,, and I' are correlated,

(T (OF(E)) = (FOT ()
= L)

2D0 ,
= =2t~ 1) (4.78)

where we have used (I',,(£)[',(')) = 2Do0pmnd(t — t').

Using this, the Fokker-Planck equation for the distribution W (x,,, z,t) is
ow 0 0

Y (Nya,, — Nyi — =
T 8xm( VEom VT — v )W — 0 03?W
0? Dy 0? 2D, 0?
Dy—W + — W w. 4.79
T2V TN TN onpoz (4.79)

The mixed partial derivative term is a consequence of the nonzero correlation between
I',, and I'. This Fokker-Planck equation can be solved by performing two change of
variable transformations. Firstly, we use again our transformation to u,, variables to

remove the bias,

VU — U
m = Ty — Ut — 4.80
u Ty — U Ny (4.80)
The Langevin equations for wu,, and u become
U = —NY (U, — @) + T (2), (4.81)
i=T(t). (4.82)

The transformed Fokker-Planck equation (which again may be obtained either by
transforming the partial derivatives in the old Fokker-Planck equation, or constructed
directly from the transformed Langevin equations) is

oW’ 0 o2 Dy 0?
= Ny——(tpm — W)W’ + Dy W' + =2

oD, O
! !
o o 9 Wt W

N 0u2 N ou,,0u
(4.83)

2
m
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The prime is used as a reminder that we have changed to a different set of variables.
This is again classified as an Ornstein-Uhlenbeck process, but with only two variables
instead of N as before. Although this Fokker-Planck equation can be solved directly
using standard methods, it is simpler to perform one further change of variables by

introducing the displacement y between u,, and u,
Y= Uy — U (4.84)
which obeys the equation of motion
= —Nryy+Tn(t) —T(t). (4.85)
The Fokker-Planck equation in y and @ coordinates is then
ow” 0? 1\ 02 Dy 92

:N _ W// D 1 = _W// —-v -
ot~ gp? T 0( N) o2 TN @

W (4.86)

where we have written two primes since we have changed variables twice. This Fokker-
Planck equation is much easier to solve, since through the transformations we have
removed both the bias and the mixed partial derivative terms. Since the right hand
side is a sum of terms which contain only y and u separately, the solution can be
written as a product. The y part is an ordinary 1D Ornstein-Uhlenbeck process, and
the @ part is simply a Wiener (diffusion) process. The Green’s function can be written

down from the known solutions for the two processes,

_ _ _ 1 _ (y—y'eNt)? 1 _ (u—a)?
Gy, wy', W t) = oSy 1) [ 25,(1) } V27 Sa(t) exp [ 25a(t) ] (4.87)
where
Do(1 —1/N)(1 — e72N7)
Sy(t) = , 4.88
y(t) Ny (4.88)
2Dyt
() == (4.89)

Integrating out the y variable and changing from @ to Z reproduces the same
center of mass distribution as calculated earlier, a Gaussian drifting at velocity v

with variance 2Dgt/N.
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To obtain the single particle distribution, we should first return to u,, and

coordinates since y depends on u,

! N _ [um —Uu— (u;n — ﬂ,)e_NA/tP
G (tm, @, uy,, W', ) = m eXp {_ 25, (t) ]
1 (u—u)?
VerSsdh) =0l o

Now u can be integrated out using a Gaussian integral. The result is

o _ _ _ um_u{m —N~t @' (1— —N~t\12
f—oo G/(U,m, U, u;nv ’U/, t)du = 2715(25) exXp |:_[ . 2S—~Et) e . ] (491)

with S(t) as defined earlier,

(4.92)

S(t) = 2Dy [% - 1/N)ﬂ]

2N~

Finally, changing back to x,, coordinates, we obtain the same result as before for the

single particle distribution functions,

—[em—axl,e N7 -7 (1—e N~ 7—5(t—7)]? )

eXp ( 25(%)

Pul(ont) = 275(%)

(4.93)
with again 7 = (1 — e V) /(N7y).

Although we derived again the same results for the center of mass distribution
and the single particle distributions in a simpler way, this method does not allow for
the calculation of two particle observables, for example (z,,x,). To calculate such

observables, one must use the full solution derived in the previous section.

This “mean field” calculation could be used as a starting point for constructing
approximate solutions when the full problem cannot be solved exactly, for example

when the interactions are more complicated.

4.5 Time Evolution of the Density

Next, we look at another coarse-grained quantity: the density. Like the center of mass

distribution and the single particle distributions, the density p(z,t) is a continuous
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function of space and time. We define the density per particle p(x,t) so that the
probability to find any particle in a small interval between z and x + dx divided by
the total number of particles N is p(x,t)dz. Defined in this way, the density is simply

the average of the single particle distribution functions,
z PO (. 1) z / W({z}, t)d (4.94)

In order to connect this model with continuum models in the literature, we seek to
write a continuum equation of motion for the evolution of the density. One method of
doing this is to determine a linear, time independent, idempotent projection operator
P which performs the coarse graining, then apply the Zwanzig projection operator
approach described in Chapter [2|to write an equation of motion for the coarse grained
quantity PW. Although such a projection operator can be constructed, it remains
difficult to calculate explicitly the evolution equation using this method. Instead, we
use our full solution to write the density as a function of time, then work backwards
to find an equation of motion which it obeys. Before we do this however, we must

pause and discuss initial conditions.

4.5.1 Initial Conditions

Since the density per particle p(x,t) is a coarse-grained quantity, it should not be
surprising that the density at time ¢ = 0, p(z, 0) is not enough to uniquely determine
the density at all later times p(z,t); the full initial distribution W ({z},0) must be
known. We will see this explicitly by looking at two types of initial distributions
W ({z},0) which give the same initial density p(z,0) but different densities at later

times.

What sort of initial condition should we use? We should not give any particular
particle special treatment, so the initial condition should be symmetric in every x,,.

Furthermore, if we wish to write an evolution equation which is linear, the density as
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a function of time must depend linearly on the initial density. We will see that for a

particular class of initial conditions, the evolution is indeed linear.
One obvious distribution which is symmetric in every z,, is simply a product:
W({z},0) Hf Tp) (4.95)

where f is a function with unit integral,

/_00 f(z)dx = 1. (4.96)

It is easy to see that the single particle distribution functions are initially P )(:v, 0) =

f(z), and so the density per particle at time ¢ = 0 is also

pl,0) = f(x). (4.97)

For this type of initial condition, the positions of any two particles are uncorrelated

at time ¢ = 0 in the sense that
(XmTn) — (Tm) (Tn) = 0. (4.98)
The evolution of the probability distribution for this class of initial conditions is
W({z},t) = /G({x}, {10 [ ] fam)dV e (4.99)
and the density evolves in time as

p(,1) = / g, {3, 8) T p(m, 0)d¥ (4.100)

where g depends on z, every z/ . and time, and is related to the full Green’s function

G through
gz, {z'}, 1) Z/ x — )G ({z}, {2}, t)adY (4.101)

For this class of initial condition, we see that the density at later times depends
nonlinearly on the initial density. Consequently, it will be impossible to write a linear

equation of motion for the density in this case.
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We will now look at a different class of initial conditions and show that it does

result in the density evolving linearly. Consider initial conditions of the form

W({£},0) = £(a2) [] mar — ) (4.102)

where f is again a normalized function. Again, this initial condition gives the same

single particle distribution functions at time t = 0, P\ )(x,t) = f(z), and therefore

the same initial density

p(x,0) = f(x). (4.103)

How does this differ from the previous case? For this kind of initial distribution, the
delta functions ensure that at time 0 if any particle m is found at some position x,
all other particles must be found there as well, i.e. the particles all exist together in
a cluster. The location of the cluster of particles itself is determined by the function

f. In this case, the correlation (z,,x,) — (zn)(x,) does not vanish at ¢ = 0.

Let us make this more clear by looking at a specific example for N = 2 particles.

Choose the function f to be simply a sum of two delta functions,
1 1
f(z) = 55@ —a)+ 55(m —b). (4.104)
For the first kind of initial condition, we have

W(x1,22,0) = f(x1)f(22) = 3[5(% —a)d(xy —a)+ 0(xy —a)d(xy — b)

+ d(z1 — b)o(xe — a) + 0(xy — b)6(x — b)].
(4.105)

Each of the following have a 1/4 probability to occur:

e Both particles at x = a
e Both particles at x =0

e Particle 1 at x = a and particle 2 at x =0
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e Particle 2 at x = a and particle 1 at x =0

For the second kind of initial condition with the same f, the initial distribution

becomes

W(.Tl,l'g, 0) = f($1)5($1 — .TQ)

= 216 — a)i(zs — a) + 8(zs — B)i(es — )] (4.106)

In this case, only two possibilities can occur (each with probability 1/2):

e Both particles at x = a

e Both particles at x = b

Unlike in the previous case, the particles cannot be found physically separated from

each other at time ¢ = 0; they must be found together.

We show now that the second kind of initial condition results in the density
evolving linearly in time. For the initial condition W ({z},0) = f(z1) Hg;i I Tmy1 —

Zm), the distribution evolves as

ow

5 = G(z1,...,zy, 2, ..., 2 t) f(x')dx', (4.107)
and the density as a function of time is

pant) = [ Glaa' p(e 00 (4.108)

where the function G is related to the full Green’s function through

Gz, o' t) = %Z/d(m — )G (21, .oy, 2 2 ) dY (4.109)

We have found two different classes of initial conditions, both of which give the
same density at time ¢ = 0, but different densities at later times. The second type
results in a linear evolution of the density, equation . This is not necessarily
the only class of initial conditions which gives linear evolution of the density, but it

does seem to be the simplest.
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4.5.2 Linear Evolution Equations from the Green’s Function

Before we proceed to calculate G for this model, let us first see how a linear evolution
equation can be written once the Green’s function G is known. There are two equiv-
alent ways to do this: a time-dependent way and memory way. The precise meaning
of these terms will soon become clear. This discussion is based on work by Kenkre

and Sevilla [117].

We assume that the system is translationally invariant, i.e. the entire system can
be translated by an arbitrary amount without changing the dynamics. In this case

G(z,2',t) depends only on  — 2’ and ¢, and equation (4.108)) becomes

plz,t) = /_00 G(x — 2 t)p(a’,0)dx’. (4.110)

For a function p which depends on x and ¢ and evolves linearly according to

equation (4.110)), a completely general equation of motion is

% (x,t) = /Z Kz — 2 t)p(a!, t)dz'. (4.111)

This is the time-dependent way of writing the evolution. We will prove that this is
indeed general by showing that the kernel IC can be expressed in terms of the Green’s

function G. First, Fourier transform equation (4.110)) to obtain
pk,t) = G(k, )p(0) (4.112)

where we have used the fact that a convolution in x-space becomes a product in

k-space. Taking a time derivative gives

N SR 1 9
P 0:1) = P0) 360 0) = plb.0) 5560 (4.113)

where equation (4.112)) has been used to eliminate p(k,0). On the other hand, Fourier
transforming equation (4.111)) gives

O plho1) = Kk, (0 1) (4114)
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Comparing the two, the kernel must be related to the Green’s function in the Fourier

domain by
« 1 ~ ~
Kk, t) = = 2Q(k‘,t) = 2ln G(k,t). (4.115)

G(k,t) ot ot

In order to connect with existing work in the literature in which an advection-
diffusion equation with memory is used as a continuum equation of motion, we have
also investigated equations of motion with memory. The most general equation ofw

motion with memory when the evolution is linear and translationally invariant is

t o0
%p(w, t) = / / M(z =2 t —t)p(a', t')d' dt. (4.116)
0 J—-oo

The function M is a kind of memory as it connects the evolution at time ¢ with the
state of the system at previous times. Again, we show that this is indeed completely

general by expressing the memory M in terms of the Green’s function G. Fourier and

Laplace transforming (4.110)) gives
pk,€) = G(k,€)p(k,0) (4.117)

where the breve denotes joint Fourier-Laplace transform. Multiply by € and subtract

p(k,0) to obtain

. 5 (kye) — 1
(I, ) — p(k,0) = [G(k, ) — 1)p(k,0) = LED =L (4118)
G(k,e)
where equation (4.117)) has been used to eliminate p(k,0) on the right hand side.

