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Guillemin [1] and Truxal [2] have noted the fact that
glven a driving-point ilmpedance function of the complex fre-
quency variable S - o+Jw, the element spread in the network
reallzation of the function is dependent on the method of
synthesls used. It appears attractive to consider a method
of predicting, from the impedance function, the element spread
which will be obtained by use of a particular method of
syntheslis.

The approach taken in this thesls is from the point of
view of economy. A network containing resistors of values
1 ohm and 1 megohm may present problems of accuracy and ele-
ment tolerance limits which are not alded by the fact that
all elements may be increased or decreased by a2 constant mul-
tiplier without changing the shape of the network gain curve.

Furthermore, it 1s certainly more economical where seve-
ral ldentical networks are to be bullt, to purchase elements
of the same value or near the same value.

For these reasons the work of this thesis is pointed to-
ward achlieving networks with minimum element spread.

The RC driving polint impedance 1s widely encountered
in the design of filters and compensating networks for control
systems. One common form for the impedance function of this
type of network is that having two finite poles and two fin-

ite zeros. Its synthesls will 1llustrate all the methods used







in this study of networks having minimum element spreads,
and for this reason it has been chocsen for investigation.

There is an infinite number of methods of synthesizing
the network correspoending to the function deseribed above,
if the removal of portions of poles 1s considered. However,
since economy is the prime consideration here, the allowable
methods have been limited to the four so-called canonlc forms
(First Foster form, Second Foster form, First Cauer form,
Second Cauer form) deseribed by Guillemin [;J plus the par-
tlal removal of one of the lmpedance or admittance poles,
followed by one of the four canonic forms of synthesis of
the remainder. Only one partial pole 1s removed in all the
following work, since each time part of a pole is removed,
two additional elements are added to the final network. The
four canonic forms of synthesis, of course, yield networks
with the minimum number of elements attainable.

Consider the driving-point impedance given by

=08 H(S*-C’"z.)(S*G'LD
(s+a1) (5+ 93)

If this functlon is to represent an RC driving-point impedance,
the pole-zero configuration in the complex plane must have

the form shown below: [4]
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The first circumstance to be considered 1s the possi-
bllity of achieving synthesis of this function with equal
valued resistors and equal valued capacitors. A network hav-
ing this "characteristic will be defined as an equi-element
network.

The forms of the networks resulting from synthesis by
the four canonic methods are given by Guillemin [j] . Since
the form in a given case 1s known, equal values can be ascigned
to all resistors and to all capacitors, and the driving-point
impedance, 25,(5) sy 0f the network determined. Thils function
can then be compared with Z (s) , the given function, to see
how the pole-zero locations are affected by the requirement
of equal element values.

1. First Foster Form

The equl-element two pole-two zero RC network in

thils formiles
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which 1s now to be compared with Z(’S) . Z\ (3> contains
only one finlte pole and one finite zero, while EZ(S) contains
two of each. It is apparent then, that the given Z(%) can-
not be realized as an equi-element network, using the First
Foster method of synthesis.

2. Second Foster Forn

The network form is:

s U AN é_* \L :
> R Sy
maril
e 3= 0
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pole and cne less zero
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e

which agalin has one less

function. Synthesis by this method, therefore,
an equi-element network.
3. First Cauer Form

The network form is:

R R
o____/\/\"/\v/‘.,_~-__.,.._._v,_,. i i /W \/\_ e
v g s SN )
Z \ (\'E) ——
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R + :
CsS + s
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g s Al SR AT v
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g ke F(:,, S + i v {: <
AN A(S) - Jﬁ(?éffg’“be“*JéJw>

st [@+Tls + 07 T

than the
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given

yield







B e e

B R & '
Comparing coefficients of Eixié) and EE(S> »

i H R 3
IR e Al By
e o £.3 c Ll b \
(2) 0507, = RZC % £ ER s 7 R RE &

(5) H=R
There are 5 equatlions and 7 unknowns ( 05,037,735 , 0y,

RyCy H ), Let 97 and H be independent variables. Then

from (1) and (3), (6) g - B %% (T2 + 95)
from (2) and (4), (7) T, 0% = ?% g J

and from (1) and (2),

(8) . S PR T l—(; (G_Z 63 CF‘—{)
Combining (6) and (8),

e s W gt B )
or, TP~ M2 oon ot o
0, - —% e 40 'fﬁ-fz o g ¥
= —f; o - -:‘:—O‘Z

and since the magnitude of Cﬁ% must be greater than that of

7> for this RC function, the plus sign is chosen.







Combining (1) and (4),

and choosing agaln the plus sign because the magnitude of
d35 must be greater than that of T
(1) Whie ol Wi g

’

R e \
Using (9), (10) and (1),
(11) gz = e ’\/?

