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ABSTRACT

Experimental data associated with plastic deformations indicate that the
temperature is less than that predicted from dissipation based on plastic work.  To obtain
reasonable correlation between theoretical and experimental results, the plastic work is
often multiplied by a constant β.  This paper provides an alternative thermodynamic
framework in which it is proposed that there is an additional internal energy associated
with dislocation pile-up or increase in dislocation density.  The form of this internal
energy follows from experimental data that relates flow stress to dislocation density and
to equivalent plastic strain.  The result is that β is not a constant but a derived function.
Representative results for β and temperature as functions of effective plastic strain are
provided for both an uncoupled and a coupled thermoplastic theory.  In addition to
providing features that are believed to be representative of many metals, the formulation
can be used as a basis for more advanced theories such as those needed for large
deformations and general forms of internal energy.
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THERMODYNAMICALLY CONSISTENT RELATIONS INVOLVING
PLASTICITY, INTERNAL ENERGY AND THERMAL EFFECTS

H.L. SCHREYER and P.J. MAUDLIN
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1. INTRODUCTION
Experimental observations indicate that many metals display a very specific

correlation between temperature and the amount of plastic work performed on the
sample.  An elementary argument suggests that the increase in the temperature should be
proportional to the plastic work but experimental observations always appear to be lower
than the prediction.  Therefore, it has become common practice to introduce a factor, β,

to provide a better correlation between plastic work and predictions of temperature
[Hodowany et al., 2000; Taylor and Quinney, 1933; Zehnder, 1991].  An extensive
survey is provided by Macdougall [1999].

Normally, it is assumed that β is constant.  However, Hodowany et al., [2000]
provide experimental data to demonstrate that such an assumption is not valid.  These
authors [Rosakis et al., 2000] have since provided a systematic, thermodynamical
development of a theory in which β is a rationally-derived function.

Here we provide a similar unified framework with a slightly different starting
point. The basic premise of this work is that strain hardening is a result of dislocation
pile-up or increase in dislocation density.  Furthermore, the dislocation density saturates
at a certain value beyond which the material behaves as if it is perfectly plastic. An
alternative approach is to use effective plastic strain as a history variable but a simple
transformation renders these two approaches equivalent.  In fact there is a wide range of
choices of history variables and history functions that allow for matching theoretical with
experimental data.  One of the major objectives of the current development is to provide a
generic method for developing plasticity models under the assumption that flow stress
and temperature measurements are available as experimental data.

First, in Section 2, we introduce the basic structure in a format that is closely
related to existing uncoupled formulations.  The internal energy is postulated as a sum of
three separable functions involving entropy, elastic strain and internal variables related to
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plasticity.  The form of the evolution functions for plastic strain and dislocation density
are left arbitrary and the restriction of the dissipation inequality is used to suggest the
development of a yield function.  This procedure is somewhat at odds with the more
conventional approach of postulating a yield function that depends on conjugate stresses
and then deriving evolution functions using associativity.  The reason for the current
approach is to merely emphasize the point that a restriction such as the choice of a
convex yield surface is not necessary based on the dissipation inequality, and that the
selection of evolution functions can be based on experimental data.  Of course, the two
approaches are equivalent under a suitable assumption.  The section concludes with the
definition of the parameter β that is taken to be a constant in many numerical simulations.

In Section 3, we make several simplifying assumptions that provide an elementary
theory closely relayed to the von Mises formulation that is widely used.  In particular, a
special form is assumed for the portion of the internal energy associated with dislocation
pile-up.  The result is that β becomes a derived function that provides basic features often
seen with experimental data.  The formulation can be easily incorporated with most
existing computational algorithms but, more importantly, modifications to the model can
be easily made to provide correlations with experimental data.  The theory is summarized
in terms of dimensionless variables in Sect. 4.  An additional term is included in the
dislocation internal energy and representative results in the form of plots are given to
show essential features of the model.

Section 5 provides a coupled theory.  The uncoupled formulation is generalized in
a rather conventional engineering manner by introducing a thermal strain and by
assuming that this strain and the elastic and plastic material parameters depend on
(specific) entropy.  However, the entropy part of the internal energy is assumed to remain
uncoupled.  This has the desirable effect of allowing the temperature to be considered as
the sum of two terms, an “entropy” temperature and an additional temperature that is
shown to be insignificant.  The result is a significant simplification to the coupled theory.
Representative results are presented under the assumption that elasticity and plasticity
parameters decay exponentially with temperature.  Again, illustrative plots are provided.

The most significant aspects of the formulation are summarized in Sect. 6.
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2. PLASTICITY

2.1 Basic Equations for Uncoupled Thermal Effects
To retain the utmost simplicity, deformations will be considered infinitesimal so

there is no need to differentiate among the various forms of stress, strain and their rates.
It is quite possible that a material will have been work-hardened, partially

annealed, or loaded previously with the result that some initial plasticity exists.  Then
there is no way of knowing what the initial yield stress should be without an experimental
measurement.  However, it is known that dislocation pileups can be correlated with initial
yield stress, and dislocation density, 

€ 

ρd , can be measured microscopically.  Therefore, it
might be more meaningful to use dislocation density rather than effective plastic strain as
an internal variable with the understanding that the initial value of 

€ 

ρd  may not be zero.
Furthermore, with large plastic strain, the dislocation density asymptotically approaches a
saturation level, 

€ 

ρs
d .  For convenience we define a dimensionless dislocation parameter,

€ 

˜ ρ d = ρd /ρs
d , which will be used in the subsequent development.

Dislocation pileups might also be interpreted as an indicator of stored internal
energy that can be recovered when a metal is heat treated.  Therefore, as primary
variables, we choose the total strain, e, the plastic strain, ep, dislocation density, 

€ 

˜ ρ d , and
the entropy, η.  We assume the internal energy, U, per unit volume is a function of these
variables:

€ 

U = U(η,e,ep,˜ ρ d ) (2.1)

With the assumptions of no heat source and no heat flux, the first law of
thermodynamics reduces to

€ 

˙ U = σ: ˙ e (2.2)

in which σ denotes the stress, and a superposed dot denotes a derivative with respect to
time.  The use of the chain rule results in

€ 

T˙ η = (σ − ∂U
∂e ):˙ e + DP               T ≡

∂U
∂η

(2.3)

in which T is the temperature and DP, the dissipation power, is defined by

€ 

DP = −
∂U
∂ep :˙ e p − ∂U

∂˜ ρ d
˜ ˙ ρ d (2.4)



4

The Clausius-Duhem form of the second law of thermodynamics is the inequality 

€ 

T˙ η ≥ 0
for all strain rate.  With the use of the first law and (2.3), the second law implies that

€ 

σ =
∂U
∂e                DP ≥ 0 (2.5)

and the first law reduces to

€ 

T˙ η = DP (2.6)

As additional constitutive relations, we define the stress, σp, conjugate to plastic
strain, and the stress, 

€ 

σd , conjugate to dimensionless dislocation density to be

€ 

σ p = −
∂U
∂ep               σd =

∂U
∂˜ ρ d

(2.7)

The difference in sign for the two stress variables provides conventional definitions later
in the development.  The dissipation power becomes

€ 

DP = P P − σd ˜ ˙ ρ d               PP ≡ σ p: ˙ e p (2.8)

in which PP denotes the plastic power.  We emphasize the point that the dissipation power
is not equal to the plastic power.

