Neutrosophic Sets and Systems

Volume 38 Article 2

11-20-2020

Introduction to NeutroHyperGroups

M. A. Ibrahim

A. A.A. Agboola

Follow this and additional works at: https://digitalrepository.unm.edu/nss_journal

Recommended Citation
Ibrahim, M. A. and A. A.A. Agboola. "Introduction to NeutroHyperGroups." Neutrosophic Sets and Systems
38, 1 (2020). https://digitalrepository.unm.edu/nss_journal/vol38/iss1/2

This Article is brought to you for free and open access by UNM Digital Repository. It has been accepted for
inclusion in Neutrosophic Sets and Systems by an authorized editor of UNM Digital Repository. For more
information, please contact amywinter@unm.edu, Isloane@salud.unm.edu, sarahrk@unm.edu.


https://digitalrepository.unm.edu/nss_journal
https://digitalrepository.unm.edu/nss_journal/vol38
https://digitalrepository.unm.edu/nss_journal/vol38/iss1/2
https://digitalrepository.unm.edu/nss_journal?utm_source=digitalrepository.unm.edu%2Fnss_journal%2Fvol38%2Fiss1%2F2&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalrepository.unm.edu/nss_journal/vol38/iss1/2?utm_source=digitalrepository.unm.edu%2Fnss_journal%2Fvol38%2Fiss1%2F2&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:amywinter@unm.edu,%20lsloane@salud.unm.edu,%20sarahrk@unm.edu

ﬁ NSS NeutrosophicSetsandSystems,Vol.38,2020

m University of New Mexico
Q..'

Introduction to NeutroHyperGroups

M.A. Ibrahim® and A.A.A. Agboola?®
1Department of Mathematics, Federal University of Agriculture, PMB 2240, Abeokuta, Nigeria;
muritalaibrahim40@gmail.com
2Department of Mathematics, Federal University of Agriculture, PMB 2240, Abeokuta, Nigeria;
agboolaaaa@funaab.edu.ng
¢ In commemoration of the 60th birthday of the second author

Correspondence: agboolaaaa@funaab.edu.ng

Abstract. NeutroSophication and AntiSophication are processes through which NeutroAlgebraic and AntiAlgebraic
structures can be generated from any classical structures. Given any classical structure with m operations (laws and
axioms) where m > 1 we can generate (2 — 1) NeutroStructures and (3™ — 2") AntiStructures. In this paper, we
introduce for the first time the concept of NeutroHyperGroups. Specifically, we study a particular class of NeutroHy-
perGroups called [2, 3]— NeutroHyperGroups and present their basic properties and several examples. It is shown that
the intersection of two [2,3]— NeutroSubHyperGroups is not necessarily a [2, 3]—NeutroSubHypergroup but their union
may produce a [2,3]— NeutroSubhypergroup. Also, the quotient of a [2,3]—NeutroHyperGroup factored by a [2,3]—
NeutroSubHyperGroup is shown to be a [2, 3]—NeutroHyperGroup. Examples are provided to show that in the neutro-
sophic environment, [2,3]— NeutroHyperGroups are associated with dismutation reactions in some chemical reactions

and biological processes.

Keywords: NeutroHyperGroup, NeutroSubHyperGroup, NeutroHyperGroupHomomorphism, NeutroHyperGrouplso-

momorphism.

1. Introduction

In 2013, Agboola and Davvaz established the connections between neutrosophic set and algebraic
hyperstructures. In [143] they studied neutrosophic hypergroup, neutrosophic canonical hypergroup
and neutrosophic hyperrings. Since then several neutrosophic algebraic structures have been studied
and many results have been obtained and published. Recently, Ibrahim and Agboola in [13] studied
Neutrosophic Hypernearrings and presented some of their properties. In 2019, Florentin Smarandache
in [20] presented the concept of NeutroAlgebraicStructures and AntiAlgebraicStructures which can be
generated from classical algebraic structures through processes called NeutroSophication and AntiSoph-
ication respectively. He recalled, improved and extended several definitions and properties of these new

structures in [19]. These new concepts have provided new methodologies for handling indeterminate,
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incomplete and imprecise information and processes. The work of Smarandache in [20] was studied viz-
a-viz the classical number systems N, Z, Q, R and C by Agboola et al. in [4]. In [5/6], Agboola formally
presented the notions of NeutroGroups, NeutroSubgroups, NeutroRings, NeutroSubrings, Neutroldeal,
NeutroQuotientRings, and he established several properties of these structures and their substructures
for the classes he considered. Recently, Rezaei and Smarandache in [17] introduced the concepts of
Neutro-BE-algebras and Anti-BE-algebras and in [7,/12] Agboola and Ibrahim introduced the concept
of NeutroVectorSpaces and AntiRings. The present paper will be concerned with the introduction of
the concept of NeutroHyperGroups and presentations of their basic properties and examples. For more

details on Neutrosophy and applications, the readers should see [8}|9}/14}16}|18}/22].

2. Preliminaries

In this section, we will give some definitions, examples and results that will be used in the sequel.

