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Abstract: In this paper, the concept of Neutrosophic LA-rings is introduced. Furthermore, we 

investigate their algebraic structures. We discuss various types of ideals and establish a number of 

results to better understand the characteristic behavior of Neutrosophic LA-rings. In addition, we 

investigate the properties of the Neutrosophic M-system, Neutrosophic P-system, and 

Neutrosophic I-system in order to characterize the Neutrosophic LA-ring. 

Keywords: Neutrosophic Sets; Neutrosophic LA-rings; Neutrosophic ideals; Neutrosophic 

𝑀-systems; Neutrosophic 𝑃-systems and Neutrosophic 𝐼-systems. 

 

1. Introduction 

Different researchers have defined algebraic structures which were based on the crisp set. But the 

real-life problems could not be solved by crisp set theory. The crisp set deals with yes or no only and 

it never tells about in between yes and no. In 1965, Zadeh [1] introduced a fuzzy set theory to 

address the vagueness of various real-life problems. The fuzzy sets deals with membership in 

between 0 and 1. Later, Atanassov [2] in 1986, initiated intuitionistic fuzzy set. However, these 

theories have remained unsuccessful in finding a solution to many real-life mathematical challenges. 

In 1999, Smarandache [3] gave the notion of Neutrosophic set. Nowadays, Neutrosophic set attains 

more attention of researchers due to its characteristic behavior to solve the indeterminate situations 

in the different fields of life. In 2006, Smarandache et al., [4] were the first ones who applied the 

concept of Neutrosophic sets on some algebraic structure and in their work, they introduced the 

Neutrosophic rings. Later, in 2011 Agboola et al., [5], discussed Neutrosophic rings-I. Neutrosophic 

groups and Neutrosophic sub-groups were introduced in 2012 by Agboola et al., [6]. Ali et al., [7-10] 

have used Neutrosophic set approach for different algebraic structures. In 2016, Khan et al.,[11] 

briefly discussed the characterization of Neutrosophic left almost semigroups.  

 The tremendous application of Neutrosophic sets is the main motivator for us to work in this field. 

Intuitively, Neutrosophic sets are gaining popularity among researchers. To investigate the 
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application aspect of Neutrosophic sets, readers are directed to the most recent research work of 

Abdel Basset et al., [15-19], as well as [12-14].  

LA-rings is generalized form of the commutative rings. LA-rings is non-commutative and 

non-associative algebraic structure. In recent times, a lot of research work has been done by different 

researches on this area of study. No doubt, LA-rings has a remarkable contribution in the 

development of non-associative theory in the current decade.  Shah, Rehman, Asima and many 

other researchers have done noteworthy work in this ring structure.  And they have published 

articles. The readers are referred to study [20-29] for comprehensive study of LA-rings. 

We used Neutrosophic set approach to give the notion of Neutrosophic LA-rings. This may be a 

useful contribution to the non-associative field of mathematics. It may provide a new direction for 

future researchers to extend the non-associative area of mathematics. We discussed characteristic 

properties of substructures of Neutrosophic LA-rings. We gave the concept of different type of 

Neutrosophic ideals. We defined Neutrosophic prime ideals, Neutrosophic quasi ideals and 

Neutrosophic bi-ideals and established some results.  One of the main results is: If 𝒆 the left 

identity in Neutrosophic LA-ring 𝑵(𝑳𝑹),  then 𝑵(𝑳𝑹)  is fully Neutrosophic prime iff set 

ideal(𝑵(𝑳𝑹)) becomes totally ordered under inclusion and every ideal becomes idempotent. In last 

section, we discussed the characterizations of neutrosophic LA-ring by exploring the Neutrosophic 

𝑴-system, Neutrosophic 𝑷-system and Neutrosophic 𝑰-system. It is shown that: If 𝒆  the left 

identity in 𝑵(𝑳𝑹), then a neutrosophic left ideal 𝑵(𝑳𝑰) is neutrosophic quasi-prime iff 𝑵(𝑳𝑹)\

𝑵(𝑳𝑰) is neutrosophic 𝑴-system. Also, a relation is developed between neutrosophic 𝑴-system and 

neutrosophic 𝑷-system i.e., In a neutrosophic LA-ring 𝑵(𝑳𝑹), every neutrosophic 𝑴-system is a 

neutrosophic 𝑷-system. 

2. Neutrosophic LA-rings 

As preliminary, we recall the following definitions from refrences [3], [24] and [25]. 

Definition 2.1. [24]  Let 𝑅 be a set with at least two elements and two binary operations `+' and `⋅' 

defined on 𝑅. Suppose (𝑅, +) is an LA-group and (𝑅, . ) is an LA-semigroup satisfying both left and 

right distributive laws: 𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐 and (𝑎 + 𝑏)𝑐 = 𝑎𝑐 + 𝑏𝑐 for all 𝑎, 𝑏, 𝑐 ∈ 𝑅. Then (𝑅, +, . )  

is called an LA-ring. 

Definition 2.2. [24]  Let (𝑅, +, . ) be an LA-ring. If 𝑆 is a non-empty subset of 𝑅 and 𝑆 is itself an 

LA-ring under the binary operation induced by 𝑅, then 𝑆 is called an LA-subring of 𝑅. 

Definition 2.3. [25] If 𝐴 is an LA-subring of an LA-ring (𝑅, +, . ), then 𝐴 is called a left ideal if 𝑅𝐴 ⊆

𝐴. Right ideal and two sided ideal are defined in the usual manner. 

Definition 2.4. [25] A nonempty subset 𝑆 of an LA-ring 𝑅 is called an 𝑀-system if for 𝑎, 𝑏 ∈ 𝑆, 

there exists 𝑟 in 𝑅 such that 𝑎(𝑟𝑏) ∈ 𝑆. 

Definition 2.5. [25] A nonempty subset 𝑄 of an LA-ring 𝑅 with left identity 𝑒 is called 𝑃-system if 

for all 𝑎 ∈ 𝑄, there exists 𝑟 ∈ 𝑅 such that 𝑎(𝑟𝑎) ∈ 𝑄.  

Definition 2.6. [25] A nonempty subset 𝑆 of an LA-ring 𝑅 with left identity 𝑒 is called an 𝐼-system 

if for all 𝑎, 𝑏 ∈ 𝑆, (〈𝑎〉⋂〈𝑏〉)⋂𝑆 ≠ 𝜑.   

Definition 2.7. [3] A Neurosophics set is define as  𝐴 = {〈𝑥, 𝑇(𝑥), 𝐼(𝑥), 𝐹(𝑥)〉: 𝑥 ∈ 𝑋}, where 𝑋 is a 

universe of discoveries and 𝐴 is characterized by a truth-membership function 𝑇: 𝑋 → ]0−, 1+̇ [, an 

indeterminacy-membership function 𝐼: 𝑋 → ]0−, 1+̇ [  and a falsity-membership function 𝐹: 𝑋 →

]0−, 1+̇ [ and 0 ≤ 𝑇(𝑥) + 𝐼(𝑥) + 𝐹(𝑥) ≤ 3.  
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We initaiate our work with the following definition. 

Definition 2.8. If 𝑅 is a LA-ring, 𝐼 is a neutrosophic element with the property 𝐼2 = 𝐼. Then a 

non-empty set 〈𝑅 ∪ 𝐼〉  =  {𝑟 + 𝑠𝐼 ∶  𝑟, 𝑠 ∈  𝑅} under the “⊞ " and  " ⊡ " is a Neutrosophic LA- ring 

if: 

i) (〈𝑅 ∪ 𝐼〉, ⊞ ) is Left Almost group 

ii) (〈𝑅 ∪ 𝐼〉, ⊡ ) is Left Almost semigroup 

iii) ⊡ is distributive over ⊞ from both sides 

Throughout this paper we denote Neutrosophic Left Almost ring by 𝑁(𝐿𝑅). 

