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Abstract. Bipolar neutrosophic soft sets and their properties were discussed in several articles by many re-
searchers. Soft sets are parametrized sets and bipolar neutrosophic soft sets are the fusion of bipolar neutrosophic
sets and soft sets and there will be a number of decision variables or parameters. In many circumstances, the
significance of each parameter is not equal. So the selection at the end might be unfit to the scenario. In this
paper, we proposed Bipolar neutrosophic graded soft sets and their topological spaces. The proposed method
fills that gap among the selection.

Keywords: Neutrosophy; Bipolar neutrosophic set; Soft set; Bipolar neutrosophic graded soft topology; Topol-

ogy.

1. Introduction

Exact solution not always exist for real life problems. Most of the scenarios interfere with
some unwanted information called uncertainties. Due to uncertainty, one cannot conclude the
problem with exact solution. In such cases, conventional methods are not efficient to deal
with indeterminate. Fortunately, in recent years, there are many concepts were defined to
deal such uncertainties. Neutrosophy is one of the technique which is suitable for problems
with uncertainties. Neutrosophy is the extension of Intiutionistic fuzzy theory (originated
from fuzzy theory). Neutrosophic sets are derived from Neutrosophy which is used in many
decision making problems. Florentin Smarandache [6[8] was introduced this Neutrosophy con-
cept. Neutrosophic set is a set of three memberships namely, Truth, Indeterminacy and False

membership range in the non-standard interval ]~0,17[. The non-standard intervals are only
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for theoretical purpose, but we prefer specific solution for real life problems; Single valued
neutrosophic set (SVNS) is the set which is defined by Wang et al. [7] having variables ranges

in the standard interval [0,1] instead of non-standard interval.

Majundar et al. [4,5] proposed some notions on neutrosophic sets and single valued neutro-
sophic sets. Bipolar neutrosophic sets (BNS), extension of neutrosophic sets were defined by
Deli et al. [2] in 2015 and similarity measures of bipolar neutrosophic sets were proposed by
Uluay et al. [3] in 2016. In 2012, A.A.Salama et al. [25] extended fuzzy topology and intiu-
tionistic fuzzy topology to neutrosophic topology. In 2017, Francisco Gal. [23] proposed the
difference between intiutionistic fuzzy topology and neutrosophic topology and proved that
they're not the same. In 2017, Tuhin Bera et al. [22] extended the neutrosophic topology
concept to neutrosophic soft topology and proposed some of their properties. Syeda Tayyba
et al. |24] proposed a decision making technique using bipolar neutrosophic soft topology. D.
Molodtsov [12] introduced soft set theory in 1999. In 2014, Ridvan Sahin et al. [1] proposed
some notions on neutrosophic soft sets. Ali et al. [11] introduced the concepts of bipolar neu-
trosophic soft sets in 2017. In 2019, Arulpandy P et al. [18] and Taha Yasin Ozturk et al. [21]
proposed the new approaches on bipolar neutrosophic soft sets and some of their similarity
and entropy measurements. Neutrosophic sets are widely used in decision making scenarios.
In 2019, Arulpandy et al. [17] were proposed the representation of grayscale images and reduc-
tion of indeterminacy in bipolar neutrosophic domain which is very useful for image processing
tasks. Also many articles were published in recent years about the applications of neutrsophy

in engineering and medical fields |14-20].

In our study, the novel set and topology namely, Bipolar neutrosophic graded soft set
(BNGS) and Bipolar neutrosophic soft topological space were proposed. This paper was
organized as follows: Section 1 consists introduction and literature survey about the main
topic. Section 2 consists some of the preliminaries required for the main topic. Section 3 deals
with the proposed set namely, Bipolar neutrosophic graded soft sets and their properties with
numerical examples. Section 4 deals with the proposed topology namely, Bipolar neutrosophic
graded soft topological spaces with their properties and some propositions about the proposed

topology. Finally, Section 5 concludes our study with future research goals.

2. Preliminaries
Definition 2.1. [8] Let X be a universal set and z € X. A Neutrosophic set N is defined by

N = {{z,Ty(x),In(x), FNn(2)) 1z € X}
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where Ty (x), In(x), Fy(x) known as truth, indeterminacy and falsify membership values re-
spectively.

Also, Tn(z), In(z), Fn(z) : X —]70,17[ and it satisfies 0 < T (z) + In(z) + Fn(z) < 37.

Example 2.2. Let X = {z1,x2, 23} be the universe set consists attributes of machines. Also,
x1,x2 and x3 denotes reliability, performance and cost of a machine, respectively; T (z), In(x)
and Fy(z) denotes the degree of good service, indeterminacy, degree of poor service respec-
tively. The neutrosophic set IV is defined by

N = {(xl, 0.7,0.2,0.3) , (x2,0.2,0.4,0.8) , (x3,0.4,0.4, 0.6>}

where ~0 < T (z) + In(z) + Fn(z) < 3%

Definition 2.3. |[7] Single valued neutrosophic set is the neutrosophic set with the member-
ship range of standard interval [0,1]. It is very convenient while solving real life problems.

