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PREFACE

In this book the authors introduce the new notion of
rank distance bicodes and generalize this concept to Rank
Distance n-codes (RD n-codes), n, greater than or equal to
three. This definition leads to several classes of new RD
bicodes like semi circulant rank bicodes of type I and II,
semicyclic circulant rank bicode, circulant rank bicodes,
bidivisible bicode and so on. It is important to mention that
these new classes of codes will not only multitask
simultaneously but also they will be best suited to the
present computerised era. Apart from this, these codes are
best suited in cryptography.

This book has four chapters. In chapter one we just
recall the notion of RD codes, MRD codes, circulant rank
codes and constant rank codes and describe their
properties. In chapter two we introduce few new classes of
codes and study some of their properties. In this chapter
we introduce the notion of fuzzy RD codes and fuzzy RD
bicodes. Rank distance m-codes are introduced in chapter
three and the property of m-covering radius is analysed.
Chapter four indicates some applications of these new
classes of codes.



Our thanks are due to Dr. K. Kandasamy for proof-
reading this book. We also acknowledge our gratitude to
Kama and Meena for their help with corrections and
layout.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE
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Chapter One

BASIC PROPERTIES OF
RANK DISTANCE CODES

In this chapter we recall the basic definitions and properties of
Rank Distance codes (RD codes). The Rank Distance (RD)
codes are special type of codes endowed with rank metric
introduced by Gabidulin [24, 27]. The rank metric introduced by
Gabidulin is an ideal metric for it has the capability of handling
varied error patterns efficiently.

The significance of this new metric is that it recognizes
the linear dependence between different symbols of the
alphabet. Hence a code equipped with the rank metric detects
and corrects more error patterns compared to those codes with
other metric. In 1985 Gabidulin has studied a particular class of
codes equipped with rank metric called Maximum Rank
Distance (MRD) codes. Throughout this book V" denotes a
linear space of dimension n over the Galois field GF(2"), N > 1.
By fixing a basis for V" over GF(2"), we can represent any
element x € V" as an n-tuple (X1, X, ..., X,) where x; € GF(2").



Again, GF(2") can be considered as a linear space of dimension
‘N’ over GF(2). Hence an element x; € GF(2Y) has a
representation as a N-tuple (o, Qip, ..., i) over GF(2) with
respect to some fixed basis. Hence associated with each x € V",
(n < N) there is a matrix,

Oy weo Oy,
oy ... O
21 2
m(x) = '
Oy -- Oy

where the i column represents the i™ coordinate ‘x;” of x over
GF(2). If we assume x; € GF(2") has a representation as a N-
tuple X, =o,u, +0,u, +...+ 0 Uy Where uy, uy, ..., uy is some
fixed basis of the field F , regarded as a vector space over F,. If

A}, denote the ensemble of all N x n matrices over F, and if

A:V" —> A} is a bijection defined by the rule, for any vector x

=Xy, .0y Xy) € F;‘N , the associated matrix denoted by,
a, a, ... a,
a, a a
21 22 2
A(x)=| 1 ] N
Ay Ayy  ee Ay

where the i column represents the i coordinate x; of x over F,.
Now we proceed on to define the rank of an elementx € V" .

DEFINITION 1.1: The rank of a vector x € F; " is the rank of the

associated matrix A(x). Let r(x) denote the rank of the vector x
5 F;"\ over F,.

By the usual properties of the rank of a matrix, it is easy to
prove the following inequalities.



r(x) > 0 for every x € V".

r(x) =0 if and only if x = 0.

r(x+y) < r(x) + r(y) for every x,y € V".

r(ax) =| a| r(x) for every a € GF(2) and x € V".

D=

Thus the function x — r(x) defines a norm on V", (x — r(x)
defines a norm on F;‘N ) and is called the rank norm. In this book

we denote the rank norm by r(x) or wt(x) or by || x ||. The rank
norm induces a metric called rank metric (or rank distance) on
F;N .

DEFINITION 1.2: The metric induced by the rank norm is
defined as the rank metric on V"( Fq ") and it is denoted by dy.

The rank distance between x, y € V" is the rank of their
difference : dp(x, y) = r(x — y). The vector space V" ( Fq "\ ) over

Fq v equipped with the rank metric dy is defined as a rank

distance space.

DEFINITION 1.3: A linear space V' over GF(2"), N > I of
dimension n such that n < N, equipped with the rank metric is
defined as a rank space or rank distance space.

Now we proceed on to recall the definition of Rank Distance
(RD) codes.

DEFINITION 1.4: A Rank Distance code (RD-code) of length n
over GF(2") is a subset of the rank space V' over GF(2"). 4
linear [n, k] RD code is a linear subspace of dimension k in the
rank space V". By C[n, k] we denote a linear [n, k] RD-code.

DEFINITION 1.5: 4 generator matrix of a linear [n, k] RD code
C is a k x n matrix over GF(2") whose rows form a basis for C.
A generator matrix G of a linear RD code C[n, k] can be
brought into the form G = [I, Ay ] where I, is the identity
matrix and Ay, . is some matrix over GF(2"). This form is
called the standard form.



DEFINITION 1.6: Let G be a generator matrix of the linear RD
code C[n, k], then a matrix H of order (n — k) x n over GF(2")
such that GH' = (0) is called a parity check matrix of C[n, kJ.
Suppose C is a linear [n, k] RD code with G and H as its
generator and parity check matrices respectively, then C has
two representations

1. Cis the row space of G and

2. Cis the solution space of H.

We shall illustrate this situation by an example.

Example 1.1: Let

oy, O . O
G=|a, 0, .. Oy
Oy Oy e Olgg |,

be a generator matrix of the linear [5, 3] Rank Distance code C;
over GF(25), here (i1, 12y «.ey OUis), (O21, Ol2, ...y OL2s), (OL31, L3,
..., o35) forms a basis of C; o € GF(2°);1<i<3and1<j<5.

Now as in case of linear codes with Hamming metric, we in
case of Rank Distance codes have the concept of minimum
distance. We just recall the definition.

DEFINITION 1.7: Let C be a rank distance code, the minimum -
rank distance d is defined by d = min{dr(x, y) | x, ¥ € C, x #y/}.
In other words, d = min{r(x —y) | x, vy € C, x #y}. ie, d =
min{r(x) | x € C and x #0}.

If an RD code C has the minimum — rank distance d then it
can correct all errors e e Fq " with rank

rle) = [?J .

Let C denote an [n, k] RD — code over Fq . A generator matrix

G of C is a k x n matrix with entries from Fq’} whose rows form

10



a basis for C. Then an (n—k) xn matrix H with entries from
Fq " such that GH' = (0) is called the parity check matrix of C.

Result (singleton - style bound) The minimum - rank distance d
of any linear [n, k] RD code C Fq "v satisfies the following

bound:d<n-k+1.

Now based on this, the notion of Maximum Rank Distance;
MRD codes were defined in [24, 27].

DEFINITION 1.8: An [n, k, d] RD code C is called Maximum
Rank Distance (MRD) code if the singleton — style bound is
reached, i.e., ifd=n—k + 1.

Now we just briefly recall the construction of MRD code.

Let [s] = q° for any integer s. Let g, ..., g, be any set of
elements in FqN that are linearly independent over F,,.

A generator matrix G of an MRD code C is defined by

gl g2 gn
gl oll gl
G=| g7 g g
gl gl g

It can be shown that the code C given by the above generator

matrix G has the rank distanced=n -k + 1.

Any matrix of the above form is called a Frobenius matrix with
generating vector g. = (g1, £, ---, &)-

Gabidulin has proved the following theorem.

11




THEOREM 1.1: Let C/[n, k] be a linear (n, k, d) MRD-code with
d =2t + 1. Then C[n, k] corrects all errors of rank atmost t and
detects all errors of rank greater than t.

Circulant Rank codes were defined by [61].

Consider the Galois field GF(2") where N > 1. An element
a € GF(2") can be denoted by a N-tuple (a, ai, ..., an;) as well
as by a polynomial ag + a;x + ... + ay X" ' over GF(2).

DEFINITION 1.9: The circulant transpose (T.) of a vector a =
(ag, aj, ..., ay.;) € GF(ZN) is defined as a’ = (ay, aj, ..., ay_i).
If a € GF(2") has polynomial representation ay + ax + ... +
ay. X in [GF[\Eﬂ the

(x"+1)
corresponding to the polynomial [(ay + aix + ... + ay.x"").x]
(modx" + 1), fori=0to N— 1. (Note ay = ).

n by «, we denote the vector

DEFINITION 1.10: Let f+ GF(2") — [GF(2")]" be defined as
fla)=(af,a/,...al,),; we call f{a) as the ‘word’ generated

by a.

MacWilliams F.J. and Sloane N.J.A., [61] defined circulant
matrix associated with a vector in GF(2") as follows.

DEFINITION 1.11: A matrix of the form

a, 4 Ay
Ay 4y ay_,
a a a

is called the circulant matrix associated with the vector (ay, aj,

ay.;) € GF(2"). Thus with each a € GF2") we can
associate a circulant matrix whose i" column represents a,.TC, i
=0, 1,2, ... N— 1. fis nothing but a mapping of GF(2") on to

12



the algebra of all N x N circulant matrices over GF(2). Denote
the space f{GF(2")) by V".

We define norm of a word v € VN as follows:

DEFINITION 1.12: The ‘norm’ of awordv € V" is defined as the

‘rank’ of v over GF(2) (By considering it as a circulant matrix
over GF(2)).

We denote the ‘norm’ of v by r(v). We just prove the following
theorem.

THEOREM 1.2: Suppose a € GF(2") has the polynomial
representation g(x) over GF(2) such that the ged(g(x), x" +1)
has degree N — k, where 0 <k <N. Then the ‘norm’ of the word
generated by ais k.

Proof: We know the norm of the word generated by o is the
rank of the circulant matrix (o,,a,°,...,0,¢,), where o/°
represents the polynomial [x'g(x)] (mod x~ + 1) over GF(2).

Suppose the ged(g(x), x" +1) is a polynomial of degree ‘N —
k’, (0 <k <N -1). To prove that the word generated by ‘a’ has
rank ‘k’. It is enough to prove that the space generated by the N-
polynomials  g(x)(mod x™ + 1), [x-g(x)](mod x"+1), ...,
[x""-g(x)] (mod x" + 1) has dimension ‘k’. We will prove that
the set of k-polynomials g(x)(mod x" + 1), [x-g(x)] (mod x"
+1), ..., [x" "g(x)] (mod x™ + 1) forms a basis for this space.

If possible, let ay(g(x)) + ay(x-g(x)) + ax(x*-g(X)) + ... + a
1(x*.g(x)) = 0(mod(x" + 1)), where a; € GF(2). This implies x"
+ 1 divides (ap +a;x + ... + ak,lxk’l) -g(x).

Now if g(x) = h(x) a(x) where h(x) is the ged(g(x), X" +1),
then (a(x), x" + 1) = 1. Thus x" + 1 divides (ao + a;x + ... + a_
x*1)-g(x) implies that the quotient

(x" +1)
h(x)
divides (ag t a;x + ... + ak,lxk’l)'a(x). That is

13



xN+1)
h(x)
divides (ap t a;x + ... ak_lxk_l) which is a contradiction as
xN+1)
h(x)

has degree k where as the polynomial (ay + a;x + ... + ak_lxk_l)
has degree atmost k — 1.

Hence the polynomials g(x)mod(x"+1), [x-g(x)]mod(x"+1),
cooy [Xg(x)Jmod(x™+1) are linearly independent over GF(2).
We will prove that the polynomials g(x)mod(x"+1),
[x-g(x)Jmod(x"+1), ..., [x*'-g(x)Jmod(x"+1) generate the
space. For this, it is enough to prove that x-g(x) is a linear
combination of these polynomials fork <i <N - 1.

Let x¥ +1 = h(x)b(x), where b(x) = by + b;x + ... + bx* (Note
that here b, = by =1, since b(x) divides x" + 1).

Also, we have g(x) = h(x). a(x). Thus
_ (g(x)-b(x))

xN+1=
a(x)
ie.,
k
g(x)(b, +bx+..+bx") _ 0 mod(x" + 1),
a(x)
that is

g(x)- (b, +bx+...+bx"") _ {(g(x)xk)

200 200 }mod(x +1).

(Since by = 1). That is

x“g(x) = (by + bix + ... + b x™" - g(x)) mod(x™ + 1). Hence
x“g(x) = bog(x) + bi[x-g(x)] + ... + b [x "+ g(x)] (mod(x" +

14



1)), is a linear combination of g(x)mod(x" + 1), [x-g(x)Jmod(x"
+1), ..., [xX“"-g(x)] mod(x" + 1) over GE(2). A

Now it can be easily proved that x'g(x) is a linear
combination of g(x)mod(x" + 1), [x-g(x)Jmod(x" + 1), ..., [x*
".g(x)] mod(x" + 1) for i > k.

