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Abstract: In this paper, the theory of pentagonal neutrosophic number has been studied in a
disjunctive frame of reference. Moreover, the dependency and independency of the membership
functions for the pentagonal neutrosophic number are also classified here. Additionally, the
development of a new score function and its computation have been formulated in distinct rational
perspectives. Further, weighted arithmetic averaging operator and weighted geometric averaging
operator in the pentagonal neutrosophic environment are introduced here using an influx of
different logical & innovative thought. Also, a multi-criteria group decision-making problem
(MCGDM) in a mobile communication system is formulated in this paper as an application in the
pentagonal neutrosophic arena. Lastly, the sensitivity analysis portion reflects the variation of this
noble work.
Keywords: Pentagonal neutrosophic number, Weighted arithmetic and geometric averaging
operator, Score functions, MCGDM.

1. Introduction
1.1 Neutrosophic Sets
Handling the notion of vagueness and uncertainty concepts, fuzzy set theory is a dominant field,
was first presented by Zadeh [1] in his paper (1965).Vagueness theory has a salient feature for
solving engineering and statistical problem very lucidly. It has a great impact on social-science,
networking, decision making and numerous kinds of realistic problems. On the basis of ideas of
Zadeh’s research paper, Atanassov [2] invented the prodigious concept of intuitionistic fuzzy set
where he precisely interpreted the idea of membership as well as non membership function very
aptly. Further, researchers developed the formulation of triangular [3], trapezoidal [4], pentagonal
[5] fuzzy numbers in uncertainty arena. Also, Liu & Yuan [6] established the concept of the
triangular intuitionistic fuzzy set;Ye [7] put forth the basic idea of trapezoidal intuitionistic fuzzy set
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in the research field. Naturally, the question arises, how can we evolve the idea of uncertainty
concepts in mathematical modelling? Researchers have invented disjunctive kinds of methodologies
to define elaborately the concepts and have suggested some new kinds of ambivalent parameters. To
deal with those kinds of problems, the decision-makers’ choice varies in different areas. F.
Smarandache [8] in 1998 generated the concept of a neutrosophic set having three different
integrants namely, (i) truthiness, (ii) indeterminacies, and (iii) falseness. Each and every
characteristic of the neutrosophic set are very pertinent factors in our real-life models. Later, Wang et
al. [9] proceeded with the idea of a single typed neutrosophic set, which is very productive to sort
out the solution of any complicated kind of problem. Recently, Chakraborty et al. [10, 11]
conceptualized the dynamic idea of triangular and trapezoidal neutrosophic numbers in the
research domain and applied it in different real-life problem. Also, Maity et al. [12] built the
perception of ranking and defuzzification in a completely different type of attributes. To handle
human decision making procedure on the basis of positive and negative sides, Bosc and Pivert [13]
cultivated the notion of bipolarity. With that continuation, Lee [14] elucidated the perception of
bipolar fuzzy set in their research article. Further, Kang and Kang [15] broadened this concept into
semi-groups and group structures field. As research proceeded, Deli et al. [16] germinated the idea
of a bipolar neutrosophic set and used it as an implication to a decision-making related problem.
Broumi et al. [17] produced the idea of bipolar neutrosophic graph theory and, subsequently, Ali
and Smarandache [18] put forth the concept of the uncertain complex neutrosophic set. Chakraborty
[19] introduced the triangular bipolar number in different aspects. In succession; Wang et al. [20]
also introduced the idea of operators in a bipolar neutrosophic set and applied it in a
decision-making problem. The multi-criteria decision making (MCDM) problem is a supreme
interest to the researchers who deal with the decision scientific analysis. Presently, it is more
acceptable in such issues where a group of criteria is utilized. Such cases of problems relating to
multi-criteria group decision making (MCGDM) have shown its fervent influence. Also MCDM has
broad applications in disjunctive fields under various uncertainty contexts.We can find many
applications and development of neutrosophic theory in multi-criteria decision making problem in
the literature surveys presented in [21–25], graph theory [26-30], optimization techniques [31-33] etc.
In this current era, Basset [34-40] presented some worthy articles related to neutrosophic sphere and
applied

it

in

many

different

well-known

fields.Also,

K.Mondal [41,42]

successfully

applied the notion of neutrosophic number
in faculty recruitment MCDM problem in education purpose. Recently, the viewpoint of
plithogenic set is being constructed by Abdel [43] and it has an immense influential motivation in
impreciseness field in various sphere of research field. Also, Chakraborty [44] developed the
conception of cylindrical neutrosophic number is minimal tree problem.
Neutrosophic concept is very fruitful & vibrant in a realistic approach in the recent research field. R.
Helen [45] first germinated the idea of the pentagonal fuzzy number then Christi [46] utilized the
conception of pentagonal fuzzy number into pentagonal intuitionistic number and skillfully applied
it to solve a transportation problem. Additionally, Chakraborty [47, 48] put forward the notion of
pentagonal neutrosophicnumber and its different and disjunctive representation in transportation
problem and graph-theoretical research arenas. Subsequently, Karaaslan [51-56] put forth some
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innovative idea on multi-attribute decision making in neutrosophic domain. Also, Karaaslan [57-61]
presented the notion of soft set theory with the appropriate justification of neutrosophic fuzzy
number. Recently, Broumi et.al [62-66] manifested the conception of the graph-theoretical shortest
path problem under neutrosophic environment. Further, Broumi [67] implemented the concept of
neutrosophic membership functions using MATLAB programming. A few works [68-71] are also
established recently, based on impreciseness domain.
In this article, we mainly focus on the different representation of pentagonal neutrosophic number
and its dependency, independency portions. We generate a new logical score function for
crispification of pentagonal neutrosophic number. Additionally, we introduce two different logical
operators namely i) pentagonal neutrosophic weighted arithmetic averaging operator (PNWAA), ii)
pentagonal neutrosophic weighted geometric averaging operator (PNWGA) and established its
theoretical developments along with its different properties. Also, we discussed the utility of these
operators in real-life problems. Later, we consider a mobile communication based MCGDM problem
in neutrosophic domain and solve it using the established two operators & score function.Sensitivity
analysis of this problem is also addressed here which will show distinct results in different aspects.
Finally, comparison analysis is performed here with the established methods which give an
important impact in the research arena. This noble thought will help us to solve a plethora of daily
life problems in uncertainty arena.
1.2 Motivation for the study
With the advent of vagueness theory the arena of numerous realistic mathematical modeling,
engineering structural issues, multi-criteria problem have immensely achieved a productive and
impulsive effect.Naturally it is very intriguing to the researchers that if someone sheds light on the
pentagonal neutrosophic number then what will be it in the form of linearity and its classification?
Based on this perception we impose three components on a pentagonal neutrosophic number i.e.
truthiness, indeterminacy and falsity. Proceeding with the PNNWAA and PNNWGA operators and
based on the score function of pentagonal neutrosophic numbers, an MCGDM method is built up
and some interesting and worthy conclusions are tried to extract from this research article.
1.3 Novelties of the work
Recently, researchers are utmost persevere to develop theories connecting neutrosophic field and
constantly try to generate its distinct application in various sphere of neutrosophic arena. However,
justifying all the perspectives related to pentagonal neutrosophic fuzzy set theory; numerous
theories and problems are yet to be solved. In this research article our ultimate objective is to shed
light some unfocussed points in the pentagonal domain.
(1) Classification of Pentagonal Neutrosophic Number.
(2) Illustrative demonstration of aggregation operations and geometric operations on
Pentagonal Neutrosophic Number’s.
(3) Proposed new score function and its utility.
(4)

Execute the idea of Pentagonal Neutrosophic Number’s in MCGDM problem.

