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Abstract: This paper extends the concept of ideal of a § — algebra to MBJ — Neutrosophic  — Ideal
of a f — algebra. Further discusses about the homomorphic image, inverse image, cartesian
product and related results.
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1. Introduction

Zadeh [21, 22] first presented the idea of Fuzzy Set by which shown a meaningful application in
many fields and this theory is welcomed to handle the uncertainty. As a generalization of fuzzy set
Atanassov [7, 11] introduced Intuitionistic Fuzzy Set which assigns a pair with membership degree
and non — membership degree. The Interval Valued Fuzzy Set [6, 10, 12] represents the membership
degree with interval values to reflect the uncertainty in assigning membership degree. As an
extension for all elements in any set, Neutrosophic Fuzzy Set provides with truth, intermediate and
false membership function by Smarandache, F [16, 17, 18] and is further developed to
MB]J — Neutrosophic fuzzy set [19, 20] with truth membership function, intermediate interval valued

membership function and false membership function.

Neggers and Kim [18] brought a new structure of algebra called f — algebra and Jun [17] dealt some
related topics on  — algebra. The fusion of fuzzy with algebra and the notion was initiated by
Rosenfeld [15]. Further many researchers correlated some algebras with fuzzy sets. Ansari [5, 8]
initialized the fuzzy f - subalgebra of f — algebra and also introduced fuzzy B - ideal of
B — algebra. With these inspirations, this paper extends to MBJ — Neutrosophic f — ideal of

pB — algebra and analyzed some result.

2. Preliminaries

In this section, some definitions and examples of  — algebra and fuzzy set are discussed.
2.1 Definition: [5, 8, 14] A non-empty set (X,+,—,0) is called a § — algebra if
1. x—0=x

ii. O—x)+x=0
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iii. x—y)—z=x—-(z+y) Vx,y,z €X.

2.2 Example: [9] The following Cayley’s table is formed using a set X ={0,1,2,3,4,5} with a

constant 0 and two binary operations + and -

— N[O |0 |W W

QL | W |IN|[= O]+
Qb | W IN|=R|[O|O
N[ W | |0 [k |~
W (= |O | [N|N
= (N[O (|0 ]| W | W
C|U R |W[|N ||
B | ON|Rr WO,
GO (k=W IN|=|O

G|k | W [INN|[R|]O|O
N Q| |||
W | =[O |O [ |IN[DN
B O IN | R |[W|a |
S| |U [ | W [N |& |0

The set X isa [ — algebra.

2.3 Definition: [5] A non - empty subset S of a f — algebra (X,+,—0) is known as
f —subalgebra if

i. xX—y€S

ii. x+y€ES Vx,y €S

24 Example: Let U; ={0,2} and U,={0,1} be any two subset of a [ - algebra
X={(0,1,23,4,5), +,—,0}. Here U; is a f — subalgebra of X where as U, is not a
B —subalgebra of X.

2.5 Definition: [8] A non - empty subset [ of a § —algebra is said tobe f —ideal of (X,+,—,0) if
it has the following conditions
i. 0€l
ii. x+y€el
iii. x—y and y €l then x €l Vx,y €X

2.6 Exercise: [12] Consider a f — algebra( X,+,—,0) in the Cayley’s table

+ 0 1 2 3 - 0 1 2 3
0 0 1 2 3 0 0 3 2 1
1 1 2 3 0 1 1 0 3 2
2 2 3 0 1 2 2 1 0 3
3 3 0 1 2 3 3 2 1 0

The subset I; ={0,3} of X isa B —ideal of X.
2.7 Definition: [5] A mapping f : X — Y is said to be a § — homomorphism where X and Y are

two S —algebras with constant 0 and two binary operations + and - if

i fx+y)=f+ fO»)
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. fx-y)=f) - fOVxy €X.

2.8 Definition: [22] A Fuzzy Set in X is a mapping, p:X — [0,1] for each x in X, p(x) is called

the membership value of x € X.

2.9 Definition: [7] A non — empty set X is said to be Intuitionistic Fuzzy Set and is defined by
A={<x,px),n(x)>/x€X} where p,:X —[01] is a membership function of A and
N, X = [0,1] is a non — membership function of 4 with 0 < p,(x) + 1, < 1.

210 Definition: [6] An Interval Valued Fuzzy Set on X is represented as
A= {(x,ﬁA(x))}x €X where p,:X - D[0,1] where D[0,1] is the family of all closed
subintervals of [0,1]. Also g,(x) = [p5(x), pi(x)] where pi and pY are two fuzzy sets in X
such that pk(x) < pY(x)Vx € X.

Remark: Now let us illustrate refined minimum (rmin) and refined maximum (rmax) of two
elements in D[0,1]. Also characterized the symbols <,>,= in case of two elements in D[0,1].

Let D, = [a,b;] & D, = [a,,b,] € D[0,1] then

rmin(D, , D,) = [min(a,,a,), min(b,, b,)]

rmax(D; , D,) = [max(ay, a,), max(by, by)].

For D; = [a;, b;] € D[0,1] for i =1,2,3, ...

rsup;(D;) = [sup;(b;), sup;(b;)] & rinfi(D;) = [inf;(b;), inf;(b;)]

Now D; = D, if and only if a; = a, , b; = b,. Likewise, for D; < D, and D; = D, are

defined.