A conventional approach is to assume that the dependence of U on strain occurs
only as the difference of the total and plastic strains (elastic strain), or

€ 

U(η,e,ep,˜ ρ d ) = U(η,ee, ˜ ρ d )             ee = e− ep (2.9)

The implication of this restriction and (2.7) is that 

€ 

σ p = σ .

Next, to provide the framework for an uncoupled formulation, we postulate that
the internal energy is separable into parts that involve the entropy, the elastic strain, and
the dislocation density:

€ 

U(η,ee,˜ ρ d ) = Uη(η) + U e(e
e) + Uρ(˜ ρ d ) (2.10)

in which the subscripts on the right side are used to indicate the independent variable for
the respective contributions.
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2.2 Entropy Contribution
For the entropy contribution to the internal energy, we assume the classical form

of

€ 

U η(η)= cvT0[e(η-η0) /cv -1] (2.11)

The material constant, cv, is the heat capacity at constant volume, and η0 and T0 are
reference values for entropy and temperature, respectively.  It follows that

€ 

T = T0e
(η-η0 ) /cv (2.12)

and

€ 

T˙ η = cv
˙ T (2.13)

If we work with T rather than η, we obtain the entropy and the thermal part of the
internal energy as

€ 

η = η0 +cvln
T
T0

                 Uη
* (T) = cv (T - T0) (2.14)

€ 

U η
*  is not a potential function since 

€ 

∂Uη
* /∂T ≠ η and, therefore, many choose not to use

such a function.
Alternatively, we can perform a Taylor expansion on the exponential and retain

only the lowest terms to obtain

€ 

U η(η)= T0[(η - η0 ) +
1
2cv

(η -η0)2 + ⋅ ⋅ ⋅]

T = T0[1+
1
cv
(η -η0) +⋅ ⋅ ⋅]

(2.15)

As long as the linear relationship is satisfactorily accurate, we can think of η as merely a
scaled value of temperature.
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2.3 Evolution of Plasticity
To describe the development of plastic deformation, we construct the

mathematical model through the use of evolution equations

€ 

˙ e p = ˙ λ m(η,ee, ˜ ρ d )             ˜ ˙ ρ d = ˙ λ md (η,ee, ˜ ρ d ) (2.16)

in which λ is a monotonically increasing plasticity parameter and the evolution functions,
m and md, are assumed to depend on the same parameters as U.  Since η is uniquely
related to T, the dependence on η can be replaced with T.  The evolution function md

serves to connect the development of plastic strain to the increase in dislocation density.
If an “effective” stress, 

€ 

Σeff , and an “effective” dislocation density, 

€ 

Σ d , are
defined by

€ 

Σeff = σp:m          Σ d = σdmd (2.17)

it follows from (2.8) that the plastic power and dissipation power are

€ 

P P = ˙ λ Σeff            DP = ˙ λ ΣD         ΣD ≡ [Σeff − Σ d ] (2.18)

in which ΣD is defined to be the “effective” stress of dissipation.  A thermodynamically
consistent formulation must ensure that the dissipation power is positive semi-definite as
indicated by (2.5).  To this end one can define a yield function F based on the expression
for the dissipation power to be

€ 

F = ΣD − Fa (2.19)

in which Fa is an additive function (which could be a constant).  The usual restrictions are
made that plasticity does not occur if F < 0, the state F > 0 is not allowed, and plastic
deformation may occur only when F = 0 in which case 

€ 

ΣD = Fa and 

€ 

DP = ˙ λ Fa .  The
required inequality is satisfied if the restriction is imposed that 

€ 

Fa ≥ 0 .

2.4 Implication for Predictions of  Temperature
For constant cv, (2.6) and (2.13) indicate that the rate of increase of temperature is

proportional to the dissipation power.  It has become customary, primarily with regard to
computational methods [e.g., Camacho and Ortiz, 1997], to express the rate of increase of
temperature as proportional to a factor, β, times the plastic power so that, by inference,
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€ 

β ≡
cv

˙ T 
P p =

DP

PP =
ΣD

Σeff = 1− Σ d

Σeff (2.20)

Therefore, β involves a ratio of effective stresses, and only under additional, and very
restrictive, assumptions will β be a constant.

3. A SPECIFIC MODEL
3.1 Preliminary Comments

At this point, we begin to make additional simplifying assumptions in order to
make specific conclusions concerning the form of the function β and the resulting
implications concerning predictions for temperature.  The objective is to be as
straightforward as possible.  Then, alternative formulations can be easily developed if
some of the assumptions are changed.

3.2 Elastic Contribution
If isotropic linear elasticity is assumed, then the expression for the elastic strain

energy is

€ 

Ue(e
e) = 1

2 [3Be
e:Ps:ee + 2Gee:Pd :ee] (3.1)

where B and G denote the bulk and shear modulus, respectively.  The spherical
projection, Ps, and deviatoric projection, Pd, are defined by

€ 

Ps = 1
3 i⊗ i               P

d = I − Ps (3.2)

with i the second-order identity, and I the symmetric fourth-order identity tensors.  The
constitutive equations for stress and plastic conjugate stress become

€ 

σ = σ p = 3BPs:ee + 2GPd :ee (3.3)

For the moment, we leave open the form of the dislocation energy function.
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3.3 von Mises Plasticity
 If 

€ 

σ dv  denotes the stress deviator, then von Mises plasticity is obtained by
choosing the first evolution function of (2.16) to be

€ 

m =
3
2

σdv

(σdv:σdv)1/ 2 (3.4)

The result is that

€ 

Σeff = (3
2 σ

dv:σdv )1/2               ˙ λ = ˙ e p ≡ (˙ e p: ˙ e p)1/2

(m:m)1/2 = ( 2
3 ˙ e p:˙ e p)1/2 (3.5)

Note that the effective plastic strain, 

€ 

e p , and λ can be used interchangeably.
A von Mises yield function, 

€ 

FvM, is typically chosen to be of the form

€ 

FvM = Σeff − σy (3.6)

with the function 

€ 

σy  denoting the flow stress.  It is observed that the flow stress of most
metals varies as the square root of dislocation density (Follansbee and Kocks [1988]), or

€ 

σy = σ0
y + σh

y          σh
y = σm

y ˜ ρ d (3.7)

We interpret 

€ 

σ0
y  to be the yield stress associated with a perfectly annealed condition

(

€ 

˜ ρ d = 0) and 

€ 

σm
y  to be the maximum possible enhancement to the annealed yield stress

that occurs when 

€ 

˜ ρ d = 1.