A single valued neutrosophic set N is defined by
N = {<x7TN($)¢IN($)7FN(x)> HEUES X}
where Ty (z), In(x), Fn(z) : X — [0,1] such that 0 < Tn(x) + In(z) + Fn(z) < 3.

Definition 2.4. [9,/12] Let X be a universe set. A Soft set is a pair (f, E) such that
f:E— P(x)

Where P(z) is a power set of X. Soft set is a parameterized family of subsets of the universe
set X.

Example 2.5. Let X = {x1, 22, 23,24} be a set of computer systems and let E = {e1, ez, e3}
be set of parameters. where e;=Processor, eo=Graphics and e3=Storage.
suppose that

fler) = {w2, w3}

fle2) = {w2, 4}

fles) = {x1, 23}

Thena f(E) = {f(61)7 f(€2)7 f(e3)}
The set f(FE) is a soft set (parameterized family of subsets of X).

Definition 2.6. [10] A neutrosophic soft set (fy, E) over X is defined by the set

(fn, E) = {(e, fn(e)) :e€ E, fn(e) € NS(X)}
where fny : E — NS(x) such that fy(e) = ¢ if e ¢ A.
Also, since fn(e) is a neutrosophic set over X is defined by
In(e) = {{&: Tyy () (@), Ly () (@) Fry(e)(2)) - w € X}
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where Ty () (%), Lfy(e) (), Fiyy(e)(7) represents truth value of x for the parameter e, indeter-

minate value of x for the parameter e and false value of = for the parameter e.

Example 2.7. Let X = {z1,22,23,24} be a set of computer systems under consideration.
Let E = {eq, e, e3} be set of parameters where ey, ea, e3 represents Processor speed, Graphics
index and Storage capacity, respectively.

Then we define

(fn, E) = {{e1, fn(er)), (e2, fn(e2)) s es, fv(es)) }
Here

faler) = {<x1, 0.1,0.4,0.2) , (z2,0.3,0.5,0.3) , (x3,0.9,0.2,0.1) , (x4, 0.4,0.5, 0.9)}

Fnles) = {<x1, 0.2,0.3,0.4), (2,0.3,0.5,0.6) , (x3,0.4,0.1,0.7) , (z4,0.9,0.5, 0.6)}

Fales) = {<x1, 0.1,0.5,0.8) , (2,0.7,0.5,0.3) , (3,0.5,0.7,0.2) , {4, 0.3, 0.5, 0.2)}
So that (f4, F) is a Neutrosophic soft set.

Definition 2.8. [2,3] Let X be the universe set and Vz € X. A bipolar neutrosophic set
(BNS) BN is defined by
BN = {(m,T+(m),I+(x),F+(:v),T_($),I_(:L’),F_(m)> 1T € X}
where
positive membership-degrees : 77, [T, F* : E — [0,1]
negative membership-degrees : T—, I~ F~ : E — [—1,0]
such that
0<TH(z)+I"(x)+ Ft(z)<3and -3<T (z)+ I (z)+ F (z) <0.

Example 2.9. Let X = {x, 22,23} be the universe set. A bipolar neutrosophic set (BNS) is
defined by

BN = {<x1, 0.1,0.3,0.4,—0.5, —0.3, —0.7) ,
(x2,0.3,0.5,0.8, —0.7, 0.2, —0.7) ,
(23,0.4,0.1,0.7, —0.7, —0.2, —0.9>}

where 0 < TH(z) + It (2)+ Ft(z) <3; -3<T (z)+ 1 (x)+ F (x) <0.
Also T*(x), It (x), F*(z) = [0,1] and T~ (z), [~ (z), F~(x) — [-1,0].
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Definition 2.10. [Mumtaz Ali et al. version] |11] Let X be a universe set and E be set of

parameters that are describing the elements of X. A bipolar neutrosophic soft set B in X is
defined as:

B = {(e, {(&, T* (@), I*(2), F* (), T~ (2), I (x), F () s 7 € X} : ¢ € F}
where T, I, F* ranges from [0, 1] and T—, I, F~ ranges from [—1,0]. The positive degrees
T*(x),IT(x), F*(z), denotes the truth, indeterminate and false values of an element in the

BNS set B and the negative degrees T~ (z), I~ (x), F~ (x) denotes the truth, indeterminate and

false values of an element in the BNS set B.