Example 2.9. Following are the Cayley tables (1 and 2) for an LA-ring 𝑅 =  {0, 1, 2, 3, 4, 5, 6, 7} under 

the binary operations ‘ + ’ and ‘. ’ 

Cayley Table 1 

 

+ 0 1 2 3 4 5 6 7 

0 0 1 2 3 4 5 6 7 

1 2 0 3 1 6 4 7 5 

2 1 3 0 2 5 7 4 6 

3 3 2 1 0 7 6 5 4 

4 4 5 6 7 0 1 2 3 

5 6 4 7 5 2 0 3 1 

6 5 7 4 6 1 3 0 2 

7 7 6 5 4 3 2 1 0 

                                                     

                             

 

 

 

 

 

 

Cayley Table 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then 𝑁(𝐿𝑅) = 〈𝑅 ∪ 𝐼〉 = {0, 1, 2, 3, 4, 5, 6, 7, 0𝐼, 1𝐼, 2𝐼, 3𝐼, 4𝐼, 5𝐼, 6𝐼, 7𝐼} becomes neutrosophic LA-ring 

under “ ⊞ " and  " ⊡ "  as defined in Cayley tables (3 and 4): 

∙ 0 1 2 3 4 5 6 7 

0 0 0 0 0 0 0 0 0 

1 0 4 4 0 0 4 4 0 

2 0 4 4 0 0 4 4 0 

3 0 0 0 0 0 0 0 0 

4 0 3 3 0 0 3 3 0 

5 0 7 7 0 0 7 7 0 

6 0 7 7 0 0 7 7 0 

7 0 3 3 0 0 3 3 0 
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Cayley Table 3 

 

⊞ 0 1 2 3 4 5 6 7 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 

0 0 1 2 3 4 5 6 7 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 

1 2 0 3 1 6 4 7 5 2𝐼 0𝐼 3𝐼 1𝐼 6𝐼 4𝐼 7𝐼 5𝐼 

2 1 3 0 2 5 7 4 6 1𝐼 3𝐼 0𝐼 2𝐼 5𝐼 7𝐼 4𝐼 6𝐼 

3 3 2 1 0 7 6 5 4 3𝐼 2𝐼 1𝐼 0𝐼 7𝐼 6𝐼 5𝐼 4𝐼 

4 4 5 6 7 0 1 2 3 4𝐼 5𝐼 6𝐼 7𝐼 0𝐼 1𝐼 2𝐼 3𝐼 

5 6 4 7 5 2 0 3 1 6𝐼 4𝐼 7𝐼 5𝐼 2𝐼 0𝐼 3𝐼 1𝐼 

6 5 7 4 6 1 3 0 2 5𝐼 7𝐼 4𝐼 6𝐼 1𝐼 3𝐼 0𝐼 2𝐼 

7 7 6 5 4 3 2 1 0 7𝐼 6𝐼 5𝐼 4𝐼 3𝐼 2𝐼 1𝐼 0𝐼 

0𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 

1𝐼 2𝐼 0𝐼 3𝐼 1𝐼 6𝐼 4𝐼 7𝐼 5𝐼 2𝐼 0𝐼 3𝐼 1𝐼 6𝐼 4𝐼 7𝐼 5𝐼 

2𝐼 1𝐼 3𝐼 0𝐼 2𝐼 5𝐼 7𝐼 4𝐼 6𝐼 1𝐼 3𝐼 0𝐼 2𝐼 5𝐼 7𝐼 4𝐼 6𝐼 

3𝐼 3𝐼 2𝐼 1𝐼 0𝐼 7𝐼 6𝐼 5𝐼 4𝐼 3𝐼 2𝐼 1𝐼 0𝐼 7𝐼 6𝐼 5𝐼 4𝐼 

4𝐼 4𝐼 5𝐼 6𝐼 7𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 0𝐼 1𝐼 2𝐼 3𝐼 

5𝐼 6𝐼 4𝐼 7𝐼 5𝐼 2𝐼 0𝐼 3𝐼 1𝐼 6𝐼 4𝐼 7𝐼 5𝐼 2𝐼 0𝐼 3𝐼 1𝐼 

6𝐼 5𝐼 7𝐼 4𝐼 6𝐼 1𝐼 3𝐼 0𝐼 2𝐼 5𝐼 7𝐼 4𝐼 6𝐼 1𝐼 3𝐼 0𝐼 2𝐼 

7𝐼 7𝐼 6𝐼 5𝐼 4𝐼 3𝐼 2𝐼 1𝐼 0𝐼 7𝐼 6𝐼 5𝐼 4𝐼 3𝐼 2𝐼 1𝐼 0𝐼 

 

. 

                   

 

 

 

 

 

Cayley Table 4 

 

⊡ 0 1 2 3 4 5 6 7 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 

0 0 0 0 0 0 0 0 0 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 

1 0 4 4 0 0 4 4 0 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 

2 0 4 4 0 0 4 4 0 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 

3 0 0 0 0 0 0 0 0 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 

4 0 3 3 0 0 3 3 0 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 

5 0 7 7 0 0 7 7 0 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 

6 0 7 7 0 0 7 7 0 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 

7 0 3 3 0 0 3 3 0 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 

0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 

1𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 

2𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 0𝐼 4𝐼 4𝐼 0𝐼 
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3𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 0𝐼 

4𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 

5𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 

6𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 0𝐼 7𝐼 7𝐼 0𝐼 

7𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 0𝐼 3𝐼 3𝐼 0𝐼 

 

Definition 2.10. Let 𝑁(𝐿𝑅) be a neutrosophic LA-ring under the binary operations ⊞  and  ⊡. A 

non-empty proper subset 𝑁(𝑆𝐿𝑅) of 𝑁(𝐿𝑅) is said to be a neutrosophic subLA-ring if 𝑁(𝑆𝐿𝑅) is 

itself a neutrosophic LA-ring under " ⊞ "  and  " ⊡ " defined in 𝑁(𝐿𝑅).  

Lemma 2.11. Let 𝑁(𝐿𝑅) be a Neutrosophic LA-ring. Then the proper subset 𝑁(𝑆𝐿𝑅) of 𝑁(𝐿𝑅) is a 

Neutrosophic subLA-ring iff, every (𝑟′  + 𝑠′𝐼), (𝑝′ + 𝑞′𝐼) ∈ 𝑁(𝑆𝐿𝑅)  satisfies the following 

conditions:  

(i) (𝑟′  + 𝑠′𝐼)  ⊞ (𝑝′ + 𝑞′𝐼) belongs 𝑁(𝑆𝐿𝑅) 
(ii) (𝑟′  + 𝑠′𝐼)  ⊡ (𝑝′ + 𝑞′𝐼) belongs  𝑁(𝑆𝐿𝑅) 

Proof. If 𝑁(𝑆𝐿𝑅) is neutrosophic subLA-ring, then it is clear from definition that (𝑁(𝑆𝐿𝑅),⊞ )) 

becomes LA-group as well as (𝑁(𝑆𝐿𝑅),⊡)  becomes LA-semigroup. Consequently, the closure 

property holds for 𝑁(𝑆𝐿𝑅). Hence (i) and (ii) hold. 

Conversely, suppose that (i) and (ii) is true for all (𝑟′  + 𝑠′𝐼), (𝑝′ + 𝑞′𝐼) ∈ 𝑁(𝑆𝐿𝑅). Since the binary 

operations “ ⊞ "  and  " ⊡ “ are closed, so (𝑁(𝑆𝐿𝑅), ⊞))  being the subset of 𝑁(𝐿𝑅)  will be 

LA-group, likewise (𝑁(𝑆𝐿𝑅), ⊡)) will be LA-semigroup. Moreover, inheritably ⊡ is distributive 

over ⊞ from both sides. Hence, 𝑁(𝑆𝐿𝑅) is a neutrosophic subLA-ring.  