2. Preliminaries
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̃ = {(β, αÃ (β)): βϵA, αÃ (β)ϵ[0,1]} which is
Definition 2.1: Fuzzy Set: [1] Let 𝐴̃ be a set such that A
normally denoted by this ordered pair(β, αÃ (β)), here β is a member of the set𝐴and 0 ≤ αÃ (β) ≤ 1,
̃ is called a fuzzy set.
then set A
Definition 2.2: Neutrosophic Set:[8] A set 𝐴̃𝑁𝑒𝑢 in the domain of discourse 𝐴, most commonly
stated as ∈ is called a neutrosophic set if 𝐴̃𝑁𝑒𝑢 = {〈∈; [𝜑𝐴̃ (∈), 𝛾𝐴̃ (∈), 𝛿𝐴̃ (∈)]〉 ⋮∈
𝑁𝑒𝑢

𝑁𝑒𝑢

𝑁𝑒𝑢

(∈): 𝐴 →] − 0,1 + [ symbolizes the index of confidence, 𝛾𝐴̃
(∈): 𝐴 →] − 0,1 +
𝜖𝐴} ,where 𝜑𝐴̃
𝑁𝑒𝑢
𝑁𝑒𝑢
(∈): 𝐴 →] − 0,1 + [symbolizes the degree of falseness
[symbolizes the index of uncertainty and 𝛿𝐴̃
𝑁𝑒𝑢
(∈), 𝛾𝐴̃
(∈), 𝛿𝐴̃
(∈)] satisfies the in the equation
in the decision making procedure. Where,[𝜑𝐴̃
𝑁𝑒𝑢
𝑁𝑒𝑢
𝑁𝑒𝑢
(∈) + 𝛾𝐴̃
(∈) + 𝛿𝐴̃
(∈) ≤ 3 +.
−0 ≤ 𝜑𝐴̃
𝑁𝑒𝑢
𝑁𝑒𝑢
𝑁𝑒𝑢
Definition 2.3: Single Typed Neutrosophic Number: [8]Single Typed Neutrosophic Number (𝑛̃) is
denoted as 𝑛̃ = 〈[(𝑢1 , 𝑣1 , 𝑤 1 , 𝑥 1 ); 𝛼], [(𝑢2 , 𝑣 2 , 𝑤 2 , 𝑥 2 ); 𝛽], [(𝑢3 , 𝑣 3 , 𝑤 3 , 𝑥 3 ); 𝛾]〉where𝛼, 𝛽, 𝛾 ∈ [0,1],
where(𝜑𝑛̃ ): ℝ → [0, 𝛼], (𝛾𝑛̃ ): ℝ → [𝛽, 1] and (𝛿𝑛̃ ): ℝ → [𝛾, 1] is given as:
1
1
€𝑛𝑙
̃ (∈) 𝑤ℎ𝑒𝑛 𝑢 ≤∈≤ 𝑣
1
1
𝜑𝑛̃ (∈) = { 𝛼 𝑤ℎ𝑒𝑛 𝑣 1 ≤∈≤ 𝑤 1 ,
€𝑛𝑢
̃ (∈) 𝑤ℎ𝑒𝑛 𝑤 ≤∈≤ 𝑥
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝛾𝑛𝑙
̃ (∈) 𝑤ℎ𝑒𝑛 𝑢 2 ≤∈≤ 𝑣 2
𝛽 𝑤ℎ𝑒𝑛 𝑣 2 ≤∈≤ 𝑤 2
£𝑛̃ (∈) = {
2
2
𝛾𝑛𝑢
̃ (∈) 𝑤ℎ𝑒𝑛 𝑤 ≤∈≤ 𝑥
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
1
and
3
3
µ𝑛𝑙
̃ (∈) 𝑤ℎ𝑒𝑛 𝑢 ≤∈≤ 𝑣
𝛾 𝑤ℎ𝑒𝑛 𝑣 3 ≤∈≤ 𝑤 3
𝛿𝑛̃ (∈) = {
3
3
µ𝑛𝑢
̃ (∈) 𝑤ℎ𝑒𝑛 𝑤 ≤∈≤ 𝑥
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
1
Definition 2.4: Single-Valued Neutrosophic Set:[9] A Neutrosophic set in the definition 2.2 is
𝐴̃𝑁𝑒𝑢 said to be a Single-Valued Neutrosophic Set (𝐴̃𝑁𝑒𝑢 ) if ∈ is a single-valued independent
variable. 𝐴̃𝑁𝑒𝑢 = {〈∈; [𝛼𝐴̃ (∈), 𝛽𝐴̃ (∈), γ𝐴̃ (∈)]〉 ⋮∈ 𝜖𝐴} , where 𝛼𝐴̃ (∈), 𝛽𝐴̃ (∈)&γ𝐴̃ (∈)
𝑁𝑒𝑢

𝑁𝑒𝑢

𝑁𝑒𝑢

𝑁𝑒𝑢

𝑁𝑒𝑢

𝑁𝑒𝑢

̃ is named
denote the idea of accuracy, ambiguity and falsity membership functions respectively.𝑆𝑛𝑆
̃ is a subset of R by satisfying the following criterion:
as neut-convex, which implies that 𝑆𝑛𝑆
i.

𝛼𝐴̃𝑁𝑒𝑢 〈𝛿𝑎1 + (1 − 𝛿)𝑎2 〉 ≥ 𝑚𝑖𝑛〈𝛼𝐴̃𝑁𝑒𝑢 (𝑎1 ), 𝛼𝐴̃𝑁𝑒𝑢 (𝑎2 )〉

ii.

𝛽𝐴̃𝑁𝑒𝑢 〈𝛿𝑎1 + (1 − 𝛿)𝑎2 〉 ≤ 𝑚𝑎𝑥〈𝛽𝐴̃𝑁𝑒𝑢 (𝑎1 ), 𝛽𝐴̃𝑁𝑒𝑢 (𝑎2 )〉

iii.

𝛾𝐴̃𝑁𝑒𝑢 〈𝛿𝑎1 + (1 − 𝛿)𝑎2 〉 ≤ 𝑚𝑎𝑥〈𝛾𝐴̃𝑁𝑒𝑢 (𝑎1 ), 𝛾𝐴̃𝑁𝑒𝑢 (𝑎2 )〉

where𝑎1 &𝑎2 𝜖ℝ𝑎𝑛d𝛿𝜖[0,1]
3. Single Type Linear Pentagonal Neutrosophic Number:
In this section we introduce different type single type linear pentagonal neutrosophic number. For
the help of the researchers we pictorially draw the following block diagram as follows:
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Figure 3.1: Block diagram for a different type of uncertain numbers and their categories

Definition 3.1: Single-Valued Pentagonal Neutrosophic Number: [47]A Single-Valued Pentagonal
̃
̃
Neutrosophic Number (𝑁
𝑃𝑒𝑛 ) is defined as𝑁𝑃𝑒𝑛 =
〈[(ℎ1 , ℎ2 , ℎ3 , ℎ4 , ℎ5 ); 𝜋], [(ℎ1 , ℎ2 , ℎ3 , ℎ4 , ℎ5 ); 𝜇], [(ℎ1 , ℎ2 , ℎ3 , ℎ4 , ℎ5 ); 𝜎]〉, where𝜋, 𝜇, 𝜎 ∈ [0,1]. The accuracy
membership function(𝜏𝑆̃ ): ℝ → [0, 𝜋], the ambiguity membership function (𝜗𝑆̃ ): ℝ → [𝜌, 1] and the
falsity membership function (𝜀𝑆̃ ): ℝ → [𝜎, 1] are defined by:
𝜋(𝑥−ℎ1 )
(ℎ2 −ℎ1 )
𝜋(𝑥−ℎ2 )
(ℎ3 −ℎ2 )