Definition 2.1. Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. The couple
(H, o) is called a hypergroupoid. For any two non-empty subsets A and B of H and « € H, we define

AoB = U aob, Aox=Ao{z} and xzoB={z}oB.
ac€A,beEB

Definition 2.2. A hypergroupoid (H,o) is called a semihypergroup if for all a, b, ¢ of H we have
(aob)oc=ao(boc), which means that
U woc= U aov.
u€aob vEboc
A hypergroupoid (H, o) is called a quasihypergroup if for all a of H we have a o H = H o a = H. This

condition is also called the reproduction axiom.

Definition 2.3. A hypergroupoid (H, o) which is both a semihypergroup and a quasi- hypergroup is
called a hypergroup.

Definition 2.4. Let (H,o) and (H’,0’) be two hypergroupoids. A map ¢ : H — H’, is called
(1) an inclusion homomorphism if for all x,y of H, we have ¢(x oy) C ¢(z) o' ¢(y);
(2) a good homomorphism if for all x, y of H, we have ¢(z oy) = ¢(x) o ¢(y).

Definition 2.5. Let H be a non-empty set and let + be a hyperoperation on H. The couple (H,+) is

called a canonical hypergroup if the following conditions hold:

(1) x2+y=y+a, foralzyecH,
(2) 2+ (y+2)=(r+y) +z foral z,y,z € H,

(3) there exists a neutral element 0 € H such that x + 0= {z} =0+, for all x € H,

(4) for every x € H, there exists a unique element —z € H such that 0 € z + (—z) N (—z) + z,
(

5) z€x+yimpliesy € —z+zand x € z —y, for all z,y,z € H.
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Definition 2.6. [21]

(i) A classical operation is an operation well-defined for all the set’s elements.

(ii) A classical hyper-operation is a hyper-operation well-defined for all the set’s elements.

(iii) A neutro operation is an operation partially well-defined or partially indeterminate or partially
outer defined on a given set.

(iv) (Anti) Operation is an operation that is outer defined for all set’s elements.

(v) A classical law/axiom defined on a nonempty set is a law/axiom that is totally true (i.e., true
for all set’s elements).

(vi) A NeutroLaw/NeutroAxiom defined on a nonempty set is a law/axiom that is true for some set’s
element [degree of truth (7')], indeterminate for other set’s elements [degree of indeterminacy
(I)], or false for the other set’s elements [degree of falsehood (F)], where T, I, F € [0,1], with
(T,I,F) # (1,0,0) that represents the classical axiom, and (7,1, F) # (0,0, 1) that represents
the AntiAxiom.

(vil) An AntiLaw/AntiAxiom defined on a nonempty set is a law/axiom that is false for all set’s
elements.

(viii) NeutroHyperOperation is a hyper-operation partially well-defined, partially indeterminate, and
partially outer-defined on a given set.

(ix) AntiHyperOperation is a hyper-operation outer-defined for all set’s elements.

(x) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom
(axiom that is true for some elements, indeterminate for other elements, and false for other
elements).

(xi) An AntiAlgebra is an algebra endowed with at least one AntiOperation or at least one Anti-

Axiom.

Theorem 2.7. [17] Let U be a nonempty finite or infinite universe of discourse and let S be a finite
or infinitre subset of U. If n classical operations (laws and azioms) are defined on S where n > 1, then

there will be (2™ — 1) NeutroAlgebras and (3™ — 2™) AntiAlgebras.

Definition 2.8. [Classical group] Let G be a nonempty set and let * : G X G — G be a binary operation
on G. The couple (G, *) is called a classical group if the following conditions hold:

(Gl) zxy € G Vz,y € G [closure law].

(G2) zx(y*2) = (z*xy)*2z Vz,y,z € G [axiom of associativity].

(G3) There exists e € G such that x x e = e xx = 2 Vz € G [axiom of existence of neutral element)].

(G4) There exists y € G such that x xy =y *x = e Vo € G [axiom of existence of inverse element)
where e is the neutral element of G.

If in addition Vz,y € G, we have
(G5) z*xy =y xx, then (G, *) is called an abelian group.
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Definition 2.9. [NeutroSophication of the law and axioms of the classical group] [5]

(NG1)

(NG2)

(NG3)

(NG4)

(NG5)

There exist some duplets (x,y), (u,v), (p,q), € G such that xxy € G (inner-defined with degree
of truth T) and [u * v = indeterminate (with degree of indeterminacy I) or p x ¢ € G (outer-
defined/falsehood with degree of falsehood F)] [NeutroClosureLaw].

There exist some triplets (z,y, 2), (p,q,7), (u,v,w) € G such that z * (y* z) = (x *y) * z (inner-
defined with degree of truth T) and [[p * (g * r)]or [(p * ¢) * r] = indeterminate (with degree of
indeterminacy I) or u * (v * w) # (u * v) * w (outer-defined/falsehood with degree of falsehood
F)] [NeutroAxiom of associativity (NeutroAssociativity)].

