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Abstract. The aim of this paper is to introduce a new set namely neutrosophic vague refined set to handle
inconsistent and indeterminate information. Set theoretic operations depend on neutrosophic vague refined set
are discussed along with desired properties. Also, algebraic operations on neutrosophic vague refined set are

studied with suitable examples.
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1. Introduction

Many of the philosophers make an attempt to model unsure information using classical
mathematics might not achieve success manner. This is because the uncertainty that is just
too convoluted and in addition not understandably outlined. Several scientists place an effort
to search out applicable solutions to some mathematical issues that can’t be resolved by ancient
strategies. These issues have an effect truth that traditional strategies cannot work out the
issues of uncertainty in engineering, economy, decision-making, medicine etc. Therefore, many
alternative theories was developed to clear up uncertainty and vagueness together with the
fuzzy set theory|[28], vague set theory[6] and rough set theory [9]. But, these theories cannot
deal with uncertainty and consistent info.

In the theory of classical set, the membership of the elements in a non-empty set is of two
conditions. As per that conditions, an element either belongs to the set or doesn’t belong to
the set. In fuzzy set theory, an element is assigned by the grade of membership value within
the closed unit interval [0,1]. Therefore, a fuzzy set A in the universal set of discourse X is a
function f: A — [0,1] and often this function is mentioned as the membership function.

Later, because of the generalisation of fuzzy set Atanassov in 1986 introduced the
intuitionistic fuzzy set[1] where an element is assigned by values of truth membership and false

membership ranges from [0,1] individually. Vague set theory[6] in 1993 was initially found by
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Gau et.al. which is an extension of theory of fuzzy set. Vague sets are taken into account
as an efficient tool to influence uncertainty since it provides additional info as compared to
fuzzy sets[28]. Many studies have unconcealed that, several researchers have combined vague
set with other theories.

Neutrosophic set was developed by Smarandache[21] in 1998 considered as the
generalization of probability set, fuzzy set[28] and intuitionistic fuzzy set[1]. The neutrosophic
set has 3 independent membership functions. Not like fuzzy set and intuitionistic fuzzy set,
the membership functions in neutrosophic sets are truth, indeterminate and falsity.

As a generalisation of set theory, Yager[25] first of all introduced new theory named as
theory of bags which in turn gives the concept of multiset (i.e) the element may take place
more than once. Subsequently, the idea of multiset was originally initiated by Blizard[2] and
Calude et al.[3]. Many authors now and then created variety of generalization of theory of
set. As the generalisation of multiset, many researchers [4, 8, 16, 17, 18, 22, 24| discussed
additional properties on fuzzy multiset which takes place more than once with possibly same
or different membership values. Shinoj et.al.[20] created associate extension of combining the
concept of fuzzy multiset by an intuitionstic fuzzy set, which is known as intuitionstic fuzzy
multiset. By the study on intuitionstic fuzzy multiset, loads of excellent results are achieved
by researchers [5, 10, 11, 12, 13, 14, 15]. The ideas of fuzzy multiset and intuitionistic fuzzy
multiset fails to influence uncertainty. Chatterjee et. al.[3] initiated single valued neutrosophic
multiset very well.

In 2013, by extending classical neutrosophic logic Smarandache[21] gave n-valued refined
neutrosophic logic and its applications in which the neutrosophic components T,[,F are
refined to n number of components. Neutrosophic Refined set are defined by the generalisation
of fuzzy multi set, intuitionistic fuzzy multi set. Irfan Deli[7] in 2016 extended refined neutro-
sophic set to refined neutrosophic soft set. Ye and Ye[26] developed single valued neutrosophic
set and operations with laws. Ye et. al.[27] originated generalized distance
measure and its similarity measure between single valued neutrosophic multi sets. Addition-
ally, they applied the measures to a diagnosing medical side with incomplete, indeterminate
and inconsistent info.

This paper is organized as follows: The essential definitions of Fuzzy set, Intuitionistic
fuzzy set, Vague set, Neutrosophic set, Neutrosophic vague set and few of its properties that
are helpful for the discussion have been presented. We have established a new concept by
extending neutrosophic vague set namely neutrosophic vague refined(multi) set and few of its
properties and operations on neutrosophic vague refined(multi) set are discussed. Additionally,
algebraic operations of neutrosophic vague refined(multi) set along with some examples are

given.
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2. Preliminaries

In this section, we recall the useful basic definitions and related results for developing the

desired set.

Definition 2.1. [28](Fuzzy Set)
Let X be a non-empty set in the universe of discourse. A fuzzy set Ap on X is defined as

follows:
Ap= {{z,aa(z)) : x € X}

where as(z): X — [0,1] is represented as a grade of membership function of the fuzzy set

Ap. It is denoted as Ap.

Definition 2.2. [1](Intuitionistic Fuzzy Set)
Let X be a non-empty set in the universe of discourse. A intuitionistic fuzzy set A;p on X is

an object defined as follows:

Arp= {{z,0a(2), Ba(@)) : v € X}
where a4(z) : X — [0,1], Ba(z) : X — [0, 1] represents the degree of membership function
and degree of non-membership function respectively of the element x€X to the set A;p, which
is a subset of X. And also for every element x€X, membership functions a4 (z), S4(x) ranges

0< ag(x) 4+ Ba(x) < 1. It is denoted as Ajp.

