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Abstract:  

The symbolic n-plithogenic sets and algebraic structures are a new branch of pure algebra 

released as new generalizations of classical algebraic structures.  

The main goal of this paper is to define for the first time the concept of symbolic 

2-plithogenic module over a symbolic 2-plithogenic ring. Algebraic substructures of 

symbolic 2-plithogenic modules such as sub-modules, AH-homomorphisms, and 

algebraic basis.   

Keywords: 2-plithogenic symbolic set, 2-plithogenic module, 2-plithogenic ring 

Introduction 

The concept of symbolic plithogenic sets was defined by Smarandache in [13-17 ,30], and he 

suggested an algebraic approach of these sets. Laterally, the concept of symbolic 

2-plithogenic rings [31], where the concepts such as symbolic AH-ideals, and 

AH-homomorphisms were presented and discussed. 

In general, we can say that symbolic plithogenic structures are very close to neutrosophic 

algebraic structures with many differences in the definition of multiplication operation 

[1-10]. 

Let 𝑅 be a ring, the symbolic 2-plithogenic ring is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2;  𝑎𝑖 ∈ 𝑅, 𝑃𝑗
2 = 𝑃𝑗, 𝑃1 × 𝑃2 = 𝑃𝑚𝑎𝑥(1,2) = 𝑃2}. 

Smarandache has defined algebraic operations on 2 − 𝑆𝑃𝑅 as follows: 

mailto:ntaffash@windowslive.com
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Addition: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2] + [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2. 

Multiplication: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2]. [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = 𝑎0𝑏0 + 𝑎0𝑏1𝑃1 + 𝑎0𝑏2𝑃2 + 𝑎1𝑏0𝑃1
2 + 𝑎1𝑏2𝑃1𝑃2 +

𝑎2𝑏0𝑃2 + 𝑎2𝑏1𝑃1𝑃2 + 𝑎2𝑏2𝑃2
2 + 𝑎1𝑏1𝑃1𝑃1 = 𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 +

𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2. 

In this paper, we study the symbolic 2-plithogenic modules according to many points of 

view, where substructures such as AH-submodules, and AH-homomorphisms will be 

presented in terms of theorems. In addition, many examples will be illustrated to explain 

the novelty of these ideas. 

Main Discussion 

Definition.  

Let 𝑀  be a module over the ring R, let 2 − 𝑆𝑃𝑅  be the corresponding symbolic 

2-plithogenic ring.  

2 − 𝑆𝑃𝑅 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥, 𝑦, 𝑧 ∈ 𝑅, 𝑃𝑖
2 = 𝑃𝑖, 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2}. 

We define the symbolic 2-plithogenic module as follows: 

2 − 𝑆𝑃𝑀 = 𝑀 +𝑀𝑃1 +𝑀𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑀}. 

Operations on 2 − 𝑆𝑃𝑀 can be defined as follows: 

Addition: (+): 2 − 𝑆𝑃𝑀 → 2 − 𝑆𝑃𝑀, such that: 

[𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] + [𝑦0 + 𝑦1𝑃1 + 𝑦𝑠2𝑃2] = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑃1 + (𝑥2 + 𝑦2)𝑃2 

Multiplication: (. ): 2 − 𝑆𝑃𝑅 × 2 − 𝑆𝑃𝑀 → 2 − 𝑆𝑃𝑀, such that: 

[𝑎 + 𝑏𝑃1 + 𝑐𝑃2]. [𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] = 𝑎𝑥0 + (𝑎𝑥1 + 𝑏𝑥0 + 𝑏𝑥1)𝑃1 + (𝑎𝑥2 + 𝑏𝑥2 + 𝑐𝑥0 + 𝑐𝑥1 +

𝑐𝑥2)𝑃2. 

where 𝑥𝑖, 𝑦𝑖 ∈ 𝑀, 𝑎, 𝑏, 𝑐 ∈ 𝑅 

Theorem. 

Let (2 − 𝑆𝑃𝑀 , +, . ) Is a module over the ring 2 − 𝑆𝑃𝑅. 

Proof. 