2.11 Definition: [6] The representation of an Interval Valued Intuitionistic Fuzzy Set Aon X is
A={<x,p,(x),74(x) >/x€X} where p,:X - D[0,1] and 74:X - D[0,1] where
pa(x) =[ph(x), p{(x)] and 7,(x) = [n5(x) ,nY(x)] with the condition that 0 < p4i(x) +n5< 1
and 0 <pY(x)+n{ < 1.

2.12 Definition: [16, 17] The definition of an Neutrosophic Fuzzy Set A on X is characterized by a
Truth — membership function pr , an indeterminacy membership function ¢, and a
falsity — membership function 1z where pr, &, 1 are subsets of [0,1] that is pr, {,n: X — [0,1].
Thus, the Neutrosophic Set is defined as A = { < x, pr(x), &(x), np(x) >/x € X}.

2.13 Definition: [19,20] The structure A ={<x, pr(x),& (), np(x) >/x € X} is called
MBJ - Neutrosophic Set in X where pr, np: X - [0,1] and & :X - D[0,1] with p;(x) denotes
the truth membership function , &(x) denotes an intermediate interval valued membership

function and 7(x) denotes an false membership function.

2.14 Definition: An Fuzzy set is said to have a supremum property for any subset W of X there

exists x, € W such that p,(xy) = supy ewpa(x).
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2.15 Definition: An Intuitionistic Fuzzy Set A is said to have a sup — inf property for any subset

W of X, there exists x, € W such that p,(xy) = sup,ewpa(x) and n,(xy) = infy ewna(x).

2.16 Definition: An Interval Valued Intuitionistic Fuzzy Set A in any set X is said to have

rsup —rinf property if for subset W of X there exists x, EW such that

pa(xg) = rsup,ewpPa(x) and  74(xp) = rinfy ewfa(x).

2.17 Definition: [19] An MB] - Neutrosophic Fuzzy Set A in X has sup — rsup — inf property if
for subset W of X there exists x, EW such that p,(x) = sup,ewpa(x) ;

S(_A(xo) = TSUPx ew E_A(x); Na(xo) = infy ew Na(x) respectively.

2.18 Definition: [12] An Interval Valued Fuzzy Set A = {< x,p,(x) >/x € X} in X is said to be
Interval Valued Fuzzy B —ideal of X if
i pa(0) = pa(x)
ii. pa(x +y) = rmin{p,(x), pa(¥)}
iii. pa(x) = rmin{p,(x — ), p4(0)} Vx,y €X.

219 Definition: An Intuitionistic Fuzzy Set A = {<x,p(x),n(x) >/x € X} in X is known as
Intuitionistic Fuzzy f -ideal of X if
i pa(0) = pu(x) ; n4(0) < ny(x)
. patx+y) 2minf{p,(0),pa(M} 5 Malx +y) < max{n,(x),n.(v)}
iii. pa(x) = min{p,(x — y), pa (M)} ; na(x) < max{n,(x —y),n. ()}

220 Definition: [19] Let X be a f - algebra and an MB] Neutrosophic Set
A={py &4 N4} is called an MB] — Neutrosophic f — subalgebra of X if it satisfies
i palx +y) = min{p,(x), pa(y)} ; palx —y) = min{p,(x), pa(y)}
ii. Ealx +y) = rmin{&,(x),$, (1)} ; Ealx —y) = rmin{&,(x), 4 ()}
iii. nalx +y) < max{n,(x),n,(y)} ; nalx —y) < max{n,(x),n. ()}

3 MBJ - Neutrosophic f -1Ideal of f — Algebra
This part frames the structure of MBJ — Neutrosophic f — Ideal of § — Algebra and studied the

related results.

3.1 Definition: Let (X, +,—,0) bea B —algebra. An MBJ — Neutrosophic Set K = { px, &k, Nk} in
X is called an MBJ — Neutrosophic  —Ideal of X if it satisfies the following conditions:

i pr(0) = pg(x)
pr(x +y) = min{ pr(x) , pr(¥)}
pr (x) = min{ p (x — ¥), p (¥)}
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ii. gK(O) = E_K(x)
Ex(x+y) = rmin{ & (x), & (1)}
f_K(x) = rmin{ E_K(x -y) "S_K(Y)}

iii. Nk (0) < ng(x)
Ne(x +y) < max{ng(x),ng ()}
Ng(x) < max{ng(x —y) ,ne(¥)} Vx,y €X

3.2 Example : A B — algebra X in example 2.6 defines a MBJ — Neutrosophic set as p, : X — [0,1] ;
&,:X - D[0,1] and n4:X — [0,1] such that

0.4, x=0
palx) = {0.2, x=13
0.3, x=2

[03,0.7] x=0
£, 0 =1[01,05] x=13
[02,06] x=2

0.1, x=0
na(x) = {0.4, x=13 is an MBJ — Neutrosophic g —Ideal of X.
0.5, x =2

3.3 Theorem: The intersection of any two MB] — Neutrosophic f —Idealof a f —algebra is also an
MB]J - Neutrosophic f —Ideal.
Proof: Let K;& K, be two MBJ — Neutrosophic 8 —Ideal of X.
Now, (pK1nKz)(0) = min{ Pk, (0), Pk, 0)}
= min{ Pk, (x), Pk, ()}
= (pkanz)(x)