3.4 Strain Hardening
For metals, the hardening part of the yield stress is also often given as a function

of effective plastic strain as follows:

€ 

σy = σ0
y + σh

y          σh
y = σm

y tanhζe p (3.8)

with the material parameter ζ chosen to provide a fit to experimental data.  Of course,
alternative hardening functions can be chosen.  The initial yield and maximum
enhancement stresses have the same connotations as used in (3.7).  The two forms for σy

given in (3.7) and (3.8) yield

€ 

tanhζe p = ˜ ρ d (3.9)
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By taking a derivative, utilizing the equivalence of λ and 

€ 

e p , and using the definition of
md based on (2.16), we obtain

€ 

md = 2ζ ˜ ρ d (1− ˜ ρ d ) (3.10)

If desired, this function can be transformed to one that depends on effective plastic strain.

3.5 Internal Energy Associated with Dislocations
Here, a specific  form for the contribution to the internal energy designated as Uρ

in (2.10) is proposed.  Rosakis et al. [2000] provide a plot of experimental data relating
this term (called stored energy of cold work) to effective plastic strain for aluminum
2024-T351.  The data suggest that for the given range of effective plastic strain, a linear
assumption would be entirely reasonable.  However, it also seems plausible to assume
that with large strain this energy should saturate to a limiting value.   Since the hyperbolic
tangent is linear for small values of its argument, we use (3.9) and suggest that the
following simple form might be appropriate for this material and, perhaps, for other
materials:

€ 

Uρ = Cd ˜ ρ d (3.11)

in which Cd is a material constant.  It follows from (2.7) that the conjugate dislocation
stress is

€ 

σd =
Cd

2 ˜ ρ d
(3.12)

and (2.17) provides the “effective” dislocation density

€ 

Σ d = ζCd(1− ˜ ρ d ) (3.13)

The use of (2.18), (2.19), (3.6) and (3.7) yields the following expression for the
additive part of the yield function:

€ 

Fa = σy − Σ d = σ0
y + σm

y ˜ ρ d − ζCd (1− ˜ ρ d ) (3.14)

The dissipation requirement that Fa be positive imposes the inequality 

€ 

σ0
y ≥ ζCd .  In

general, whenever values for the material constants are selected, the inequality on Fa

should be checked for all 

€ 

˜ ρ d .
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3.6 Implications for  Temperature Predictions
The use of 

€ 

FvM = 0  and (3.6) implies 

€ 

Σeff = σy  so that (2.20) reduces to

€ 

β =
σy − Σ d

σy
=
Fa
σy

(3.15)

in which (3.14) has been used.  The inequality, 

€ 

Fa ≥ 0 , ensures that 

€ 

0 ≤ β ≤1, as should
be expected.  If the yield stress and β are available as functions of effective plastic strain
from experimental data, the effective stress 

€ 

Σ d  as a function of effective plastic strain (or
dislocation density) can be determined.  One can then work back to derive the
corresponding forms for the conjugate stress and internal energy.  On the other hand, if
we accept the assumed form for the internal energy given in (3.11), then

€ 

β =1− ζCd (1− ˜ ρ d )
σ0

y + σm
y ˜ ρ d

(3.16)

If the dislocation state is saturated (

€ 

˜ ρ d = 1), then β = 1.  The other limiting case of the
perfectly annealed state (

€ 

˜ ρ d = 0) yields the value

€ 

β0 ≡ β ˜ ρ d = 0 =1− ζCd

σ0
y (3.17)

The inequality 

€ 

σ0
y ≥ ζCρ implies that 

€ 

0 ≤ β0 ≤1.  If experimental data for Uρ are not
available, but β0 is experimentally available, then (3.17) can be used to obtain Cd.  In
order to provide plots of representative results in the next section a value for β0 has been
assumed.

3.7 Associativity
With the use of (3.5), (3.12) and 

€ 

σ p = σ , the yield function of (3.6) can be
expressed in terms of the conjugate stresses

€ 

FvM(σp,σd ) = Σeff − σ0
y − σm

y Cd

2σd (3.18)

The evolution equations of (2.16) are partially associated in the sense that

€ 

m =
∂F vM

∂σp              md ≠
∂F vM

∂σd (3.19)
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However, the symmetry of the tangent tensor depends only on the satisfaction of the first
relationship so the fact that the inequality holds for md is not considered to be detrimental
to the theory.

3.8 Dislocation Internal Energy, Plastic Work and Dissipation
Because of the uncoupled forms for the energy and the yield function, we can

perform integrations to obtain explicit expressions for the dissipation and the plastic
work.  The plastic work, 

€ 

WP , and dissipation, D, are defined as the time integrals of the
plastic power and dissipation power, respectively:

€ 

W P = P Pdt∫                D = DPdt∫ (3.20)

Recall that σ = σp because of the restricted form for the internal energy.  With the use of
(2.8), (2.17), (2.18), (3.5) and the von Mises yield condition (3.6), various integral
expressions for the plastic work are obtained as follows:

€ 

W P = Σeffdλ∫ = σydλ∫ = [σ0
y + σm

y tanhζe p]de p∫ (3.21)

The latter one yields

€ 

W P = σ0
ye p +

σm
y

ζ
ln(coshζe p) (3.22)

With regard to the dissipation, the first of (2.8) becomes simply

€ 

D = WP −Uρ (3.23)

which states that the dissipation is simply the difference between the plastic work and the
dislocation internal energy.