Let 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 ∈ 2 − 𝑆𝑃𝑀 , 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 +

𝑏1𝑃1 + 𝑏2𝑃2 ∈ 2 − 𝑆𝑃𝑅 we have: 

1. 𝑋 = 𝑋, (𝑋 + 𝑌) + 𝑍 = 𝑋 + (𝑌 + 𝑍), 𝑋 + (−𝑋) = −𝑋 + 𝑋 = 0, 𝑋 + 0 = 0 + 𝑋 = 𝑋 
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Also 

𝐴(𝑋 + 𝑌) = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)[(𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑃1 + (𝑥2 + 𝑦2)𝑃2]

= 𝑎0(𝑥0 + 𝑦0) + (𝑎0(𝑥1 + 𝑦1) + 𝑎1(𝑥0 + 𝑦0) + 𝑎1(𝑥1 + 𝑦1))𝑃1

+ (𝑎0(𝑥2 + 𝑦2) + 𝑎1(𝑥2 + 𝑦2) + 𝑎2(𝑥0 + 𝑦0) + 𝑎2(𝑥1 + 𝑦1) + 𝑎2(𝑥2 + 𝑦2))𝑃2

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴 + 𝐵)𝑋 = [(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2](𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2)

= (𝑎0 + 𝑏0)𝑥0 + ((𝑎0 + 𝑏0)𝑥1 + (𝑎1 + 𝑏1)𝑥0 + (𝑎1 + 𝑏1)𝑥1)𝑃1

+ ((𝑎0 + 𝑏0)𝑥2 + (𝑎1 + 𝑏1)𝑥2 + (𝑎2 + 𝑏2)𝑥0 + (𝑎2 + 𝑏2)𝑥1 + (𝑎2 + 𝑏2)𝑥2)𝑃2

= 𝐴. 𝑋 + 𝐵. 𝑋 

(𝐴. 𝐵). 𝑋 = [𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2](𝑥0 +

𝑥1𝑃1 + 𝑥2𝑃2) = 𝑎0𝑏0𝑥0 + [𝑎0𝑏0𝑥1 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑥0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑥1]𝑃1 +

[𝑎0𝑏0𝑥2 + (𝑎0𝑏2 + 𝑎2𝑏0 + 𝑎1𝑏1)𝑥2 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑥0 + (𝑎0𝑏2 + 𝑎1𝑏2 +

𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑥1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑥2]𝑃2 = 𝐴(𝐵. 𝑋). 

Example. 

Let 𝑀 = 𝑍3 be the module over the ring 𝑅 =. 

The corresponding symbolic 2-plithogenic vector space over 2 − 𝑆𝑃𝑍 is: 

2 − 𝑆𝑃𝑍3 = {(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2; 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖 ∈ 𝑍} 

Consider 𝑋 = (1,1,0) + (2,−1,1)𝑃1 + (0,1,−1)𝑃2 ∈ 2 − 𝑆𝑃𝑍3 , 𝐴 = 2 + 𝑃1 + 𝑃2 ∈ 2 − 𝑆𝑃𝑍. We 

have: 

𝐴. 𝑋 = (2,2,0) + [(4,−2,2) + (1,1,0) + (2,−1,1)]𝑃1 + [(0,2,2) + (0,1,1) + (1,1,0) +

(2,−1,1) + (0,1,1)]𝑃2 = (2,2,0) + (7,−2,3)𝑃1 + (3,4,5)𝑃2. 

Definition. 

Let 2 − 𝑆𝑃𝑀 be a symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅, let 𝑀0,𝑀1,𝑀2 be the three 

sub-modules of 𝑉, we define the AH-submodule as follows: 

𝑊 = 𝑀0 +𝑀1𝑃1 +𝑀2𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥 ∈ 𝑀0, 𝑦 ∈ 𝑀1, 𝑧 ∈ 𝑀2}. 

If 𝑀0 = 𝑀1 = 𝑀2, then 𝑊 is called an AHS-sub-module. 

Example. 

Consider 2 − 𝑆𝑃𝑍3 , we have 𝑀0 = {(𝑎, 0,0);  𝑎 ∈ 𝑅},𝑀1 = {(0, 𝑏, 0);  𝑏 ∈ 𝑅},𝑀2 =

{(0,0, 𝑐);  𝑐 ∈ 𝑍} are three sub-modules of 𝑀 = 𝑍3. 

𝑊 = 𝑀 +𝑀1𝑃1 +𝑀2𝑃2 = {(𝑎, 0,0) + (0, 𝑏, 0)𝑃1 + (0,0, 𝑐)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑍} is an AH-submodule 

of 2 − 𝑆𝑃𝑍3. 
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𝑇 = 𝑀1 +𝑀𝑃1 +𝑀1𝑃2 = {(0, 𝑎, 0) + (0, 𝑏, 0)𝑃1 + (0, 𝑐, 0)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑍}  is an 

AHS-submodule. 

