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Interval Neutrosophic Logic

Haibin Wang, Florentin Smarandache, Yan-
Qing Zhang, Rajshekhar Sunderraman

Abstract

In this paper, we present a novel interval neutrosophic logic that generalizes the interval valued fuzzy logic, the
intuitionistic fuzzy logic and paraconsistent logics which only consider truth-degree or falsity-degree of a proposition.
In the interval neutrosophic logic, we consider not only truth-degree and falsity-degree but also indeterminacy-
degree which can reliably capture more information under uncertainty. We introduce mathematical definitions of an
interval neutrosophic propositional calculus and an interval neutrosophic predicate calculus. We propose a general
method to design an interval neutrosophic logic system which consists of neutresophication, neutrosophic inference,
a neutrosophic rule base, neutrosephic type reduction and deneutrosophication, A neutrosophic rule contains inpat
neutrosophic linguistic variables and output neutrosophic linguistic variables. A neutrosophic linguistic variable
has peutrosophic linguistic values which defined by interval neutrosophic sets characterized by three membership
functions: truth-membership, falsity-membership and indeterminacy-membership. The interval neutrosophic logic can
be :applicd to many potential real applications where information is imprecise, unéertain, incomplete and inconsistent

such as Web intelligence, medical informatics, bioinformatics, decision makizng, etc,

Index Terms

interval neutresophic sets, interval neutrosophic logic, interval valued fuzzy logie, intuitionistic fuzzy logic,

paraconsistent logics, interval neutrosophic logic system.

I. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh in 1965 [1]. Since then fuzzy sets and fuzzy logic have been
applied to many real applications to handle uncertainty. The traditional fuzzy set uses one real value i 4(z) € [0,1]
to represent the grade of membership of fuzzy set A defined on universe X . The corresponding fuzzy logic associates
each proposition p with a real value u(p) € {0, 1] which represents the degree of truth. Sometimes i 4(z) itself is
uncertain and hard to be definad by a crisp value. So the concept of interval valued fuzzy sets was proposed [2] to
capture the uncertainty of grade of membership. The interval valued fuzzy set uses an interval value [ % (x), uY (z)]
with 0 < pf(x) € p5(z) < 1 to represent the grade of membership of fuzzy set. The traditional fuzzy logic can
be easily extended to the interval valued fuzzy logic. There are related works such as type-2 fuzzy sets and type-2

fuzzy logic [3], (4], [3]. The family of fuzzy sets and fuzzy logic can only handle “complete” information that
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is if a grade of truth-membership is p14(x) then a grade of false-membership is I ~ pafz) by default. In some
applications such as expert systems, decision making systems and information fusion systems, the information is
both uncertain and incomplete. That is beyond the scope of traditional fuzzy sets and fuzzy logic. In 1986, Atanassov
introduced the intuitionistic fuzzy set [6] which is a generalization of a fuzzy set and provably equivalent to an
interval valued fuzzy set. The intuitionistic fuzzy sets consider both truth-membership and false-membership. The
corresponding intuitionistic fuzzy logic [7], [8], [9] associates each proposition p with two real values p(p)-truth
degree and r(p)-falsity degree, respectively, where p{p), v(p) € [0, 1], p(p) + »(p) < 1. So intuitionistic fuzzy sets
and intuitionistic fuzzy logic can handle uncertain and incomplete information,

However, inconsistent information exists in a lot of real situations such as those mentioned above. It is obvious
that the intuitionistic fuzzy logic cannot reason with inconsistency because it requires u(p) + v(p) < 1. Generally,
two basic approaches are used to solve the inconsistency problem in knowledge bases: the belief revision and
paraconsistent logics. The goal of the first approach is to make an inconsistent theory consistent, either by revising
it or by representing it by a consistent semantics. On the other hand, the paraconsistent approach allows reasoning in
the presence of inconsistency as contradictory information can be derived or introduced without trivizlization [10].
de Costa’s Cy, logic [11] and Belnap’s four-valued logic [12] are two well-known paraconsistent logics.

Neutrosophy was introduced by Smarandache in 1995, “Neutrosophy is a branch of philosophy which studies
the origin, nature and scope of neutralities, as well as their interactions with different ideational spectra™ [13].
Neutrosophy includes neutrosophic probability, neutrosophic sets and neutrosophic logic. Tn a neutrosophic set
{neutrosophic logic), indeterminacy i1s quantified explicitly and truth-membership (truth-degree), indeterminacy-
membership (indeterminacy-degree} and false-membership (falsity-degree) are independent. The independence as-
sumption is very important in a lot of applications such as information fusion when we try to combine different
data from different sensors. A neutrosopliic ‘set” (neutrosophic logic) is different {from an intuitionistic fuzzy set
{(intuitionistic fuzzy logic) where indeterminacy membership (indeterminacy-degree) is 1 — palz) — va{z) (1 —
ulp)y — v{p)) by default.

The neutrosophic set generalizes the above mentioned sets from a philosophical point of view. From a scientific
or engineering point of view, the neufrosophic set and set-theoretic operators need o be specified meaningfully.
Otherwise, it will be difficult fo apply to the real applications. In [14] we discussed a special neutrosophic set
called an interval neutrosophic set and defined a set of set-theorgtic operators, It is natural to define the interval
neutrosophic legic based on interval neutrosophic sets. In this paper, we give mathematical definitions of an interval
neutrosophic propositional calculus and a first order interval neutrosophic predicate caiculus.

The rest of paper is organized as follows. Section I gives a brief review of interval neutrosophic sets. Section IiI
gives the mathematical definition of the interval neutrosophic propositional calculus, Section IV gives the math-
ematica!l definition of the first order interval neutrosophic predicate calculus. Section V provides one application
example of interval neutrosophic logic as the foundation for the design of interval neutrosophic logic system. In

section VI we conclude the paper and discuss the future research directions.
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{E. INTERVAL NEUTROSOQPHIC SETS

This section gives a brief overview of concepts of interval neutrosophic sets defined in {14]. An interval
neutrosophic sel is an instance of the neutrosophic set introduced in [15] which can be used in real scientific
and engineering applications.