Definition 2.3. [6](Vague Set)
Let X be a non-empty set in the universe of discourse. A Vague set Ay in X is defined as

follows:

Ay = {{z,a4(x),1 — Ba(z)) : x € X}
where aq: X—1[0,1], f4: X—[0,1] denotes truth membership function and false membership
function respectively and aa(z) + Sa(x) < 1. Here aa(z) is a lower bound on the grade of

membership of x derived from the evidence for x and 54(z) is a lower bound on the grade of

membership of the negation of x derived from the evidence against x.

Definition 2.4. [21](Neutrosophic set)
Let X be a non-empty set in the universe of discourse. A neutrosophic set Ay in X is defined

as follows:

An={{z, pa(x),na(z),va(2)) : v € X}
where pa(x),na(x),va(x) represents truth membership function, indeterminate membership

function and a falsity membership function of the element x€ X to the set Ay respectively

and the condition 0 < pa(x) + na(x) + va(z) < 3 holds.
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Definition 2.5. [19](Neutrosophic Vague set)
Let X be the non-empty set in universe of discourse. A Neutrosophic vague set (Myyin short)

is of the form,

Mnyv ={(z, (TMNV (z), Iniyy, (z), Faryy, (z)) € X}
whose truth membership, indeterminacy membership and false membership functions is
defined as

Targy (@) = [T7, TV, Taayy () = [, 17, Paryy, (2) = [F7, FT
where,
T+ =1-F, Ft=1-T"
and the condition 0< T~ +I1 4+ F~ <2%, 0<TT +It+ FT < 2% holds.

Definition 2.6. [19]

Let My and Ny be two neutrosophic vague set of the universe U. For x€X, My is included
by Ny if Taryy (2) < Ty (2); Tnsyy () > Inygy (2); Farey (@) > Fnyy (z). Tt is denoted as
Mnyv C Ny

Definition 2.7. [19]
The complement of neutrosophic vague set My is defined by
75 ()= [L—TH1-T7], I, (x)=[1—-It,1-1I7], F§ (z)=[1—F*1—F]Itis

denoted as M%y,,

Definition 2.8. [19]
The union of two neutrosophic vague sets My and Ny is given by Py where Py =
MpyvyUNNy, whose truth-membership, indeterminacy-membership and false-membership func-

tions are

TPNV (x)= [mam(TA}NVI T, ), max(TAZNVZ , TJJ\?NVZ )}
fPNV(x)z[mm(r Is. )ymin(If, I+ )]

Mnv,’ "Nnv, Mnv, ' "NNv,

Py (x)=|min(Fyy . Fyy, )min(Ff Fé))|

Definition 2.9. [19]
The intersection of two neutrosophic vague sets My and Ny is given by Py where Pyy=
Mpyyv NNy, whose truth-membership, indeterminacy-membership and false-membership func-

tions are

Tpy, (x)= [mz‘n(TA} TS

NV’ T NN,

Iy (9)=|maz(ly,, Iy,

Fpy, (x):[max(F_ Fy

Mpyv,’ NV,;)

)omin(Ty T )}

,max(I]’\}vi , I]T,va )}

, max(FA‘ZNVm ) F]—\"]_NV;E )
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Definition 2.10. [22](Neutrosophic Refined set)

Let X be a non empty set of universe of discourse. A neutrosophic refined set (briefly NRS)

on X can be defined as follows:

Anr={(a, (T4, (2). Th (@), T5 (@), (T4 (@), 15 @), Th (@), (FA (2, FR (@),
FRL (@) ra € X}

where

TANR(:U) ANR(x), ...TﬁNR(x) : X — [0,1],

IANR(:L") IANR(m), ...IZNR(QL’) : X — [0,1],

FANR(x) FANR(m), ...FleR(a:) : X — [0,1]
such that 0< TZXNR(Z')—FIJ (z )+FJ () <3 for j=1,2,...p for any xeX, T (2), T3 (x),
TﬁNR(x), I114NR (z), IiNR( x), ...IZNR(SU) and F}lNR(:c), FE‘NR (x), ...Ff‘NR(x) is the truth-
membership sequence, indeterminate-membership sequence and falsity-membership sequence

of the element x, respectively. Also, p is called the dimension of neutrosophic refined set Aypg.

3. Neutrosophic Vague Refined sets

In this section, we introduce the new set namely neutrosophic vague refined set with suitable

example.

Definition 3.1. (Neutrosophic vague refined set)
Let X be a non empty set in the universe of discourse. A neutrosophic vague refined set (in
short NVRS)D vy g on X can be defined by the form

Dyve={(z, (Th, (@), T, @) T @), (b, (@), Ih (@), DB (2)),
(Fbyy @), FD (@) B (2))) s € X}

Dnvr Dnvr Dnvr
The truth-membership, indeterminacy-membership and falsity-membership functions of

neutrosophic vague refined set is defined as,

TéNVR - [T T+] H)NVR [IJ ’IJ+] Fl])NVR - [FJ'_’FJ*]
and
+ _ - ot _ —
T =1 F R =T
where

TéNVR( ) TZ%NVR( )’ TBNVR( ) X — P[O 1] I%)NVR( ) I%)NVR( )’ I%NVR( ) P X

P[0, 1], F}DNVR( ), F,%NVR( ), ... FgNVR(m) : X — P[0,1] such that 0 < T},NVR(:U) +
IéNVR( x) + FZ)NVR(CC) < 2% for j=1,2,...,u for any element x € X and P[0,1] is the power
set of [0,1].