The uncoupled formulation leads to specific forms for plastic work and total
dissipation so it is appropriate here to speak of dissipation rate and rate of plastic work
rather than dissipation power and plastic power, respectively.  This coalescence of
terminology does not hold in general.
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3.9 An Evolution Difficulty
Although the theory developed so far is complete, there is one difficulty that

arises when the model is implemented numerically.  The problem is that the evolution
function md given in (3.10) is zero when the dislocation density is zero, and if
deformation begins at an annealed state, there is no way for the dislocation density to
evolve unless md is artificially assigned a small, positive initial value.  Here we show that
a simple change of variable can rectify the situation.  Let

€ 

ρ* = ˜ ρ d (3.24)

Then

€ 

σh
y = σm

y ρ*                 tanhζe p = ρ* (3.25)

Consequently, we obtain

€ 

˙ ρ * = md* ˙ λ (3.26)

where

€ 

md* = ζ(1− ρ*2 ) (3.27)

Now the evolution function 

€ 

md*  is not zero if the initial value of ρ* is zero, and the
evolution of ρ* ceases as ρ* approaches the saturation value of unity.  We continue to
utilize the dislocation density in our formulation but for numerical calculations, the
transformation to the new variable may be more useful.

3.10 Rate Effects
There are numerous methods for combining strain-rate effects with plasticity.

These include (i) the overstress model of Perzyna [1966] in which the plastic strain rate
depends on the amount an effective stress exceeds the yield stress, (ii) the addition of a
strain obtained from a rate-dependent constitutive equation similar in form to that of
plasticity but with 

€ 

˙ λ  replaced with a material constant, (iii) the use of a yield function
that depends on either total strain rate [Rubin, 1982] or plastic strain rate [Di Melfi and
Kramer, 1980], (iv) and the addition of a viscous stress.  Since we are interested only in
providing a basic framework in a thermodynamical setting, we choose one that appears to
be widely used, namely; modify the yield function to include plastic strain rate.
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Specifically, we do this by changing the hardening part of the flow stress through a
positive function, g, to reflect the enhancement of yield with plastic strain rate as follows:

    

€ 

σy (e p,˙ e p) = σ0
y + σh

y (e p,˙ e p)           σh
y = σm

y [1 + g(˙ e p )]tanhζe p        g(0) = 0 (3.28)

The initial-value restriction is placed on g so that the formulation reverts to the existing
one when the effective plastic strain rate is zero.

The rate-independent formulation for dissipation power and plastic power
continue to hold with this modified form of the flow stress.  If, for example, a path of
constant strain rate is followed, one merely replaces 

€ 

σm
y  with the new constant

€ 

σm
y [1 + g(˙ e p)]  in the expression for β given in (3.16).  The result is that strain rate can

only increase β  with the inequality 

€ 

0 ≤ β ≤1 always satisfied.  If warranted by
experimental data or microstructural arguments, the parameters 

€ 

σ0
y  and Cd  could be

allowed to depend on strain rate as well.
We will not pursue strain-rate effects any further except to say that most paths

have variable strain rate.  Also, for modern flow-stress models that reflect path
dependence with respect to strain-rate [Follansbee and Kocks, 1988; Chen and Gray,
1996], explicit forms for plastic work and total dissipation do not exist so that it is then
incorrect to refer to plastic power and dissipation power as rates of plastic work and
dissipation, respectively.

3.11 Concluding Comments
In this section we have provided a small, but important, extension to the

elementary model of von Mises plasticity.  The new contribution is a proposed form for
an uncoupled addition to the internal energy that depends on dislocation density.  The
result provides a logical way to describe the β-effect where β is derived as a function of
deformation rather than being assumed constant.  The result yields particularly simple
formulas for determining temperature under adiabatic conditions.  If the assumed form
for internal energy proves to be inadequate for application to a specific material, the
elementary framework that is provided allows a user to easily make modifications.

For example, there are experimental data that indicate β may initially decrease
from a value close to unity at zero dislocation density, and then increase with a
monotonic increase in effective plastic strain.  In fact for an annealed copper, it is
plausible to argue that the beginning value for β  should be one.  It is rather
straightforward to show that such a feature is exhibited by selecting an internal energy
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contribution of the form 

€ 

(˜ ρ d )3/2  rather than the square root of the dislocation density used
in the illustrative development.

In the next section, we recapitulate the equations in dimensionless form with this
extra term included. Sample plots are then provided to illustrate the general features of
the formulation.

4. TEMPERATURE PREDICTIONS BASED ON THE UNCOUPLED THEORY

4.1 Dimensionless Variables
 It is good practice from both theoretical and numerical viewpoints to introduce
dimensionless variables which will be denoted with an overscribed tilda, a notation
already used in connection with dislocation density.  We use the process of defining
dimensionless variables also as an opportunity to summarize the set of governing
equations.  Since the theory is rate independent, there is no need to introduce a
dimensionless time.

First, we define dimensionless entropy and temperature:

€ 

˜ η =
η− η0

cv
          ˜ T = T - T0

T0
(4.1)

We choose the reference temperature to be T0 = 300 K and the reference entropy, η0, is
unspecified.  Next, we divide all stress-related variables by the initial yield stress to
obtain corresponding dimensionless terms:

€ 

˜ σ =
σ

σ0
y                ˜ σ d =

σd

σ0
y

˜ Σ eff =
Σeff

σ0
y           ˜ Σ d =

Σ d

σ0
y

 ˜ Σ D =
ΣD

σ0
y           ˜ C d =

Cd

σ0
y

˜ B = B
σ0

y                 ˜ G = G
σ0

y

˜ σ m
y =

σm
y

σ0
y              ˜ σ y =

σy

σ0
y

(4.2)

The dimensionless entropy and elastic internal energies are:
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€ 

˜ U η =
Uη(η)
σ0

y =
1
rc

y [e˜ η −1]

˜ U e =
Ue(ee)
σ0

y = 1
2 [3˜ B ee:Ps:ee + 2 ˜ G ee:Pd:ee]

(4.3)

in which we have introduced the ratio of the initial yield stress to a thermal reference
stress

€ 

rc
y =

σ0
y

cvT0
(4.4)

Two contributions are now assumed for the dislocation internal energy; the first term is
the form suggested in (3.11) and, as shown later, the second term provides more
flexibility in an attempt to have the function β  reflect features exhibited by experimental
data:

€ 

˜ U ρ =
Uρ(˜ ρ d )
σ0

y = ˜ C d1(˜ ρ d )1/2 + ˜ C d2(˜ ρ d )3/ 2 (4.5)

Dimensionless forms of plastic power and dissipation power given in (2.18) become

€ 

˜ P P ≡ PP

σ0
y = ˙ λ ̃  Σ eff              ˜ D P ≡ DP

σ0
y = ˙ λ  ˜ Σ D          ˜ Σ D = ˜ Σ eff - ˜ Σ d (4.6)

4.2 Representative Plots
The hardening rule for flow stress from (3.8) and (3.9) becomes

€ 

˜ σ y =1 + ˜ σ h
y             ˜ σ h

y = ˜ σ m
y ˜ ρ d = ˜ σ m

y tanhζe p (4.7)