Now, compare this with the Fourier-Laplace transform of equation (4.116)),

ep(k,€) — p(k,0) = M(k,€)p(k, €) (4.119)
to see that the memory M is related to the Green’s function G in the Fourier-Laplace

domain by

y 1

M(k,je) =€ — ko) (4.120)
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We may furthermore relate the time-dependent kernel IC to the memory M by
first solving equation (4.115)) for g,

G(k,t) = exp [/Ot/@(k,t’)dt’] (4.121)

then Laplace transforming it,

o] t
G(k,e) :/ e~ exp [/ I@(k,t’)dt’] dt (4.122)
0 0
and substituting into equation (4.120)),
1

Mk ) = < - 2 eetexp [f K(k, t/)dt'} dt

(4.123)

In both of these cases, the evolution can be expressed in a more familiar form, in
terms of z derivatives of p, by Fourier transforming and expanding in powers of ik.

Doing this for both the time-dependent and memory versions, we have

(ik)™ 0K (k,t)| .
at@ﬂ Z:m'aww kD), (1124)
Ak, 1) / ) 0 M<k =08 k. (4.125)
875 (ik)™ k=0
The Fourier transform can be inverted since
am . am 1 > zka:A _ m zkxA
so we have
) =1 9Kkt 0™p(x,t)
= — 4.12
g Z S (4.127)
1 9" M(k,t —t) omp(x,t')
(z,1) / Z TR T W v dt'. (4.128)

Since the integral of p over all space must remain constant in time (because of con-
servation of probability), the m = 0 term must vanish in both cases. We can also

express the expansion coefficients in terms of moments with the identity

o O[T e = Oo—xm x)dx
a)fKMﬂ=mmm[;21WMZﬁ—[g ) f(a)dz.  (4.129)
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Using this, the expansion coefficients can be written

%]ﬁl)ﬁj) . = /_Z(—$)m/C(x,t)dx, (4.130)
MU=t [
o(ik)™ kzo_/_oo( )" M(z,t = t)da. (4.131)

We have succeeded in constructing two different linear equations of motion which
can be constructed from the Green’s function G. Although both approaches are

equally valid and yield equivalent dynamics, one representation may be more conve-

nient, for example if one of the series (4.127)) or (4.128)) terminates after a finite number

of terms. According to the Pawula theorem [I18], the series in the time-dependent
case, equation , either terminates after one or two terms or contains infinitely
many terms. The author does not know at present whether a similar result exists
for the memory evolution, equation (4.128). It was however shown in ref. [I17] that
except in certain very special cases, if one of the series terminates, the other does not.
This can be seen from equation ([£.123). One of the representations (the one with
a terminating series) may therefore be more convenient depending on the particular

system under consideration.

In some cases, as we will see, neither series terminates after a finite number of
terms. However, approrimate equations of motion can always be written simply by
dropping all terms past the second derivative. In both cases, doing this preserves
the first and second moments of p, but higher moments can be wrong. This can be
seen by formally solving equations and and showing that the first two
moments depend only on the first two expansion coefficients (and higher moments

depend on higher order expansion coefficients).

It should be noted that the two truncated series will in general result in different
evolution for p depending on which version is used. The truncated versions of (4.127)
and (4.128)) are approximate equations of motion which in general are not equivalent,

so the two truncated series should therefore be viewed as two completely different
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approximations. To determine which approximation reproduces the true distribution
more accurately (in some sense which must be made clear), one must investigate the

behavior of the third and higher moments.

4.5.3 Evolution of the Density in the Absence of Bias

We will now derive equations of motion for the density per particle p(x,t) in the
absence of bias (i.e. each v, is set to zero). We restrict ourselves to the second class
of initial conditions discussed in the previous section, equation , to ensure that
the evolution is linear. We will see that this equation of motion is most conveniently

written as a diffusion equation with a time-dependent diffusion coefficient.

For an initial condition in which all particles begin at 2/, the quantity G appearing

in equations (4.108) and (4.109) is (using equation (4.71)), the earlier result for the

single particle distribution functions)

1 —[r — 2']?
Gz —2',t) = ——ex <— , 4.132
( ) oms) D\ 25(1) .
so using equation (4.108]), the evolution of the density is

i W) pla’,0)dz. (4.133)

o 1
plx,t :/ ———exp <—
(@) —eo \/27S(1) 25(t)
The density p(z,t) for a delta function initial condition is plotted in Figure .
We can now write an equation of motion for the evolution of the density. Since
the solution to the diffusion equation

oP oP

18

o) 1 2
Plat) = / mexp( s )P(x/,O)dx’, (4.135)
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Density per Particle vs Space and Time, N=10, y=1, Dp=1

15
p(x,t) 10

Figure 4.1: Density per particle as a function of time in the simple model of centering
without bias for a delta function initial condition.

it is easy to see that the density obeys

dp 10%
L _ - 4.136
oS  20z? ( )
Using the chain rule, we can rewrite this as a diffusion equation with a time dependent

diffusion coefficient,

dp 9?p
— =D — 4.1
9 ox () 972 (4.137)
with
1 dS _ 1 _
x(t) = Did = ° 2Nt N(l — e ), (4.138)

As we saw earlier, at short times the effective diffusion constant is Dy, but at
long times the springs counteract the spreading caused by the thermal noise, and the

effective diffusion constant is reduced to Dy /N (since the center of mass still diffuses).

We could have derived this in a different way using the expressions obtained in
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the previous section. The Fourier transformed Green’s function is

2
G(k,t) = exp [—%@)} (4.139)
so using equation (4.115]), we have
. 0. 4 1dS
— ] S S 4.14
Kk, 0) = 5 Gl 1) = K5 (1.140)

Inserting this into the expansion (4.127)) gives again equation (4.137)).

In this case, it is more convenient to write the evolution equation as a time-
dependent diffusion equation; however, using the results from the previous section we
can reformulate the evolution as a memory equation. To do this, we must calculate

the joint Fourier-Laplace transform of the Green’s function,

o0 0o 9
G(k,e) = / e*EtQ(k,t)dt _ / e~ oxp {_k §<t>1 i
0 0

h b (L=, 4141
— —et — — — t. .
/Oexp[e : (N+< N e )} (4.141)

This integral can be written in terms of the incomplete gamma function. First change

variables to k = 2Nt to get

Dok? 5
5 —Sa5 (I-1/N) ot + Dok* Dok?
g(k,e):e—/exp [— (6 N >/€+ 0 (1 —1/N)e | dk.
0

2N~y 2N~y 2N~y
(4.142)
Now consider integrals of the form
/ e~ dt. (4.143)
0
Substitute u = —be~* to get
> - 0 —d
/ e et dt = / (—u/b)“e’“—u
0 —b u
—b
= (—b)_“/ u* e du
0
= (=b)""Yinc(a, —b) (4.144)
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where 7inc(a, x) is the lower incomplete gamma function,

Yine(@, ) = / e dt. (4.145)
0

Using this, the Fourier-Laplace transformed Green’s function is

) = o [ ) k k 4.14
Ghve) = Sy [ s (0.0 (1)) (4.146)
where we have defined
Dyk?
k)= 1-1/N 4.14
(k) = SR—(1=1/N), (1.147)
€+ goTlf
= —. 4.14
() = (4.148)
Using equation (4.120]), the memory is
v 1
M(k,e) =€ — -
G(k,e)

= e { S ) s (w10, ) } | (1.149)

We have now explicitly obtained an expression for the memory, at least in the Fourier-

Laplace domain.

This completes the calculation of two equivalent equations of motion for the den-
sity per particle p. The time-dependent evolution equation for p is local in space
in the sense that the time derivative of p(x,t) depends only on the second spatial
derivative at x, whereas the memory evolution equation is necessarily non-local in
space in the sense that the time derivative of p(z,t) depends on on p(z,t) at points

in space away from x.

We end this section with a calculation of an approximate memory evolution equa-
tion for p using the method described in the previous section. Instead of calculating
the expansion coefficients directly from equation (4.149)), it is simpler to return to
equation (4.120). The m = 0 term necessarily vanishes due to conservation of prob-

ability, and in this case the m = 1 term vanishes since there is no bias in either
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direction. The m = 2 term in the Laplace domain is

1 02 192 1
T W T e | A
1 d 2 1 92 .
SRR ¢V S
[G(0,¢€))3 {Wg (k) w0 2[G(0,¢€))2 Ok? (Fye) k=0

(4.150)

Since the distribution is normalized to unity, we have G(0,¢) = 1 and thus G(0,¢) =

1/e. The first term vanishes since G is symmetric in x, so we have

= ——/ (%2 Gk, t)dt

Using the Fourier transformed Green’s function, equation (4.139), this becomes

2
_la_M(k .

e (4.151)

k=0

102 €S (e)
—5%1\4(/{ ) = (4.152)
The right hand side may be rewritten as
1 0° €25(e) — €S(0) — $(0) 4 S(0)
_5%/\4(1{; €) = 5 (4.153)
since S(0) = 0. Inverting the Laplace transform using the identity
L{F ()} e) = € f(e) — ef(0) = f(0) (4.154)
gives
1 9 1. 1. .
-~ = - ) 4.1
28k2M<k t) - 2S(t) + 25(t)S(O) (4.155)
Plugging in for S(t) gives explicitly
1 —2N~t
— = M(k,t) = —2Dgye "N — 1) + Dyd(t). (4.156)
2 Ok? 0

Our approximate memory equation of motion for the density is therefore

9 ) b 0 N
5;P(@:t) = Doz p(w,t) = 2Dy y(N = 1) /0 P (e, H)dt. (4.157)

106



Chapter 4. Collective Motion of Macroscopic Objects: A Model with Centering

4.5.4 Evolution of the Density with Bias

Next, we analyze the case when bias v, is present. For the cluster initial condition

described earlier, equation (4.102)), the single particle distribution functions evolve as

PW(z,t) = / GD(x — 2’ t)PW (2, 0)dx (4.158)

m
o0

with G (x — 2',t) calculated from equation 1) by setting x/ = z’ for all m,

1 —[Tm — ' — v —0(t — 7)]?
GW(g — 2/ 1) = ————.ex ( . 4.159
a )= s 25(1) (1)
Fourier transforming, we have
2
GV (k,t) = exp {—ik[?}mT +o(t—1)] - i g<t> } : (4.160)

Each individual single particle distribution therefore obeys an advection-diffusion

equation with time-dependent coefficients,

9 L Nt - Nt 9 ) 0
—P. ) (x,t) = —[vme " +0(1 — e )| =Py, (x,t) + Dox(t)

5 3 ozt (1)

(4.161)
where we have used 7(t) = e and S(t)/2 = Dox(t).

The density per particle p(x,t), which is the sum of the single particle distribution
functions divided by N, obeys neither an advection-diffusion equation with time-

dependent coefficients nor an advection diffusion equation with memory unless every

Uy, 18 the same. The non-local in space versions, equations (4.111)) and (4.116|) must

be used.

The Green’s function for the evolution of the density in this case is

[ — 2’ — VT — B(t — T)P) |

1 Z 1 (

— —————ex

N & a5 T 25(t)
The density per particle as a function of time when the bias is present is plotted in

Figure (4.2)).

Glx —2',t) =

(4.162)
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Density per Particle vs Space and Time, with Bias, N=10, y=1, Dg=1, v=10, a=0.2

12
10
p(xt) g

oONDO

Figure 4.2: Density per particle as a function of time in the simple model of centering
when the bias is present for a delta function initial condition. In this case, the
individuals are either uninformed v,, = 0 or informed v,, = v. The concentration of
informed individuals is a = 0.2.

In general, the neither equation (4.127)) nor equation (4.128) terminate after a
finite number of terms. The evolution is thus necessarily non-local in space, no
matter which formulation, time-dependent or memory, is used to write the equation

of motion.

The time-dependent kernel K may at least be calculated explicitly in the Fourier
domain. We will also derive approximate equations of motion in both the time-

dependent and memory formulations.

The Fourier transform of the Green’s function in equation (4.162)) is

Gk, t) = % Z exp {—z’k [OmT +0(t — 7T)] — kaz(t)} : (4.163)

Using this in equation (4.115)), the time-dependent kernel K is

% >om [—ik[va'-i-ﬁ(l—r')]—@} exp [—ik[vmr-m(t—ﬂ]_@}

% > €XP [—ik[vmr—ﬁ-ﬁ(t—r)]—@]

A~

K(k,t) =

(4.164)
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We now calculate the expansion coefficients and write approximate equations of
motion which are local in space, beginning with the time-dependent formulation.