Here, TD VR( ) T%NVR(:B)’ TBNVR( ) IbNVR( ) I%)NVR(:B)’ IZ%NVR(x)’
FENVR( x), FI%NVR (), .ey FDNVR (x) is represented as truth membership sequence,
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indeterminate membership sequence and falsity membership sequence of the element x respec-

tively. And also, u is called the dimension of neutrosophic vague refined set Dyvy g.

Remark 3.2.
We arrange the membership sequence in decreasing order but the corresponding indeterminate

sequence and non-membership sequence may not be in increasing or decreasing order.

Example 3.3.

Let X={a,b} be any non empty set. Then

Dnvr={{a, (]0.1,0.6],[0.5,0.8],[0.1,0.8]), ([0.3,0.5],[0.8,0.9], [0.6, 0.8]), ([0.4,0.9], [0.2, 0.5],
[0.2,0.9]), b, ([0.5,0.8],[0.3,0.9], [0.2, 0.5)), (0.7, 0.8], [0.3,0.4], [0.2, 0.3]), ([0.2, 0.5],
[0.1,0.7],]0.5,0.8]))}

is said to be a neutrosophic vague refined subset of X.

Definition 3.4. (Null set)
A neutrosophic vague refined sets on the universe X is said to be a null neutrosophic vague
refined set denoted by Ony g if

Thyn(®@) = (0,01, 17, (2) = L], Fh (@) = [1,1]
for j=1,2,3,...u and x€ X.

Definition 3.5. (Absolute set)
A neutrosophic vague refined sets on the universe X is said to be a absolute neutrosophic vague

refined set denoted by 1xyy g if
T @) =11 () = 0,01, F}_ (x)=[0,0]

for j=1,2,3,...u and x€ X.

4. Set Theoretic Operations on Neutrosophic Vague Refined Set

In this section, we study some of the set theoretic operations on neutrosophic vague refined

set with suitable examples.

Definition 4.1. (Union)

Let Pyyr and Qnv g be two neutrosophic vague refined sets in the universal set X, where

Pyvr={((T},, (@), T3 (2),.. T8 (2), (I} ()1} (2),..0%  (2)),
(FPNVR( )7FPNVR(37)7 F}%NVR( r):reX}

Qvve = {1}, (@), T3, (2),..T5 (2), (I}, (@), 13 (2),..05 (),
(Bh o @) B3 (),By (2)) iz € X )

Then, the neutrosophic vague refined union of two sets Pyygr and Qnyvgr denoted by Syvr

A.Angel Marina and A.Francina Shalini, An Introduction to Neutrosophic Vague Refined set
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where Syyvr = Pyyr U @QnNv R, whose truth membership function, indeterminate membership

function and false membership function is

TéNVR(x) max{TIJJNVR z), QNVR( )},
IgNVR($) mzn{I%NVR(:E) IQNVR( )}
FéNVR(x) mm{FPNVR(z) FéNVR(x)}

V xeX, j=1,2,....r.

Example 4.2.
Let X= {a,b} be the non empty set. Let the sets Pyyr and Qnygr be defined as:

Pyvi = {(a, ([0.3,0.4],[0.4,0.5], [0.4,0.6]), ([0.5,0.6], [0.4,0.5], [0.1,0.2]), ([0.6,0.7], [0.5, 0.6],
[0.4,0.6]), b, ([0.4, 0.6], [0.4, 0.5], [0.4, 0.7]), ([0.5,0.6], [0.4, 0.5], [0.1,0.3]), ([0.4, 0.6],
[0.5,0.6],[0.3,0.6]))},

Qnvr = {{a, ([0.1,0.2],[0.3,0.5],[0.1,0.3]), ([0.7,0.8], [0.6,0.8], [0.2,0.3]), ([0.8,0.9], [0.5, 0.7],
0.7,0.9]), b, ([0.3,0.6], [0.7,0.8], [0.2,0.4]), ([0.6,0.8], [0.8,0.9], [0.2,0.3]), ([0.4, 0.7],
[0.2,0.3], (0.6, 0.8]))}

Then, the union of two neutrosophic vague refined sets Pyygr and Qny g is

Snvr = {{a,([0.3,0.4],[0.4,0.5],[0.4,0.6]), ([0.5,0.6], [0.4, 0.5], [0.1,0.2]), ([0.6,0.7], [0.5, 0.6],
[0.4,0.6]), b, ([0.4,0.6],0.7,0.8], [0.4,0.7]), ([0.5,0.6], [0.4, 0.5], [0.1,0.3]), ([0.4, 0.6],
0.2,0.3],[0.3,0.6]))}

Definition 4.3. (Intersection)

Let Pyyvr and Qny g be two neutrosophic vague refined sets in the universal set X, where

Py = {(Thy, (@), Thy,, (@), T}ﬁNVR( 2)), (Upyy (@), Iy, (@), 0B (2)),
(FjlaNVR( z), PNVR(ﬂﬁ) PNVR(JC)» rv e X}
Qnve = {{(Thyyn (@) T3y (@) T8 @), U (@), 13 (@), B (@),
(Fd @), F3 (@), FS(2)) sz € X
Then, the neutrosophic vague refined intersection of two sets Pyygr and Qnvyvgr denoted by
Snvr where Syvr = Pnvr N @QNvR, whose truth membership function, indeterminate mem-

bership function and false membership function is
TéNVR (z) = mz’n{fj}? (@), QNVR(:U)},
By @) = maa{ @), Ty, )
FgNVR(x) = max{F]JDNVR (;U) FéNVR (:L‘)}
vV xeX, j=1,2,....r.
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Example 4.4.
Let X= {a,b} be the non empty set. Let the sets Pyyr and Qny g be defined as:

Pyvr = {{a, ([0.1,0.5],[0.4,0.7],[0.1,0.8]), ([0.7,0.8], [0.4,0.8],[0.2,0.7]), ([0.5, 0.9], [0.3, 0.6],
0.2,0.9]), b, ([0.1,0.6],0.3,0.9], [0.4,0.7]), ([0.8,0.9], [0.8,0.9], [0.5, 0.8]), ([0.4, 0.9],
0.1,0.7],]0.3,0.6]))},

Qnvr = {(a, ([0.3,0.8],]0.4,0.7],[0.2,0.6]), ([0.5,0.6], [0.6,0.8], [0.1,0.2]), ([0.5,0.7], [0.4, 0.8],
0.2,0.7]), b, ([0.2,0.7],]0.3,0.6], [0.4,0.8]), ([0.5, 0.6], [0.4, 0.5], [0.2, 0.3]), ([0.3, 0.5],
0.2,0.6],[0.3,0.8]))}

Then intersection of two neutrosophic vague refined sets Pyyr and Qnyr is

Snvr = {{a,([0.1,0.5],]0.4,0.7],[0.1,0.6]), ([0.7,0.8], 0.6, 0.8], [0.2,0.7]), ([0.5,0.9], 0.4, 0.8],
[0.2,0.9]),b,([0.1,0.6],]0.3,0.6], [0.4,0.7]), ([0.8,0.9],[0.8,0.9], [0.5,0.8]), ([0.4, 0.9],
[0.2,0.7],[0.3,0.8])) }

Definition 4.5. (Inclusion)
A neutrosophic vague refined set Pyypr is a subset of another neutrosophic vague refined set

Qnvr denoted by Pyyvr € QNvVR,

Prve = {((Thy, (@), T3, (), T}%WR( )%(IzlanR( ) Dy (@), oI (@),
(Fbyyn @) PRy (@), FB L (2)) i€ X .

Qnvr = {(Thyy (@), T3 p (@), T (2 ))7(IQNVR( D) 13y (@) A (@),
(ﬁ’(}?NVR( ) FQNVR(:L'), FQNVR () :xe X }.

PNVR < QNVR = TPNVR('T) = (JQNVR(:U)’I?DNVR( ) Ié?NVR(x)’FIJDNVR(x) = éNVR(x) v
xeX, j=1,2,...,r.

Definition 4.6. (Equality)
Let Pyyr and Qnvgr be two neutrosophic vague refined sets. These sets are said to be
neutrosophic vague refined equal if Pyy g is neutrosophic vague refined subset of Qny g and

@nNv R is neutrosophic vague refined subset of Pyygr. It is denoted by Pyyr = QNVER-

Definition 4.7. (Complement)

Let Pyyr be the neutrosophic vague refined set in the universal set X.
Pyvr={{((Th,, (), T3 (@), . T8 (@), (T} (@), I3 (), T8 (2),

(Fpyy (@), Fy (@), PR (2))) s € X )

Then the complement of the neutrosophic vague refined set denoted by Py, is defined as
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T4 (z)¢=1-TY

PNVR Pnvr ($)

IA%’NVR@:) 1- PNVR($)
FIJDNVR (m) =1- FI]DNVR (:L‘)

¥ xeX, j=1,2,...1.

Example 4.8.

Let Pyyr be the neutrosophic vague refined set in the universal set X,

Pyvir = {{a,(]0.2,0.4],[0.6,0.7],[0.4,0.9]), ([0.2,0.5],[0.5,0.7], [0.8,0.9]), ([0.6, 0.8], [0.3, 0.4],
[0.1,0.6]))}

Then the complement of Neutrosophic vague refined set A is as follows:

P{yr = {(a, ([0.8,0.6],[0.4,0.3],[0.6,0.1]), ([0.8, 0.5], [0.5,0.3],[0.2,0.1}), ([0.4,0.2],[0.7,0.6],
[0.9,0.4]))}

Definition 4.9. (Addition)

Let Pyygr and Qnv R be two neutrosophic vague refined sets in the universal set X, where

Povi = (@ Ty o T Uy 2 B @, T ()
(B (00, Fy (@), FRy @) s € X )

Qv = (T, (@ (2ol (o) (B (0 B (@)onBy ()

(Fdnyn @), F3 (@), FS (2)) rz € X

Then the neutrosophic vague refined addition of two sets Pyyr and Qnygr denoted by

Pnvr ® QNnvR, whose truth membership function, indeterminate membership function and

false membership function is

J J J 7
TPNVREBQNVR( ) TPNVR NVR(x) TPNVR (x) TQNVR(I)

IPNVR@QNVR( ) I;DNVR (m) I]QNVR (m) I;NVR (:C) I]QNVR (w)

(z) + T

FPNVR@QNVR (z) = FPNVR (). FQNVR (z)
vV xeX, j=1,2,....r.