The effect of various choices of ζ for describing the hardening function is illustrated in
Fig. 1.  Large values for ζ correspond to rapid hardening with an increase in effective
plastic strain.
 With the use of (2.7), (2.18), (3.9) and (3.10), the effective dislocation density
becomes

€ 

˜ Σ d = ζ[1− tanh 2ζe p ][ ˜ C d1 + 3˜ C d2 tanh 2ζe p ] (4.8)

while (3.14) and (3.15) yield the following expression
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€ 

β =
˜ F a
˜ σ y

              ˜ F a ≡ ˜ σ y − ˜ Σ d (4.9)

where 

€ 

˜ F a  is the additional part of the yield function, in dimensionless form.  If β0 and ζ
are considered prescribed values, then the parameter 

€ 

˜ C d1 must be chosen to satisfy

€ 

˜ C d1 = (1−β0 ) /ζ (4.10)

Plots of β showing the effects of dimensionless material parameters are given in
Figs. 2-4.  First, we set 

€ 

˜ C d2 = 0  so only the effect of a dislocation internal energy of the
form 

€ 

˜ U ρ = ˜ C d1(˜ ρ d )1/ 2  is considered.  The effect of ζ on β for 

€ 

˜ σ m
y  is shown in Fig. 2a while

the effect of 

€ 

˜ σ m
y  on β  for ζ  = 8 is given in Fig. 2b.  As expected, β  increases

monotonically with effective plastic strain from the initial value β0 to the maximum value
of 1.

Next, the effect of dislocation internal energy of the form 

€ 

˜ U ρ = ˜ C d2(˜ ρ d )3/ 2  is
illustrated.  It is possible to find the equivalent plastic strain at which the minimum value
for β occurs and then choose 

€ 

˜ C d2  to satisfy a prescribed minimum value obtained from
experimental data.  Instead, the following expression for 

€ 

˜ C d2 , selected in an ad hoc
manner, is used:

€ 

˜ C d2 =
10 ˜ σ m

y

ζ(1+10 ˜ σ m
y ) (4.11)

This choice, which provides approximately the same minimum value for β for a wide
range of cases, is used for all examples where 

€ 

˜ C d2  is not zero.  We emphasize that the
relation (4.11) is chosen merely to provide general features of the model; experimental
data may require a substantially different form.  Figure 3 provides plots of β with the
initial value 

€ 

β0 =1 with the result from (4.10) that 

€ 

˜ C d1 = 0 .  Only variations in ζ are
shown as very little change with 

€ 

˜ σ m
y  is observed.  The basic feature is a reduction from

the initial value to a minimum and then an increase back to unity as the effective plastic
strain becomes large.

Finally, Fig. 4 shows representative distributions of β when both 

€ 

˜ C d1 and ˜ C d 2  are
nonzero and given by (4.10) and 4.11), respectively, with β0 = 0.75.     Again, there is
very little change with 

€ 

˜ σ m
y  so such a plot is not given.   If experimental data reflect an

even richer structure for β then the form for 

€ 

˜ U ρ  must be altered from that used here
[Rosakis et al., 2000].

With β as a known function, we use (2.18), (2.20), (3.5), (4.4) and the yield
condition Σeff = σy to obtain
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€ 

˜ ˙ T = βrc
y ˜ σ y ˙ e p (4.12)

A simple integration algorithm is all that is needed to obtain temperature as a function of
inelastic plastic strain. We see that a key factor in determining how rapidly temperature
increases with plastic deformation is the dimensionless material parameter 

€ 

rc
y .  Values of

€ 

rc
y  are given in Table 1 for some typical materials.  It appears that the inequality 0.1 < 

€ 

rc
y

< 0.9 includes the majority of cases.
An upper bound for temperature predictions is obtained simply by choosing β = 1

and replacing 

€ 

tanhζe p  with unity (essentially using the maximum value of the flow
stress):

€ 

˜ T ub = rc
y(1 + ˜ σ m

y )e p (4.13)

With 

€ 

rc
y = 0.5 and ˜ σ m

y = 0.5 , plots of temperature obtained from (4.12) and the upper
bound given by (4.13) are shown in Figs. 5a for β0 = 0.5 with 

€ 

˜ C d2 = 0 , and in Fig. 5b for
β0 = 0.75 with 

€ 

˜ C d2  obtained from (4.11).

5. COUPLED THERMAL AND PLASTICITY EFFECTS

5.1 Basic Formulation
We have considered so far an uncoupled thermo-mechanical theory that provides

a very simple relationship for estimating increases in temperature.  However, most
material moduli depend on temperature so they are actually functions.  If this dependence
is taken into account, the result is a coupled theory that we consider next.  In particular,
we are interested in the implications of the presence of the dislocation internal energy.

For the sake of simplicity and practical utility, we continue to eschew generality.
Even so, we believe that the formulation inherently provides guidelines as to how a more
general theory might be developed if warranted.  Therefore, we do not consider
anisotropy, large strains, large excursions in temperature and complex material
dependence on temperature.  However, even with these restrictions, the theory may
reflect general trends that are physically meaningful.

We start the development of a consistent theory by modifying the uncoupled
formulation and postulate a form for the internal energy that is slightly more general than
the previous form:
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€ 

U(η,ee,ρd ) = Uη(η)+Ue(η,e
e) +Uρ(η,ρ

d ) (5.1)

We retain the form of (2.11) for the entropy internal energy by assuming the parameter cv

remains constant.  We allow the elastic and dislocation internal energies to depend on
entropy with specific forms to be given later.  We decompose the temperature into two
parts as follows:

€ 

T = Tη +Ta          Tη =
∂Uη

∂η
= T0e

(η−η0 )/ cv           Ta =
∂Ue

∂η
+
∂Uρ

∂η
(5.2)

We assume that the additional temperature is insignificant in comparison with the entropy
temperature,  i.e.,

€ 

Ta << Tη       or         T ≈ Tη (5.3)

Now, the first of (2.14) can be used to express entropy in terms of temperature so that the
elastic and dislocation density part of the internal energies can be expressed equally well
as functions of temperature rather than entropy.  The chain rule is used to obtain the
following expression for the additional temperature to see later if the inequality of (5.3) is
actually satisfied:

€ 

Ta =
T
cv

∂
∂T[Ue(T,e

e) +Uρ(T,ρ
d )] (5.4)

For convenience, we use the following dimensionless form for the additional
temperature:

€ 

˜ T a =
Ta

T0
(5.5)