= o
(12) 03 = ZE3VE 0
A e o T R a,
(8) W= K
As an example of the results, let T =2, H =1,
Then 2 (s) = (s + 5.2 ) (?j ,!.5;_2;3),,,,

GC+2)(S+13.70)
Use of the first Cauer form of expansion results in the

following element values:







4, Second Cauer Form

The network is:

Zikf;)——* })g c TR
ol B Gl i g
2 < g i
& Y. BRe® Y TR ReCE

Comparing as before with 23<5> and solving the resulting

equations with O , and H as independent variables, 1t is

found that an equi-element network will result if,
(14) 92 = =(3-NE)T

iy

P P |
(45), Yaa S
i O 3 T A il
(16) Ty = g i
&
(17) | M= e
As an example, 1f T = A and M= |,
R\: $-<\2 = “?2 i e Sk |, S

Thus, of the four canonic forms, only two - the First

and Second Cauer forms - are capable of ylelding equi-element
networks.

It remains to consider the effect of partial pole removal

on the synthesis. The removal of a portion of an impedance
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or admittance pole leaves the form of the remainder unchanged;
that is, the remainder will still contain two finlite poles
and two finite zeros. Also i1t has Just been shown that a
remainder function of this type cannot be developed into an
equl-element network by the First or Second Foster forms.
Therefore, these will not be considered in the discussion of
partial pole removal.

The terms "higher" and "lower"™, when used to define re-
latlive pole locatlions, refer to the absolute value of the
numerical pole location; i.e., if |T3| > lJ]l
then U3 1is the higher, and U7, the lower pole.

Consider the removal of part of an impedance pole fol-
lowed by expansion of the remainder in the two Cauer forms.
Expansion of the remainder in the first Cauer form wilill yield

the following network:

B "
Hﬂ‘/’—/\/\‘/\/‘}_ﬁ_” AN A Y AV Y J\/\{\/\"u
__{ S R R R
% 24

Z‘(s)—>-

where equal values have been assigned to llke elements.

(18) & ()= R i R*c¥s® + UR*CS + 3R
{ RCS + | R2c’s2 + 3RCS + |







1

which will have a denominator in 153 unless,
(1) The term (i";s’r\)is a factor of (Q“ZC? S2+3RCS +l>
oY, (2) There is a common factor 1n the nunerstor and the
denominator of the second term of EE.‘(SD.
Streightforward division shows that nelther condition
(1) nor condition (2) is met. Therefore, since EEiCQ contains
three finite poles, and EEQS> only two, the conclusion 1s
that the synthesis by this method will not yleld an equi-ele-
ment network.
Expansion of the remainder in the second Cauer form will

yield a network as follows:
R CL C

gt 'U-;— i [ i el

o e 3

HJ’\/\/""“‘I
; :
)

H

1

{

{

i

{

!

1

|

{

(P e e e A e e i e A

having the driving point impedance,

Zk (ﬁ\) z k———— ek e -R

.._C 3 r
RCS &\ E\R 5

oS + R
+ H RCS

g d

f3(0
L\

which again will have a third order denominator unless con-
ditions (1) and (2) above are met. Division as before shows
that condition (1) is indeed met, and the factors 1n the de-
nominator of Z, (s) are (Qf5+> and (3RCS+> L LT
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£

z o
< *‘(of\(_,. + 2 K

3
E2 ERE 1 ) SR i -
‘ (Zros+ D(ric S +1)

At G,
AR*CFSZ+ URCS + |

and there is now no common factor in numerator and denominator.

Comparing with the given 2 (S),

b
(20) Q7 + 0y = e
- 2
(21) Q.;_ UH ok :}'iliff‘g,
P i
(22) o 4 G = RC,,
o T £ {
(23) 9, 0% ey
(24) O -

Before proceeding further, note that the parallel RC
network formed by removal of part of an lmpedance pole has
the impedance LY SR %g

Z (3) = = n
e

Only the higher impedance pole has this form, the lower

s
\
A\

AR
one having a2 denominator of <.-+ ‘7:? i instead of (>+-‘E§Z‘

Apparently only the removal of part of the higher impedance

pole can be considered for our equi-element network.

-~
< ——

The residue in the pole at <= — RC is found to be
3 7 .,
S . Remo¥pl O E:;A%ZE;“ means the removal of </2 of

e L

| 1 L]
the pole at &= — Agg, which then becomes one of the condl-

tions for achieving the equi-element network.
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Solution of equations (20) - (24) as before yields the

relations between pole and zero locations which together with

the required amount of partial pole removal will yield an

equi-element network.
(25) 92 = (G- 3V7)q]
(26) 03 - 234~

3 Al

Removal of f/i of the pole at S=~3 and expansion of the

remainder in the second Cauer fornm yields the following

network: 3
— VW ,k— W
o S LR
Z(s) — 7 >3 i 5}3
i B 08 b % 1 |

and H = }2/3 as required.