Definition 1 (interval Neutrosophic Set): Let X be a space of peints (objects), with a generic element in X
denoted by z. An interval neutrosophic set (INS) A in X is characterized by truth-membership function T4,
indeterminacy-membership function I4 and false-membership function Fu. For each pointx in X, Ta(z), I4{z), Fa(z) C
[0,1]. £

When X is continuous, an INS A can be written as

A= L(T{x)J(z),F(;r))/w,z eX

When X is discrete, an INS A can be written as

™

A= 3T (x), I(x;), F2:)}/wi,3: € X

i=1
Example 1: Consider parameters such as capability, trustworthiness, and price of semantic Web services. These
parameters are commonly used to define quality of service of semantic Web services {16]. Assume that X ==
{x1,79,za]. x1 is capability, zy is trustworthiness and w3 is price. The values of z1, %2 and x5 are 2 subset of
i0,1]. They are obtained from the questionnaire of some domain experts, their option could be a degree of “good
service”, a degree of indeterminacy and a degree of “poor service™ A4 is an interval neutrosophic set of X defined
by A = {l.2,0.4],]11.3,0.5],[0.3,0.5]) /1 + ((0.5,0.7], [0, 0.2},10.2, 0.3}} /z2 + {[0.6,0.8],[0.2,0.3], [0.2, 0.3]} /s,
L
Definition 2: An interval neutrosophic set A is empty if and only if its inf Ty (z) = supTalz) = 0,inf Ta{z) =
supfa(z) = 1 and inf Fg(z) =sup Fa(z) =0, for all z in X. |
Let 4 be an interval neutrosophic set on X, then A{z) = {Talx), [4(x), Falz)). Let 0 = {0.0,1) and | =
{1,1,0).

Definition 3: Let A and B be two interval neutrosophic sets defined on X. A(x) < Blz) if and only if

inf Ta(x) <infTg(z) , supTalz) <supTr(z), (1)
inf T4{z) <inflg(z) , supla(z) <suplp(z), )

inf Fa(z) > inf Fr(z) , supFaflz) > sup Fg(z). (3)
0

Definition 4 (Coniainment): An interval neutrosophic set A is contained in the other interval neutrosophic set
B, AC B, if and only if A(z) < B(z), for all z in X. |
Definition 5: Two interval neutrosophic sets 4 and B are equal, written as A = B, if and only if A € B and
BC A, O
Let N = {[0,1] x {0,1],10,1] = [0,1],10,1] = [0, 1}}.
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Definition 6 (Complement): Let Cy denote a neutrosophic complement of A, Then Cpn 1s a funetion
Cn:N—=N

and Cp must satisfy at least the following three axiomatic requirements:

D Cn(Q) = L and Cn (1) = § (boundary conditions).

2) Let A and B be two interval neutrosophic sets defined on X, if A{z} < B(z), then Cn (Alz)) > Cn(B(z)),

for all x in X, {monotonicity).
3} Let A be an interval neutrosophic set defined on X, then C'n (Cn (A(x))) = A(z), for all z in X . {involutivity).
0

There are many functions which satisfy the requirement to be the complement operator of interval neutrosophic
sets. Here we give one example.

Definition 7 (Complement Cp,); The complement of an interval neutrosophic set A is denoted by A and is
defined by

Ti(z) = Falz), {4)

inf Iz{z} = 1 —supla(z), (5)

supI7{z) = 1—infla(z), (6)

Fyilz) = Talz), (7)

for all = in X. 0

Definition 8 (N-normj: Let Iy denote a neutrosophic infersection of two interval neutrosophic sets A and B.
Then [y is a function

IN:NXN-— N

and Iy must satisfy at least the following four axiomatic requirements:

1) In{A{z),1) = A{x), for all z in X. (boundary condition).

2) Blx) < C{z) implies In{A(x), B(x)) < In{(A{z), Ciz)), for all z in X. (monctonicity).

3) In({A(z), B(z)) = In(B(z), A(z)), for all = in X. (commutativity),

4) Inf{A(x), In(B(x}, Clz))) = In{In(Alx), B(z)), C{z)), for all z in X . (associativity).

m]

Here we give one example of intersection of fwo interval neutrosophic sets which satislies above N-norm
axiomatic reguirements. Other different definitions can be given for different applications.

Definition 9 (Intersection In,): The intersection of two interval neutrosophic sets 4 and B is an interval neutro-

sophic set O, written as & = AN B, whose truth-membership, indeterminacy-membership, and false-membership
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inf Te(x) min(inf T4 (x), inf Ts(x)), (8)

supTo(x) = min(supTale), sup Talz)), ©)

inf Io(z) minfinf T4(z), inf I5(z)), (10)

suplo(z) = min(sup ale),sup (), (an

inf Fe{x) max(inf Faiz),inf Fr(z)), (12)

sup Fe(z) max(sup F4(z),sup Fplz)), (13)

forall z in X, ]

Definition 10 {N-conorm): Let Uy denote a neutrosophic wnion of two interval neutrosophic sets 4 and B. Then
{7n 1s a function

Uy : NXN- N

and Uy must satisfy at least the following four axiomatic requirements:

Dy Un(A(x),0) = A(z), for all z in X. (boundary condition).

2) B(z) £ C{z) implies Un(A(z), B(x)} < Un(A(z), C{z)), for all z iz X. (monotonic ity).
3) Un(Alz), B(x)) = Un(B(z), Alz}), for all z in X. {commutativity).