There exists an element e € G such that x x e = e x x = 2 (inner-defined with degree of truth
T) and [[x * e]or[e * 2] = indeterminate (with degree of indeterminacy I) or x x e # = # e x x
(outer-defined /falsehood with degree of falsehood F)] for at least one z € G [NeutroAxiom of
existence of neutral element (NeutroNeutralElement)].

There exists an element v € G such that « * 4 = u * x = e (inner-defined with degree of truth
T) and [[z * u]or[u * )] = indeterminate (with degree of indeterminacy I) or x x u # e # u * x
(outer-defined /falsehood with degre of falsehood F)] for at least one x € G [NeutroAxiom of
existence of inverse element (NeutroInverseElement)] where e is a NeutroNeutralElement in G.
There exist some duplets (z, y), (u,v), (p, ¢) € G such that x+y = y+x (inner-defined with degree
of truth T) and [[u * v]or[v * u] = indeterminate (with degree of indeterminacy I) or p *x ¢ #
q * p (outer-defined/falsehood with degree of falsehood F)] [NeutroAxiom of commutativity
(NeutroCommutativity)].

Definition 2.10. [AntiSophication of the law and axioms of the classical group] [5]

(AG1)
(AG2)

(AG3)

(AG4)

(AG5)

For all the duplets (z,y) € G, x xy ¢ G [AntiClosureLaw].

For all the triplets (z,y,2) € G,  * (y * 2) # (x *y) * z [AntiAxiom of associativity (AntiAsso-
ciativity)].

There does not exist an element e € G such that x xe = exx = = Vo € G [AntiAxiom of
existence of neutral element (AntiNeutralElement)].

There does not exist u € G such that x xu = u* 2 = e Vo € G [AntiAxiom of existence of
inverse element (AntilnverseElement)] where e is an AntiNeutralElement in G.

For all the duplets (x,y) € G, zxy # y*x [AntiAxiom of commutativity (AntiCommutativity)].

Definition 2.11. [5] A NeutroGroup NG is an alternative to the classical group G that has at least
one NeutroLaw or at least one of {NG1, NG2, NG3, NG4} with no AntiLaw or AntiAxiom.

Definition 2.12. [5] An AntiGroup AG is an alternative to the classical group G that has at least
one AntiLaw or at least one of {AG1, AG2, AG3, AG4}.
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Definition 2.13. [5] A NeutroAbelianGroup NG is an alternative to the classical abelian group G
that has at least one NeutroLaw or at least one of { NG1, NG2, NG3, NG4} and NG5 with no AntiLaw

or AntiAxiom.

Definition 2.14. [5] An AntiAbelianGroup AG is an alternative to the classical abelian group G that
has at least one AntiLaw or at least one of {AG1, AG2, AG3, AG4} and AGS.

Proposition 2.15. [5] Let (G, %) be a finite or infinite classical non abelian group. Then:

(i) there are 15 types of NeutroNonAbelianGroups,
(ii) there are 65 types of AntiNonAbelianGroups.

Proposition 2.16. [ Let (G, *) be a finite or infinite classical abelian group. Then:

(i) there are 31 types of NeutroAbelianGroups,
(i) there are 211 types of AntiAbelianGroups.

Definition 2.17. [5] Let (NG, #) be a NeutroGroup. A nonempty subset NH of NG is called a
NeutroSubgroup of NG if (NH,x) is also a NeutroGroup of the same type as NG. If (NH,x) is a
NeutroGroup of a type different from that of NG, then N H will be called a QuasiNeutroSubgroup of
NG.

Example 2.18. [5]
(i) Let NG =N=1{1,2,3,4---,}. Then (NG,.) is a finite NeutroGroup where ".” is the binary
operation of ordinary multiplication.
(ii) Let AG = Q% be the set of all irrational positive numbers. Then (AG,*) is an infinite Anti-
Group.
(iii) Let U= {a,b,c,d,e, f} be a universe of discourse and let AG = {a,b, ¢, } be a subset of U. Let
* be a binary operation defined on AG as shown in the Cayley table below:

x|al|bl|c
dicl|b
clela
clblalf

Then (AG, %) is a finite AntiGroup.
3. Formulation of a NeutroHyperGroup

Definition 3.1. [Classical Hypergroup]
Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. Then (H, o) is a hypergroup
if the following conditions hold:

(H1) for all z,y € H, x oy C H (closure law),

(H2) for all z,y,2z € H, (xoy)oz=uxo0(yoz) (associative axiom),
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(H3) for all z € H, x o H = H o x = H (reproductive axiom).

Definition 3.2. [NeutroSophication of the law and axioms of the classical hypergroup]

(NH1) There exist some duplets (u,v), (x,y), (p,q) € H such that uwov C H (inner-defined with the
degree of truth T) and [z oy = indeterminate (with the degree of indeterminacy I) or poq ¢ H
(outer-defined /falsehood with degree of falsehood F)].

(NH2) There exist some triplets (u,v,w),(x,y,2),(p,q,7) € H such that v o (vow) = (uowv)ow
(inner-defined with the degree of truth T) and [z o (y 0 2) or (z o y) o z = indeterminate(with
the degree of indeterminacy I) or (poq) or # po (qor) (outer-defined/falsehood with degree
of falsehood F)].