Consider now the removal of paert of an admittance pole.

The network for the first Cauer form of remainder expansion

can be shown as,







R K K
< % N TR oy Rk 4, "6 8 e
. : >R A S LAl
Z (8) —— s o A ol 9
== C
PRI B R :
V. o? « 7:7- A ,""%E*
(8 e anid e 4 R . ; i
gk S l/ ) & i — ke
RC FC - RLCZ—

As was noted earlier, the denominator of the second term must
contain a factor equal to the denominator of the first term
in order that an equi-element network be attained. Such is
not the case here, so this synthesis method will not yield

the desired results.

Expansion of the remainder in the second Cauer form

yields the network,

|

b
2
O
A
™
D
N
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and agaln there 1s no common factor in the denominators of

the two terms.

In order to simplify the remainder of the work, let

(29) * Of 'S ey 0

(30) U3 = K, G5
(31) G\‘L‘ = K"i ».'\

7
(32) _k fraction of a pole removed in a partial pole

removal.

The results of the preceding calculations can then be

summarized.

Only three of the methods indicated on page 3 will
syntheslze the function given on page 4 and yield equi-element
networks. Furthermore, certain relations among the locations
of the poles and zeros of the given function must hold. These

methods, and the corresponding relations between critical fre-

quencles, are:

I. PFirst Cauer Fornm
Kz{:(3+— \/5‘)/.;&,
Ko = (7 + 3 \?) / 2y .

\< L\ = (\c') +- 3 i\\,f.;’?)/:i,,

CREY
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II. Second Cauer Form

kye iz {3 aNE WG

A g S o
(F{: '%43}

III. Remove part of the highest impedance pole and

expand the remainder in the second Cauer form.

A= s

K,= -3 V7

|<~_: i

B w T BN
- '</ ;': \)

(M= Ra)

It appears, then, that only in an extremely small
number of cases can a network of the form beilng studied be
economlically synthesized as an equi-element network. How-
ever, 1ln most cases, if the element spread can be held with-
in economically reasonable limits, some benefit will result.
The remainder of this thesis 1s therefore concerned with =
computer study of the element spread achieved, using the pre-

viously described methods of syntheslis, for a wide range of






i

2
values of sz K43>|<q and /ﬁi . The results of the study
have been presented as a table, entered with the given values
of KZ, » and giving all of the agreed upon methods of synthe-

sis which will yield ratios of element values in the range

e v el
(33) 0.1 & 4R, ANP ‘qﬁfz /o

K Cj
where Eﬁf and Ef; represent a2ll possible ratios of the

network resistors and capacitors.
In cases where thls is not possible using any of the
given methods, the range has been expanded Lol

K H e
&mf_-%?ﬁf . f%g_ /0T

(34) K

and these cases are distinguished by being to the right of
a heavy black line in the table.

Using relations (29) - (31), Eziéﬁcan be written as,

Z(s) = (s+ KZJT\)CSf KuT3)
(sxr T (s+ KaTD)

5 8. <‘<2+KH>GTS + Kz KaT7%

SO e ET S R

Starting with this Ez(ﬁQ sy the element values in terms of
literal coefficients have been derived for the types of syn-

thesls agreed upon earlier and repezted here for convenience.
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1. PFirst Foster Form
2. Second Foster Form
3. PFirst Cauer Form
4, Second Cauer Form
5. Removal of portion of lower impedance pole followed
by expansion of remainder in each of forms 1 - 4,
6. Removal of portion of higher impedance pole followed
by 1 - 4.
7. Removal of portion of lower admittance pole followed
by 1 - 4.
8. Removal of portion of higher admittance pole followed
by 1 - 4.
Case f above will be used to illustrate the procedure,
which 1s straightforward. F* i1s assumed to be unity since
all element valugs can be altered later to account for a wvalue

other than this.

v
Z(s) = S + <K2+KL..>U“,S 4+ K KHU‘]a
Sy (1+K3)T, S + KT 2
so that,
{ ‘ Ry R P h Z.
}}__(5)__ P (Kz + &y - | Kz)hf:-*— (KZK%-\Q)G&‘

(s +T)(s+ K3T)
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and the residues A and B in the poles at S= -0, and S= - [K3T]

are,
it (s -1 YL o)
(Kz-1)
> = (Ka—ka2)(Ky-¥3)
(Kg=1)
so that,

(Kz=1)

and therefore, in the network shown below, which is the First

Z (c‘) ’

