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Abstract: In this article, we implement a new notion of sets namely neutrosophic nano j-closed set,
neutrosophic nano generalized closed set, neutrosophic nano generalized j-closed set and
neutrosophic nano generalized j*-closed set in neutrosophic nano topological spaces. We also provide
some appropriate examples to study the properties of these sets. The existing relations between some

of these sets in neutrosophic nano topological space have been investigated.

Keywords: Neutrosophic nano j-closed set, neutrosophic nano generalized closed set, neutrosophic

nano generalized j-closed set, neutrosophic nano generalized j*-closed set.

I. Introduction

In recent years, Topology plays a vast role in research area. In particular, the concept of
neutrosophy is a trending tool in topology. We use fuzzy concept where we consider only the
membership value. The intuitionistic fuzzy concept is used where the membership and the non-
membership values are considered. But, more real life problems deal with indeterminacy. The
suitable concept for the situation where the indeterminacy occurs is neutrosophy which is
represented by the degree of membership (truth value), the degree of non-membership (falsity value)
and the degree of indeterminacy.

The fuzzy concept was initially proposed by Zadeh [22] in 1965 and Chang [7] introduced Fuzzy
topological spaces in 1968. Atanasov [6] defined intuitionistic fuzzy set and Coker [8] developed
intuitionistic fuzzy topology. In 2005, Smarandache [17] introduced neutrosophic set and many
researchers used this concept in engineering, medicine and many fields where the situation of
indeterminacy arises. Abdel-Basset et.al, [1 - 5] working with many practical problems by using
neutrosophy concept in the recent days. Salama et.al, [14] introduced the generalization of
neutrosophic sets, neutrosophic closed sets and neutrosophic crisp sets in neutrosophic topological
spaces.

The nano topology which has the maximum of five elements was introduced by Lellis Thivagar
[9]. He applied nano topology for nutrition modelling [11] and medical diagnosis [12]. Zhang et.al
[23], worked on neutrosophic rough sets over two universes. Lellis Thivagar initiated [10]
neutrosophic nano topology and some closed sets on neutrosophic nano topological spaces were

derived by recent researchers.
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Sasikala and Arockiarani [15] introduced generalized j-closed set. Sasikala and Radhamani [16]
introduced nano j-closed set in nano topological spaces. In this paper, we present a new set called
neutrosophic nano j-closed set and work with some interesting examples. Also we investigate some

of the properties of the introduced sets.

II. Preliminaries
Definition 2.1[9] Let U be a nonempty finite set of objects called the universe and R be an
equivalence relation on U , called the indiscernibility relation. The pair (U,R) is said to be the
approximation space. Let X €U.

(i) The lower approximation of X with respect to the relation R is the set of all objects,

which can be for certain classified as X and it is denoted by Lg(X) . ie,

Le(X)= U{R(x):R(x)SU}, where R(x) denotes the equivalence class determined
xe U

by x.
(ii) The upper approximation of X with respect to the relation R is the set of all objects,

which can be possibly classified as X and it is denoted by Ug(X) .i.e,

Ur(X)= UU{R(X)S R(X)NX #9}

(iii) The boundary region of X with respect to the relation R is the set of all objects, which
can be classified neither as X nor as not X and it is denoted by Bg(X) .i.e,
Ba(X)=Ugr(X)-La(X)

Remark 2.2[9] If (U,R) isan approximation space and X,Y €U, then

() Le(X)S X SUg(X)

(ii) Lr(p)=Ur(p)=9¢ and Lg(U)=Ug(U)=U

(ifi) Ug(XUY)=Ug(X)UUg(Y)

(iv) Up(XNY)SUR(X)NUR(Y)

(v) La(XUY)2Lg(X)ULg(Y)

(vi) Lp(XNY)=La(X)NLa(Y)

(vil) Lr(X)ELg(Y) and Ugx(X)SUg(Y) whenever XY

(viii) Up(X©)=[Lg(X)]® and Lg(X)=[Ug(X)]°
(ix) URUR(X)=LrUR(X)=Ugr(X)
() LrLr(X)=UgLg(X)=Lg(X)
Definition 2.3[9] Let U be an universe, R be an equivalence relation on U and