Definition 2.11. [Arulpandy et al. version] [18] Let X be the universe and E be the parameter
set. We define a set A be a subset of E.
A bipolar neutrosophic soft set B over X is defined by

B=(a.B) = { (e.1a0)) s ¢ € B fa(e) € BNS(X)
Here
fa(e) = {<x’ U?A(e)<$)’v;—/&(€)(x)’ w}:(e)(x)’ uJ:A(e)<$)’vJ7A(€)(x)’ w;A(e)(x)> P X}
where u}:(e)(ac), v}: © (x),w;{A © (x) denoted positive truth, indeterminate and false-

membership values of x for the parameter e, and similarly v © (a:),vij(e) (;U),w]?A(e) () de-

noted positive truth, indeterminate and false-membership values of x for the parameter e.

Example 2.12. Let X = {x1,x9, 23,24} be universe set and let F = {e1, e2,e3} be the pa-
rameter set.

Now, let A ={ej,e2} C F and B = {e3} C E be two subsets of E.

Then we define

By = (fa, E) = {(e, fa(e)) : e € E, fa(e) € BNS(X)}
By = (9B, E) = {(e,gB(e)) : e € E,gp(e) € BNS(X)}

where,

Faler) = {(:1:1, 0.3,0.5,0.7, 0.6, —0.5, —0.3) , (z2, 0.6,0.2,0.7,—0.3, —0.4, —0.6) ,
(z3, 0.5,0.6,0.3,—0.3,—0.5, —0.3) , (24, 0.4,0.5,0.2, —0.7, —0.3, —0.4)}
Fales) = {<z1, 0.5,0.4,0.3,—0.5, —0.6, —0.5) , (z2, 0.6,0.3,0.4,—0.2, —0.4, —0.7) ,

(x3, 0.4,0.5,0.3,—-0.4, 0.5, —0.8) , (x4, 0.7,0.3,0.2, 0.5, 0.6, —0.2)}
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gp(es) = {<m1, 0.7,0.4,0.5,—0.5, —0.6, —0.4) , (x5, 0.5,0.6,0.2,—0.3, —0.5, —0.5) ,

(x3, 0.3,0.4,0.2,-0.5,—0.5,—0.3) , (x4, 0.4,0.5,0.5,—0.6, —0.4, —0.3>}
Then B; and Bj are the bipolar neutrosophic soft sets. (parameterized bipolar neutrosophic
sets over X).
3. Bipolar neutrosophic graded soft sets

In this section, we have extended the Bipolar neutrosophic soft set (BNSS), namely Bipolar

neutrosophic graded soft sets (BNGS) by categorizing parameters as below.

Definition 3.1. Let X be the universe set and E be the parameter set which consists at least
two parameters. We define the graded set G = {£, M, H} be subsets of the parameter set
in such a way that low priority, medium priority and high priority parameters respectively .

A bipolar neutrosophic graded soft set BNGS over X is defined by

BNGS=(/¢. E) = {<e, Fe(@)) (e fan(©) s (e fu(e)) < ¢ € 2, f(e) € BNS(X)}

Here

- - - - - :
{< fL(e ), fL(E)(x)’wa(e)@)’qu(E)(JU)’Ufﬁ(e)(x)’wfa(e)(x)> e X}
- - - - - :
{ T U o) Me)(x)’wa(e)(f”)v“fM(e>(f”)v”fM(e>(5“)’wa(e>(x)> reX }

fr(e) = {<$a U}_ (e )( T),v f (e )( ), w We,, (e)( ), UEH(e)(x)aU;H(e)(x)awfﬂ(e)(x» HEURS X}-
+
where ug, ) (2), V7, (@), w
of x and similarly v~ Fele) (x),v vy (6)( x), w;ﬁ ©) represents negative truth, indeterminate and false

( ) represents positive truth, indeterminate and false values

values of x for the graded parameter e and so on.

Example 3.2. Let X = {x1,z9,23} be a set variety computers (alternatives) and let
E = {e1,ea,e3,€e4,€5} be set of parameters which represents 'Brand’, "Power consumption’,
"Processor’, 'Price’ and "Modern look’, respectively.

People may have different opinions about their priorities. For example, we listed the possible
preferences of peoples for the above case.

Old fashioned peoples/ Elders prefers only quality and durability and they won’t bother about
trendy look.

For them, the choices are

L = {Brand, Modern look}, M = {Power consumption} and H = {Processor, Price}

ie. L={e1,es}, M ={es} and H = {e3,es}

Modern peoples/ Students prefers good looking and latest technology with affordable price.

For them, the choices are

P Arulpandy and M Trinita Pricilla, Bipolar neutrosophic graded soft sets and their
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L = {Brand, Power consumption}, M = {Price} and H = {Processor, Modern look}

ie. L={e1,ea}, M ={es} and H = {e3,e5}

Professionals/ Office workers prefers quality best in class and they won’t worry about budget.
For them, the choices are

L = {Power consumption, Price}, M = {Brand} and H = {Processor, Modern look}

ie. L={ez,ea}, M ={e1} and H = {e3,e5}

Example 3.3. Let X = {x1, 29,23} be a set of alternatives and E = {e1, e, e3,e4} be the
parameter set for X. The graded set G be G = {L£, M, H}.