(NH3) There exists at least a triplet (u,v,x) € H such that wo H = H ou = H (inner-defined with
the degree of truth T) and [vo H or H o v = indeterminate (with the degree of indeterminacy

I) or z o H # H # H oz (outer-defined /falsehood with degree of falsehood F)].

Definition 3.3. [AntiSophication of the law and axioms of the classical hypergroup ]

(AH1) uov € H Yu,v € H (anti closure law).
(AH2) uo(vow) # (uowv)ow Yu,v,w € H (anti associative axiom)

(AH3) xo H # H and H ox # H Vx € H (anti reproductive axiom).

Definition 3.4. A NeutroHyperGroup (NH,o) is an alternative to the classical hypergroup (H,o)
that has a NeutroLaw or at least one of NH2 and N H3 with no Antilaw or AntiAxiom.

Definition 3.5. An AntiHyperGroup (AH, o) is an alternative to the classical hypergroup (H, o) that
has an AntiLaw or at least one of AH2 and AH3.

Theorem 3.6. Let (H, o) be a classical hypergroup. Then,

(1) there are 7 classes of NeutroHyperGroup.
(2) there are 19 classes of AntiHyperGroup.

Proof. The proof follows easily from Theorem -0

Theorem shows that there are 7 classes of NeutroHypergroups. The classes where NH1 — NH3
hold are called the trivial NeutroHyperGroups. Examples of NeutroHyperGroups in this class are

presented below.
Example 3.7. Let V = {u, v, w, s,t, z} be a universe of discourse and let NH = {v,w, s, 2z} be a subset

of V. Define on N H the binary Operation o as shown in the table below.

It can easily be deduced from the table that (N H, o) is a trivial NeutroGroup. The subset NK = {v, s}

of NH is also a trivial NeutroGroup and hence a NeutroSubgroup of N H.

M.A. Tbrahim and A.A.A. Agboola, Introduction to NeutroHyperGroups
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o} v w S z
(% S z v
w z u v S
S v w S z
z z u v S

Now, consider the NeutroSubgroup NK = {v, s}. Defined on NK a hyperoperation xxx as follows

xoNKoy={zozoy:2€ NK} if x =y,
THANK Y =
{z,zoy}if x#y.

From this definition we construct the table below:

TABLE 1. Cayley table for the hyperoperation "%y "

v {v,2}  {t,v} {v,z} {v}

w {w,z} {t,u} {v,w} {s,w}
s {s,v} {s,w} {s,z} {s, 2z}
z {z} {u,2} {v,z}  {s,v}

It can be seen from Table 1 that g satisfies :

(1) NeutroClosureLaw (NH1) : Except for the composition
vixng w={t,v},wxnk w = {t,u} and z *yx w = {u, 2} which are false with 18.75% degree
of falsehood, all other composition are true with 81.25% degree of truth.

(2) NeutroAssociative (NH2) :

sxNiK (VxNK V) = (s *NK V) *nK U = {s,v, 2}

s*ni (wrng v) = {s,w,z} but (s kykx w) *ng v = {s,v,w, 2} # {s,w, z}.

(3) NeutroReproductionAxiom (NH3) :
S*NK NH = NH*NK S = {U,U),S,Z} = NH.

wxyg NH =NH *yx w = {u,v,w,s,t,z} # NH.

Hence, (NH,*n k) is a trivial NeutroHyperGroup.

Example 3.8. Let V = {u,v,w,s,t,z} be a universe of discourse and let NH = {u,v,w, z} be a

subset of V. Define on N H the binary operation o as shown in the table below.

It can be shown from the table that (NH, o) is a NeutroGroup and the subset NK = {u,v} of NH is

a classical group with respect to o.
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Now, defined on NH a hyperoperation xyg as follows :

xoNKoy={zozoy:2z€ NK} ifzx#uy#uandz#y,
THNK Y = roy ifx=y,

{z,y} otherwise.
Note, if x o y is indeterminate, we write x oy = I.

From this definition we construct the table below:

TABLE 2. Cayley table for the hyperoperation " "’

u U {u,v}  Au,s} A{u,z}
v {u,v} {s,t} {w, z}
s {u,s}  {w,s} wu {v,t}
z {u,z} {t, I} {w, 1} u

It can be seen from the table that xx g satisfies :

(1) NeutroClosureLaw (NH1) : Except for the compositions
ving 8§ = {s,th,v*yg 2 = {w, 2}, s*yk v = {w,s} and s xyg z = {v,t} which are false
with 25.0% degree of falsehood, and the compositions z xyx v = {t,I} and z xyx s = {w, I}
which are indeterminate with 12.5% degree of indeterminacy all other compositions are true
with 62.5% degree of truth.

(2) NeutroAssociative (NH2) :

UKNEK (’U *NK u) = (U*NK ’l)) ANK U= {U,U}.

s*xNi (Uxni v) = {u,w, s} but (s *xyk u) *nvi v = {u,v,w, s} # {u,w, s}.