𝜋

𝜏𝑆̃ (𝑥) =

𝜋(ℎ4 −𝑥)
(ℎ4 −ℎ3 )
𝜋(ℎ4 −𝑥)

{

(ℎ5 −ℎ4 )

𝑤ℎ𝑒𝑛 ℎ1 ≤ 𝑥 ≤ ℎ2
𝑤ℎ𝑒𝑛 ℎ2 ≤ 𝑥 < ℎ3
𝑤ℎ𝑒𝑛 𝑥 = ℎ3
𝑤ℎ𝑒𝑛 ℎ3 < 𝑥 ≤ ℎ4

,

𝑤ℎ𝑒𝑛 ℎ4 ≤ 𝑥 ≤ ℎ5

0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
ℎ2 − 𝑥 + 𝜇(𝑥 − ℎ1 )
𝑤ℎ𝑒𝑛 ℎ1 ≤ 𝑥 ≤ ℎ2
(ℎ2 − ℎ1 )
ℎ3 − 𝑥 + 𝜇(𝑥 − ℎ2 )
𝑤ℎ𝑒𝑛 ℎ2 ≤ 𝑥 < ℎ3
(ℎ3 − ℎ2 )
𝑤ℎ𝑒𝑛 𝑥 = ℎ3
𝜇
𝜗𝑆̃ (𝑥) =
𝑥 − ℎ3 + 𝜇(ℎ4 − 𝑥)
𝑤ℎ𝑒𝑛 ℎ3 < 𝑥 ≤ ℎ4
(ℎ4 − ℎ3 )
𝑥 − ℎ4 + 𝜇(ℎ5 − 𝑥)
𝑤ℎ𝑒𝑛 ℎ4 ≤ 𝑥 ≤ ℎ5
(ℎ5 − ℎ4 )
{
1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
and
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ℎ2 − 𝑥 + 𝜎(𝑥 − ℎ1 )
(ℎ2 − ℎ1 )
ℎ3 − 𝑥 + 𝜎(𝑥 − ℎ2 )
(ℎ3 − ℎ2 )
𝜎
𝜀𝑆̃ (𝑥) =
𝑥 − ℎ3 + 𝜎(ℎ4 − 𝑥)
(ℎ4 − ℎ3 )
𝑥 − ℎ4 + 𝜎(ℎ5 − 𝑥)
(ℎ5 − ℎ4 )
{
1
4. Proposed Score Function:

𝑤ℎ𝑒𝑛 ℎ1 ≤ 𝑥 ≤ ℎ2
𝑤ℎ𝑒𝑛 ℎ2 ≤ 𝑥 < ℎ3
𝑤ℎ𝑒𝑛 𝑥 = ℎ3
𝑤ℎ𝑒𝑛 ℎ3 < 𝑥 ≤ ℎ4
𝑤ℎ𝑒𝑛 ℎ4 ≤ 𝑥 ≤ ℎ5
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Score function of a pentagonal neutrosophic number entirely depends on the value of truth
membership indicator degree, falsity membership indicator degree and uncertainty membership
indicator degree. The necessity of score function is to draw a comparison or transfer a pentagonal
neutrosophic fuzzy number into a crisp number. In this section, we will generate a score function as
follows.For any Pentagonal Single typed Neutrosophic Number (PSNN)
𝐴̃𝑃𝑡 = (𝑠1 , 𝑠2 , 𝑠3 , 𝑠4 , 𝑠5 ; 𝜋, 𝜇, 𝜎)
We define the score function as
𝑆𝑃𝑡 =

1
(𝑠 + 𝑠2 + 𝑠3 + 𝑠4 + 𝑠5 ) × (2 + 𝜋 − 𝜎 − 𝜇)
15 1

Here, 𝑆𝑃𝑡 belongs to [0,1].
4.1Relationship between any two pentagonal neutrosophic fuzzy numbers:
Let us consider any two pentagonal neutrosophic fuzzy number defined as follows
𝐴̃𝑃𝑡1 = (𝑠𝑃𝑡11 , 𝑠𝑃𝑡12 , 𝑠𝑃𝑡13 , 𝑠𝑃𝑡14 , 𝑠𝑃𝑡15 ; 𝜋𝑃𝑡1 , 𝜇𝑃𝑡1 , 𝜎𝑃𝑡1 )and𝐴̃𝑃𝑡2 =
(𝑠𝑃𝑡21 , 𝑠𝑃𝑡22 , 𝑠𝑃𝑡23 , 𝑠𝑃𝑡24 , 𝑠𝑃𝑡25 ; 𝜋𝑃𝑡2 , 𝜇𝑃𝑡2 , 𝜎𝑃𝑡2 )
The score function for the are
𝑆𝑃𝑡1 =

1
(𝑠
+ 𝑠𝑃𝑡12 + 𝑠𝑃𝑡13 + 𝑠𝑃𝑡14 + 𝑠𝑃𝑡15 ) × (2 + 𝜋𝑃𝑡1 − 𝜎𝑃𝑡1 − 𝜇𝑃𝑡1)
15 𝑃𝑡11

𝑆𝑃𝑡2 =

1
(𝑠
+ 𝑠𝑃𝑡22 + 𝑠𝑃𝑡23 + 𝑠𝑃𝑡24 + 𝑠𝑃𝑡25 ) × (2 + 𝜋𝑃𝑡2 − 𝜎𝑃𝑡2 − 𝜇𝑃𝑡2)
15 𝑃𝑡21

and

Then we can say the following
1) 𝐴̃𝑃𝑡1 > 𝐴̃𝑃𝑡2 if 𝑆𝑃𝑡1 > 𝑆𝑃𝑡2
2) 𝐴̃𝑃𝑡1 < 𝐴̃𝑃𝑡2if 𝑆𝑃𝑡1 < 𝑆𝑃𝑡2
3) 𝐴̃𝑃𝑡1 = 𝐴𝑃𝑡2 if 𝑆𝑃𝑡1 = 𝑆𝑃𝑡2
Table 4.1: Numerical Examples
̃ 𝑷𝒕 )
Pentagonal Neutrosophic Number (𝑨

Score Value (𝑺𝑷𝒕 )

̃ 𝑷𝒕𝟏 =< (𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔; 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔) >
𝑨