(PKanZ)(x +y) = min{ Pkl(x +), PKZ(X +¥)}

= min {min { pg, (x), px, Y) }, min { p,(x), px,(¥)} }

= min {min { pg, (x), px,(x) }, min { pg, (v), pi,(¥) }}

= min {PKanZ ), Pk nk, 62);
Prynk, (X) = min{ pg, (x), pg,(x) }

= min {min { pg, (x =¥), pr, ¥) }, min { pg,(x = ¥), p,(¥)} }
min {min { pK1(x -y, Pk, (x —y) },min { Pk, o, Pk, 3}
= min {min {Pklnkz x-y), PKanZ(Y)} }
(f_KanZ)(O) = Tmin{f_Kl 0), SEKZ 0)}
= rmin{¢x, (x), §x, () }
= (f_KanZ)(x)
(f_KanZ)(x +y) = rmin{&, (x +¥), &, (x +¥) }
= rmin {rmin { &, (), k, @) 3, rmin {, (%), &, ()}
= rmin {rmin { &, (x),§x, (x) },rmin { &, ), &k, () }}
= rmin {Sgklnkz(x) , f_KanZ 62}

f_KanZ(x) 2 rmin{E_Kl(x),ng(x)}
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= rmin {rmin { {, (x = ¥), &, ) 3, rmin { &, (x = ¥), &, ()} }
= rmin {rmin { &, (x =), &, (e = ¥) 3, rmin { &, (), &k, ()} 3
= rmin { rmin { f_KanZ(x -y, gKanz o3}
(UKanZ)(O) < max{ Nk, (0), Nk, 0)}
max{ Nk, (), Nk, (x)}
= (UKanZ)(x)
(TIKanZ)(x +y) < max{ng, (x +y), ng,(x +y) }
= max {max { g, (x), ng, (¥) }, max { ng,(x), 1k, ()} }
= max {max { 1k, (x), ng,(x) }, max { ng, v), 1, () }}
= max {nxlnxz(x) » NMKink, 62);

Nk,nk, (x) < max{ Nk, (x), Nk, (x)}
= max {max { ng, (x = y), ng, ¥) }, max { ng,(x = y), nx,(¥)} }
= max {max { ng, (x = y), N, (x —y) }, max { ng, ), 1k, )} }
= max {max { Mg, nx, * —¥), Nk,nk, ()} }

Hence K; N K, is an MB] — Neutrosophic § —Ideal of X.

3.4 Theorem: The intersection of any set of MBJ — Neutrosophic  —Ideal of a § — Algebra X is also
an MBJ — Neutrosophic  —Ideal.

3.5 Theorem: Let K = {py,&x,nx} be an MBJ — Neutrosophic B — Ideal. If x <y then
Pk (@) = pr() ; k() = &) and ng(x) < k().
Proof: Forany x,y €X ,x <y =2x—-y=0 .
pr(x) = min {pg(x —y),pe(¥) }
=min { px(0),px () }
= px(¥)
px(x) = pg(y)
Ex(x) = rmin {&e(x —y), &)}
= rmin {§x(0),& () }
= &)
k() = &O)
M (x) < max {ng(x —y),nx(y) }
= max {7(0),nx() }
=1k ()
k() < ().

3.6 Theorem: Let K be an MBJ — Neutrosophic f — Ideal of X whenever x <z+y then
px (x) = min{ px (2) , px (¥)} ; k() = rmin{ g (2) , §x (1)} and
Nk (x) < max{ng(2) ,nx ()}
Proof: For x,y,z € X
px(x) = min {px(x —¥),px(¥) }

=min {min {p((x —y) —2),px(2) }, px(¥) }
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=min {min {px(x —(z + ¥)),px(2) },px(¥) }
=min {min {px(0),px(2) },px ()}

min{ pg () , px (¥)}

rmin {gx(x -y) '5_1((3’) }

= rmin {rmin {E_K((x -y)—2) 'E_K(Z) }'5_1((3’) }
= rmin {rmin {&(x — (z + ¥)),&(2) }, &) }
= rmin {rmin {&(0),& () },& () }

rmin{ f_K(Z) '5_1((3’)}

max {ng(x —y),nx () }

max {max {ng((x —y) —2),nk(2) },nx(¥) }
=max {max {ng(x —(z + ¥)),nx(2) },nx() }
= max {max {nx(0),nx(2) },nx () }

< max{ nx(2) ,nx ()}

E_K(x)

Nk (x)

3.7 Theorem: Let K = {py,éx,nx} be an MB] - Neutrosophic B - Ideal of X, then sets
Xop ={x €X: pp(x) = pr(0)} ; Xz, ={x €X: §(x) = §(0)} and
Xne ={x €X: ng(x) =nk(0)} are B —ideals of X.
Proof: Since px(x) = px(0) =0 € X,,
If x—y,y €X,,
= pr(x =¥) = pr(0); px(y) = pi(0)
Now, pg(x) = min {px(x —y),px(¥) }
= min {pg(0),px(0)}
= pk(0)
Pk (x) = pg(0)
But pg(x) < pg(0) implies py(x) = pk(0)
=x € X,,
xX—y,y € X,, = x € X,
o Xp, isan B —Ideal of X
Ex(x) =k (0) =0 € Xg,
Ifx—y,y €Xg,
= & —y) = &(0); & () = & (0)
Now, &x(x) = rmin {f_l((x -y ,f_K(Y) }
= rmin {$,(0),8x(0)}
= 5_1{(0)
Ex(x) = &¢(0)
But &x(x) < $x(0) implies & (x) = & (0)
=x € Xg,

X—y,y € Xg, = x € Xz,
~ Xg, isan B —Ideal of X.
Similarly, Xy 18 also an 3 —Ideal of X.
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3.8 Theorem: Suppose ] is subset of X. An MBJ — Neutrosophic set K = { px,&x ,nx } such that
t, x €] = t, x €] a, x €]

pK:{s,xej ’ fKz{sixeéj B, x &]

£,5 €D[0,1] with [ty t;] =[se,s1]. Then the MBJ — Neutrosophic set K = { px, & ,nx } is an

MB]J — Neutrosophic f —ideal of X if and only if J is an f —ideal of X.