Example 4.10.
Let X= {a,b} be the set in universal set X. Let the sets Pyyr and Qnyvgr be defined as:

Pnvir = {{a,(]0.2,0.5],]0.8,0.9], [0.4,0.7]), ([0.2,0.3], 0.5, 0.8], [0.4, 0.6]), ([0.5,0.8],[0.1, 0.2],
[0.3,0.6]),b,([0.3,0.8],]0.5,0.9],[0.2,0.6]), ([0.3,0.5],[0.7,0.9], [0.1,0.5]), ([0.2,0.7],
[0.1,0.5],]0.4,0.8]))},

Qnvr = {{a,([0.3,0.7],[0.2,0.4], [0.5,0.7]), ([0.3, 0.6], [0.2,0.7], [0.5, 0.8]), ([0.3,0.7], [0.6, 0.8],
[0.3,0.5]),b,([0.4,0.8],]0.6,0.7],[0.1,0.6]), ([0.5,0.5],[0.7,0.9], [0.8,0.9]), ([0.2, 0.6],
[0.3,0.4],]0.4,0.9]))}
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Then the addition of two neutrosophic vague refined sets Pyyr and Qny g is
Pnyr © Qnvr=
{{(a, ([0.44,0.85], [0.84, 0.94], [0.70, 0.91]), ([0.44, 0.72], [0.6, 0.94], [0.70, 0.92]), ([0.15, 0.56],
[0.06, 0.16], ([0.09, 0.30]), b, ([0.58,0.96], [0.80, 0.97], [0.28,0.84]), ([0.51, 0.75],[0.91, 0.99],
[0.82,0.95]), ([0.04, 0.42], [0.03,0.20], [0.16,0.72])) }

Definition 4.11. (Multiplication)

Let Pyyr and Qnv R be two neutrosophic vague refined sets in the universal set X, where

Pyvr = {((T},, ,(2). T3, ,(2), -~-TENVR( D)y Uy @) Ip (@), I (@),
(Fhyyn (@), Fpy (@), BB (@) sz € X ).

Qnve = {(Thyyn (@) T3 (@) TE @), Uy (@), 13 (@), B (@),

(Fdny o @), F3 (@), FS  (x)) iz € X .

Then the neutrosophic vague refined multiplication of two sets Pyyr and Qnyvgr denoted

by Pnyvr Q@ Nv R, whose truth membership function, indeterminate membership function and

false membership function is

/\ : A~

TPNVR R OnNVR (:);‘) - TPNVR (x) 'TQNVR (w)

. ) J
IPNVR ®QNVR(1:) IPNVR(x) IQNVR (x)

[J J J J J
FPNVR®QNVR( x) = FPNVR(:E) FQNVR(:E) FPNVR( )FQNVR(:U)

vV xeX, j=1,2,....r.

Example 4.12.
Let X= {a,b} be the set in universal set X. Let the sets Pyyr and Qnvgr be defined as:

Prxvr = {{a, ([0.2,0.4],]0.8,0.9],[0.4,0.5]), ([0.2,0.4], [0.5,0.8], [0.3,0.6]), ([0.6, 0.8], [0.1,0.2],
[0.5,0.6]), b, ([0.3,0.5],]0.5,0.7], [0.1,0.6]), ([0.3,0.5], [0.4, 0.9], [0.1,0.7]), ([0.5, 0.7],
[0.3,0.5],[0.4,0.9)))},

Qnvr = {(a, ([0.3,0.9],]0.2,0.7],[0.5,0.8]), ([0.1,0.6], [0.5,0.7], [0.3,0.8]), ([0.1,0.7], [0.3,0.8],
0.2,0.5]), b, ([0.2,0.8],]0.6,0.8], [0.3,0.6]), ([0.4,0.5], [0.5,0.9], [0.8,0.8]), ([0.2, 0.8],
0.2,0.4],[0.4,0.7))}

Then the multiplication of two neutrosophic vague refined sets Pyygr and Qnyvr is

Pyvr ® QNvR=
{{a, ([0.06,0.36], [0.16, 0.63], [0.20, 0.40]), ([0.02, 0.24], [0.25, 0.56], [0.09, 0.40]), ([0.64, 0.94],
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[0.37,0.84], (]0.60, 0.80]), b, ([0.06, 0.40], [0.30, 0.56], [0.03, 0.36]), ([0.12, 0.25], [0.20, 0.81],
0.08,0.56]), ([0.60,0.94], [0.44, 0.70], [0.64, 0.97])) }

Definition 4.13. (AND operation)

Let Pyyr and Qny R be two neutrosophic vague refined sets in the universal set X, where

Pyvir = {(Thyy (@) T (@) T (@), (Thy, (@), IR (@), DB (),
(F};NVR( ), PNVR(HT) PNVR(x)» rreX |

Qnve = {{(Thyyn @) T3y @) TE (@), Uy (@), 13 (@), TG (@),

(Fdoy o @), F3 (@), FS () iz € X .

AND operation between these two neutrosophic vague refined sets is denoted by PyyrAQNVR

is the intersection of two neutrosophic vague refined sets Pyyr and QnvR.

vV xeX, j=1,2,...,r.

Definition 4.14. (OR operation)

Let Pyyvr and Qny g be two neutrosophic vague refined sets in the universal set X, where

Pave=1{( PNVR( z); T‘%NVR( z), - TI%NVR( z)), (Ill:’NVR( x), ]12_) VR( ), - I}:L)NVR('%.)>7
(F}DNVR( ), PNVR( ), .. pNVR(:E))> cxeX )

Qv = UGy @) Ty (1)s TG @ )),(IQNVR( @), 13, (2),. 8, (x),
(FCIQNVR( ); FQNVR(x) "FQNVR(CU)» rxe X}

OR operation between these two neutrosophic vague refined sets is denoted by PyygrV QNvR
is the intersection of two neutrosophic vague refined sets Pyygr and Qnvg.
vV xeX, j=1,2,....r.

Definition 4.15. (Cartesian Product)

Let Pyyr and @Qnv g be the two neutrosophic vague refined sets.