0.17333

̃ 𝑷𝒕𝟐 =< (𝟎. 𝟑𝟓, 𝟎. 𝟒, 𝟎. 𝟒𝟓, 𝟎. 𝟓, 𝟎. 𝟓𝟓; 𝟎. 𝟔, 𝟎. 𝟑, 𝟎. 𝟒) >
𝑨

0.28500

̃ 𝑷𝒕𝟑 =< (𝟎. 𝟏𝟓, 𝟎. 𝟐, 𝟎. 𝟐𝟓, 𝟎. 𝟑, 𝟎. 𝟑𝟓; 𝟎. 𝟔, 𝟎. 𝟒, 𝟎. 𝟓) >
𝑨

0.14167

̃ 𝑷𝒕𝟒 =< (𝟎. 𝟕, 𝟎. 𝟕𝟓, 𝟎. 𝟖, 𝟎. 𝟖𝟓, 𝟎. 𝟗; 𝟎. 𝟑, 𝟎. 𝟐, 𝟎. 𝟔) >
𝑨

0.40000

Ordering

𝐴𝑃𝑡4 > 𝐴𝑃𝑡2 > 𝐴𝑃𝑡1 > 𝐴𝑃𝑡3
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4.1 Basic Operations for pentagonal neutrosophic fuzzy number:
Let ̃
𝑝1 = 〈(𝑐1 , 𝑐2 , 𝑐3 , 𝑐4 , 𝑐5 ); 𝜋𝑝̃1 , 𝜇𝑝̃1 , 𝜎𝑝̃1 〉 and 𝑝
̃2 = 〈(𝑑1 , 𝑑2 , 𝑑3 , 𝑑4 , 𝑑5 ); 𝜋𝑝̃2 , 𝜇𝑝̃2 , 𝜎𝑝̃2 〉 be two IPFNs and
𝛼 ≥ 0. Then the following operational relations hold:
4.1.1 Addition:
𝑝1 + 𝑝
̃
̃2 = 〈(𝑐1 + 𝑑1 , 𝑐2 + 𝑑2 , 𝑐3 + 𝑑3 , 𝑐4 + 𝑑4 , 𝑐5 + 𝑑5 ); 𝜋𝑝̃1 + 𝜋𝑝̃2 − 𝜋𝑝̃1 𝜋𝑝̃2 , 𝜇𝑝̃1 𝜇𝑝̃2 , 𝜎𝑝̃1 𝜎𝑝̃2 〉
4.1.2Multipliction:
𝑝1 ̃2 = 〈(𝑐1 𝑑1 , 𝑐2 𝑑2 , 𝑐3 𝑑3 , 𝑐4 𝑑4 , 𝑐5 𝑑5 ); 𝜋𝑝̃1 𝜋𝑝̃2 , 𝜇𝑝̃1 +, 𝜇𝑝̃2 − 𝜇𝑝̃1 𝜇𝑝̃2 , 𝜎𝑝̃1 + 𝜎𝑝̃2 − 𝜎𝑝̃1 𝜎𝑝̃2 〉
̃𝑝
4.1.3 Multiplication by scalar:
𝛼𝑝
̃1 = 〈(𝛼𝑐1 , 𝛼𝑐2 , 𝛼𝑐3 , 𝛼𝑐4 , 𝛼𝑐5 ); 1 − (1 − 𝜋𝑝̃1 )𝛼 , 𝜇𝑝̃1 𝛼 , 𝜎𝑝̃1 𝛼 )〉
4.1.4 Power:
̃1 𝛼 = 〈(𝑐1 𝛼 , 𝑐2 𝛼 , 𝑐3 𝛼 , 𝑐4 𝛼 , 𝑐5 𝛼 ); 𝜋𝑝̃1 𝛼 , (1 − 𝜇𝑝̃1 )𝛼 , (1 − 𝜎𝑝̃1 )𝛼 〉
𝑝
5. Arithmetic and Geometric Operators:
5.1 Two weighted aggregation operators of Pentagonal Neutrosophic Numbers
Aggregation operators are such pertinent tool for aggregating information to tactfully handle the
decision making procedure, this section generates a brief understanding between two weighted
aggregation operators to aggregate PNNs as a generalization of the weighted aggregation operators
for PNNs, which are broadly and aptly used in decision making.
5.1.1 Pentagonal neutrosophic weighted arithmetic averaging operator
Let 𝑝̃𝑗 = 〈(𝑐𝑗1 , 𝑐𝑗2 , 𝑐𝑗3 , 𝑐𝑗4 , 𝑐𝑗5 ); 𝜋𝑝̃1 , 𝜇𝑝̃1 , 𝜎𝑝̃1 〉(𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs, then a PNWAA
operator is defined as follows:
𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = ∑𝑛𝑗=1 𝜔𝑗 𝑝̃𝑗

(5.1)

where𝜔𝑗 is the weight of 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) such that 𝜔𝑗 > 0 and ∑𝑛𝑗=1 𝜔𝑗 = 1.
In accordance with the result ofSection 4.1 and equation (5.1) we can introduce the following
theorems:
Theorem 5.1. Let 𝑝̃𝑗 = 〈(𝑐𝑗1 , 𝑐𝑗2 , 𝑐𝑗3 , 𝑐𝑗4 , 𝑐𝑗5 ); 𝜋𝑝̃1 , 𝜇𝑝̃1 , 𝜎𝑝̃1 〉(𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs, then
according to Section 4.1 and equation (5.1) we can give the following PNWAA operator
𝑛

𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = ∑ 𝜔𝑗 𝑝̃𝑗
𝑗=1

=〈(∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗1, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗2, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗3, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗4, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗5 ); 1 − ∏𝑛𝑗=1(1 −
𝜋𝑝̃𝑗 )𝜔𝑗 , ∏𝑛𝑗=1 𝜇𝑝̃𝑗 𝜔𝑗 , ∏𝑛𝑗=1 𝜎𝑝̃𝑗 𝜔𝑗 〉
Where 𝜔𝑗 is the weight of 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) such that 𝜔𝑗 > 0 and ∑𝑛𝑗=1 𝜔𝑗 = 1.
Theorem 5.1 can be proved with the help of mathematical induction.
Proof: When 𝑛 = 2 then,
𝜔1 𝑝̃1 = 〈(𝜔1 𝑐11 , 𝜔1 𝑐12 , 𝜔1 𝑐13 , 𝜔1 𝑐14 , 𝜔1 𝑐15 ); 1 − (1 − 𝜋𝑝̃1 )
𝜔2

𝜔1

𝜎𝑝̃2 𝜔2 , 𝜇𝑝̃1 𝜔1 , 𝜎𝑝̃1 𝜔1 〉

and 𝜔2 𝑝̃2 = 〈(𝜔2 𝑐21 , 𝜔2 𝑐22 , 𝜔2 𝑐23 , 𝜔2 𝑐24 , 𝜔2 𝑐25 ); 1 − (1 − 𝜋𝑝̃2 ) , 𝜇𝑝̃2 𝜔2 , 𝜎𝑝̃2 𝜔2 〉
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Thus, 𝑃𝑁𝑊𝐴𝐴 (𝑝
̃,
̃)
̃1 + 𝜔2 𝑝̃2
1 𝑝
2 = 𝜔1 𝑝
=〈(𝜔1 𝑐11 + 𝜔2 𝑐21 + 𝜔1 𝑐12 + 𝜔2 𝑐22 + 𝜔1 𝑐13 + 𝜔2 𝑐23 + 𝜔1 𝑐14 + 𝜔2 𝑐24 + 𝜔1 𝑐15 + 𝜔2 𝑐25 ); 1 −
(1 − 𝜋𝑝̃1 )

𝜔1

+ 1 − (1 − 𝜋𝑝̃2 )

𝜔2

(1 − (1 − 𝜋𝑝̃1 )

𝜔1

)(1 − (1 − 𝜋𝑝̃2 )