Lemma 2.12. If {(𝑁(𝑆𝐿𝑅))i, 𝑖 ∈ 𝐽} is the collection of neutrosophic subLA-rings of 𝑁(𝐿𝑅). Then the 

intersection of this collection is either empty or again a neutrosophic subLA-ring. 

Proof.  Let {(𝑁(𝑆𝐿𝑅))i, 𝑖 ∈ 𝐽} be a collection of neutrosophic subLA-rings of 𝑁(𝐿𝑅). Assume that 

⋂ (𝑁(𝑆𝐿𝑅)) i is not empty. Let (𝑟′  + 𝑠′𝐼), (𝑝′ + 𝑞′𝐼) ∈ ⋂(𝑁(𝑆𝐿𝑅)) i. This implies (𝑟′  + 𝑠′𝐼) ∈

(𝑁(𝑆𝐿𝑅))i and (𝑝′ + 𝑞′𝐼) ∈ (𝑁(𝑆𝐿𝑅))i where 𝑖 ∈ 𝐽. Since (𝑁(𝑆𝐿𝑅))i is the collection of neutrosophic 

subLA-rings. Therefore, each (𝑁(𝑆𝐿𝑅)) i , ⊞)  will be LA-group, (𝑁(𝑆𝐿𝑅)) i , ⊡)  will be 

LA-semigroup. Also ⊡ is distributive over ⊞ from both sides. Consequently, (𝑟′  + 𝑠′𝐼)  ⊞ (𝑝′ +

𝑞′𝐼) ∈ (𝑁(𝑆𝐿𝑅)) i for all 𝑖 ∈ 𝐽  and likewise (𝑟′  + 𝑠′𝐼)  ⊡ (𝑝′ + 𝑞′𝐼) ∈ (𝑁(𝑆𝐿𝑅)) i for all 𝑖 ∈ 𝐽 . 

Therefore, (𝑟′  + 𝑠′𝐼)  ⊞  (𝑝′ + 𝑞′𝐼) and (𝑟′  + 𝑠′𝐼)  ⊡  (𝑝′ + 𝑞′𝐼) ∈ ⋂(𝑁(𝑆𝐿𝑅))i for all 𝑖 ∈ 𝐽.  

 

Definition 2.13. If 𝑒 ∈ 𝑁(𝐿𝑅), then 𝑒 is left identity if 𝑒 ⊡ 𝑁(𝐿𝑅) = 𝑁(𝐿𝑅).  

Example 2.14. The following Cayley tables (5 and 6) form a neutrosophic LA-ring 𝑁(𝐿𝑅) = 〈𝑅 ∪ 𝐼〉 =

 {0,1,2,3,4,5,6,7,8,0𝐼, 1𝐼, 2𝐼, 3𝐼, 4𝐼, 5𝐼, 6𝐼, 7𝐼, 8𝐼} and it can be easily observed that the element 7 ∈

𝑁(𝐿𝑅) is the left identity.   

Cayley Table 5 

⊞ 0 1 2 3 4 5 6 7 8 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

0 3 4 6 8 7 2 5 1 0 3𝐼  4𝐼 6𝐼 8𝐼 7𝐼 2𝐼 5𝐼 1𝐼 0𝐼 

1 2 3 7 6 8 4 1 0 5 2𝐼 3𝐼 7𝐼 6𝐼 8𝐼 4𝐼 1𝐼 0𝐼 5𝐼 

2 1 5 3 4 2 0 8 6 7 1𝐼 5𝐼 3𝐼 4𝐼 2𝐼 0𝐼 8𝐼 6𝐼 7𝐼 

3 0 1 2 3 4 5 6 7 8 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

4 5 0 4 2 3 1 7 8 6 5𝐼 0𝐼 4𝐼 2𝐼 3𝐼 1𝐼 7𝐼 8𝐼 6𝐼 

5 4 2 8 7 6 3 0 5 1 4𝐼 2𝐼 8𝐼 7𝐼 6𝐼 3𝐼 0𝐼 5𝐼 1𝐼 

6 7 6 0 1 5 8 3 2 4 7𝐼 6𝐼 0𝐼 1𝐼 5𝐼 8𝐼 3𝐼 2𝐼 4𝐼 

7 6 8 1 5 0 7 4 3 2 6𝐼 8𝐼 1𝐼 5𝐼 0𝐼 7𝐼 4𝐼 3𝐼 2𝐼 

8 8 7 5 0 1 6 2 4 3 8𝐼 7𝐼 5𝐼 0𝐼 1𝐼 6𝐼 2𝐼 4𝐼 3𝐼 
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0𝐼 3𝐼  4𝐼 6𝐼 8𝐼 7𝐼 2𝐼 5𝐼 1𝐼 0𝐼 3𝐼  4𝐼 6𝐼 8𝐼 7𝐼 2𝐼 5𝐼 1𝐼 0𝐼 

1𝐼 2𝐼 3𝐼 7𝐼 6𝐼 8𝐼 4𝐼 1𝐼 0𝐼 5𝐼 2𝐼 3𝐼 7𝐼 6𝐼 8𝐼 4𝐼 1𝐼 0𝐼 5𝐼 

2𝐼 1𝐼 5𝐼 3𝐼 4𝐼 2𝐼 0𝐼 8𝐼 6𝐼 7𝐼 1𝐼 5𝐼 3𝐼 4𝐼 2𝐼 0𝐼 8𝐼 6𝐼 7𝐼 

3𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

4𝐼 5𝐼 0𝐼 4𝐼 2𝐼 3𝐼 1𝐼 7𝐼 8𝐼 6𝐼 5𝐼 0𝐼 4𝐼 2𝐼 3𝐼 1𝐼 7𝐼 8𝐼 6𝐼 

5𝐼 4𝐼 2𝐼 8𝐼 7𝐼 6𝐼 3𝐼 0𝐼 5𝐼 1𝐼 4𝐼 2𝐼 8𝐼 7𝐼 6𝐼 3𝐼 0𝐼 5𝐼 1𝐼 

6𝐼 7𝐼 6𝐼 0𝐼 1𝐼 5𝐼 8𝐼 3𝐼 2𝐼 4𝐼 7𝐼 6𝐼 0𝐼 1𝐼 5𝐼 8𝐼 3𝐼 2𝐼 4𝐼 

7𝐼 6𝐼 8𝐼 1𝐼 5𝐼 0𝐼 7𝐼 4𝐼 3𝐼 2𝐼 6𝐼 8𝐼 1𝐼 5𝐼 0𝐼 7𝐼 4𝐼 3𝐼 2𝐼 

8𝐼 8𝐼 7𝐼 5𝐼 0𝐼 1𝐼 6𝐼 2𝐼 4𝐼 3𝐼 8𝐼 7𝐼 5𝐼 0𝐼 1𝐼 6𝐼 2𝐼 4𝐼 3𝐼 

 