Hence the space generated by the polynomial g(x)mod(x" +
1), [x-gx)] modx" + 1), ..., [x*"gx)] mod(x" + 1) has
dimension k; i.e., the rank of the word generated by a is k.

The following two corollaries are obvious.

COROLLARY 1.1: If a € GF(2") is such that its polynomial
representation g(x) is relatively prime to x" + 1, then the norm
of the word generated by a is N and hence f(a) is invertible.

Proof: Follows from the theorem as ged(g(x), x* +1) = 1 has
degree 0 and hence rank of f(a) is N.

COROLLARY 1.2: The norms of the vectors corresponding to
the polynomials x +1 and x"' + X7 + .. + x +1 are
respectively N— 1 and 1.

Now we proceed on to define the distance function on V™.

DEFINITION 1.13: The distance between two words v, u. in VN
is defined as d(u, v) =r(u + v).

Now we define circulant code of length N.

DEFINITION 1.14: A circulant rank code of length N is defined
as a subspace of V" equipped with the above defined distance
function.

DEFINITION 1.15: A circulant rank code of length N is called
cyclic if, whenever (vi, va, ..., vy) is a codeword, then it implies

(V, V3, ..., Vi, V1) is also a codeword.

Now we proceed on to recall the definition of the new class of
codes, Almost Maximum Rank Distance codes (AMRD-codes).

15



DEFINITION 1.16: A linear [n, k] RD code over GF(2") is
called Almost Maximum Rank Distance (AMRD) code if its
minimum distance is greater than or equal to n — k.

An AMRD code whose minimum distance is greater than n
— k is an MRD code and hence the class of MRD codes is a
subclass of the class of AMRD codes.

We recall the following theorem.
THEOREM 1.3: When n — k is an odd integer,

1. The error correcting capability of an [n, k] AMRD code
is equal to that of an [n, k] MRD code.

2. An [n, k] AMRD code is better than any [n, k] code in
Hamming metric for error correction.

Proof: (1) Suppose C be an [n, k] AMRD code such that ‘n — k’

is an odd integer. The maximum number of errors corrected by

(n—k-1) (n—-k-1)
2

C is given by . But is equal to the error

correcting capability of an [n, k] MRD code (since n — k is odd).
Thus when n — k is odd an [n, k] AMRD code is as good as an
[n, k] MRD code.

(2) Suppose C be an [n, k] AMRD code such that ‘n — k’ is odd,
then, each codeword of C can correct L(n) error vectors where
(n-k-1)
r = o—
2
and

Li(n) = 1+iﬂ(2N “1) .Y =2,
i1 | 1

Consider the same [n, k] code in Hamming metric. Let it be C,
then the minimum distance of C; is atmost (n — k +1). The error
correcting capability of C; is

[(n—k+l—l)J= (n-k-1) .

2 2

16



(since n —k is odd).

Hence the number of error vectors corrected by a codeword is
given by

Z@(z “1y,

i=0

which is clearly less than L.(n). Thus the number of error
vectors that can be corrected by the [n, k]| AMRD code is much
greater than that of the same code considered in Hamming
metric.

For any given length ‘n’, a single error correcting AMRD
code is one having dimension n — 3 and minimum distance
greater than or equal to ‘3’. We give a characterization for a
single error correcting AMRD codes in terms of its parity check
matrix. This characterization is based on the condition for the
minimum distance proved by Gabidulin in [24, 27].

We just recall the main theorem for more about these properties
one can refer [82].

THEOREM 1.4: Let H = (o) be a 3 x n matrix of rank 3 over
GF(2"), n <N which satisfies the following condition. For any
two distinct, non empty subsets P, Py of {1, 2, ..., n} there exists
i5, i €{l, 2, 3} such that

JjeR keP, JjeR keP,

then, H as a parity check matrix defines a [n, n — 3] single error
correcting AMRD code over GF(2").

Proof: Given H is a 3 x n matrix of rank 3 over GF(2"), so H as

a parity check matrix defines a [n, n — 3] RD code C over
GF(2™); where C = {x € V"| xH'=0}.

17



It remains to prove that the minimum distance of C is
greater than or equal to 3. We will prove that no non-zero
codeword of C has rank less than ‘3’. The proof is by the
method of contradiction.

Suppose there exists a non-zero codeword x such that r(x) <
2; then, x can be written as x = y-M where y = (yi, y2);
yi € GFQ2") and M = (mjj) is a 2 x n matrix of rank 2 over
GF(2).

Thus (y - M)H" = 0 implies y(MH") = 0. Since y is non zero
y(M - HT) = 0 implies that the 2 x 3 matrix MH" has rank less
than 2 over GF(2"). Now let P; = {j such that m;; =1} and P, =
{j such that my; = 1}. Since M = (m;) is a 2 x n matrix of rank 2,

P, and P, are disjoint nonempty subsets of {1, 2, ..., n}, and
ZO‘U Z Qy; z Qs
MHT = iePy iePy ek _
PICHEDICHEDICH
j€P, j€P Jj€P,

But the selection of H is such that there exists iy, i, € {1, 2, 3}
such that

[z%. Zaisz {z% . Zailk].

jepb, keP, jeh keP,

Hence in MH" there exists a 2 x 2 submatrix whose determinant
is nonzero; i.e., ((MH") = 2 over GF(2"), this contradicts the
fact that rank (MH") < 2. Hence the result.

Analogous to the constant weight codes in Hamming metric, we
define the constant rank codes in rank metric. A constant weight
code C of length n over a Galois field F is a subset of F" with
the property that all codewords in C have the same Hamming
weight [61]. A(n, d, w) denotes the maximum number of
vectors in F", distance atleast d apart from each other and
constant Hamming weight ‘w’.

18



Obtaining bounds for A(n, d, w) is one of the problems in
the study of constant weight codes. A number of important
bounds on A(n, d, w) were obtained in [61].

Here we just define the constant rank codes in rank metric
and analyze the function A(n, r, d) which is the analog of the
A(n, d, w) and obtain some interesting results.

DEFINITION 1.17: A constant rank code of length n is a subset
of a rank space V" with the property that every codeword has
same rank.

DEFINITION 1.18: A(n, r, d) is defined as the maximum number
of vectors in V", constant rank r and the distance between any
two vectors is atleast d.

(By a (n, r, d) set, we mean a subset of vectors in V" having
constant rank r and distance between any two vectors is at least

d).
We analyze the function A(n, 1, d).

THEOREM 1.5:
1. A, r, 1) = L(n), the number of vectors of rank r in V".
2. A(n,r,d)=0ifr>0o0rd>nord>2r.

Proof. (1) is obvious from the fact that L.(n) is the number of
vectors of length n, constant rank r and the distance between
any two distinct vectors in the rank space V" is always greater
than or equal to one.

(2) Follows immediately from the definition of A(n, r, d).

THEOREM 1.6: A(n, 1, 2) = 2"— 1 over any Galois field GF(2").

Proof: Let V; denote the set of vectors of rank 1 in V". We
know for each non zero element o € GF(2") there exists (2" 1)

vectors of rank one having o as a coordinate. Thus the
cardinality of V, is 2" — 1) (2" 1).

19



Now divide V into (2" — 1) blocks of (2" — 1) vectors such
that each block consists of the same pattern of all non-zero
elements of GF(2").

Thus from each block atmost one vector can be chosen such
that the selected vectors are atleast rank 2 apart from each other.
Such a set we call as a (n, 1, 2) set. Also it is always possible to
construct such a set. Hence A(n, 1,2)=2"—1.

We give an example of A(n, 1, 2) set for a fixed N and n as
follows.

Example 1.2: Let N = 3, we use the following notation to define
GF(2%). Let 0, 1, 2, 3 be the basic symbols. Then GF(2°)={0, 1,
2, 3, (12), (13), (23), (123)} (Note that by (ijk), we denote the
linear combination of i + j + k over GF(2)).

Suppose n = 3, divide F* into 2° — 1 blocks of 2° — 1 vectors as
follows:

001 010 100 110
002 020 200 220

(00) (123) | 0(123)0 | (123)00 | (123)(123)0

101 011 111
202 022 222

(123) 0 (123) | 0(123) (123) | (123) (123) (123)

It is clear from this arrangement that atmost one vector from
each block can be selected to form a (3, 1, 2) set. Also, the
following set is a (3, 1, 2) set. {001, 020, 300, (12)(12)0,
(13)0(13), 0(23)(23), (123)(123)(123)}. Thus A(3, 1,2) =7 =2’
—1.

Now we prove another interesting theorem.
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THEOREM 1.7: A(n, n, n) = 2" — 1 over any GF(2").

Proof: Denote by V, the set of vectors of rank n in the space V".
We know that the cardinality of V, is " — 1) @Y -2) ... @Y -
2""). By definition in a (n, n, n) set the distance between any
two vectors should be n. Thus no two vectors can have a
common symbol at a coordinate place i (1 <1 < n). This implies
that A(n, n, n) < 2N — 1.

Now we construct a (n, n, n) set as follows:

Select N vectors from V,, such that,
1. Each basis element of GF(2") should occur (can be as a
combination) atleast once in each vector.
2. If the i™ vector is choosen (i + 1)™ vector should be
selected such that its rank distance from any linear
combination of the previous i vectors is n.

Now the set of all linear combinations of these N vectors over
GF(2) will be such that the distance between any two vectors is
n.

Hence it is a (n, n, n) set. Also the cardinality of this (n, n, n) set
is 2% — 1. (We do not count the all zero linear combination).
Thus A(n, n, n) =2N—1.

We illustrate this by the following example.

Example 1.3: Consider GF(2") for any N > 1. As in example
1.2, we represent GF(2™) as a linear combination of the symbols
1,2, ..., Nover GF(2).

Let n = 2. We construct a (2, 2, 2) set by taking the set of all
linear combinations of the N vectors choosen as follows:

We have two cases to be considered separately, when N is
an odd integer say 2k + 1 and when N is an even integer say 2k.

Case 1. N is an odd integer say 2k + 1. In this case choose the N
vectors as 12, 23, 34, ..., 2k +1) (12).
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Case 2. N is an even integer say 2k.

In this case choose the N vectors as 1(12), 21, 3(34), 43, ...,
2k —1) ((2k — 1)2k), (2k) (2k - 1).

Consider the set of linear combinations of the N-vectors. It
can be verified easily that this set is a (2, 2, 2) set.

Now we obtain the value of A(n, r, d) for a particular triple,
when n=4, r=2 and d = 4 in the following theorem.

THEOREM 1.8: A(4, 2, 4) = 5 over any Galois field GF(2").

Proof: Consider V*, the 4-dimensional space over GF(2"). We
denote the elements of V* as 4-tuples (a b ¢ d) where a, b, ¢, d €
GF(2").

Denote by V,, the set of vectors of rank 2 in V*. The
cardinality of V5 is 35 x (2" — 1) (2" — 2). (since

v, =L, (4 = Z 2D 222" -D@" ~2)
C (2> -1)(2* -2) :

Thus for each distinct non-zero pair of elements of GF(2") there
are 35 vectors in V,.

Let a, b € GF(2") be such that a # 0, b#0 and a #b. Divide
the set of 35 vectors containing a, b and the linear combination
(ab) into six blocks as follows:

I I m v v VI

00ab aaab

0a0b a00b a0ab abab | aab0 | ab(ab)b
ab00 aba(ab)

0ab0 abba | aba0 | aOb(ab)
aa0b ab(ab)a

Oaab aaab | abb0 | ab(ab)0
ab0a | ab(ab)(ab)

Oaba aaba | aab(ab) | a0Ob0
abOb a0ba

Obaa bO(ab) 0bb abaa | abbab

Oab(ab) | 7 a abbb
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From the arrangement of these six blocks it can be verified
easily that atmost 5 vectors can be chosen to form any (4, 2, 4)
set.

For example if we choose a vector of pattern 00ab then no
vector of any other pattern from block I can be chosen
(otherwise distance between the two is < 4).

Now, move to block II. The first pattern in block II cannot
be chosen. So select a vector in the second pattern ab00. No
other pattern can be selected from block II.

Now move to block III. Here also the first pattern cannot be
chosen. So choose a vector of the pattern aba(ab). Similarly
from block IV select the pattern abab. In the block V, the first
four pattern cannot be selected. Hence select the pattern
abb(ab).

Now move to block VI. But no pattern can be selected from
block VI since each pattern is at a distance less than four from
one of the already selected patterns. Similarly we can exhaust
all the possibilities. Hence a (4, 2, 4) set in this space can have
atmost five vectors.

Also it is always possible to choose five vectors in different
patterns to form a set (4, 2, 4) set. Thus A(4, 2, 4) = 5.

Now we proceed on to give a general bound for A(n, n, d).

THEOREM 1.9: A(n, n, d) <(2" = 1) 2" =2) ... (2" = 2" over
any field GF(2").