𝜔2

), 𝜇𝑝̃1 𝜔1 𝜇𝑝̃2 𝜔2 , 𝜎𝑝̃1 𝜔1 𝜎𝑝̃2 𝜔2 〉

When applying 𝑛 = 𝑘, by applying equation (5.1) , we get
𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑘 ) = ∑𝑘𝑗=1 𝜔𝑗 𝑝̃𝑗 (5.2)
= 〈(∑𝑘𝐽=1 𝜔𝑗 𝑐𝑗1, ∑𝑘𝐽=1 𝜔𝑗 𝑐𝑗2, ∑𝑘𝐽=1 𝜔𝑗 𝑐𝑗3, ∑𝑘𝐽=1 𝜔𝑗 𝑐𝑗4, ∑𝑘𝐽=1 𝜔𝑗 𝑐𝑗5 ); 1 − ∏𝑘𝑗=1(1 −
𝜋𝑝̃𝑗 )𝜔𝑗 , ∏𝑘𝑗=1 𝜇𝑝̃𝑗 𝜔𝑗 , ∏𝑘𝑗=1 𝜎𝑝̃𝑗 𝜔𝑗 〉
When 𝑛 = 𝑘 + 1, by applying equations (5.1) and (5.2) we can yield
𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑘+1 ) = ∑𝑘+1
̃𝑗 (5.3)
𝑗=1 𝜔𝑗 𝑝
𝑘
𝑘+1
𝑘+1
𝑘+1
𝑘+1
= 〈(∑𝑘+1
̃𝑗 )
𝐽=1 𝜔𝑗 𝑐𝑗1, ∑𝐽=1 𝜔𝑗 𝑐𝑗2, ∑𝐽=1 𝜔𝑗 𝑐𝑗3, ∑𝐽=1 𝜔𝑗 𝑐𝑗4, ∑𝐽=1 𝜔𝑗 𝑐𝑗5 ); 1 − ∏𝑗=1 (1 − 𝜋𝑝

(1 − 𝜋𝑝̃
)
𝑘+1

𝜔𝑘+1

𝜔𝑗

+1−

𝜔𝑗
𝜔𝑗
, ∏𝑘+1
, ∏𝑘+1
̃𝑗
̃𝑗 〉
𝑗=1 𝜇𝑝
𝑗=1 𝜎𝑝

𝑘+1
𝑘+1
𝑘+1
𝑘+1
𝑘+1
= 〈(∑𝑘+1
𝐽=1 𝜔𝑗 𝑐𝑗1, ∑𝐽=1 𝜔𝑗 𝑐𝑗2, ∑𝐽=1 𝜔𝑗 𝑐𝑗3, ∑𝐽=1 𝜔𝑗 𝑐𝑗4, ∑𝐽=1 𝜔𝑗 𝑐𝑗5 ); 1 − ∏𝑗=1 (1 −
𝜔𝑗
𝜔𝑗
𝜋𝑝̃𝑗 )𝜔𝑗 , ∏𝑘+1
, ∏𝑘+1
̃𝑗
̃𝑗 〉
𝑗=1 𝜇𝑝
𝑗=1 𝜎𝑝

This completes the proof.
Obviously, the 𝑃𝑁𝑊𝐴𝐴 operator satisfies the following properties:
i) Idempotency: Let 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs. If 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) is equal , i.e. 𝑝̃𝑗 = 𝑝̃
for j=1,2,3,….,n then 𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = 𝑝̃.
Proof: Since 𝑝̃𝑗 = 𝑝̃ for 𝑗 = 1,2,3, … . , 𝑛 we have,
𝑛

𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = ∑ 𝜔𝑗 𝑝̃𝑗
𝑗=1

=〈(∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗1, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗2, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗3, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗4, ∑𝑛𝐽=1 𝜔𝑗 𝑐𝑗5 ); 1 − ∏𝑛𝑗=1(1 −
𝜋𝑝̃𝑗 )𝜔𝑗 , ∏𝑛𝑗=1 𝜇𝑝̃𝑗 𝜔𝑗 , ∏𝑛𝑗=1 𝜎𝑝̃𝑗 𝜔𝑗 〉
= 〈(𝑐1 ∑𝑛𝐽=1 𝜔𝑗 , 𝑐2 ∑𝑛𝐽=1 𝜔𝑗 , 𝑐3 ∑𝑛𝐽=1 𝜔𝑗 , 𝑐4 ∑𝑛𝐽=1 𝜔𝑗 , 𝑐5 ∑𝑛𝐽=1 𝜔𝑗 ); (1 − (1 −
𝑛

𝑛

𝑛

𝜋𝑝̃𝑗 ))∑𝐽=1 𝜔𝑗 , 𝜇𝑝̃𝑗 ∑𝐽=1 𝜔𝑗 , 𝜎𝑝̃𝑗 ∑𝐽=1 𝜔𝑗 〉
=〈( 𝑐1 , 𝑐2 , 𝑐3 , 𝑐4 , 𝑐5 ); 1 − (1 − 𝜋𝑝̃1 ), 𝜇𝑝̃1 , 𝜎𝑝̃1 〉 = 𝑝̃
ii) Boundedness: Let 𝑝̃𝑗 (j=1,2,3,….,n) be a set of PNNs and let
𝑝̃ − = 〈(𝑚𝑖𝑛𝑗 (𝑐𝑗1 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗2 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗3 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗4 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗5 )) ; 𝑚𝑖𝑛𝑗 (𝜋𝑝̃𝑗 ) , 𝑚𝑎𝑥𝑗 (𝜇𝑝̃𝑗 ) , 𝑚𝑎𝑥𝑗 (𝜎𝑝̃𝑗 )〉
and

𝑝̃ + =

〈(𝑚𝑎𝑥𝑗 (𝑐𝑗1 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗2 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗3 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗4 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗5 )) ; 𝑚𝑎𝑥𝑗 (𝜋𝑝̃𝑗 ) , 𝑚𝑖𝑛𝑗 (𝜇𝑝̃𝑗 ) , 𝑚𝑖𝑛𝑗 (𝜎𝑝̃𝑗 )〉
Then 𝑝̃ − ≤ 𝑃𝑁𝑊𝐴𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) ≤ 𝑝̃ + .
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Proof: Since the minimum PNN is 𝑝̃− and the maximum is 𝑝̃+ there is 𝑝̃ − ≤ 𝑝̃𝑗 ≤ 𝑝̃+ . Thus there is
∑𝑛𝐽=1 𝜔𝑗 𝑝̃− ≤ ∑𝑛𝐽=1 𝜔𝑗 𝑝̃𝑗 ≤ ∑𝑛𝐽=1 𝜔𝑗 𝑝̃+ .According to the above property (i) there is 𝑝̃ − ≤ ∑𝑛𝐽=1 𝜔𝑗 𝑝̃𝑗 ≤
𝑝̃+ ,
i.e.,𝑝̃− ≤ PNWAA (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) ≤ 𝑝̃+ .
iii) Monotonicity: Let 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs. If 𝑝̃𝑗 ≤ 𝑝̃𝑗 ∗ for j= j=1,2,3,….,n, then
PNWAA (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) ≤ PNWAA(𝑝̃1,∗ 𝑝̃2,∗ 𝑝̃3,∗ 𝑝̃4,∗ 𝑝̃5,∗ )
Proof:

Since

𝑝̃𝑗 ≤ 𝑝̃𝑗 ∗

for

𝑗 = 𝑗 = 1,2,3, … . , 𝑛

there

is

∑𝑛𝑗=1 𝜔𝑗 𝑝̃𝑗 ≤ ∑𝑛𝑗=1 𝜔𝑗 𝑝̃𝑗 ∗

i.e.