Theorem. 

Let 2 − 𝑆𝑃𝑀  be a symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅 , let 𝑊  be an 

AHS-submodule of 2 − 𝑆𝑃𝑀, then 𝑊 is a submodule of 2 − 𝑆𝑃𝑀. 

Proof. 

Suppose that 𝑊 is an AHS-submodule, then there exists a submodule 𝑀0 ≤ 𝑀, such that  

𝑊 = 𝑀0 +𝑀0𝑃1 +𝑀0𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥, 𝑦, 𝑧 ∈ 𝑀0}. 

Let 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 ∈ 𝑊, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + (𝑥1 − 𝑦1)𝑃1 + (𝑥2 − 𝑦2)𝑃2 ∈ 𝑊 

∀ 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then: 

𝐴. 𝑋 = 𝑎0𝑥0 + (𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1)𝑃1 + (𝑎0𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥1 + 𝑎2𝑥2)𝑃2 ∈ 𝑊 , that is 

because 𝑎0𝑥0 ∈ 𝑀0, 𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1 ∈ 𝑀0, 𝑎0𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥1 + 𝑎2𝑥2 ∈ 𝑀0 , this 

implies the proof. 

Definition. 

Let 𝑉,𝑊 be two modules over the ring R. Let 2 − 𝑆𝑃𝑉 , 2 − 𝑆𝑃𝑊  be the corresponding 

symbolic 2-plithogenic modules over 2 − 𝑆𝑃𝑅. 

Let 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊  be three homomorphisms, we define the AH-homomorphism as 

follows: 

𝐿: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊, 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2 ; 𝐿(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝐿0(𝑥) + 𝐿1(𝑦)𝑃1 + 𝐿2(𝑧)𝑃2. 

If 𝐿0 = 𝐿1 = 𝐿2, then 𝐿 is called AHS-homomorphism. 

Definition. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-homomorphism, we define: 

1. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + 𝑘𝑒𝑟(𝐿1)𝑃1 + 𝑘𝑒𝑟(𝐿2)𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2}; 𝑥 ∈ 𝑘𝑒𝑟(𝐿0), 𝑦 ∈

𝑘𝑒𝑟(𝐿1), 𝑧 ∈ 𝑘𝑒𝑟(𝐿2). 

2. 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + 𝐼𝑚(𝐿1)𝑃1 + 𝐼𝑚(𝐿2)𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2}; 𝑎 ∈ 𝐼𝑚(𝐿0), 𝑏 ∈

𝐼𝑚(𝐿1), 𝑐 ∈ 𝐼𝑚(𝐿2) 

If 𝐿 is AHS-linear homomorphism, then we get 𝐴𝐻𝑆 − 𝑘𝑒𝑟𝑛𝑒𝑙, 𝐴𝐻𝑆 − 𝐼𝑚𝑎𝑔𝑒. 

Theorem. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-homomorphism, then: 

1. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is AH-submodule of 2 − 𝑆𝑃𝑉. 
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2. 𝐴𝐻 − 𝐼𝑚(𝐿) is AH-submodule of 2 − 𝑆𝑃𝑊. 

Proof. 

1. Since 𝑘𝑒𝑟(𝐿0), 𝑘𝑒𝑟(𝐿1), 𝑘𝑒𝑟(𝐿2)  are submodules of 𝑉 , then 𝐴𝐻 − 𝑘𝑒𝑟(𝐿)  is an 

AH-submodule of 2 − 𝑆𝑃𝑉. 

2. It is holds by the same. 

Remark. 

If 𝐿0, 𝐿1, 𝐿2 are isomorphisms, then 𝑘𝑒𝑟(𝐿0) = 𝑘𝑒𝑟(𝐿1) = 𝑘𝑒𝑟(𝐿2) = {0}, 𝐼𝑚(𝐿0) = 𝐼𝑚(𝐿1) =

𝐼𝑚(𝐿2) = 𝑊, thus 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {0}, 𝐴𝐻 − 𝐼𝑚(𝐿) = 2 − 𝑆𝑃𝑊. 

Example. 