Proof: Let V, be the set of vectors of rank n in the space V".
The cardinality of V,, is given by

QN1 N=2) ... @Y =2".
Now for a (n, n, d) set two vectors should be different atleast by
d coordinate places.
Thus the cardinality of any (n, n, d) set is less than or equal
to

N-1)2N-2) ... 2V -2"9.

This proves,
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A, nd)<¥-1)2Y=2) ... @Y -2,

These AMRD codes are useful for error correction in data
storage systems.
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Chapter Two

RANK DISTANCE BICODES
AND THEIR PROPERTIES

In this chapter we define for the first time the notion of Rank
Distance Bicodes; RD-Bicodes and derive some interesting
results about them. The properties of bivector spaces and
bimatrices can be had from the books [91-93].

As the error correcting capability of a code depends mainly
on the distance between codewords, not only choosing an
appropriate metric is important but also simultaneous working
of a pair of system would be advantageous in this computerized
world. This is done by introducing the concepts of rank distance
bicodes, maximum rank distance bicodes, circulant rank
bicodes, RD-MRD bicodes, RD-circulant bicodes, MRD
circulant bicodes, RD-AMRD bicodes, AMRD bicodes and so
on. We aim to give certain classes of new bicodes with rank
metric.
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Let V" and V™ be n-dimensional and m-dimensional vector
spaces over the field FqN ;n<Nand m<N (m#n). Thatis V" =

F:N and V" = F:,l :

We know V = V" U V" is a (m, n) dimensional vector
bispace (or bivector space) over the field FqN. By fixing a
bibasis of V.=V" U V" over FqN we can represent any element x
Uy eV =(V"uV"asa (n, m)-tuple; (X1, ..., Xa) Y (Y1, -+» Ym)
where x; yj € FqN ;1<i<nand 1 £j<m. Again FqN can be
considered as a pseudo false linear bispace of dimension (N, N)
over Fy (we say a linear vector bispace V = V" U V" to be a

pseudo false linear bispace if m = n = N). Hence the elements x;,
yj € FClN has a representation as N-bituple (o, ..., ani) U (Bij,

..., Bnj) over Fq with respect to some fixed bibasis. Hence
associated with each x Uy € V' U V" (n # m) there is a
bimatrix

all s aIn bll blm
a ... a b ... b
meoumy)=| T o T
ay, ... Ay, by, ... by,

where the i" U j" column represents the i U j coordinate of x;
wyjof x Uy over Fg.

Remark: In order to develop the new notion of rank distance
bicodes and trying to give the bimatrices and biranks associated
with them we are forced to define the notion of pseudo false
bivector spaces.

For example; V=7 UZ; is a false pseudo bivector space over
Z,. Likewise Z] UZ] is a pseudo false bivector space over Zs.

Also V = Z:S U Z:S is a pseudo false bivector space over Z ;.
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However throughout this book we will be using only vector
bispaces over Z, or Z2N unless otherwise specified.

Now we see to every X U y in the bivector space V' U V"
we have an associated bimatrix m(x) U m(y).

We now proceed on to define the birank of the bimatrix
m(x) U m(y) over F, or GF(2).

DEFINITION 2.1: The birank of an element x Uy € (V' V") is
defined as the birank of the bimatrix m(x) U m(y) over GF(2) or
F,. (the birank of the bimatrix m(x) U m(y) is the rank of m(x) v

rank of m(y)).

We shall denote the birank of x Uy by ri(x) Ury(y) =r(x v
), we see analogous to the properties of rank we can in case of
the birank of a bimatrix prove the following:

(i) Foreveryx Uy e V' uV")(x e V'andy € V") we
have r(x Uy) =ri(x) Ury(y) 20 0 (ie., eachri(x) =0
and each ry(y) >0 for everyx € V' andy € V").

(i) r(x vy) =ri(x) Uryy) =0 C0ifandonlyifx Uy =10
Ulie,x=0andy=0.

(iii)  r((x; + x2) U (1 +y) S{rilx) + rix)} () +
ra(vay) for every x;, x; € V' and y;, y; € V". That is we
have r((x; +x3) Uy Ty2) =ri(x;+x3) Ury(y; +y) <
ri(xy) + ri(xy) Ury(yvy) + ri(y); (as we have for every xj,
Xy € V', r(x; +x3) <ri(x;) +ri(xy) and for every y;, y; €
V' rr +y2) Sra(v) + (v2).

(iv) ri(ax) Uray) = |ai|ri(x) U laxr(y) for every a;, a,
eF,or GF(2)andx e V' andy € V"

Thus the bifunction x Uy — ri(x) U ry(y) defines a binorm on
o,

DEFINITION 2.2: The bimetric induced by the birank binorm is
defined as the birank bimetric on V' U V" and is denoted by
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de udRz. If x; Uy, x Uy, € V' U V" then the birank

bidistance between x; Uy; and x; Uy, is
de (x13x2)UdR2 Dy =1 —x)Un(y —»,)
(here de (x5, X3) = ri(x; — x3) for every x;, x; in V", the rank

distance between x; and x; likewise for y;, y, € V").

DEFINITION 2.3: 4 linear bispace V' V" over GF(2"), N > 1

of bidimension n U m such that n <N and m <N equipped with
the birank bimetric is defined as the birank bispace.

DEFINITION 2.4: A birank bidistance RD bicode of bilength n &
m over GF(2") is a bisubset of the birank bispace V"' U V" over
GF(2").

DEFINITION 2.5: A linear [n;, k;] U [ny k;] RD bicode is a
linear bisubspace of bidimension k; U k; in the birank bispace
V' oV By Cifny, ki] U Cifny, ky], we denote a linear [n;, k]
U [ny, ky] RD bicode.

We can equivalently define a RD bicode as follows:

DEFINITION 2.6: Let V" and V", m # n be rank spaces over
GF(2"), N > 1. Suppose P c V" and Q < V" be subsets of the
rank spaces over GF(2"). Then P © Q < V" U V" is a rank
distance bicode of bilength (n, m) over GF(2").

DEFINITION 2.7: Let C;[n;, k;] be [n;, k;] RD code (ie., a
linear subspace of dimension k;, in the rank space V") and
Cofny, ky] be [ny k] RD code (i.e., a linear subspace of
dimension k; in the rank space V") (m # n); then C[n;, k;] v
Cy[n,, ky] is defined as the linear RD bicode of the linear
bisubspace of dimension (k;, k) in the rank bispace V"' V™.

Now we proceed onto define the notion of the generator
bimatrix of a linear [n;, k;] U [n,, k] RD bicode.
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DEFINITION 2.8: A generator bimatrix of a linear [n,, k;] U [n,,
ky] RD-bicode C; v C, is a k; x n; Uk, x ny bimatrix over
GF(2") whose birows form a bibasis for C; U C,. A generator
bimatrix G = G; U G; of a linear RD bicode C,[n;, ki] C Cs[n,
k2] can be brought into the form G = G, v G, = [I, , 4, , , 1 v

[y, s Ay, 1,1 where I, I, is the identity matrix and A, ,

i =1, 2 is some matrix over GF(2"). This form of G = G, U G,
is called the standard form.

=k

DEFINITION 2.9: If G = G; v G, is a generator bimatrix of
Ci[ny, k;] U Csfny, k] then a bimatrix H= H; U H; of order (n;
—k; xny, ny—k; xny) over GF(ZN) such that

GH' = (G, UG, (H, UH,)"

= (G, vGy (H VH;)
= GIHIT U GZHZT
=0 u0

is called a parity check bimatrix of C,[n,, k;] U Cy[n,, ky].
Suppose C = C; U C; is a linear [n;, k] U [n,, ky] RD code
with G = G; U G, and H = H; U H, as its generator and parity
check bimatrices respectively, then C = C; v C, has two
representation,
(i) C=C; UCyisarow bispace of G = G; UG, (i.e., Cyis the
row space of G; and C; is the row space of G)
(ii) C = C; U C,is the solution bispace of H=H,; UH,, ie., C,
is the solution space of H; and C, is the solution space of H..

Now we proceed on to define the notion of minimum rank
bidistance of a rank distance bicode C = C; U C..

DEFINITION 2.10: Let C = C; v C, be a rank distance bicode,
the minimum-rank bidistance is defined by d = d; U d, where,
d; = min{dp(x, y) | x, y € C;, x #y}
and
d, = min{dg(x, y) | x, y € C}, x Zy}
ie.,

d=d, vd,
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=min{r;(x) |x € C;andx =0} U
min {ry(x) | x € C;andx =0} .

If an RD bicode C = C; U C; has the minimum rank bidistance
d=d; ud, then it can correct all bierrors
d=d, uvd; e Fq’i, UE;Z

with birank
r(e) = (r; Ury)(e; Uey)

=rile;) Uries) SLdlz_lJu[dz _IJ.

2

Let C = C; v C; denote an [ny, k;] U [n,, k] RD-bicode over
FqN . A generator bimatrix G = G, UG, of C=C; U Crisak;

xn; Uk, x ny bimatrix with entries from F; v whose rows form
a bibasis for C = C; U C,. Then an (n;—k;) xn; U (ny—ky) xn;
bimatrix H = H; U H, with entries from F; v such that
GH' = (G, UG, (Hy UH)"
= (G, UGy (H{ VH;)
= GH! VG H]
=0 U0

is called the parity check bimatrix of C = C; U C,.

The result analogous to singleton-style bound in case of RD
bicode is given in the following:

Result (singleton-style bound) The minimum rank bidistance d
=d, U d, of any linear [n,, k;] U [ny, k,] RD bicode C = C; U
G, c Fq’f\, U F; ", satisfies the following bounds.

d:d1Ud2£n1—k1+1U1’12—k2+1.

Based on this notion we now proceed on to define the new
notion of Maximum Rank Distance (MRD) bicodes.
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DEFINITION 2.11: 4n [n;, k;, d;] U [n,, ks, dy] RD bicode C =
C; v Cyis called a Maximum Rank Distance (MRD) bicode if
the singleton-style bound is reached, that is d = d;, o d, = n; —
k] + 17 L/I’lg*kg +1.

Now we proceed on to briefly give the construction of MRD
bicode.

Let [s] = [si] U [s2] = q" wq™ for any two integers s; and s,.
Let {gl; ceny gn} o {h], hz, ..
that are linearly independent over over F,. A generator bimatrix

G = Gy U Gy of an MRD bicode C = C; U C, is defined by G =
G1 |\ G2

., hn} be any set of elements in FqN

g g, g h, h, h,
R Y I
S ¥ R RCI
) S 2

It can be easily proved that the bicode C = C; U C, given by the
generator bimatrix G = G; U Gy, has the rank bidistance d = d,;
uUd,=(n; -k + 1)U (n; — k, + 1). Any bimatrix of the above
from is called a Frobenius bimatrix with generating bivector

gc = & uhc2

= (gla ERRE) gn) o (hla h2: EEED) hm)

One can prove the following theorem:

THEOREM 2.1: Let C[I’l, k] = C](I’l], k]) (&2 Cg(ng, kg) be the
linear (n;, ki, d;) U (ny, ks, dy) MRD bicode with d; = 2t; + 1
and d, = 2t; + 1. Then C[n, k] = Ci(n;, k;) C Cy(ny, k), bicode
corrects all bierrors of birank atmost t = t; U t, and detects all
bierrors of birank greater than t = t; Ut,.
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Consider the Galois field GF(2"), N> 1. An element o, U B, €

GF(2™) U GF(2") can be denoted by a biN-tuple (ay, ..., an1) U

(by, by, ..., bx1) as well as by the bipolynomial
atax+..+ay X' "Ubg+bx+ .. +by  x !

over GF(2).

We now proceed on to define the new notion of circulant
bitranspose.

DEFINITION 2.12: The circulant bitranspose T, = Tcl1 uTg2 of a
bivector ¢ = oy U B = (ay, ..., ay.;) U (by, by, ..., by €
GF(2") is defined as

OlTC =0!1TC1 Uﬂ;fz = (ao, aj, ..., aN,I) U(bo, b[, veey bN,j).
If a=a UpB e GF2") U GF2") has the bipolynomial
representation

ap+ax+ .. tay XN T Uby+bixt oAby X!
in

GF(2)(x) GF(2)(x)
U
<xN + 1> <xN + 1>
then by; o; = ay; U [P we denote the bivector corresponding to

the bipolynomial

[(ap+a;x+ ... +ay_ ;X" )-x] mod(x"+1)
Uf(by + bix+ ..+ by X)) X'] mod(x"+1)

fori=012 ..., N=1 (Note y=a; US = ).

Now we proceed on to define the biword generated by o = o; U

Ba.

DEFINITION 2.13: Let f = f; U for GF2") v GF(2")—
[GF2N)]Y U [GF(2")]" be defined as,
M) = fi(e) UfaBr) i

1 1 1 2 2

T T, T, T

— a a (o] &) (&)
=(a," 00,05 )V (B2, B, B
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We call fla) = fi(a;)) Ufo(Bs) as the biword generated by o =
Uﬂg.