PNWAA (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) ≤ PNWAA(𝑝̃1,∗ 𝑝̃2,∗ 𝑝̃3,∗ 𝑝̃4,∗ 𝑝̃5∗ ).Thus we complete the proofs of all the properties.
5.2 Pentagonal neutrosophic weighted geometric averaging operator
Let 𝑝̃𝑗 = 〈(𝑐𝑗1 , 𝑐𝑗2 , 𝑐𝑗3 , 𝑐𝑗4 , 𝑐𝑗5 ); 𝜋𝑝̃1 , 𝜇𝑝̃1 , 𝜎𝑝̃1 〉(𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs, then a PNWGAA
operator is defined as follows:
𝜔𝑗
̃
𝑃𝑁𝑊𝐺𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = ∏𝑛𝑗=1 𝑝
𝑗 (5.4)

where𝜔𝑗 is the weight of 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) such that 𝜔𝑗 > 0 and ∑𝑛𝑗=1 𝜔𝑗 = 1.
Theorem 5.2. Let 𝑝̃𝑗 =< (𝑐𝑗1 , 𝑐𝑗2 , 𝑐𝑗3 , 𝑐𝑗4 , 𝑐𝑗5 ); 𝜋𝑝̃1 , 𝜇𝑝̃1 , 𝜎𝑝̃1 > (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs, then
according to Section 4.1 and equation (5.4) we can give the following PNWGA operator
𝜔𝑗
̃
𝑃𝑁𝑊𝐺𝐴 (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) = ∏𝑛𝑗=1 𝑝
(5.5)
𝑗
= 〈(∏𝑛𝑗=1 𝑐𝑗1

𝜔𝑗

, ∏𝑛𝑗=1 𝑐𝑗2

𝜔𝑗

, ∏𝑛𝑗=1 𝑐𝑗3

𝜔𝑗

, ∏𝑛𝑗=1 𝑐𝑗4

𝜔𝑗

, ∏𝑛𝑗=1 𝑐𝑗5

𝜔𝑗

; ∏𝑛𝑗=1 𝜋𝑝̃𝑗 𝜔𝑗 ,1 − ∏𝑛𝑗=1(1 − 𝜇𝑝̃𝑗 )𝜔𝑗 , 1 −

∏𝑛𝑗=1(1 − 𝜎𝑝̃𝑗 )𝜔𝑗 〉
where𝜔𝑗 is the weight of 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) such that 𝜔𝑗 > 0 and ∑𝑛𝑗=1 𝜔𝑗 = 1.
By the similar proof manner of Theorem 5.1 we can prove the Theorem 5.2 which is not repeated
here.
Obviously, the PNWGA operator satisfies the following properties:
i) Idempotency: Let 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs.
If 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) is equal , i.e. 𝑝̃𝑗 = 𝑝̃ for 𝑗 = 1,2,3, … . , 𝑛 then PNWGA (𝑝̃1 ,𝑝̃2 ,….,𝑝̃𝑛 ) = 𝑝̃.
ii) Boundedness: Let 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs and let
𝑝̃− =〈(𝑚𝑖𝑛𝑗 (𝑐𝑗1 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗2 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗3 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗4 ), 𝑚𝑖𝑛𝑗 (𝑐𝑗5 ); 𝑚𝑖𝑛𝑗 (𝜋𝑝̃𝑗 ) , 𝑚𝑎𝑥𝑗 (𝜇𝑝̃𝑗 ) , 𝑚𝑎𝑥𝑗 (𝜎𝑝̃𝑗 )〉
and
𝑝̃+ =〈(𝑚𝑎𝑥𝑗 (𝑐𝑗1 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗2 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗3 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗4 ), 𝑚𝑎𝑥𝑗 (𝑐𝑗5 ); 𝑚𝑎𝑥𝑗 (𝜋𝑝̃𝑗 ) , 𝑚𝑖𝑛𝑗 (𝜇𝑝̃𝑗 ) , 𝑚𝑖𝑛𝑗 (𝜎𝑝̃𝑗 )〉
Then 𝑝̃ − ≤ PNWGA (𝑝̃1 ,𝑝̃2 ,….,𝑝̃𝑛 ) ≤ 𝑝̃ + .
iii) Monotonicity: Let 𝑝̃𝑗 (𝑗 = 1,2,3, … . , 𝑛) be a set of PNNs. If 𝑝̃𝑗 ≤ 𝑝̃𝑗 ∗ for 𝑗 = 𝑗 = 1,2,3, … . , 𝑛,
then
PNWGA (𝑝̃1 , 𝑝̃2 , … . , 𝑝̃𝑛 ) ≤ PNWGA(𝑝̃1,∗ 𝑝̃2,∗ 𝑝̃3,∗ 𝑝̃4,∗ 𝑝̃5∗ )
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As the proofs of these properties are similar to the proofs of the above properties, so we don’t repeat
them.
6. Multi-Criteria Group Decision Making Problem in Pentagonal Neutrosophic Environment
Multi-criteria group decision-making problem is one of the reliable, logistical and mostly used topics
in this current era. The main goal of this process is to find out the best alternatives among a finite
number of distinct alternatives based on finite different attribute values. Such decision-making
program may be raised powerfully by the methods of multi-criteria group decision analysis
(MCGDA) which is extremely beneficial to produce decision counselling and offers procedure
benefits in terms of upgraded decision attributes,delivers improvised communication techniques
and enrichesresolutions of decision-makers.The execution process is not so much easy to evaluate in
the pentagonal neutrosophic environment. Using some mathematical operators, score function
technique, we developed an algorithm to tackle this MCGDM problem.
In this section, we consider a multi-criteria group decision-making problem based on mobile
communication provider services in which we need to select the best service according to different
opinions from people. The developed algorithm is described briefly as follows:
6.1 Illustration of the MCGDM problem
We consider the problem as follows:
Suppose 𝐺 = { 𝐺1 , 𝐺2 , 𝐺3 … … … . . 𝐺𝑚 } is a distinctive alternative set and 𝐻 = { 𝐻1 , 𝐻2 , 𝐻3 … … … . . 𝐻𝑛 }
is the distinctive attribute set respectively. Let 𝜔 = { 𝜔1 , 𝜔2 , 𝜔3 … … … . . 𝜔𝑛 } be the corresponding
weight set attributes where each 𝜔 ≥0 and also satisfies the relation∑𝑛𝑖=1 𝜔𝑖 = 1. Thus we consider
the set of decision-maker 𝜆 = { 𝜆1 , 𝜆2 , 𝜆3 … … … . . 𝜆𝐾 } associated with alternatives whose weight
vector is stated as Ω = {Ω1 , Ω2 , Ω3 … … … . . Ω𝑘 } where each Ω𝑖 ≥ 0 and also satisfies the
relation∑𝑘𝑖=1 Ω𝑖 = 1, this weight vector will be chosen in accordance with the decision-makers
capability of judgment, experience, innovative thinking power etc.
6.2 Normalisation Algorithm of MCGDM Problem:
Step 1: Composition of Decision Matrices
Here, we construct all decision matrices proposed by the decision maker’s choice connected with
finite alternatives and finite attribute functions. The interesting fact is that the member’s 𝑠𝑖𝑗 for each
matrix are of pentagonal neutrosophic numbers. Thus, we finalize the matrix and is given as follows:
.
𝐺1
𝐺
𝐾
2
𝑋 =
𝐺3
.
(𝐺𝑚

𝐻1
𝑘
𝑠11
𝑘
𝑠21
.
..
𝑘
𝑠𝑚1

𝐻2
𝑘
𝑠12
𝑘
𝑠22
.
.
𝑘
𝑠𝑚2

𝐻3
𝑘
𝑠13
𝑘
𝑠23
.
.
𝑘
𝑠𝑚3

. . . 𝐻𝑛
𝑘
. . . . 𝑠1𝑛
𝑘
. . . 𝑠2𝑛 (6.1)
. . .
.
. . .
.
𝑘
. . . 𝑠𝑚𝑛
)

Step 2: Composition of Single decision matrix
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For generating a single group decision matrix X we have promoted the logical pentagonal
neutrosophic weighted arithmetic averaging operator (PNWAA) as, 𝑠𝑖𝑗′ = ∑𝑛𝑗=1 𝜔𝑗 𝑠𝑖𝑗𝑘 , for individual
decision matrix 𝑋 𝑘 , where𝑘 = 1,2,3 … . 𝑛 . hence, we finalize the matrix and defined as follows:
.
𝐺1
𝐺2
𝑋=
𝐺3
.
(𝐺𝑚

𝐻1
′
𝑠11
′
𝑠21
.
..
′
𝑠𝑚1

𝐻2
′
𝑠12
′
𝑠22
.
.
′
𝑠𝑚2

𝐻3
′
𝑠13
′
𝑠23
.
.
′
𝑠𝑚3

.
.
.
.
.
.