In this problem, the graded parameters are £ = {e4}, M = {e1,e2} ,H = {e3}. Here we define
two BNGSs B; and By as follows.

Bi=(fg, E) = {(67 fe(e)), (e, fm(e)), (e, fule)) e € E, f(e) € BNS(X)}
= {(64, feles)), (er, famler)), (e2, fa(ez)) (es, fH(€3>>}

Here,

fr(eq) =
{{z1, 0.3,0.5,0.4,-0.2,—0.5,—0.7) , (x2, 0.5,0.4,0.1,—0.3,—0.5,—0.2) , (x5, 0.1,0.7,0.3,-0.2, —0.4,—0.1) }
f/\/t(el) =
{{z1, 0.1,0.3,0.2,-0.5,-0.2, —0.4) , (3, 0.3,0.7,0.3,-0.2, —0.7, —0.5) , (3, 0.7,0.2,0.4,—0.3, 0.4, —0.5) }
fm(e2) =
{{x1, 0.4,0.3,0.1, 0.6, —0.7, —0.3) , {x2, 0.2,0.5,0.6,—0.3, —0.4, —0.7) , (x3, 0.4,0.1,0.7, —0.7, —0.1, —0.4) }
fr(es) =
{{z1, 0.3,0.5,0.7,-0.2,—0.1,—0.8) , (3, 0.7,0.2,0.3,~0.1, —0.5, —0.7) , (3, 0.2,0.1,0.8,—0.4, —0.5, —0.6) }

Also,
Bo—(fo, E) = {<e, Fe(@)) (e fmn(@) s (e fu(e)) < e € B, f(e) € BNS(X)}
- {< Felea)) - fer, Faulen)) (e falen)) {ea fﬂ(ea)>}
Here,
frleq) =

{(z1, 0.2,0.4,0.3,—0.3, 0.6, —0.8) , (x2, 0.6,0.5,0.2,—0.2, —0.4, —0.1) , (z3, 0.2,0.6,0.4,—0.1,—0.3,—0.2)}
fmler) =
{{z1, 0.2,0.4,0.3,-0.4, 0.1, —0.3) , (x2, 0.4,0.8,0.4,-0.3, 0.6, -0.4) , (z3, 0.6,0.3,0.5,—0.2,—0.3, —0.4)}
fmle2) =
{(z1, 0.3,0.2,0.3,—0.5, 0.6, —0.2) , (x2, 0.3,0.6,0.7,-0.2,-0.3,-0.8) , (z3, 0.5,0.2,0.6,—0.6,—0.2,—0.5)}
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fru(es) =
{(z1, 0.2,0.5,0.6,—0.3,-0.1,—0.7) , (2, 0.6,0.2,0.7,—0.3,-0.2, —0.4) , (z3, 0.4,0.7,0.8,—0.3,-0.2,—0.5) }

3.1. Properties of BNGS

Let {B; : : = 1,2...n} be set of all Bipolar neutrosophic graded soft sets defined as below.

B, = {<67fL7;(6)> s <€’ sz(e)> ) <6,in(6)> HIES E7f(6) € BNS}'
Foranyi=1,2, LUMUH=Fand LNMNH=2¢

Definition 3.4. Let B; and By be two BNGSs. Then their union By U B is defined as

By UBs = {<e, Uifg)(e)> , <e, Uif/(\il)(e)> , <e, Uifq(i)(e)>}.

Here,

(e) (”)} , [wﬂi ) (x)} ’

i

Uféi)(e) :{<:L',max [u}‘Lz (6)(1')] ,Min [U}_L

min [U;Li(e) (m)} , Mazx {v;Li (e)(as)] , max [w;Li(e) (:c)})}

7

U f/(\il)(e) —{(w,mam [u;\}b(e)(x)} , TN {v?{hi © (:r)] , N [w}h_(e) (:):)] :

min [“Xh.(e) (m)} , max [UJT/ILi(e) ({L‘):| , max [wx/&_(e) (m)})}

Ufg)(e) —{(m,max [“EL © (x)} ,min [UEL © (x)} ,min [w;}Li © (a?)} ,

min [u;lb(e) (m)} , max [vl_{b(e)(aﬁ)] ,max [w;ILi(e) (J?)b}

k3

Example 3.5. Consider the BNGS sets By and By defined in Example Then their union
is defined by

BiUBy = {<e4, Uiféi)(e4)> , <61, Uif/(&)(el)> ) <62, Uif/(g(eg)> , <63, Uif?(_?(€3)>} Here