We analogous to the definition given in MacWilliams and
Sloane [61] define circulant bimatrix associated with a bivector
in GF(2") U GF(2M).

DEFINITION 2.14: A4 bimatrix of the from

0 1 N1 o 1 V-1
Ay 4 ay_ by, b, by ,
a a .. a, b b, ... b

is called the circulant bimatrix associated with the bivector (ay,
ap, ..., ay.y) U (by by, ..., by,) € GF(2") OGF2"). Thus with
each o = a; U By € GF(2") UGF2"), we can associate a

. . . th . T} 72 .
circulant bimatrix whose i bicolumn represents o, O [, ; i

=01 2, .., N— 1 f=f; Uf, is nothing but a bimapping of
GF(2") UGF(2") on to the pseudo false bialgebra of all N x N
circulant bimatrices over GF(2). Denote the bispace

HGF(2") = f(GF(2")) U(GF(2%) by VY LV

We define binorm of a biword v = v; U v, € VN U VN as
follows.

DEFINITION 2.15: The binorm of a biword v =v; Uv, € "o
VN is defined as the birank of v = v, U v, over GF(2") (by
considering it as a circulant bimatrix over GF(2)).

We denote the binorm of v = v; U v; by 1(v) = 11(vy) U 12(v2),
we prove the following theorem:

THEOREM 2.2: Suppose a = a; U 5, € GF(2") U GF(2") has

the bipolynomial representation g;(x) U hy(x) over GF(2) such
that ged (g,(x), X" + 1) has degree N — k; and ged (hy(x), X" + 1)
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has degree N — k; where 1 <k;, k; <N; then the binorm of the
biword generated by a = a; U B is k; Uk,

Proof: We know the binorm of the biword generated by o = o
U B, is the birank of the circulant bimatrix

= (0", 0y ) U (B By B
where o =ocE“ UB;‘%Z represents the bipolynomial [x'g(x)]
[mod x™ +1] U [x'hy(x)] [mod x" +1] over GF(2). Suppose the
biged (g1(x), X" +1) U (ha(x), x"+1) has bidegree N —k; UN —
ks, (0<k;, ko <N-1).

To prove that the biword generated by o = a; U [, has birank k;
U ko. It is enough to prove that the bispace generated by the N-
bipolynomials

{g1(x) mod (xN + 1), (xg1(x)) [mod xN +1], ...,
[xXg1(x)] mod[x" + 17} U
{hy(x) mod (x" + 1), (xhy(x)) [mod x" +1], ...,
[x"'hy(x)] mod (x" + 1)}

has bidimension k; U k,. We will prove that the biset of k; U
k, bipolynomials

{g1(x) mod (xN + 1), (xg1(x)) mod (xN +1),...,
M gy(x)) mod(xN + 1)}
U {hy(x) mod (x" + 1), (xhy(x)) (mod x" + 1), ...,
(x""hy (x)) (mod x™ + 1)}

forms a bibasis for this bispace.
If possible let

a(21() + ai(xgi(x) + ... + a, (X7 2i(x) U bo(ha(x))
+bi(xhy(x)) + ... + bkz—l(xkrlhz (x))
=0 U 0(mod x" + 1)
where a;, b; € GF(2).
This implies x™ U x™*! bidivides
(@ tax+...+ aklflxkl_l )gi1(x)
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U (bo +bx+ ...+ bkz_ZXkr1 )hz(X)
Now if
21(x) U hy(x) = pi(x) a1(x) U pa(x) ba(x)

where, pi(x) U pa(x) is the biged {(gi(x), x™ + 1) U (hy(x), x" +
1)} then (a;(x), X" + 1) U (by(x), x¥ + 1) =1 U 1. Thus x" + 1
bidivides

(apt+ax+...+ akﬁlxk'"l )g1(x)

U(bgtbx+...+ bkﬂxkfl Yhy(x)

which inturn implies that the biquotient

0 o)

bidivides
(aptax+..+ ak]flxk‘_1 )ai(x)
U(bgtbx+...+ bkﬂxkfl )ba(x)
That is
S o)
( pl(x) Y pz(x)
bidivides

(ap+ax+...+a, x"")U(bg+bx+.. +b_,x7)

which is a contradiction as

(0] o)

has bidegree k; U k, where as the bipolynomial (ap + a;x + ... +
a, X)) U (bp+bx+ ...+ b, ,x°") has bidegree atmost k;

—1 U k;, —1. Hence the bipolynomials

{g1(x) mod (x" + 1), xg;(x) mod (x" + 1), ...,
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X7 g (x) mod(xN + 1)} U
{hy(x) mod (x" + 1), xhy(x)mod (x" + 1), ...,
x"hy (x) mod (x" + 1)}

are bilinearly independent over GF(2) U GF(2), i.e;

{g(x) mod (x" + 1), xg;(x) mod (x" + 1), ...,
x4 g(x) mod(x" + 1)}
U {hy(x) mod (x" + 1), xhy(x)mod (x" + 1), ...,
x*"hy (x) mod (x" + 1)}

bigenerate the bispace. For this it is enough to prove that x'g;(x)
U x'hy(x) is a linear bicombination of these bipolynomials for k;
<i<N-landk, <i<N-1 Letx"+1uUx"+1=px)qx)
U p2(X)q2(x) where
Q) Y qa(x) =
Co+CX+..+c, X Udy+dx+...+d, x

(Note:c, =¢, =land d, =d,, =1, since q;(x) U qx(x) bidivides

XN+ 1uxMN+ 1, ie., gi(x) divides x™ + 1 and gy(x) divides x™ +
1). Also we have
g1(x) = pi(x) ai(x)

and
| () = pa(x) ba(x)
ie.,
g1(x) U hy(x) = pi(x) ai(x) U pa(X) ba(x).
Thus
N N _ b (x) b (x)
x +lux +1 (gl(x) al(x)]u(hz(x) bz(x)J
that is
g,(x) RuIed) = 0mod(x" +1)
a,(x)
and

h, (x) .% =0 mod(x™ +1)
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N+HluxN+1= [gl(X)pI(X)JU(hZ(X)p2(X)j

a,(x) b,(x)

Now

g (x)(a, +ax+..+a, x"")

a,(x)
k]
:{&} mod(x"™ +1) (since a; =1).

a,(x)

That is

xklgl x)=(a,+ax+..+ 211(_1>(1"’lt¢g1 (x))mod(x" +1).
Hence,
X g (x)=(a,g,(x)+a,(xg, (X)) +...+
a, [x""'g, (0] mod(x™ +1);

a linear combination of

g1(x) mod(x™ + 1), [xgi(x)] mod (x" + 1), ...,
[x“7 gi(x)] mod(x" + 1)

over GF(2).

Now it can be easily proved that x'gy(x) is a linear
combination of

g1(x) mod (x"+1), xg;(x) mod (x"+1), ...,
x“ g, (x)mod(x" +1)

for 1> k.

Similar argument holds good for x'h,(x) where i > k,. Hence
the bispace generated by the bipolynomial {g,(x) mod (x" + 1),
xgi(x) mod (x" + 1), ..., x“"g;(x) mod(x" + 1)} U U {hy(x)
mod (x" + 1), xhy(x)mod (x" + 1), ..., x*"h, (x) mod (x" + 1)}
has bidimension k; U ky; i.e., the birank of the biword generated
by a=o; U By is k; Uk,.

Now we have the two corollaries to be true.

COROLLARY 2.1: If a = a; U f3, € GF(2") UGF(2") is such

that its bipolynomial representation g;(x) U hy(x) is relatively
prime to x"+1 Ux"+1 (i.e. g(x) is relatively prime to x"+1 and
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ha(x) is relatively prime to x" + 1) then the binorm of the biword

generated by a = a; U By is (N, N) and f(a) = fi(a) U fr(f) is
invertible.

Proof: Follows from the theorem biged(g(x) U hay(x), x"+1 U
XN+ 1)

= biged(g(x), x"+ 1) U (hy(x), x"+ 1)

=1lul

has bidegree 0 U 0 and hence birank of f(a) = fi(a;) U £(B,) is
(N, N).

COROLLARY 2.2: The binorms of the bivectors corresponding
to the bipolynomials x + 1 Ux + I andx" "+ x" "2+ .. +x+
1 oxXN T+ XN 2+ .+ x+ I are respectively (N— 1, N— 1)
and (1, 1).

Now we proceed on to define the bidistance bifunction on VN U
VN,

DEFINITION 2.16: The bidistance between two biwords u = u;
Cuyandv=v; Uv,in V¥ OV is defined as
d(u, v) = di(u;, vi) Uda(us, v2)
=r(u+v)
=ri(u; +vy) Ur(u; +vy).

Now we proceed on to define the new notion of circulant rank
bicodes of bilength N = N; U N,.

DEFINITION 2.17: Let C; be a circulant rank code of length N,
which is a subspace of V"' equipped with the distance function
di(u;, vi) = ri(u;, v;) and C; be a circulant rank code of length
N, which is the subspace of V" equipped with distance
function da(us, v3) = ra(us, vo) where V' and V" are spaces
defined over GF (ZN ) with N; #N,. C = C; U C is defined as the
circulant birank bicode of bilength N = N; UN, defined as a
bisubsapce of V™ UV™  equipped with the bidistance
bifunction
di(uy, vi) Uda(uz, vo) = rifus+vy) Ura(uz+vs).
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DEFINITION 2.18: A circulant birank bicode of bilength N = N,
UN, is called bicyclic if whenever (vll...v]lvl) v () ...ufvz) is a

. ., . . 1.1 1 1 2,2 2 2 .
bicodeword then it implies (vyvy ... vy V) U (uyus ... uy uy) is

also a bicodeword.
Now we proceed on to define semi MRD bicode.

DEFINITION 2.19: Let C;/n,;, k;] be a [n;, k;] RD code and
Cz[ng, kz, dz] be a MRD code. C1[I’l1, k1] (% Cz[ng, kg, dg] is
defined as the semi MRD bicode if n; #n, and k; #k; and C[n;,
k;] is only a RD-code and not a MRD code.

These bicodes will be useful in application where one set of
code never attains the singleton-style bound were as the other
code attains the singleton style bound.

The special nature of these codes will be very useful in
applications were two types of RD codes are used
simultaneously. Next we proceed on to define the notion of
semi circulant rank bicode of type I and type II.

DEFINITION 2.20: Let C; = Cy[ny, k;] be a RD-code and C, be a
circulant rank code both are subspaces of rank spaces defined
over the same field GF(2"). Then C, U C, is defined as the semi
circulant rank bicode of type 1.

These codes find their application where one RD-code which
does not attain its single style bound and another need is a
circulant rank code. Now we proceed on to define the new
concept of semi circulant rank bicode of type II.

DEFINITION 2.21: Let [ny, k;, d;] = C; be a MRD code and C,
be a circulant rank code both are subspaces or rank spaces
defined over the same field GF(2") or F; v. C; UCsis defined to

be semi circulant bicode of type I1.
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We see in semi circulant rank bicodes of type I, we use only RD
codes which are not MRD codes and in semi circulant rank
bicodes of type II, we use only MRD codes which are never RD
codes. These rank bicodes will find their applications in special
situations. Next we proceed on to define semicyclic circulant
rank bicode of type I and type II.

DEFINITION 2.22: Let Ci[n;, k;] be a RD-code which is not a
MRD code and C, be a cyclic circulant rank code, both take
entries from the same field GF(2"). C, U C; is defined to be a
semicyclic circulant rank bicode of type 1.

These also can be used when simultaneous use of two different
types of rank codes are needed. Next we proceed on to define
the notion of semicyclic circulant rank bicode of type II.

DEFINITION 2.23: Let [n;, k;, d;] = C; be a MRD-code which is
a subspace of V", V" defined over GF(2"). C, be a cyclic
circulant rank code with entries from GF(2N). C, v C,is
defined to be the semicyclic circulant rank bicode.

These bicodes also find their applications when two types of
codes are needed simultaneously. Next we proceed on to define
semicyclic circulant rank bicode.

DEFINITION 2.24: Let C; be a circulant rank code and C, be a
cyclic circulant rank code, C; U C, is defined as the semicyclic

circulant rank bicode, both C; and C, take entries from the
same field.

The special semicyclic circulant rank bicodes can be used in
communication bichannel having very high error probability for
error correction.

Now we proceed on to define yet another class of rank bicodes.
DEFINITION 2.25: Let C;[n;, k;] and C,[n, ky] be any two

distinct Almost Maximum Rank Distance (AMRD) codes with
the minimum distances greater than or equal to n; — k; and ny —
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k; respectively defined over GF(ZN). Then Ci[n;, ki] v Cy[n,,
ky] is defined as the Almost Maximum Rank Distance bicode
(AMRD-bicode) over GF(2").

An AMRD bicode whose minimum bidistance is greater than n;
—k; U ny — ky is an MRD bicode and hence the class of MRD
bicodes is a subclass of the class of AMRD bicode.

