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Abstract: determinacy is a philosophical concept which introduced by Smarandache and
used in structure of mathematical systems. In this article we use this concept to introduced
Particular Structure of neutrosophic ring and studied some theorem and properties

according to classical axiomatic ring theory.
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1. Introduction

Neutrosophic ring established first time by Kandasamy and Smarandache in 2006 see
[19], in this paper we introduced particular neutrosophic ring depend on classical axioms of

ring theory and studied some theorems and properties of neutrosophic ring theory.

2. Neutrosophic Rings and Their Examples

In this section we introduced the concept of neutrosophic ring was introduced in 2006 by

Kandasamy and Smarandache see [19] with examples, but by applying the axioms of
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classical ring theory with concept of indeterminate. The neutrosophic element as I where
I is an indeterminate and I issuchthat I =[.If [? =1 I(I —1) =0 or any relation is
just saying 1% =1

Definition 2.1. [19] Let R be any ring. The neutrosophic ring (R U I) is also a ring
generated by R and ! under the operations of R.

Theorem 2.2. [19] Let (R U I) be a neutrosophic ring. (R U I) is a ring.

Note. In sated of notation (R U I) and (R\{0} U I),we use notation R[I] and R*[I]
respectively.

Definition 2.2. Let R be a nonempty set and the triple (R,+,s) be aring, and consider
the neutrosophic (NS):R[I] = {a + bl:a,b € R}, then the neutrosophic algebra structure
(NAS):

N(R) = (R[I], +,) is called the neutrosophic associative ring which is a generated by I
and R under operations + "addition "and e " multiplications" respectively if satisfies the
axiomatic conditions of ring:

NR1: Forall x,y and z € N(R), N(R) = (R[I], +) is a neutrosophic an abelian group
under addition;
NR2: Forall x,y and z € N(R*), N(R*) =(R*[I],») is a mathematical associative
neutrosophic system under multiplications, thatis, N(R*) = (R*[I],e) is neutrosophic
semi group and
NR3: x e(y+z)=(xey)+(xez) and (y+z)ex = (yex)+ (zex) "left and right
distribution laws".
Observations.
e If N(R") =(R"[I],*) hasneutrosophic identity (or unit), then N(R) = (R[I], +,)
is called a neutrosophic ring with a neutrosophic identity (or neutrosophic unit).
e If N(R*) =(R*[I],*) hasneutrosophic inverse, then N(R) = (R[I], +,¢) is called a
neutrosophic ring with a neutrosophic inverse and the neutrosophic structure
N(R*) =(R*[I],) is called neutrosophic group.

e If N(R*) =(R*[I],*) is a neutrosophic abelian, that is, all x,y € N(R), we have
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x.y = y.x, in addition,N(R*) = (R*[I],e) is called a neutrosophic abelian group,
consequently, the N(R) = (R[I], +,¢) is called a filed and denoted by N(F) =
(F[I1,+.e).
Definition 2.3. Let R be a finite set and the triple (R,+,») Dbe a finite ring, then
N(R) =(R[I],+,%) is called a finite neutrosophic ring, otherwise, N(R) = (R[I], +,¢) is
called is an infinite neutrosophic ring.
Definition 2.4. Let N(R) = (R[I], +,%)be a neutrosophic ring. Define the neutrosophic set:
N(C(R) ={x € N(R):xy =yx,Vy € N(R)} which is called the neutrosophic center of
N(R). Also, N(R) is abelian iff N(R) = N(C(R).
Definition 2.5.[19] Let Z be a set of integer numbers and Z[I] ={a+ bl:a,b € Z} be a
neutrosophic- integer set, where a + bl is a neutrosophic integer number.
Preposition 2.1. Let (Z, +,») Dbe aring of integers under usual addition and multiplication,
then the neutrosophic algebra structure (NAS): N(Z) =(Z[I],+,%) is called the
neutrosophic integer ring which is generated by I and Z.
Proof. Let (Z, +,») be aring of integers under usual addition and multiplication and
(Zul)={a+bl:a,b € Z} be a neutrosophic- integer set, where a + bl is a neutrosophic
integer number. Then by proposition 2.1 in [5] , N(Z) = (Z[I], +) is a neutrosophic abelian
group, so NR1 axioms is hold. Now Let , N(Z) = (Z[I],») such thatall x,y € N(Z), then:
x y = ((xq +xD) + (1 +y2D))
= ((xl.yl) + (((xl.yz) + (x2.31)) + (xz.yz)) I) €,N(Z) = (Z[I],"), it's a closure,
moreover,

