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Abstract: The Linear programming problems (LPP) have been widely applied to many real-world
problems. In this study, a formulation of stock portfolio problem is proposed. The problem is
formulated by involving neutrosophic pentagonal fuzzy numbers (NPEN) in the rate of risked
return, expected return rate and portfolio risk amount. Based on score function, the problem is
transformed to its corresponding crisp form. A solution algorithm is investigated to provide the
decision of the portfolio investment joined with investors in savings and securities. The main
features of this study are: the investor can choose freely the risk coefficients to maximize the
expected returns; also, the investors may determine their strategies under consideration of their
own conditions. The optimal return rate is obtained by using TORA software. An example is

introduced to indicate the efficiency and reliability of the technique.

Keywords: Portfolio; Investment: Stock Portfolio Investment; Pentagonal Fuzzy Numbers; Score

Function, TORA Software; Neutrosophic Pentagonal Fuzzy Return Rate.

1. Introduction

Portfolio optimization is one of the essential problems in asset management of financial, its main
goal is to minimize the risk of an investment by dividing it into many assets expected to fluctuate
independently (Elton et al., 2009). A portfolio is a set of financial assets like cash equivalents, stocks,
commodities, currencies and bonds. Portfolio can also include non-publicly tradable securities as,

arts, private investment and real estate. Portfolio are directly held by investors and/ or managed by
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money managers and financial professionals [1]. Skrinjaric and Sego [2] applied Grey Relational

Analysis (GRA) method to study the performance for a sample of stocks under various factors.

Fuzzy set theory initiated by Zadeh [3] has gained a great attention of researchers to solve real-life
issues, like the supervision of economic threat. It permits us to illustrate and control vagueness in
decision-support system. The imprecise facts of assets reports and the vagueness associated with the
behavior of monetary markets can also be considered by means of fuzzy quantities or constraints.
Fuzzy numerical data may be described using the phenomena of fuzzy subsets of R, are fuzzy
numbers. Dubois and Prade [4] used a fuzzification principle to extended algebraic operations on

real numbers to fuzzy numbers (FN).

Portfolio selection (PS) is the problem where investor selects the optimal portfolio from a set of
possible portfolios. Also, it focuses on the optimal investment of one's wealth for maximizing
profitable return and minimizing risk control [5]. According to lack of clarity of the real-world
applications, the exact return of each security cannot be predetermined. The theory of optimal
portfolios has been developed by Markowitz [6],where he has firstly introduced the mean-variance
models. The PS problem is typically a LPP when all return of securities is constants. Numerous
studies for PS have been done in the last few decades such as [7 —15]. Many researchers studied stock
price assessment, in [16] Lindberg introduced new parameterization of the drift rates to modify the n

stock Black-choles model, and solved Markowitz' continuous time PS in this framework.

Neutrosophic set (NS) theory was introduced by Smarandache [17] it is a generalization of fuzzy set;
each element of NS has a truth, indeterminacy and falsity membership function. So, NS can describe
inaccurate and maladjusted information effectively. Neutrosophic linear programming (NLP)
problem is a LP problem that contains at least one neutrosophic coefficient or parameter. The NLP
problem is more efficient than regular LP problems due to imperfect data. Many researchers studied
NLP problems; Hussein et al. [18] transformed the NLP problem into its corresponding crisp model.
Abdel-Basset et al. [19] proposed a novel method for solving a fully NLP problem. Ahmed [20],
developed a new method for solving LR- type NLP problems. Ahmad et al. [21] developed a method
for solving bipolar single-valued NLP problem. In [22], Bera studies the applications of NLP in real
life. Das and Dash [23], introduced a modified Solution for NLP Problems with Mixed Constraints.
Thamaraiselvi and Santhi [24] presented a new method for optimizing a real-life transportation

problem in neutrosophic environment.
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2. Preliminaries

Fig.1. Rest of the paper

In this section, some essential definitions and terminologies are recalled from fuzzy-like literature

for proper understanding of the proposed work.

Definition 1. [3] A fuzzy set f defined on the set of real numbers R is said to be fuzzy

numbers when its membership function My, (x): R - [0,1], have the following properties:

M (x) is an upper semi- continuous membership function;

P
T

# isnormal, i.e., 3x, € R such thatpﬁ(xo) =1;

is convex fuzzy set, ie, pﬁ(ﬂ-‘x + (1 —-F)y) = min {pﬁ(x), pﬁ(y)} for all x,4€R;0<

Supp (ﬁ)={x€7€: pﬁ(x)>0} is the support of # , and the closure CI(Supp(p)) is a

compact set.