Take 𝑉 = 𝑍3, 𝑊 = 𝑍, 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 such that: 

𝐿0(𝑥, 𝑦, 𝑧) = (𝑥), 𝐿1(𝑥, 𝑦, 𝑧) = (𝑦), 𝐿2(𝑥, 𝑦, 𝑧) = (𝑧) 

The corresponding AH-homomorphism is: 

𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑍3 → 2 − 𝑆𝑃𝑍: 

𝐿[(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2] = 𝐿0(𝑥0, 𝑦0, 𝑧0) + 𝐿1(𝑥1, 𝑦1, 𝑧1)𝑃1 +

𝐿2(𝑥2, 𝑦2, 𝑧2)𝑃2 = (𝑥0) + (𝑦1)𝑃1 + (𝑧2)𝑃2. 

For example, take 𝑋 = (1,9,8) + (9,10,−9)𝑃1 + (3,2,1)𝑃2, then: 

𝐿(𝑋) = 1 + (10)𝑃1 + 𝑃2. 

{
 

 
𝑘𝑒𝑟(𝐿0) = { (0, 𝑦0, 𝑧0); 𝑦0, 𝑧0 ∈ 𝑍}

𝑘𝑒𝑟(𝐿1) = {(𝑥1, 0, 𝑧1); 𝑥1, 𝑧1 ∈ 𝑍}

𝑘𝑒𝑟(𝐿2) = {(𝑥2, 𝑦2, 0);  𝑥2, 𝑦2 ∈ 𝑍}

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {(0, 𝑦0, 𝑧0) + (𝑥1, 0, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 0)𝑃2; 𝑦0, 𝑧0, 𝑥1, 𝑧1, 𝑥2, 𝑦2 ∈ 𝑍}

 

Also,  

{
 

 
𝐼𝑚(𝐿0) = 𝑍

𝐼𝑚(𝐿1) = 𝑍

𝐼𝑚(𝐿2) = 𝑍

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝑍 + 𝑍𝑃1 + 𝑍𝑃2 = 2 − 𝑆𝑃𝑊

 

 

Theorem. 

Let 𝐿 = 𝑓 + 𝑓𝑃1 + 𝑓𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AHS-homomorphism, then 𝐿 is a module 

homomorphism. 

Proof. 

Let 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 ∈ 2 − 𝑆𝑃𝑉, then: 
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𝐿(𝑋 + 𝑌) = 𝑓(𝑥0 + 𝑦0) + 𝑓(𝑥1 + 𝑦1)𝑃1 + 𝑓(𝑥2 + 𝑦2)𝑃2

= [𝑓(𝑥0) + 𝑓(𝑥1)𝑃1 + 𝑓(𝑥2)𝑃2] + [𝑓(𝑦0) + 𝑓(𝑦1)𝑃1 + 𝑓(𝑦2)𝑃2] = 𝐿(𝑋) + 𝐿(𝑌) 

Let 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝐹, then: 

𝐿(𝐴. 𝑋) = 𝑓(𝑎0𝑥0) + 𝑓(𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1)𝑃1 + 𝑓(𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥1)𝑃2

= 𝑎0𝑓(𝑥0) + (𝑎0𝑓(𝑥1) + 𝑎1𝑓(𝑥0) + 𝑎1𝑓(𝑥1))𝑃1

+ (𝑎0𝑓(𝑥2) + 𝑎2𝑓(𝑥0) + 𝑎2𝑓(𝑥2) + 𝑎1𝑓(𝑥2) + 𝑎2𝑓(𝑥1))𝑃2

= [𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2]. [𝑓(𝑥0) + 𝑓(𝑥1)𝑃1 + 𝑓(𝑥2)𝑃2] = 𝐴. 𝐿(𝑋) 

Thus, 𝐿 is a module homomorphism. 

The algebraic relations between symbolic 2-plithogenic modules and neutrosophic 

modules . 

Theorem. 

Let 𝑀 be a module over the ring R, consider 𝑀(𝐼) = 𝑀 +𝑀𝐼 = {𝑥 + 𝑦𝐼; 𝑥, 𝑦 ∈ 𝑀} is the 

corresponding neutrosophic module over the neutrosophic ring 𝑅(𝐼) = {𝑎 + 𝑏𝐼; 𝑎, 𝑏 ∈ 𝑅}. 