Uz'fg)(€4) =
{(z1, 0.3,0.4,0.3,-0.3,-0.5,—0.7) , (x2, 0.6,0.4,0.1,—0.3,-0.4,—0.1) , (x3, 0.2,0.6,0.3,—-0.2,—0.3,—0.1) }
Uif(er) =
{(21, 0.2,0.3,0.2,-0.5,-0.1,—0.3) , (z2, 0.4,0.7,0.3,—0.3,—0.6, —0.4) , (z3, 0.7,0.2,0.4,—0.3,-0.3,—0.4) }
Uif/(\z/()(SQ) =
{(z1, 0.4,0.2,0.1,-0.6, —0.6, —0.2) , (2, 0.3,0.5,0.6,—0.3,-0.3,-0.7) , (x3, 0.5,0.1,0.6, 0.7, —-0.1,—0.4) }
Uz‘fg)(e?) =
{(21, 0.3,0.5,0.6,—0.3, 0.1, —0.7) , (z2, 0.7,0.2,0.3,—0.3,-0.1,—0.7) , (x3, 0.4,0.1,0.8,—0.4, 0.2, —0.5) }
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fo1

Definition 3.6. Let B; and By be two BNGSs. Then their intersection By N By is defined as

BiNB, = {<e, NifE@) (e nifi1@) (e mif$)<e>>}-

Here,

ﬂ fﬁ { T, min [u}li(e) (x)} , Mazx [U}FLZ © (:c)] , Mazx [wai(e)

+

()]

o [ uy (e)( )} ,man [U;Li(e) ($)} , min [w;Li(e) (ﬂﬁ)b}

ﬂ { x, min [u&b(e) (1‘)} , max [UMLi(e)

@) i [wig, @)}

K3

maz [UX/[L © (x)} min {

i

ﬂfH { T, min [UJPFILi(e)

+

+

(w)} , Mazx |:wMLi(€) (x)} ,

maaj[ Up (e)( )} mm[H (e)( )} mm{ W, (e)( )b}

Example 3.7. Consider the BNGS sets B; and Bs defined in Example Then their inter-

section is defined by

BiNBy = {<e4, ﬂiféi)(e4)> , <61, ﬂif/(\il)(el)> , <€2, ﬂif/(\iz(eg)> , <63, ﬂifg)(e3)>} Here

Nif(es) =
{(z1, 0.2,0.5,0.4,-0.2, —0.6, —0.8) , (z2,
mz‘f,/(\i()(el) =
{(z1, 0.1,0.4,0.3,-0.4,-0.2,-0.4) , (2,
ﬁif/(\i?(@) =
{(z1, 0.3,0.3,0.3,-0.5,-0.7, —0.3) , (z2,
Nify) (e3) =
{(z1, 0.2,0.5,0.7,-0.2,-0.3,-0.8) , (w2,

0.5,0.5,0.2, —0.2,

0.3,0.8,0.4, —0.2,

0.2,0.6,0.7, —0.2,

0.6,0.2,0.7, —0.1,

—0.5,-0.2) , (z3,
0.7,-0.5) , (s,
0.4, —0.8) , (3,
0.5,-0.7) , (s,

0.1,0.7,0.4,-0.1,—0.4,-0.2) }
0.6,0.3,0.5,—0.2, —0.4, —0.5) }
0.4,0.2,0.7,-0.6, 0.2, —0.5) }

0.2,0.7,0.8, 0.3, —0.5, —0.6) }

Remark 3.8. Suppose B; and By are two BNGSs with unequal number of graded parameters

(i.e. the cardinality of L; and Lg are not equal and so on.).

Let the universal parameter set E = {e1, ea, e3,e4}. We define two BNGSs as follows.

B, = {(6, fL1(6)> ) <€,fM1(€)> > <€> le(e» rec E}
where Ll = {61} y Ml = {62},H1 = {63,64}.

By = {{e. fL.(€)) , (e, fan(€)) (e, fra(€)) :

where Ly = {e1,e2}, Ho = {e3,e4}.

ec B}
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Then their union By U By is defined as
B UBy = {{e, fL,uL,(€)) , (e; fanup(e)) , (e, frum, (e)) }-
Also, the intersection B; N By is defined as
By NBy = {{e, frinza(e)) s (e, fanns(€)) (e, Frunm (e)) }-

Definition 3.9. Let B be a BNGS. Then the complement of B is defined as

B = {(e, f5(0)) . (e, S51(e)) . (e, fir(e))).