(x-y)-z=((x1 +xD)+ O +3’21)) (21 + z,1)

((x1-}’1) + (((x1-3’2) + (xz-Y1)) + (xz-Y2)) 1) (21 + z,1)

(xX1.¥1)- 21
+

((x1-3’1)-zz + (1. y2) + (2. y1) + (62.32))- 21 + ((x1.72) + (. y1) + (xz-Y2))-Zz)I
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x1.(¥1-21)
+
((x1-J’1)-Zz + ((e1.y2) + (2. y1) + (x2.2)). 21 + ((x1.y2) + (2. 91) + (xz-YZ))-Zz)I

x1.(y1-21)

_ +

((x1-J’1)-Zz + ((e1-v2)- 21 + (2. y1). 21 + (02.92).21) + ((%1.¥2)- 25 + (x2.¥1). 2, + (xz-}’z)-zz))l

x1- (V1 -21)

— +

(2 01-22) + (1. 02 22) + X (01 20) + X (2.20)) + (1. 02 25) + X (1. 22) + % (72.25)) ) 1
= G+ 0D (002 + (00 22) + 02 20) + 02 2)) 1) = 2.2,
Hence the associative law is hold.
Finally, x.(y +2) = (x1 + x21).((vy + 1) + (21 + 2,1))
= (g +x,D). (1 +21) + (y2 + 2)]1)
= (%11 + 1) + (x1. (V2 + 22) + x2. (1 +21) + x2. (y2 + 2,))])

= ((Ga) + Guz) + (G092 + a.22)) + (G2 2) + G20 + (G 2) +
(xz.zz))) I)
= ((x1-}’1) + ((x1-}’2) + (x2.y1) + (xz-}’z))l) + ((x1- +2z;) + ((x1-Zz) + (x2.21) +

(xz.zz))l )

= ((x1 +x,0). (y; + yzl)) + ((yl +y,0).(z, + ZZI)) = (x.y) + (x.2). By similar
procedure, we can deduce that: (y +2z).x = (y.x) + (z.x). Moreover there exists 1€
,N(Z) = (Z[I],%)such that 1.x = x.1 = x. Hence N(Z) = (Z[I], +,¢) is neutrosophic integer
ring with identity . The neutrosophic integer ring will plays an important role in the study
of neutrosophic ring theory.
Example 2.1. Let (Z* U {0},+,») beaunit ring of positive integers under neutrosophic
addition and multiplication, then the neutrosophic algebra structure (NAS): N(Z*) =
{(Z* v {0} U I),+,} is called the neutrosophic unit integer ring which is a generated by I
and Z* v {0}.
Defintione2.6. (Number theory) Let Z be the set of integers and x € Z, then x is called

even number if there exists k € Z such that x =2k. If x,y € Z and both are even
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numbers, then x +y and x.y are even numbers. Because,x + y = 2k, + 2k, = 2(k; +
k,) = 2k, where,

ks = (k; + k;) € Z. Also,x.y = (2k1). (2k;) = Z(kl. (Zkz)) = 2k;, where, k; = (kl.(ZkZ)) €
Z.

Defintione2.7. (Neutrosophic Number Theory) Let Z[I] = {a + bl:a,b € Z} be the set of
neutrosophic integers and x € Z[I], then x = x; + x,I is called the neutrosophic even
number if, x; and x, are even number. So, 0,21,41,..,2+2[,2+4I,.. etc, are
neutrosophic even integers.

Example 2.2. Let (Zgyen, +,*) be a ring of even integers without unit under neutrosophic
addition and multiplication, then the neutrosophic algebra structure (NAS): N(Zgypen) =
{{Zgyen U I), +,¢} is called the neutrosophic integer ring which is a generated by I and Zgyep,.
This is a neutrosophic integer ring without neutrosophic unit elements.

Definition 2.8.[19] Let R be a set of real numbers and (RUI)={a+ bl:a,b € R} be a
neutrosophic- real set, where a + bl is a neutrosophic real number.