. . 𝐻𝑛
′
. . . 𝑠1𝑛
′
. . 𝑠2𝑛
(6.2)
. . .
. . .
′
. . 𝑠𝑚𝑛
)

Step 3: Composition of leading matrix
To illustrate the single decision matrix we have promoted the logical pentagonal neutrosophic
𝜔𝑗
weighted geometric averaging operator (PNWGA ) as, 𝑠𝑖𝑗′′ = ∏𝑛𝑗=1 𝑠̃
for each individual column
𝑖𝑗
and finally, we construct the decision matrix as below,
. 𝐻1
′′
𝐺1 𝑠11
′′
𝐺2 𝑠21
𝑋=
(6.3)
.
.
.
.
′′
( 𝐺𝑚 𝑠𝑚1
)
Step 4: Ranking
Now, considering the score value and transforming the matrix (6.3) into crisp form, we can evaluate
the best substitute corresponding to the best attributes. We align the values as increasing order
according to their score values and then detect the best fit result. The best result will be the highest
magnitude and the worst ones will be the least one.

6.3.1 Flowchart:
Composition of Decision matrices

Composition of Single Decision matrix

Composition of leading matrix

ComputeRanking using Score Value.

Sensitivity Analysis

Figure 6.3.1: Flowchart for the problem
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6.3 Illustrative Example:
Here, we consider a mobile communication service provider based problem in which there are three
different companies are accessible. Among those companies, our problem is to find out the best
mobile communication service provider in a logical and meaningful way. Normally, mobile
communication service providers mostly depend on attributes such as Service & Reliability, Price &
Availability, and Quality & Features of the system. Here, we also consider three different categories
of people i) youth age ii) adult age iii) old age people as a decision-maker. According to their
opinions we formulate the different decision matrices in the pentagonal neutrosophic environment
described below:
𝐺1 = 𝑀𝑜𝑏𝑖𝑙𝑒𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑟 1,
𝐺2 = 𝑀𝑜𝑏𝑖𝑙𝑒𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑟 2,
𝐺3 = 𝑀𝑜𝑏𝑖𝑙𝑒𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑟 3
are the alternatives.
Also
𝐻1 =Service & Reliability,
𝐻2 =Price & Availability,
𝐻3 = Quality & Features
arethe attributes.
Let, 𝐷1 = 𝑌𝑜𝑢𝑡ℎ𝑎𝑔𝑒𝑝𝑒𝑜𝑝𝑙𝑒 , 𝐷2 = 𝐴𝑑𝑢𝑙𝑡𝑎𝑔𝑒𝑝𝑒𝑜𝑝𝑙𝑒, 𝐷3 = 𝑆𝑒𝑛𝑖𝑜𝑟𝑎𝑔𝑒𝑝𝑒𝑜𝑝𝑙𝑒 having weight allocation
𝐷 = { 0.31, 0.35, 0.34 } and the weight allocation in different attribute function is ∆= {0.3,0.4,0.3}.A
verbal matrix is built up by the decision maker’s to assist the classification of the decision matrix.
Attribute vs. Verbal Phrase matrix is given below in Table 6.3.1. The total MCGDM problem is
graphically described as below:
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Table 6.3.1: List of Verbal Phrase
Sl no.

Attribute

Verbal phrase

Quantitative Attributes
1

Service & Reliability

Very High (VH), High (L), Intermediate (I), Small (S), Very
small (VS)

2

Price & Availability

Very high (VH), High (H), Mid (M), Low (L),
Very low (VL)

3

Quality & Features

Very high (VH), High (H), Standard (SD), Low (L),
Very low (VL)

Table 6.3.2: Relationship between Verbal Phrase and PNN
Verbal Phase
Very Low (VL)

Linguistic Pentagonal Neutrosophic Number (PNN)
< (0.1,0.1,0.1,0.1,0.1; 0.4,0.4,0.4) >

Low (L)

< (0.2,0.3,0.4,0.5,0.6; 0.5,0.3,0.3) >

Moderate (M)

< (0.4,0.5,0.6,0.7,0.8; 0.7,0.2,0.2) >

Little High (LH)

< (0.5,0.6,0.7,0.8,0.9; 0.75,0.18,0.18) >

High (H)
Very High (VH)

< (0.6,0.7,0.8,0.9,1.0; 0.8,0.15,0.15) >
< (1.0,1.0,1.0,1.0,1.0; 0.95,0.05,0.05) >

Step 1
In accordance with finite alternatives and finite attribute functions the decision matrices are
constructed by the proposal of decision maker’s choice. The noteworthy fact is that the entity 𝑠𝑖𝑗 for
each matrix are of pentagonal neutrosophic numbers. Finally, the matrices are presented as follows:
𝐷1
.
𝐺1
=(
𝐺2
𝐺3

𝐻1
𝐻2
𝐻3
< 0.1,0.2,0.3,0.4,0.5; 0.5,0.6,0.7 >
< 0.3,0.4,0.5,0.6,0.7; 0.6,0.3,0.3 >
< 0.2,0.3,0.4,0.5,0.6; 0.4,0.6,0.5 >
)
< 0.15,0.25,0.35,0.45,0.5; 0.5,0.6,0.5 >
< 0.3,0.4,0.5,0.6,0.7; 0.7,0.3,0.5 >
< 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.3 >
< 0.4,0.5,0.6,0.7,0.8; 0.6,0.4,0.3 >
< 0.25,0.3,0.35,0.4,0.45; 0.4,0.6,0.5 > < 0.35,0.4,0.45,0.5,0.55; 0.6,0.3,0.4 >

𝑌𝑜𝑢𝑡ℎ′ 𝑠 𝑜𝑝𝑖𝑛𝑖𝑜𝑛
.
𝐺
𝐷2 = ( 1
𝐺2
𝐺3

𝐻1
𝐻2
𝐻3
< 0.15,0.2,0.25,0.3,0.35; 0.6,0.4,0.5 > < 0.1,0.15,0.3,0.35,0.4; 0.7,0.5,0.3 > < 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 >
)
< 0.2,0.25,0.3,0.35,0.4; 0.7,0.5,0.4 > < 0.2,0.25,0.3,0.4,0.45; 0.6,0.3,0.3 > < 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.4 >
< 0.3,0.35,0.4,0.45,0.5; 0.7,0.5,0.3 >
< 0.5,0.55,0.6,0.7,0.8; 0.5,0.6,0.7 >
< 0.6,0.7,0.75,0.8,0.9; 0.6,0.5,0.6 >