Definition 2. [25]A fuzzy number Kp =(r,stuv),r<s<t<u<v, on R is said to be a

pentagonal fuzzy number if its membership function is:
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0, 2 <T,
wl(:::) r<x<s,
X—S
1—(1—w1)(t_s), s<x<t
pa, =4 L x =t 1
1—(1—w2)(3:)£), t<x<u,
V—X
Wz(v—u)' usx <y,
0, x> V.

The graphical representation of the pentagonal fuzzy number is illustrated in the

following figure

Hip

0.5

v

0 r S t u v X
Fig.2. Graphical Representation of Pentagonal Fuzzy number [25]

Definition 3. [17] A neutrosophic set BN of non-empty set X is defined as
BN = {(x; Ign(x),Jgn (%), Vgn ()i x € X, Tgn (), Jn (%), Vgn (%) € 10, 17[}, where Ign (%), Jgn (x), and
Vgn (x) are truth membership function, an indeterminacy- membership function, and a falsity-
membership function and there is no restriction on the sum of Ign(x),Jgn(x), and Vgn (%) , so
0~ < Sup{lgw (x)} + Sup{]~B~N (x)} + Sup{V~B~N (x)} < 3%, and ]07,1*[ is a nonstandard unit interval.
Definition 4. [17] A single- valued neutrosophic set BN of a non-empty set X is defined as
BSYN = {(x, Izn (%), Jgn (%), Vgn (%)):x € X}, where Ign(x), v (%), and Vgn(x) € [0,1] for each x € X
and 0 < Ign(x) + Jgn (%) + Vgn (x) < 3.

Definition 5. [23] Let T, c])ﬁ, wp € [0,1] and r,s,t,u,vE R such thatr<s<t< u<v. Then a

single-valued pentagonal fuzzy neutrosophic set (SVPEN), p*™™ =((r,s,t,u,v); 15, (pﬁ,wﬁ) is a

special neutrosophic set on R, whose truth-membership, hesitant- membership, and falsity-

membership functions are

HAEW Khalifa, M Saeed, AU Rahman, SE-Morsy, Application of Pentagonal Neutrosophic Linear Programming for Stock
Portfolio Optimization



Neutrosophic Sets and Systems, Vol. 51, 2022 657

0, x<T;
<1 1 (x )2 <<
- x—r r<x<s;
2( L )' -
1
(— (x — t)2+1),sSxSt;
2
TiPN (x) = 12 (= 1 ) (2
2 .
TPN (E( )Z(x—t) +1) t<x<u
1
TPN(Z( u)z(x—v))quSV;
0, x> V.
0, x<T;
1
q) (2(5 I.)Z(x—r)>, r<x<s;
11 )2 +1),s<x<t
Py (Z(t SR )s<xst
bgen = 11 @)
— )2 <x<u
c]) (2( t)z(x t) +1), t<x<u
1
[ — )2 < .
q)ﬁPN(Z(V—u)Z(x v) ),u_xSV,
0, x> V.
0, x<T;
1 1
PN (5(5 — (x —r)2>, r<x<s;
1 1
wﬁpN(Em(x—t)2+1),sSxSti
g = 2 )
—1)? <x<u
WgPN (2( t)z(x t) +1), t<x<u
1
CL)PN(Z( )z(x V)z),quSV;
0, x> V.

Where TﬁpN,q)ﬁpN ,and WiPN denote the maximum truth, minimum-hesitant, and minimum falsity
membership degrees, respectively. SVPFN p™N = ((r, s, t,u,v): TﬁPN,q)ﬁpN,(A)ﬁpN) may express in

ill-defined quantity about p, which is approximately similar to [s, u].
Definition 6. [25]

5PN

Let p™N = ((1,s,t,u,v); TﬁPN,(l)ﬁpN,(UﬁPN) and g™ = ((r*, s*, t*,u*, v*); quN,q)qu,wqu) be two

single-valued PFNss, the arithmetic operations on £ and g™

1. pPPN@EGN ={r+rs+ s t+ thu+ u, v+ vY); T 5PN ApoN,q)ﬁpN ch(ZpN,wﬁpN \%

wgPN,

2. ﬁPN OGN =(r— v,s—u,t—thu— s, v—r’); T e /\T(ZPN,q)ﬁPN V(I)‘ZPN,(,OWPN V wgeN )
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~ ~ 1 1 * *
3. pAN®gN =Ey%((r,s,t,u,v); T 5PN /\T(ZPN,CI)ﬁpN VCI)LZPN,(A);,PN V(A)‘ZPN),Yq =§(r + s*+

tx+ ust+ v+2+1gPN-OgPN#0,

~ ~ 5
4 WPN @4PN = Y_((r,s,t,u,v); T 5PN /\TLiPN,CI)ﬁpN Vcl)q:pN,copPN V(,O(iPN),Yq) * 0,
3