Preposition 2.2. Let (R,+,) be a ring of real numbers under usual addition, then the
neutrosophic algebra structure (NAS): N(R) = (R[], +,) is called the neutrosophic real
ring with identity which is a generated by I and R. In addition, N(R) = (R[/],+,") is a
neutrosophic real field.

Proof. By the same argument of preceding preposition 2.1. In addition, N(R*) = (R*[I],") is
a commutative group. consider a = a; + a,I € R(I). Suppose that x = x; + x,I € R(I) is
the neutrosophic inverse of a, that is,

ax=1 (a;+ayl).(x; +x,1) =1+0I
& ((ar-x0) + ((a1-22) + (az-21) + (az.x))1) = 1 + 0L

= a,.x; =1 and (a;.x,) + (a,.x1) + (a,.x,) = 0.

az

1 1 1
=x;=— and (a; +ay)x, +a,,—=0=x; =— and x, = — . To check
aq ag ai al(a1+a2)
. . 1 a,
the axiom of inverse, a.x = (a; + a,l ).(— — I
a; A1(aq+ay)

2
_ ((al;) b (-2 ) ¢ (L) - (=2 ),)
ay Q1(a;+az) a1 Q1(a;+az)
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14 (—al.a2+a2.(a1+a2)—a22> I

al(lll +112)

2 2
—a;.az+az.a;tax“—a,
=1+ ( I.

Q1(as+az)

=1+ 0/ = 1.By similar way we have x.a = 1. Also for all a,b € R(I),we
have
ab = ba. Hence N(R) = (R[I],+,") is the neutrosophic field of real l.
Definition 2.9.[19] Let C be a set of complex numbers and C[I] ={a + bl:a,b € C} be a
neutrosophic- complex set, where a + bl is a neutrosophic complex number.
Preposition 2.3. Let (C,+.:) be a ring of complex numbers under usual addition, then the
neutrosophic algebra structure (NAS): N(C) = (C[I],+,) is called the neutrosophic
complex ring with identity which is a generated by I and C. Moreover, N(C) = (C[[], +,")
is the neutrosophic field of complex numbers.
Proof. Let N(C) = (C[I], +,7) be the neutrosophic algebra structure and let
a=ay+ayl, b=>b;+by,] and c =c; +c;I be three elements in C[I] Then N(C) =
(C[I],+) is a neutrosophic complex abelian group by prop2.3 in [5]. Also, N(C*) = (C*[I],")
is a neutrosophic commutative complex group, 1 is the neutrosophic identity element, now

if we consider

a=ay+a,l €C(U), a;,a; €C, then suppose that a™'= i—( %2 )I is the

ar  \@i(ay+ay)

neutrosophic inverse element of a by the same argument in pervious proposition 2.2.Hence
N(C*) = (C*[I],")is a commutative neutrosophic complex group and consequently, N(C) =
(C[I], +,) is neutrosophic field of complexM.

Theorem 2.2.Condiser N(Z,) ={Z, U1,®,,®,} is a finite neutrosophic ring under
addition and multiplication with modulo n. Moreover N(Z,) = {Z, U 1,®,,®,} is a finite
neutrosophic ring under addition and multiplication with modulo n.In addition it is a field.
Proof. See theorems 2.4 and 2.5. in [5].

Example2.3. N(Z3) = (Z3 [I],@D3,®3)is a finite neutrosophic ring under addition and
multiplication with modulo 3. Moreover, it's a finite neutrosophic field. As we know, Z3 =

{0,1,2} and,
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Zs[Il ={a+bl:a,b € Z3} ={0,1,2,1,2,1 + 1,1 + 21,2 + 1,2 + 21}, to construct then the

neutrosophic algebra structure (NAS):N(Z3) = (Z5[I],@3) by the visualizing table as
P & y g

shown in table.2.1.

Table.2.1, of (NAS of N(Z3) = (Z3[1],D3).