(3) NeutroReproductionAxiom (NH3) :
uxyg NH =NH xyg s = {u,v,s,2} = NH.

2Nk NH = {u,w,t,z,1} # NH and NH xyg z = {u,v,w,t,2} # NH.

Hence, (NH,*xn k) is a trivial NeutroHyperGroup.
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4. Study of a Class of NeutroHyperGroup

In this section, we are going to consider a particular class of NeutroHyperGroups (N H, x) where
(i) (NH,x) is a classical hypergroupoid,
(ii) the hypergroupoid (N H,x) is a NeutroSemiHyperGroup and
(iii) the hypergroupoid (N H,x) is a NeutroQuasiHyperGroup.
We will refer to this class of NeutroHyperGroups as [2,3]-NeutroHyperGroup (i.e., H2 and H3 of
Definition are NeutroAxioms).

Example 4.1. Let NH = {u, v, s,t} be a non empty set and let ’-” be a binary operations defined on
NH as shown in the table below.

[ v S t
U v t S [
v v U t [
s s t v [
t [ u [ [

Now consider the subset NK = {u,v}. Defined on NH a hyperoperation x5 as follows :

- NK-y={z-z-y:2€ NK} if £y and x,y # u,
THANK Y =

Ty otherwise.

From this definition we construct the table below.

TABLE 3. Cayley table for the hyperoperation "y "

*NK U v S t
U v t s U
v v {u,t}  {s,t} U
s s {u,t}  {u,v} w
t u t s U

It can be seen from Table 3 that :

(1) (NH,xnk) is a hypergroupoid.

(2) *nk is NeutroAssociative, since
(t *NK ’U) *NKt=txNK ('U *NK t) = {U}

(U *NK S) *NKT= {u} but V*NK (S *NK i) = {'U} 75 {u}

Hence, the hypergroupoid (NH,xnk) is NeutroSemiHyperGroup.
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(3) *n ki satisfies NeutroReproductiveAxiom, since
sk NH = NH *yi s = {u,v,s,t} = NG.

ving NH = {u,v,s,t} # {u,t} = NH xng v.

Hence, the hypergroupoid (NH,xyg) is a NeutroQuasiHyperGroup.
Accordingly, (NH,*n¥) is a [2, 3]-NeutroHyperGroup .

Example 4.2. Let NH = {«, 8,7, ¢,%} and let x be a hyperoperation defined on NH as shown in
the table below ;

TABLE 4. Cayley table for the hyperoperation "x”

* « 53 ol 0] P

B ! {7, ¢} {9, ¢} {8,7} {a, ¥}
¥ ! {7} {a,7} ¥ {7}
o) a {a, ¢} ¢ {a, ¢} {a, 0}
() e! {7, ¢} {8, ¢} {7, %} {a, B}

Then, (NH,x) is a [2, 3]—NeutroHyperGroup.
It can be seen from Table 4 that :

(1) (NH,x) is a hypergroupoid.
(2) x is NeutroAssociative, since

(@ B)*1h = (Brv) ={a, ¢}

(Bx¢) xy={a,7,0,9} but Bx(¢px7) ={B8,7} #{a,7,0,¢}.
Hence, the hypergroupoid (N H,x) is NeutroSemiHyperGroup.

(3) x satisfies NeutroReproductiveAxiom, since

Y« NH = NH x4 = {a,f,7,¢,1} = NH.

¢*x NH ={o, ¢} #{a, 8,7, ¢} = NH x ¢.

Hence, the hypergroupoid (INVH,*) is a NeutroQuasiHyperGroup.
Accordingly, (NH, ) is a [2, 3]-NeutroHyperGroup.

Example 4.3. Let NH = {m,n,p,q} and let o be a hyperoperation defined on NH as shown in table
5 below.

Then, (NH,o) is a [2,3]—NeutroHyperGroup. It can be seen from the Table 5 that :

(1) (NH,o) is a Hypergroupoid.
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TABLE 5. Cayley table for the hyperoperation

o m n P q

m m {m,n} {m, p} {m, ¢}
n {m, n} p n {n,p}
p p {r,q} p {r,q}

q q {m, ¢} q {m, ¢}

(2) o is NeutroAssociative, since
(mom)on=mo (mon)={m,n}.
(momn)og={m,n,p,q}but mo(noq)={m,n,p}# {m,np,qj}.

Hence, the hypergroupoid (N H, o) is NeutroSemiHyperGroup.

(3) o satisfies NeutroReproductiveAxiom, since
moNH =NHom={m,n,p,q} = NH.
poNH ={p,q} # {m,n,p,q} = NHop.

Hence, the hypergroupoid (IVH, o) is a NeutroQuasiHyperGroup.
Accordingly, (NH, o) is a [2, 3]-NeutroHyperGroup.

