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1.Introduction

The concept fuzziness had a great impact in all branches of mathematics which was put forth by
Zadeh [16]. Later on the idea of fuzziness and topological spaces were put together by C.L.Chang[3] and
laid a foundation to the theory of fuzzy topological spaces. By focussing the membership and non-
membership of the elements, K.T.Attanasov[1] made out intuitionistic fuzzy sets and he extended his
research towards and gave out a generalization to intuitionistic L-fuzzy sets with his friend Stoeva.
F.Smarandache[6,7,8] put his thoughts towards the degree of indeterminacy and bring forth the
neutrosophic sets. Subsequently, the neutrosophic topological spaces with the help of neutrosophic sets
were found out by A.A.Salama and S.A.Alblowi[11,12,13]. By making all the works together as inspiration,
we[9] made Generalized topological spaces via neutrosophic sets and named it as uy topological space
(unTS). The uy nowhere dense sets in uy TS were put forth by us [10]. Here by making use of the concepts
of uy nowhere dense sets, in this paper we introduce a new concept called py D Baire Spaces and
Uy P Spaces, their properties were contemplated.

2.Necessities

Definition 2.1[13] Let X be a non-empty fixed set. A neutrosophic set [NS for short] 4 is an object having
the formA = {(x, p,(x), 54(x),v4(x)): x € X} where u,(x),o4(x) and y,(x) which represents the degree of
membership function, the degree of indeterminacy and the degree of non-membership function
respectively of each element x € X to the set A.

Remark 2.4.[13] Every intuitionistic fuzzy set 4 is a non empty set in X is obviously on neutrosophic sets
having the form 4 = {{u,(x), 1 — pus(x) + 04(x),¥4(x)): x € X}. Since our main purpose is to construct the
tools for developing neutrosophic set and neutrosophic topology, we must introduce the neutrosophic sets
Oy and 1y in X as follows:

0y may be defined as follows

Oy = {{(x,0,1,1): xeX}

1y may be defined as follows

1y = {{x,1,0,0): xeX}

Definition 2.5.[13] Let A = {(uy, 04,74)} be a neutrosophic set on X, then the complement of the set A [ C(A)
for short] may be defined and denoted by C(A) or A

C(A) = {(x,va(x), 1 = 04 (x),1a(x)): x € X}
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Definition 2.6.[13] Let X be a non-empty set and the neutrosophic sets A and B are in the form of A =
{(x, 1a(x), 04(x),ya(x)): x € X} and B = {(x, up(x), 05 (x),yp(x)): x € X} .

A € B may be defined as:

(A S B)ous(x) < pp(x), 04(x) = 0p(x),7a(x) 2 yp(x) Vx € X

Proposition 2.7. [13] For any neutrosophic set 4, the following conditions holds:

OySA A C1,.

Definition 2.8. [13] Let X be a non empty set and 4 = {{x, u,(x), 0,(x),y4(x)): x € X}

B = {{x, ug(x), 05(x),yg(x)): x € X} are neutrosophic sets. Then A N B may be defined as:

ANB = (x,ua(x) App(x),04(x) V op(x), ¥va(x) V y5(x))

A U B may be defined as:

AUB = (x, pa(x) V pp(x), 04(x) A ag(x), ya(x) Ayp(x))

Definition 2.9[12]. A uy topology on a non - empty set X is a family of neutrosophic subsets in X
satisfying the following axioms:

(.uNl)ON € Uy

(un,) G1 U G, € uyforany Gy, G, € py.

Throughout this paper, the pair of (X, uy) is known as uy topological space (uy TS)

Remark 2.10.[12] The elements of uy are uy open sets and their complement of uy open sets are called py
closed sets.

Definition 2.11.[12] The uy — Closure of 4 is the intersection of all uy closed sets containing A.
Definition 2.12.[12] The uy — Interior of A is the union of all uy open sets contained in A.

Definition 2.13.[11]. A neutrosophic set 4 in neutrosophic topological space is called neutrosophic dense
if there exists no neutrosophic closed sets B in (X, T) such that AcBc1y.

Definition 2.14.[10]. The neutrosophic topological spaces is said to be py Baire space if N Int (U2, G;) = Oy
where G;'s are neutrosophic nowhere dense set in (X, T).