(X )={U,0,Lg(X), Ugr(X),Bzr(X)} where X SU . Then by the properties mentioned in remark

2.2, tx(X) satisfies the following axioms:

(1) U and ¢ arein zx(X)
(ii) The union of the elements of any sub collection of 7x(X) isin 7x(X)
(iii) The intersection of the elements of any finite sub collection of zz(X) isin zgz(X)

Then 13(X) forms a topology on U called the nano topology with respect to X . We call
(U,7z(X)) as the nano topological space. The elements of zz(X) are called nano open sets. The

complement of nano open sets are called nano closed sets.
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Definition 2.4[9] Let (U,7z( X)) be a nano topological space. A subset A is called nano generalized
closed (briefly Ng-closed) setif NCI(A)cV where ASV and V isnanoopenin U.

Definition 2.5[16] A subset A of a nano topological space (U,zz( X)) is called a nano j-open set if
ACS N Int[N PCI(A)]. The complement of nano j-open set is called a nano j-closed (briefly Nj-closed)

set.

ie., if AisNj-closed, then NCI[NPInt(A)]JSA.

Definition 2.6[16] A subset A of a nano topological space (U,7z( X)) is called a nano generalized
j-closed (briefly Ngj-closed) setif N JCI(A)cV where ASV and V isnanoopenin U .

Definition 2.7[17] Let X be an universe of discourse with a general element x, the neutrosophic
set is an object having the form A={=<X,ux(X),04(X),ya(X)>x€ X} where u,0, and yeach
take the values from 0 to 1 and called as the degree of membership, degree of indeterminacy, and the
degree of non-membership of the element XE X to the set A with the condition
0= pua(X)*toa(x)+op(x)=3.

Definition 2.8[10] Let U be a nonempty set and R be an equivalence relationon U.Let F be a
neutrosophic set in U with the membership function u¢, the indeterminacy functiono, and the
non-membership function yr . The neutrosophic nano lower, neutrosophic nano upper

approximations and neutrosophic nano boundary of F in the approximation(U,R), denoted by

N,N and BN(F) are respectively defined as follows:
(i) N(F) ={=<Xug(a)(X):or(a)(X)7r(a)(X) =1 YE [x]z.xeU}
(i) NCF)={= Xt ) ()05 py ()7 ) (X) =/ YE [X]r xE U}
(iii)  BN(F)=N-N
Where #B(A)(X):AyE[X]R#A(y)/ UB(A)(X):/\ye[x]RUA(Y)/ )’B(A)(X):Vye[x]RVA(Y) i

luﬁ(A)( X) = VyE [X]R luA( y) ’ O-E(A)( X) = VyE [X]R O-A( y)/ Vﬁ(A)( X) = AyE [X]R yA( y)
Definition 2.9[10] Let U be an universe, R be an equivalence relation on U and F be a
neutrosophic set in U . If the collection zy(F)={0y 1y .N(F ),N( F),BN(F)} forms a topology,

then it is said to be a neutrosophic nano topology. We call (U,7y(F)) as the neutrosophic nano
topological space. The elements of 7y (F) are called neutrosophic nano open sets.
Definition 2.10[17] Let U be a nonempty set and the neutrosophic sets A and B are in the form
A={=<x:1pup(X),oa(X)ya(x)>=x€U}, B={=<x:ug(x)og(x)yg(x)>x€U}. Then the following
statements hold:

(i) Oy ={=x001>:xeU} and 1y ={<x110>:x€eU}

(ii) ACBIff up(X) = ug(X),oa(X) S og(Xx)0ropa(x)Zog(x),ya(x)Zyg(x) forallxe U

(iii) A=Biff AcBandBE A

(iv)  A® ={<%7a(X),1-0A(X), ua(X) =, xEU }
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V) ANB={xua(x)Aug(X),0a(X)AGE(X),7a(X)Vy5(x) forall xe U}
i) AUB={x,ua(X)V ug(X),0a(X)Vg(X),7a(X)A7(x) forall xe U}
(vii) A-B =X up(X)Apg(X),0a(X)AL-05(X),ya( X)V ug(x) forallxe U }

Definition 2.11[10] [7y(F)]® is called the dual neutrosophic nano topology of zy(F). The

elements of [7y(F )¢ are called neutrosophic nano closed (N closed) sets. Thus, a neutrosophic

set N(G) of U isneutrosophic nano closed iff U-N(G) is neutrosophic nano openin 7y (F).
Definition 2.12[10] Let (U,zy(A)) be a neutrosophic nano topological space and
A={=<Xup(X),05(X),ya(X)>:xEU} be a neutrosophic set in X . Then the neutrosophic closure
and neutrosophic interior of A are defined by N CI(A)=intersection of all closed sets which
contains A and N Int( A) =union of all open sets which is contained in A.