Here,
file) ={wf (e),1 = v} (e),uf, (e),wy (e),—1 — vy (e),uy, (e)}
fJ(‘:/I(e) :{w}_M (6), 1- U}_M (6), u}_M (e)’ w]:M (e)’ —1- U]:IM (6), UJTM (6)}
fir(e) ={wy, (), 1 = v (e),uy, (e),wy (€), =1 = vy, (e),uy, (e)}

Example 3.10. Consider the BNGS set B; in Example 3.3l Then the complement is defined

by
B = {(e, fi(ea)), (e, fi(e1)), (e, fiqle)), (e, f5,(e3)) }. Here
files) =

{{z1, 0.4,0.5,0.3,-0.7,—0.5,—0.2) , (3, 0.1,0.6,0.5,—0.2, 0.5, —0.3) , (3, 0.3,0.3,0.1,—0.1, —0.6,—0.2)}
fiqler) =
{(z1, 0.2,0.7,0.1,-0.4,—0.8,—0.5) , (3, 0.3,0.3,0.3,—0.5,—0.3,—0.2) , (x5, 0.4,0.8,0.7,—0.5, —0.6,—0.3)}
fiale2) =
{{z1, 0.1,0.7,0.4, 0.3, —0.3,—0.6) , (x2, 0.6,0.5,0.2, 0.7, —0.6,—0.3) , (3, 0.7,0.9,0.4, 0.4, 0.9, —0.7)}
f5(e3) =
{{z1, 0.7,0.5,0.3,-0.8,—0.9, -0.2) , (x, 0.3,0.8,0.7,—0.7, 0.5, —0.1) , (x5, 0.8,0.9,0.2,—0.6, —0.5, —0.4) }

Definition 3.11. Let ¢ be a null BNGS and is defined as

OB :{ (i, foles)) re € E}
Here fy(e;) :{ (4,0,1,1,0,—1,-1) : x € X}

Definition 3.12. Let 1 be a complete BNGS and is defined as

1g ={ (ei, fo(es)) e € E}
Here fco(e;) :{ (4,1,0,0,—1,0,0) : x € X}

Proposition 3.13. For any BNGS set,
(i). BU¢p=DB
(ii). BUlp = 1p

(iii). BN s = b
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(iv). BNlg =B

Proof. By the definition of union and intersection of BNGSs, results are obvious.

Proposition 3.14. For any three BNGS sets B1,Bs and B3, the following relations are hold.
(i). B1UBy =ByUB;
(ii). By NBy =B N By
(iii). By U (BaUB3) = (B; UB2) UB3
(iv). BN (ByNBs) = (B NBy) N B

Proof. 1t is obvious.

Proposition 3.15. For any two BNGS sets B1 and Ba, the following conditions are
hold.[De’Morgans law]

(i). (B1UB3)® = (By)" N (By)*
(’LZ) (Bl M Ez)c = (Bl)c @] (Bg)c

Proof. 1t is obvious.

Proposition 3.16. For any three BNGS sets Bi,Bs and B3, the following relations are
hold. [Distributive law]

(Z) BN (BQ UBg) = (Bl QBQ) U (Bl ﬂBg)

(ii). BiU (B2 NBs) = (B1 UBy) N (B UB3)

Proof. 1t is obvious. [

4. Bipolar neutrosophic graded soft topological space

Let X be a universal set which consists alternatives and BNGS(z) be the collection of all
BNGSs in X. Then the collection 1 containing all BNGSs is called BNGS-topology if it holds
the following conditions.

(1) ¢, 1p € T8

(2) UjenBi € 1 for each B; € 1

(3) B; NB; € tp for any B;,B; € 1
Then the pair (X, 1) is called BNGS-topological space. The members of tp are called open
BNGSs and their complements are called closed BNGSs.
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Example 4.1. Let X = x1, 22 be set of alternatives and F = eq, e, e3 be a parameter set. We
define the graded parameter set as G = L = e;, M = ez, H = e3. Now let us define a topology
on (X, F) as follows.

5 = {¢8, 1B, B1,B2, B3, B4 }

Here ¢p, 1 are null and complete BNGS respectively. Also,

B, = {<€17 fél)(61)> ) <62, fﬁ)(€2)> ’ <€3’ fﬁ)(63)>}
= {<e1,{<x1, 1,0,1,-1,0,0), (2, 0.5,0.2,0.4,-0.5, —0.4, —0.3>}>,

ea, {(z1, 0.4,0.6,0.3,—0.4, —0.7, —0.2) , (x5, 0.7,0.2,0.1,—0.3, —0.5, —0.7>}>,

T~

es, {{x1, 0.5,0.3,0.7, 0.2, —0.4, —0.8) , (2, 0.4,0.3,0.5, —0.1, —0.4, —0.6>}>}
]BZ = {<617 f£j2)(61)> ) <€2, f/(\i)(62)> ) <€3, f’}-f)(63)>}