𝐴𝑑𝑢𝑙𝑡 ′ 𝑠 𝑂𝑝𝑖𝑛𝑖𝑜𝑛
.
𝐺1
𝐷 =(
𝐺2
𝐺3
3

𝐻1
𝐻2
𝐻3
< 0.2,0.25,0.3,0.4,0.45; 0.6,0.3,0.3 > < 0.2,0.3,0.4,0.5,0.6; 0.4,0.6,0.5 >
< 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 >
)
< 0.3,0.4,0.5,0.6,0.7; 0.7,0.3,0.5 >
< 0.6,0.7,0.75,0.8,0.9; 0.6,0.5,0.6 > < 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 >
< 0.3,0.35,0.4,0.45,0.5; 0.7,0.5,0.3 > < 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.3 > < 0.15,0.2,0.25,0.3,0.35; 0.6,0.4,0.5 >

𝑆𝑒𝑛𝑖𝑜𝑟 ′ 𝑠 𝑂𝑝𝑖𝑛𝑖𝑜𝑛
Step 2: Composition of Single decision matrix
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In this step we generate a single group decision matrix M and have incorporated the idea of logical
pentagonal neutrosophic weighted arithmetic averaging operator (PNWAA) as, 𝑠𝑖𝑗′ = ∑𝑛𝑗=1 𝜔𝑗 𝑠𝑖𝑗𝑘 , for
individual decision matrix 𝐷𝑘 , where𝑘 = 1,2,3 … . 𝑛 . Thus we finalize the matrix which is presented
as follows:
𝑀
.
𝐺1
=(
𝐺2
𝐺3

𝐻1
𝐻2
𝐻3
< 0.18,0.25,0.31,0.4,0.46; 1.00,0.41,0.42 > < 0.13,0.22,0.33,0.42,0.50; 0.99,0.56,0.46 > < 0.58,0.64,0.70,0.77,0.84; 0.98,0.23,0.43 >
)
< 0.22,0.30,0.38,0.47,0.53; 1.00,0.44,0.46 > < 0.38,0.45,0.52,0.60,0.68; 1.00,0.36,0.44 > < 0.42,0.48,0.53,0.58,0.65; 1.00,0.40,0.39 >
< 0.33,0.40,0.46,0.53,0.59; 1.00,0.47,0.30 > < 0.39,0.46,0.51,0.57,0.66; 1.00,0.41,0.47 > < 0.37,0.48,0.49,0.58,0.60; 1.00,0.40,0.50 >

Step 3: Composition of leading matrix
To define the single decision matrix we have employed the concept of the logical pentagonal
𝜔𝑗
neutrosophic weighted geometric averaging operator ( PNWGA ) as, 𝑠𝑖𝑗′′ = ∏𝑛𝑗=1 𝑠̃
for each
𝑖𝑗
individual column and finally, we present the decision matrix as below

〈0.26, 0.35, 0.44, 0.56, 0.60; 0.99,0.98,0.99〉
𝑀 = ( 〈0.33, 0.41, 0.48,0.55,0.62; 1.00,0.98,0.99〉 )
〈0.36,0.43,0.48,0.54,0.62; 1.00,0.99,0.99〉
Step 4: Ranking
Now, we examine the proposed score value for crispification of the PNN into a real number, thus we
get the ultimate decision matrix as
< 0.1503 >
𝑀 = (< 0.1641 >)
< 0.1652 >
Here, ordering is 0.1503 < 0.1641 < 0.1652. Hence, the ranking of the mobile communication
service provider is 𝐺3 > 𝐺2 > 𝐺1 .
6.4 Results and Sensitivity Analysis
To understand how the attribute weights of each criterion affect the relative matrix and their ranking
a sensitivity analysis is done. The basic idea of sensitivity analysis is to exchange weights of the
attribute values keeping the rest of the terms are fixed. The below table is the evaluation table which
shows the sensitivity results.
Attribute Weight

Final Decision Matrix

Ordering

<(𝟎. 𝟑, 𝟎. 𝟑, 𝟎. 𝟒)>

< 0.1367 >
(< 0.1617 >)
< 0.1650 >
< 0.1387 >
(< 0.1641 >)
< 0.1666 >
< 0.1394 >
(< 0.1621 >)
< 0.1692 >
< 0.1415 >
(< 0.1641 >)
< 0.1699 >
< 0.1799 >
(< 0.1559 >)
< 0.1623 >

𝐺3 > 𝐺2 > 𝐺1

<(𝟎. 𝟑𝟑, 𝟎. 𝟑𝟓, 𝟎. 𝟑𝟐)>
<(𝟎. 𝟑, 𝟎. 𝟑𝟕, 𝟎. 𝟑𝟑)>
<(𝟎. 𝟒𝟓, 𝟎. 𝟐𝟓, 𝟎. 𝟑)>
<(𝟎. 𝟐𝟓, 𝟎. 𝟒𝟓, 𝟎. 𝟑)>

𝐺3 > 𝐺2 > 𝐺1
𝐺3 > 𝐺2 > 𝐺1
𝐺3 > 𝐺2 > 𝐺1
𝐺1 > 𝐺3 > 𝐺2
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< 0.1367 >
(< 0.1669 >)
< 0.1680 >
< 0.1544 >
(< 0.1675 >)
< 0.1666 >
< 0.1503 >
(< 0.1641 >)
< 0.1652 >

<(𝟎. 𝟐𝟓, 𝟎. 𝟑, 𝟎. 𝟒𝟓)>
< (𝟎. 𝟒, 𝟎. 𝟑, 𝟎. 𝟑) >
< (𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟑) >

𝐺3 > 𝐺2 > 𝐺1
𝐺2 > 𝐺3 > 𝐺1
𝐺3 > 𝐺2 > 𝐺1

Weights
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0.3
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Availability

0.2
0.1

Quality &
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Figure 6.4.1: Sensitivity analysis on attribute functions
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Figure 6.4.2: Best Alternative Mobile Communication Service

6.5 Comparison Table
This section actually contains a comparative study among the established work and proposed
work.Comparing with 49,50 , we find that the best service provider among those three and it is noticed
that in each case 𝐺3 becomes the best mobile communication service provider. The comparison table
is given as follows:
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Approach

Ranking

Deli

49

𝐺3 > 𝐺2 > 𝐺1

Garg50

𝐺3 > 𝐺1 > 𝐺2

Proposed method

𝐺3 > 𝐺2 > 𝐺1

7. Conclusion and future research scope
The idea of pentagonal neutrosophic number is intriguing, competent and has ample scope of
utilization in various research domains. In this research article, we vigorously erect the perception of
pentagonal neutrosophic number from different aspects. We also resort to the perception of
truthiness, falsity and ambiguity functions in case of pentagonal neutrosophic number when the
membership functions are interconnected to each other and a new score function is formulated here.
Also, two logical operators have been developed here theoretically as well as applied it in MCGDM
problem. Finally we perform a sensitivity analysis and also demonstrate a comparative study with
the other results derived from other research articles to enumerate our proposed work and conclude
that our result is pretty satisfactory as we consider the pentagonal neutrosophic value in the
problem of multi-criteria decision making.
Further, researchers can immensely apply this idea of neutrosophic number in numerous flourishing
research fields like an engineering problem, mobile computing problems, diagnoses problem,
realistic mathematical modelling, cloud computing issues, pattern recognition problems, an
architecture based structural modelling, image processing, linear programming, big data analysis,
neural network etc. Apart from these there is an immense scope of application basis works in
various fields which can be constructed by taking the help of pentagonal neutrosophic numbers.
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