Again the m = 0 term vanishes because of conservation of probability. The m = 1

term is
0 - 0 1 0 4
- IC k,t — = . g kat
a(ik) (k1) k=0 OLG(k,t) O(ik) 0 k=0
01 _ -
= %N (O™ +0(t — 7)] = —0. (4.165)

m

where we have used o = + >, vy, and G(0,t) = 1. The m = 2 term is

2 2 2
s 0|, 2o [agkv(j(k’” G ]
= %S(t) + 7702
= Dox(t) + e V7o? (4.166)
with x as defined earlier,
x(t) = et 4 %e—w (4.167)
and where o2 is related to the spread of the v,,s,
o’ = %van — 7% (4.168)

m

Using these results, an approzimate space-local time-dependent equation of motion

for the density is
2

0 - 0 —N~t,__ 2 9
at,o(:l:, t) = —vaxp(:v, t) + [Dox(t) + e T“”]aaﬂ px,t). (4.169)

Next, we calculate an approximate equation of motion with memory. The m =1

expansion coefficient in the Laplace domain is

o o 9 1

M(k,e) = —————
o(ik) (F>e) O(ik) G(k, €) |j—o
_ 2 9 /OO —et 3
= Jy ¢ IR0
:—1)62/ e tdt = —v. (4.170)
0

109



Chapter 4. Collective Motion of Macroscopic Objects: A Model with Centering

Inverting the Laplace transform, this is

o -

k,t) = —vd(t). 4.171
oMkt = ~T8(1) (4.171)
The m = 2 term in the expansion in the Laplace domain is
Lo - L { 0 4 r 1
———M(k,e = ——— | =—G(k,e —————G(k,e :
2ak2 ( ) k=0 [g(oa 6)]3 ak ( ) k=0 2[g(07 6)]2 8k2 ( ) k=0
(4.172)
We have
0 o 0 ;4
—G(k,e :/ et —G(k, t)dt
TRl )k:O i a9 (k1) .
= —iv / e tdt = —w% (4.173)
0 €
and
1 0% 4 1 [ 0% .
Z 2 Gk =_ Gk, t)dt
2 rzd k) o 2/0 ¢ Ikt o
_ 1 > —et 1 — 2
_ 2/0 g ZASO+ [om + (0= P}
1 0121 OO —et, 2 62
Using these along with G(0,€) = 1/¢ we have
10* o 2S(e) + a2 [ e tridt
———M(k = LANELL : 4.1
28k2M( ©) 0 92 (4.175)
Using the definition of 7,
1
7_2 — 1— ze*N'Yt + €*2N’Yt 4.176
il ) (1.176)
SO
> 2 1 2 1
2 —et 2dt _ € -
6/0 ©7 (Nv)? \ e 6+N’yt+e+2N'yt
1 2e2(N~)?
(N2 (e+ Nv)(e+2N7)
4 2
_ (4.177)

e+2Ny e+ Ny’
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where we have performed a partial fraction decomposition in the last step. Inverting

the Laplace transform, we have for the m = 2 term in the expansion

10* o 1. 1 :
- k = —S(¢t Z5(t 2 2 —2N~t _ —Nnt
S 9| = 380+ 50050) + ol — e
= —2Dgye V(N — 1) + Dod(t) 4 o5[2e 2N — N1,
(4.178)
The approrimate memory equation of motion for the density is finally
0 0 0
&P(%t) = —U%P(%t) + DO@P(%??)
t 2
— /0 [2Dyy(N — 1) — 02(2 — eNV(t_t/))]eJNV(t_tl)%p(x,t/)dt/.
(4.179)

4.6 Remarks

Let us summarize what we have found in this chapter. We have calculated exactly the
probability distribution as a function of time for a simple model of flocking consisting
only of a centering interaction, noise, and a bias. In the absence of noise, each particle
moves at the same speed but is displaced from the center of mass by an amount which
depends on the strength of the bias the particle feels. The noisy dynamics, analyzed
with a Fokker-Planck equation, are similar, but there is a spread in the particles
positions. At long times the distribution spreads more slowly due to the spring forces
counteracting the thermal noise. We saw also how a “mean-field” calculation could
be used to calculate the center of mass and single particle distribution functions in a

simpler way.

Next, we calculated another coarse-grained quantity: the density. It was shown
that for a certain class of initial conditions in which the particles are found clustered
together that the evolution of the density is linear, and we wrote continuum equations

of motion for the evolution of the density.
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We saw that in the absence of bias, the evolution of the density is naturally
described by a diffusion equation with a time-dependent diffusion constant. We then
showed that the evolution equation can be recast as a memory equation, but in doing

so we found that the memory must be non-local in space as well as time.

In the presence of bias, it was shown that the density does not obey simply an
advection-diffusion equation with time-dependent coefficients (although the single
particle distributions themselves do). Instead, the density obeys time-dependent evo-
lution equation which is non-local in space. An equivalent memory equation, also

non-local in space, was found as well.

This simple model has proven to be amenable to analytic calculations, and we were
successfully able to write continuum equations of motion for coarse-grained quantities

starting from a dynamical description of the motion of each individual particle.
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Chapter 5

Collective Motion of Macroscopic

Objects: A Model with Alignment

In the previous chapter, we constructed a simple model of collective motion which
consisted of a centering interaction, noise, and a bias. Although the model could
be exactly solved, it lacks an important feature present in many models of collective

motion: self-propulsion.

In this chapter, we construct and analyze another simple model of collective mo-
tion with a slightly different set of ingredients: self-propulsion, an alignment interac-

tion, and noise.

A heavily cited model in the literature with self-propulsion, alignment, and noise
is the model by Vicsek et al. [85]. Their model is rule-based with the following single

rule:

at each time step a given particle driven with a constant absolute velocity
assumes the average direction of motion of the particles in its neighbor-

hood of radius r with some random perturbation added.
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The model discussed in this chapter is based on Vicsek’s central idea. However, we
will treat it in a simplified form and, to allow for analytic calculations to be done, we
will make a crucial assumption: we will take the alignment interaction have infinite
range. We begin with the known single-particle version of the model and generalize

first to two-particles, then to many particles.

The one- and two-particle versions can be solved exactly, and we calculate the
first two moments and write equations of motion for some coarse-grained continuous
quantities. The many-particle version cannot be solved exactly, but we do calculate

the first two moments.

5.1 Single-Particle Model

First, consider a single particle which moves in one dimension at a constant speed
¢, but which changes directions at random. Suppose that the probability per unit
time for the particle to flip is a constant, which we will call F. One possible path
of such a particle is illustrated in Figure 5.1 This simple model is already known
in the literature, see for example refs. [117, 119-122]. We will reproduce here the
main results from the single-particle model, then generalize the model to more than

one-particle and introduce an interaction.

The complete state of the particle can be described by two functions of space and
time which we will call Q(x,t) and Q_(x,t). We define @), so that @ (z,t)dx is the
probability to find the particle moving to the right in a small interval between x and
x + dz at time ¢. Similarly, Q_(x,t)dz is the probability to find the particle moving

to the left in a small interval between x and x + dz at time ¢.

What equations of motion do @ and ) obey? If the particle did not flip (F = 0)
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Sample Path, Single Flipping Particle
10 T T T T T T T

Ft

Figure 5.1: Sample path of a particle moving at speed ¢ which flips directions at
random.

then the equations of motion would simply be advection equations,
0 0
0, = —c— 5.1
0 0
—Q_ = +c—Q_. 2
50~ = T¢5.@ (5.2)

On the other hand, if the particles were stationary, then the equations of motion

would simply resemble the Master equation for a two-state system,

0
5@+ = FlQ- - @4, (5:3)

0
5Q- =FlQy -] (5:4)
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Combining these, when the particle is not stationary and does flip, the equations of

motion are
0 0
&Q-ﬁ- = _C%Qﬁ- + FlQ- — Q4] (55)
0 0
a@— = +C%Q— + FlQ- — Q4] (5.6)

This set of equations can be solved by Fourier and Laplace transforming and solving
the resulting system of linear equations. We again define the Fourier transform of a

function f which depends on space as

f = [ s (5.7

and the Laplace transform of a function g which depends on time as

gle) = /Ooog(t)e_“dt. (5.8)

The joint Fourier-Laplace transform of a function h which depends on both space and

time, which we label with a breve, is

hk,e) = / / h(x,t)e”* e~ dadt. (5.9)
0 —00
We have for the joint Fourier-Laplace transform of the equations of motion (5.5 and

(5.6)

Q4 (k, €) = Qu(k, 0) = —ikeQ (k, ) + FIQ-(k,€) — Q4 (k, €], (5.10)
€Q (k) = Q_(k,0) = ikeQ_(k,€) + F[Q+(k, ) — Q_(k,€)]. (5.11)
Rearranging and rewriting as a matrix equation, this becomes
e+ F + ikc —F C:)+(/<:, o) _ 6:2+(k, 0) | (512)
—F e+ F —ike Q_(k,e) Q_(k,0)
Inverting the matrix on the left hand side then gives the solution as
Q4 (k,e€) 1 €+ F —ikc F Q4 (k,0)
O (ke)) €+2Fe+k? F e+ Ftike] \O (k0
(5.13)
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We will see later that the solution in real space and time can be written in terms of

modified Bessel functions.

For now we will calculate some coarse-grained quantities. The total probability to
find the particle pointing to the right, which we will call P, can be obtained simply

by integrating (), over all space,

zauy:/wQ+@¢mx:Qm¢) (5.14)

Similarly, the probability to find the particle pointing to the left, P_, is found by
integrating ()_ over all space. We have constructed the model so that the flipping

occurs independently of where the particle is located, so P, and P_ obey the Master

equation
%RZHR—ﬂL (5.15)
d
—P_ =FP,—P_|. 1
7 [P+ ] (5.16)

This can be seen explicitly by integrating the equations of motion for @), and Q)_

over all space.

Using P, + P_ =1, the solution is

Py (t) = P (0)e 2t + —(1 — 2, (5.17)

P_(t) = P_(0)e " 4 Z(1 — 72, (5.18)

NN E NN

so at times t > 1/(2F), it is equally likely to find the particle pointing in either
direction. The evolution of P, and P_ for a particle initially pointing to the right is

plotted in Figure |5.2

Now let us calculate the average position (x). Define @) to be the sum of @, and

Q-;

Q("L‘at) = Q+($,t) + Q—("L‘at)' (519)
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P, and P, particle initially pointing right

1 \ | | | I I
’ Pi(t) -
P(t) ——
E ....................
8 osk
o
a
0 | | | | |
0 1 2 3 4 5 6

2Ft

Figure 5.2: Probability to find a randomly flipping particle pointing to the left or
right as a function of time, given that the particle was initially pointing to the right.

The probability to find the particle in a small interval between x and x + dz going in

either direction at time ¢ is then Q(x,t)dx. The average position is then

(x) = /_00 xQ(z,t)dr = /00 z[Q4(x,t) + Q_(x,t)]d. (5.20)

o0 — 00

Fourier transforming equations (5.5)) and (5.6 gives

0 N N N
§Q+ = —c(ik)Qy + F[Q- — Q4] (5.21)

~ A ~

00 = Helk)Q. + PO~ Q) (5.2
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Adding these, we have
0 ~ NEA A
0 = i@ ~ Q] (523)

Since the Fourier transform of Q is given by Q(k,t) = [ e **Q(z,t)dx, the nth

moment can be computed by taking k-space derivatives of Q;

~

") = 2"Qx,t)dr = ——— , 5.24
") /oo (1) O(—ik)"™ |—o 2
so using this in equation gives the evolution of (x),

d

et = clP(t) ~ (1) (5.25)

The quantity P, (t)— P_(t) is the average direction the particle is pointing in at time t.
This can be seen by defining a stochastic variable o (t) which represents the direction
of the particle and can take on only the values —1 or +1. Then the average direction
1s
(o(t) = > oR,(t)=Py(t) - P_(t). (5.26)
o=—1,+1
We can therefore write the evolution of the first moment as

d
g le(t) = cla(t)). (5.27)

In words, this equation states simply that the time derivative of the average position
is the speed c times the average direction. From equations (5.17) and (5.18)), the

average direction decays exponentially from its initial value,
(o(t)) = (a(0))e™"". (5.28)
Substituting this into equation (5.27)) and integrating gives the average position as

(x(t)) = (x(0)) + ¢(a(0))

1— 672Ft

o7 (5.29)

For short times, ¢ < 1/(2F), the particle simply drifts at speed ¢ in whichever

direction it is initially pointing in,

(x(t)) = (£(0)) + (o (0))t. (5.30)
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Single Particle <x> vs t, Initially Pointing Right

| | | | |

(<x>-<x(0)>)(2F/c)

2Ft

Figure 5.3: The average position versus time of a randomly flipping particle moving
at speed c, given that the particle was initially pointing to the right.

At long times, t > 1/(2F), the probability to find the particle pointing to the left
is equal to the probability to find the particle pointing to the right, so the average

direction is zero and the first moment becomes a constant,
1
(@(8)) = (2(0)) + c(o(0)) 57 (5.31)
The average position for an initial condition in which the particle is pointing to the

right is displayed in Figure [5.3|

Now let us calculate the second moment. Using equation ([5.23)), we have

2
d d_0 0 ] C (532)
k=0

i) = e, = (e

o O(—ik)
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Define
9 .