Theorem 2.15.[10]: Let (X, uy) be a uyTS. Then the following are equivalent.

(1) (X, uy) is uy Baire space.
(ii) uy Int(A) = Oy, for all uy first category set in (X, py).
(iii) uy Cl(A) = 1y, uy Residual setin (X, uy).

3. uy D Baire spaces

Proposition 3.1: If o is a py first category set in a uyTS (X, uy) such that uy Int(uyCl $) = Oy,then (X, uy)
is a uy Baire space.

Proof: Let o be a py first category setin pyTS (X, uy) thatimplies o = V{2, o; where #;’s are yy nowhere
dense sets in (X, uy). We know that uyInt(uyCl ) = 0y. Also, uyInt g < uyInt (uy Cl ) that entails us
unInt(®) = 0y = uyInt(Ui2, ;) = Oy, 0;'s are uy nowhere dense sets in (X, uy)=(X, uy) is a uy Baire
space.

Proposition 3.2: If a puy first category set 1 in a uy Baire space (X,uy) is a uy closed set, then
pnInt(uyCln) = Oy in (X, py).

Proof: Let be a py first category setin uyTS. Owing to the fact that (X, uy) is a uy Baire space, we have
that for every puy first category set n)in (X, uy), pyInt(n) = 0y. Now, nis py closed in (X, uy) that implies
us that uy Cl(m) = n. Now we have that uyInt(uyCln) = uyIntn = 0y= puyInt(uyCln) = Oy.

Definition 3.3: A puyTSiscalled py D Baire spaceif every uy first category setin (X, uy)isa py nowhere
dense set in (X, uy).
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Example 3.4: Let X ={a,b} and 0y = {(0,1,1)(0,1,1)}, A = {(0.6,0.4,0.8)(0.8,0.6,0.9)}, B = {(0.6,0.3,
0.8)(0.9,0.2,0.7)}, C = {(0.5,0.4,0.95(0.7,0.8,0.9)}, D = {(0.4,0.6,0.9)(0.6,0.8,0.9)}, E = {{0.3,0.7,0.9)(0.5,0.9,
0.9)}, 1y ={(1,0,0(1,0,0)}. We define a uyTS by {0y A B,C,D}. The puy closed sets are
{A,B,C,D,1y}. Here, 0y and B = {(0.8,0.7,0.6)(0.7,0.8,0.9)} are py first category sets and Oy, E,B are uy
nowhere dense. Hence, every uy first category is uy nowhere dense. Thus, (X, uy) is uy D Baire space.

Proposition 3.5: If (X, uy) is uy D Baire Space, then (X, uy) is a uy Baire space.

Proof: Let { be a py first category set in uy D Baire space (X, uy). Then { = U2, {; where {;'s are py
nowhere dense sets and C is a py nowhere dense set in (X,uy). Thereupon, we obtain that
uy Int ( uyClY = 0y. Hence, uy Int < uy Int ( uyClY = py Int =0, which entails us that
uy Int(Ui213;) = Oy where {;'s are puy nowhere dense sets in (X, uy). Hence (X, uy) is a uy Baire space.

Remark 3.6: Converse of the above proposition need not be true. Every uy Baire space need not be py D
Baire space.This can be explained in the following example.

Example 3.7: Let X = {a},0y = {(0,1,1)},4 = {{0.3,0.3,0.5)}, B = {(0.1,0.2,0.3)}, C = {{0.3,0.2,0.3)}, D = {{0.3,
0.6,0.2)}, E = {(0.3,0.8,0.5)}, 1y = {(1,0,0)} and we define a uyTS as {0y, 4, B, C}.Here (X, uy) is a uy Baire
space. The uy first category sets are Oy and E and the uy nowhere dense sets are 0y, E, 4,B,C,D .Here E
is py first category set but not uy Nowhere dense set. Hence (X, uy) is nota uy D Baire space.

Proposition 3.8: If § is an arbitrary uy first category set in uy Baire space and § is py Closed then (X, uy) is
uy D Baire space.