o ((mr, ms, mt, mu, mv); t 5N q)ﬁpN,(u 5PN Y, m >0,

" [{(mv, mu, mt, ms, mr); TﬁPN,CI)ﬁpN,COﬁPN>,m <0,
_v_r_v_r;): T;;jPN ;C])ﬁpN ;wﬁPN ),ﬁPN * 0.
Definition7. [26] Let £™ = ((r,s,t,u,v); T, o, Wz ) be a single- valued pentagonal fuzzy

neutrosophic numbers, then

1. Accuracy function AC(g™) = (%) (r+ s+t+u+v)*[2+Tme — b o ].

2. Score function SC(p™) = (%) r+ s+t+u+v)= [2 + TN = ey — @ ]

Definition 8. [27] The order relations between p"™andg"Nbased on SC(P"*) and AC(GN") are
defined as

1. If SC(p™) > SC(g"?), then 5 > g,

2. If SC(p™) < SC(g\P), then 5 < g,

3. If SC(5™) = SC(G"P), then

i. If AC(F™) < AC(GNP), then 5 < g,
ii.  If AC(p™) > AC(G""), then 5 > G,

ii.  If AC(F™) = AC(G™P), theng = 4.

3. Assumptions and Notations
3.1 Assumptions
In reality, small changes influence in selecting portfolio, since the investment environment is quite
sensitive. For facilitating problem formulation, we assumed that:
1) The securities are evaluated based on the expected return rate and the loss-risk rate;
2) Securities are imperfect and can be divided;
3) In the course of transaction, there is no need to pay for transactions;

4) Investors must obey the assumptions of avoiding risk and of non-satisfaction;
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5) During the investment period, the interest rate of the bank is fixed;
6) The operation of short selling is not allowed;
7) There are n different risk securities.

3.2 Notations

1y: Bank interest rate;

rn:  Expected returnrates, i =1,2,..,n;

Aii:

Risked return rates, i=1,2,..,n,j=1,2,...,m;
xo: Proportion of total investments during the investment period
x;:  Proportion of funds invested in the secondary securities,i = 1,2, ..., n;
R: Total expected return rate;
b:  Risk coefficient of portfolio investment;
V: Maximum value of all securities risks.
4. Formulation of the Problem
Consider the stock problem introduced by Yin [28]. The expected rate of return of a combination of
investments, takes the form:
R = z X,

=0
Investors aim to maximize investments interest and minimize risk in their risk securities. The risk
coefficient of portfolio bindicates the market risk. In case of b > 1, risk of stock portfolio is more
than the average value of the market risk; in the case of b < 1, the risk of stock portfolio is less than
the average value of market risk; when b = 1, the average market risk and stock portfolio risk are
equal. The maximum value of all securities risks, denoted
V = maxifid,x,, A2 %5 , oo, ApXy)

Now we can formulate the following linear programming model:

n

maxR = Z 1 X;

i=0
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(

| n

s. t.{ x=1 (5

i=0

kxiZ ) t=12,..,n

The above model is the classical linear programming problem. For more generalization and

flexibility, it is more reasonable to describe 3, b; and A4; as pentagonal fuzzy neutrosophic numbers.

So, we set up the following model:

n
max RV = ryx, + ZﬁNPxi

i=1

A’NPx < BNP

5. Solution Procedure of Pentagonal Fuzzy Neutrosophic LPP

In this section we will illustrate the solution procedure of the pentagonal fuzzy neutrosophic
linear programming problem. The model associated with pentagonal fuzzy neutrosophic

numbers in expected return rates, risk loss rates and risk coefficients

5.1 Formulation of pentagonal fuzzy neutrosophic LPP

~ - ~ ~ ~ ~ T N N N 5
Assume that AV = (4)° , P = (BIP,BYP, .., BNP)" , FNP = (#P,#NP, . #VP) and

mxn

X = (x1, %2, ..., %,)". The following pentagonal neutrosophic linear programming model

has been set up:

n
BNP _ > NP
max R"" = ryx, +er X

i=1

n
ANP NP
ZAI] .Xi < bi
j=1

st & ™
in =1

Based on the score function defined in section 2, the pentagonal neutrosophic linear programming

model transformed to regular linear programming model which is quite easy and solvable.

sc@" )x;

n
maxR = ryxg +

i=1
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n
Z SC (AN")x; < SC(BYP)
j=1

n

S.t.
le' =1

j=0
x; = 0, i=12,.n;i=12,...,m

®)

6. Numerical Example

In this section, a numerical example is studied to demonstrate the proposed approach. Consider the
choice of an investor in five available stocks; the first one is a portfolio of bank savings with annual
rate of interest r, = 0.07. The data of the other four stocks are given in the following table 1, table 2
and table 3.