Proof: Consider an MBJ — Neutrosophic set K = { Pi » &k Mk } is an MB] - Neutrosophic f —ideal of

X

and 17,(={ where t,s,a,f €[0,1] and

i) a) px(0) = px(x) Vx €X
pk(0)=t =0 €]
b) For x,y €]

= px(0) =t = px(y)
~ pr(x +y) = min{pg (x) , px ()}
=min{¢t,t}
px(x+y) =t
=x+y €]
¢) Forx,y €Jifx—yandy €]
= px(x—y)=t= px(y)
~ pg(x) = minfpx (x —y) , px (¥)}
=min{t,t} =t
pr(x) =t
=x €]
i) @) &)= &G) Vx €X
&k(0) = [to,t] =0 €]
b) For x,y €]
= &) = [to, t1] = &)
Lk +y) = rmin{f_K(x) ;SEK(Y)}
= rmin{ [¢o, t1], [to, t1] }
E(x +y) = [to, tq]
=x+y €]
¢) Forx,y €Jifx—yandy €]
= & —y) =[toti]l = &©)
f_K(x) = rmin{f_,((x -y) :E_K(Y)}
= rmin{ [¢o, t1], [to, t1] } = [to, t1]
Ex(x) = [to, t1]
=x €]
iif) a) ng(0) <ng(x) vx €X
@ =a =0¢j
b) For x,y €]
= nx(x) =a= k)
o Ng(x +y) < max{ng (), ne ()}
=max{a,a}

nkx+y)=a
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=x+y €]
¢) Forx,y €Jifx—yandy €]
= nx(x—y)=a= nx®)
s g () < max {ng(x —y) ,nx ()}
=max{a,a}=a
ng(x) =«
=x €]

~ Jisan B —ideal of X

Conversely, assuming J isan f —ideal of X. Then
i) a) Ifo €]
Implies pg(0) =t
AlsoVx €X ,Im(pg)=1[t, s]&t >s
= p(0) = pg(x) Vx €X
b) Forany x,y €]
=x+y €]
= px() =prx+y) =t = px(y)
= min{ pg(x) , px ()}
~ pr(x +y) = min{pr (x), pr ()}
c¢) Forany x,y €]
Ifx—yandy €] =>x €]
px(x) =t =min[¢,t] = min { px(x —¥), px(¥) }
ii) a) Ifo0 €J
Implies &x(0) =&
AlsoVx €X ,Im(§)=1[t, 5] &t>3
= &(0) = &(x) Vx €X
b) Forany x,y €]
>x+y €]
= &) =& +y) =t= &(©)
= rmin{ & (x) , E (1)}
sk +y) = rmin{f_K(x) ;SEK(Y)}
c¢) Forany x,y €]
Ifx—yandy €] =x €]
éx(x) = T =rmin[f,] = rmin {§x(x — ), §x (1) }
iii) a) If0 €]
Implies 7,(0) =«
AlsoVx €X , Im(ng)=[a, Bl& a < B
= ng(0) < ng(x) Vx €X
b) Forany x,y €]
>x+y €]
= k() =nx(x+y) =a= Q)
= max { ng(x), nx ()}
= ng(x +y) < max{ng (), nx()}
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c¢) Forany x,y €]

Ifx—yandy €] = x €]

Nk (x) = a = max[ @, a] = max { ng(x — ), k() }
~ K isan MBJ - B —Ideal of X.

3.9 Definition: Let K = { < x, px(x), &(x), ng(x) >/x € X} be an MBJ- Neutrosophic Set in X
and f:X - Y be a mapping then the image of K under f, f(K) is defined as
fE) ={<% fapPr) frsup(f_K)' fingk(x) >/x € Y} where foup(Pr) () = Squef‘l(y)PK(x) ;
frsup G D) = TsUPy ¢ 109 E(X) and  finr (M) (V) = infy ¢ p=10) Mk (%)

3.10 Definition: Let f:X — Y be a function and let K and L be two MBJ] — Neutrosophic
p - Ideal in X &Y respectively then the preimage of L under f is defined by

FHW) = (6 F o), £ E@)D), £ (kX)) >/x € X} such that
FHex@) = o FG) 5 £ (&) = & (F()) and F7 (0 () = nic (F()).

3.11 Theorem: Let f: X —»Y be an onto homomorphism of f - algebra. Suppose K is an
MB] - Neutrosophic f - Ideal of Y, then the preimage of f~'(K) is an MBJ — Neutrosophic
B —Ideal of X.