(z4) = m@+ - (5.33)

(x) = a(—a@'k) Q- . (5.34)
From the equations of motion for @, and @)_, we have

%Km — (2] = [Q+(0,1) + Q_(0,)] = 2F[(z1) — (x)]. (5.35)
Because of normalization, Q(0,t) = Q4 (0,t) + Q_(0,t) =1 so

(21(t) = (2-()) = [{2+(0)) — (w-(0))]e™>"" + %(1 —e?). (5.36)
Substituting,

e e ) —2Ft

a(x ) =2c oYa + 2ce (x4 (0)) — (x_(0))]. (5.37)
Integrating,

(2(0) ~ ((0) = 22— 2t [ (0) - (- O (539

To see what happens for a simple initial condition, suppose that at time t = 0 the
particle is located at © = 0 and has a random direction. In terms of the @)s, this

means

Qu(x,0) = Q_(x,0) = 53(x). (5.39)

We then have (z,(0)) = (z_(0)) = 0, (x*(0)) = 0, and (z(¢)) = 0, and the second

moment is

(22()) = 2220 <(21F;26_ 2} (5.40)

At short times, ¢t < 1/(2F), the second moment is proportional to t?, and the motion

is said to be ballistic,

(z2(t)) ~ (ct)*. (5.41)
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At long times, t > 1/(2F), the second moment is proportional to ¢, and the motion

is said to be diffusive,

(22(8)) ~ Q%t - % (5.42)

The effective diffusion constant, which can be defined as

1d 9 9
Des = 55 ((23(0) — (@(0))?) (5.43)
Dt = 5 (5.44)

The second moment as a function of time is illustrated in Figure [5.4]

Now let us look at continuous coarse-grained quantities. Since there is only one
particle, the density, center of mass distribution, and single particle distribution are

all the same:

p(l’,t) = Qcm(mat) = Q(ZL’,t) = Q_,_(Zt,t) + Q—<$’t)' (545)

What equation of motion does () obey? We could follow our procedure as discussed in
the previous chapter for constructing equations of motion from the Green’s function,
but it is simpler to use the following procedure as described in ref. [122]. First, take

the sum and difference of the equations of motion for @, and Q_, equations ([5.5)

and ([5.6)), to obtain

0 0
0 0

where R is defined to be

R(z,t) = Qy(x,t) — Q_(x,1). (5.48)

122



Chapter 5. Collective Motion of Macroscopic Objects: A Model with Alignment

Single Particle Mean Squared Displacement, c=F=1
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Figure 5.4: Mean square displacement versus time of a randomly flipping particle

which moves at constant speed ¢ on a log-log scale to illustrate the change from t2
growth to ¢ growth.

Take a time derivative of the first and substitute the second in the right hand side to

obtain

0? 0 0 5 0% 0

~ Q=-—c——R=c*" 2Fc—R. 5.49
T ot T a9y, (5.49)
Finally, eliminate R from the right hand side using again equation (5.46)) to obtain a
closed equation for @,

02 0 0?

— 2F —Q = *==Q. :

g T G = Y (5.50)

This partial differential equation, which is second order in time, is known as the

123



Chapter 5. Collective Motion of Macroscopic Objects: A Model with Alignment

telegrapher’s equation. If there were no flipping, ' = 0, ) would obey simply the
wave equation. On the other hand, if the first term were not present, ) would obey

a diffusion equation with diffusion constant D = ¢?/(2F).

Since this is a second order in time equation, both @ and @ must be specified at

time ¢ = 0. Using the definition of @), we have simply
Q(z,0) = Q4 (2,0) + Q_(x,0), (5.51)

and using equation (5.46)), Q(az, 0) is

O(,0) =~ Q4 (2,0) - Q_(2,0)]. (5.52)

_C—
ox
The solution to the telegrapher’s equation (5.50) can be obtained by standard

techniques (see for example ref. [123]), and has been applied in diverse areas ranging

from particle transport to stress distribution in granular compacts [124H126]. For an

initial condition Q(z,0) = d(x), Q(x,0) = 0 (i.e. the particle starts at x = 0 with a

random direction), the solution is

_pi0(x — ct) "g Oz + ct) + QECeFtH(ct — |x[) {IO(A) T %Il(A)]

Qz,t) =€
(5.53)

where H is the unit step function, the Is are modified Bessel functions, and

F
A= —Vc2 — a2, (5.54)

c

How does @ evolve in time? The distribution Q(z, t) is zero for |z| > ¢t due to the fact
that the particle moves at a constant speed ¢, so it cannot be found anywhere with
|z| > ct (since it would have to move faster than ¢ to get there). The delta functions
in the first term represent the motion of the particle if it has not flipped. They are
multiplied by a factor e ¥* because the probability that the particle has not flipped
decays exponentially in time. The second term is nonzero in the interior region |x| < ct

and is a result of the flipping. Using the asymptotic properties of the modified Bessel
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Telegrapher's Equation Solution, c=F=1

1 T T T T T T T T
0.75 _
2 os| -
(@4
0.25 | [, -
B e I Sy
/’/‘/T /I\ ) B
0 .~ I I )
-5 -4 -3 -2 -1 0 1 2 3 4 5
X
t=0 —— t=1 T P t=4 ——- t=6

Figure 5.5: The solution to the telegrapher’s equation for different times for a delta
function initial condition. The vertical arrows represent delta functions, with the
length of the arrow representing the amplitude of the delta function.

functions it can be shown that at long times, () becomes approximately a Gaussian

[122]. The solution is illustrated in Figure [5.5

Instead of a second order in time partial differential equation, the evolution of

() may also be written as a first order in time partial differential equation with a
memory [117]. Formally solving equation (5.47)) for R in terms of @ gives
t n 0
R(x,t) = e "' R(x,0) — c/ e 2t )8—Q(x,t’)dt’. (5.55)
0 x
Substituting into ((5.46)) gives an equation which is closed in @) except for a term which
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depends on R at time t = 0,

82

Q). (5.56)

9 (x,t) = —ce_QFtﬁR(x 0) + 2 /t o 2F(t—t")
ot or 0

5.2 Two-Particle Model

Next, we generalize the model constructed in the previous section to two interacting
particles. The particles still flip randomly, but we construct the flipping rates so
that the particles tend to point in the same direction. This is a kind of alignment
interaction. An important simplification we will use is to make the interaction infinite
ranged, in the sense that the strength of the alignment interaction is independent of

the distance between the particles.

Since there are four total configurations, the state of the system may be described
by four functions of two spatial variables (the positions of each of the two-particles)
and time which we will denote @, ., Q.+, @_, and Q__. Define ), so that the
probability to find both particles pointing to the right with the first particle in a small
interval between x; and z; 4+ dx; and the second particle in a small interval between

zo and zy + drs is
Q1 (x1, 29, t)dx1dTs. (5.57)

Similarly define @, (except with the first particle pointing to the right and the
second to the left), @_, (first pointing to the left, second to the right), and Q__
(both particles pointing to the left).

Before we construct the equations of motion for the (s, let us first construct
equations of motion for the probabilities to find the particles in a given configuration,
which we will denote P,,, P,_, P_,, and P__. The quantity P,,(t) is the total
probability to find both particles pointing to the right at time ¢, and is related to
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.+ by integrating over the positions of the two-particles,

Pet) = [ [ Qo mntidoides (5.58)
The remaining quantities Py _, P_,, and P__ are similarly related to @, _, @_., and

Q.

Since we have assumed that the strength of the alignment interaction does not
depend on the relative distance between the two-particles, the directions of the par-
ticles evolve independently of the positions and closed equations of motion can be
written for the Ps. We assume that their evolution can be described by a Master
equation, and we introduce alignment by constructing the rates in such a way that
the aligned states are favored. More precisely, let F' by the probability per unit time
for the system to change from an unaligned state to an aligned state (e.g. —+ to ++
or —+ to ——), and let f < F' be the probability per unit time to flip from an aligned
state to an unaligned state. The situation is illustrated in Figure [5.6, The Master

equation for the evolution of the Ps is

C”;f = F[Py,_ + P_,]—2fP;., (5.59)
(IR IR BT (5.60)
d];; = f[Pry + P = 2FP,_, (5.61)
d];f = flPyy + P] = 2FP_,. (5.62)

This system of equations can be solved in the following way. This procedure is
equivalent to diagonalizing the interaction matrix. Adding all four equations together,

we have simply conservation of total probability:

%[P++ Y P _ 4P+ P =0 (5.63)
Subtracting the second from the first and the fourth from the third,

%[P++ — P _|==2f[Py, — P_], (5.64)

%[PJr— —P_|=-2F[P,_—P_,], (5.65)
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Figure 5.6: Hlustration of the flipping rates for the two-particle alignment model.

which can be solved as

[P () = P__ ()] = e™[P44(0) — P__(0)], (5.66)
[Po_(t) = Po(t)] = € 2Py (0) — P_.(0)] (5.67)

Finally, combining all four equations we also have

Cf (Pt Py 2F (P4 P_L)| = —(2f +2F)[2f (P +-P-_)=2F (P4 P

(5.68)
which can be solved as
2f[Prs(t) + P_(t)] = 2F[Pp_(t) + P4 ()]
= e IR FIP, 1 (0) + P-_(0)] — 2F[P,_(0) + P_(0)]}. (5.69)
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If we now solve for P, ., P__ P, | P_, we have

Pys(t) = 5o [P (0) — P__(0)]
F

+ 5 P (0) + P (0)] + %F—Hu _ 2P+
Po_(t) = 5 [P (0) ~ P, (0)]

3 IR (0) 4 Po(0)] + 5 (1= 2
Py (t) = 3¢ 2P, (0) = P_4(0)

- %e—“”f)f[m_(o) + P (0)] + %FLHQ — e 2N
P_y(t) = 5 '[P (0) = P (0)

+ 3P (0) + Py(0)] 4 (1 = €0

In the steady state, the probabilities become

1 F
P,=P _ =-——
1 f
P =P =-——
+ Y Y

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

Since we have chosen F' > f, the probability to find the particles in the aligned states

++ and —— is larger than the probability to find them in the unaligned states +—

and ——+.

We now construct equations of motion for the four @Js. We do this simply by

keeping the flipping terms the same (again, since we have made the simplification

that the interaction does not depend on the separation between the particles) and
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adding drift terms,

8%t++ - _0822; - 0822;* + FlQi— + Q-] — 2fQ+4], (5.76)
% - +Ca§xl + 083@ + FlQ4— + Q_4] — 2f1Q—_], (5.77)
% - _Cagxt_ + 0822;,;_ + flQir + Q-] — 2F[Q4-], (5.78)
a%z_ "= “853: N Cang + Q4+ + Q-] - 2F[Q4]. (5.79)

It is possible to solve the equations of motion exactly by Fourier transforming and
solving the resulting set of linear ordinary differential equations by diagonalizing a

4x4 matrix, i.e. write

0 A A
T (K1, k2, t) = —A(ki, k2)Q(k1, k2, 1) (5.80)

where Q(lﬁ, ks, t) is a vector which contains the Fourier transformed distributions,

Q41 (K1, ko, t)

Q(k1, ko, 1) = C?__(kh ?) (5.81)
Q-i——(kla k27 t)
Q1 (K1, ko, t)

and the matrix A(kq, ko) is

ic(k‘l + ka2) +2f 0 —-F —F
Alk ko) = 0 —ic(k1 + k2) +2f ~F —-F ‘ (5.82)
—f —f ic(ky — ko) + 2F 0
—f —f 0 ic(ke — k1) + 2F

The solution can be formally written as
Q(ky, ko, t) = exp[—A(ky, k2)t)Q(ky, k2, 0), (5.83)
or in the Laplace domain as

Q(k1, ko, €) = [l + A(ky, ko)) ' Q(ky, ks, 0). (5.84)
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Explicit expressions can be found by diagonalizing the 4x4 matrix A to calculate the
exponential (in the time domain), or inverting el + A (in the Laplace domain). These
operations can be performed in computer algebra systems, but the resulting expression
are too large to reproduce here. Instead, we calculate the first two moments, and some

continuous coarse-grained quantities.