A is a neutrosophic open set iff A= N Int(A) and A isaneutrosophic closed setiff A= NCI(A)
III. NEUTROSOPHIC NANO j-CLOSED SETS

Definition 3.1 Let (U,zy(A)) be a neutrosophic nano topological space. Then a neutrosophic nano
subset A in (U,ry(A)) is said to be neutrosophic nano j-closed (briefly Nnj-closed) set if
NyCI(NyPInt(A))S A.

Theorem 3.2 Every neutrosophic nano closed set is a neutrosophic nano j-closed set.

Proof. Let A be a neutrosophic nano closed set. i.e.,, NyCI(A)=A. We know that NyInt(A)<S
Ny PInt(A)S A which implies NyCI(NyPInt( A))S NyCI(A) = A. Hence every neutrosophic nano
closed set is neutrosophic nano j-closed.

Remark 3.3 The converse part of the above theorem need not be true as seen from the following

example.

Example 3.4 Let (U,z(A)) be a neutrosophic nano topological space withU ={p1,p2,p3}, the

universe of discourse and R, ={{ pl,p2}.{ p3}}, the equivalence relationon U .

Let A={< p1,(0.50.40.3) >,< p2,(0.50.60.4) >,< p3,(0.20.50.2) >} be the neutrosophic nano subset

of U.

Now, NyLg(A)={=<pl(05040.4)>< p2,05040.4)>,<p3,02050.2)>} ,
NyUg(A)={=<p1,(050.60.3)>, < p2,0.50.60.3) >~ p3,(0.20.50.2) >} ,
NyBr(A)={<p1,(040.60.5)>,< p2,0.40.60.5)>, < p3,(0.20.50.2) >} and the neutrosophic nano

topology formed by the subset A is 7y(A)={0y .1y, NyLg(A),NyUR(A),NyBg(A)}.

Here the subsets are called neutrosophic nano open sets and the neutrosophic nano closed sets are

O v INN L (A)C, [NNUR(A)IC and [Ny Br(A)]° , where
[NyLr(A)]C ={< p1,(0.40.60.5)>,< p2,(040.60.5) >,< p3,(0.2050.2) >},
[N\UR(A)® ={< p1,(0.30.40.5) < p2,(0.30.40.5) >, p3,(0.20.50.2) >} , and

[NyBr(A)C ={< p1,(050.40.4) = < p2,(050.40.4) =< p3,(0.20.50.2) >~} .

Now, Ny Int( A)={< p1,(0.50.60.3) =< p2,(0.50.60.3) =< p3,(0.20.50.2) =} and
Ny PInt(A)={< p1,(0.50.60.3) >, p2,(0.50.60.3) = < p3,(0.20.50.2) =} .
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Let us take a closed setin 7\ (A) andletitbe B.
ie, B={<p1(050404)>~<p2,(050404)>~<p3,020502)>}.

Clearly NyCI(NyPInt(B))=B®<B =B is Nnj-closed.

Let us take an another Nnj-closed set
C={<p1,(060.402)>~<p2,(0.6050.3)>,< p3,(0.3050.1)>}. But C is not a neutrosophic nano
closed set. Hence a Nnj-closed set need not be a N closed set.

Theorem 3.5 The union (intersection) of two Nnj-closed (open) sets need not be a Nnj-closed (open)
set as seen in the following example.

Example 3.6 Let (U,7(A)) be a neutrosophic nano topological space withU ={ p1,p2,p3}, the
universe of discourse and R, ={{ p1,p2}{ p3}}, the equivalence relationon U .