Proof: Suppose K be an MBJ - Neutrosophic f§ -ideal of Y

i) For x €X
(e (0)) = px (f(0))
= px (0)
= px (%)

For some x,y € X
f o) x +y) = px F(x +))
= px (fFx)+ )
=min { px (F (x)), px F(¥)) }
=min{ f(px()), f*(px())}
f T pr)(xX) = px (f(x))
=min{px (f(x) = fFO)),px FO))}
=min{px fx =),k FO))}
=min{ f (ox(x =), f 1 (px )}

i) (&) = & (FO)

= 5_1( (0)
> & (x)
For some x,y € X
f_l(f_l()(x +y) = E_K (flx+y)
=& (FO)+ )
> rmin { ¢ (f(0)), &k F)) }

= rmin{ f! (f_,((x)) yie (E'K(y))}
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FHE) ) = & (F(0)
> rmin { & (F () = fO)), &k F))}
=rmin {§x (F(x =), ¢k FO)) }
=rmin{ f kG -»), fTEON)}
iii) £ (mx(0)) = ng (F(0))
= 1k (0)
<ng (x)
Forsome x,y € X
fr) & +y) = ng (F G+ )
= ng (fG) + f(¥)
< max {ng (f () ,nx (FO)) 3
= max{ f‘l(nK(X)),f‘l(nK(y))}
f ) (x) = ng (F ()
s max { ne (F) = D), nx FO)) 3
=max {ng fx =¥)),nx FO))}

=max { f (c(x =), f ()}
Hence f~*(K) is an MBJ — B —Ideal of X.

3.12 Theorem: Let f:X — X be an endomorphism on X. If K is an MB] — Neutrosophic
B Ideal of X then f(K) = {<x, py(®) = p(f()), &) = EFC), np(x) = n(F () >/x € X} is

an MBJ — Neutrosophic g —Ideal of X.
Proof: Suppose K be an MBJ — Neutrosophic 8 - ideal of X. Then,
Do p0) = p(FO)
=p0) = p(x) Vx €X
prx+y) = p(f(x +¥))
= p(f) + )
=min { p(f(x)) +p(f1))}
=min{pr(x), py(} Vx,y €X
Also, pr(x) = p(f(x))
2 min { p(f(x) = f), pFGIN}
=min { p(f(x=y), p(FO)}
=min{ps(x~y), pr()}

ii) §r(0) = £(f(0))
=¢0) =2 &x) Vx €X
Gx+y) = S(fx+y)
=+ )

= min { £(F(0) +EF0)))

=rmin {&(x), ()} Vx,y €X
Also, &r(x) = §(f(x)
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> min { {(f() - fON, {F©)))

= rmin { £(F(x-»), §FB)))

= rmin{f_f(x -y, gf()’) }
iii) ny(0) = n(£(0))
=n(0) < nx) vx €X
nr(x+y) = n(f(x+y))
=n(f(x)+ ()
=max { 7(f(x)) +n(f)}
=max{n;(x), n;(¥)} Vx,y €X
Also, ns(x) = n(f(x))
<max { n(f(x) - f(), n(f()))}
=max { n(f(x =), 1(f())}
=max {n;(x—y), n;()}
~ f(K) isan MBJ — f —Ideal of X.

3.13 Theorem: Let f:X —»Y be a homomorphism of S - algebra. If K is an
MB]J — Neutrosophic f —Ideal of X, with sup — rsup —inf property and ker(f) €& Xy then the image
of the set K , f(K) is an MBJ — Neutrosophic f# —ideal of Y.
Proof: Suppose K is an MB] — Neutrosophic f — Ideal of X, with sup — rsup — inf property and
ker(f) € Xy then
D ) = supye 1o px()})
= pk(0)
>pk(X)Vx €X
Hence, f(pg)(0) = supy e p-10){ px (%) }
=flo)y) Vy €Y
Let yi,y, €Y
Then there exists x,x, € X suchthat f(xy) = y;,f(x;) = .
floi)y1 +y2) =sup {px(xs +x2) i x € f (1 + )}
=sup {px(xs +x2) i € fH (Y1) &% € F71(32) )

> sup{min{px (1), p (X2}, %1 € f7H (V1) x2 € [T (2D}
> min{sup{ px (x;) : ¥, € f (Y1)}, sup{pr(xz) : %, € f1(¥2)}}
= min{ sup,, Ef_l(yl){ pr(x1) }, SUPy, Ef_l(yz){ pr (x2) }
= min{ f(p)(v1) , f(px)(¥2)}
Suppose that for some y; ,y, €Y
Then f(p)(y1) < min{ f(pr) (1 = ¥2), f(pr) (2D}
Since f isonto I x;, x, € X suchthat f(x;) = y; & f(x,) = ¥,
flo)(f () <min{ fp) (fCe) = f(x2)), flox)(f(x2))}

= min{ f (o) (f (1 = %)), flox)(f(x2))}
<min{ f71( f(px)) (e = x2) . fH(f (i) (x2)}
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pi(x1) <min{ px(x; —x2), pg(xz)}
ii) f(Ek)(0) = rsupy ¢ p-10){ & () }
= 6_1((0)
> Vx eX
Hence, f(f_K)(O) = rsupxef_l(o){gK(x) }
=f(&)) Vy €Y
Let f(x1) = y1,f(x2) = ys.
f(f_l()(h +y,) =rsup { &l +x5):x € Ty +y2) }
>rsup (el +x) 1x € FH () & X, € 71 (32) )