Pyvr = {(Thy, (@), T3, (@), T (@), Upy, (@), I3 (@), 0B (),
(Fpyy (@), ERy (@), PR (2))) s € X )

O (TN C7) o RN €7) PO v N (7)) O 2SO C1) B0 £ S 1) RO £ €D
Fdyn @) FZ ) F G (0))) sy € X .

Then the cartesian product of two sets Pyyr X QnvR is defined as

PNVR X QNVR {<( PNVRXQNVR(:B y) TI%NVRXQNVR(x’y)’ ""T]I;NVRxQNVR(xay))v
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71 72 rP
(IPNVRXQNVR (:L‘, y)’ IPNVRXQNVR(:E’ y)’ ""IPNVRXQNVR (I’ y))

n r; P
(F}DNVRXQNVR(:E’ Y); FI%NVRXQNVR (z,9), '”'FPNVRXQNVR (z,9))}

where
rd iJ rnJ .
TPNVRXQNVR’IPNVRXQNVR’ FPNVRXQNVR P X — [0’ 1]
and also,
i i [T i
TPNVRXQNVR(x’ y) - mZn{TPNVRXQNVR(x)7 TPNVRXQNVR (y)}

Z, y) = max{]%NVRXQNVR(x)’ I%{VVRXQNVR (y)}
FIJDNVRXQNVR (x’ y) = max{FljDNVRXQNVR (J:), FI]DNVRXQNVR (y)}
for all x,y € X and j= {1,2,...,7}.

J
IPNVR XQNVR (

Example 4.16.
Let X= {a,b} be the set in universal set X. Let the sets Pyyr and Q Ny g be defined as:

Pyvr = {(a, ([0.3,0.7],[0.4,0.5],[0.4,0.7]), ([0.2,0.5], [0.4,0.9], [0.3,0.8]), ([0.3,0.7], [0.5,0.9],
[0.3,0.6]), b, ([0.4,0.6],0.3,0.8], [0.1,0.5]), ([0.3,0.7], [0.5,0.9], [0.2, 0.6]), ([0.4, 0.6],
0.2,0.7],]0.5,0.9]))},

Qnvr = {{a, ([0.1,0.5],]0.5,0.7],[0.5,0.8]), ([0.2,0.7], [0.5,0.8], [0.4, 0.8]), ([0.5, 0.9], [0.3, 0.5],
0.2,0.5]), b, ([0.4,0.9],]0.1,0.5], [0.5,0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ([0.1, 0.6],
[0.5,0.9],[0.4,0.5]))}

Then the cartesian product of two neutrosophic vague refined sets Pyygr and Qyyrg is as
follows

Pyvr X Qnve =

{{(a,a)([0.1,0.5],[0.1,0.5],]0.4,0.7]), ([0.2,0.7],[0.5,0.9], [0.4, 0.8]), ([0.5,0.9], [0.5,0.9], [0.3,0.6])),
{(a,b)([0.3,0.7],]0.1,0.5],[0.4,0.6]), ([0.3,0.6], 0.4, 0.9], [0.5,0.8]), ([0.1, 0.6], [0.5,0.9], [0.4, 0.6]) ),
((b,a)([0.1,0.5],]0.3,0.7],[0.1,0.5]), ([0.3,0.7],[0.5,0.9], [0.4, 0.8]), ([0.5,0.9], [0.3,0.7], [0.5,0.9])),
((b,b)(]0.4,0.6],[0.1,0.5],[0.1,0.5]), ([0.3,0.7], [0.5,0.9], [0.5,0.8]), ([0.4, 0.6], [0.5,0.9], [0.5,0.9])) }

5. Algebraic properties of neutrosophic vague refined set operations

In this section, we study algebraic properties of above operations in neutrosophic vague

refined set with examples.

Proposition 5.1. (Identity Law)

For any neutrosophic vague refined set Pyypr defined on the absolute neutrosophic vague
refined set X.

()PnvrUDNvR= Prnve

(2)Pnve N Xnve= Pnvr
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Proof.

(1)Let Pyyr be the two neutrosophic vague refined set.

Prvie = Ty 00, T (@), T (), (B (), B (@), (),

(Ebyy (), Fdy (&), Py ) s € X ).

Onv R is defined as follows

Onvr={(a, ([0,0],[0,0],....[0,0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b,([0,01,10,0], ....[0,0]), ({1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1,1])) }-

So, Pnvr U DNy R=

{< (maz{T}h__ (x),[0,0]}, mm{TIZDNVR(:B), [0,0]}, ......,min{ PNVR(;E), [0,0]}),

(maz{lp, (@), [ 10} min{Ip (@), (LAY, o min{T}, | (2), [1,1]}),
(ma:z:{FPNVR(a;), 1, }},mm{FPNVR(:c), [1,1]}, ...... ,mm{uPNVR(x), [1,1]}) >}
Therefore,

PyvrUBNve = {((Th,, (), T3 o (@), T8 (@), Uy, o (2), 13, (@), D (2)),
(Fpyy (@), PRy (@), B (2)) 1w € X}
(2)Proof is simitar to (1).

Example 5.2.

(1)Let Pyyr be neutrosophic vague refined set in the universal set X.

Pnvir = {{a,([0.2,0.4],[0.8,0.9],[0.4,0.5]), ([0.2,0.4], [0.5,0.8], [0.3, 0.6]), ([0.6, 0.8],[0.1,0.2],
[0.5,0.6]),b,([0.3,0.5],]0.5,0.7],[0.1,0.6]), ([0.3, 0.5],[0.4,0.9], [0.1,0.7]), ([0.5,0.7],
[0.3,0.5],]0.4,0.9]))},

Oy = {{a. (0,0, [1,1], [1,1]), ([0, 0], [1, 1], [1, 1]), ([0, O], [1, 1], [1, 1] }.