One way to calculate the first two moments is to follow the same procedure as
in the single-particle case: Fourier transform the equations of motion for the (Js and
take k-space derivatives to obtain equations of motion for the moments. A simpler
method which we will apply here is to write stochastic differential equations for the
positions of the two-particles, and calculate the moments from them by ensemble
averaging. The velocity of the mth particle is simply the speed ¢ times the direction

the particle is moving in o,,,
T (t) = com(t). (5.85)

Since o, is a stochastic variable (and therefore z,, is as well), these are stochastic
differential equations, but not necessarily Langevin equations since o,, does not rep-
resent Gaussian white noise. However, since the interaction strength does not depend
on the positions, the statistical properties of the directions are defined simply through
the Master equation 7. Ensemble averaging equation ([5.85)), we have an

equation of motion for the first moment (z,,).

d
7 {am(t)) = clowm(t)). (5.86)

This may also be derived directly from the equations of motion for the @s.

How does the average direction (o,,(t)) evolve in time? The total probability for
the first particle to be pointing to the right is P, + P,_, and the total probability
for the first particle to be pointing to the left is P_, + P__, therefore the average

direction of the first particle is

(01(8)) = [P () + Py_(t)] — [P () + P_(1)]. (5.87)
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Similarly, the average direction of the second particle is
(02(0)) = [Pes (1) + P (8)] — [Py (1) + P (1)) (5.59)

Using equations ([5.66)) and ((5.67) average directions evolve as
(o1()) = et (@1(0)) +(22(0)) | 2 (1(0)) — {o2(0))

5 5 , (5.89)
(st = e OO @O areler(O) ~ {ea0) 5.0

Substituting into equation ((5.86]) and integrating, the average positions of the first

and second particles are
(z1(t)) — (21(0)) _ 1—e 2" {04(0)) + (02(0)) L 1= e {01(0) — (05(0)

c 2f 2 2F 2 ’

(5.91)
(22(t)) — (22(0)) _ 1—e2"(04(0)) + (02(0)) 1 —e " (04(0)) — (02(0))
c 2f 2 2F 2 ‘

(5.92)

At short times, the particles simply drift in whichever direction they are initially

pointing in,

{21(1)) = (21(0)) + (o1 (0))1, (5.93)
(@2(t)) & (22(0)) + c(o2(0))t. (5.94)

At long times, both (z;) and (z2) go to a constant, since even though the particles
tend to align, there is no preferred direction for them to point in (i.e. the ++ state

is just as likely as the —— state).

The alignment interaction does affect the average positions at intermediate times.
For example, consider the case when at time ¢ = 0 the direction of the first particle
is random, (0y(0)) = 0, but the second particle is pointing to the right, (o2(0)) = 1.

In this case, we have

c _ 2t _ 2Ft
oa0) = )+ § (- ) (5.99)

c _ g2t _ p2Ft
{@a2(t)) = (22(0)) + 3 (1 o 41 a > : (5.96)

132



Chapter 5. Collective Motion of Macroscopic Objects: A Model with Alignment

At short times, the first particle is stationary, and the second particle drifts to the
right at speed ¢, but at intermediate times, the first particle also begins to drift to

the right due to the alignment interaction.

Now let us calculate the second moments. Again, these may be calculated direction
from the equations of motion for the )s, but instead we calculate starting from the
stochastic differential equations for the positions. Integrating equation (5.85), we

have
t
Tm(t) = 2,(0) + c/ o (t)dt. (5.97)
0
Multiplying by z,(t) and ensemble averaging,
t t
()20 (1)) = (2 (02 (0)) + ¢ / () ()}t + ¢ / (0 (0) (1))t
0 0
t t
+ ¢ / / (ot o, (t"))dl dt”. (5.98)
o Jo
The two-time correlation function on the right hand side may be written as [127, [12§]

(OmWon(t+1)) =YY Po(t)omPoio ()0, (5.99)

where o represents an entire configuration (i.e. for this two-particle system ++, —+,
+—, or ——), P,(t) is the probability to find the particles in that configuration at
time ¢, and Py (t') is the conditional probability for finding the configuration o’ at

time t' given that the particles began in a configuration . We have
Y Paior(1)0, = {ou(7))s (5.100)

where the right hand side means the average value of the nth direction at time 7

given that the system began in a configuration o. Using equations (5.89) and (5.90)),

these are
—2ft —2Ft —2ft' _ _—2Ft
(1)) = ;e o1+ © 5 . (5.101)
o2t _ g—2FY o2t | o=2F
(02(t)) = 5 o1+ > os. (5.102)
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Using 07 = 02 = 1, we have

(o1(t)or(t + 1)) = (oo(t)oa(t + 1))

o2t | o2FY  =2ft _ —2FY
= 5 + 5 (o1(t)oa(1)) (5.103)

and

(g1(t)oa(t +1')) = (oa(t)or (t + 1))
o2t _ o=2Ft  =2ft! L —2FY

= 5 + 5 (o1(t)o2(1))- (5.104)

We must now calculate the equal-time pair correlation function (o (t)o2(t)). We have

(01(t)a(t)) = Y 0102P5 (t) = Py (t) + P__(t) = Py_(t) — P (). (5.105)
Using equations ({5.70)) through (5.73)), the equal time pair correlation function is

(o1 (t)as(t)) = e 2D, (0)02(0)) + %(1 — e 2, (5.106)

Now, let us simplify to the case where both particles start at x = 0 with random
directions. In this case (x,,(0)o,(t)) = 0, (£,,(0)z,(0)) = 0, (51(0)o2(0)) = 0, and
equation (5.98)) reduces to

(T ()2 (1)) = ¢ /0 /O (o (E)orn (E)) A" (5.107)

Rewriting the double integral on the right hand side and using the fact that nothing

changes in this system if o1 and oy are interchanged,

(T (D)1, (1)) = 262 /0 /0 ) (om(t)o,(t' +1"))dt"dt’ . (5.108)

Substituting and performing the integration, we have

a2 (S =157 (o)

1 — e 2F+f)t F2 4 f2
B ( 2(F + ) ) (4Ff(F+ f)>
2ft — (1 —e %) F +2F2§—(1—(3_2Ft) f }
(2f)? F+f (2F)? F+f]
(5.109)
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and
F_
(w1 (t)a2(t)) = 2¢* m (e72! 4 72t — e 2HNE _ 1)
2ft —(1—e2Mt) F OFt — (1 — e 2Pty f
(2f)>2 F+f (2F)2 Fif (5.110)

At short times, we have (z3(t)) = (ct)? (ballistic motion), and at long times the
second moment is proportional to time,

F?+ f

(x%(t» ~ const + Cth’

(5.111)

which is characteristic of diffusive motion with an effective diffusion constant

2 24 [

Dot = b F 1 1)

(5.112)

This is similar to the one-particle (telegrapher) case. In fact, if we set f = F, i.e.
both particles flip independently and we get the same effective diffusion constant as

in the one-particle case, Dog = c?/(2F).

If F and f are switched, then for this initial condition, (x?) and (z2) do not
change, i.e. it does not matter for (x?) and (x3) if the birds tend to align or antialign

because the interaction has infinite range.

To see the effect of the alignment, we must look at two-particle observables such
as the mixed moment (z;z5). This is a measure of how strongly the positions of the
two-particles are correlated. At long times the positions are positively correlated so
long as F' > f,

F2—f2

FFEL (5.113)

(w19) ~ const + ¢

For F' = f, the correlation vanishes for all times since the particles then flip indepen-

dently of each other.

We now look at coarse-grained continuum quantities, starting with the joint dis-
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tribution function defined by

Q(x1, 29, t) = Q4 (21,2, t) + Qy— (1,72, 1) + Q—y (21, T2, 1) + Q—_ (71, 2, 1).
(5.114)
Defined in this way, Q(z1, x2, t)dx1dxs is the total probability to find the first particle
in a small interval between x; and x1 + dx; and the second particle in a small interval

between x5 and x9 4 dxy at time ¢ with either particle pointing in any direction.

We take an initial condition in which the directions of both particles are random,

i.e.

Q++(71,72,0) = Q4 —(21,22,0) = Q4 (71,72,0) = Q——(71,72,0) = M :
(5.115)
Using a computer algebra system to perform coarse-graining on the full solution, the
evolution of () in the Fourier-Laplace domain for this initial condition is

v 1 A

Q(kl,kg,ﬁ) = v Q(kl,kQ,O) (5116)
e — M(kq, ko, €)
where the memory M is, in the transformed domain,
v _ —P[(E2+3Fe+4F?)k2 +(3fe+4f2)k2 +c? (k1 k-)?]
Mk, ka, €) = 8Ff(F+f)+4(F2+f2)e+4(F+f)52I12Ffe+c2Fk§r+c2fk2i—+026(ki+k3)/2+e3 :
(5.117)

with

k+ = kl + kQ, (5118)

k_ = ki — ks. (5.119)

Since the series expansion of M(/ﬁ, ks, €) in powers of k; and ky has infinitely
many terms, the joint distribution () obeys an equation of motion which is non-local

in both space and time,

a 00 o) t
5 (1, T9,t) = /_Oo /—oo/o Mz — 2y, 19 — xh, t — t)Q (2], 25, t)dt' da dly.

(5.120)
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From the joint distribution (), we can coarse-grain further to the single-particle

distributions by integrating out one of the position variables,

le)(x7t> E/ Q(./L',I'Q,t)dxg, (5121)
Qé”(x,t)f/ Q(z1, 2, t)dxy. (5.122)
For the same initial condition, we have

(ko) = — OV (k.0 5.123

A04,0) = @00 (5123)
9 1 (1)

QY (k,e) = —————Q8 (k0 5.124
k0 = s A 0) (5.124)

with

v 197 v

M (k,e) = M(k,0,¢) = M(0,k,¢€)

_ —C2[(4F?+4f2+3Fe+3fet+e?+c2k2)k?) (5 125)
T 8Ff(FH[)+4A(F%24f2)e+4A(F+ f)e2+12F fe+c2 (F+ f)k?+c?k2e+e3 ° )

The memory M, is again non-local in both space and time, and the single-particle

distributions obey

o] t
% D (z,t) = / / Miy(z— 't —t)QW (2, t)dt dx’. (5.126)
—o0 JO0

Finally, we calculate the center of mass distribution. We define Q. (z, t)dz as the
probability to find the center of mass ., = (21 +2)/2 between x and x + dx at time

t. This can be obtained from the joint distribution by changing to coordinates

vy = ;r 2 (5.127)
v = ;"”2 (5.128)

and integrating out x_. For the same initial condition, the evolution of the center of

mass distribution in the Fourier-Laplace domain is

5 1 R
Qem(k,€) = WQCm(k, 0) (5.129)
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with the memory given by

. B —k2(4F + €)
Aﬁﬂhd_SﬂF+fyuuF+zﬂ+@W+2é

(5.130)

The center of mass distribution again obeys an equation of motion which is non-local

in both space in time,

[e’s) t
%Qcm(x,t) _ / / Mz — 2/t — ) Qe ¢')dt da’ (5.131)
—00 J O

Since memory for the center of mass distribution M., is relatively simple, let us

look at it in more detail.

We can use the methods described in section to write an approximate evo-
lution equation which is local in space. We have for the first expansion coefficient in
the Laplace domain

10?2 .

*(4F + €)
Ty o)

k::OZ 8f(F + f) 4+ 4e(F + 2f) + 2¢2

The Laplace transform can be inverted with a partial fraction decomposition. The

(5.132)

result is

10% -

3F —2f
a0 TF

= %c26<F+2fﬁ cosh(Ft) + sinh(Ft)| . (5.133)

k=0
This is the approximate space local memory. For large t, it decays exponentially like

e~2t but since the derivative at t = 0 is ¢?(F — 2f) it can grow or decay at short

times depending on whether f is smaller or larger than F/2.

Now let us try to gain some insight into the spatial dependence of the memory.
The series expansion of M in powers of k does not contain any terms of order lower

than k2, so we can rewrite the evolution as

a > ! / / 82 / / / /
anm(x,t) = /—00/0 D(x—at—t )WQcm(x ) dt' dx (5.134)

with D related to My, by

o -1 -
Dlk,t) = 5 Men(k,t) =

A(4F +¢)
F(F+ f)+4e(F +2f) 4+ 2k? + 2€2

(5.135)
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The Fourier transform can be inverted by using the fact that the Fourier transform

of e~ll ig
Flemal#l) (k) = / " el gmikegy 20 (5.136)
oo a? + k?
Then in the real space-Laplace domain, we have
~ _ c(4F+¢) x| 3
D(,€) = 2/8f(F+f)+ae(F+2f)+2¢> P ( e VBI(F + ) +4e(F +2f) +2¢ ) (5.137)

Although we cannot invert the Laplace transform we can gain some understanding of
the long time dynamics by making the so-called Markovian approximation, in which

the memory is replaced with a delta function times its integral,
D, 1) ~ 6(1) / D, )t (5.138)
0
Using equation (|5.137)) gives for the integral on the right hand side

/OOO Dz, t)dt' = D(x,0) J% exp (_L?\/wa n f)) C (5.139)

In this limit, the memory decays exponentially with distance at rate which depends

on the speed ¢ and the flipping rates F' and f.