|

T

er,{(z1, 0.3,0.1,0.7,—0.5, 0.6, —0.3) , (x5, 0,1,1,—0.7,0, —1>}>,

ea, {(z1, 0.2,0.5,0.7,—1,0,—0.2) , (x5, 0.9,0.1,0.3,—0.1, 0.6, —0.3>}>,

T~

e, {(x1, 0.3,0.5,0.3,-0.2,0,-04), (2, 0.7,0.4,0.1,-0.3,-0.5, —0.1>}>}
B3 = {<€17 f£3)(61)> ) <62, f/(\i)(62)> ’ <63’ f;(_?)(eg)>}

|

T

e, {(z1, 1,0,0.7,-1,0,0), (x3, 0.5,0.2,0.4, —0.7,0, —0.3>}>,

ea, {(z1, 0.4,0.5,0.3,—1,0,-0.2) , (x5, 0.9,0.1,0.1,—0.3, 0.5, —0.3>}>,

T~

es, {(z1, 05,03,0.3,-0.2,0,~0.4) , {z2, 0.7,0.3,0.1, 0.3, ~0.4, —o.1>}>}
By = {<€17 f£4)(61)> ; <€2, f/(\ill)(62)> , <63’ f?(_?)(eg)>}

|

N

e, {(z1, 0.3,0.1,1,-0.5,-0.6, —0.3) , (2, 0,1,1,—0.5, 0.4, —1>}>,

ea, {(z1, 0.2,0.6,0.7,—0.4, —0.7, —0.2) , (x5, 0.7,0.2,0.3,—0.1, 0.6, —0.7>}>,

T~

es, {(z1, 0.3,0.5,0.7,—0.2,—0.4, —0.8) , (2, 0.4,0.4,0.5, 0.1, —0.5, —0.6>}>}

Here, B1 UBy = B3,Bo UB3 = B3,B; UB3 = B3,Bs3 UBs = Bs and so on. Also,
B NBy =By, B NBg = By, B; NB3s = By, B3 N By = B4 and so on.

The Tp satisfies all three conditions of topology. So T is a BNGS-topology.

Proposition 4.2. Let (X, 1) be an BNGS. Then the following conditions hold.

e ¢p and lg are open BNGSs.
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e Union of any number of open BNGSs is open.

o Intersection of finite number of closed BNGSs is closed.

Definition 4.3. Let (X, 1) and (X, 1) be two BNGS in X. Two BNGS’s are said to be
Comparable if 15 C T or T C Tp.
If i C TfB , then tp is courser or weaker than T{B . In other words, T]/B is stronger or finer than

Tg and vice versa.

4.1. Ezample

Proposition 4.4. Let (X,7tp,) and (X, tB,) be two BNGS-topological spaces over (X, E).
Suppose g, NTg, = {B: B € P(X)}. Then tg, NTg, is also a BNGS-topology.

Proof. B1 N By must satisfy topology conditions in order to be a BNGS-topology.
i). Clearly ¢p, 1p € T3, N TB,.
ii). Let By, By € tp, N Tp,
= B1, By € ByandBi, By € By
= B1N By € BiandB1 N By € By
= B1 N By € 13, N 1B,
iii). Let {B;} € 1, N B,
= {B;} € tg,and{B;} € 1,
= U;B; € tg,and U; B; € 1,
= U;B; € T, N TR,.

Hence 1, N Tp, in a BNGS-topology.

Remark 4.5. The union of any two BNGS-topologies may or may not be a topology.
Since it may or may not satisfy the topology conditions.
i). ¢, 1 € T, U Tp, always holds.

ii). For By, By € T, U Tp,, both B; and By may or may not be in both tp, and tp,.

Definition 4.6. Let (X, tp) be a BNGS-topological space over (X, F). Let B € BNGS(X, E).
Then the interior of B is defined by

B? =|J{N : Nis a bipolar neutrosophic graded soft open set and N € B}.

i.e. It is the union of all open BNGS open subsets of B.

Proposition 4.7. Let (X,tp) be a BNGS-topological space over (X,E) and Bi,Bs €
BNGS(X, E). Then

(i). B € By and BY is the largest open set.
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(ii). By € By = B? € BY.
(7). BY is an open BNGS. i.e. B} € Tp.
(iv). By is BNGS soft open set if and only if B} = B.
(v). (BY)° = BY.
(vi). (¢mr)° = ¢m and (1g)° = 1p.
(vit). (B1 N Bg)° = BY N BY.
(viii). B U BS C (B1 U Ba)°.