Let A={~< p1,(0.50.40.3) >,< p2,(0.50.6 0.4) >,< p3,(0.20.50.2) >} be the neutrosophic nano subset
of U . The sets {<p1,(040.605)>~<p2,(040.60.5)>~<p3,02050.2)>} and
{<pL(050404)>~<p2,(050404)><p3,(020502)>} are Nnj-closed sets. But
{<p1,(050.604)><p2,(05060.4)=~< p3,(0.20.50.2) -} which is the intersection of the above
two sets is not a Nnj-closed sets.

Theorem 3.7 Every neutrosophic nano j-closed set is a neutrosophic nano pre closed set.

Proof. Let A Dbe a neutrosophic nano j-closed set. i.e., NyCI(NyPInt(A))S A. We know that
Ny Int(A)S Ny PInt(A) which implies Ny CI(Ny Int(A))S NCI(NyPInt(A))S A. Therefore A isa
neutrosophic nano pre closed set. Hence every Nnj-closed set is N~ pre closed.

Remark 3.8 The converse part of the above theorem need not be true as seen from the following
example.

Example 3.9 Let U={pl,p2,p3} be the universe with the equivalence relation
Ry ={{p1,p3}{p2}} and let the neutrosophic nano subset on ] be

A={<pl,(0.30.40.2)>,< p2,(0.40.50.1) =< p3,(0.50.20.3) >} . Here
Ny Lg(A)={< p1,(0.30.20.3)>,< p2,(0.40.50.1) = < p3,(0.30.20.3) =} ,
NyUgr(A)={< p1,(0.50.40.2)>,< p2,(0.40.50.1) =< p3,(0.50.40.2) =} ) and

NyBgr(A)={=<pl,(0.30.40.3)>,<p2,(0.10504)>,<p3,(0.30.40.3)>} . Then the neutrosophic
nano topology formed by A is 7 (A)={0y 1y, NyLg(A),NyUR(A),NyBgr(A)}.

The subsets of 7 (A) are called neutrosophic nano open sets and the neutrosophic nano closed sets

are Oy 1y [Ny Lg(A)I® [NWUR(A)I® and [NyBg(A)]° where
[NyLr(A)]® ={< p1,(0.30.80.3) >, p2,(0.10.50.4) ~,< p3,(0.30.80.3) -} ,
[NGUR(A)® ={< p1,(0.20.60.5)>,< p2,(0.10.50.4) ~,< p3,(0.20.6 0.5) -} , and
[NyBg(A)® ={< p1,(0.30.60.3)>,< p2,(0.40.50.1) -,< p3,(0.30.60.3) >} . Then
Ny Int(A) ={=< p1,(0.30.40.3)>,< p2,(0.40.50.1) >,< p3,(0.30.40.3) >} ,

Ny PInt( A)={< p1,(0.30.40.2)>,< p2,(0.40.50.1) ~,< p3,(0.40.40.3) -} andCI(A)=1y.
Clearly the set A itself is a neutrosophic nano pre closed set, but not a neutrosophic nano j-closed
set, since NyCI( Ny PInt( A)) =1y, which is not contained in A.

Theorem: 3.10 Every neutrosophic nano regular closed set is a neutrosophic nano j-closed set.
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Proof. We know that every N regular closed set is a Nx closed set and also every Nn closed set is a
Nnj-closed set. Hence every N regular closed set is a Nnj-closed set.

Remark 3.11 The converse part of the above theorem need not be true as seen in the following
example.

Example 3.12 Let U ={pl,p2,p3} be the universe, R, ={{ pl,p2}{p3}} be the equivalence
relation on U , and A={<p1,(0.10.40.2)>,<p2,(0.40.20.3)~,<p3,(050.30.3)~} be the

neutrosphic nano subset of U . Then
NyLg(A)={=<p1,(0.10.20.3)>,< p2,(0.10.20.3) ~,< p3,(0.50.30.3) >} ,
NyUg(A)={=<p1,(04040.2)>,< p2,040.40.2)>,< p3,(050.30.3) >} ,

NyBgr(A)={<pl(0.30.40.2)>,< p2,0.30.40.2)>,< p3,(0.30.30.5) >~} , and the neutrosophic nano
topology formed by A is 7 (A)={0y 1y .NyLg(A),NyUR(A),NyBgr(A)}.