What about the short time dynamics? Suppose that we have an initial condition
where both particles start at x = 0 with random directions. At short times, before
the particles have had a chance to flip, there is probability 1/2 to have one particle
pointing right and one particle pointing left. Therefore the center of mass does not
move. Otherwise, with probability 1/4 each, we have both particles pointing to the
right (in which case the center of mass moves to the right at speed ¢) or both particles
pointing to the left (in which case the center of mass moves to the left at speed c).

The Green’s function for the center of mass at short times is thus

1
Gem(x,0,t) =~ 5(5(30) + ié(m —ct) + ié(m + ct). (5.140)

Using the formalism developed in Section [4.5.2] the memory is approximately

Mcm(k,e) =€— — L
G(k,€)

€

~ —(ck) ——s
(ck) 2e2 + (ck)?

(5.141)
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in which case D is approximately

9] 9 €

Inverting both the Laplace and Fourier transforms gives the short time memory as

D(a:,t)%%z {5 (x—%) —1—5(1:—\0/—2)1. (5.143)

The memory at short times thus connects the evolution of distribution at a point x
at time ¢ only to the distribution at different positions within the range |z| < ct/v/2.

This is entirely expected and represents ballistic motion at short times.

5.3 Generalization to Many Particles

We now generalize the model to N particles. Again, the particles move in one di-
mension at a constant speed ¢, but with directions that change randomly, with the
flipping rates constructed so that there is an alignment effect. We will make use of
an existing model, Glauber dynamics for the Ising model, to construct the rates. The
interaction will again be infinite ranged in the sense that the tendency for particles

to align is not affected by the relative distance between them.

We will describe the complete state of the system using 2V functions which depend
on N spatial variables (the positions of the particles) and time. Generalizing our
earlier notation, we denote these by Q,(x,t). The quantity o represents a complete
set of directions, i.e. it is a quantity with N components with the nth component,
on, representing the direction of the nth particle (either —1 or 4+1). The quantity x is
an N dimensional vector with the nth component x,, representing the position of the
nth particle. Let Q,(x,t)d¥z be the probability to find the system in a state with
directions given by o and particle 1 between x; and x; + dx, particle 2 between x4

and z9 + dxy et cetera at time ¢.
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For the evolution of @, (x,t) we take the general form

0

)
aQc,(x, t) = —c; ané—anU(x, t)+ GZ (We .o Qor (X, 1) — Wer o Qo (x,1)] (5.144)

where the sum over ¢’ means to sum on all possible configurations ¢”, i.e. sum over
oy =—1,+1, oy, = —1,+1 et cetera, and w, o is the probability per unit time to flip

from a configuration o’ to a configuration o .

The first term on the right hand side represents the motion of the particles at speed

¢ in the directions specified by o, and the next two terms represent the directional

flipping.

The probabilities P, to find the particles in with a set of directions o no matter

where they are located are obtained by integrating out the positions,

P,(t) = / Qo(x,1)d"z = Qu(k = 0,1). (5.145)

These evolve in time simply as

—Po(t) =) [Weor Por(t) — wor o P (1)) (5.146)

o-/
Again, we can see explicitly that since the interaction is infinite ranted, the direction

flipping dynamics is completely independent of the positions of the particles.

We will now construct the flipping rates wy . The directions of the particles
are similar to spins in an Ising model [129] in the sense that each spin or direction
can take on only two values. Discussion of the Ising model can be found in many

introductory textbooks on statistical physics, see for example refs. [130] [131].

In a ferromagnetic Ising model, aligning two interacting spins lowers the inter-
action energy between those two spins, but the Ising model itself has no intrinsic
dynamics so gives us no insight into how to construct the flipping rates. There are
however ways to add dynamics to the Ising model. The approach applicable to this

system, due to Glauber [127], is to construct equations of motion for the probabilities

141



Chapter 5. Collective Motion of Macroscopic Objects: A Model with Alignment

to find the system in a given spin configuration, the quantities which we have here

written as P,.

We construct the rates following Glauber’s procedure. The procedure will only be
outlined here, more detail can be found in the papers by Glauber [127] and Suzuki
and Kubo [12§]. First we take an Ising model Hamiltonian (with no field),

H(U) = - Z JmnOmon (5147)

m<n
where the interaction matrix J,,, determines which particles interact with each other
and how strongly. We suppose that the system is in contact with a heat bath at tem-
perature 1" which causes the particles to flip directions stochastically. We only allow
only one-particle to flip at a time, so that w, - is zero unless the initial configuration
o and the final configuration ¢’ differ by a only single direction flip. In the steady

state, the probabilities P, (t) to form a Boltzmann distribution,

1
P, (t) — Ee*“’(”) (5.148)

where Z is the partition function,
Z=> e (5.149)

In the steady state, we must also have

d
TP =0= > oo Por (1) = Wor o Po (1)) (5.150)

o-/
Knowing the P,s in the steady state is still not enough to determine the rates uniquely.
To determine them uniquely, we make the assumption of detailed balance, i.e. that

every term in the sum in equation (5.150]) vanishes. We then have in the steady state
0 = Wo o/ Py (t) — W o Py (1) (5.151)

and thus

_ _ (5.152)
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(provided that ¢’ and o differ only by a single spin flip). In the literature some
authors use the notation w,,(o,,) to mean the probability per unit time that the
mth particle flips from o, to —o,,. Although we write this as a function of o,,,
this quantity really depends on the configuration of the rest of the particles as well.
Similarly, w,(—0,,) is the probability per time that the mth particle flips back from

—0m, to 0. Using this notation, we have

w(om) e~ PEmom 1 —oy,tanh(BE,,)

= = 5.153
w(—0o,)  ePBmom 14 0, tanh(BE,,) ( )
with
En=> Jun0n (5.154)
We then choose
1
Wy (o) = E[l — oy, tanh(BE,,)] (5.155)

where 7 is a constant with dimensions of time and determines the timescale of the

dynamics.

We must now decide on the form of the interaction matrix J,,,. There are two situ-
ations in which it is possible to obtain analytic results. The first is the case analyzed
by Glauber [127] where the interactions between particles form a one-dimensional

lattice, i.e. the nth particle only interacts with the (n + 1)th and (n — 1)th particles.

The second case where analytic results can be obtained is the “mean field” or
“molecular field” limit of a large number of particles with each particle interacting
with all others. The dynamics near the critical point are analyzed by Suzuki and

Kubo [128].

The second case is more applicable to this system since because the particles
are allowed to move, so the particles may not be found in order according to their

labels. For example, the n = 3 particle may be found in between the n = 1 and
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n = 2 particles. Thus, in this simplified case when the interaction does not depend

on distance, it makes more sense to have all particles interacting with all others.

As it does not matter what the diagonal elements of the interaction matrix are,
we simply set them to zero. Let all the off diagonal elements have the same strength
Joz/(N —1) where Jy is a constant. We have modulated the strength of the interaction
by a factor z/(N — 1) where z is an effective number of other particles each particle
is interacting with (and NV — 1 is the actual number). This interaction matrix can be
written

z

Jmn = (1 = dpmn ) J .
(1= ) o

(5.156)

To summarize, we have a set of Ising spins which all interact with each other
with equal strengths. The spins evolve in time from some initial configuration to
a Boltzmann distribution via Glauber dynamics. The timescale of the flipping dy-
namics is determined by a single parameter 7. The other parameters relevant to the
flipping dynamics are the inverse temperature S and the effective interaction strength
Joz. What we call temperature here does not necessarily mean temperature in the
thermodynamic sense; it should be thought of simply as a parameter which controls
the strength of the noise. In addition, the particles all move at a constant speed ¢
(as such, they are self-propelled) in the positive z direction for “spin” +1, or in the

negative x direction for spin -1.

5.3.1 Average Positions

Although we cannot solve for Q,(x,t) exactly for systems larger than N = 2, it is
possible to calculate at least the first two moments. We apply the same procedure used
for calculating the moments. Using equation , the average value of the position
of the nth particle, (x,), is related to the average direction of the nth particle by

(2(t)) — (2,(0)) = ¢ /0 t(%(t’)}dt’. (5.157)
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Multiplying the equation for the evolution of the P,s, equation ([5.146)), by o, and
summing over all configurations o, the evolution of the average direction of the nth

particle when the rates are given by equation (5.155]) can be shown to be [127], 12§]
d
o) = - Zan (1) = = [~ (o) + (tanh(BE,,))] (5.158)
with

(tanh(BE,,) Ztanh BE,)P.(1). (5.159)

We proceed to analyze the dynamics near the critical point following Suzuki and
Kubo [12§]. In the mean field limit we move the ensemble average inside the hyper-

bolic tangent,
(tanh(GE,,)) ~ tanh(B(E,,)) (5.160)

and furthermore we make the approximation that all the average directions are the
same, i.e. that (o,,) = (o). Then using J,;, = (1 — dpn)Joz/(N — 1), we have

d
TE<O'> = —(o) + tanh(8Jyz(0)). (5.161)

In the steady state, we have the familiar mean field equation
(o) = tanh(BJoz(0)). (5.162)

The solutions are plotted in Figure [5.7, There is a phase transition at Jyz = 1.
When (.Jyz < 1 there is only one solution, (¢) = 0, which is stable in the sense
that perturbations away from zero will decay. For fJyz > 1, zero is still a solution,
but it becomes unstable in the sense that perturbations will grow. Furthermore, two
additional nonzero solutions with opposite signs appear for S.Jyz > 1, and they are

stable. These nonzero solutions correspond to phases with magnetic ordering.

Near the critical temperature, the argument of the hyperbolic tangent in equation

(5.161)) is small, so we expand it in a power series and keep terms up to (o)?,

d 1 3
T£<O'> = —(0) + BJoz(0) — §(5J02<0>) : (5.163)
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Fixed Points vs Temperature
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Figure 5.7: Solutions of o* = tanh(8Jyzc*) versus 1/(8Jyz).

This differential equation can be solved exactly (it is a Bernoulli differential equation).

Away from the critical temperature, the solution is [128]

(0(t)) = = Km + g) 2t/ _ Z] o (5.164)

with
k=1-—Jyz, (5.165)
1
n= g(ﬁjz)‘?’. (5.166)

The sign must be taken to be the same as the sign of (¢(0)), i.e. if (¢(0)) is positive,

the positive sign is correct, otherwise the negative sign is correct.
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Above the critical temperature (5Jyz < 1), (o) decays from its initial value to
zero. This means that the average positions, (x,,) can increase or decrease at short

times but eventually saturate to a constant value, as in the two-particle case.

Below the critical temperature (8Jyz > 1), if (o) starts at zero, then it remains
at zero. However since zero is unstable, if the system is perturbed it will go to one of

the stable solutions, (o) = ++/—kK/n.

At the critical point, SJyz = 1, the solution becomes [12§]

1 ont] /2
i} (5.167)

0= |+

The average direction decays from its initial value to zero at long times, but it does

so much slower (like 1/+/¢) than it does away from the critical point.

For the mean position at the critical point, we have

\/1 | 20000, 1] (5.168)

T

which surprisingly still increases at long times like v/¢ if (¢(0)) is nonzero.

5.3.2 Second Moments

We now calculate the second moments (z2,) and the mixed moments (z,,z,). For an

initial condition in which all particles start at x = 0 we have again

t t—t'
(o (D)2 (1)) = 262 / / (o (E) ot + £7))d"dE (5.169)
0o Jo
We analyze separately the dynamics in the disordered and ordered phases.
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Disordered Phase, 5Jyz < 1

We can calculate the two time spin correlation function following the procedure de-

scribed by Glauber [127] and Suzuki and Kubo [128]. We have again

(Om(t)on(t + 1)) ZamUP Py (t) (5.170)

where Py ,(t') is the conditional probability to find the spins in a configuration o’

at time t' given that they began at a configuration o. We can write
Zo Poior(t)) = (0,(t'))o (5.171)

where (0, (t')), means the average value of 7,, at time ' given that the spins began in
a configuration o. In the mean field, we have again for the evolution of the average

directions

d
F—

dt<an> = —(0,) + tanh(5(E,,)). (5.172)
We do not assume here that all the average directions are the same. Above the critical
temperature, we expect the argument of the tanh to be small, so we expand the right

hand side and this time only keep the linear term,

d
T£<Jn> =

—(00) + B Z o) = —{ow) + B ! S, (5.173)

l#n
For large N, the right hand side can be rewritten approximately as

d

1
7E<an> = —(o,) + ﬁngN Xl:@). (5.174)

The solution for an initial condition o is
- Z IL.(t)oy (5.175)
!
with

1 1
IL,(t) = (5nl - N) eV 4 Ne—“t/f (5.176)
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with kK = (1 — BJyz) as defined earlier.