4y Un(A{z), Un{B{z),C(x})) = Un{Un{Al(x), B(z)), C{x))}, for all = in X. (associativity).

a

Here we give one example of union of two interval neutrosophic sets which satisfies above N-conorm axiomatic
requirements. Other different definitions can be given for different applications,

Definition 11 (Union Uy, ): The union of two interval neutrosophic sets A4 and B is an interval neutrosophic set

C, written as C = A U B, whose truth-membership, indeterminacy-membership, and false-membership are related

to those of A and B by

inf To(z) = max(ing Tale), inf Trz)), (14)
supTo(z) = max(supTalz),sup Tu(z)), (15)
inf Io(x) max(inf F4(z),inf In(x)), (16)
sup I (z) max{sup La(x), sup Iz (x}), (7
inf Fe () min{inf Fa(z), inf Fg(2)), (18)
sup Fo(z) = min{sup Faz),sup Fala)), (19)
for all z in X. =

Theorem [: Let P be the power set of all interval neutrosophic sets defined in the universe X. Then (P; I'n;, Un,)

1s a distributive lattice.
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Proof: Let A, B, be the arbitrary interval neutrosophic sets defined on X It is easy to verify that AN A =
A, ALUA = A (idempotency), AN B = BNA, AUB = BUA (commutativity), (ANBYNC = AN(BNC), (AU
BIUC = AU(BUC) {associativity), and AN(BUCT = (ANB)U{ANCLAU(BNC) = (AUuBYN{AUC)
(distributivity). E
Definition 12 (Interval neutrosophic relation), Let X and Y be two non-empty crisp sets. An interval neutro-
sophic relation R(X,Y") is a subset of product space X x Y, and is characterized by the truth membership function
Tx{z,y), the indeterminacy membership function [z(x, y), and the falsity membership function Fr(z,y), where
zeXandyeY and Thlz,y), In(z v, Frlz,y) €0,1]
Definition 13 (Interval Neutrosophic Composition Functions): The membership functions for the composition of
interval neutrosophic relations R(X,Y) and S(Y, Z) are given by the interval neutrosophic sup-star composition

of R and §

Tres(m,2) = sug min{Tr(z, ), Ts(y, 2)), (20}
y<

Ires(z,2) = sup min{/z(z, v}, Is{y, 2)), (21)
yeY

Fros{s,z) = gg{/ma}c(FR(r-,y);f‘"’s(y,Z))- (22)

If R is an interval neutrosophic set rather than an interval neutrosophic relation, then Y = X and
supyey min{Tr{z, y), Ts(y, 2)) becomes sup,cy min(Tr(z). Ts(y, 2)), which is only a function of the output
variable z. It is similar for sup, oy min(Zg{z, ¥), Js(y, 7)) and inf ey max(Frlz,y), Fsly, 2)). Hence, the notation

of Trus(x, z) can be simplified to Trog{z), so that in the case of R being just an interval neutrosophic set,

Treslz) = sugmiu(TR(I),TS(,fc,s)L (23)
k=3

Inos(?) = swpminiin(a), s(z.2) e

Froslz) = mlél;mdx(Fn{r)Fs(x,:)) (25)

Definition 14 (Tiuth-favorite). The truth-favorite of an interval neutrosophic set A is an interval neutrosophic set

B, written as B = A A, whose truth-membership and false-membership are refated to those of A by

inf Ty(z) = minlinf Ta(z) + inf La(z), 1), 26)
supTs(s) = minfsupTa(z) +sup Ia(z)1), @n
infIg(z) = 0, 28)
supIs(z) = 0, 29)
inf Fg(z) = infFalx), (30)
sup Flz) = supFalz), (31)
forall z in X. a

Definition 13 (False-fuvorite). The false-favorite of an interval neutrosophic set A is an interval neutrosophic set
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B, written as B = VA, whose truth-membership and false-membership are related to those of A by

infTg(z) = nfTa(x), (32)

supTglz) = supTa(z), 33

infIg(z) = 0, (34)

suplg(z) = 0, (33)

inf Flz) = min(inf Falz) +infTa(z), 1), (36)

sup Fgi{z) = min{sup Falz) +supla{z), 1), 37N

forall x in X. 0

I11. INTERVAL NEUTROSOPHIC PROPOSITIONAL CALCULUS

In this section, we introduce the elements of an interval neutrosophic propositional caleulus based on the definition

of the interval neutrosophic sets by using the notations from the theory of classical propositional calculus [17].

A. Syntax of Interval Neutrosophic Propositional Calculus

Here we give the formalization of syntax of the interval neutrosophic propositional calculus.
Definition 16: An alphabet of the interval neutrosophic propositional calculus consists of three classes of symbols:
1} A set of inferval neutrosophic propositional variables, denoted by lower-case letters, sometimes indexed;
2y Five connectives A, V, -, >, «» which are called conjunction, disjunction, negation, implication, and bitmpli-
cation symbols respectively;
3) The parentheses (and).”
3
The alphabet of the interval neutresophic propesitional calculus has combinations obtained by assembling con-
nectives and interval neutrosophic propositional variables in strings. The purpose of the construction rules is to
have the specification of distinguished combinations, called formulas.
Definition 17: The set of formulas (well-formed formulas) of interval neutrosophic propositional calculus is
defined as follows.
1Y Every interval neuirosophic propositional variable is a formula;
2y If p is a formula, then so is (~p);
3) If p and ¢ are formulas, then so are
a) (pAg),
b) (p V),
¢) (p— q), and
d) (

P q).
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4y No sequence of symbols is a formula which is not required to be by [, 2, and 3.
o

To avoid having formulas cluttered with parentheses, we adopt the following precedence hierarchy, with the

highest precedence at the top:

ALV,

BT
Here is an example of the interval neutrosophic propositional caleculus formula:

-pr Ape V(pL — p3) — pa A ps

Definition 18: The language of interval neutrosophic propesitional caleulus given by an alphabet consists of the

set of all formulas constructed from the symbols of the alphabet. (W

B. Semantics of Interval Neutrosophic Propositional Calculus

The study of interval neutrosophic propositional caleulus comprises, among others, a syntax, which has the
distinction of well-formed formulas, and & semanrics, the purpose of which is the assignment of a meaning to
well-formed formulas.