We have an interesting property about these AMRD bicodes.

THEOREM 2.3: When n; — k; U ny — ky is an odd pair of
biintegers (i.e., n; — k; and n, — k, are odd integers);

(i) The error correcting capability of the [n;, k;] U [ns, k;]
AMRD bicode is equal to that of an [n,, k;] U [n,, k;]
MRD bicode.

(ii) An [ny, k;] U [ny, k] AMRD bicode is better than any
[n1, ki] U [ny, ky] bicode in Hamming metric for error
correction.

Proof: (i) Suppose C = C; U C, is a [ny, k] U [ny, k] AMRD
bicode such that n; — k; U n, — k; is an odd biinteger (i.e., n; —
k; # n, — k; are odd integers). The maximum number of bierrors
corrected by C = C; U C, is given by
(n, -k -1 U (n, -k, -1 .
2 2

But

(n, -k, -1) O (n, -k, -1
2 2

is equal to the error correcting capability of an [ny, k;] U [ny, k;]
MRD bicode (Since n; — k; and n, — k; are odd). Thus when n; —
k; U n, — k; is biodd (i.e., both n; — k; and n, — k; are odd) the
[n;, k;] U [y, k,] AMRD bicode is as good as an [n;, k;] U [ny,
k,] MRD bicode.

(i1) Suppose C = C; U C, is a [ny, k] U [ny, k] AMRD bicode
such that n; — k; and n, — k, are odd. Then, each bicodeword of
C can correct L, (n,)UL, (n,)=L (n) error bivectors where
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r=r Ut = (n, _;(1 _1)U(n2 _;(2 -1)

and
L. (n)=L, (n)UL, (n,)

=1+i{ﬂ(2“ “D..2Y =27 u
i=1 | 1

1+i[nﬂ(2N _1)..2Y =2,
-1 1

Consider the same [ny, k;] U [ny, k;] bicode in Hamming metric.
Let it be D; U D, = D, then the minimum bidistance of D is
atmost (n; — k; +1) U (n, — k, + 1). The error correcting
capability of D is

(n, -k, +1-1) O (n, -k, +1-1) — Uz,
2 2
([n; — k;] and [n, — k;] are odd).
Hence the number of error bivectors corrected by a
codeword is given by

4

Z|:nil:|(2N _1) Ui{niz :|(2N 1)

i=0

which is clearly less than L (n,) UL, (n,).

Thus the number of error bivectors that can be corrected by
the [ny, k;] U [n,, k,] AMRD bicode is much greater than that of
the same bicode considered in Hamming metric.

For a given bilength n = n; U n,, a single error correcting
AMRD bicode is one having bidimension n; — 3 U n, —3 and the
minimum distance greater than or equal to 3 U 3. We now
proceed on to give a characterization of a single error correcting
AMRD bicode in terms of its parity check bimatrices. The
characterization is based on the condition for the minimum
distance proved by Gabidulin in [24, 27].
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THEOREM 2.4: Let H=H, UH, = () U(a;) bea 3 xn, U3
x n, bimatrix of birank 3 over GF(2"); n; <N and n, <N which
satisfies the following condition. For any two distinct, non
empty bisubsets P;, P, where B=B' UP, and P,=B’ UP} of
{1, 2, ...,n}and{l, 2, 3, ..., ny} respectively there exists

i =il Uiy, i, =i, Ui €{l,2, 3} U{l, 2, 3}
such that,

LS ST ¥ D L o

jen bW dep [ A P

DI VDR S|

jent L1 iep J2eR? 12]1 KBeP?

then, H = H, U H; as a parity check bimatrix defines a [n;, n;—
3] U/[ny, ny =3] single bierror correcting AMRD bicode over
GF(2").

Proof: Given H = H; UH; is a 3 xn; U3 xn, bimatrix of
birank 3 U 3 over GF(2"), so H = H, U H, as a parity check
bimatrix defines a [n;, n;— 3] W [n,, n,— 3] RD bicode C =C,; U
C, over GF(2") where,

C, ={xeV"|xH/ =0}
and

={xe V™ |xH] =0}.

It remains to prove that the minimum bidistance of C = C; U C,
is greater than or equal to 3 U 3. We will prove that no non zero
bicodeword of C = C; U C, has birank less than 3 U 3. The
proof is by method of contradiction.

Suppose there exists a non zero bicodeword x = x; U X
such that ri(x;) £ 2 and ry(x;) < 2, then x = x; U X, can be
written as X = X; U X3 = (y; U y2) M; U M,) where
y, =(y1,yy) and y, =(¥,¥3); ¥1,¥5.:,¥> € GF2Y) and M =
M, UM, = (mij) v, (mfj) isa2 xn; U2 xn, bimatrix of birank

2 U 2 over GF(2). Thus
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(YM)H' = yMH Uy,M,H; =000
implies that
y(MH") = y,(M;H) Uy, (M,H]) =0 L0.

Since y = y; U y, is non zero; y(MH") = 0 U 0; implies
yiM;H ) = 0 and y,(M,H, ) = 0 that is the 2 x 3 bimatrix
M,H] UM, H] has birank less than 2 over GF(2").

Now let
P, =P/ UP, ={j, such that m;, =1} U {j; such that m;, =1}

and
P, =P’ UP; = {j such that m}, =1} U {j; such that m}, =1}.

Since M = M; U M, = (mij)u(mfj) is a 2 x 2 bimatrix of

birank 2 U 2. Py and P, are disjoint non empty bisubsets of {1,
2,...,n} U {l,2, ..., n} respectively and

M,H" =M H] UM,H]

1 1 1
2% &% &%

J'% EPll j} EPll j} EPll

1 1 1
20 &% &%

.
jlep! 1j, jlep!
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But the selection of H = H; U H, is such that their exists
i},1},i3,i; € {1, 2, 3} such that

Zall OL Uzazz 221(
2

jiep! 1]1 k,ePj j3ep? 1.]2 k,ePy

2
7&20(1120( MDD
1 2

jepl L el L zepr by 1Gep?

Hence in MH' =M H UM,H) there exists a 2 x 2 subbimatrix
whose determinant is non zero;
ie.,
r(MH") =1, (MH/ )Ur, (M,H])
=202
over GF(2); this contradicts the fact that birank of
MH' =M H UM,H] <2U2.

Hence the result.

Now using constant rank code, we proceed on to define the
notion of constant rank bicodes of bilength n; U n,.

DEFINITION 2.26: Let C = C; U C; be a rank bicode, where C;
is a constant rank code of length n; (a subset of rank space V")
and C, is a constant rank code of length n, (a subset of rank

space V™ ) then C is a constant rank bicode of bilength n; Un,;
that is every bicodeword has same birank.

DEFINITION 2.27: A(n,, r;, d;) U A(ny, s, ds) is defined as the
maximum number of bivectors in V" V™, constant birank
r; Ury and bidistance between any two bivectors is atleast
d] L/dg.

(By a (n;, ri, d;) U (ny, vy, dy) biset we mean a bisubset of
bivectors of V" UV™ having constant birank r; Ur, and
bidistance between any two bivectors is atleast d; U d,).
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We analyze the bifunction A(ny, 1, d;) U A(ny, 13, dy) by the
following theorem.

THEOREM 2.5:
() A(ny, ri, d) U A(ny, 1o dy)) =L, (n) VL, (n,), the number

of bivectors of birankr; Uryin V" V™,
(11) A(I’l], ry, d]) UA(}’lz, 7, dg) =0uv0 lfl"] > Oandr2 > 00]"()’1
>n;andd, > n,ord; > 2r;and d, > 2r,

Proof: (1) Follows from the fact that L, (n,)UL_(n,) is the
number of bivectors of bilength n; U n,, constant birank r; U r,
and bidistance between any two distinct bivectors in a rank
bispace V" U V"™ | is always greater than or equal to 1 U 1.

(i1) Follows immediately from the definition of A(ny, 1y, d;) U
A(ny, 12, do).

THEOREM 2.6: A(n;, 1, 2) VA, 1,2) =2" —102" —1 over
any Galois field GF(2").

Proof: Denote by V| U V, the set of bivectors of birank 1 U 1
in V" UV™ ., We know for each non zero element o; U o, €
GF(2") there exists (2" —1)uU (2™ —1) bivectors of birank 1 U
1 having o,V o, as a coordinate. Thus the cardinality
of ViuV, is 2N -D(2" -1)u2Y -1)(2™ —1) .Now bidivide
ViUV, into (2" —=1)u@2™ —1) blocks of (2" -1)u (2™ -1)
bivectors such that each block consists of the same pattern of all
nonzero bielements of GF(2™) U GF(2V).

Then from each biblock almost one bivector can be chosen
such that the selected bivectors are atleast rank 2 apart from
each other. Such a biset we call as a (ny, 1, 2) U (ny, 1, 2) biset.
Also it is always possible to construct such a biset. Thus A(n,,
1,b2)UA(n,, 1,2) =2" -1u2™ —1.

46



THEOREM 2.7: A(n;, n;, n)) UA(ny, ny ny)) =2 -1 02% -1
(i.e. Ay, ny m) =2"—1;i=1, 2); over any GF(2").

Proof: Denote by V, UV, ; the biset of all bivectors of birank

n; U n, in the bispace V" U V™ . We know the bicardinality of
vV, UV, is@"-1)@2"-2)... @"-2""H uR"-1H (2" -2)

. (2% =2""), by the definition of a (n;, n;, n;) U (ny, ny, ny)
biset the bidistance between any two bivectors should be
n; U np. Thus no two bivectors can have a common symbol at a
coordinate place i; U ip; (1 <13 <ny, 1 <1, <ny). This implies
that A(ny, ny, ny) U A(ny, np, np) < 2N 1u2V-1.

Now we construct a (n;, n;, nj) U (ny, ny, ny) biset as
follows. Select N bivectors from V, UV, such that

1. Each bibasis bielement of GF(2“)UGF(2") should
occur (can be as a bicombination) atleast once in each
bivector.

2. If the (i]",iy') bivector is chosen [(i, +1)",(i, +1)"]
bivector should be selected such that its birank
bidistance from any bilinear combination of the
previous (i, 1) bivectors is n; U n,. Now the set of all
bilinear combination of these N U N bivectors over
GF(2) U GF(2), will be such that the bidistance
between any two bivectors is n; U ny. Hence it is a (n;,
n;, n;) U (ny, np, ny) biset. Also the bicardinality of this
(ny, ny, ny) U (ny, 0y, 0y) biset is 2N — 1 U 2N — 1 (we do
not count all zero bilinear combination); thus A(n;, n,
n) U A, n,m)=2"-102"-1.

Recall a [n, 1] repetition RD code is code generated by the
matrix G=(1 1 1 ... 1) over FqN . Any non zero codeword has

rank 1.

DEFINITION 2.28: 4 [n,;, 1] U [ny, 1] repetition RD bicode is a
bicode generated by the bimatrix G = G; UG, = (11 ... 1) U(1
1..1)(G; #G,) over Fz” . Any non zero bicodeword has birank

1 Ul
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We proceed onto define the notion of covering biradius.

DEFINITION 2.29: Let C = C; U C; be a linear [n;, k;] U [n,,
ko] RD bicode defined over F, . The covering biradius of
C =C; v, is defined as the smallest pair of integers (r;, r3)
such that all bivectors in the rank bispace F2 U Fz’,’ﬁ are within
the rank bidistance r; U r; of some bicodeword. The covering
biradius of C = C; U C; is denoted by t(C;) U t(C5). In notation,
1C) =¢Cy) vy(Cy)

max min { ( )}
= +
¢ eC, nix +¢

T x € Fy
max min { ( )}
U r(x,+c .
X, EFZ»? ¢, eC, 2( A T

THEOREM 2.8: The linear [n;, k;] U/[ny k] RD bicode
C= C] UC2 satisﬁes t(C) = t(C1) ut(Cz) <ny —k1 unz—kg.

Proof is direct.

THEOREM 2.9: The covering biradius of a [n;, 1] U/[ny 1]
repetition RD-bicode over F, is [n;—1] U [n;—1].

Direct from theorem 2.8 as k; = k, = 1. Next we proceed on to
define the Cartesian biproduct of two linear RD-bicodes.

The Cartesian biproduct of two linear RD-bicodes
C=C,[n},k!]uC,[n},k}] andD=D,[n;,k;JUD,[n},k;] over
E. is given by
CxD=C; xD;uUC,;xD.,.
={(a}.b})|a; €C,.b; eD,} U {(a].b})|a] €C,.,b} €D, }.
CxDisa {(n}+n12)u(n12+n§),(k}+klz)u(k12+k§)} linear

RD bicode (We assume = (n] +n;)<N and (n} +n3)<N).
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Now the reader is left with the task of proving the following
theorem:

THEOREM 2.10: If C = C; v C, and D = D; U D; be two linear
RD bicodes then t(C xD) <(t(C;) + t(D;) Ut(Cy) + t(D>)).