Then,

Pnyr UDnve ={{a,([0.2,0.4],[0.8,0.9],[0.4,0.5]), ([0.2,0.4], [0.5, 0.8], [0.3,0.6]), ([0.6, 0.8],
[0.1,0.2],]0.5,0.6]), b, ([0.3,0.5],[0.5,0.7], 0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], [0.1,0.7]),
([0.5,0.7],10.3,0.5],[0.4,0.9))) },

(2) Obvious.

Proposition 5.3. (Domination Law)

For any neutrosophic vague refined set Pnypr defined on absolute neutrosophic vague refined
set X

(1) Pnvr N OnveR= ONvR

(2) PnvrU XNvR= XNVR

Proof.

(1)Let Pyyr be the two neutrosophic vague refined set.

Pryve = {(Thyyn @) T3y p (@) TB (@) Ty (@), 1Ry (2), DBy (2)),
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(Fp (@), F3  (x),..F8  (x):z€X}.
Onvr is defined as follows
Onvr={(a, ([0,0],0,0],....[0,0]), ([1, 1], [1,1], ...[1,
b, (10,01, [0, 0], -...[0, 0]), (1, 1], [1, 1], ....[1, 1]), ([1,
So, PnverNONvR=
{< (min{T})NVR(sc), [0,0]}, max{T]%NVR (2),[0,0]}, ..ccey max{TﬁNVR(:U), [0,0]}),
(min{I}  (2),[1, 10}, mazx{l} (2),[1, 1}, ...comaz{T8  (2),[1,1]}),
(mm{F}DNVR (x),[1,1]}, max{Fl%NVR(:E), [1,1]}, ..o, mam{F}éNVR (x),[1,1]}) >}
Therefore,
Pavi 00y i = {{a, (10,01, [0, 0], [0, 0), (1, 1], [1, 1] o1, 1]), (11, 1], [1, 1], o [1, 1))
(2)Proof is similar to (1). g

Example 5.4.

(1) Let Pyy g be neutrosophic vague refined set in the universal set X.

Pnvir = {{a,(]0.1,0.2],]0.3,0.5],[0.1,0.3]), ([0.7,0.8], 0.6, 0.8], [0.2,0.3]), ([0.8,0.9], [0.5,0.7],
[0.7,0.9]),0,([0.3,0.6],[0.7,0.8],[0.2,0.4]), ([0.6, 0.8], [0.8,0.9], [0.2,0.3]), ([0.4, 0.7],
[0.2,0.3],]0.6,0.8]))}

Onvr={(a, ([0,0],[0,0],...[0,0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b, ([0,0}, [0, 0], ....[0,0]), ([1, 1], [1, 1], ....[1,2]), ([, 1], [1, 1], ..., [1, 1])) }.
Then,
Pnvr NNy =
{{a, ([0, 0], [0,0],....[0,0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])

b, ([0, 0], [0,0],....[0,0]), ([1, 1], [1,1],....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])) }.

(2) Obvious.

Proposition 5.5. (Idempotent Law)

For any neutrosophic vague refined set Pyy g defined on absolute neutrosophic vague refined
set X.

(1) Pnvr N Pnvr= Pnvr

(2) PNnvr U Pnvr= Pnvr

Proof.

The proof is obvious.

Example 5.6.

(1)Let Pyyr be neutrosophic vague refined set in the universal set X.
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Pyvir = {{a,(]0.1,0.5],[0.5,0.7],[0.5,0.8]), ([0.2,0.7],[0.5,0.8], [0.4, 0.8]), ([0.5,0.9], [0.3, 0.5],
[0.2,0.5]),b,([0.4,0.9],]0.1,0.5], [0.5,0.6]), ([0.3, 0.6], [0.4,0.9], [0.5,0.8]), ([0.1, 0.6],
[0.5,0.9],[0.4,0.5])) }

Then,

Pyvir N Pyyr= {{a, (]0.1,0.5],[0.5,0.7],[0.5,0.8]), ([0.2,0.7], [0.5,0.8], [0.4, 0.8]), ([0.5, 0.9],
[0.3,0.5],[0.2,0.5]),b, (]0.4,0.9], [0.1,0.5], [0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]),
([0.1,0.6],10.5,0.9],[0.4,0.5]))}

Hence, Pnyvr N Pnvr= PynvR.

(2) Obvious.

Proposition 5.7. (Commutative Law)

For any neutrosophic vague refined set Pyy g defined on absolute neutrosophic vague refined
set X

(1) PnvrUQNvR= QNnvRrRU PNnvR

(2) PnveNQNvR= QNvR N PnvR

Proof. Proof is obvious.

Proposition 5.8. (Associative Law)

For any neutrosophic vague refined sets Pyygr, Qnvr and Ryygr defined on absolute neutro-
sophic vague refined set X.

(1) (PNvRUQNVR)U RyvR = Pnvr U (QNve U RNvR)

(2) (PnvrNQ@QnvR) N Ryve = Pnvr N (QNve N RNvR)

Proof.