Cayley Table 6 

⊡ 0 1 2 3 4 5 6 7 8 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

0 3 1 6 3 1 6 6 1 3 3𝐼 1𝐼 6𝐼 3𝐼 1𝐼 6𝐼 6𝐼 1𝐼 3𝐼 

1 0 3 0 3 8 8 3 0 8 0𝐼 3𝐼 0𝐼 3𝐼 8𝐼 8𝐼 3𝐼 0𝐼 8𝐼 

2 8 1 5 3 7 2 6 4 0 8𝐼 1𝐼 5𝐼 3𝐼 7𝐼 2𝐼 6𝐼 4𝐼 0𝐼 

3 3 3 3 3 3 3 3 3 3 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 

4 0 6 7 3 5 4 1 2 8 0𝐼 6𝐼 7𝐼 3𝐼 5𝐼 4𝐼 1𝐼 2𝐼 8𝐼 

5 8 6 4 3 2 7 1 5 0 8𝐼 6𝐼 4𝐼 3𝐼 2𝐼 7𝐼 1𝐼 5𝐼 0𝐼 

6 8 3 8 3 0 0 3 8 0 8𝐼 3𝐼 8𝐼 3𝐼 0𝐼 0𝐼 3𝐼 8𝐼 0𝐼 

7 0 1 2 3 4 5 6 7 8 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

8 3 6 1 3 6 1 1 6 3 3𝐼 6𝐼 1𝐼 3𝐼 6𝐼 1𝐼 1𝐼 6𝐼 3𝐼 

0𝐼 3𝐼 1𝐼 6𝐼 3𝐼 1𝐼 6𝐼 6𝐼 1𝐼 3𝐼 3𝐼 1𝐼 6𝐼 3𝐼 1𝐼 6𝐼 6𝐼 1𝐼 3𝐼 

1𝐼 0𝐼 3𝐼 0𝐼 3𝐼 8𝐼 8𝐼 3𝐼 0𝐼 8𝐼 0𝐼 3𝐼 0𝐼 3𝐼 8𝐼 8𝐼 3𝐼 0𝐼 8𝐼 

2𝐼 8𝐼 1𝐼 5𝐼 3𝐼 7𝐼 2𝐼 6𝐼 4𝐼 0𝐼 8𝐼 1𝐼 5𝐼 3𝐼 7𝐼 2𝐼 6𝐼 4𝐼 0𝐼 

3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 3𝐼 

4𝐼 0𝐼 6𝐼 7𝐼 3𝐼 5𝐼 4𝐼 1𝐼 2𝐼 8𝐼 0𝐼 6𝐼 7𝐼 3𝐼 5𝐼 4𝐼 1𝐼 2𝐼 8𝐼 

5𝐼 8𝐼 6𝐼 4𝐼 3𝐼 2𝐼 7𝐼 1𝐼 5𝐼 0𝐼 8𝐼 6𝐼 4𝐼 3𝐼 2𝐼 7𝐼 1𝐼 5𝐼 0𝐼 

6𝐼 8𝐼 3𝐼 8𝐼 3𝐼 0𝐼 0𝐼 3𝐼 8𝐼 0𝐼 8𝐼 3𝐼 8𝐼 3𝐼 0𝐼 0𝐼 3𝐼 8𝐼 0𝐼 

7𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 0𝐼 1𝐼 2𝐼 3𝐼 4𝐼 5𝐼 6𝐼 7𝐼 8𝐼 

8𝐼 3𝐼 6𝐼 1𝐼 3𝐼 6𝐼 1𝐼 1𝐼 6𝐼 3𝐼 3𝐼 6𝐼 1𝐼 3𝐼 6𝐼 1𝐼 1𝐼 6𝐼 3𝐼 

 

 

3. Neutrosophic Ideals 

 

Definition 3.1. A neutrosophic subLA-ring 𝑁(𝑆𝐿𝑅) of 𝑁(𝐿𝑅) is known as a neutrosophic left ideal 

if 𝑁(𝐿𝑅) ⊡ 𝑁(𝑆𝐿𝑅) ⊆ 𝑁(𝑆𝐿𝑅). Likewise, the right ideal and two sided ideal of 𝑁(𝐿𝑅) can be easily 

defined. 

We denote neutrosophic left ideal by 𝑁(𝐿𝐼), neutrosophic right ideal by 𝑁(𝑅𝐼) and two sided 

neutrosophic ideal will be denoted by 𝑁(𝐼). 

Lemma 3.2. If 𝑒  is the left identity in neutrosophic LA-ring  𝑁(𝐿𝑅) , then 𝑁(𝑅𝐼)  will be 

neutrosophic left ideal. 

Proof. Suppose  𝑟′ + 𝑠′𝐼 ∈  𝑁(𝐿𝑅) , 𝑚′ + 𝑛′𝐼 ∈  𝑁(𝑅𝐼) . Then 𝑟′ + 𝑠′𝐼 ⊡ (𝑚′ + 𝑛′𝐼) = (𝑒 ⊡ ( 𝑟′ +

𝑠′𝐼)) ⊡ (𝑚′ + 𝑛′𝐼)=((𝑚′ + 𝑛′𝐼) ⊡(𝑟′ + 𝑠′𝐼)) ⊡ 𝑒 ∈  𝑁(𝑅𝐼). Therefore, 𝑁(𝑅𝐼) becomes a neutrosophic 

left ideal also. 

Remark 3.3. From Lemma 3.2, it is concluded a neutrosophic LA-rings having 𝑒 the left identity, the 

neutrosophic ideal means the neutrosophic right ideal. 

Proposition 3.4. Let 𝑁(𝐿𝑅) a neutrosophic LA-ring having left identity. Then: 
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(i) 𝑁(𝐿𝑅) ⊡  𝑁(𝐿𝐼) = 𝑁(𝐿𝐼), 𝑁(𝐿𝐼) neutrosophic left ideal of 𝑁(𝐿𝑅). 

(ii) 𝑁(𝑅𝐼) ⊡  𝑁(𝐿𝑅) = 𝑁(𝑅𝐼), 𝑁(𝑅𝐼) neutrosophic right ideal of 𝑁(𝐿𝑅). 

Proof. (i) By definition, if 𝑁(𝐿𝐼) is neutrosophic left ideal of 𝑁(𝐿𝑅), then 𝑁(𝐿𝑅) ⊡  𝑁(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). 

Let 𝑝′ + 𝑞′𝐼 ∈  𝑁(𝐿𝐼) . Then 𝑝′ + 𝑞′𝐼 = 𝑒 ⊡ (𝑝′ + 𝑞′𝐼)  ∈  𝑁(𝐿𝑅) ⊡  𝑁(𝐿𝐼) . Consequently,  𝑁(𝐿𝐼)  ⊆

𝑁(𝐿𝑅) ⊡  𝑁(𝐿𝐼) and hence 𝑁(𝐿𝑅) ⊡  𝑁(𝐿𝐼) = 𝑁(𝐿𝐼). 

(ii) By definition, if 𝑁(𝑅𝐼) is neutrosophic right ideal of 𝑁(𝐿𝑅), then 𝑁(𝑅𝐼) ⊡  𝑁(𝐿𝑅) ⊆ 𝑁(𝑅𝐼). Let 

𝑚′ + 𝑛′𝐼 ∈  𝑁(𝑅𝐼). Then  

𝑚′ + 𝑛′𝐼 = 𝑒 ⊡ (𝑚′ + 𝑛′𝐼) 

= (𝑒 ⊡ 𝑒) ⊡ (𝑚′ + 𝑛′𝐼) 

= ((𝑚′ + 𝑛′𝐼)  ⊡ 𝑒) ⊡ 𝑒 

                                                                  ∈ (𝑁(𝑅𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝐿𝑅) 

                                                                     ⊆ 𝑁(𝑅𝐼) ⊡ 𝑁(𝐿𝑅). 

This implies 𝑁(𝑅𝐼) ⊆ 𝑁(𝑅𝐼) ⊡ 𝑁(𝐿𝑅). Thus, 𝑁(𝑅𝐼) ⊡  𝑁(𝐿𝑅) = 𝑁(𝑅𝐼). 

 

Lemma 3.5. If 𝑒 is a left identity and 𝑁(𝑅𝐼) is the neutrosophic right ideal of 𝑁(𝐿𝑅), then (𝑁(𝑅𝐼))2 

is a neutrosophic ideal of 𝑁(𝐿𝑅). 