Foster form of synthesis of

K= - |

el b
' (R =D (KT

1 C 162
(_‘).—./\/\‘r O, B R l ZORR LS l’ ]_;.._..._,__s.._,.u
R, L A— l-——/vvxr
By i 125 }
n M
JQW = |
R,x (2= d(Ky-1)
< S Ty \>

l? L (l( o ey ‘<z><l<'1” K‘_‘g)
- Ka (Ks=1)

v

S+ K T,

=

- (Ka-K 2_> i KB} o
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so that the element ratios are,

£ B o 3
R /R, = (‘<z<'£g:‘4> Bk

R st R K2 )(Ky=Kz)
3/\' f(z(K‘}‘W)
Ra/ R, = ,, E?/R'

sz/c‘ B (K2~ i)(KLi“l>

T (K ko) (Ky -ke)

These relations, and the simllar ones resulting from synthesis
of 2?(5> by the methods of Cases 2 - 8, have been programmed
for solution by an IBM=-704 digital computer. se has been
made of the FORTRAN automatic assembly program available at
The Los Alamos Sclentific Laboratory to simplify the coding.
The program for the solution of the equations pertalning to
Cases 1 - 4 is given on page X7, and differs from that used
in solving Cases 5 - 8 only in the egustions representing
the various element ratios.

A complete list of 311 equations solved for the various
cases is lengthy and has not been included here. However,

all of these equations are maintained in the author's file,







21

together with the complete programs for their solution, the
binary cards for insertion in the computer and the resulting
data.

The solutions have been obtained for values of kiL
as follows:

Ko = 30 %, 6,18, 70, 10080, 6b: 80, 100

Ks = 4, 6, 8, 10, 20, 40, 60, 80, 100, 200

Kapan6; 8, 10, 800 A0, ‘B0 85, 100, 200
%
and where partial pole removal is made, for values of /jé

as follows:

BT
LR i it om 0.5, 0.7, 0.9
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RESULTS AND CONCLUSIONS

1. The results of the computer study are presented as
a table, pp 29 through 46. The values of )<2~> K- and Kq
are first computed for a given function. The table is en-
tered with these, and the methods which will yield minimum
element spread network (as defined by (33)) are noted. 1In
some cases more than one method is possible, in which case,
other circult considerations will dictate the choice. Where
use of a canonlc form will give the desired results, only
the canonlc form has been listed, since resort to partial
pole removal increases the number of circuit elements. A
hand calculation has been made for each equation with = set
of specific values of /fé; Kz, K5 and Ky in order to
verlfy the correctness of computer solution.

2. In all cases, the values of element ratios are
found to be independent of T, .

3. Inspection of the table shows, in general, that
for pole-zero locations close together, minimum element-
spread networks - as defined by (33) - may be achieved
through use of the canonic forms. As the locations move out
from each other, partial pole removal must be made to stay
within thls range. Finally as the locations move even far-
ther apart, none of the agreed upon methods will yield ele-

ment spreads within the desired range.
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4, The table may readily be expanded to include values
&b
of Kﬁ, and ,45 closer together or to increase its range,
merely by adding to the numbers read into the computer on
data cards. The extent to which this may be done 1s limited

only by computer time avallability.
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INSTRUCTIONS FOR USE OF TABLE, PP 29 +to 46

g Q§+—KZG*)(S+ KyT7)
Z<> <J+ (v-f- K'?T)>

1. Compute ‘<2)1<§;and Fiq

2. Enter the table with these numbers, choosing values
of IK{ in the table which are closest to the desired values.
In most cases interpolation can be performed.

3. The letters and numbers in the boxes are interpreted
as follows:

1 First Foster form

]

2 = Second Foster form

3 = First Cauer form

4 = Second Cauer form

A = Lower impedance pole

B Higher lmpedance pole
C = Lower admittance pole

D = Higher admittance pole
Thus, a sequence of letters and numbers such as (0.3D-1,2,3)
means that 0.3 of the higher admittance pole should be removed
and that the remainder should be expanded in the First or
Second foster, or First Cauer form.

As an example, assume

Z(S)‘—* (S-f—S)éS '\’L—‘D?
(S +2> S +9 ,),)
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Then,
L I e R T AR P -

The table i1s entered on page 29 using Kz =2, Kz= 4 Ky=2

and the permissible methods are seen to be 1, 3 and 4. Thus
for a minimum element spread synthesis the First Foster form,
or the First or second Cauer forms, could be used. If Ky
were 80 or greater, the appropriate box would fall to the
right of the heavy line, so that none of the methods would
result in element ratios in the range defined by (33). How-
ever, the methods given here would assure ratios in the more
extended range defined by (34); that is, in the range

(R ol
OO | i =2 AN D ?t 25_—. (100
i

o wi

o
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