D 0 1 2 I 21 1+1 | 1+21 | 2+1 |2+2]

2 2 I 21 1+1| 1+
21

I I 1+ 1 2+ 2

21

21 21 1

1+1 [ 2+21

1 1 2

+2I | +21 | +2I

2+1 I 1+1 | 2+2I 2 21 0 1+21 | 1

2 2 21 1+ 2 0 I 1+1

+2I | +2I 21 1

The (NAS) is a closure under operation @3 modulo 3 and associative, there exists identity

element is zero and for any elements in x has inverse as shown in the table 2.2.
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Table 2.2, of inverse element.

x |0]1]2 I 21 141 | 1+721 2+1 2+ 21

x71j0o]2]1 211 |24+21] 2+1 1+21| 1+1

The (NAS) N(Z3) = (Z3[I],®3) is represents a neutrosophic commutative group (NS). In
addition,

Z3;" ={12} andZ;*[I] ={a+bl:a,b € Z3} ={1+ 1,1+ 21,2+ 1,2 + 21}, to construct the
neutrosophic algebra structure (NAS):N(Z3 ) = (Z3 *[I], ®3) by the visualizing table as
shown in table.2.3.

Table.2.3, of (NAS of N(Z3") = (Z3"[I], ®3).

®3 1+1 (1+21| 2+1 |2+2]

1+1 1 1+21| 241 2

1+21 |\ 1+21|1+21| 241 2

2+1 | 241 | 241 |1+21|1+2]

2+ 21 2 2+1 | 1+21 1

We see that N(Z3 ™) = (Z3 *[I], ®3) is a neutrosophic semigroup, but in classical ring theory
(Z3",®3) is a group. Also, this table is a correction of table 2.1 in [5]. Moreover, NR3 is hold,
for instance, (1 + I). ((2 +D+ 2+ 21)) =(1+4+1).(4+3]) =4+ 10Iand,
A+D.Q+D+@A+D.2+2D) =Q2+4D)+ (2+6]) =4+ 10l. Hence N(Zs) =
(Z3 [1],D3, ®3) is a neutrosophic ring.
Theorem?2.3. [6] Let A4,B, and C be three neutrosophic matrices of the same capacity, and
consider x and y are two neutrosophic scalars, then:
i A+B=B+A4;
ii. (A+B)+C=A+(B+C)""associative law";
iii. A+0=4;

iv. x(A+ B) = xA + xB;
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v. ((x+y)A=xA+yA;
vi.  x(yA) = (xy)A,and
Vii. 1.LA=A
Theorem2.4.[6]. Let A, B, and C be three neutrosophic matrices which are defined under
multiplication, with x is a neutrosophic scalars, then:
i.  (AB)C = A(BC) " associative law";
ii. A(B+C)=AB+ AC "leftdistributive law";
iii. (B+C)A=BA+CA 'rightdistributivelaw" and
iv.  x(AB) = (xA)B = A(xB).
v. 0A.=0, B.0=0. Where O isa neutrosophic zero matrix.
Theorem 2.5. Consider the n — square neutrosophic matrix set
Mpxn = {a;j + bjl: a;j,b;j €R,00 =0 & I? = I}, such that M,,,, hasinverse, that is
det ([aij + bijl]) # 0, then N(M,x,) = {[aij + bijl], +,><} ,where "+" defined as
definition 2.11 and " x " defined as definition 2.13 respectively in [4,6]. Then N(M,x,) =
{[aij + bijI], +.%} is non- commutative neutrosophic ring with unit.
Proof.
NRI1: N(M) = {[aij + bijl],+} is a commutative group under +. By theorem2.2.[6].
From (i) to(iii) the neutrosophic inverse element:
A+ (=A) = [ai; + byl ]+ [(=ay;) + (=by;)]]
= [ay; + (—ay;) + (byy + (=byj)) 1], for 1,/ =123,...,n
= [0 + 0/] = 0. By the same argument we have —A4 + A = 0. Hence,
NMpxn) = {[a; j + byl |, +} is a neutrosophic abelian group.
NR2: N(M) = {[aij + bijl],x} is monoid according to theorems 2.2.and 2.3.[6].
NR3: From part (ii) and (iii) in theorem 2.4, the neutrosophic distributive law is hold.
Hence