Proof. If an element 𝑙′ + 𝑘′𝐼 ∈ (𝑁(𝑅𝐼))
2

, then 𝑙′ + 𝑘′𝐼 = (𝑚′ + 𝑛′𝐼) ⊡  (𝑝′ + 𝑞′𝐼), where (𝑚′ + 𝑛′𝐼),

(𝑝′ + 𝑞′𝐼) ∈ 𝑁(𝑅𝐼). Let (𝑟′ + 𝑠′𝐼) be any element of 𝑁(𝐿𝑅).  

Now consider      (𝑙′ + 𝑘′𝐼) ⊡  (𝑟′ + 𝑠′𝐼) = ( (𝑚′ + 𝑛′𝐼) ⊡  (𝑝′ + 𝑞′𝐼)) ⊡ (𝑟′ + 𝑠′𝐼) 

                                                                       = ((𝑟′ + 𝑠′𝐼) ⊡ (𝑝′ + 𝑞′𝐼)) ⊡ (𝑚′ + 𝑛′𝐼) ∈ 𝑁(𝑅𝐼) ⊡ 𝑁(𝑅𝐼) 

                                                                         = (𝑁(𝑅𝐼))
2
. 

This means (𝑁(𝑅𝐼))
2
 is neutrosophic right ideal. Therefore, from Lemma 3.2, (𝑁(𝑅𝐼))

2
becomes 

neutrosophic left ideal. Thus (𝑁(𝑅𝐼))
2
 is neutrosophic ideal. 

Remark 3.6. It is interesting to note that in a neutrosophic LA-ring 𝑁(𝐿𝑅) having left identity, 

(𝑁(𝐿𝐼))
2
 becomes neutrosophic ideal, where 𝑁(𝐿𝐼) is neutrosophic ideal. 

Lemma 3.7. If 𝑁(𝐿𝑅)  is a neutrosophic LA-rings having left identity. Let 𝑁(𝐼′)  is proper 

neutrosophic ideal of 𝑁(𝐿𝑅). Then the left identity 𝑒 does not belong to 𝑁(𝐼′). 

Proof. Contrarily, let 𝑒 ∈ 𝑁(𝐼′)  and 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅). Now consider  

𝑟′ + 𝑠′𝐼 = 𝑒 ⊡ (𝑟′ + 𝑠′𝐼) 

                                                                                    ∈ 𝑁(𝐼′)  ⊡ 𝑁(𝐿𝑅) 

  ⊆ 𝑁(𝐼′) . 

This implies 𝑁(𝐿𝑅)  ⊆ 𝑁(𝐼′) . But 𝑁(𝐼′)  ⊆  𝑁(𝐿𝑅) . This means 𝑁(𝐼′)  =  𝑁(𝐿𝑅) . Hence a 

contradiction. Thus 𝑒 ∉ 𝑁(𝐼′). 

Definition 3.8. 𝑁(𝑃𝐼) is neutrosophic ideal of 𝑁(𝐿𝑅). 𝑁(𝑃𝐼) is called neutrosophic prime ideal iff 

for any neutrosophic ideals 𝑁(𝐴𝐼) and 𝑁(𝐵𝐼), 𝑁(𝐴𝐼)  ⊡ 𝑁(𝐵𝐼) ⊆ 𝑁(𝑃𝐼) then either 𝑁(𝐴𝐼) ⊆ 𝑁(𝑃𝐼) 

or 𝑁(𝐵𝐼) ⊆ 𝑁(𝑃𝐼). 𝑁(𝑃) is called neutrosophic semi-prime if 𝑁(𝐼′)2 ⊆ 𝑁(𝑃𝐼) implies that 𝑁(𝐼′)  ⊆

𝑁(𝑃𝐼), where 𝑁(𝐼′) is any neutrosophic ideal of 𝑁(𝐿𝑅). 

If each neutrosophic ideal of 𝑁(𝐿𝑅) is neutrosophic prime ideal, then 𝑁(𝐿𝑅)  is called fully 

neutrosophic prime and if all the neutrosophic ideals are neutrosophic semi-prime ideals than 

𝑁(𝐿𝑅) is called fully neutrosophic semi-prime. 

Definition 3.9. If for all neutrosophic ideals 𝑁(𝐴𝐼), 𝑁(𝐵𝐼) , either 𝑁(𝐴𝐼) ⊆ 𝑁(𝐵𝐼)  or 𝑁(𝐵𝐼) ⊆

𝑁(𝐴𝐼), then 𝑁(𝐿𝑅) is called totally ordered under inclusion. It is symbolized by a set ideal(𝑁(𝐿𝑅)). 

Theorem 3.10. If 𝑒 left identity in neutrosophic LA-rings 𝑁(𝐿𝑅), then 𝑁(𝐿𝑅) is fully neutrosophic 

prime iff set ideal(𝑁(𝐿𝑅))  becomes totally ordered under inclusion and every ideal becomes 

idempotent. 

Proof. Suppose 𝑁(𝐿𝑅) is fully neutrosophic prime and 𝑁(𝐴𝐼), 𝑁(𝐵𝐼) be any neutrosophic ideals in 

𝑁(𝐿𝑅) . Since 𝑁(𝐴𝐼) ⊡ 𝑁(𝐵𝐼) ⊆ 𝑁(𝐴𝐼) and 𝑁(𝐴𝐼) ⊡ 𝑁(𝐵𝐼) ⊆ 𝑁(𝐵𝐼),  therefore 𝑁(𝐴𝐼) ⊡ 𝑁(𝐵𝐼) ⊆
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𝑁(𝐴𝐼) ∩ 𝑁(𝐵𝐼). Since the intersection of neutrosophic prime ideals is prime. This implies that 

𝑁(𝐴𝐼) ∩ 𝑁(𝐵𝐼)  is prime and hence by definition, 𝑁(𝐴𝐼) ⊆ 𝑁(𝐴𝐼) ∩ 𝑁(𝐵𝐼)  or 𝑁(𝐵𝐼) ⊆ 𝑁(𝐴𝐼) ∩

𝑁(𝐵𝐼). This further implies that either 𝑁(𝐴𝐼) ⊆ 𝑁(𝐵𝐼) or 𝑁(𝐵𝐼) ⊆ 𝑁(𝐴𝐼). Thus set ideal(𝑁(𝐿𝑅)) is 

totally ordered under the inclusion. Assume 𝑁(𝐼′) a neutrosophic ideal of 𝑁(𝐿𝑅), where 𝑁(𝐿𝑅) is 

fully neutrosophic prime. Then from Lemma 3.5, it is proved that (𝑁(𝐼))2 is neutrosophic ideal in 

𝑁(𝐿𝑅) , therefore (𝑁(𝐼′))2 ⊆ 𝑁(𝐼′) . Also, 𝑁(𝐼′) ⊆ (𝑁(𝐼′))2 . Consequently, (𝑁(𝐼′))2 = 𝑁(𝐼′)  this 

implies 𝑁(𝐼′) is idempotent. Conversely, assume that set ideal(𝑁(𝐿𝑅)) is totally ordered under the 

inclusion and each ideal becomes idempotent. Consider 𝑁(𝑈𝐼), 𝑁(𝑉𝐼) and 𝑁(𝑊𝐼) be neutrosophic 

ideals in 𝑁(𝐿𝑅).  Let 𝑁(𝑈𝐼) ⊡ 𝑁(𝑉𝐼)  ⊆ 𝑁(𝑊𝐼) where 𝑁(𝑈𝐼) ⊆ 𝑁(𝑉𝐼). As 𝑁(𝑈𝐼) is an idempotent 

neutrosophic ideal in 𝑁(𝐿𝑅), so 𝑁(𝑈𝐼) = (𝑁(𝑈𝐼))2= 𝑁(𝑈𝐼) ⊡ 𝑁(𝑈𝐼)  ⊆  𝑁(𝑈𝐼) ⊡ 𝑁(𝑉𝐼)  ⊆ 𝑁(𝑊𝐼). 