𝑀(𝐼1, 𝐼2) = 𝑀 +𝑀𝐼1 +𝑀𝐼2 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2; 𝑥, 𝑦, 𝑧 ∈ 𝑀}  is the corresponding refined 

neutrosophic module over the refined neutrosophic ring 𝑅(𝐼1, 𝐼2) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2; 𝑎, 𝑏, 𝑐 ∈

𝑅}. 

2 − 𝑆𝑃𝑀 = 𝑀 +𝑀𝑃1 +𝑀𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2; 𝑥, 𝑦, 𝑧 ∈ 𝑀}  is the corresponding symbolic 

2-plithogenic module over 2 − 𝑆𝑃𝑅, then: 

1. 2 − 𝑆𝑃𝑀 is semi homomorphic to 𝑀(𝐼). 

2. 2 − 𝑆𝑃𝑀 is semi isomorphic to 𝑀(𝐼1, 𝐼2). 

Proof. 

1. We define 𝑓: 2 − 𝑆𝑃𝑀 → 𝑀(𝐼), 𝑔: 2 − 𝑆𝑃𝑅 → 𝑅(𝐼) such that: 

𝑓(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝑥 + 𝑦𝐼; 𝑥, 𝑦, 𝑧 ∈ 𝑀 

𝑔(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) = 𝑎 + 𝑏𝐼; 𝑎, 𝑏, 𝑐 ∈ 𝑅 

We have the following: 

𝑔 is a ring homomorphism, that is because: 

𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2;  𝑎𝑖 , 𝑏𝑖 ∈ 𝑅, then: 

If 𝐴 = 𝐵, then 𝑎𝑖 = 𝑏𝑖 for all 𝑖, thus 𝑎0 + 𝑎1𝐼 = 𝑏0 + 𝑏1𝐼, 𝑖. 𝑒.  𝑔(𝐴) = 𝑔(𝐵). 

𝑔(𝐴 + 𝐵) = 𝑔[(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2] = 𝑎0 + 𝑏0 + (𝑎1 + 𝑏1)𝐼 = 𝑔(𝐴) + 𝑔(𝐵). 

𝑔(𝐴. 𝐵) = 𝑔[𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2] =

𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝐼 = (𝑎0 + 𝑎1𝐼)(𝑏0 + 𝑏1𝐼) = 𝑔(𝐴). 𝑔(𝐵). 
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On the other hand, 𝑓 is well defined, that is because: 

If 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2, then 𝑥𝑖 = 𝑦𝑖  for all 𝑖, hence 𝑎0 + 𝑎1𝐼 = 𝑏0 +

𝑏1𝐼, thus  𝑓(𝑋) = 𝑓(𝑌). 

𝑓 preserves addition, that is because: 

For 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2, we have: 

𝑓(𝑋 + 𝑌) = 𝑓[(𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑃1 + (𝑥2 + 𝑦2)𝑃2] = 𝑥0 + 𝑦0 + (𝑥1 + 𝑦1)𝐼 = 𝑓(𝑋) + 𝑓(𝑌). 

𝑓 preserves multiplication, that is because: 

For 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑀, we have: 

𝑓(𝐴. 𝑋) = 𝑎0𝑥0 + (𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1)𝐼 = (𝑎0 + 𝑎1𝐼)(𝑥0 + 𝑥1𝐼) = 𝑔(𝐴). 𝑓(𝑋) 

Thus 𝑓 is a semi module homomorphism. 

We define 𝑓: 2 − 𝑆𝑃𝑀 → 𝑀(𝐼1, 𝐼2) , 𝑔: 2 − 𝑆𝑃𝑅 → 𝑀(𝐼1, 𝐼2) , where 𝑓(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝑥 +

𝑧𝐼1 + 𝑦𝐼2, and 𝑔(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) = 𝑎 + 𝑐𝐼1 + 𝑏𝐼2; 𝑥, 𝑦, 𝑧 ∈ 𝑀, 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

(𝑔) is well defined, that is because: 

If 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2, then: 

𝑎0 = 𝑎1, 𝑏0 = 𝑏1, 𝑐0 = 𝑐1, hence: 𝑎0 + 𝑐0𝐼1 + 𝑏0𝐼2 = 𝑎1 + 𝑐1𝐼1 + 𝑏1𝐼2, so that 𝑔(𝐴) = 𝑔(𝐵). 

(𝑓) is well defined by a similar discussion. 