In the elastic part of the internal energy, we allow the moduli, G and B, to depend
on temperature.  In addition, we introduce a thermal strain, eT, so that (3.1) is replaced
with

€ 

Ue(T,e
e) = 1

2[3B(T)ee:Ps:ee + 2G(T)ee:Pd :ee]
ee = e − ep − eT (T)

(5.6)

As specific forms for thermal dependence using the dimensionless temperature of (4.1),
we choose the following:
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€ 

B = B0e
− ˜ k ˜ T           G = G 0e

− ˜ k ̃  T          eT = αT0
˜ T i (5.7)

in which 

€ 

˜ k  is a dimensionless material constant representing a measure of how quickly
the elastic moduli decay with temperature.  B0 and G0 are the bulk and shear moduli,
respectively, at the reference temperature, and α denotes the usual coefficient of thermal
expansion and is assumed to be a constant.  Conversions to dimensionless forms follow:

€ 

˜ B 0 =
B0

σ0
y             ˜ G 0 =

G 0

σ0
y           eT = ˜ α ̃  T i          ˜ α = T0α (5.8)

Representative values for α and 

€ 

˜ α  are also given in Table 1.
The flow stress of (3.8) is generalized as follows:

€ 

σyT = σ0
yT + σh

yT                         σh
yT = σm

yT tanhζe p

σ0
yT = σa

y +(σ0
y -σa

y )e−k ˜ T             σm
yT = σm

y e−k ˜ T 
(5.9)

where the superscript T is added to emphasize the dependence on temperature.  For 

€ 

˜ T = 0
the form reduces to that used previously with material constants 

€ 

σ0
y  and σm

y  continuing to
represent the initial yield stress and maximum additional hardening stress, respectively.
The rate of decay with temperature has been assumed the same as that for the elastic
moduli as simply a matter of convenience. The limiting case of the flow stress for large
temperature has been chosen for a specific reason.  High temperature is associated with
the annihilation of dislocations (annealing), a state at which most metals exhibit no
hardening, a feature provided by the assumed form for 

€ 

σm
yT .  In addition some metals

exhibit a residual flow stress greater than zero but less than the initial flow stress, a
feature included here by adding one additional material constant called the athermal
stress, 

€ 

σa
y .

Again, dimensionless versions are obtained by using the yield stress, 

€ 

σ0
y , at the

reference temperature as a normalizing factor:

€ 

˜ σ a
y =

σa
y

σ0
y                             ˜ σ m

y ≡
σm

y

σ0
y

˜ σ yT ≡
σyT

σ0
y = ˜ σ 0

yT + ˜ σ h
yT  

˜ σ 0
yT ≡

σ0
yT

σ0
y = ˜ σ a

y +(1- ˜ σ a
y )e− k˜ T 

˜ σ h
yT ≡

σh
yT

σ0
y = ˜ σ m

y e−k ˜ T tanhζe p

(5.10)
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As a generalization of (3.11), we allow 

€ 

Cd  to depend on temperature with the
same exponential decay used previously and assume the dislocation internal energy to be

€ 

Uρ = Cd(T) ˜ ρ d                Cd (T) = Cd
0e− ˜ k ̃  T (5.11)

an expression that vanishes with large temperature.  Note that we have reverted to the
original form for this contribution to the internal energy; the second contribution could be
generalized in a similar manner.  The material parameter 

€ 

Cd
0  is the value of 

€ 

Cd  at the
reference temperature.  The use of (5.11) can be considered an indirect way of
representing annealing, rather than reducing dislocation density.  A development
connecting a reduction of dislocation density with temperature might be worthy of an
independent study and is certainly beyond the scope of this paper. The same equations as
(5.11) in dimensionless form are

€ 

˜ U ρ = ˜ C d
0e−˜ k ̃  T ˜ ρ d             ˜ C d

0 =
Cd

0

σ0
y (5.12)

For von Mises plasticity with isotropic hardening, all aspects of the formulation
go through as developed previously.  In particular, the choice of the evolution function,
md, remains the one given in (3.10) so that the “effective” dislocation density is the
temperature-dependent version of (3.13):

€ 

˜ Σ dT = ζ ˜ C d
0e− ˜ k ˜ T [1− tanh2ζe p] (5.13)

The form for β remains similar to (3.15) but is now also dependent on temperature

€ 

βT = 1−
˜ Σ dT

˜ σ yT (5.14)

If 

€ 

˜ T = 0 when e p = 0  then the beginning value for βT becomes 

€ 

β0 =1− ζ˜ C d
0 , similar to the

expression for the uncoupled theory.  The plastic power and the dissipation power are
also similar in form to (2.18) and depend on temperature:

€ 

˜ P PT = ˙ λ ̃  σ yT               ˜ D PT = βT ˜ P PT (5.15)

Since the two expressions in (5.15) do not represent total derivatives it is now incorrect to
refer to these quantities as dissipation rate and rate of plastic work.
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The thermally-dependent dimensionless form for the first law given in (4.12)
becomes

€ 

˜ ˙ T = βTrc
y ˙ e p ˜ σ yT (5.16)

The result is that a nonlinear ordinary differential equation must be solved for T.  The
uncoupled case is recovered by setting 

€ 

˜ k = 0 .

5.2 Representative Results
To illustrate the effects of coupling, we again provide plots of flow stress and

temperature as functions of effective plastic strain.  However, instead of just ζ and 

€ 

rc
y  we

have the additional parameters of 

€ 

˜ k  and 

€ 

˜ σ a
y  whose effects must be exhibited.

In Figs. 6 and 7, we show the effect of the decay parameter, 

€ 

˜ k , on the flow stress
and the temperature, respectively, for 

€ 

˜ σ m
y = 0.5, ζ =16 and ˜ σ a

y =1 .  Even though the flow
stress always hardens, the effect of temperature coupling is to provide enhanced softening
with increasing values of 

€ 

˜ k .  There is a slightly smaller increase in temperature for a
given amount of plastic strain when the thermal effects on material parameters is taken
into account.  Surprisingly, there is practically no change of β with 

€ 

˜ k  so a plot is not
shown.

If 

€ 

˜ σ a
y <1 then the flow stress may decay below the initial yield stress as shown in

Fig. 8.

5.3 Additional Temperature
Recall that we have assumed the additional temperature, Ta, to be much smaller

than the reference temperature.  We are now in a position to obtain an estimate for Ta and
check the assumption.