Proof: Let § = U2, 8;, where §;s are py nowhere dense sets. From this we obtain that py Int(Ui2, §;) =
0y because of the fact that (X, uy) is uy Baire Space. Also we have that pyCIl(§) = § from this we get that
Uy Int(,uNCl((S)) = uy Intd = uy Int(,uNCl(é‘)) = Oy.Since § is uy first category set in (X, uy). Thus (X, uy)
is py D Baire space.

Definition 3.9: A neutrosophic setin a iy TS (X, uy) is called uyF, setin (X, uy) if 6 = U2, 0;, where 8 € py.
Definition 3.10: A neutrosophic setina uyTS (X, py) is called uyGs setin (X, uy) if 6 = N2, 6;, where 6;€ uy.
Proposition 3.11: If & is iy dense and uyGs setin (X, uy) ina uyTS then@ is a uy first category set in (X, py).

Proof: Since a is puyGs set in (X, py), @ = N2, a; where a; € uy and also a is puy dense so we get uyCl(a) =
1y. Thereupon we get uyCI(NZ; ;) = 1y. But we know that uyCl(N2, a;) S ﬂf‘;l(,uNCl(ai)). Hence, we
retrieve that 1 € ﬂ‘i";l(/,LNCl(ai)) = ﬂ‘f;l(uNCl(ai)) = 1. Thus we have that for each «; € uy, uyCl(a;) =
1y. Now, uyCl(uy Int a; ) = 1y=2uyCl(uy Int @,) = Oy = piy Int(uNCl(ch)) = 0y which entails us that a; is
py nowhere dense sets in (X, uy) that implies us @ = Ui2,(@,) is uy nowhere dense sets in (X, uy) =@ is
uy first category set in (X, py).

Proposition 3.12: If 8 is uy dense and pyGs set in (X, uy) in a puyTS then B is a uy residual set in (X, uy).

Proof: Owing to the fact that § is uy dense and uyGs set in (X, uy) by using Proposition 3.11 we obtain that
B is py first category set in (X, uy). From this we conclude that g is a uy residual set in (X, uy).

Proposition 3.13: If v is both uy dense and pyGs set, then pyIntv, = 0y where v;'s are py nowhere dense
sets such that v = U;2,(V).
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Proof: Let v be a puy dense and pyGs set in (X, uy). Then by Proposition 3.11, V is uy first category set in
(X,uy) and v = U2;(V,) where V,’s are py nowhere dense sets in (X, uy). But puyInt(v) = uyClv =1y =
Oyn- Then pyInt(U21(V})) = uyIntv, = 0y = uyIntv, = 0y,where v,’s are py nowhere dense sets in (X, uy).

Proposition 3.14: If € is uy first category set in (X, uy) then there is a uyF; set o in (X, uy) such that ES .

Proof: Let £ be a py first category set in (X, uy) then £= U2, §;, where §;'s are uy nowhere dense sets in
(X, un). Now uyCI(®) is wy open in (X,uy) thereupon N2, (uyCIE)) is uyGs set in (X,uy). Let k=
nﬁ1(#NC—l(EL)) On considering k= NZ;(unCL(E)) = U2, unCl(E) S U2 &, = =K CE=>EC K. Let p=
K. Since k is puyGs set in (X, uy) and g is pyF; setin (X, py). Thus, we obtain “If & is uy first category set in
(X, uy) then there is a uyF; set g in (X, uy) such that EC p”.

Remark 3.15: If uy Int () = 0y in Proposition 3.14 then (X,uy) is uy Baire space. For uyInt§ S
uy Int() = 0y = uyIntt = 0y = (X, uy) is uy Baire space.

Proposition 3.16: If uyCl(uy Inty) = 1y for every uy dense and uyGs set in (X, uy) then (X,puy) is uy D
Baire space.

Proof: let y be a py dense and uyGs set in (X, uy). Then by Proposition 3.11 we obtain that y is a uy first
category set in (X, uy). Now, puyCl(uy Inty) = 1y = uyCl(uy Inty) = Oy = uy Int(uyCly) = Oy. For the
Uy first category set y in (X, uy) we have that py Int(uyCly) = Oy. Thus, (X, uy) is uy D Baire space.

Proposition 3.17: If a uy TS (X, uy) has a uy dense and uyGs setin (X, uy) then (X, uy) isnota uy D Baire
space.