Hint for the proof. f C=C, U C;, and D=D; U D, then C x D
={C;xD;} U {C; x D,} and

t(CxD)=(C; xDy) U (Cy xDy)

<A{HCy) + (D)} L {H(Cy) + (Do)}

Now we proceed on to define notion of bidivisble linear RD
bicodes.

We just recall the definition of divisible linear RD codes. Let
C(n, k, d) be a linear RD code over FqN ,n<Nand N > 1 with
length n, dimension k and minimum distance d. If there exists m

> 1 an integer such that mr(C'q) for all 0 # ¢ € C then the code

C is defined to be divisible. (r(x; q) denotes the rank norm of x
over the field F,).

DEFINITION 2.30: Let C = C](I’l], k;, d]) L/Cg(i’lg, k, dg) be a
linear RD bicode over Fq\ n; <N, n; <N and N > 1. If there

exists (m;, my) (m; > 1 and my > 1) such that

i) ™ (e

forall c; € Cyand for all c; € C, then we say the bicode C is
bidivisible.

THEOREM 2.11: Let C = [ny, 1, n;] U [ny, 15, ny] (n; #ny) be a
MRD-bicode for all n; <N and ny, <N, C is a bidivisible bicode.

Proof: Since there cannot exist bicodewords of birank greater
than (n;, np) in an [ny, 1, n;] U [ny, 1, n,] MRD-bicode.
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DEFINITION 2.31: Let C; = [n;, k;] be a linear RD-code and C,
= (ny, ki, dy) linear divisible RD-code defined over GF(2").
Then the RD-bicode C=C; UC, is defined to be a
semidivisible RD-bicode.

DEFINITION 2.32: Let C; = (ny, k;, d;) be a MRD code which is
not divisible and C,=(ny, k; d;) a divisible RD code defined
over GF(2"); then the bicode C = C; UC; is defined to be a
semidivisible MRD bicode.

DEFINITION 2.33: Let C; be a circulant rank code and C; = (n;,
ky, dy) a divisible RD code defined over GF (ZN ') then
C = C; Uy is defined to be semidivisible circulant bicode.

DEFINITION 2.34: Let C; be a AMRD code and C,= (n;,, kj, d>)
be a divisible RD code defined over GF(2") then C = C; U C, is
defined as a semidivisible AMRD bicode.

To show the existence of non divisible MRD bicodes, we
proceed on to define certain concepts analogous to the ones
used in MRD codes.

DEFINITION 2.35: Let C; be a (n, k, d)) MRD code and
Cy=(ny, ky, d) MRD code over Fq,V ;s n; <N and ny <N; (ny #
ny. A, (n,d\)\ A (n,,d,) be the number of bicodewords with

rank norms s; and s; in the linear (n;, k;, d;) MRD code and (n,,
ks, d;) MRD code respectively. Then the bispectrum of the MRD
bicode C; U C; is described by the formulae;

Ao(ms, dy) UAo(ny, dy) =1 U1

A (n,d) O A, L, (ny,dy) =

{ n }Z iy [dl +ml}q(m,—j,)(2m1—jl—1)(Q,m )

d, +m, 7=0 d, + j
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d, +m, e d, + j, 2

m; = 0, ], ey, N _d], m; = 0, ], ceey I’lz—dg,
where

and

with Q = ¢".

Using the bispectrum of a MRD bicode we prove the following
theorem:

THEOREM 2.12: A4/l C][I’l[, k;, d]] UCQ[I’lg, ks, dg] MRD bicodes
with d; < n; and dy < n, (i.e., with k; > 2 and k; > 2) are non
bidivisible.

Proof: This is proved by making use of the bispectrum of the
MRD bicodes. Clearly A, (n;,d) VA, (n,,d,) #0 U 0.

If the existence of a bicodeword with birank d; + 1w d, + 1
is established then the proof is complete as biged{(d;, d; + 1) U
(dz, d2+ 1)} =1ul.

So the proof is to show that A, (n,,d)) VA, ,(n,,d,) is
non zero (i.e., A, ,,(n;,d)#0 and A, ,,(n,,d,)#0).

Now
Ad1+l (n,,d)v Ad2+l (n,,d,)=

n, d, +1 D4+ (O 1
d +1 (- d [(Q-D+(@Q -D]u
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n, d, +1 1)+ (0% — 1Y] =
a,+1 (- d, [(Q-D+(@Q - D]=

el ]

n, { { d,+1
L)d2+1(Q——)+ Q+1- dq, .
Suppose that

o[y o 4 e

1e.,
di+l
qN +1= q I
q-1
ie.,
d.
qi -1
q-1= qul
Clearly
d; _
q Nfll <1
q
For if
d' —
q N_ll >1
q

then q"' < q%— 1, which is not possible as d; <n; < N;i=1, 2.
Thus q — 1 <1 which implies q < 2 a contradiction.
Hence A, (n,,d,) VA, (n,,d,) is non zero. Thus except

Cl(l’ll, 1, 1’11) U Cz(nz, 1, 1'12) MRD bicodes all C][nl, kl, dl] U
C;[ny, ky, d;] MRD bicodes with d; < n; and d, < n, are non
divisible.
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Now we finally define the notion of fuzzy rank distance
bicodes. Recall von Kaenel [99] introduced the idea of fuzzy
codes with Hamming metric. He analysed the distance
properties for symmetric error model. Hall and Gur Dial [41]
did it for asymmetric and unidirectional error models. Here we
define fuzzy RD bicodes.

The study of coding theory resulted from the encounter of
noise in communication channels which transmit binary digital
data. If a signal 0 or 1 is transmitted electronically it may be
distorted into the other signal. A problem occurs when a
message in the form of an n-tuple is transmitted, distorted in the
channel and received as a new n-tuple representing a different
message.

If both 1 — 0 and 0 — 1 transitions (or errors) appear in a
received word with equal probability then the channel is called
symmetric channel and the errors are called symmetric error. In
an ideal asymmetric channel only one type of error can occur
and the error type is know as apriori. Such errors are known as
asymmetric. If both 1 — 0 and 0 — 1 errors can occur in the
received words, but in any particular word all error are of one
type, then they are called unidirectional errors.

DEFINITION [41, 99]: Let F,' denote the n-dimensional vector

space of n-tuples over F>. Let u, v € F," where u = (u, ..., u,)

and v = (v;, ..., v,). Let p represent the probability that no
transition is made and q represent the probability that a
transition of the specified type occurs, so thatp + q = 1. A fuzzy

word f, is the fuzzy subset of F,' defined by f,, = {(v, fu(v)) | v €

E)' } where f,(v) is the membership function.
(i) For the symmetric error model with the Hamming
distance, d = Z|ul -], £,(v)=p"q".
i=1

(ii) For unidirectional error model,

fu(v):{Oifmin(kl,kz);tO

p"q otherwise

where,
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k, = imax(o,ui -v,)
i=1
and
k, = Zn:max(o,vi —u,)
i=1

k if k, =0
k,if k=0

S uif k=0
i=1

n—Zn:ui if k, =0
i=1

max (Zu,,n—3u, ) if k, =k, =0.

For the asymmetric error model

0if min(k,,k,)#0

p"q? otherwise

o]

where d = k; and m = 2u; for asymmetric 1 — 0 error model
and d = k, and m = n — 2u; for asymmetric 0 — 1 error model.

DEFINITION 2.36: Asymmetric distance d, between u and v is
defined as d,(u, v) = max(k,, k), foru, v € F,".

DEFINITION 2.37: The generalized Hamming distance between
fuzzy sets is a metric in the set f" = {f,; u €F)} that is

d(f,. )= 2| £, 1@ | forfu £ €1

zeFy'

Note that if u € F} represents a received word and C is a
codeword then f.(u) is the probability that ¢ was transmitted.
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THEOREM 2.13: Let u, v € F,' be such that dy(u, v) = d. If p
4 (d o o

#q and p #0, 1 then d(fu,fv)ZZ( J‘ Pl - pq’ ‘ Jor a
i=0 \ !

symmetric error model.

THEOREM 2.14: Let u, v € F," be such that d,(u, v) = d,. If p #

qandp #0, 1 then d(f,,f.)=2(1-q™) for an asymmetric
error model.

These two theorems show that the distance between the fuzzy
words is dependent only on the Hamming or asymmetric
distance (as the case may be) between the base codewords and
not on the dimension of the code space. On the other hand it is
not so with the unidirectional error model.

Now, we proceed onto recall the definition of fuzzy RD codes
and their properties. For more please refer [77, 96].

DEFINITION 2.38: Let V" denote the n-dimensional vector space
of n-tuples over Fz“ n<NandN > 1. Letu, v € V' where u =

(uy, uy, ..., uy) and v = (v;, v, ..., v,) with each u;, v; € F,'. 4
fuzzy RD word f, is the fuzzy subset of V" defined by f, = {(v,
fu(v) | v € V'} where f,(v) is the membership function.

DEFINITION 2.39: For the symmetric error model, assume p to
represent the probability that no transition (i.e., error) is made
and q to represent the probability that a rank error occurs so
thatp +q = 1. Then f,(v) = p""'q where r = r(u—v,; 2) = ||lu —
V).

DEFINITION 2.40: For the unidirectional and asymmetric error
models assume q to represent the probability that 1— 0
transition or 0 — [ transition occurs.

Then f,(v)= H 1., v,) where f,(v,) inherits its definition

i=l1

from the above equation for unidirectional and asymmetric
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error models respectively, since each u; or v; itself in an N-tuple
over F>. That is since u;, v; € FzN each u; or v; itself is an N-

tuple from F,.

Let u; = (uy, up, ..., uy) and v; = (vj, vio, ..., Viy) where u;,
Vi €F, I <s,t<N.

Then for unidirectional error model,

0if min(k,,k,)#0
fu,(Vi):{ Z‘_Zim( il 2)

p" g otherwise

where,
n
kil = Z max(o’ U — Vi )
s=1
and

n
k, = Zmax(o, v, —u,)
s=1

d = ki if ki, =0
© |k if k=0

Zn‘,uis if k=0
s=1

i n_Zn:”m if ky=0
s=1

max(Zu, ,n—32u, )if k, =k, =0.

For the asymmetric error model

0if min(k,,k,)#0
fl‘l,(vi):{ ’”x‘d d( : 2)

p g otherwise

where d; = k;; and
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for asymmetric 0 — I error model d; = k;> and

n
m, =n-— Zum
s=1

for asymmetric 0 — 1 error model.

DEFINITION 2.41: Let f" = {f,. u € V'}. Let w: V, — f" be
defined as w(u) = f,. Clearly v is a bijection. Let C[n, k, d] be
an RD code which is a subspace of V" of dimension k and
minimum rank distance d. Then y(C) cf" is a fuzzy RD code. If
¢ € Cthenf. is a fuzzy RD codeword of w(C). For any RD code
w(C) its minimum distance is defined as,

d,(W(C))=min{d(f,.1,): [, # 1}

furfyew(C)

where d(f,, f, Z| f(z (z) | is a metric in f".

zel"

DEFINITION 2.42: If u € V" represents a received codeword
and c € C then f.(u) gives the probability that c was transmitted.
Let Ou) = {f. | a € C, fo(u) = fs(u), b € C}. A code for which
|Ow)| = 1 for all u € V" is said to be uniquely decodable. In
such a case u is decoded as v~ (Q(u)).

Now we proceed on to define the notion of fuzzy RD bicodes.

DEFINITION 2.43: Let V™" UV™ denote (n;, ny) dimensional
vector bispace of (n;, ny)-tuples over FzN sn; SNandn, <N, N

> 1. Let u,,v, eV" u,,v, V™
where
u, = (ull,...,u:71 )V, = (vll,...,v,lq] ),
u, =(u12,...,ufz) and v, = (vf,...,vi)
with — ul,u’, v,V e F,. A fuzzy RD  bicodeword
Juou, = full ) fé is a fuzzy bisubset of V" U V"™ defined by,
Suns =IO Lo
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= {0, £, D) v €V "y {0, fo ) v, €77}
where full ) fui (v,) is the membership bifunction.

DEFINITION 2.44: For the symmetric error bimodel assume
p1 Ups to represent the biprobability that no transition (i.e.,
error) is made and q; U q; to represent the biprobability that a
birank error occurs so that p;+q; Up, +q; =1 U 1.
Then
Lu DO S ()= p gl U py gy

where

ri=riur—vy, 2) = [lu;—vil|
and

ry = }"2(1/[2—\/'2, 2) = ||Ll2—V2||.