Hence 𝑁(𝑉𝐼)  ⊆ 𝑁(𝑊𝐼). This 𝑁(𝑊𝐼) is neutrosophic prime ideal. Similarly, on the same lines it can 

be proved that 𝑁(𝑈𝐼) and 𝑁(𝑉𝐼) are prime ideals in 𝑁(𝐿𝑅). Hence 𝑁(𝐿𝑅) is fully neutrosophic 

prime. 

Definition 3.11. Let 𝑁(𝐿𝑅)  be a neutrosophic LA-ring. 𝑁(𝑄𝐼)  a non-empty subset is called 

neutrosophic quasi ideal if 𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅) ∩ 𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼) ⊆  𝑁(𝑄𝐼). 

Lemma 3.12.  If 𝑁(𝐿𝑅) is neutrosophic LA-ring. Let 𝑁(𝑅𝐼), 𝑁(𝐿𝐼) be the neutrosophic right and 

left ideal respectively. Then the intersection of 𝑁(𝑅𝐼) and 𝑁(𝐿𝐼) is a neutrosophic quasi ideal in 

𝑁(𝐿𝑅). 

Proof. From the properties of neutrosophic right and left ideals it can be written that 𝑁(𝐿𝐼) ∩

𝑁(𝑅𝐼) ⊆ 𝑁(𝑅𝐼)  and 𝑁(𝐿𝐼) ∩ 𝑁(𝑅𝐼) ⊆ 𝑁(𝐿𝐼) . Also 𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝐼) ⊆ 𝑁(𝐿𝐼)  and 𝑁(𝑅𝐼) ⊡ 𝑁(𝐿𝑅) ⊆

𝑁(𝑅𝐼). Now consider, 

(𝑁(𝐿𝐼) ∩ 𝑁(𝑅𝐼)) ⊡ 𝑁(𝐿𝑅) ∩ 𝑁(𝐿𝑅)  ⊡ (𝑁(𝐿𝐼) ∩ 𝑁(𝑅𝐼)) 

                                       ⊆ 𝑁(𝑅𝐼) ⊡ 𝑁(𝐿𝑅)  ∩ 𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝐼) 

⊆ 𝑁(𝑅𝐼) ∩ 𝑁(𝐿𝐼) 

= 𝑁(𝐿𝐼) ∩ 𝑁(𝑅𝐼). 

Result proved. 

Definition 3.13. Let 𝑁(𝐿𝑅) be neutrosophic LA-rings. 𝑁(𝐵𝐼) is neutrosophic generalized bi-ideal, 

if (𝑁(𝐵𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝐵𝐼) ⊆ 𝑁(𝐵𝐼). It is important to note that if the non-empty subset of 𝑁(𝐿𝑅) 

is a neutrosophic subLA-ring then 𝑁(𝐵) is called neutrosophic bi-ideal of 𝑁(𝐿𝑅). 

Proposition 3.14. Let 𝑒 be left identity in 𝑁(𝐿𝑅). Then each idempotent neutrosophic quasi ideal 

𝑁(𝑄𝐼) becomes a neutrosophic bi-ideal in 𝑁(𝐿𝑅). 

Proof.  𝑁(𝑄𝐼) being a neutrosophic quasi ideal is a neutrosophic subLA-ring. Consider,  

                 (𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝑄𝐼)  ⊆ (𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝐿𝑅) 

                      = (𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝑄𝐼) 

= 𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼) 

Again consider, 

      (𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝑄𝐼) ⊆ (𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝑄𝐼) 

                    = (𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝑅)) ⊡ (𝑁(𝑄𝐼) ⊡ 𝑁(𝑄𝐼)) 

                       = (𝑁(𝑄𝐼) ⊡ 𝑁(𝑄𝐼)) ⊡ (𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐿𝑅)) 

                                                                       = 𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅). 
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Therefore, (𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅)) ⊡ 𝑁(𝑄𝐼) ⊆ (𝑁(𝑄𝐼) ⊡ 𝑁(𝐿𝑅)) ∩ (𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼)) ⊆ 𝑁(𝑄𝐼). Hence 

proved. 

Theorem 3.15. 𝑁(𝑄𝐼′), 𝑁(𝑄𝐼′′) be neutrosophic quasi ideals in neutrosophic LA-rings 𝑁(𝐿𝑅). Then 

the intersection of 𝑁(𝑄′) ∩ 𝑁(𝑄′′) is empty or neutrosophic quasi ideal of 𝑁(𝐿𝑅). 

Proof. Consider  𝑁(𝐿𝑅)  ⊡ [𝑁(𝑄𝐼′) ∩ 𝑁(𝑄𝐼′′)] ∩ [𝑁(𝑄𝐼′) ∩ 𝑁(𝑄𝐼′′)] ⊡ 𝑁(𝐿𝑅) 

                            = [𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼′)  ∩ 𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼′′)] ∩ [𝑁(𝑄𝐼′) ⊡ 𝑁(𝐿𝑅) ∩  𝑁(𝑄𝐼′′) ⊡ 𝑁(𝐿𝑅)] 

                            = [𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼′)  ∩ 𝑁(𝑄𝐼′) ⊡ 𝑁(𝐿𝑅)] ∩ [𝑁(𝐿𝑅) ⊡ 𝑁(𝑄𝐼′′) ∩  𝑁(𝑄𝐼′′) ⊡ 𝑁(𝐿𝑅)] 

                                  ⊆ 𝑁(𝑄𝐼′) ∩  𝑁(𝑄𝐼′′). 

This complete the result.  

Remark 3.16. It can be concluded from Theorem 3.15, that the intersection of neutrosophic quasi 

ideals in 𝑁(𝐿𝑅) is empty or neutrosophic quasi ideal. 

 

4. Neutrosophic Systems in Neutrosophic LA-ring  

In this section of paper, we explore Neutrosophic 𝑀 -system, Neutrosophic 𝑃 -system and 

Neutrosophic 𝐼-system in neutrosophic LA-rings.  

Definition 4.1. For 𝑚′ + 𝑛′𝐼, 𝑝′ + 𝑞′𝐼 ∈ 𝑀′, an element 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅)  and if 𝑚′ + 𝑛′𝐼 ⊡

(𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆ 𝑀′, then 𝑀′  is called a Neutrosophic 𝑀-system, where 𝑀′  is non-empty 

subset of 𝑁(𝐿𝑅). 

Example 4.2. One can easily check that in a neutrosophic LA-rings having left identity, (𝑁(𝐿𝑅),⊡)  

being a neutrosophic LA-semigroup becomes a neutrosophic 𝑀-system. 

Definition 4.3. A neutrosophic left ideal 𝑁(𝐿𝐼)  of  neutrosophic LA-rings is neutrosophic 

quasi-prime if for any neutrosophic left ideals 𝑆(𝐿𝐼) and 𝑇(𝐿𝐼), 𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼) ⊆ 𝑁(𝐿𝐼) gives either 

𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼) or 𝑇(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). While 𝑁(𝐿𝐼) is said to be a neutrosophic quasi-semiprime if for 

any neutrosophic left ideal 𝑆(𝐿𝐼), (𝑆(𝐿𝐼))2 ⊆ 𝑁(𝐿𝐼) ⇒ 𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). 

Proposition 4.4. In a neutrosophic LA-ring 𝑁(𝐿𝑅)  having left identity, following claims are 

equivalent: 

(i) 𝑁(𝐿𝐼) is a neutrosophic quasi-prime. 

(ii) 𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼) = 〈𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼)〉 ⊆ 𝑁(𝐿𝐼)  means either 𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼)  or 𝑇(𝐿𝐼) ⊆

𝑁(𝐿𝐼). 

(iii) If 𝑆(𝐿𝐼) ⊈ 𝑁(𝐿𝐼) and 𝑇(𝐿𝐼) ⊈ 𝑁(𝐿𝐼), then 𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼) ⊈ 𝑁(𝐿𝐼). 