Proof: Let y be a uy dense and pyGs set in (X, py). Then by Proposition 3.11 we obtain that ¥ is a uy first

category setin (X, uy). Now, uyCl(uy Inty) 2 uyCly 2 1y = 0y.Hence, uyInt(uyCly) 2 0y # Oy, for
the uy first category set y in (X, uy). Clearly we get that (X, uy) is not a uy D Baire space.

Proposition 3.18: If uy Cl(uy Int 9) = 1y,for every uy residual set 9 ina uyTS (X, uy) then (X, uy) isa puy D
Baire space.

Proof: Let 9 ba a uy residual set in a uyTS (X,py). Thereupon 9 is a py first category set in
(X, up)-Now, uyCl(uy Int 9) = 1y = uyCl(uy Int 9) = 0y = uy Int (uyClY) = 0y that entails us that
for a py first category set 9 in(X, uy), uy Int (uyCl9) = 0y which leads us into that (X, uy) is a uy D Baire
space.

Proposition 3.19: If a uyTS (X, uy) is a uy D Baire space then there is no non void py dense set is a py first
category set in (X, uy).

Proof: Suppose that w is a non-void uy first category set and u, dense set in (X, uy). Owing to the fact that
(X,uy) is a uy D Baire space and w is a uy first category set in (X, uy). From this we get that
uy Int (uyClw) = 0y. By our assumption we get uyClw =1y that implies us pyInt (uyClw) =
py Int (1y) # 1y which is a contradiction to (X, uy) is a uy D Baire space. Hence, we must have uyCl w #
1y. Thereupon we get no non zero uy dense set is a uy first category set in iy D Baire space.

4. uy P Spaces

Definition 4.1: A iy TS is called D/uy space if for all non-empty neutrosophic set ) in (X, uy), unCln = 1y.
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Definition 4.2: A uyTS is called uy P space if the countable intersection of uy open sets is uy open. That is
every non zero fyGs setin (X, uy) is a uy open set in (X, uy).

Example 4.3: Let X = {a}. We define neutrosophic sets as 4; = {(0.1.0.4,0.6)}, 4, = {{0.2,0.3,0.5)} and we
define a uyTS as {0y, A1, 4,}. Here the countable intersection of uy open sets are py open. Hence, (X, uy) is
a uy P space.

Example 4.4: Let X ={a}. We define a uyTS as{Oy, w;,w; w3} where w; ={(0.3,0.3,0.5)},w, =
{(0.1,0.2,0.3)}, w3 = {(0.3,0.2,0.3)}, w, = {{0.3,0.6,0.2)},ws = {(0.3,0.8,0.5)}. Here the countable intersection
of uy open set is not uy open set in (X, uy).

Proposition 4.5: If  is a non-zero uyF; setin a py P space (X, uy), then @ is a py closed set in (X, py).

Proof: Since g is a non-zero pyF, setin (X, uy), o = U2, o;where the neutrosophic sets ;'s are uy closed
in (X, uy). Then = U2, o, = N2, 0,. Now, ;s are uy closed in (X, uy) that entails o = N2, @, where
0 ,euy.Thereupon @ is a pyGs set in (X, uy).Since (X, uy) is a py P space, @ is iy open. Therefore,  is puy
closed set in (X, uy).

Proposition 4.6: If the uy TS (X, uy) is a uy P space and if  is a puy first category set in (X, uy) then g is not
a uy dense.

Proof: Let us assume that the contrary statement. Suppose that  is a uy first category set in (X, uy) such
that uyCL(9) = 1, where § = U2, f; and @}s are uy nowhere dense sets in (X, uy). Now, uyCL(#,) is uy
open in (X,uy).Let & = N2, uyCl(%,). Thereupon ¢ is a non-zero pyGs set in (X, py). Now we have
N2, unCl(p) = U2, unCl(go,) S U2, o, = . Thus we obtain that ¢ € . From this we obtain that
pyInt (§) € pyint () = uyCl o = 1y = Oy. Since (X, uy) is a py P spaces, uyInt (§) = € that yields us that
¢ = Oy which is a strict opposite statement to a non- zero puyGs set in py P space (X, uy) that implies us
that uyCl() # 1y. Thereupon we conclude that  is not a uy dense.