> rsup{rmin{ & (x1) , & (x2)}, %, € F71 ), %2 € fH(12)}
> rmin{ rsup{&x(x;) © x; € fH ()}, rsup{Ex(xz) + x; € F ()}
= rmin{ rsup,, Ef_l(yl){ ke (x1) } yTSUDy, ef_l(yz){ &k (x2) } }
= rmin{ f(f_l()(}ﬁ) , f(f_K)()’z)}
For y,,y, €Y
f(sgk)(%) < rmin{ f(f_l()(}ﬁ - ¥2), f(é:K)(}’z)}
f(f_l()(f(xl)) < rmin{ f(f_l()(f(xl) - f(xz))x f(E_K)(f(xZ))}

= rmin{ f(f_l()(f(% - xz)) ) f(gx)(f(xz))}
< rmin{ f7( f(f_l()) (1 —x3) xf_l(f(f_K))(xz)}
Ex(ry) < rmin{ & —x3), $x(xz)}
iii) f(Mx)(0) = infy e p100){ Mk () }
=1k (0)
<nx)vx €X
Hence, f(ng)(0) = infy e p-10){ nx () }
=f)») vy €Y
Let f(x1) = y1,f(x2) = ya.
fa) i +y2) =inf {ng(x; +x) :x € 71y +y2) )
<inf {ngCey +x2) 1 x; € f71 () &%, € f71(12) }

< inf {max{n,(x;) , Mk (x2)}, %1 € f7 (), %2 € F7H(2)}
< max{inf {ng(xy) : %, € fT1 (Y}, inf {ng(xz) 2 x; € f7H(¥2)}}
= max{ inf,, Ef_l(yl){ nk(x) }, infy,e f‘l(yz){ Nk (x2) }
= max{ f(nx) 1), f(x)(¥2)}
For y,,y, €Y
f) ) < max{ f(n) (1 = ¥2), F) (v2)}
f(ﬁl()(f(’ﬁ)) < max({ f(nl()(f(x1) - f(xz)) , f(nl()(f(xz))}

= maX{f(nx)(f(xl - xz)) , f(nx)(f(xz)) }
<max{ f7H( f(m) Cer — x2), £ F () (x2)}

Nk (1) <max{ ng(g —x2), Nx(x2)}
Thus, f(K) isan MBJ — § —ideal of Y.
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3.14 Theorem: Let f:X —»Y be an onto homomorphism of [ - algebra.
MB]J - Neutrosophic  —ideal of X, with ker(f) S Xy then f‘l(f(K)) = K.
Proof: To prove f~1(f(K)) = K.

It's necessary to prove

£ )@ = p () 5 F7H(F(E)) () = &) and £71(F (i) () = ni ().

For x €eX;f(x) =y
i) Now, f~(f(px))(x) = f(px) (f ()
= flp) )
= SUPye 1l pr(x) }
For x' €X,x' € fFly) = f(x) =y
f(x) =fx)
= f(x)—fx)=0
f(x'=—x)=0
This implies x" — x € Ker f
x'—x €EXp,
pr(x' — x) = px(0)
px(x") = min{pg (x" — x), px (x)}
= min{px (0) , px ()}
= pg(x)
pr(x") = px(x) and similarly, pg(x) = pg(x")
Therefore, px(x") = px(x)
FH{f (o)) (®) = Flo) (F ()
= flp)(f (x)
= SUPye 1y pr(x") }
= px(x)
fH(f (o)) (x) = px(x)

i) () @ = FEF@)

= f(&)®)
= TSUD, ef—l(y){ gl((x) }
For x' eX,x" € f7'(y) = f(x)=y
f(x) =f(x)
= f(x)-fx)=0
f(x'=x)=0
This implies x' — x € Ker f
x'— x €Xg,
E(x' — x) = E_K(O)
Ee(x) = rmin{gl((x’ - x) :E_K(x)}
= rmin{¢x (0), ¢ (x)}
= gk(x)
&e(x") = &¢(x) and similarly, &(x) = & (x")

If K is an
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Therefore, & (x') = &x(x)
£ (&) 00 = FE)F )

= f(&)F &)
= TSUp, ef‘l(y){ f_K(x,) }
= f_K(x)

FH(F(E)) 00 = &)

iii) Proceeding in the same way,
FHF @) @) = i) (F ()
=)

= infrep10){nk() }
For x' €X,x" € f7'(y) = f(x) =y

f(x") = f(x)
=f(x)-f(x)=0
f(x'—x)=0

This implies x" — x € Ker f
x'— x €Xp,
nx(x" = x) = nk(0)
Nk (x') < max{ng (x" — x),nx(x)}
= max{nx (0) , g (x)}
=1k (x)
Ng(x") =2 ng(x) and similarly, ng(x) = ng(x")
Therefore, ng(x") = ng(x)
fFHF @) ) = f) (F ()

=fe)(fF(x))
= infrer10){Mk(x’) }
= Nk (%)

fHf ) () = g (x)

Therefore, all these conditions are proved and hence f~*(f(K)) = K.

4 Cartesian Product of MBJ — Neutrosophic f —Ideal
This section introduces the cartesian product of MBJ — Neutrosophic f — ideal and discusses few

associated results.