DEFINITION 2.45: For unidirectional and asymmetric error
bimodels assume q; U q, to represent the probability that (1 —
0) v (1 — 0) bitransition or (0 — 1) U (0 — 1) bitransition
occurs. Then

7009 £ 00)=T17 (1) T2 ()
i=1
where full (v)u fu2 (v,) inherits its definition from the

unidirectional and asymmetric bimodels respectively since each
u Vu’ or v UV itselfis an N—bituple over I,

That is since u) ,u’,v,,v’ ek, each u, Vul or v UV itself is

an N-tuple from F,.
1 1 1 1 1 1 1 1
u; = Uy, Uy s Uy ) v; =(vj],vj2,... vjN),
2 _ 2 2 d _ 2
_(uil’uiZ’ IN) an V ( ]1’ j2’ jN)

where u' ,u* V' v eF,, 1 <s,t <N. Then for unidirectional

is>@is>Vjts oN

error bimodel,
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1 1 2
L) sz (v

ml—d] _d! mi=d? _d}

(vz): OUOlfWll'n(k;»k:z)Umil’l(kf],kfz)¢0U0
Pl g Y py Y gy otherwise

where
N N
I i 1 2 TR
k;, —Zmax(O,u,.S —vl.s) .k, —Zmax(O,v,.S uis)
s=1 s=1

N
1 _ 2 2
kiZ - Zmax(aum — Vi )
s=1

and
N
k= Zmax(O,vfY - ui) ;
s=1
where
dl = kiIJ ifkilz =0
l kf]z if ki]l =0
dZ — k12] {kaZZ :0
Lk ik =0
N
Dl if k=0
s=1
I N
MEEIN =D if k=0
s=1
max(Zu,i,N - Zui) if kf] = kfz =0
and

N
Zui if ki22 =0
s=1

_ N
TN =Y if k=0
s=1

max(Zui,N—Zui) ifkfI =kl.22 =0
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for the asymmetric error bimodel

0L 0 if min(k}y, k) min(kj, k) #0000
B m!—d! _dl m} —d?

P gt O ptt gl otherwise

where d! =k, d’ =k and

i
N N

1 Z 1 2 Z 2

mi - uis ’ mi - uis
s=1

s=1
for asymmetric (1 — 0) v (1 — 0) error bimodel and
d =k, d =k
i~ M Y% = Mg

1

and
N
m’ =N - Zui
s=1
for the asymmetric (I — 0) U (0 — 1) error bimodel.

The minimum bidistance of a fuzzy RD bicode.

DEFINITION 2.46: Let

JrOf = fu €V FOL L fuy eV
Let

W=y, O, VT OVE o o

defined by w(u, ) Oy (u,)= fu], ufui . Clearly v, is a bijection
and v is a bijection. Let C[ny, k;, d;] v Cy[ny, ks, dy] be an RD
bicode which is a subbispace of V" OV"™ of bidimension k; v
k, and minimum rank bidistance d; U d,. Then

v, (C )y, (C,)c [ o f*
is a fuzzy RD bicode. If c = c¢; Uc; € C; U C, then fc, Ufcz isa

Sfuzzy bicodeword of w,(C,)Vy,(C,).

60



For any fuzzy RD bicode y,(C,)Vy,(C,), its minimum
bidistance is defined as,

dminl//I(CI)Udminl//2( C2)=
min{d (£ 1)) Fa 1y v (C)e = filfo
min{d( 1. 17 )] 12 15 e v (C) 12 # 1}
where
d(fo fo)wd( 1o 1) =
Z faI,(ZI)_fbj(Zl)‘U Z fai(zz)_fbj(zz)‘

ny )
z eV z,eV

is a bimetric in ™ f™.

DEFINITION 2.47: If u; Cu, € V" UV"™ represents a received
biword and ¢; U c, € C; U C; then fcf (uj)ufcj (u,) gives the

biprobability that (c; U ¢;) was transmitted.
O(u;) U 05(uz) =
{fall | a, eCl;fal1 (ul)zflhl (ul),b1 eCl}u
{faz |a, eCz;fui (uz)szf (uz),b2 eCZ}.

A bicode for which
[61(uy) © O (ur)| = [6i(u)| U]0(ur)]
=]lul
for all u; € V"and u, € V™, is said to be uniquely
bidecodable. In such a case u; U u; is bicoded as

ZRCICNISIZ CACH)E

The notions related to m—covering radius of RD—codes can be
analogously transformed from the notion of RD-bicodes.

PROPOSITION 2.1: If C; UC} and C; UC; are RD bicodes
with C! UC) < C} UC; (ie, C/ < C} and C), < C;) then
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1, (CHuL, (C) 2> 1, (CHut, (CY) [1,(C)) > ¢, (C) and
,,(C) 21, (C)].

Proof: Let S, c V" with [S;|=m; and S, € V" with |[S;| =m,

cov(C?,S,)ucov(C3,S,)
= min{cov(xl,Sl)/x1 € Clz} umin{cov(xz,Sz)/x2 € Ci} <
min{cov(xl,Sl)/x1 € C}} ) min{cov(xz,sz)/x2 € Clz}
=cov(C},S,)ucov(C},S,).

Thus t,, (C})Ut,, (C<t, (CHUt, (C)).

PROPOSITION 2.2: For any RD bicode C; v C; and a pair of
positive integers (m;, my),

1, (C)ut, (G) <1, (C)ut, (C).
Proof: Let S, < V" with |S;|=m; and S, € V" with |S,| = m,,
V" UV™ is the rank bispace where S; U S, is a bisubset of
V" V™, Now
t, (CHut, (C,)

= max{cov(Cy, S)) | Si € V";[S|=m} U
max{cov(Cy, S;) | S < V™ S| =my} <
max {cov(Cy, Sy) [Si < V" [Si|=m; + 1} U
max {cov(Cy, S;) | S = V™, [So] =m, + 1}

= t1n1+1(C1) i tm2+l(C2) .

PROPOSITION 2.3: For any biset of positive integers {n;, m;, kj,
K} Uin,, my, ky, Ko},
t,m.k]ot, [n,,k] <t, \[n.k]ot, . [n.k]
and
1, (m, K)ot (n,,K;) <t,.,,(n,K)1, ,(n),K,).
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Proof: Given Cy[ny, k;] U Cy[n,, ko] RD bicode, with C, ¢ V"
and C, c V™. Now

t, [n.k Jut, [n,k,]=
min{t,, (C,)/C, € V";dimC, =k,} U
min{t,, (C,)/C, = V™;dimC, =k,} <
min {t,, ,(C)/C, € V":dimC, =k} U
min{t, ,,(C,)/C, € V™:dimC, =k, }
=t, a[n .k Jut, [0k, ].

Similarly we have

tml (HI’KI) Utmz (HZ’KZ) S tm1+1(nl’]‘<1) Utm2+1(n2’K2) °
That is
t, (n,K)ut, (n,,K,)=

min {t,, (C,)/C, € V";
min{t,, (C,)/C, < V";|C,|=K,}
min{tmlH(Cl)/C1 V", C1| =K, }u
min{t,, .,(C,)/C, < V™;|C,|=K,}
< tm1+l(n1’K1) U tm2+1(n2,K2) .

C|=K}u

PROPOSITION 2.4: For any biset of positive integers {n;, my, k;,
K} {ny, my, ky, Ky,
t, [m.k]ut, [n,,k] 21, [n,k +1]01, [n),k, +1]
and
t, (n, K)ot (n,,K,) 2t, (n,K, +1) U1, (n,,K, +1).

Proof: Given C = C; U C, is a RD bicode hence a bisubspace of
Vi ovh,
Consider

t, [0,k +1]ut, [n,k, +1]=
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min {t,, (C,)/C, € V" ;dim C, =k, +1} U
min{t,, (C,)/C, = V™;dimC, =k, +1}<
min {t,, (C,)/C, € V":;dim C, =k} U
min{t,, (C,)/C, = V" ;dimC, =k,}.

(since for each C; w C, € Ci, U Cyp;
t, (Cr)ut, (Cy)=<t, (C)Hut, (C,))
= tm1 (n,k)v tm2 (n,,k,).

Similarly,
t, [n,K +1]Jut, [n, K, +1]<t, (n,K)ut, (n,,K,).

Using these results and the fact k,, [n,,t,] denotes the smallest

dimension of a linear RD code of length n; and m;-covering
radius t; and k, [n,,t,] denotes the least cardinality of the RD

codes of length n; and m;-covering radius t;.
The following results can be easily proved.

Result 1: For any biset of positive integers {n;, my, t;} U {ny,
my, t,} and
km1 (nl’tl) U ka (nzatz) < km1+1(n1’t1) Ukm2+1(nzvt2)

and
I<m1 (nl’tl)Usz (n2’t2) < Km]+1(nl’tl)UKm2+1(n2’t2) :

Result 2: For any biset of positive integers {n;, my, t;} U {n,
my, t,} we have
km, [n,,t,]u km2 [n,,t,]= km, [n,t, +1]u km2 [n,,t, +1]
and
Km1 (n,,t,) Usz (n,,t,) 2 Km1 (n,t, +1) Usz (n,,t, +1).

We say a bifunction f; U f; is a non-decreasing function in some
bivariable say (x; U x;) if both f; and f, happen to be a non-
decreasing function in the same variable x; and x, respectively.
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With this understanding we can say the (m;, m,)- covering
biradius of a fixed RD bicode C; U C,,
tn [0k JUt, [0k, ], t, (0, KUt (n,,K,),
k, [n,t,]Uk, [n,,t,] and K, (n,,t) UK, (n,.t,),

are non decreasing bifunctions of (m;, m,). The relationship
between the multicovering biradii of two RD bicodes and
bicodes that are built using them are described.

Let C'=C,uC,, i=1,2 be a [n},k;,d]Ju[n],k,d’],
[n;.k;,d;]Uln},k3,d3]  RD  bicodes over FE,  with

2 1 2 1 1 2 2
n,n;,n,,n;,n +n,,n; +n; <N,

PROPOSITION 2.5: Let C' =C! UC} and C° =C; UC; be RD
bicodes described above.
C=C'xC?=C/xC] UC;xC;
={(x,|y)/x, €Cl.y, eClLol(x,|y,)/x,€Cl.y, € 3.
Then C'xC? is a [n +n,un;+n,kl +k) Ok; +k;,
min{d),d. } Umin{d;,d; }] rank distance bicode over F,
and
t,,(C/xC)t, (C/xCy) <

Proof: Let

S, c V"™ and S, c ARt
and

S, ={s;,....8,, } and S, ={s],....s; }
with
Sil = (Xli/YIi) and Si2 = (Xzi/Y2i)
X, € & ,Yy; € v X, € V" and Yy € v
Let
S z{xll---xlm,}aslz ={Yi-Yim S
S, ={Xy...X,,, } and S ={y,, e Yom, } -
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Now t (C}) being the m;-covering radius of (C}) there exists

¢ €C; such that S B, ., (C)). This implies r(x, +¢;)<
m (G

t, (C,) for all x, €S;. The same argument is true for (C7).
Now consider (C}), this code has m, covering radius t, (Ch)

such that there exists ¢, € C} such that S} Bi )(Clz) . This

my (Ch
implies t,(x,, +ch) < t, (C,) forall x, € Sy.
Now
C=(C}|CHu(C]|CH=C"uC’.
Here
n(s; + ChH= L((x;; [ y,)+ (C: | Clz))
=1,(x; +C} |y, +C)) <1 (x,; +C))+1,(y,, +C))
<t, (CD+t, (C)).
Similarly we have,
L,(sy + )= L ((Xy | ¥2) + (C12 | C; )
=0(Xy + Cl2 | Yy + C;) Sh(Xy + Clz) +5,(y, + Ci)
<t,, (C)+t, (C3).
Thus
t.(C)=t, (C;xC))ut, (C;xC)) <
ty (CD+1, (CHU t, (C))+t, (C).

For any positive integer r, the r-fold repetition RD code C; is the
code C={(c|c]|...|c)|c e C;} where the code word c is
concatenated r-times. This is a [rny, ki, d;] rank distance code.
Note that here n; < N is choosen so that rn; < N.

We proceed on to define (r, r)-fold repetition of RD bicode.

DEFINITION 2.48: For any (¥, r) (v any positive integer), the (r,
r) repetition of RD bicode C; U Dy is the bicode C = {(c | c | ...
lo)|ceClpuD={d|d|..|d|deD,} wherethe bicode
word ¢ U d is concatenated r-times this is a [rn;, k;, d;] U [rn,,
ki, dy] rank distance bicode word with n; <N and rn; <N; i = 1,
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2. Thus any bicode word in C « D would be of the form (c | c |
~|ou|d]|..|d) wherec e Ciandd € D,.

We can also define (rj, 1) fold repetition bicode (1; # 1,).

DEFINITION 2.49: Let C; U Dj be a [ny, k;, di] U [n,, ki, dy]
RD-code. Let C={(c|c]| ... | ¢) | c € C;} be ar;-fold repetition
RD code Cyand D = {d | d| .. | d) | d € D;} be a r,-fold
repetition RD code C, (r; #ry). Then C U D is defined as the
(71, ¥2)-fold repetition bicode.

We prove the following interesting result.