(1) Let Pnyvgr, @nvr and Ryyv g be three neutrosophic vague refined sets defined as follows:

Pnvr = {((Thyy (@), Thy (@), B (@), by (@), I (@), I (@),
(Fyy (@), Fpoy o (@), FB (2 ))> zeX }

QNVvE = LT 0 n @) T3 (@) TG 0w @)y (T (@), T (@), G (),
(Fdoy o @), F3 (@), FS () iz € X},

Ryve={{(T}, (@), T3  (2),.. T8 (2),Ik, (), 1%  (2),..0% (z)),
(FL  (2),F%2  (x),..F¥ (2)):zeX}.

RNVR RNVR RNVR
Then, (PnvrUQNvR)U RNvR

U?%WR( ) fé’zNVR( 7)), <F15NVR( v FéNVR@«“)) (F#NVR< ) VG (@)@ € X30
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(T, @), s TR (@), Tk (@), IR (@), (Fh (%), FR  (2) : @ €
X}
={((Thyy VT gy @V TR (@)oo (Th,  (@VTE L (@)WVTE (@), (T, (@)
VU n @V I (@) (T @) VIS (@) VIR (@), (B (@) V
(Foyyn @)V Fh o (@) (BB (@) VG L (@) VR (2)) iz € X}

=U(Thyy () V (T (@) V T (@) (TR (@) V(TS () VT (2))),
by @)Y Ty @V Ty (@)oo (T @V U @V I, (@) (B (0)V
Fe @)V Pl () (Fp (0) V (B (@) V FR () 1 0 € X

=PnvrU(Q@NvRU RNvR)
(2) The proof is similar to (1)

Proposition 5.9. (Distributive Law)

For any neutrosophic vague refined sets Pyygr, @nvr and Ryy g defined on absolute neutro-
sophic vague refined set X.

(1) PnvrU(@nvrRN ByvR) = (PNvrRUQNVR) N (PnvrRU RNVR)

(2) PnvrN(@nvRU RNyvR) = (PNvRNQNVR) U (Pnvr N RNvR)

Proof.

(1) Let Pyygr, @nvr and Ryy g be three neutrosophic vague refined sets defined as follows:

Pyvr = {((Thy, (@), T3, (@), - T}?NVR( ))7(1113NVR($)7f123NVR(x)a B (@),
(Fhyyn @) PRy (@), FE L (2)) i2 € X .

Qnve = {(Thyyn (@) T3y (@) T8 (@), Uy (@), 13 (@), B (@),
(FCIQNVR( ); FQNVR(x) FQNVR(x)» rxe X}

Ravve = {(Thyy (), Ty (@), RNVR( ))7(IRNVR( 2) [y (@), DB (),
Fhyn @) Fyn (@) B () sz € X

Then, PyvrU (@nve N RBNvR)

{<(T]13NVR( )’ TIgNVR( )) (I}DNVR( ) II%NVR(:L‘)) (F}DNVR( ) F]gNVR(:E))U
((TQNVR( ) A TRNVR(:C))’ T (TQNVR(x) A T}%UNVR(SU)))> RS X}

{<( PNVR( )V (TCIQNVR( ) A TIg&NVR (), - ( Pnvr
(I}DNVR( z) A (IQNVR( )V I}%NVR (), - (II%NVR( z) A
(FPNVR( ) A (FCIZNVR (x) v FRNVR(J:))7 (FPNVR( )

(@) V (T8, (@) A (TH o (2)),
(@) V IR (@),
N ES ey n @)V (R (2))) 2 € X}
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=U{((Thy, o (@) V (TG, @) A Ty, (@) V TR (@), (T (@) V(TS (2)) A
(T @VTE @)D (U, (@A @)V Uy () A Ry (@), e (T (@) A
I8y n @)V (I}éNVR( 2) A @) (Epyy (@) AEG @)V (FB () A

Fpy @)oo (BB (@) AES (@) V(L (2) A FR, L (2))) 2 € X}

= (PnvrUQnNvR) N (PyvrU RNVR)
(2) The proof is similar to (1)

Proposition 5.10. (Double Complement Law)
For any neutrosophic vague refined set Pny g defined on absolute neutrosophic vague refined

set X

(Pyvg)© = Pnvr

Proof.

Let Pyv g be neutrosophic vague refined set defined as follows:

Pyvr = {(Thy, ,(2). T3, (@), T (@), Upy, (@) I3 (@), 0 (),
(Fpyy (@), Fy (@), PR (@) s € X )

Then,
PJ%VR:{«l - TlPNVR,(x)v 1- T2PNVR(‘T)7 el = TUPNVR(x)) ( — I PNVR( z),1 IQPNVR( )5 ene
L= juPNVR(x))7 (1- FlPNVR(x)’ 1- FzPNVR(x)’ el F Pyvr(®))) 1@ € X}
So,
(Piv)® = 4Ty (0, Ty 0), o T (), (), T2 (), T ()
(B @) FRyy (@), o By (@) 22 € XD,

Therefore, (P )¢ = PNvR O

Proposition 5.11. (Absorption Law)

For any neutrosophic vague refined set Pyygr and Qnygr defined on absolute neutrosophic
vague refined set X

(1) PnvrU (PNvrRN@QNVR) = PNvR

(2) Pnvr N (PNvRUQ@NVR) = PNvR

Proof. Proof is obvious.
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6. Conclusions

This paper ensures the work of introducing the new set namely neutrosophic vague refined
set by the combination of neutrosophic vague set and neutrosophic refined(multi) set. Several
operations and laws have been discussed along with some examples. In future, neutrosophic
vague refined topological spaces can be introduced. And also, decision making problems on
neutrosophic vague refined sets can be introduced.

Conflicts of Interest: The authors declare no conflict of interest.
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