Example 4.4. Let NH = {1,2,3,4,5,6} and let x be a hyperoperation defined on NH as shown in
the table below ;

" n
*

TABLE 6. Cayley table for the hyperoperation

* 1 2 3 4 5 6

1 1 1 1 1 1 1

2 1 {1,2} 2 {2,4} {1,2} {2,4}

3 1 3 {1,3} 3 {1,3} {1,3}

4 1 {1,4} 4 (2,4} (1,4} {2,4}

5 1 {3,5} {2,5} {5,6} {1,2,3,5} {2,4,5,6}
6 1 {3,6} {4,6} {5,6} {1,3,4,6} {2,4,5,6}

It can be shown from Table 6 that, (NH,x) is a [2,3]—NeutroHyperGroup.

Proposition 4.5. Let (NHy,x1) and (N Ha, *2) be any two [2,3]— NeutroHyperGroups. Let
NH; x NHy = {(v,k) :v € NHy and k € NHo},
for x = (v1,k1), y = (v, ko) € NHy x NHy define :
xxy = ((v1 %1 v2), (k1 %2 k2)).

Then (NH; x NHy, %) is a [2,3]— NeutroHyperGroup.
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Proof. (1) Let & = (v1, k1), y = (v2,k2) € NHy x NHy, then
TrYy = (Ul,k‘l)*(vg, kg) = (1}1*11)2,]451*2]{:2) - NH1 XNHQ. Uik vg C NH1 and k‘l*gk‘g - NHQ.

Hence, (NH; x N Ho, %) is a hypergroupoid.
(2) There exists at least a triplet ((v1, k1), (ve, k2), (vs, k3)) € NH; x N Hy such that

((’Ul,k‘l)*(’Ug,k‘g))*(v&kg) = (’1)1*17]2 (kl*gk’g))*(’l)g,k?g)
(

(
= ((v1 %1 v2) *1 v3, (k1 x2 k2) x2 k3)
= (Ul *1 (Vg *1 Ug), kl *92 (]{32 *9 kg)) - NH2 holds in NHland NH2
(
(

(

’Ulvkl) ((’U2 *1 ’1)3),(]62 *9 ]Cg))
)
t

*
= (v1, k1) % ((v2, k2) % (v3, k3)).
Also, there exists at least a triplet ((a1,b1), (ag, b2), (as,bs)) € NHy x N Hy such that

((al,bl)*(GQ,bg))*(ag,bg) = (al*lag) (bl*gbg)) (a3,b3)
(

<

(
= ((a1 %1 az) *1 az, (by *2 bz) x2 b3)
75 (a1 *1 (ag *1 ag) b1 *9 (bg *9 bg)) - NH2 holds in NHland NH2
= (
(

ai, bl) (((LQ *1 a3) (bg *9 bg))
al,bl) ((ag,bg) (ag,bg)).

Hence, NH2 holds in NH; x NHs.
(3) There exists at least a (v, k) € NH; x NHy with v € NH; and k € NH; such that
(v,k)* NHy x NHy = (v,k)*{(v1,k1):v1 € NHy,k; € NHy}

= {(v,k)* (v1,k1) :v1 € NHy, k1 € NHy}
{((v*1v1),(k*2 k1)) :v1 € NHy, k1 € NHy}

= (v*1 NHy,k*y NHo)
(NHy %1 v, NHy *2 k) (. NH3 holds in NH; and NH,)

= NH; X NHy* (v,k)

= NH1 X NH2
Also, there exists at least a (u,q) € NHy; x NHs with w € NH; and ¢ € NHy such that
(u,q) *x NHy Xx NHy = (u,q) *x{(vi,k1) : v1 € NHy, k1 € NHy}

{(u,q) * (v1,k1) : v1 € NHy, k1 € NHy}

= {((ux1v1), (gr2 k1)) :v1 € NHy, ky € NHo}

= (ux NHy, q*3 NH>)

(NHy x1 u, NHy %3 q) (. NH3 holds in NH; and NHy)
NH; x NHy x (u,q).

N

Accordingly, (NH; x N Ha,*) is a [2,3]—NeutroHyperGroup.

Proposition 4.6. Let (NV,*1) be a [2,3]— NeutroHyperGroup and (H,*2) be any hypergroup. Let
NV x H={(v,h) :ve NV and h € H},
for x = (v1,h1), y = (ve,ha) € NV x H define :
x*y = ((v1 %1 v2), (h1 *x2 ha).

Then (NV x H,x) is a [2,3]— NeutroHyperGroup.
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Proof. The proof follows similar approach as the proof of .5]. g

Definition 4.7. Let NH be a [2,3]—NeutroHyperGroup, a non-empty subset NK of NH is called a
[2, 3]—NeutroSubHyperGroup of NH if NK is itself a [2, 3]—NeutroHyperGroup.

Example 4.8. Let (NH, o) be the [2,3]— NeutroHyperGroup defined in Example [4.3] and let
NK ={m,p,q} be a subset of NH. Let o be defined as shown in the table below.

TaBLE 7. Cayley table for the hyperoperation "”o”

[¢] m P q

m m {m,p} {m,q}
p p P {r,q}
q q q {m, ¢}

It can be shown from Table 7 that (NK,o) is a [2,3]—NeutroHyperGroup. Then, (NK,o) is a
[2, 3]—NeutroSubHyperGroup of NH.