To each interval neutrosophic proposition p, we associate it with an ordered triple components {t(p), i{p), [ (p)},
where +{p),i(p), f(p) C [0,1]. t(p).i(p), f(p) is called truth-degree, indeterminacy-degree and falsity-degree of p,
respectively. Let this assignment be provided by an interpretation function ot interpretation IN L defined over a

----- <o get of propositions Poin such a way thatoo -

INL{p) = {{{p), i(p}, f(p)).

Hence, the function INL : P — N gives the truth, indeterminacy and falsity degrees of all propositions in P.
We assume that the interpretation function INL assigns to the logical truth T : INL(T) = (1,1,0), and to
FINL(FY = {0,0,1),

An interpretation which makes a formula true is a mode! of the formula.

Let i,] be the subinterval of [0,1}]. Then i + I = [inf¢ -+ infl. supi+ supl], i — { = [inf¢ — sup!,supi — inf 1],
max(i,!) = [max{inf¢,inf ), max(sup i, sup!})], min(i,!) = Imin(inf ¢, inf I}, min{sup , sup {)].

The semantics of five interval neutrosophic propositional connectives i3 given in Table L. Note that p «» ¢ if and

only if p — g and ¢ — p.

Example 2: INL(p} = (0.5,0.4,0.7) and INL{qg) = {1,0.7,0.2). Then, INL{~p) = {0.7,0.6,0.5}, INL(p A
~p) = {0.5,0.4,0.7), INL{pV ¢) = (1,0.7,0.2), INL(p — ¢) = {1,1,0). o
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TABLE ]

SEMANTICS OF FIVE CONNECTIVES IN INTERVAL NEUTROSOPHIC PROPOSITIONAL LOGIC

Connectives ‘ Semantics
INL{~p) {f(p). 1 - €p), tlph)
INL{prqg) {min(¢(p). t{g}}. min(i(p),i(q)), max(f(p). f(g)))
INL(pVg) (max(¢(p), t(q)), max(i(p},i(q)). min{f{p), flg)))
INL(p — q) (min(1, 1 — t{p) + ), min(1, 1 — i(p) +i{q)), max{D, f(g) - F(p}))
INL(p e~ g) | {min{l —i(p) +#(g), 1 - t{g) + t(p}), min(1 - &(p) + i{q), 1 — #{q) 4 i(p)}. max(f(p) - f(a). Fla) - F{M})

A given well-formed interval neutresophic propositional formula will be called a tautology (valid) if INL(A} =
{1,1,0}, for all interpretation functions JN L. It will be called a contradiction (inconsistent) if TN L(A) = (0,0, 1),
for zall interpretation functions I'N L.,

Definition 19: Two formulas p and ¢ are said to be equivalent, denoted p == g, if and only if the ITNL(p} =
INL{q) for every interpretation function JN L.

Theorem 2. Let F' be the set of formulas and A be the meet and V the join, then (F; A, V) is a distributive
lattice.

Proof: 1t is analogous to the proof of Theorem 1. B

Theorem 3: If p and p — ¢ are tautologies, then ¢ is also a tantology.

Proof: Since p and p — g are tautologies then for every INL, INL{p) = INL(p — q) == {1,1,0), thai is
tip) = i(p) =1, f{p) = 0, tp — ¢) = min(1, 1 - t{p} +t(g)) = 1, ilp — ¢) = min(1,1 — i{p} + i{g)) = 1,
flp— q) = max(0, f(g) - f(p)) = 0. Hence, _
-Hg).=i(g).=.1, flg) = 0. So ¢ s 2 tautology. : PRI

C. Proof Theory of Interval Neutrosophic Propasitional Calculus

Here we give the proof theory for interval neutrosophic propositional logic to complement the semantics part.
Definition 20: The interval neutrosophic propositienal logic is defined by the following axiom schema.
p—(g—p)
Pr AL APy g1 V.. g, provided some p; is some g;
p—{@—phg
p—r)—=({g—r) = (pvg—r)
(pvVg —riffp—randg—r
p = q Hf =g = -p
p—+gand g — r imples p — r

p—oqgiffpe(phrg)iffq - (pvq)
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The concept of (formal) deduction of & formula from a set of formulas, that is, using the standard notation, I' - p,
is defined as usual; in this case, we say that p 15 a syntactical consequence of the formulas in T.
Theorem 4. For interval neutrosophic propositional logic, we have
D {pttp
2) ' pentails TUA R p,
NiUl-pforanyp e Aand Al g, then ' g,
Proof: 1t is immediate from the standard definition of the syntactical consequence {-). E
Theorem 5. In interval neutrosophic propositional logic, we have:
1) »mpep
2) ~(pAg) = -pV g
3) ~(pVa) = phg
Proof: Proof is straight forward by following the semantics of interval neutrosophic propositional logic.