Proposition 4.7: If 1 is a py first category set in uy P space such that ¢ € 1 where ¢ is a non-zero u, dense
and uyGs setin (X, uy) then A is a uy nowhere dense set in (X, tiy).

Proof: Let A be a uy first category set in (X, uy). Then 2 = U;2; 4; where ;s are uy nowhere dense set in
(X, un). Now, uyCL(2,) is uy open in (X, uy). Let 6 = N2, uyCl(A) = U2, uyClA,) S U2, A, = 1. Hence,
we get that ¢ € 1. From this we get that 1 € 6. Now uyInt(uyCl 1) S pyInt(uyClc) which implies us that

unInt(uyClA) € uyCl(uyInt o). Now owing to the fact that (X, uy) is a uy P space, the uyGs set o is pyopen

in (X, uy) and py Int(o) = o. Therefore we get that uyInt(uyCl1) € puyCl(uyInt o) = puyClo = 1y = 0.
Thereupon pyInt(uyCl 1) = 0y. Hence A is puy nowhere dense set in (X, py).

Proposition 4.8: If 1 is a uy first category set in uy P space such that o S A where ¢ is a non-zero uy dense
and uyGs set in (X, uy) then (X, uy) is uy Baire space.

Proof: Let A be a uy first category set in (X, uy). As in the above Proposition 4.7 we have uyInt(uyCl1) =
Oy. Thereupon uyInt 2 € puyInt(uyCl A) which entails us that pyInt A = 0y. Thus, we obtain that puyInt A =
0y for every py first category set in (X, py). Hence (X, uy) is py Baire space.

Proposition 4.9: If the uyTS (X, uy) is a uy P space and A is a non-zero uy dense and py first category set
in (X, uy) then there is no non-zero uyGs set in (X, uy) such that ¢ € A.
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Proof: Let A be a non-zero uy first category set in (X, uy). Suppose there exists a uyGs set o in (X, uy) such
that ¢ € 1. Thereupon we get uyInt ¢ € uyInt that implies us that uyInt ¢ € uyCl A = Oy because A is py
dense. Now we have puyInt o = Oy. Since (X, uy) is a uy P space, pyInt ¢ = o and so we obtain ¢ = Oy.
Hence we conclude that if 1 is uy dense and py first category set in (X, uy) then there is no non-zero uyGs
setin (X, uy) such that ¢ € A.

Proposition 4.10: If 1 is a non-empty py residual set in py P space (X, uy) then pyIntn # Oy.

Proof: Let n be a non-empty uy residual set in uy P space (X, py) then 7 is a uy first category set in (X, uy)
and hence by proposition 4.6 we obtain that j is not a uy dense set in (X, uy). From this we obtain that
unCl(n )# 1y which entails us puyIntn # 1y=>uyintn # 0y.

Proposition 4.11: If « is a uy dense and uyGs setin a uy P space (X, py) then puyInt x # Oy.

Proof: Let k be a uy dense and pyGs setin a uy P space (X, uy) then by using proposition 3.11 i is a uy first
category set in (X, uy). Since (X, uy) is py P space by proposition 4.6 & is not a uy dense set in (X, uy) and
so uyCl(k )# 1y= that uyIntk # 1y=uyIntk # 0y.

5. uy P space & py Submaximal Space

Proposition 5.1: If each non-zero uy Gs set is a puy dense set in a py submaximal space (X, uy) then (X, uy)
is a uy P space.

Proof: Let A be a uy Gs set in a py submaximal space (X, uy) then by hypothesis 11is a uy dense set in (X, py).
Since (X, uy) is a uy submaximal space, the uy dense set 4 in (X, uy) is uy openin (X, uy). That is every
Uy Gs setin (X, uy) is py openin (X, uy). Thus (X, uy) is a py P space.

Proposition 5.2: If uy Int(1) = Oy, where Aisa uy F, setin a uy submaximal space (X, uy) then (X, uy) is a
Uy P space.