(iv) If 𝑟′ + 𝑠′𝐼, 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝑅)  but 𝑟′ + 𝑠′𝐼, 𝑙′ + 𝑚′𝐼 ∉ 𝑁(𝐿𝐼)  then 〈𝑟′ + 𝑠′𝐼〉 ⊡

〈𝑙′ + 𝑚′𝐼〉 ⊈ 𝑁(𝐿𝐼), then either 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼) or 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼). 

(v) If 𝑟′ + 𝑠′𝐼, 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝑅)  such that 𝑟′ + 𝑠′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼) ⊆ 𝑁(𝐿𝐼),  then 

either 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼) or 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼).  

Proof.  (i)⟺(ii) Suppose 𝑁(𝐿𝐼) is a neutrosophic quasi-prime. Then it is quite clear from definition 

that if 𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼) = 〈𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼)〉 ⊆ 𝑁(𝐿𝐼), then either 𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼)or 𝑇(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). 

Converse can be proved directly. 

(ii)⟺(iii) obvious from given information. 

(i) ⟹ (iv) Assume 〈𝑟′ + 𝑠′𝐼〉 ⊡ 〈𝑙′ + 𝑚′𝐼〉 ⊆ 𝑁(𝐿𝐼),  this means 〈𝑟′ + 𝑠′𝐼〉 ⊆ 𝑁(𝐿𝐼)  or 〈𝑙′ + 𝑚′𝐼〉 ⊆

𝑁(𝐿𝐼), which further means 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼) or 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼). 

(iv)⟹(ii) Assume 𝑆(𝐿𝐼) ⊡ 𝑇(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). If 𝑟′ + 𝑠′𝐼 ∈ 𝑆(𝐿𝐼) and 𝑙′ + 𝑚′𝐼 ∈ 𝑇(𝐿𝐼), then 〈𝑟′ + 𝑠′𝐼〉 ⊡

〈𝑙′ + 𝑚′𝐼〉 ⊆ 𝑁(𝐿𝐼).  Thus from hypothesis 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼)  or 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼).  Hence either 
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𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼) or 𝑇(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). 

(i)⟺(iv) Assume 𝑟′ + 𝑠′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′′𝐼) ⊆ 𝑁(𝐿𝐼), then 𝑁(𝐿𝑅) ⊡ [𝑟′ + 𝑠′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ +

𝑚′𝐼)] ⊆ 𝑁(𝐿𝑅) ⊡ 𝑁(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). Now applying medial law and paramedical law, we conclude that 

𝑁(𝐿𝑅) ⊡ [𝑟′ + 𝑠′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼)] = (𝑁(𝐿𝑅) ⊡ 𝑟′ + 𝑠′𝐼) ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼) ⊆ 𝑁(𝐿𝐼). As 

𝑁(𝐿𝑅) ⊡ 𝑟′ + 𝑠′𝐼 and 𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼 are neutrosophic left ideals, this means 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼) or 

𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼). Converse is trivial. 

Theorem 4.5. If 𝑒 is a left identity in 𝑁(𝐿𝑅), then a neutrosophic left ideal 𝑁(𝐿𝐼) is neutrosophic 

quasi-prime iff 𝑁(𝐿𝑅)\𝑁(𝐿𝐼) is neutrosophic 𝑀-system. 

Proof. Suppose 𝑁(𝐿𝐼)  is neutrosophic quasi-prime. Assume 𝑟′ + 𝑠′𝐼,   𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼). 

Which means 𝑟′ + 𝑠′𝐼 ∉ 𝑁(𝐿𝐼)  and 𝑙′ + 𝑚′𝐼 ∉ 𝑁(𝐿𝐼).  Therefore by Proposition 4.4, 𝑟′ + 𝑠′𝐼 ⊡

(𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼) ⊈ 𝑁(𝐿𝐼).  It means there is some element (𝑝′ + 𝑞′𝐼) ∈ 𝑁(𝐿𝑅)  such that 𝑟′ +

𝑠′𝐼 ⊡ (𝑝′ + 𝑞′𝐼 ⊡ 𝑙′ + 𝑚′𝐼) ⊈ 𝑁(𝐿𝐼)  which further implies 𝑟′ + 𝑠′𝐼 ⊡ (𝑝′ + 𝑞′𝐼 ⊡ 𝑙′ + 𝑚′𝐼) ⊆

𝑁(𝐿𝑅)\𝑁(𝐿𝐼).  Therefore 𝑁(𝐿𝑅)\𝑁(𝐿𝐼)  is a neutrosophic 𝑀 -system. Conversely assume that 

𝑁(𝐿𝑅)\𝑁(𝐿𝐼)  is a neutrosophic 𝑀 -system. Let 𝑟′ + 𝑠′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑙′ + 𝑚′𝐼) ⊆ 𝑁(𝐿𝐼)  and 𝑟′ +

𝑠′𝐼 ∉ 𝑁(𝐿𝐼)  and 𝑙′ + 𝑚′𝐼 ∉ 𝑁(𝐿𝐼).  This means 𝑟′ + 𝑠′𝐼, 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼).  As by 

hypothesis  𝑁(𝐿𝑅)\𝑁(𝐿𝐼)  is a neutrosophic 𝑀 -system, so (𝑝′ + 𝑞′𝐼) ∈ 𝑁(𝐿𝑅)  and 𝑟′ + 𝑠′𝐼 ⊡

(𝑝′ + 𝑞′𝐼 ⊡ 𝑙′ + 𝑚′𝐼) ⊆ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼). This implies 𝑟′ + 𝑠′𝐼 ⊡ (𝑝′ + 𝑞′𝐼 ⊡ 𝑙′ + 𝑚′𝐼) ⊈ 𝑁(𝐿𝐼), which is 

a contradiction. Thus 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼)  or 𝑙′ + 𝑚′𝐼 ∈ 𝑁(𝐿𝐼).  Hence 𝑁(𝐿𝐼)  is neutrosophic 

quasi-prime. 

Definition 4.6. A subset 𝑃′of 𝑁(𝐿𝑅) is a neutrosophic 𝑃-system, if for any 𝑝′ + 𝑞′𝐼 ∈ 𝑃′, there is 

𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅) such that 𝑝′ + 𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆ 𝑃′. 

Proposition 4.7. In a neutrosophic LA-ring 𝑁(𝐿𝑅) having left identity, given claims are equivalent: 

(i) 𝑁(𝐿𝐼) is neutrosophic quasi-semiprime. 

(ii) (𝑆(𝐿𝐼))2 = 〈(𝑆(𝐿𝐼))2〉 ⊆ 𝑁(𝐿𝐼) implies that 𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼),  where 𝑆(𝐿𝐼)  is a 

neutrosophic left ideal. 

(iii) For any neutrosophic left ideal 𝑆(𝐿𝐼), if 𝑆(𝐿𝐼) ⊈ 𝑁(𝐿𝐼), then (𝑆(𝐿𝐼))2 ⊈ 𝑁(𝐿𝐼). 

(iv) For any element 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅), if 〈𝑟′ + 𝑠′𝐼〉2 ⊆ 𝑁(𝐿𝐼), then 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼). 

(v) For any element 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅), 𝑝′ + 𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆ 𝑁(𝐿𝐼) ⇒  𝑟′ + 𝑠′𝐼 ∈

𝑁(𝐿𝐼). 

Proof. (i)⟺(ii) ⟺(iii) obviously by definition true. 

(i)⟹(iv). Let 〈𝑟′ + 𝑠′𝐼〉2 ⊆ 𝑁(𝐿𝐼). From hypothesis as 𝑁(𝐿𝐼) is quasi-semiprime, so 𝑟′ + 𝑠′𝐼 ⊆ 𝑁(𝐿𝐼) 

and it means 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼). 