4.1.Definition: Let K={<x, pg(x), &), ng(x) >/x € X} and
L={<y, px(), &), nx(y) >/y € Y } be two MBJ] — Neutrosophic sets X &Y respectively. The
Cartesian ~ product of KandL is denoted by K x L is  defined as
K XL={<(,y),pexc (¥, Exxr (1), Nexr(x,y) >/(x,y) € X XY} where
Prxtt X XY = [01]; &kt X XY - D[0,1] and Nexe: X XY = [01].  pyr(x,y) =
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min{ pg (x) , p, ()} ; Exx (x,y) = rmin{ & (x) , &, (1)} and
Niexe (%, y) = max{ ng(x) ,n,()}

4.2 Theorem: If K and L be two MB]J — Neutrosophic  —Ideal of X & Y respectively then K X L is
an MBJ — Neutrosophic f —Ideal of X XxY.
Proof: Let K ={<x, pg(x), &), nx(x) >/x € X} and
L={<y, px(), &), nx(y) >/y €Y} be two MBJ - Neutrosophic sets X &Y.
Take (x,y) EX XY
i) Prx.(0,0) = min{ px(0,0), p,(0,0)}
= min{min{pk (0), px(0)}, min{p, (0), p,(0)}}
= min{min{py (x), px (¥)}, min{p, (x), p () }}
= min{min{py (x), p, (x)}, min{pk (), p. (¥)}}
= min{ pgx; (x) , Prx ()}
= prxi(x,Y)
Take (u,v)) € X XY where u = (x;,y,),v= (x5,52)
Prxe (U + 1) = pro ((x1,¥1) + (x2,¥2))
= prxr (O + x2), 1 + ¥2))
= min{ px(x; + x2), p. (1 + ¥2)}
> min{min{ px (x,), p (x2)}, min{p, (1), p. (¥2)}}
= min{min{ px (x;), p, (1)}, min{(px (x2), L V2)}}
= min{ pgx; (%1, Y1), Prexe (X2, ¥2))}
= min{ pgx, (W) , Prx (V)3
Prxe (W) = prxr(*1,¥1)
= min{ pgx; (x1) , Prex (V1)}
= min{min{ pg (x; — x;), px (x2)}, min{p, (y1 — ¥2), p. (2)}}
= min{min{ Pk(x1 — %), pL(y1 — yz))} ,min{p, (x3), p, (v2)}}
= min{ prL((xl 1) — (g JYZ))IPKXL(xZ ,¥2)}
= min{ pg;, (U — V), P (V)}
i) &exe(0,0) = rmin{ £4(0,0),£,(0,0)}
> rmin{rmin{¢x (0), (0)}, rmin{£, (0, £,.(0)}}
= rmin{rmin{f_,((x), E_K(J’)}: rmin{f_L(x), E_L(Y)}}
= rmin{rmin{f_,((x), E_L (x)} ) rmin{é[( ), E_L )]
= rmin{ §xyp (%) , €k ()}
> Egur (%)
Erxt (U +v) = e (61, 71) + (22, 72))
= &exr (1 + %), 1 + ¥2))
= rmin{ & (%1 + x,),6, (01 + ¥2)}
> rmin{rminf{ §x (x,), §x (%)}, rmin{&, (v1), §.(v2) 1}
rmin{r min{ 5_1( (x1), S(_L (3’1)} ) Tmin{(sgk (x2), E_L (}’2)}}
= rmin{ &gy, (X1, Y1) 5 Exexr (2, ¥2))}
> rmin{ &y (1) , Egr, (V) }

SEKxL(u) = E_KXL(xl Y1)
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= rmin{ $xy; (%1 ), $x (V1))
= rmin{rmin{ §x (x; — x3), §x (x2)}, rmin{&, (y1 — ¥2),§,. (v2)}}
= rmin{rmin{ fK(x1 —x3), 6.1 — 3’2))} s rmin{é, (x2), §L.(v2) 1}
= rmin{ foL((x1 y1) — (% ‘3’2))‘ $kxe (X2, ¥2)}
= rmin{ &gy, (U — V), $kx ()}
i) Nkx.(0,0) = max{nx(0,0),7,(0,0)}
< max{max{n (0), 7, (0)}, max{n,(0),7,(0)}}
= max{max{n (x), nx (¥)}, max{n, (x),n, (¥)}}
= max{max{n (x), 7, ()}, max{ng (), 7, (»)}}
= max{Mgx, () , Nkx ()}
< Ngxe (%, Y)
Nix (U + V) = Ngser, (01, 71) + (X2, 52))
= Nixr (O + x2), (1 + ¥2))
= max{ng(; + %), . (1 + ¥2)}
< max{max{ 1y (x1), 1 (x2)}, max{n, (y1), 1. (v2)}}
= max{max{ 1 (1), 7, (1)}, max{(mg (x2), 1. (v2)}}
= max{Mgx (X1, Y1), Nex (X2, ¥2))}
< max{ Mgy, (W) , Mg ()}
Nix (W) = Nk (X1, Y1)
= max{Ngx (1), Mkxr (¥1)}
< max{max{ 1 (x; — x2), Nk (x2)}, max{n, (1 — y2), 1. (v2)}}
= max{max{ UK(X1 = x2), (v — YZ))} ymax{ng, (x,), 1, (v2)}}
= max({ 77K><L((x1 ,¥1) — (x, IYZ))'TIKxL(xz 1 Y2)}
< max{ Ngx, (U — V), Ngx (V)}
Hence K x L is an MBJ — Neutrosophic f —Ideal of X x7Y.