Theorem 6. In interval neutrosophic propesitional logic, the following schemas do not hold:

I pv-p
2) ~(pA-p)
3y pAp—yg
4) pA-p— g
5y {pr—athg
6) {p—aq qtt p
D {pveatbp
8) pVgerpog
7 Prooj.‘ Immediate from the .sem..aﬁti(.;s. of interval Ineu.tros.ophic pfopositiona[ log.ic.. . .E.
Example 3: To illustrate the use of the interval neutrosophic propositional consequence relation, let’s consider

the following exampie.

p—{gAT)

From p -+ (g A7), we get p — g and p — r. From p — g and ¢ — s, we get p — —s. From p — 7 and 7 — 3,
we get p — s, Hence, p is equivalent to p A s and p A —s. However, we cannot detach s from p nor —s from p. This
is in part due to interval neutrosophic propositional logic incorporating neither modus ponens nor and elimination,

O
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IV, INTERVAL NEUTROSOPHIC PREDICATE CALCULUS

In this section, we will extend our consideration to the full language of first order interval neutrosophic predicate
fogic. First we give the formalization of syntax of first order interval neutrosophic predicaie logic as in classical

first-order predicate logic.

A. Syntax of Intervai Neutrosophic Predicate Calculus

Definition 21: An alphabet of the first order interval neutrosophic predicate calculus consists of seven classes of
symbols:
1) variables, denoted by lower-case letters, sometimes indexed;
2) consiants, denoted by lower-case letters;
3) function svmbols, denoted by lower-case letters, sometimes indexed;
4) predicate symbols, denoted by lower-case letters, sometimes indexed;
5) Five connectives AV, -, —, \a}hich are called the conjunction, disjunction, negation, implication, and
bitmplication symbols respectively;
6) Two guantifiers, the universal quantifier ¥ (for all) and the existential guantifier 3 (there exists);
7) The parentheses ( and ). A
3
To aveid having formulas cluttered with brackets, we adopt the following precedence hierarchy, with the highest

precedence at the top:

Next we turn to the definition of the first order interval neutrosophic language given by an alphabet.
Definition 22: A term is defined as follows:
1) A variable is a term.

2) A constant is a term,

3) If f is an n-ary function symbol and £q,...,t, are terms, then f{{,..., f,.) is a term.

[
Definition 23: A (well-formed )formula is defined inductively as follows:
1} If p is an n-ary predicate symbol and ¢1,..., %, are terms, then p(ty, ..., t,) is a formula (called an afomic

Jormula or, more simply, an artom).

2) If F and G are formulas, then so are (—F), {(F AG)L{F v G), (F — G) and (F «+ G).
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3) if Fis a formula and x is a variable, then (VzF) and (ZzF") are formulas.
0
Definition 24: The first order interval neutrosophic language given by an alphabet consists of the set of all
formulas constructed from the symbols of the alphabet. ]
Example 4: ¥x3y(p(z,y) — qlz)), ~Jz(p(x, a) A g(z}} are formulas. 0
Definition 25: The scope of Y (resp. 32) in VaF (resp. J2F) is F. A bound occurrence of a variable in a
formula is an occurrence immediately following a quantifier or an occurrence within the scope of a quantifier, which
has the same variable immediately after the quantifier. Any other occurrence of a variable is free. o
Example 3: In the formula Vap(z, y) Vv g(z), the first two occurrences of = are bound, while the third occurrence

is free, since the scope of Vr is p{x, y) and y is free. Qo

B. Semantics of Interval Neutrosophic Predicate Calculus

In this section, we study the semantics of interval neutrosophic predicate calculus, the purpose of which is the
agsignment of a meaning to well-formed formulas. In the interval neutrosophic propositional logic, an interpretation
is an assignment of truth values (ordered triple component) to propositions. In the first order interval neutrosophic
predicate logic, since there are variables involved, we have to do more than that. To define an interpretation for a
well-formed formula in this logic, we have to specify two things, the domain and an assignment to constants and
predicate symbols occurring iu the formula. The following is the formal definition of an interpretatibn of a formula
in the first order interval neutrosophic predicate logic.
Definition 26: An interpretation function (or inferpretation) of a formula F' in the first order interval neutrosophic
predicate logic consists of 2 nonempty domain I, and an assignment of “values” to each constant and predicate
symbol occurring in F as follows: ' '
1) To each constant, we assign an element in D,
2} To each n-ary function symbol, we assign a mapping from D™ to D. (Note that D™ = {(z1,... ,Zn)|z; €
D, ..z, € D})

3) Predicate symbols get their meaning through evaluation functions E which assign to each variable z an
element E(z) &€ D. To each n-ary predicate symbol p, there is a function INP(p} : D" — N. So
INP(plzy,....,z:)) = INP({p){E(x),..., E(z.)).

That is, INP(p){ay,...,an) = {#(play, ..., au)) ilplar, .. an)), fiplar. .. ax)),
where t{p(al,...,ax ) ilplal, .-, aq)), f(pley, .. .,an)) € [0,1]. They are called truth-degree, indeterminacy-
degree and falsity-degree of p(as, ..., a,) respectively. We assume that the interpretation function I.N P assigns to
the logical truth 7' : INP(T) = {1,1,0}, and to F : INP(F} = (0,0, 1}.

The semantics of five interval neutrosophic predicate connectives and two guantifiers is given in Table IL For

simplification of notation, we use p to denote p{as,...,a.). Note that p «» g if and only if p — g and ¢ — p.
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TABLE II

SEMANTICS OF FIVE CONNECTIVES AND TWO QQUARNTIFIERS IN INTERVAL NEUTROSOPHIC PREDICATE LOGIC

Connectives | Semantics
INP{-p) ‘ () 1 = ifp), t(p))
INP(pAq) {min(t(p), t(q)), min(i{p), i{g)), max{f(p), F{g))}
INP(pVyg) {max(t(p), t{g)}, max(i{p). i(q)), min{f (p), f(a))}
INF(p— gq) {min{1,1 — t{p) 4+ {g)), min{1, 1 ~ i(p) + i(g)), max(D, f(g} - f(p)})
INP(p—q) | {min(l —t(p) ~t(q), L — t{g) + t(p)), min{l — i{p) +i(q). 1 — i(q) + i{p}}, max(f(p) ~ f(g), Flq) ~ F(p)))
INP{¥zF) {mint{F{E())), mind{ F{E{z))), max f{F(E{zN), E(z} ¢ D
INP(3zF) {max t{F{E{z))), max i F(E(z})), min f(F(E{z))) Elz) ¢ D