Example 4.9. Let (NH,o) be the [2,3]— NeutroHyperGroup defined in Example and let
NK =1{1,2,3,4} and NW = {1,2,3,5} be subsets of NH.

Let x be defined as shown in the tables below :

TABLE 8. Cayley table for the hy- TABLE 9. Cayley table for
peroperation "« the hyperoperation "«

* 1 2 3 4 * 1 2 3 5

1 1 1 1 1 1 1 1 1 1

2 1 1,2} 2 (2,4} 2 1 (1,2} 2 {1,2}

3 1 3 1,3} 3 3 1 3 (1,3} {1,3)

4 1 (1,4 4 (2,4} 5 1 (3,5} {25} {1,2,3,5}

We can see from Tables 8 and 9 that (NK,x) and (NW,x) are [2,3]—NeutroHyperGroups. Then,
(NK,x) and (NW, %) are [2,3]— NeutroSubHyperGroups of NH.
Now, consider the following:

(1) NKUNW = {1,2,3,4,5}.

(2) NKNNW ={1,2,3}.
It can be shown from Table 6 that NK U NW is a [2, 3]— NeutroSubHyperGroup of NR but NK N NW
is a non-trivial NeutroSemiHyperGroup of N H.

These observations are recorded in Remark [£.10]

Remark 4.10. Let NK and NW be two [2, 3]—NeutroSubHyperGroups of a [2, 3]— NeutroHyperGroup
NH. Then
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(1) NKUNW can be a [2,3]— NeutroSubHyperGroup of NH.
(2) NK N NW is not necessarily a [2,3]— NeutroSubHyperGroup of NH.

Proposition 4.11. Let NH be a [2,3]— NeutroHyperGroup and let NW be a [2,3]— NeutroSubHy-

perGroup of NH. For aNW,bNW € NH/NW with a,b € NH, let x be a hyperoperation defined on
NH/NW by

aNW «bDNW = {cd | c € aNW, d € bLNW}.

Then, (NH/NW,x) is a [2,3]— NeutroHyperGroup which is known as a [2,3]— NeutroQuotientHyper-
Group.

Proof. The proof of this Proposition will be by a constructed example as given in Example {12} o

Example 4.12. Let (NH,o) be the [2,3]— NeutroHyperGroup defined in Example and let NW
be the [2, 3]—NeutroSubHyperGroup of Example [£.9]. Then we have

NH/NW = {NW,po NW,no NW,qgo NW}.

Define on NH/NW a hyperoperation x as shown in the table below

TABLE 10. Cayley table for the hyperoperation "+"

* NW pNW nNW qgNW

NW {NW,pNW,qNW} {NW,pNW,qNW} {NW,pNW,nNW} {NW,pNW,qNW}
pNW  {pNW,gNW} {pPNW,qNW} {pPNW,qNW} {pPNW,qNW}
nNW  {NW,pNW,nNW}  {pNW,nNW} {NW,nNW} {pNW,qNW,nNW}
gNW  {NW,qNW} (NW,qNW} (RNW,gNW} aNW

Then, it can be seen from the table that :
(1) (NH/NW,x) is a hypergroupoid.
(2) there exists at least a triplet (pbNW,nNW,¢NW) € NH/NW such that

PNW « (nNW x gNW) = (pNW xnNW) x gNW = {pNW,qNW }.
And, there exists at least a triplet ((NW,nNW,gNW) € NH/NW such that
(GNW xnNW) % gNW = {pNW,nNW,qNW} £ {NW,nNW,gNW} = gNW % (nNW % gNW).
(3) there exists nNW € NH/NW such that
nNW x NH/NW = NH/NW xnNW = NH/NW.

And, there exists pNW € NH/NW such that
pNW « NH/NW = {pNW,qgNW } £ {NW,pNW, nNW qNW} = NH/NW xpNW.
Accordingly, (NH/NW, %) is a [2, 3]— NeutroHyperGroup.
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Definition 4.13. Let (NH,*) and (NW, o) be any two [2,3]— NeutroHyperGroups . The mapping
¢:NH — NW

1s called a NeutroHyperGroupHomomorphism 1 axb) C ¢(a)o or at least a duplet
1) is called a N H G H hism if ¢ b o) o(b) f 1 dupl
(x,y) € NH.
(2) is called a good NeutroHyperGroupHomomorphism if ¢(axb) = ¢(a) o ¢(b) for at least a duplet
(x,y) € NH.
is called NeutroHyperGrouplsomorphism if ¢ is a NeutroHyperGroupHomomorphism and ¢~
3) is called N H G I hism if ¢ is a N H G H hi d ot

is also a NeutroHyperGroupHomomorphism.

Definition 4.14. Let (NH,*) and (NW,x) be any two [2,3]— NeutroHyperGroups with NeutroNeu-
tralElements exp and enw respectively.

Let ¢ : NH — NW be a good NeutroHyperGroupHomomorphism.