Here the subsets are called neutrosophic nano open sets and the neutrosophic nano closed sets are

On Ly 7[NNLR(A)]Ca[NNUR(A)]Caand [NNBR(A)]C where
[NyLr(A)]® ={< p1,(0.30.80.1) >,< p2,(0.30.80.1) ~,< p3,(0.30.70.5) >~} ,
[NGUR(A)C ={< p1,(0.20.60.4) ~,< p2,(0.20.60.4) >, p3,(0.30.70.5) >} , and
[NyBr(A)]® ={< p1,(0.20.60.3)>,< p2,(0.20.60.3) >, p3,(0.50.70.3) >} . Then

Ny Int(A)={=< p1,(0.10.20.3) >,< p2,(0.10.20.3) >,< p3,(0.50.30.3) >} and CI(A)=1.
Let B={<p1,(0.20.20.2)>,< p2,(0.30.40.2)>,< p3,(050.40.2) >} be an another neutrosophic

nano subset on U . Clearly Ny CI(NyPInt(B))= NyCI(NyLg(A))=[Ny BgA)]°cB.

But NyCI(NyInt(B))# B. Hence a Nnj-closed set need not be a Nn regular closed.

Definition 3.13 Let (U,zy(A)) be aneutrosophic nano topological space. Then a neutrosophic nano
subset A in (U,zy(A)) issaid to be neutrosophic nano generalized closed (briefly Nng-closed) set

if NyCI(A)EV whenever ASV and V isneutrosophicnano openin U.

Theorem 3.14 Every neutrosophic nano closed set is a neutrosophic nano generalized closed set.

Proof. Let A be the neutrosophic nano closed set. Let ACSV and V isneutrosophic nano open set

in U. Since A is Nnclosed, NyCI(A)SA .ie, NyCI(A)SASV . Hence A is Nng-closed set.

Hence every Nn closed set is Nng-closed.

Remark 3.15 The converse of the above theorem need not be true as seen in the following example.

Example 3.16 Let (U,zy(A)) be a neutrosophic nano topological space with U ={ p1,p2, p3}, the

universe of discourse and Ry ={{ pl,p2}{ p3}}, the equivalence relationon U .

Let A={~< p1,(0.50.40.3) >,< p2,(0.50.6 0.4) >,< p3,(0.20.50.2) >} be the neutrosophic nano subset

of U.

Now, NyLg(A)={=<pL(050.40.4)>,< p2,0.50.40.4)>,< p3,(0.20.50.2) >} ,
NyUg(A)={<p1,(050.60.3)>,<p2,050.60.3)>< p3,(0.2050.2)>} ,
NyBgr(A)={<p1,(040.60.5)><p2,040.60.5)>,< p3,(0.20.50.2) >~} and the neutrosophic nano

topology formed by the subset A is zy(A)={0y\ 1y.NyLg(A),NyUR(A),NyBgr(A)}.

Let V =NyUg(A) and B={<p1,(0.40.50.6)>,< p2,0.30.30.5)>,< p3,(0.10.40.3)>}.
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Clearly B isa Nng-closed set, since CI(B)SV whenever BEV . But it is not a Nn closed set.
Definition 3.17 Let (U,7(F)) be aneutrosophic nano topological space. Then a neutrosophic nano
subset A in (U,ry(F)) is said to be neutrosophic nano generalized j-closed (briefly Nngj-closed)
setif NyJCIEV whenever ASV and V isneutrosophicnano openin U.

Definition 3.18 Let (U,7zy(F)) be aneutrosophic nano topological space. Then a neutrosophic nano
subset A in (U,zy(F)) issaid to be neutrosophic nano generalized j*-closed (briefly Nngj*-closed)
setif NyJCIEV whenever ACSV and V isneutrosophic nano j-openin U.

Theorem 3.19If A isaneutrosophic nano gj-closed setin (U,7zx(X)) and ASBESNyJCI(A), then
B is neutrosophic nano generalized j-closed setin (U,zz(X)).

Proof. Let BSV where V is neutrosophic nano open in U. Then ASB implies ACV . Since
A is Nngj-closed, NyJCI(A)ESV . Also ASNyJCI(B) implies NyJCI(B)S NyJCI(A) . Thus
Ny JCI(B)EV and therefore B is Nngj-closed setin U .