In order to evaluate the relative significance of the terms in the equation, we make
the restriction of uniaxial stress so that the only nonzero stress, σ, is related to the elastic
strain, ee, through Young's modulus, E.  With uniaxial stress, and the assumed form of
Mises plasticity, the axial plastic strain, ep, is identical to the effective plastic strain.
Therefore, the elastic internal energy and constitutive relation reduce to

€ 

U e = 1
2 E(ee)2           σ = Eee        ee = e − e p − eT (5.17)

The thermal dependence of Young's modulus and the thermal strain are
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€ 

˜ E = ˜ E 0e
-k ˜ T            eT = ˜ α ̃  T (5.18)

in which 

€ 

˜ E  is the normalized form of Young’s modulus, and 

€ 

˜ E 0 is its value at the
reference temperature, T0.  Typical values for 

€ 

E 0 are given in Table 1.  We separate the
contributions to the additional temperature into three parts according to the individual
sources:

€ 

Ta = Ta
e + Ta

α + Ta
ρ (5.19)

where 

€ 

Ta
α  denotes the contribution from the thermal strain, 

€ 

Ta
E the part from Young’s

modulus, and 

€ 

Ta
ρ  from the dislocation internal energy.  With the use of (5.4), these

contributions are

€ 

Ta
α =

T
cv

∂Ue

∂eT
∂eT

∂T          Ta
E =

T
cv

∂U e

∂E
∂E
∂T          Ta

ρ =
T
cv

∂Uρ

∂Cρ

∂Cρ

∂T (5.20)

In dimensionless form these equations become

€ 

˜ T a
α = −(1+ ˜ T )rc

y ˜ α ̃  σ                    ˜ σ =
σ

σ0
y                    

˜ T a
E = −(1+ ˜ T )rc

y ˜ k ˜ U e                 ˜ U e =
Ue

σ0
y

˜ T a
ρ = −(1+ ˜ T )rc

y ˜ k ˜ U ρ             ˜ U ρ =
Uρ

σ0
y

(5.21)

Next, we provide an order-of-magnitude analysis for these possible additions to
temperature.  If 

€ 

σy
m = 0.5  then the upper bound to the yield stress and the stress is

€ 

˜ σ UB = 1.5 .  Assume 

€ 

rc
y =1, which appears to be an upper bound based on Table 1.

Suppose further that the total strain is e = 0.5, which is approximately equal to the total
plastic strain.  Since 

€ 

βT ≤ 1 the entropy temperature obtained from (5.16) is bounded by

€ 

˜ T ≤ e ˜ σ = (0.5)(1.5) = 0.75 (5.22)

The dimensionless coefficients of thermal expansion in Table 1 are all less than 10-2.
Therefore an estimate of the maximum value of additional temperature due to the thermal
strain is

€ 

˜ T a
α = −rc

y ˜ α ̃  σ (1+ ˜ T ) ≈ −(1)(10−2 )(1.5)(1.75) ≈ −0.03 (5.23)

an insignificant contribution.



23

To estimate the contribution due to the thermal dependence of Young's modulus
on temperature, suppose k = 0.5.  Then, for the dimensionless temperature of (5.22) it
follows that  

€ 

e− ˜ k ˜ T = 0.7 .  From Table 1, an upper bound for 

€ 

˜ E 0 is 103.  An upper bound
on the elastic strain is the maximum stress divided by Young’s modulus or

€ 

ee = ˜ σ max / ˜ E = (1+ ˜ σ m
y ) / (e−k ˜ T ˜ E 0 ) = 1.5 / (0.7x103) = 2x10−3 (5.24)

Then

€ 

˜ T a
e = − 1

2 rc
y ˜ k ̃  E 0e

−˜ k ̃  T (ee)2(1 + ˜ T ) ≈ − 1
2 (1.0)(0.5)(103)(0.7)(2x10−3)(1.75) = −0.001 (5.25)

a contribution even smaller than that due to the coefficient of thermal expansion.
Finally, we look at the potential additional temperature due to plastic strain.  From

(5.12) the dimensionless dislocation internal energy is

€ 

˜ U ρ = ˜ C d
0e−k˜ T tanhζe p (5.26)

If ζ = 16 and 

€ 

e p = 0.5 , then it follows that 

€ 

tanhζe p =1 .  If we choose 

€ 

β0 = 0.5  and since

€ 

β0 =1− ζ˜ C d
0 , we obtain 

€ 

˜ C d
0 = 0.03 and

€ 

˜ U ρ ≈ (0.03)(0.7)(1) = 0.02 (5.27)

The predicted increase in temperature involving this term is

€ 

˜ T a
ρ = −rc

y ˜ k ̃  U ρ(1+ ˜ T ) ≈ −(1.0)(0.5)(0.02)(1.75) = −0.02 (5.28)

At least for the chosen values of material parameters, this contribution is also relatively
insignificant and the assumption of (5.3) that 

€ 

T ≈ Tη indeed holds.  One side observation
is that all three of the potential contributions are negative, indicating that the predicted
temperature excluding these terms will be on the high side.

It should also be noted that the increment in temperature is negative for initial
elastic loading and positive for initial elastic unloading in agreement with the
experimental measurements of Pieczyska (1999).  Here we have purposely emphasized
the regime of plastic deformations and considered the thermoelastic effect to be neglible.

6. SUMMARY
This paper provides a thermodynamically consistent formulation of conventional

plasticity constitutive equations with thermal effects included but under the assumptions
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that heat conduction and external heat sources are negligible.  The formulation is
motivated by the desire to emphasize the point made by Rosakis et al. [2000] that β is not
a constant, but rather, a function that follows from a formulation that includes an
additional term in the internal energy.  The formulation does not include many important
factors such as a rigorous treatment of large deformations, a general coupled form of the
internal energy, and thermal dependence of all material parameters.

Essential aspects of the development are the following:

(1) The formulation is based on the premise that, in addition to the usual entropy and
elastic contributions to internal energy, there should be a contribution that depends on
dislocation density.

(2) With a suitable interpretation of internal variables, the formulation can utilize
equivalently either dislocation density or effective plastic strain.

(3) The use of dislocation density as a primary variable allows the representation for a
partially-annealed metal through the choice of a nonzero value for initial dislocation
density.

(4) The existence of the dislocation internal energy indicates that not all of the plastic
power contributes to dissipation and provides an explanation for why a reduction
factor (beta) is necessary in many elementary formulations to obtain agreement with
observed increases in temperature.

(5) Two elementary terms for the dislocation internal density provide the capability for
obtaining a wide range in forms for the function β.

(6) The uncoupled formulation provides a very simple expression for dissipation and,
consequently, for increase in temperature.

(7) The formulation is sufficiently simple so that it can be easily altered to match
experimental data giving β as a function of effective plastic strain.