Table 1.Expected return rate %

Stocks 7PN

S1 CNPC (601857) (11.5,12.0,12.2,12.5,12.9; 1.0,0.0,0.0 )
S, CNPC (600028) (15.8,16.0,16.2,16.5,16.8;1.0,0.0,0.0 )
S; Wanke (000002) (13.7,14.0,14.3,14.5,14.9; 1.0,0.0,0.0 )
S, Poly (600048) (13.0,13.5,14.0, 14.5, 15.0; 1.0, 0.0,0.0 )

Table 2. Risk Loss Rate %

ALP Risk loss rate

AP (3.8,4.0,5.2,5.6,5.9;1.0,0.0,0.0 )

AP (9.0,10.0,12.5,14.0, 16.9; 1.0, 0.0,0.0 )

AP (3.2,4.0,4.8,5.5,6.0;1.0,0.0,0.0)

ANP (8.7,9.0,11.9,14.0,16.3; 1.0,0.0,0.0 )

ANp (0.9,1.0,1.1,1.2,1.3; 1.0,0.0,0.0 )

ALY (1.39,1.7,2.15,3.0,3.32; 1.0,0.0,0.0 )

AP (1.2,3.0,3.2,4.0,4.8; 1.0,0.0,0.0 )

AP (1.59,1.8,2.27,3.0,3.3;1.0,0.0,0.0 )
Table 3. Risk coefficient%

A Risk coefficient rate

BlvP (1.2,1.5,2.0,2.2, 2.4; 1.0,0.0,0.0 )

bA”? (0.6,0.9,2.0,2.6,3.0;1.0,0.0,0.0 )

The given problem can be formulated in the following model:

HAEW Khalifa, M Saeed, AU Rahman, SE-Morsy, Application of Pentagonal Neutrosophic Linear Programming for Stock
Portfolio Optimization



Neutrosophic Sets and Systems, Vol. 51, 2022 662

n
maxR" = ryx, + Z SCiE"")x;
i=1

((SCLAY, )1 + SC(ANS )x, + SC(AN] )xs + SC(AR x4 < SC(BET)
s.t.4 SCLAZT )x1 + SC(A27 )x, + SC(AZ5 )xs + SC(AR)xs < SC(BY") (g
Xo+x;+x;+x3+x, =1
k X = 0, 0<i<4

According to properties and arithmetic operations on pentagonal fuzzy neutrosophic numbers,

we obtain the following mathematical model:

maxR = 0.07 x, + 0.09165 x; + 0.12195x, + 0.1071x; + 0.105x,

3.675 x; +9.36 x, + 3.525 x3 + 8.985 x, < 1.395,
0.825x; + 1.734 x, + 2.43 x3 + 1.794 x, < 1.365,
Xo+x+x,+x3+x, =1,
%20 0<ji<4

(10)

The optimal solution is:

xo = 0.6042553, x; = 0.0,x, = 0.0,x3 = 0.3957447,x, = 0.0,
The optimal value R = 0.084682

The obtained results indicate that the optimal investment under the offered information
occurred when 60.0426% of all capital is saved to the bank with interest rate 7%and 39.57% of
the total capital is invested into security of S3. This strategy leads to the maximum expected
return 8.4682% on the premise of risk coefficients b}and b”.
7. Comparative Study

This section, introduces a comparative study between the topics covered by our proposed

approach and those studied by some other researchers in related work in solving PS problems.

Table 4. Comparisons with some researcher's contributions

Reference no. Efficient Environment Type of number
solution

[28] NO Fuzzy Triangle interval valued
[29] NO Neutrosophic Neutrosophic
[30] NO Fuzzy Fuzzy-valued function
(31] NO realistic Real
[32] NO stochastic random variables
[33] NO Fuzzy Triangle
Our investigation YES Neutrosophic Neutrosophic

HAEW Khalifa, M Saeed, AU Rahman, SE-Morsy, Application of Pentagonal Neutrosophic Linear Programming for Stock
Portfolio Optimization



Neutrosophic Sets and Systems, Vol. 51, 2022 663

8. Conclusion Remarks and Future Work
A formulation of stock portfolio problem involving neutrosophic pentagonal fuzzy numbers in the
rate of risked return, expected return rate and portfolio risk amount is proposed. Using score
function, the problem is converted to its corresponding crisp form. A solution approach is
investigated to provide the decision of the portfolio investment joined with investors in savings and
securities. The main advantages of this study are: the freedom in choosing the risk coefficients to
maximize the expected returns; also, the investors may select their strategies under consideration of
their own conditions. The optimal return rate is obtained using TORA software. A numerical
example indicates that the approach is reliable and efficient for studying pentagonal neutrosophic
stock portfolio. Future work may include the further extension of this study to other fuzzy- like structure (i.
e., interval- valued fuzzy set, Neutrosophic set, Pythagorean fuzzy set, Spherical fuzzy set etc. with more

discussion and suggestive comments.
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