The kernel of ¢ denoted by NH Kerg is defined as

NHKer¢ ={x: ¢(x) = enw}-
The image of ¢ denoted by N HIm¢ is defined as
NHIm¢ ={y € NW :y = ¢(x) for at least one y € NW}.
Example 4.15. Let (N K, o) be the [2,3]— NeutroHyperGroup of Example and let
¢:NK x NK — P*(NK)

be given by ¢(k1,ke) = k1 o ko for all k1, ks € NK.

Then ¢ is a good NeutroHyperGroupHomomorphism.

We have NHKer¢ = {(m,m), (p,m), (p,p), (¢;m), (¢ p)} and

NHIm¢ = {m,p,q,{m,p},{m,q},{p,q}}.

It can be shown that NHKer¢ is a [2,3]— NeutroSubHyperGroup of (NK x NK,o) and NHIm¢ is
a [2, 3]— NeutroSubHyperGroup of (P*(NK),o).

Proposition 4.16. Let (NH,*) and (NW,x) be any two [2,3]— NeutroHypergroups.
Let ¢ : NH — NW be a good NeutroHperGroupHomomorphism. Then :

(1) NHKer¢ is a NeutroSubHyperGroup of NH.
(2) NHIm¢ is a NeutroSubHyperGroup of NW.

Proof. The proof follows from Example -0
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5. Applications of [2,3]— NeutroHyperGroups in Biological and Chemical Sciences

In [10], Davvaz et al. provided some examples of hyperstructures and weak hyperstrutures associated
with dismutation reactions. In what follows, we will provide examples to show that when dismutation
reactions take place in the neutrosophic environment, they are associated with [2,3]— NeutroHyper-

Groups.

Example 5.1. Let NX = {zg = Sn,r5 = Sn?" x4 = Sn*T} be a set of Tin in different oxidation
state. Define on VX, a hyperoperation x as shown in the table below, where x is a comproportionation

reactiod] (without energy). Then, it can be seen from Table 11 that :

" n
*

TABLE 11. Cayley table for the hyperoperation

* o T T4
xo Zo {l’o, 962} X2
T2 {zo,z2} T2 {z2, 24}
T4 o {z2, x4} T4

(1) (NX,) is a hypergroupoid.
(2) For the triplet (z2,24,22) € NX, we have

Xo * (Tg * x2) = (T * T4) x X2 = {T2, 24}

and for the triplet (xq,z2,24) € NX, we have have
(o * @o) x Xy = {Ta, x4} # {T0, 22} = To * (T2 * T4).
(3) For z2 € NX, we have
o x NX = NX x x5 = {29, 22,24}

and for z4, € NX, we have

24 * NX = NX %24y = {x2, 24} # NX.

Accordingly, (N X, x) is a [2,3]— NeutroHyperGroup.

Example 5.2. Let BG = {ag = AA,a1; = AS,a3 = SS} be a set of blood group. Define on BG, a
hyperoperation * as shown in the table below, where x denote mating.

Then, it can be seen from table 12 that :

(1) (BG,*) is a hypergroupoid.

A Comproportionation is a chemical reaction where two reactants each containing the same element but with a different

oxidation number, will give a product with oxidation number intermediate of the two reactant.
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" n
*

TABLE 12. Cayley table for the hyperoperation

* ap ai as
ao ao {ao, al} ai
ai {ao,a1} {ao,a1,as} {a1,as}
as ai {a1, a3} as

(2) For the triplet (a1, as,a1) € BG, we obtain
ay x (az *xa1) = (a1 *asg) xa; = {ap, a1,as}.
and for the triplet (ag,a1,a3) € BG, we obtain
(ap * a1) x ag = {a1,a3} # {ap,a1} = ag * (a1 * az).
(3) For an element a; € BG, we obtain
a1 * BG = BG x a1 = {ag,a1,a3} = BG
and for an an element a3 € BG, we obtain
asx BG = BG x a3 = {a1,a3} # BG.

Accordingly, (BG,*) is a [2,3]— NeutroHyperGroup.

Remark 5.3. It is evident from Examples and that in the neutrosophic environment, [2,3]—
NeutroHyperGroups are associated with dismutation reactions in some chemical reactions and biological

processes.

6. Conclusions

In this paper, we have for the first time introduced the concept of NeutroHyperGroups. Specif-
ically, a class of NeutroHyperGroups called [2,3]— NeutroHyperGroup was investigated and some
of their elementary properties and several examples were presented. It was shown that the inter-
section of two [2,3]— NeutroSubHyperGroups is not necessarily a [2,3]— NuetroSubHyperGroup but
their union may produce a [2,3]— NeutroSubHyperGroup. Also, it was shown that the quotient of a
[2, 3]—NeutroHyperGroup factored by a [2, 3]— NeutroSubHyperGroup is a [2, 3]— NeutroHyperGroup.
Examples were provided to show that in the neutrosophic environment, [2,3]— NeutroHyperGroups
are associated with dismutation reactions in some chemical reactions and biological processes. In our
future work, we hope to use the algebraic properties of NeutroHyperGroups to analyze some chemical
reactions and biological processes.
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