4.3 Theorem: If K, ,K,,....K, be an MBJ — Neutrosophic  — Ideals of X;,X,,...X, respectively,
then []i-, K; is also a MBJ — Neutrosophic f —Ideal of []i-;X; .
Proof: By induction on Theorem 4.2,
i) 121 pr(0) = TIizq pi; (i)
[T ok, O + y) = min{ [TL, px, () L T1i=1 ok, (070 3
1 Pk () = min{ [TiL; p, e — v TTim1 ok, (V) 3
ii) [Ty &k, (0) = TT7s k()
[Ty &, (e + ) = rmind [T, &, () LTIy &k, (00) 3
[Ty &, (o) = rmind [T, &k, O — v T &k, () 3
iii) o1k (0) < [T mi; ()
[Ty, (e + yo) < max{ [T7eq me, () S Tl a e, () 3
T2k () < max{ TTizy mi; e — v) Tz e i, () 3

Hence the proof is clear.
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4.4 Theorem: For the MB] - Neutrosophic subsets KandL of X &Y , if KXL is an
MB]J — Neutrosophic f —ideal of X XY then

i) Pk (0) = pL(y) & pL(0) = py (x)

ii) &k (0) 2 §,(0) & §,(0) = &k (x)

i) 1x(0) < n(y) &nL(0) < Mk (x)

Proof: Let K&L be MBJ - Neutrosophic subsets of X&Y with KXL is an
MB]J — Neutrosophic  —ideal of X X Y.
Suppose p.(y) = px(0) and pg(x) = p,(0) forsome x € X,y €Y.
prx(x,y) = min{pk (x) , p,(¥)}
> min{p, (0) , px (0)}
= prx.(0,0)
which is a contradiction.
Thus, pk(0) = p,(¥) & pL(0) = py(x)
Similarly, &, (v) = &¢(0) and &(x) = £,(0) forsome x € X,y €Y.
Ekx (6, y) = rmin{&x (x) , &, (1)}
> rmin{§;(0), £, (0)}
= &k (0,0)
Now, n,(y) < 1,(0) and 7, (x) < 1,(0)
Niexe (6, ¥) = max{ng (x) , 1, ()}
< max{n,,(0) ,n,(0)}
= Nkx.(0,0)
Hence the condition is satisfied.

4.5 Theorem: Let K & L be two MB] — Neutrosophic  — ideals of X &Y such that K X L is an
MB]J - Neutrosophic f —idealsof X XY . Then, either K is an MBJ - B —idealsof X or L is
an MBJ — Neutrosophic B —ideals of Y.
Proof: By using the above theorem
i) We consider pg(0) = p,(y) then
Prx.(0,¥) = min{px(0),p,»} . @
Given K x L isan MBJ - Neutrosophic § —idealsof X x Y
PKxL((xp}ﬁ); (xz;YZ)) = min{pgx; ((x1,¥1) = (X2, ¥2)) » Prescr. (X2, ¥2)'}
v Prxn (O, 1) = (X2, ¥2)) Z min { pgs, (X1, Y1) 5 Prexe (X2, ¥2) 3

Prxt (X1, ¥1) = min{ pey (X1 — %2), 1 — ¥2)) Pres (X2, ¥2) oo 2)
Now,
Prxt((x1 = %2), (V1 — ¥2)) = min{ pryr (X1, Y1), Prexr. (X2, ¥2) 3 -eeee 3)

Put x; = x, =0 in Equation (2 & 3)

Prxe(0,¥1) = min{ px (0, 1 — ¥2)), pxx(0,¥2) } and

Pexe(0, 1 = ¥2)) 2 min{ P (0,1), P (0,320} 4
From (1) & (4)

pL(y1) = min{p,(y1 —¥2),p.(¥2)} and

pL(1 —¥2) = min{ p,(y1), pL(¥2)}
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ii)

iif)

Consider &,(0) = &,(y) . Then

Ekx(0,y) = rmin{&e(0), &, 00y L 6)
SngL((prﬁ)' (xz'J’z)) > rmin{€x, (1, ¥1) — (2, ¥2)) 5 Sk (2, ¥2)}

v S (0, 1) = (%2, 2)) = rmin { o (%1, 1), g, (62, Y2) 3

SngL(prﬁ) = rmin{ f_KxL((x1 = X%2), 1 — ¥2)), ngL(sz’z)} ------- (6)
Now,
f_KxL((x1 = x2), (1 — ¥2)) = rmin{ f_KxL(x1:3’1) !f_KxL(xZ’yZ) } - (7)

Put x; = x, =0 in Equation (6 & 7)

f_KxL(OJﬁ) = rmin{ S;_KXL(O' o1 - YZ))"S_KXL(O! y2)} and

f_KxL(O (1 — yz)) = rmin{ EKXL(Ol V1) 'f_KxL(O’}’z)} -------- 8)
From (5) & (7)

SEL(%) = rmin{ E_L()ﬁ —¥2) :f_L()’z)} and

SEL(M —¥,) = rmin{ E_L()ﬁ) :sEL()’z)}

As in the same way if we proceed, we get

(1) <max{n, (O — ). ()} and

. — ¥2) < max{ n,(v1), 1, (y2)}
~ B isan MBJ - B —ideals of Y.

5. Conclusion

This paper presents the characterization of MB] — Neutrosophic f — Ideal of § — algebra. In

depth, the study analysed the homomorphic image, pre — image, cartesian product and related

results. The concept can be explored to other substructures of a § — algebra.
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