N(Mpxpn) = {[ai i+ bijl ], +,><} is non- commutative neutrosophic ring with unitil.
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. . . [1+40l 1+0I B
Example 2.4. Consider the following two matrices: A = [0+ ol 14 0] and B =
[1+OI 0+ 01
1+0/ 1+0IF

ap_[1+0I 1+0N[1+0I 0+0I7_[2+0I 140!
then:aB = [0 Lo 1 Todlivor 1vol=livor 140k

_[1+0I O0+0Nn[1+0l 1+0I]_[1+0I 1+0I
BA=[13or 1vollovor 150l =liTor 23 of) weseethat 45 = Ba

Definition 2.10. Let N(R) = (R[I],, +,")be a neutrosophic ring contains a neutrosophic unit
element and x = (x; + x,I) # 0 € N(R) (not necessarily to be a commutative neutrosophic
ring), then x is called a neutrosophic unit in N(R) if there exists a multiplication inverse
y such that

xy =yx =1 and y denoted by x~.

Theorem 2.6. Consider N(R) = (R[I],,+,") is aneutrosophic ring contains a neutrosophic
unit Let U(N(R)) ={x €N(R):3y € N(R) 3 xy = yx = 1} be the set of all units. Then:
(U(N(R)),) is a neutrosophic group under multiplication.

Proof. Since 1 € N(R), then 1 € U(N(R)) and U(N(R)) # @. Suppose that x,y €
U(N(R)) then there exists x7%,y~' € N(R) such that xx'=x"!'x=1 and yy ! =
y~ly = 1. Now,

G 'x ™ Dy) =1 and (xy)(y~'x™ 1) =1 by theorem 3.2. part2 in [5], hence x.y €
U(N(R)). Also, if x € U(N(R)), then x™1 € U(N(R)), therefore for all if x € U(N(R)),
there is a multiplication neutrosophic inverse x~'e U (N (R)). Moreover, N(R) =
(R[I],,+,) is a neutrosophic ring , then the multiplication is associative in particular of
elements of U(N(R)) and consequently, (U(N(R)),) is a neutrosophic group.

Definition 2.9.[19]: Let (R U I) be a neutrosophic ring. A proper subset P of (R U I) is
said to be a neutrosophic subring if P itself is a neutrosophic ring under the operations of
(R U I). It is essential that P = (§ U nl),n a positive integer where S is a subring of R.
i.e. {P is generated by the subring S together with n1.(n € Z+)}. Note: Evenif P isaring
and cannot be represented as (S U nl) where S is a subring of R then we donotcall P a

neutrosophic subring of (R U I).
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Theorem 2.7. Consider N(R) = (R[I], +,¢) is neutrosophicring and N(S) # @ S N(R), then
N(S) is called a neutrosophic subring of N(R) iff:

1. Ya,beN(S) = a—-beN(S), and,

2. Va,b€eN(S)= ab € N(S).
Note. If N(S) is a neutrosophic subring of N(R), then denoted by: N(S) < N(R).
Proof. Frist direction, consider N(R) = (R[I], +,¢) is neutrosophic ring and N(S) # @ S
N(R). Assume that a,b € N(S) = {a+ bl:a,b € S}
=a—b=(a;+ay])— (b +b,]) = ((al — by) + (a, — bZ)I) € N(S). Also,
= a.b=(a; +a,]).(b; +b,I)=(ay;.by) + ((al.bz) + (a,.by) + (az.bz))l € N(S).
Conversely,
Suppose that a + b and ab € N(S) forall a,b € N(S),then N(S) its closure under addition,
since N(R) =(R[I],+) is a commutative neutrosophic group,, then N(S) = (R[I],+) in
particular elements is commutative neutrosophic group. Also, N(R) = (R[I],*) is a
neutrosophic semigroup, so
N(S) = (S[I],*) is a neutrosophic semigroup in particular elements of N(S). Finally,
N(R) =(R[I],+,*) has the property of NR3, so NR3 is hold in N(S) = (S[I], +,) for
particular elements, therefore N(S) = (S[I], +,¢) is a neutrosophic ringll.
Example 2.5. Consider N(Zg) = (Zg [1],D¢, ®¢)is a finite neutrosophic ring under addition
and multiplication with modulo 6,where Z¢ [I] = {a + bl: a,b € Z4 }, that is,
Z¢ Il ={0,1,23,451+1,...1+5,2+1,..2+5,3+1,..3+5,4+1,..4+5I,5+
I,..,5+5I},and
Take S[I] = {0,21,41} € Z [I]. Then S[I] < Z [1].