(8) For metals that exhibit a significant flow stress-dependence on strain rate, there is a
corresponding enhancement in the expression for dissipation.

(9) An assumption that the additional temperature is insignificant rendered a coupled
theory almost as simple as the uncoupled form.  An a posterior argument indicates
that the assumption may be plausible for many problems.

(10) The coupled theory, not surprisingly, indicates that temperature dependence provides
a modified strain-hardening form of plasticity.  For certain values of material
constants, strain softening is exhibited with the resulting possibility of loss of
ellipticity and ill-posedness [Neilsen and Schreyer, 1993].
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In summary, a mathematical structure has been provided for a thermodynamical
treatment of plasticity that is theoretically rigorous, that is a natural evolution from a
widely-used engineering model of plasticity, and that offers a suitable framework for
describing the β-effect.  The simplicity of the formulation provides a basis for those new
to the subject to understand and appreciate the efforts of those who have made prior
contributions to the field.

REFERENCES
Di Melfi, R.J., and Kramer, J.M., 1980, "Modeling the effects of fast-neutron irradiation
on the subsequent mechanical behavior of type 316 stainless steel," J. of Nuclear
Materials, Vol. 89, pp. 338-346.

Chen, P.S., and Gray, G.T., III, 1966, “Constitutive behavior of tantalum and tantalum-
tungsten alloys,” Metall. Trans., Vol. A27, pp. 2994-3006.

Camacho, G.T., and Ortiz, M., 1997, “Adaptive Lagrangian modeling of ballistic
penetration of metallic targets,” J. Computer Meth. Appl. Mech. Eng., Vol. 142, pp. 269-
301.

Follansbee, P.S. and Kocks, U.F., 1988, “A constitutive description of the mechanical
threshold stress as an internal state variable,” Acta Metall, Vol. 36, pp. 81-93.

Hodowany, J., Ravichandran, G., Rosakis, A.J., and Rosakis, P., 2000, “Partition of
plastic work into heat and stored energy in metals,” Experimental Mechanics,Vol. 40,
No. 2, pp. 1-11.

Macdougall, D., 2000, "Determination of the plastic work converted to heat using
radiometry," Experimental Mechanics, Vol. 40(3), pp. 297-305.

Neilsen, M.K., and Schreyer, H.L., 1993, "Bifurcations in elastic-plastic materials," The
International Journal of Solids and Structures, Vol. 30(4), pp. 521-544.



26

Perzyna, P., 1966,"Fundamental problems in viscoplasticity," Advances in Applied
Mechanics, Vol. 9, Academic Press, pp. 243-277.

Pieczyska, E., 1999, “Thermoelastic effect in austenitic steel referred to its hardening,”
Journal of Theoretical and Applied Mechanics, Vol. 37(2), 349-368.

Rosakis, P., Rosakis, A.J., Ravichandran, G., and Hodowany, J., 2000, "A
thermodynamic internal variable model for the partition of plastic work into heat and
stored energy in metals," J. of the Mechanics and Physics of Solids, Vol. 48(3), pp. 581-
607.

Rubin, M.B., 1982, "A thermoelastic-viscoplastic model with a rate-dependent yield
strength," J. of Appl. Mech., Vol. 49, pp. 305-311.

Taylor, G.I., and Quinney, H., 1933, The latent energy remaining in a metal after cold
working, Proc. Roy. Soc. A, Vol. 143, pp. 307-326.

Zehnder, A.T., 1991, "A model for the heating due to plastic work," Mechanics Research
Communications, Vol. 18, pp. 23-28.



27

Table 1.  Table of material properties for certain metals at T0 = 3000K.

(a) Dimensional Material Parameters
Material Mass

Density
(ρ)
[kg/m3]

Specific
Heat
  (cρ)
[J/kgK]

Thermal
Capacity
(cv = ρcρ)
[J/m3K]

Yield
Stress
  (

€ 

σ0
y )

[MPa]

Young's
Modulus
  E0

 [GPa]

Coef. Of Thermal
Expansion
  α
   [1/K]

Copper   8890    393   3.52x106   150  110   17x10-6

Aluminum   2700    887   2.39x106   130    69   24x10-6

Steel   7800    460   3.59x106   250  200   12x10-6

Tantalum 16,600    150   2.49x106   600  184   6.6x10-6

(b) Dimensionless Material Parameters
Material Ratio of E

to Yield
Stress

€ 

˜ E 0 = E0 /σ0
y

Coef. of
Thermal

Expansion

€ 

˜ α = α T0

Ratio of Yield
Stress to Thermal
Reference Stress

€ 

rc
y = σ0

y / cvT0
Copper 0.73x103 5.1x10-3 0.142

Aluminum 0.53x103 7.2x10-3 0.181

Steel 0.80x103 3.6x10-3 0.232

Tantalum 0.31x103 2.0x10-2 0.800



28

List of Figures

Fig. 1. Dimensionless yield stress as a function of effective plastic strain.

Fig. 2. Plot of β versus 

€ 

e p  for 

€ 

β0 = 0.5 and ˜ C d2 = 0 .
Fig. 2a.  The effect of ζ with 

€ 

˜ σ m
y  fixed.

Fig. 2b.  The effect of 

€ 

˜ σ m
y  with ζ fixed.

Fig. 3. Plot of β versus 

€ 

e p  for 

€ 

β0 =1.0 ( ˜ C d1 = 0) and ˜ C d2  given by (4.11).

Fig. 4. Plot of β versus 

€ 

e p  for 

€ 

β0 = 0.75  with 

€ 

˜ C d1 and ˜ C d2  given by (4.10) and (4.11),
respectively.

Fig. 5.  Dimensionless temperature versus effective plastic strain.
Fig. 5a. 

€ 

β0 = 0.5 and ˜ C d2 = 0
Fig. 5b. 

€ 

β0 = 0.75  with 

€ 

˜ C d1 and ˜ C d2  given by (4.10) and (4.11), respectively.

Fig. 6.  Flow stress versus effective plastic strain for the coupled theory when material
properties depend on temperature.

Fig. 7.  Temperature versus effective plastic strain for the coupled theory when material
properties depend on temperature.

Fig. 8.  Flow stress versus effective plastic strain for the coupled theory and a reduced
value for the athermal stress when material properties depend on temperature.



29

0

0.5

1

1.5

2

0 0.2 0.4 0.6

€ 

e p

€ 

˜ σ y

€ 

˜ σ m
y = 0.5

€ 

ζ = 481632

Fig. 1. Dimensionless yield stress as a function of effective plastic strain.
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Fig. 6.  Flow stress versus effective plastic strain for the coupled theory when material
properties depend on temperature.
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