Example 6: Let D = 1,2 3and p(1) = {(0.5,1,0.4), p(2) = {1,0.2,0), p(3) = {0.7,0.4,0.7). Then IN P{¥ep(x)) =
{0.5.0.2,0.7), and INP(Izp(z)) = {1.1,0). 0
Definition 27: A formula F is consistent (satisfiable} if and only if there exists an interpretation I such that F' is
evaluated to {1,1,0) in 7. If a formula F is T in an interpretation I, we say that [ is a model of F and [ satisfies
F. 0

Definition 28: A formula F' is inconsistent (unsatisfiable) if and only if there exists no interpretation that satisfies

F. 3
Definition 29: A formula F is valid if and only if every interpretation of F' satisfies F. 0
Definition 30; A formula F is a logical consequence of formulas Fy, ..., F, if and only if for every interpretation

I, ifFlA.,;/\Fn is true in [, F is also true in 1. a
Example 7: (Vz)}{(p(z) — (By)p(y)) is valid, (¥z)p(z) A (Hy)-p(y) is consistent. 0

Theorem 7: There is no inconsistent formula in the first order interval neutrosophic predicate logic.
Prooft 1t is direct from the definition of semantics of interval neutrosophic predicate logic. -4
Note that the first order interval neutrosophic predicate logic can be considered as an extension of the interval
neutrosophic propositional logic. When a formula in the first order logic contains no variables and quantifiers, it

can be treated just as a formula in the propositional logic.

C. Proof Theory of Interval Neutrosophic Predicate Calculus

In this part, we give the proof theory for first order interval neutrosophic predicate logic to complement the
semantics part.
Definition 31: The first order interval neutrosophic predicate logic is defined by the following axiom schema.
(p — q(x)) = (p — Vaq(z))
Vep(z) - pla)
plx) — Jxp(z)
(p(z) — ¢) — (Bzp(z) — g)
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Theorem 8: In the first order interval neutrosophic predicate logic, we have:

1) plx) b Yzplz)

2) pla) - 3zp(z)

3) Vaplz) t ply)

4) TU{p{z)} b ¢, then ['U {Jzp(z)} + ¢

Proof: Directly from the definition of the semantics of first order interval neutrosophic predicate logic. B
Theorem 9: In the first order interval neutrosophic predicate logic, the following schemes are valid, where r is
a formula in which = does not appear free:

1} Vzr e r

2) dar < ¢

3) Yavyp(z,y) « VyVep(z, y)

4} Jzdyplz,y) < Sydaple.y)

5} VaVyp(z,y) — Yap(r, )

6) Jzplz,x) — Jxdyplx, y)

7) Vep{z) — 3zrp(z)

8) JxVyplz,y) — Vyleplz,y)

9) vz(p(x) Aglz)) < Vop(x
10) Zx(p(z) v ¢le)) = Jzpla
1) pAVzg{z) « Vz(p A glx

( {z))
(z) & Vz(p v ¢lx))
( (z))
( (z))

AVzg(z)
v dzg(x)

12) pVv V¥zqg
13) p A 3zg z) — Ax{p A glx
14) pV deg{z) « 3x(p V g(z
15) Va(p(x) - q(a)) = (Vop(z) - Vog(z))
16) Vz(p(x) — q(x)) — (dzp(z) — Izq(z))
17y 3z(plx) A ¢{z)) — 3zplz) A rg(z)
18) Vap(z) V ¥aq(s) — Valp(e) V g(s))
19y ~dz-p(z) « Vop(z)
20) ~Vz-p(z) < 3p(z)
21y ~Hzp(z) < Va-plx)
22) Jr—plz) « ~Vzp(z)
Prooft Tt is straightforward from the definition of the semantics and axjomatic schema of first order interval

neuirosephic predicate logic. ]
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V. AN APPLICATION OF INTERVAL NEUTROSOPHIC LOGIC

In this section we provide one practical application of the interval neutrosophic logic — Interval Neutrosophic
Logic Sysitem (INLS). INLS can handle rule uncertainty as same as type-2 FLS [4], besides, it can handle rule
inconsistency without the danger of trivialization, Like the classical FLS, INLS is also characterized by IF-THEN
rules. INLS consists of neutrosophication, neutrosophic inference, a neutrosophic rule base, neutrosophic type
reduction and denentrosophication. Given an input vector & = {x1,...,¥,), where z1,...,Z, can be crisp inputs
or neutrosophic sets, the INLS will generate a crisp output y. The general scheme of INLS is shown in Fig. 1.

Suppose the neutrosophic rule base consists of M rules in which each rule has n antecedents and one consequent.
Let the kth rule be denoted by R* such that [F 2, is A%, zy is 4%, .., and z,, is A¥, THEN y is B*. A¥ is an interval
neutrosophic set defined on universe X, with truth-membership function T‘L;i;(a?,:), indeterminacy-membership
function 7,4k (z;) and falsity-membership function F4x(z;), where Tyu(:), Tax (z;), FAs(mi) Ci, 1Ll <i<n.
B¥ is an interval neutrosophic set defined on universe ¥ with truth-membership function Tg«(y), indeterminacy-
membership function fgi(y) and falsity-membership function Fgx(y), where Tgx(y), Ige(y), Fee(y) € [0,1].
Given fact », is Af,xz is A;,..., and x,, is fiﬁ, then consequence y 1s B*, A:‘ is an interval neutrosophic
set defined on universe X; with truth-membership function T Af(mi)’ indeterminacy-membership function A {z:)
and falsity-membership function Fﬁi_g(;ci), where Tﬁf(wi), ij(mi), P’Av?(:b,;) C{0,1],1 < i < n. B* is an interval
neutrosophic set defined on universe ¥ with truth-membership function 7T'5. (3}, indeterminacy-membership function
If,k‘(y) and falsity-membership function Fz. (), where Tz (), 5. (1), P’ék (y) € [0, 1]. In this paper, we consider
< <bhanda<y<p.