(𝑔) is one-to-one mapping, that is because: 

𝑘𝑒𝑟(𝑔) = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑔(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) = 0} = 𝑂 

𝐼𝑚(𝑔) = {𝑎 + 𝑐𝐼1 + 𝑏𝐼2; 𝑔(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) ∈ 𝑅(𝐼1, 𝐼2); ∃𝐴 ∈ 2 − 𝑆𝑃𝑅 , 𝑔(𝐴) = 𝑎 + 𝑐𝐼1 + 𝑏𝐼2} =

𝑅(𝐼1, 𝐼2). 

(𝑓) is one-to-one mapping, it can be proved by the same. 

(𝑔) and (𝑓) preserve addition, that is because: 

Consider 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 ∈ 2 − 𝑆𝑃𝑅 ,  𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 =

𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 ∈ 2 − 𝑆𝑃𝑀, then: 

𝑔(𝐴 + 𝐵) = 𝑔[(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2] = 𝑎0 + 𝑏0 + (𝑎1 + 𝑏1)𝐼1 + (𝑎2 + 𝑏2)𝐼2

= 𝑔(𝐴) + 𝑔(𝐵) 

𝑓(𝑋 + 𝑌) = 𝑓(𝑋) + 𝑓(𝑌) by a similar discussion. 

(𝑔) preserves multiplication, that is because: 

𝑔(𝐴. 𝐵) = 𝑎0𝑏0 + (𝑎0𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏1)𝐼1 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝐼2 =

𝑔(𝐴). 𝑔(𝐵). 

(𝑓) is semi module homomorphism, that is because: 



40 

 

 

 

 Nader Mahmoud Taffach, Khadija Ben Othman, An Introduction to Symbolic 2-Plithogenic Modules Over Symbolic 

2-Plithogenic Rings 

𝑓(𝐴. 𝑋) = 𝑎0𝑥0 + (𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥1)𝐼1 + (𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1)𝐼2

= (𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2)(𝑥0 + 𝑥2𝐼1 + 𝑥1𝐼2) = 𝑔(𝐴). 𝑓(𝑋) 

The basis of a symbolic 2-plithogenic module: 

Theorem. 

Let 𝑇 = {𝑡1, … , 𝑡𝑛} be a basis of the module 𝑉 over the ring R, then the set: 

𝑇𝑃 = {𝑡𝑖 + (𝑡𝑗 − 𝑡𝑖)𝑃1 + (𝑡𝑘 − 𝑡𝑗)𝑃2; 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛} is a basis of 2 − 𝑆𝑃𝑉. 

Proof. 

Let 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 ∈ 2 − 𝑆𝑃𝑀 , 𝑥0, 𝑥1, 𝑥2 ∈ 𝑀. 

𝑥0 = ∑ 𝛼𝑖𝑡𝑖
𝑛
𝑖=1 , 𝑥0 + 𝑥1 = ∑ 𝛽𝑗𝑡𝑗

𝑛
𝑗=1 , 𝑥0 + 𝑥1 + 𝑥2 = ∑ 𝛾𝑘𝑡𝑘

𝑛
𝑘=1 ; 𝛼𝑖, 𝛽𝑗, 𝛾𝑘 ∈ 𝑅. 

We put 𝐴𝑖,𝑗,𝑘 = 𝛼𝑖 + (𝛽𝑗 − 𝛼𝑖)𝑃1 + (𝛾𝑘 − 𝛽𝑗)𝑃2; 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛 

𝑇𝑖,𝑗,𝑘 = 𝑡𝑖 + (𝑡𝑗 − 𝑡𝑖)𝑃1 + (𝑡𝑘 − 𝑡𝑗)𝑃2; 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛 

∑ 𝐴𝑖,𝑗,𝑘

𝑛

𝑖,𝑗,𝑘=1

𝑇𝑖,𝑗,𝑘

=∑[𝛼𝑖𝑡𝑖 + [𝛽𝑗𝑡𝑗 − 𝛽𝑗𝑡𝑖 − 𝛼𝑖𝑡𝑗 + 𝛼𝑖𝑡𝑖 + 𝛽𝑗𝑡𝑖 − 𝛼𝑖𝑡𝑖 + 𝛼𝑖𝑡𝑗 − 𝛼𝑖𝑡𝑖]𝑃1

𝑛

𝑖=1

+ [𝛼𝑖𝑡𝑘 − 𝛼𝑖𝑡𝑗 + 𝛾𝑘𝑡𝑖 − 𝛽𝑗𝑡𝑖 − 𝛾𝑘𝑡𝑗 + 𝛾𝑘𝑡𝑖 − 𝛽𝑗𝑡𝑗 + 𝛽𝑗𝑡𝑖 + 𝛾𝑘𝑡𝑘 − 𝛾𝑘𝑡𝑗 − 𝛽𝑗𝑡𝑘

+−𝛽𝑗𝑡𝑗 + 𝛽𝑗𝑡𝑘 − 𝛽𝑗𝑡𝑗 − 𝛼𝑖𝑡𝑘 + 𝛼𝑖𝑡𝑗]𝑃2] 