Table.2.4, of (NAS of N(S[I]) = (S[I],Ds).

@ | 0 |21 41

0 | 02141
21 |21 41| 0
4] | 41 | 0 | 21

We see that S[I]is closed under addition modulo 6.
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Table.2.5, of (NAS of NS[I]) = (S[I], ®)-

D | 0] 21| 4l
0|o/o]oO
21 | 0|4l |21
41 |0 21|41

Since S[I] is closed under multiplication modulo 6.
If S[I] = {0,2,4,21,41,2 + 21,2 + 41,4 + 21,4 + 41}, then S[I] < Z [I], because S[I] is
closed under addition and multiplication of modulo 6.
Defintion2.11. Let N(R) = (R[I], +,¢) is neutrosophic ring, then the center of
neutrosophic ring is denoted by C(N(R)) and defined by: C(N(R)) = {x € R[I]:xy =
yx,Vy € R[I]}.
Proposition 2.5. If N(R) = (R[I], +,¢) is neutrosophic ring contains a neutrosophic unit
element, then C(N(R)) < R[I].
Proof. Since 1 =1+ 0] € C(N(R)), then C(N(R)) # @. Suppose that a,b € C(N(R)), now,
since
a€C(N(R)) = ax =xa,V x € R[I]

< (ag +a, D)y + x31) = (g + x31)(aq + ayl),V x € R[I]

< (aq.xq0) + ((al.xz) + (a,.x1) + (az.xz)l) =(xy.aq) + ((xz.al) + (x1.ay) +
(x5.a,)1),V x € R[I].
Also, b € C(N(R)) = bx = xb,V x € R[I]

< (by + b, D) (xq + x51) = (xq + x,1)(by + byI),V x € R[I]

& (by.x1) + ((b1-x3) + (bg.x1) + (ba.x)1) = (x1.b1) + ((x2.b1) + (x1.b,) +
(x2.b,)1),V x € R[I].
Hence (a — b)x = ((a1 +a,])—(by + bzl)). (21 + x5,0)

= ((a1 +a,D).(xqy +x,1) — (by + bzl)). (21 + x5,1)
= (a;.x) + ((al.xz) + (ay.xq) + (az.xz)l) —(x1.b)) + ((xz.bl) + (x1.b,) +

(x5. bz)I)
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= (x1.a1) + ((x2-a1) + (x1.a) + (x5.a2)1) — (x1.b1) + ((x2.by) + (x1.by) +
(x5.b)I)
= (x1 + x,0)(aq + ayl) — (x1 + x,1)(by + by1)
= (%1 + x,1)((ay + az1) — (by + by1))
= x(a — b). Hence (a — b) € C(N(R)). Moreover,
(ab)x = (a, + azl)((b1 + byI). (xq + le)).
= (ay + aD)((x, + x,1). (by + by1)).
= ((ay + azD) . (x1 + x31)). (by + by D).

= ((x1 + x,1).(a; + a,l) ) (by + bI).

(x1 + x21). ((ag + azD). (by + b,1).)

= x(ab). Therefore ab € C(N(R)). By theorem 2.6. C(N(R)) <R[/
Example 2.6. Consider N(Z3) = (Z3 [I],D3, ®3)is a finite neutrosophic ring under addition
and multiplication with modulo 3, where Z3[I]={a+bl:a,b € Z3}, then C(N(Z3) =

Z3 [I], because Z3 [I] is a commutative neutrosophic ring. Also U (N (Z4 )) ={1+1,2+2I3}.

3. Properties of Neutrosophic Elements in Neutrosophic Ring

Definition3.1. Let N(R) = (R[I], +,2) be a neutrosophic commutative ring and x # 0 €
N(R), then x issaid to be a zero-divisor, if there exists y # 0 € N(R) such that x.y = 0.
Example 3.1. N(Z) =(Z[I],+,2),N(Q) = (Q[I], +,2), N(R) = (R[I],+,») and N(C) =
(C[I], +,*) has no zero divisor. Also N(Z,) = (Z, [1],P4, ®4) and N(Zg) = (Z¢ [I],D6, Q¢)
has no zero divisor, but

(Z4,D4,®4) and (Zg,D¢, ) in classical ring theory has zero divisor.