(i)⟹(iv). Assume (𝑆(𝐿𝐼))2 = 〈(𝑆(𝐿𝐼))2〉 ⊆ 𝑁(𝐿𝐼).  Let 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼).   Then by given condition 

〈𝑟′ + 𝑠′𝐼〉2 ⊆ 𝑁(𝐿𝐼) and it means 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝐼). Hence 𝑆(𝐿𝐼) ⊆ 𝑁(𝐿𝐼). 

(i)⟺(v) Obvious. 

Theorem 4.8. If 𝑒 is a left identity in 𝑁(𝐿𝑅), then a neutrosophic left ideal 𝑁(𝐿𝐼) is neutrosophic 

quasi-semiprime iff 𝑁(𝐿𝑅)\𝑁(𝐿𝐼) is neutrosophic 𝑃-system. 

Proof. Suppose 𝑁(𝐿𝐼) is neutrosophic quasi-semiprime. Let 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼). On contrary, 

assume that 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅) and 𝑝′ + 𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆  𝑁(𝐿𝑅)\𝑁(𝐿𝐼). This means 𝑝′ +

𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆ 𝑁(𝐿𝐼).  But as 𝑁(𝐿𝐼)  is neutrosophic quasi-semiprime, so from 

Proposition 4.4, 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝐼) a contradiction arise. Therefore, 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅) and 𝑝′ + 𝑞′𝐼 ⊡

(𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆  𝑁(𝐿𝑅)\𝑁(𝐿𝐼). Thus 𝑁(𝐿𝑅)\𝑁(𝐿𝐼) is a neutrosophic 𝑃-system. Now let for 
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any element 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼),  there is 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅)  and 𝑝′ + 𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ +

𝑞′𝐼) ⊆ 𝑁(𝐿𝑅)\𝑁(𝐿𝐼). Suppose 𝑝′ + 𝑞′𝐼 ⊡ (𝑁(𝐿𝑅) ⊡ 𝑝′ + 𝑞′𝐼) ⊆ 𝑁(𝐿𝐼). This means 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅) 

and 𝑝′ + 𝑞′𝐼 ⊡ (𝑟′ + 𝑠′𝐼 ⊡ 𝑝′ + 𝑞′𝐼) ⊆  𝑁(𝐿𝑅)\𝑁(𝐿𝐼). This further means that 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝐼). Thus 

by Proposition 4.7 𝑁(𝐿𝐼) is a neutrosophic quasi-semiprime. 

Lemma 4.9. In a neutrosophic LA-ring 𝑁(𝐿𝑅), every neutrosophic 𝑀-system is a neutrosophic 

𝑃-system. 

Proof. Obvious from definition. 

Definition 4.10. In a neutrosophic LA-ring 𝑁(𝐿𝑅), a neutrosophic ideal 𝑁(𝐼′) is called strongly 

irreducible iff for any neutrosophic ideals 𝑆(𝐼′) and 𝑇(𝐼′), if 𝑆(𝐼′)⋂𝑇(𝐼′) ⊆  𝑁(𝐼′) implies that either 

𝑆(𝐼′) ⊆  𝑁(𝐼′) or 𝑇(𝐼′) ⊆  𝑁(𝐼′). 

Definition 4.11. For 𝑚′ + 𝑛′𝐼, 𝑝′ + 𝑞′𝐼 ∈ 𝐼′,  if (〈𝑚 + 𝑛𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉)⋂𝐼′ ≠ ∅,  then 𝐼′  is called a 

neutrosophic 𝐼-system, where 𝐼′ is a subset of 𝑁(𝐿𝑅). 

Proposition 4.12. For neutrosophic ideal 𝑁(𝐼′)  of neutrosophic LA-ring 𝑁(𝐿𝑅),  the below 

statements are equivalent: 

(i) 𝑁(𝐼′) is strongly irreducible. 

(ii) For any elements 𝑚′ + 𝑛′𝐼, 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝑅)  such that 〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉 ⊆  𝑁(𝐼′) 

implies that either 𝑚′ + 𝑛′𝐼 ∈ 𝑁(𝐼′) or 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐼′). 

(iii) 𝑁(𝐿𝑅)\𝑁(𝐼′) is a neutrosophic 𝐼-system. 

Proof. (i)⟹(ii). Clear from definition. 

(ii)⟹(iii). Assume that 𝑚′ + 𝑛′𝐼, 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐼′)  and let (〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉)⋂𝑁(𝐿𝑅)\

𝑁(𝐼′) = ∅.  This means 〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉 ⊆  𝑁(𝐼′),  hence either 𝑚′ + 𝑛′𝐼 ∈ 𝑁(𝐼′)  or 𝑝′ + 𝑞′𝐼 ∈

𝑁(𝐼′) which is a contradiction. Thus (〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉)⋂𝑁(𝐿𝑅)\𝑁(𝐼′) ≠ ∅. 

(iii)⟹(i).  Let 𝑆(𝐼′) and 𝑇(𝐼′) be neutrosophic ideals such that 𝑆(𝐼′)⋂𝑇(𝐼′) ⊆  𝑁(𝐼′). Assume that 

Let 𝑆(𝐼′) and 𝑇(𝐼′)  do not contained in 𝑁(𝐼′). This means there will be elements 𝑚′ + 𝑛′𝐼 ∈

𝑆(𝐼′)\𝑁(𝐼′) and 𝑝′ + 𝑞′𝐼 ∈ 𝑇(𝐼′)\𝑁(𝐼′). This further implies that 𝑚′ + 𝑛′𝐼, 𝑝′ + 𝑞′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐼′). 

Hence by hypothesis (〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉)⋂𝑁(𝐿𝑅)\𝑁(𝐼′) ≠ ∅, which implies that there will be an 

element 𝑟′ + 𝑠′𝐼 ∈ 〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉  such that 𝑟′ + 𝑠′𝐼 ∈ 𝑁(𝐿𝑅)\𝑁(𝐼′).  It means 𝑟′ + 𝑠′𝐼 ∈

〈𝑚′ + 𝑛′𝐼〉⋂〈𝑝′ + 𝑞′𝐼〉 ⊆ 𝑆(𝐼′)⋂𝑇(𝐼′) ⊆  𝑁(𝐼′). Which further means 𝑆(𝐼′)⋂𝑇(𝐼′) ⊈  𝑁(𝐼′). Here arise 

a contradiction, hence either 𝑆(𝐼′) ⊆  𝑁(𝐼′) or 𝑇(𝐼′) ⊆  𝑁(𝐼′). Thus 𝑁(𝐼′) is strongly irreducible. 

 

 

 

5. Conclusions   

We initiated Neutrosophic LA-rings in this research work. Which will be a first attempt to enhance 

and develop non-associative area of mathematical sciences. It will open a new gateway for the 

upcoming researchers to extend this non-associative field of mathematics.  In order to look at the 

algebraic characteristics of Neutrosophic LA-rings, we studied their ideals (Neutrosophic prime 

ideals, Neutrosophic semi-prime, Neutrosophic quasi ideals and Neutrosophic bi-ideals). We 

established number of results to study the characteristic properties of Neutrosophic LA-rings. We 

explored the characterizations of Neutrosophic LA-ring by the properties of Neutrosophic 

𝑀-system, Neutrosophic 𝑃-system and Neutrosophic 𝐼-system and established number of results. 

Also, a relation is developed between neutrosophic 𝑀-system and neutrosophic 𝑃-system. In the 
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light of our findings, we may conclude that our work is going to be a good and helpful contribution 

to the study of algebraic structures based on Neutrosophic sets. Further, we are planning to work 

out the structural study of Neutrosophic LA-rings by extending it to some theoretical applications 

in Neutrosophic fuzzy algebraic structures. Particularly, Neutrosophic soft LA-rings, Neutrosophic 

LA-semirings, Neutrosophic soft LA-semirings and related structures.  
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