We now have

(Om)on(t +1)) = Tu(t) Y omorPe(t) =Y Mu(t')om(t)oi(t)) (5.177)

l o l

so we have related the spin correlation function at unequal times to the spin correla-

tion function at equal times.

We now calculate the equal time pair correlation function (o, (t)o,(t)) in the mean
field limit, following once again Suzuki and Kubo [128]. The pair correlation function

obeys (this can be derived from the evolution equation of the P,s),

d

T£<Um0n> = —2(0n0n) + (o tanh SE,) + (0, tanh SE,,). (5.178)

Since o, and o, can only be £1, they can be brought inside the tanh. Next, the

ensemble average is brought inside the tanh in the mean field approximation,

d
TE<O'mO'n> = —2(0,,0,) + tanh{Bo,, E,) + tanh(B0,E,,). (5.179)
For m = n, {(¢2) = 1, and for m # n linearize the right hand side around zero to find
d
TE<Uman> = —2(0m0y) + 0 ; Jni{omor) + ; Imi{onoy). (5.180)

Next, define G, = (0,,0,) for m # n, then

d

dt
I#n l#m

For an initial condition in which is translationally invariant (i.e. G,,,(0) only depends
on |m — n|), G, remains translationally invariant for all time (since the interaction
matrix we have chosen is also translationally invariant). We can then discrete Fourier

transform to get

d

TGl = =26 + 207G + 2631 (5.182)
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where
GI= " Guet ), JO=" Jettnh, (5.183)
n#l n#l

The solution is

_ —2(1-BJNt/T 6J‘1 o 2(1-pJNt/T
Gi(t) = GU(0)e +T 7 ey [1—e¢ | (5.184)

For an initial condition where the directions are random, G?(0) = 0. For the interac-

tion matrix defined earlier, we have

JU= D7 Tt = S 0D = oz (5.185)
n#l n#l
SO
1 —
GI(t) = Gp0— [1 — e 2] (5.186)
KR

Inverting the discrete Fourier transform then gives

1 11—k

[1—e 257 (5.187)

We then have

/0 on)onlt + ) =S (on()ar(t)) /0 () de”

l

1 , 11— e—n(t—t/)/ﬂ'
_ / / - =t/ T .
= Tzl:@m(t)az(t» [(% N) [1—e I+ 5 - } . (5.188)

Using > (o (t)oi(t')) = 1 + G979 this becomes
t—t' )
/ (0 (ot + ")) dt" = 7(0m () an ()1 — e /7]
0
_ —k(t—t)/T )
- F% 1= et )/7]1
11— /
: [1 +— “[1 — et /T]] : (5.189)
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To find the second moments, we need to integrate this expression over ¢’ from 0
to t. Let us focus on the long time behavior. At long times, the integrals of the

exponential terms become constants, and for m = n, we have

11—
(22 (1)) = 2c37t [1 + N KQFU} + constant (5.190)
and for m # n,
1-—- 1 11
(T (t)1, (1)) ~ 2Tt - " {m + Nﬂ + constant
~ 2c%Tt Nz + constant (5.191)

for large N.

The second moments (z2 (t)) scale like ¢ in the disordered phase, characteristic of

diffusive motion. The effective diffusion constant is

11—=«x
Dg=c114+— . 5.192
F CT<+N 2 ) ( )

For large N and away from the critical point at k = 0, the second term is small

compared to the first term, so Deg =~ c*7.

As in the two-particle case, the correlations (z,,x,) scale with time; however, the

rate of growth scales like 1/N and is therefore very small away from the critical point.

Ordered Phase, 5Jyz > 1

We can also do a linear mean field analysis below the critical temperature. We have

again in the mean field

d
T£<On> = —(0,) + tanh(5(E,,)). (5.193)

Above the critical point, we proceeded by linearizing the tanh around zero. Below the
critical point, we linearize the tanh around one of the stable fixed points ¢*. Since

there is no preferred direction, —o* is also a stable fixed point. We assume here the
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system is perturbed from the unstable fixed point so that it moves toward the positive

fixed point o*. The fixed point ¢* satisfies

0 = —0o" 4 tanh(B.Jyzo™) (5.194)
so we have
T;lt<o—n> (o) + tanh ( ]6‘]_0”‘1 Z(@)
I#n
~ —(0,) + 0" + Bz (ﬁ > (o) - a*) [1—(c%)? (5.195)
I#n

using sech®(B.Jpz0*) = 1 — tanh*(BJyz0*) = 1 — (0*)%. For large N, we the sum can

be rewritten approximately as

1 1
YT > (o) ~ ;W. (5.196)

The solution for an initial condition o is
(00())e = e+ 0" (1 — 7Y + (% Z o — a*) [e7 /T — 7t (5.197)
1
with
A=1—BJpz[l — ()7 (5.198)

At zero temperature (8 = 00) A goes to one, and at the critical point (8Jyz = 1) A

vanishes. The two-time correlation function is
(Om()on(t +1)) = (om)on(t))e™™ + (o (t)) o™ (1 — e /T)

- (% > (omt)an(t)) - <am(t>>a*) [T — e, (5.199)

l

Now we need to calculate the equal time correlation function (o,,(t)o,(t)). If we

are only interested in the long time behavior, we only need calculate the steady state
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value. For m = n we have always (02) = 1, and in the steady state, in the mean field

we have for m # n,

5J()Z 5J()Z
— 9 9 tanh N G 2
0 G + 2 tan <N — 2 G, + N1 (5.200)

where again G,,,, = (0,,0,) for m # n. In the global coupling case, we should expect

Gun to equal some G* independent of m and n. Then

0 = —2G" + 2tanh (BJOZG* + jij_ozl) . (5.201)

For large N the second term inside the tanh is small, so we have approximately

G~ ot (5.202)

Except for the second term in equation (5.199)), (o,,) and (o,,0;) can be replaced

with their steady state values in the long time limit, so we have

(oot +1") ="+ (") (L — e T (1 — e T)

+ o = (o) [e M/ — e, (5.203)
Integrating over t”, this is

t—t’
/ (Om()on(t +")dt" = 7(1 — e 1)
0

+ (0_*)2(1 _ e—At’/T)[t ¢ — 7_(1 _ 6—(t—t’)/7—)]

1 — e Mt—t))/r ,
+7[0" = (0)?] {+ — (1 —e 0t VT)] : (5.204)

Integrating over ¢ and taking the limit of large ¢ we finally have

o* —2(0*)?

(x2)) = (co™t)® + 2c37t (1 —o" + 3

) + constant. (5.205)

A similar calculation for m # n gives at long times

* 2 *\2
(Tzn) = (co™t)? + 2Tt (w

5 ) + constant. (5.206)
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Even though these grow like #2, we must remember to subtract the first moments
since they are not constant at long times. Assuming all particles started at zero with

random directions, the first moments at long times are

(Tp) = co” (t - %) (5.207)

so the centered second moments at long times are proportional only to ¢

*

(22) — (z)? =27 (1 — o) (1 + %) (5.208)

and the covariances are

(L) — (X )(2,) = 2627 (1 — ) 07*. (5.209)

Since the centered second moments are only proportional to time, the motion is

diffusive with effective diffusion constant

*

Deit = 7 (1 — o) (1 + %) . (5.210)

The effective diffusion constant Deg is displayed in Figure[5.8 Since A goes to zero as
BJoz goes to one, the effective diffusion constant diverges at the critical point. At low
temperatures, the effective diffusion constant goes to zero, and the motion becomes

purely advective.

The covariances (Z,,2,) — (@) (z,), which measure how strongly correlated the
positions of the mth and nth particles are, grow proportional to ¢ at long times as
in the disordered phase, but the rate of growth is much faster in the ordered phase

since it is not scaled by 1/N.

5.4 Remarks

We have analyzed in this chapter a simple model of self-propelled particles in one

dimension with a long-range alignment interaction.
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Effective Diffusion Constant, Ordered Phase
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Figure 5.8: The effective diffusion constant versus temperature in the ordered phase
for the N particle alignment model.

The single-particle version of this model is known in the literature. At short times,
the motion is ballistic (mean squared displacement proportional to ?), but changes
to diffusive (mean squared displacement proportional to t) at long times. We saw
that the the density obeys the evolution equation which is local in space, but

non-local in time with an exponential memory.

We generalized the analysis to two particles by constructing flipping rates which
cause the particles to align on average. By calculating the mean squared displace-
ment, given by equation (5.109)), we found that the motion is again ballistic at short

times but diffusive at long times. The positions of the two-particles were found
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to be correlated, as a result of the alignment. We also calculated some continuous

coarse-grained quantities and saw that, unlike in the single-particle case, the evolution

equations ((5.120]), ([5.126)), and (5.130)) are non-local in space.

Finally, we generalized the analysis further to many particles by building upon
Glauber dynamics. Although the model could not be solved exactly, in sections [5.3.1
and [£.3.2] we were able to calculate the first two moments in the mean field limit. The
many-particle model exhibits a phase transition from a disordered phase to an ordered
phase at a particular strength of the noise. In the ordered phase, the particles can
experience a net drift to left or right at long times, with the direction chosen depending
on initial conditions, an effect which did not happen in the one and two-particle
versions. The mean squared displacement given by equations and
grows proportional to t at long times in both phases, indicative of diffusive motion.
We found in both phases that the positions of any two particles are correlated, and
the correlation in the ordered phase, equation , is independent of the number
of particles N while the correlation in the disordered phase, equation , scales
like 1/N.
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Chapter 6

Miscellaneous Topics and

Conclusions

The study of two additional problems in transport theory related only incidentally to
the investigations described in the preceding chapters were undertaken in the course
of this thesis work. The first of these is motion in disordered one-dimensional lattices,
and the second is a magnetic model of flocking. We will give a brief description of

our work on these two problems and then close with some final comments.

6.1 Transport in Disordered Lattices and Effective
Medium Theory

Consider a one-dimensional disordered system which obeys a Master equation of the

form

dP,,
W:Fm+1[Pm+1_Pm]+Fm[Pm—l_Pm] (61)

where P,, is the probability to be in the mth state and the F},s are transfer rates.

We have chosen the rates to be nearest-neighbor, i.e. the mth site is only connected
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to the (m — 1)th and (m — 1)th sites, and symmetric (the rate to go from m to m+ 1
is the same as the rate to go from m + 1 back to m). Disorder can be introduced by
choosing the rates F}, from some distribution p(F'); this is known as bond disorder.
The Master equation can be solved in the ordered case using the discrete Fourier
transform, but the presence of disorder often makes exact solution impossible as one

is left with the problem of diagonalizing a large matrix with random entries.

One method of analyzing such problems is to replace the disordered system, such

as the one described by equation (6.1]), with an ordered one which has memory,

%Pm(t) - /0 CF () Pos(t) + P (£) — 2P ()] (6.2)

where the memory F is chosen self-consistently and depends on the distribution of
rates p(F'). This is the basic idea behind effective medium theory (also known as the

coherent potential approximation in quantum mechanics) [56), T32HI61].

The resulting expression for the memory F is evidently approximate, and ques-
tions about when the effective medium approximation is good and when it is bad are

left largely unanswered except in a few investigations such as by Kenkre et al. [161].

We can try to answer some of these questions by writing an exact expression for
the memory and comparing the result with the effective medium expression. We do
this following the treatment in ref. [I61]. First we rewrite the Master equation (6.1

in the more general form
dP,
—= = A Py 6.3
-y 03
We wish to replace the disordered lattice with an ordered one plus a memory, i.e.
dP, t
Tmo_ Byt — )P, (t)dt’ 6.4
=2 Bt = OB (6.4)

where the memory B must be somehow determined from rate matrix A. By ordered,
we mean that the quantity B depends only on |m — n| so that equation (6.4)) can be

solved with a discrete Fourier transform.
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The formal solution to (6.3]) in the Laplace domain is
Po(e) = > {[eI+ Al }nn Pa(0) (6.5)

where {[eI + A]7'},,, means the m,n element of the matrix [eI + A]~'. Discrete

Fourier transforming,
PEe) = ) {[eI+ Al }oun Pa(0)e™™™ (6.6)

where P¥* = 3" P,e*™. A similar calculation gives the solution to (6.4) as

; P¥(0)

P(e) = v (6.7)

Solving for B and plugging in P*(¢) from (6.6 we have now a formula for B in terms

of A in the transformed domain

_ P(0)

 Xm e+ AT Ba(0)eitm
Note that this expression has the rather undesirable property that the memory B

B*(e)

(6.8)

depends on the initial conditions P,,(0).