Definition3.2. Let N(R) = (R[I], +,¢) be a neutrosophic commutative ring, then N(R) is
called a neutrosophic integral domain, if N(R) it has no zero divisor.

Example 3.2. All neutrosophic ring structure in pervious example are neutrosophic integral

domain.
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Theorem3.1. Consider N(Z,) = (Z, [I],D,, ®;) is a neutrosophic ring, then N(Z,) =
(Zy 11Dy, ®p)

Is not a neutrosophic field.

Proof. By pervious example 2.3.

Example 3.3. Consider the N(M;,x,,) = {[ai i+ bl ], +,><} is non- commutative neutrosophic

ring with unit. Take Az[g iﬂio and Bz[g ZBZI]th , then: AB =
o allo “571=16 of

Hence A and B are zero dvisors.

Definition3.3.[19] Let N(R) = (R[I], +,») be a neutrosophic ring. A characteristic of N(R)
is the smallest positive integer n (if there is one) such that nx = 0,V x € R[I]. If there is
no such integer, we say that neutrosophic ring R[I] has characteristic zero, otherwise R[I]
has characteristic n and denoted by N(chR[I]) = n.

Example 3.4. N(Z) = {Z[I],+,2), N(Q) = {(QI[I], +,*), N(R) = (R[], +,») and N(C) =
(C[I],+,%) have characteristic zero.

Proposition 3.1. Let N(Z,) = (Z,[I],,®,, ®,) be a neutrosophic ring. Then N(ch Z,[I]) =
n.

Proof. By Principle of Mathematical Induction.

First, If n=1, then Z;[I]={a+bl:a,b€Z;}={0+0I} and 1.(0+ 0I) =0, hence
N(chZ,[I]) = 1. Hence is true statement when n = 1.If n = 2, then Z,[I] = {a + bl:a,b €
Z,}={01,I+1+1} and 2.0=0,2.1=0(mod2),2.1 =21 =00mod2),2.(1+1)=2+
21 = 0 (mod 2).herefore N(ch Z,[I]) = 2. Hence is true statement when n = 2.

Second. Suppose that, n = k, then Zy[I] = {a + bl:a,b € 7}

Zel1 ={01,2, . k= 1,1,21, .,k — DL+ L1+ 201+ (k= D2+ 1,2 +21,..,2 +
(k=D o, (k=1 +1,(k—1) +2I,...,(k = 1) + (k — I}. Such that k.x =0,V x € Z;[]
is true stamen.

Third, to show that the statement n =k + 1 is also true, that is (k+1).x=0,Vx €
Zi+1[1].Now

(k+1).x=kx+1lx=0+x=x(mod (k+1))= (k+1).x =0 (mod (k + 1). Hence,
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N(ch Zy+1[I1) = k + 1. Is also true, we deduced that N(ch Z,[I]) = n,vn € NR.

Theorem3.2. Let N(R) be a neutrosophic ring and x,y and z € N(R).Then:

1. x.0=0.x=0;

2. x.(=y)=(x)y=—-(xy);

3. (—x).(—y) = xy, and,
Proof.
1. x.0=(x; +x,0).(04+0I) = (x; + x,1).(0 +0I)

= (1.0 4+ (%1.0 + x,.0 + x,.0)])
=0+ 0/ = 0. By similar way 0.x = 0.

2. Wehave from (1) 0 =x.0 = (xq + le)((—yl -y, D)+ (y1 + yzl))

= (1 + x2D). (=y1 —y21) + (x1 + x21). (y1 + y21)

(1).
Also, 0=—Cxy)+ (xy) = —((g + x21). 1 + ¥21)) + ((xy + x2D. (v1 + y21))
(2).
From (1) and (2), we get:
(g +xD). (=y1 —y.1) + (xq +x1). (y1 + y21)
= —((xy + x2D. (y1 + ¥21)) + ((x1 + x21). (y1 + ¥21)). By theorem 3.2, part 3in [5],
this is
implying that,  (xy + x21). (=y; — ¥o1) = —((x1 + x,1). (1 + y21)) © x.(—y) =
—(xy).

3. By the same procedure we can deduced that (—x).y = —(xy). From (2), we have
(—x).y = —(xy) = (=x). (=) = —(x(=y)) = =((=x).y) = xyR.
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