Theorem 3.20 Every neutrosophic nano closed set is a neutrosophic nano generalized j-closed.
Proof. Let A be a neutrosophic nano closed set in U. Let ASV and V is neutrosophic nano
open in U . Since A is neutrosophic nano closed, NyCI(A)=AcV . Also
Ny JCI(A)ENLCI(A)EV , where V is Nn open in U . Therefore A is a neutrosophic nano
generalized j-closed set. Hence every N closed set is Nngj-closed.

Remark 3.21 The converse part of the above theorem need not be true as seen in the following
example.

Example 3.22 Let U ={pl,p2,p3} be the universe, R, ={{ pl,p2}{p3}} be the equivalence
relation on U , and A={<pl,(0.10.40.2)=~< p2,(0.40.20.3)>~,< p3,(050.30.3)~=} be the

neutrosphic nano subset of ) . Then
NyLg(A)={=<p1,(0.10.20.3)>,< p2,0.10.20.3) ~,< p3,(0.50.30.3) >} ,
NyUg(A)={=<p1,(04040.2)>,< p2,04040.2)>,< p3,(050.30.3) >} ,

NyBg(A)={=< p1,(0.30.40.2)>,< p2,(0.30.40.2) >-,< p3,(0.30.30.5) >} , and the neutrosophic nano
topology formed by A is 7 (A)={0y 1y NyLg(A),NyUr(A),NyBr(A)} . Let the open set
V ={<pl,(04040.2)>,< p2,0.40.40.2)>,< p3,(0.50.30.3) > }.

Let B={<p1,(0.20.30.3)>,< p2,0.20.30.4)>,< p3,(0.10.20.3) ~}. Clearly BEV .

Also NyJCI(B)SV .Hence B isa Nngj-closed set, but not a Nn closed set.

Theorem 3.23 Every neutrosophic nano j-closed set is a neutrosophic nano generalized j-closed set.
Proof. Let A Dbe a Nnj-closed set. Let ACSV and V is neutrosophic nano open in U. Since A is
Nnj-closed, Ny JCI(A)S ACV . Therefore A is Nngj-closed. Hence every Nnj-closed set is Nngj-
closed.

Remark 3.24 The converse of the above theorem need not be true as seen in the following example.
Example 3.25 In example 3.22, B is a Nngj-closed set. But NyCI(NyPInt(B)) is not contained in
V .ie, B isnota Nnj-closed set. Hence every Nngj-closed set need not a Nxj-closed set.

Theorem 3.26 Every Nng-closed set is a Nngj-closed set.

Proof. Let Abe a Nng-closed set. Then Ny CI(A)SV whenever ASV and V is neutrosophic nano
openin U. Since NyJCI(A)ENy\CI(A)EV, we have NyJCI(A)EV whenever ASV and V is
Nnopenin U . Therefore A is Nngj-closed. Hence every Nng-closed set is a Nngj-closed set.
Theorem 3.27 Every Nnj-closed set is a Nngj*-closed set.
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Proof. Let A be a Nnj-closed set. Let ACSV and V is neutrosophic nano j-openin U . Since A
is Nnj-closed, NyJCI(A)=AcV, V is Nnj-open in U . Therefore A is Nngj*-closed. Hence

every Nnj-closed set is a Nngj*-closed set.

Theorem 3.28 Every Nngj*-closed set is a Nngj-closed set.

Proof. Let A beaNngj*-closed set. Let ACV and V isneutrosophicnanoopenin U . Sinceevery
Nnopen setis Nnj-open, V is Nnj-openin U .Since A is Nngj*-closed set, we have NyJCI(A)EV
. Therefore NyJCI(A)EV whenever ACV and V is Nnj-open in U . Therefore A is Nngj-

closed. Hence every Nngj*-closed set is a Nngj-closed set.

IV. Conclusion

Neutrosophic nano j-closed set, neutrosophic nano generalized closed set, neutrosophic nano
generalized j-closed set, neutrosophic nano generalized j*-closed set were introduced and some of
their properties were discussed in this paper. The concept can be used for real life decision making
problems where the situations of indeterminacy occurs. The practical problems may be solved by

finding CORE values through the criterion reduction.
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