An unconditional neutrosophic proposition is expressed by the phrase: *Z is C”, where £ is a variable that receives

values z from a universal set I/, and € is an interval neutrosophic set defined on U that represents a neutrosophic

predicate. Each neutrosophic proposition p is associated with {t(p},i(p), f(p)} with ¢{p),i(p), f{p) € [0.1]. In

general, for any value z of Z, {t(p),i(p), f(p)} = (Te(z}. Ic(2), Folz)).
For implication p ~— g, we define the semantics as:

suptp.g = min{supi{p}, supilg)), (38)

inft,—¢ = min{inft(p},inf{g)}, (39)

SUpip—, = min(supi(p).supi(g)), (40)

infip.g = min(infi{p),infi(g)), “4n

sup fr—q = max(sup f(p),sup f(g)). (#2)

inf fp, = max(inf f{p),inf f(g)), (43)

where t(p),(p), f(p), t{q), (g}, fl@) C 10, 1].
Let X = Xy x -+ x X,. The truth-membership function, indeterminacy-membership function and falsity-
membership function Tyx (y), F5.(y), Far{y) of a fired Ath rule can be represented using the definition of interval

neutrosophic composition functions (23-25) and the semantics of conjunction and disjunction defined in Table II
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and equations (38—43) as:

supTae(y) = ;g}( min{sup TA;C(Il)-. sup Tias (z1),-..,sup TA!; (2n),sup Tys (zn), sup Tpe(y)),  {(44)
inf Tei(y) = :g}( min{inf Tzs (%1), inf TAf(xl), oo dnf Tgy (@n), inf Tax (0}, inf Tge(y)), (45)
supIge(y) = iuglg_min(supffpf(ml}?supIA:IC{:L'-E)jw. ., 5Up Iﬁﬁ(mn),supIAﬁ(In)gsup Ige(y)), (46)
inf I {y) = ;2;;( min{inf ]'A;C(:]:l), inf T (x3),...,inf I.&;g (@n),inf Lyx (20 ), inf Ta (4)), 47
sup Fae(y) = ngc max(supFAé.(ml),sup FA:f(azl),y,.,Suijﬁ(In),sup FAﬁ(:.cn),supFBk(y)), (48)
inf Faely) = znelg{ max(inf Fgx (21}, inf Fae(a1), .. inf F i (xn), nf Fap (zn), inf Fpe{y)), (49)
where y € Y.

Now, we give the algorithmic description of INLS.

BEGIN

Step 1: Neutrosophication

The purpose of neutrosephication is to map inputs into interval neutresophic input sets. Let (¥ be an interval

neutrosophic input set to represent the result of neutrosophication of ith mput variabie of kth rule, then

supTg,x(x:) = sgg min(sup T'zx (7:), sup Ty (2:)), J {50
inf Tgu{z:) = ;21}3{! min{inf T_gi.-(:ci}, inf Tax(z:)), (51
X6 X
sup Ige (i) = 51611; muin(sup i (24}, sup Ly (zi)), (52)
©iE X
inf Jgu{mi) = sgg min{inf 7 5. (), inf Ly (2:}), (53)
e X, ;
sup Fap(w) = inf max{sup Fgy (@), sup Farle)), 9
inf Fe(z:) = Tlliglgz max(iufﬁjf(xi),ianAf(ri)), (35)

where x; € X;.

If z; are crisp inputs, then equations {50-55) are simplified to

sup Tge{z:) = supTys (x:), {56)
inf Tis (z;) = inf Tpx (), (57)
sup Ige(z;) = suplgx (z:), (58)
infIge(z,) = infly(n), (59)
sap Fcf (x;} = sup FAf (z:), (60}
inf Fou(r;) = inf Fax(zs), 61)

where z; € X;.
Fig. 2 shows the conceptual diagram for neutrosophication of a erisp input x;.

Step 2: Neutrosophic Inference
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The core of INLS is the neutrosophic inference, the principle of which has already been explained above. Suppose

the kth rule is fired. Let G* be an interval neutrosophic set to represent the result of the input and antecedent

operation for kth rule, then

sup T (z) = SLEI?( min{sup T {(z1),sup Tpx (z1),...,sup T;l;;(a".n)., sup T'gs {zn}}),
inf Tow (x) == izg min{inf T (w1),inf Tar (1), .. inf Tgﬁ(mn), inf T'as (2 }),
suplge(z) = :2}% min(supIgi(:cl),supIA#(:zl)j..n,supIﬂﬁ(mn),supIAﬁ(:cn))z
inf Ipn{z) = &‘;ggmin(inf.fgf(xl),inf IA;IC(:L"]),.,.,inffj,;;(:xn)jinf[_4k(mn)),

up Foula) = inl mux(sup Fgg (), up Fag(r), .., s0p Fy (£, 5up Fa (),
inf Fge{z) = ;‘1215{ max/{inf F@(ﬂtﬂ, inf Faelz1),...,inf Fﬁ:(rn), inf Fax{xa)),

where r; € X;.