∑𝛼𝑖𝑡𝑖

𝑛

𝑖=1

+ 𝑃1 [∑𝛽𝑗𝑡𝑗

𝑛

𝑗=1

−∑𝛼𝑖𝑡𝑖

𝑛

𝑖=1

] + 𝑃2 [∑ 𝛾𝑘𝑡𝑘

𝑛

𝑘=1

−∑𝛽𝑗𝑡𝑗

𝑛

𝑗=1

]

= 𝑥0 + 𝑃1[𝑥0 + 𝑥1 − 𝑥0] + 𝑃2[𝑥0 + 𝑥1 + 𝑥2 − (𝑥0 + 𝑥1)] = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2

= 𝑋 

Thus 𝑇 generates 2 − 𝑆𝑃𝑀. 

On the other hand, 𝑇 is linearly independent, that is because: 

If ∑ 𝐴𝑖,𝑗,𝑘
𝑛
𝑖,𝑗,𝑘=1 . 𝑋 = 0, then: 

∑ 𝛼𝑖𝑡𝑖
𝑛
𝑖=1 = 0,∑ 𝛽𝑗𝑡𝑗

𝑛
𝑗=1 = 0,∑ 𝛾𝑘𝑡𝑘

𝑛
𝑘=1 = 0 , hence𝛼𝑖 = 𝛽𝑗 = 𝛾𝑘 = 0 for all 𝑖, 𝑗, 𝑘, thus 𝐴𝑖,𝑗,𝑘 =

0. 

This implies that 𝑇 is a basis of 2 − 𝑆𝑃𝑀. 

Example. 

Find a basis of 2 − 𝑆𝑃𝑍2 . 

Solution. 

First of all, we have {𝑢1 = (1,0), 𝑢2 = (0,1)} is a basis of 𝑍2. 
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The corresponding basis of 2 − 𝑆𝑃𝑍2  is: 

𝑇 = {𝑇1, 𝑇2, 𝑇3, 𝑇4, 𝑇5, 𝑇6, 𝑇7, 𝑇8} such that: 

𝑇1 = (1,0), 𝑇2 = (0,1), 𝑇3 = 𝑢1 + (𝑢2 − 𝑢1)𝑃1 + (𝑢2 − 𝑢2)𝑃2 = (1,0) + (−1,1)𝑃1 

𝑇4 = 𝑢1 + (𝑢2 − 𝑢1)𝑃1 + (𝑢1 − 𝑢2)𝑃2 = (1,0) + (−1,1)𝑃1 + (1,−1)𝑃2 

𝑇5 = 𝑢2 + (𝑢2 − 𝑢1)𝑃1 + (𝑢1 − 𝑢1)𝑃2 = (0,1) + (1,−1)𝑃1 

𝑇6 = 𝑢2 + (𝑢2 − 𝑢1)𝑃1 + (𝑢2 − 𝑢1)𝑃2 = (0,1) + (1,−1)𝑃1 + (−1,1)𝑃2 

𝑇7 = 𝑢1 + (𝑢1 − 𝑢1)𝑃1 + (𝑢2 − 𝑢1)𝑃2 = (1,0) + (−1,1)𝑃2 

𝑇8 = 𝑢2 + (𝑢2 − 𝑢2)𝑃1 + (𝑢1 − 𝑢2)𝑃2 = (0,1) + (1,−1)𝑃2 

Remark. 

𝑑𝑖𝑚 (2 − 𝑆𝑃𝑀) = (𝑑𝑖𝑚𝑀)
3 

Conclusion 

In this paper we have defined the concept of symbolic 2-plithogenic modules over a 

symbolic 2-plithogenic ring, where we have presented some of their elementary properties 

such as basis, homomorphisms, and AH-submodules. On the other hand, we have 

suggested many examples to clarify the validity of our work. 
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