Proof: Let A be a uy Gs set in a py submaximal space (X, uy). Then 1 is a uy F;, set in (X, uy). By hypothesis
Uy Int(/T) = Oy, for the uy F, set Ain (X, uy) which entails us that uyCl(1) = 1. Then 1 is a uy dense set in
(X, uy). Since (X, uy) is a py submaximal space, the uy dense set 4 in (X,uy) is uy open in (X, uy).
Henceforth every uy Gs setin (X, uy) is uy openin (X, uy). Thus we conclude that (X, uy) is a uy P space.

Proposition 5.3: If each uy F; set except 1y is a uy nowhere dense set in a uy submaximal space (X, py)
then (X, uy) is a uy P space.

Proof: Let Abe a puy F, set in a uy submaximal space (X, py) such that uyInt (uyCl 1) = Oy. Then uyInt(1) <
unInt(uyClA) = uyInt(1) = 0y. Now, uyInt(d) =0y for the uy F, set Ain py submaximal space
(X, uy),then by proposition 5.2 (X, uy) is a py P space.

Proposition 5.4: If uyCl(uyInt 2) = 1y for each non-empty uy Gs set in a py submaximal space (X, py) then
(X, uy) is a uy P space.

Proof: Let A be a uy F, set in a uy submaximal space (X, uy), then 1is a py Gs set in a py submaximal space
(X, uy)- By the given condition uyCl(uyInt2) =1y = uyCl(uyInt 2) = 0y and hence we retrieve that A
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is a gy nowhere dense set in (X, uy). Thus the py F; set A is a uy nowhere dense set in a yy submaximal
space (X, uy). Hence by proposition 5.3 we derive that (X, uy) is a uy P space.

Proposition 5.5: If 1 is a uy residual set in a py submaximal space (X, uy) then A4 is a uy Gs set in (X, py).

Proof: Let A be a uy residual set in a uy submaximal space (X, uy) then 1 is a uy first category set in (X, uy)
and so 1 = U{2, 1;,where 1;'s are uy nowhere dense set in (X,uy). By owing to the fact that A;'s are uy
nowhere dense set in (X, uy), uyInt(uyClA;) = 0y. Then uyInt(A;) € uyInt(uyCl 4;) = uyInt(1;) =0y =
uyInt( 1) = 1y = uyCl2, = 1y = 1,'s are py dense set in (X, uy). Since, (X, uy) is py submaximal space,
A.'s are uy open in (X, uy) that entails us that A;'s are py closed in (X, uy). Hence 1 = U2, A;,where 4;'s are
uy closed in (X, uy). Thus we retrieve that A is uy F, set in (X, uy). Thus, A is a uy Gs set in (X, uy).

Proposition 5.6: If 4 is uy nowhere dense set in a uy submaximal space (X, uy) then A is uy closed set in
(X' .u-N)

Proof: Let A be a uy nowhere dense set in (X, uy) where (X, uy) is uy submaximal space. Thereupon we
obtain that ,uNInt(,uNCl(/l)) =0y and uyInt(1) € ,uNInt(,uNCl(/l)) which implies us that pyInt(1) = Oy.
Hence pyInt(1) = 1, that yields us ,uNCl(/T) = 1y=> Ais uy dense in (X, uy). Since (X, py) is py submaximal
space, A is uy open in (X, uy) that yields us 2 is uy closed setin (X, uy).

Proposition 5.7:If a uy TS (X, uy) is uy submaximal space and also py Baire space then (X, uy) is puy D Baire
space.

Proof: Let (X, uy) be a uy submaximal space and py Baire space. Let A be the py first category set in (X, py).
Since (X, uy) is a py Baire space, uyInt(4) = Oy. Thereupon uyInt(2) = 1, that yields us /,LNCl(/T) =1y=>1
is uy dense in (X, uy). Since (X, uy) is uy submaximal space, 4 is uy open in (X, uy) that yields us 4 is py
closed set in (X, uy). Now ,uNInt(,uNCl(/l)) = uyInt(1) = 0y. Then A is py nowhere dense set in
(X, un). Hence each uy first category set in (X, uy) is uy nowhere dense set in (X, uy). Therefore (X, uy) is
uy D Baire space.

Conclusion: In this article we have listed many new aspects of uy topological space with respect to
uy D-Baire space and py space. In future py filter, uy-ultrafilter can be implemented and further the
applications of uy topological space can be found out.
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