Here we restate the result of neutrosophic inference:

Sup‘Ték (v)
inf Tgs(y)
sup 5 (y)
inf I'ge(y)
sup Fgr{y)
inf Far(y)

wherez € X,y el

min(sup Ter(z), .. ., sup Tyx(y)},
min(inf Tex(z), inf Tae(y)),
min{sup Iqr (2}, sup Fge(y}),
min{inf Iz {z)}, inf Ipe (y)),
max{stp Fgr{z), sup Fer(y)},

max{inf Fge (), inf Fag= (1)),

(62)

(64)
(63)
(66)

(67)

(68)
{69)
(70)
(71
(72)

(73)

Suppose that NV rules in the neutrosophic rule base are fired, where N < M, then, the output interval neutrosophic

set B is:

N "
supTgly) = Illcl_t}gisupfgk(y)e
infTa{y) = Iiig;cinngk(y),

N
suplsly) = %ﬁ?snpfék(y)-,
infIzly) = Ikr_lfi\;i(iﬂffgk(y},

N
sup Fgly) = IfirllSUDTgk(y),

N
inf Taly) = réa_irilinngk(y),

where y € Y.

Step 3: Neutrosophic type reduction
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After neutrosophic inference, we will get an interval neutrosophic set B with Ts(). Ix(y), Faly) € [0,1]. Then,
we do the neutrosophic type reduction to transform each interval into one number. There are many ways to do it,

here, we give one method:

Tgly) = (infTaly) +supT())/2, (80)
I (y) = (infIz(y) +suplgly))/2, (81)
Fily) = (inf Fp(y) + sup F(y))/2. (82)

where y & Y.

So, after neutrosophic type reduction, we will get an ordinary neutrosophic set {a type-1 neutrosophic set) B.
Then we need to do the deneuirosophication to get a crisp oufpus.

Step 4: Deneutrosophication

The purpose of deneutrosophication is to convert an ordinary neutrosophic set (a type-1 neutrosophic set)
obtained by neutrosophic type reduction to a single real number which represeats the real output. Similar to
defuzzification [18], there are many deneutrosophication methods according to different applications. Here we give
one method. The deneutrosophication process consists of two steps.

Step 4.1: Synthesization: It is the process to transform an ordinary neutrosophic set (a type-1 neutrosophic set)

B into a fuzzy set B. It can be expressed using the following function:

FT5 ), Taw), Fglw)) 1 [0,1] % [0,1] x [0,1] — [0,1] (83)

Here we give one definition of f:

Tp(y) = ax T(y) + b (1= Faly)) +es I5(y)/2 +d = (1~ T5(5)/2), (84)
where 0 < a,b,c,d<1l,a+b+cH d=1.

The putpose of synthesization is to calculate the overall tuth degree according to three components: truth-
membership function, indeterminacy-membership function and falsity-membership function. The component-truth-
membership function gives the direct information about the truth-degree, so we use it directly in the formula; The
component—falsity-membership function gives the indirect information about the truth-degree, so we use (1 — F} in
the formula. To understand the meaning of indeterminacy-membership function J, we give an example: a statement
is “The quality of service is good”, now firstly a person has to select a decision among {T’, I, F'}, secondly he or
she has to answer the degree of the decision in [0, 1]. If he or she chooses I = 1, it means 100% “not sure” about
the statement, i.e., 50% true and 50% false for the statement (100% balanced), in this sense, / = 1 contains the
potential truth value 0.5, If he or she chooses I = 0, it means 100% “sure” about the statement, i.e., either 100%
true ot 100% false for the statement (0% balanced), in this sense, I = 0 is related to two extreme cases, but we
do not know which one is in his or her mind. So we have to consider both st the same time: I = 0 contains the

potential truth value that is either 0 or 1. If I decreases from 1 to 0, then the potentiaf truth value changes {rom one
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value 0.5 to two different possible values gradually io the final possible ones 0 and 1 (i.e., from 100% balanced
to 0% balanced), since he or she does not choose either 7 or ¥ but [, we do not know his or her final truth
value. Therefore, the formula has te consider two potential truth values implicitly represented by [ with different
weights (¢ and d) because of lack of his or her final decision information after he or she has chosen /. Generaily,
a>b>c d; cand d could be decided subjectively or objectively as long as enough information is available. The
parameters a. b, ¢ and d can be tuned using learning algorithms such as neural networks and genetic algorithms in
the development of application to improve the performance of the INLS.

Step 4.2: Caleulation of a typical neutrosophic value: Here we introduce one method of calculation of center
of area. The method is sometimes called the center of gravity method ot centroid method, the deneutrosophicated
value, dn{Tg(y)) is calculated by the formula
_ e ifs(y)ydyn 55)
Jo Tady

END.

VI. CONCLUSIONS

In this paper, we give the formal definitions of interval neutrosophic logic which are extension of many other
classical logics such as fuzzy logic, intuitionistic fuzzy logic and paraconsistent logics, etc. Interval neutrosophic
logic include interval neutrosophic propositional logic and first order interval neutrosophic predicate logic. We call
them classical (standard) neutrosophic logic. In the future, we also will discuss and explore the non-classical {non-
standard) neutrosophic logic such as modal interval nevtrosophic logic, temporal interval neutrosophic logic, etc.
Interval neutrosophic logic can not only handle imprecise, fuzzy and incomplete propositions but also inconsistent

- propositions without the danger of trivialization. The paper also give one application based on the semantic notion
of interval neutresophic logic — the Imterval Neutrosophic Logic Systems (INLS) which is the generalization of
classical FLS and interval valued fuzzy FLS. Interval neutrosophic logic will have a lot of potential applications
in computational Web intelligence [19]. For example, current fuzzy Web intelligence techniques can be improved
by using more reliabie interval neutrosophic logic methods because T, J and F are all used in decision making.
In large, such robust interval neutrosophic logic methods can also be used in other applications such as medical
informatics, bioinformatics and human-oriented decision-making under uncertainty. In fact, interval neutrosophic
sets and interval neutrosophic logic could be applied in the fields that fuzzy sets and fuzz logic are suitable for,

also the fields that paraconsistent logics are suitable for.
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