The dependence on initial conditions can be removed in the following way. Sup-
pose that we have an ensemble of disordered lattices with different realizations of the
disorder. For an ensemble member labeled &, let ¢ P, be the probability to find the
system in a state m in that ensemble member, and let A be the rate matrix for the

particular realization of the disorder in that ensemble member.

For each ensemble member we have

P(e) =Y [l -+ AJ1EP,(0). (6.9)

Next, define define the ensemble average over realizations of the disorder (f) of any

quantity ¢ f as

(fy=Y _¢fPE) (6.10)

3
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where P () is the probability of generating the ensemble member £. Ensemble aver-
aging equation and assuming that each ensemble member starts with the same
initial condition ¢P,,(0) = P,,(0) gives

(P(€)) =) ([T + Al )mn P 0). (6.11)

n

For bond disorder as described earlier, the ensemble averaged propagator ([eI +A]~1)
becomes translationally invariant even though the propagators for individual ensemble

members are not. We can then discrete Fourier transform to find

(P*(e)) = ([eI + A]"HYEP*(0) (6.12)
with
([eT+ A]7E = ([l + Al ) pne™m . (6.13)

Using equation , the ensemble averaged probabilities (P,,) therefore obey

d(

C];m> _ —; /0 By n(t — £)(Pa(t))dt (6.14)

with a memory which is now independent of the initial conditions,

This expression for the memory is exact, but it requires the computation of the propa-
gator of each disordered lattice in the ensemble: exactly the task the effective medium
theory seeks to avoid. We can however glean a few insights from this expression.
Firstly, we note there is no guarantee that the memory B will be nearest-neighbor
even if the rates in every ensemble member are nearest neighbor, a fact pointed out
already in ref. [I61]. Secondly, we can compute the exact memory for small (i.e.
N = 3, N = 4 et cetera) lattices. The exact memory can then be compared to the

approximate one obtained through effective medium theory.

160



Chapter 6. Miscellaneous Topics and Conclusions

We will perform here the calculation of the exact memory for a 4 site chain with
random nearest neighbor rates all drawn from some distribution p(F'). In general,

the rate matrix for a 4 site chain with nearest neighbor rates is

Fi+F —F 0 —F
—F, F+F -F 0
A= S ’ . (6.16)
0 —F, F+F -F
ol 0 ~F, FE+HR

The discrete Fourier transformed ensemble averaged propagator in the Laplace do-

main is (a computer algebra system is useful for this computation)

1
([eT+ A7) -, (6.17)
€
—r 21 4F AF Fy + 4F\ F: =37
<[eI—{—A]_1>k /2 _ [€ Farmet anly 4 4i 13 :<[eI+A]_1>k 3/2’
Ale)
(6.18)
=7 2+4F1€+4F1F2
T+ A= (C 1
(11+ A7) = (SAACEARE (6.19)
with
A(E) =c + 262(F1 + F2 —+ Fg + F4)
+€[3(F1F2+F2F3+F3F4+F4F1)—|—4<F1F3+F2F4)]
VAR R Fy + B FyFy + By FyF, + FyF) ). (6.20)

Simplifications have been made using the fact that all the rates (Fy, Fy, F3 and Fy) are
chosen from the same distribution p(F') so we can permute labels inside the ensemble

averages.

Using equation ({6.15)) we have for the discrete Fourier transformed memory in the
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Laplace domain

B*="(e) = 0, (6.21)
Bk:W/Q(E — 1 — €= Bk:37r/2(€) (622)
< 2 AF e+ 4F Fot AF| Fy > ’
Ae)
B¥="(e) = ! —e. (6.23)
<E2+4F1€+4F1F2 >
Ale)

What does this tell us? The k = 0 part is simply a result of conservation of probability.
Is the exact memory nearest-neighbor? A nearest-neighbor memory would have the
form B*(e) = 2F (e)(1 — cos k), but in general the computed B*(e) does not have this

form.

To compare with effective medium theory, we now take the Markovian limit, i.e.

replace the memory with its integral times a delta function,

B, () ~ 6(1) / B ()t = 5(£) Byn_n (0). (6.24)
0
In this limit we have
B*=°(0) = 0, (6.25)
- 1 ~
k=m/2 _ _ pk=3nr/2
B5=7/2(0) = <8F1F2> =B (0), (6.26)
A(0)
B*="(0) = L. (6.27)

AF\Fy
(%)
where we have used the fact that (F1F3/A(0)) is equal to (F1 Fy/A(0)) since again we

can freely permute indices inside the ensemble average. This is of the nearest-neighbor

form with the effective nearest-neighbor hopping rate

B F !
FSRet — 14 2 : (6.28)
F\FyFy + FoFsFy + F3FyFy + FyFy Fy

How does this compare to the effective medium result? For a finite lattice, the
effective nearest-neighbor hopping rate F5™ is given implicitly by [161]
1 N [* pF)

Fg' " N-1Jy py Gk

dF. (6.29)
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To compare the two, a particular distribution of the rates p(F') must be chosen.
We will not proceed any further here, but suffice it to say that even in the Markovian
limit the effective hopping rate given by effective medium theory, equation ,
does indeed differ from the exact result for nontrivial distributions.

6.2 A Magnetic Model of Flocking

In Chapter [ we discussed collective motion the idea of information transfer from
informed to uninformed individuals (see refs. [90, 02, 110, 111]). In this section we
will briefly analyze a simple magnetic model of the same phenomenon. In this model
we will have only static ingredients, i.e. there will be no motion undergone by the

elements.

As in the model discussed in Chapter [5 we will again treat the members of the
flock as Ising spins, but we now apply a field. The strength of the field is not uniform:
we designate a certain fraction a of individuals as “informed” which feel a magnetic
field of strength h, and the remaining fraction as “uninformed” which do not feel a
magnetic field. We reiterate that here the particles do not move, unlike the particles

in Chapter b, We study only the equilibrium properties of the magnetic system.

The standard Ising model Hamiltonian is:
H=-— Z JijUin — Z hiO'i (630)
i<j i
where the o;s are a set of N spin variables which can either be —1 or —1, the J;;’s

are exchange energies, and h; is the magnetic field on the ith site.

The partition function in the one-dimensional case can likely be solved exactly
with transfer matrices, but the system in one dimension does not exhibit a phase
transition. Exact calculations are prohibitively difficult in higher dimensions, so we

simply perform a mean field analysis. The standard set of NV mean field equations
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are

J
where 5 = 1/kT is the inverse temperature. If the dimensionality of the lattice is
very large, then we may assume that i Jij (0;) is independent of 4, and replace it
with Jyzm where Jj is the pair exchange energy, z is the configuration number of the

lattice, and m is the magnetization per spin of the entire system,
!
j
We are now left with only two equations:
(0;) = tanh (BJyzm) (6.33)
if there is no magnetic field on site i, or
(0;) = tanh (BJozm + Sh) (6.34)

if there is a magnetic field on site 7. We can now obtain a single self consistent mean

field equation for the magnetization m:

=— Z 0;) = (1 — a) tanh(BJozm) + a tanh(SJyzm + Bh) (6.35)

where a is again the fraction of spins affected by the field. Note that the spatial
configuration of spins which are affected by the magnetic field does not matter in
the mean field analysis. It is convenient to introduce the dimensionless quantities

b= pBJyz and ¢ = ph, so that the equation for m can be written more simply as
= (1 — a) tanh(bm) + a tanh(bm + c). (6.36)

It can be seen graphically that equation (6.36]) can have between one and five solu-
tions. The left and right hand sides for a particular choice of a, b, and ¢ are plotted

in Figure
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Mean Field Equation, a = 0.4, b = 15, c = 10
| | | | |
1 -
0.5 -
E Ll i
-0.5 -
_1 - —
| | | | |
-1.5 -1 -0.5 0 0.5 1 1.5
m
m— (1-a)tanh(bm) + a tanh(bm+c)

Figure 6.1: Left and right hand sides of the mean field equation m = (1—a) tanh(bm)+
atanh(bm + c)f for a = 0.4, b = 15, ¢ = 10. The intersections of the two curves
represent are solutions of the mean field equation.

First let us analyze the solutions at very low temperature (b > 1). At low
temperatures the hyperbolic tangents become step-like and the mean field equation

is approximately

+1 m >0
m~dq2a—1 —c/b<m<O0- (6.37)
-1 m < —c/b

The three stable (or at least metastable) solutions for A > 0 are
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e m = +1: all spins aligned in the direction of the field.

e m = —1: all spins aligned opposite the direction of the field. Only a solution
for sufficiently weak field, ¢ < b.

e m = 2a — 1: informed spins aligned with the field; uninformed spins aligned

1—c/b
2

opposite the field. Only a solution for certain fractions of informed spins <

1
a < j.

For certain ranges of parameters, we have solutions where all the particles ignore the

field or where only uninformed spins ignore the field.

What about at nonzero temperatures? To gain some insight we can make several
kinds of plots. One kind of plot that can be made is that of magnetization (found
numerically) versus temperature at fixed field, for different fractions of informed birds.

One such plot is shown in Figure [6.2]

Alternatively, the magnetization versus field at fixed temperature and concentra-

tion can be plotted. One such plot is given in Figure [6.3]

Another kind of diagram that can be made is called a stability diagram (see ref.
[162]) and shows how many solutions there are in different regions of parameter space.
These can be made by noting that the number of solutions to (6.36]) changes exactly
when m is tangent to (1 — a) tanh(bm) + a tanh(bm + ¢). Setting their slopes equal,

we obtain
1 = (1 — a)bsech?(bm) + absech?®(bm + c). (6.38)

This, together with equation ([6.36|) form a system of two coupled equations which for
fixed @ and b can be solved for the values of m and ¢ where a change in the number
of solutions occurs. This can be done numerically, and the results for different values

of a are shown in [6.4]
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Magnetization versus Temperature, a = 0.4, ¢/b = 0.5

| | |

0.5 1 1.5 2
1/b

Figure 6.2: Magnetization (both stable and unstable solutions) versus temperature
at fixed field ¢/b = 0.5 and fixed concentration of informed spins a = 0.4.

For a > 1/2, the behavior is qualitatively similar to the ordinary Ising model and

there can be only one or three solutions. Only for a < 1/2 can five solutions appear.

6.3 Closing Remarks

The two main problems studied in this thesis, electrons moving in mesoscopic devices
and macroscopic biological entities such as birds moving collectively, are certainly

quite different from each other, but despite the vast difference in scale, we did en-
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Magnetization versus Field, a = 0.4, b = 15

| | | | |

0.5 .

-1.5 -1 -0.5 0 0.5 1 1.5
c/b

Figure 6.3: Magnetization (both stable and unstable solutions) versus field at fixed
inverse temperature b = 15 and fixed concentration of informed spins a = 0.4.

counter certain similarities. Remarkably, some of the same tools from statistical
physics can be used to analyze both kinds of systems. In Section we saw how
a Master equation can be used to describe electronic transport, and in Chapter [4]
a Fokker-Planck equation was used to describe transport of macroscopic biological
objects. A Fokker-Planck equation can be viewed as a continuous space version of
the Master equation. Furthermore, for both systems, we made use of powerful tools

of general applicability such as integral transforms and Green’s functions

In our discussions of microscopic as well as macroscopic objects we encountered

non-locality in both space and time. The Zwanzig-Nakajima projection formalism
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shows how coarse-graining results in non-locality in time, but the projection formalism
does not make clear that coarse-graining can also give rise to non-locality in space.
In the macroscopic systems described in Chapters [4] and [} we saw explicitly several
coarse-grained quantities which obey equations of motion which are non-local in space.
In Section [6.1] we saw in a microscopic system how a different kind of coarse-graining,
ensemble averaging over different realizations of disorder, also produces spatially long-
range effects. A few other examples of spatially long-range memories can be found in

the literature, in particular see refs. [69, [163].

The models of microscopic and macroscopic transport discussed in this thesis
were quite simple from a mathematical standpoint. These simple models certainly
do not capture all the details of the real systems, but they are amenable to analytic
calculations. The author hopes the analyses presented here can thereby provide a

better understanding of certain aspects of the difficult problems in transport theory.
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Stability Diagram, a = 0.2 Stability Diagram, a = 0.4

b b
1 Solution HEEEE 3 Solutions B 5 Solutions . 1 Solution BN 3 Solutions =N 5 Solutions N
Stability Diagram, a = 0.6 Stability Diagram, a = 0.8

1 Solution HEEEE 3 Solutions M 1 Solution W 3 Solutions M

Figure 6.4: Stability diagrams showing the total number of solutions in different
regions of parameter space.
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