Proof. (i) Since BY is the union of all open sets in By, B{ is the largest open set which
contained in Bj.
(ii) Let By € By = B{ C B; C By = B} C Bsand also B§ C Bs.
But Bg is the largest open set in By. Hence BY C BS.
(iii) By definition of BNGS-toppology Tg, it is obvious.
(iv) B¢ C Bj and let By be bipolar neutrosophic graded soft open set.
BiCBi=B CcN{B2€tp:ByC B} =B
= By C BY = By = BY. Conversely, let B = Bf. Then By = B} € tg = B is open
bipolar neutrosophic graded soft open set.
(v) If By is an open BNGS, then BY = By. Clearly BY is an open BNGS. Hence (BY{)° = BY.
(vi) Since ¢p, 1p € T. So they are open BNGS. Hence it is obvious from (iv).
(vil) BiN By C By and BN By C By = (B1 N By)° C BY and (B N B2)° C BY
= (B1 N By)° C BYN BY.
Further, BY C By and BY C By. Then B{ N B§ C By N By. But (B1 N B2)° C B1 N By
and it is the largest open set. So Bf N B C (B N By)°.
Hence (B; N By)° = BY N BY.
(viii) By C BiUBg and By C By U By. = Bf C (B1 U Bg)%and Bf C (By U B3)°
= B} U BS C (B1 U By)°.

Definition 4.8. Let (X, 1) be a BNGS-topological space over (X, E) and B; € BNGS(X, E).
Then the closure of B is defined by
B= ﬂ{N : N is bipolar neutrosophic graded soft closed set and N D B}.

i.e. It is the intersection of all bipolar neutrosophic graded soft closed subsets of B.

Proposition 4.9. Let (X,tg) be a BNGS-topological space over (X,E) and Bi,By €
BNGS(X, E). Then

(i). B1 C By and By is the smallest closed set.
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(ii).
(iii).
(iv).
(v).
(vi).
(vii).
(vii).

Proof.

(vi)
(vii)

(viii)

By C By = B C Bs.

B is closed BNGS. i.e. By € -

By is BNGS closed set if and only if By = By.
B, =Bi.

oB = ¢p and 1g = 1.

By UBy = B1 UBa.

ByUBy C BiN By.

(i) Since Bj is the intersection of all closed sets in By, By is the smallest closed set
which contains Bj.
Let By C By. Also B; C By and By C By = By C By C Bs.
But B is the smallest set containing Bi. So By C By C By. Hence By C Bo.
By definition of BNGS-toppology Tg and B, it is obvious.
B; C B and let By be bipolar neutrosophic graded soft closed set. Then By C Bj.
Bi=N{Bz€1;:Bs DB} C{Bi€1:B1 DB} =5
= B C By
= By = B;. Conversely, let B; = B;. Then (B;)¢ € 15 = B € 13
= BY is open = B is closed.
If N is closed BNGS, then N = N. But N is closed by default. Replacing N by By, we
get By = By.
Since ¢p, 1p € T are both open and closed. So the result is obvious by (iv).
By C BiUBy and By C ByUBy = B; C BiUB; and B, C By U B,
= By UBy C By U Bs.

Also, By C By and By C By. Then B; U By C By U Bs.
But By UBy C By UB, C By U Bs.
Hence B, U By = By U Bs.
BiNByCByand ByN By C By. = BN By C Biand By N By C By
= B1 N By C B; N Bs.

Definition 4.10. Let (X, tg) be a BNGS-topological space over (X, F) and B € BNGS(X, F).
Then the boundary of B is denoted by Bd(B) and is defined by Bd(B) = B N Be.

Proposition 4.11. Let (X,tg) be a BNGS-topological space over (X,E) and B €
BNGS(X, E). Then
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(i). B°N Bd(B) = ¢s.

(ii). B = B°U Bd(B).
(iii). Bd(B) = ¢p if and only if B is both closed and open.
(iv). Bd(B) = Bn(B°)°.

Proof. (i) B°N Bd(B)= B°N (BN B =B°N(BN(B°°
=B°N(B°)°NB=¢gNB = ¢p.

(ii) B°UBd(B)=B°U(BNB°)=B°U(BN(B°)°)
= (B°UB)N(B°U(B°)¢) = (B°UB)N1p
= (B°UB) = B. [Since B° C B C B]

(iii) Bd(B) = BN B¢ = ¢p
= BN (B%)° =g = BN((B°)°)° # ¢n
= BNB°+# ¢p = B C B°
= BCBCB°= BC B°.
Also we know that B° C B. Hence B = B° = B is open.
Further B C B° C B= B C B, but we have B C B
= B = B = B is closed.
Conversely, if B is both open and closed, then B = B° and B = B.
Now Bd(B) = BN B¢ = BN (B°)°¢= BN B®= ¢g.

(iv) Bd(B) = BN B = BN (B°)°.

5. Conclusion

Bipolar neutrosophic graded soft sets and some of their properties with real life examples
were proposed in this paper. BNGS is the extension of bipolar neutrosophic soft set by
categorizing parameter set. Further, we proposed bipolar neutrosophic graded soft topological
spaces with their properties and some propositions about the BNGS-topology. In future, we
will try to explore the real life applications and construct the algorithm based the BNGS set

and their topological structure.
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