PROPOSITION 2.6: For an (7, r) fold repetition RD-bicode
cub,, (CO)vut, (D)=t, (C)Vt, (D).

Proof: Let S, ={v,...v, }c V" be such that cov(Cy, S)) =
t, (C). Let S, ={u,...u, } V"™ be such that cov(D;, S;) =
t,, (D).

Let vi=(v,|v,|...|v,). Let S;={v||V} |...|V1nl} be a set

of m;-vectors of length rn; each. A r-fold repetition of any RD
code word retains the same rank weight.

Hence (C,S))=t, (C)).
Since t,, (C) 2 cov(C,S)), it follows that

t, (=2t (C) I
Conversely let S; = {v, ... v, } be a set of m-vectors of
length m; with v; =(v{|v{|...|v{); v{ € V". Then there exists ¢

€ C; such that d; (c,v)< t, (C,) foreveryi(l <i<my). This
implies dg ((c[c|...[c),v;)<t, (C)) foreveryi(l <i<my).

Thus
t, (O=<t, (C) - II

From I and II,
t, (O =t, (C).
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On similar lines we can prove,
tm2 (D) = tm2 (Dl)

where cov(D,,S,)=t, (D).

Hence
t, (©Out, (D)=t (C)Hut, (D).

Multi-covering bibounds for RD-bicodes is discussed and a few
interesting properties in this direction are given. The (m;, my)
covering biradius t, (C,)Ut, (C,) of a RD-bicode C = C; U

C, is a non-decreasing bifunction of m; U m, (proved earlier).
Thus a lower bi-bound for t, (C,)ut, (C,) implies a bibound

m,; +1 (Cl) Ut

2 then situation of (m;, m,)-covering biradii is quite different for
ordinary covering radii.

for t (C,) . First bibound exhibits m; U m, =2 U

m,+1

PROPOSITION 2.7: If m; U my > 2 U 2 then the (m;, my)-
covering biradii of a RD bicode C = C; U C, of bilength (n;, ny)

is atleast {ﬂ—l v {&—l
2 2

Proof: Let C=C, U C, be a RD bicode of bilength (n;, n,) over
GF(2M). Let m; U m, > 2 U 2, let ty, t, be the 2-covering biradii
ofthe RDcodeC=C, UC,. Letx=x; Ux, e Vi uUV™,

Choose y=y, Uy, e V" UV™ such that all the (n;, ny)
coordinates of x-y=(x,-y,)U(x,-y,) are linearly
independent, that is

dp (x,y) =dg (X, UX,,y,VY,)
=dy (x,y)Vdy, (X5,Y,)
(R=R,UR, andd; =d; wdy)
=1n; U n,.
Then forany c=c, uc,eC=C,UC,,
dg (x,0) +dg (c,y)
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=dg (X,,¢)) +dg (¢, y,)Udy (X,,¢,) +dg (€,,Y,)
2dg (x),y,)Vdg (X,,Y,)
=1n; U n,.
This implies that one of
dg (x;,¢,) U dg (X,,¢,)
and
dg, (c,,y) W dg (¢5,,)

is at least %un—; (that is one of dg (x,,¢,) and dg (c,,y,) is

atleast % and one of d; (x,,c,) and d; (c,,y,) is at least

t=t,ut, >| L o] 22,
2|72

Since t is non decreasing bifunction of m; U my, it follows
that

%) and hence

t,(O)=t, (CHuUt, (C))= {%1 U [“_221

formum,>2uU2.

Bibounds of the multi-covering biradius of V" UV™ can be
used to obtain bibounds on the multi covering biradii of arbitary
bicodes. Thus a relationship between (m;, m,)-covering biradii
of an RD bicode and that of its ambient bispace V" UV™ is
established

THEOREM 2.15: Let C = C; v C; be any RD-code of bilength
n; Unyover F,. UF, . Then for any pair of positive integers

(my, my);
tfnl <) ut,iz () SI,I(CI)+t,1m (V"’)utf(C2)+tiz ).
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Proof: Let S=S, US, c V" UV™(ie,S, cV" and S, c V™)
with |S| = |S;] U |S,] = m; U my. Then there existsu=u; U u, €
V™ U V" such that

cov(u,S) =cov(u,,S,) Ucov(u,,S,) <t (VM)ut, (V™).
Also thereisa c=c, uc, €C, UC,
such that

dg (c,u) = de (Cl’ul)UdRz (cy,u,) < t}(cl) Y tlz(cz) .
Now

cov(c, S) = cov(cy, S;) U cov(cy, Sy)

=max {d, (¢,;,y,)/y, €8} umax{d, (c,,y,)/y, €S, )

Smax{de (c,,u) +dg (u,y,)/y, € Sl} U
max{dR2 (Cy,u,) +dyg, (uzaY2)/YZ € Sz}

=dg (¢, u,)+cov(u;,S))Udg (c,,u,)+cov(y,,S,)

<H(C)+t, (VHUL(C)+1t, (V™).

Thus for every S=S, US, c V" UV™ with [S|=m =S| U [S,]|

=m; Um, one can finda c=c, Uc, € C, UC, such that,

cov(c, S) = cov(cy, S;) U cov(cy, Sy)
<t,(C)+ tinl (V"YU t(C,)+ t2n12 (V™).
Since
cov(c, S) = cov(cy, S;) U cov(cy, Sy)
=min{cov(a,,S,)/a, € C,} Umin{cov(a,,S,)/a, € C,}

<{tH(C) + 1, (VO U{E(C) + 1, (V™))

forall S=S,US, c V" UV™ with [S| =S| U |Sy] = m; U my,
it follows that

t,, (C) U}, (C,)=max{cov(C,,$,)/S, = V";

Sl|=m1}u
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max {COV(C2 .S, )/S2 c V™

Sz| = mz}
<{t)(C)+ 1, (V") U{6(C)+ 1, (V™)].
PROPOSITION 2.8: For any pair of integers (n;, ny); n; Uny =2

U2, X"V np — 1 Uny — 1; where V' =F,

y =F2'fj sn; <N andn, <N.

Proof: Let
o1 1 1 N 1 n
X; = (X X000X, ), Y = (VY0 Yy ) €V
and
Cre? o2 2 2 2 2 n
X, =(X] 9X2:--~aXn2): ¥, =y, ’YZ""9Y1'12) evV®.
Let
u=u,uu, eVt uVv™®
where
IR B 1 1
u, = (X,u,u, s Uy Yy, )
and

(2.2 2 2 2
u, =(xjuju; RPL S A ).

Thus u=u; U u, bicovers x; U X, and y, Uy, e V"' UV™ with
in abiradiusn; — 1 wn, —1 as

dg, (u;,x)<n, -1 and d;_(u,,x,)<n, -1
and

dg, (u,,y,)<n, -1 and d; (u,,y,)<n,-1.

Thus for any pair of bivectors x; U x; and y; Uy, in V' UV™
there always exists a bivector namely u = u; U u, which
bicovers x; U X, and y; U y, within a biradius n; — 1 U n, — 1.
Hence

(V" Ut (V) <(n,—1un, -1).

Now we proceed on to describe the notion of generalized
sphere bicovering bibounds for RD bicodes. A natural question
is for a given t' U %, m; U my and n; U n, what is the smallest
RD bicode whose m; LU m; bicovering biradius is atmost t' Ut

71



As it turns out even for m; U m, > 2 U 2, it is necessary that t!

n, n .. :
U t* be atleast jué Infact the minimal t' U t* for which

such a bicode exists is the (m;, m,) bicovering biradius of C; U
C=Ex UER.

Various external values associated with this notion are
t}nl (V"‘)utzm2 (V™) the smallest (m;, my)-covering biradius
among bilength n; U n, RD bicodes tin] (nl,Kl)utfnz (n,,K?),
the smallest (m;, m,) covering biradius among all
(n,,K")U(n,,K*) RD bicodes. K:nl (nl,tl)qunz (n,,t%) is the

smallest bicardinality of bilength n; U n, RD bicode with m; U
m, covering biradius t' U t* and so on. It is the latter quality that
is studied in the book for deriving new lower bibounds.

From the earlier results K| (n,t)UK; (n,,t*) is
undefined if

n n
thut? <71u—2

When this is the case, it is accepted to say
K}nl (nlatl) UKrznz (n29t2) =0 0.
There are other circumstances when Klnl (n,,t"Y U Kfnz (n,,t%) is

undefined.
For instance

1 2 o
KzN“l (nl’nl _I)UKzN"z (n2’n2 _1) = 0.
Also
K:nl (nlatl)UKrznz (nzatz) =0V,
m, > V(nl,t')
and
m, > V(nz,tz) ,
since in this case no biball of biradius t' U t* covers any biset of

m; U m, distinct bivectors. More generally one has the
fundamental issue of whether

K:nl (n,,t"YuU K2m2 (n,,t%)
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is bifinite for a given n;, my, t' and n,, my, t.

This is the case if and only if

t (V") <thand t; (V™)<t?,

since tinl (Vn‘)uti12 (V™) lower bibounds the (m;, my)
covering biradii of all other bicodes of bidimension n; U n,.
When t; U t, = n; U n, every bicode word bicovers every
bivector, so a bicode of size 1 U 1 will (m;, m,) bicover
V" OUV™ for every m; U m,.

Thus K}nl (nl,nl)qunz (n,,n,) =1uU 1 for every m; U my.

Ift' Utisn —1Un,— 1 what happens to Kinl (n,,t"Hu
Kfnz (n25t2)?

Whenm;=m, =1,
Ki(n,,n, —-1)UK;(n,,n, -D<I+L, (n)Ul+L, (n,).

For 0U0 =(0 ... 0) U (0 ... 0) will cover all bivectors of
birank binorm less than or equal n; — 1 U n, — 1 within biradius
n—1umn,—1. Thatis 0L 0 = (0,0, ...,0) U (0,0, ..., 0) will
bicover all binorm n; — 1 U n, — 1 bivectors within the biradius
n—1un,—1.

Hence remaining bivectors are rank n; U n, bivectors. Thus
0uL0 =(0,0,...,0)U (0,0, ..., 0) and these birank-(n; U n)
bivectors can bicover the ambient bispace within the biradius n,
-1lu n, — 1.

Therefore

Ki(n,n, - UK} (n,,n, -1)<1+L, (n)UI+L, (n,).

PROPOSITION 2.9: For any RD bicode of bilength n; U n, over

K,il (n,,n, =1 Kiz (ny,n,—1)<m,L, (n))+1Um,L, (n,)+1

provided m; U m; is such that

manl(nl)-l-]Umanz(nz)_,_]S Vm + an .
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Proof: Consider a RD-bicode C = C; U C, such that |C| = |C;| U
|Gy = mL, (n)+1um,L, (n,)+1. Each bivector in V" U

V* has L, (n,) UL, (n,) rank complements, that is from each
bivector v, Uv,eV" UV™®; there are L, (n)uU L, (n,)

bivectors at rank bidistance n; U n,. This means for any set
S,uS, c V" UV™ of (m;, my) bivectors there always exists a

¢, U ¢, € Cy U C, which bicovers S; U S, birank distance n; — 1
unp — 1.
Thus,

cov(cy, Sy) U cov(cy, Sp) <nj—1uny—1

which implies cov(Cy, S1) U cov(Cy, Sp) <ny— 1 Un,— 1.
Hence

Kinl (n,,n, —l)qunz (n,,n, -)<mL (n)+lumL, (n,)+1.
By bounding the number of (m;, m,) bisets that can be covered

by a given bicode word, one obtains a straight forward
generalization of the classical sphere bibound.

THEOREM 2.16: (Generalized Sphere Bound for RD bicodes)
For any (n;, K') U (ny, K’) RD bicode C = C; U C,,

K! (V(nntm, (C]))jUKZ [V(nzatm_, (Cz))j > [2 " j U(Z ” j
m, m, m, m,

Hence for any ny, t; and m;, ny, t; and m,

FNW} |:2an:|
m m
K,;[(nl,tl)uKiz(nz,tz)Z ! ) 2

Vin,.t,) V(n,,t,)
m, m,
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where

t) t
V(1) OV (n,t) =2 L (n) Y L (n,),
ir=0

i=0

number of bivectors in a sphere of biradius t' U ¢ and
LII.I (n,) uLfZ (n,) is the number of bivectors in V" UV"™ whose

rank binorm is i; Ui,.

Proof: Each set of (m;, m,) bivectors in V" U V™ must occur
in a sphere of biradius t, (C,)Ut, (C,) around at least one

code biword.
, choose m; U

U ‘V“Z

Total number of such bisets is ‘V“l
m,, where
\V“l =N 2N

The number of bisets of (m;, m,) bivectors in a neighborhood of
biradius t, (C,)ut, (C,) is

V(n,.t, (C) v Vn,.t, (C,)).

Choose m; U my. There are K code biwords.

) ‘V“Z

Hence

K (V(nlatm1 (o ))] UK? [V(nz’t1n2 (& ))] > (2 " JU (2 " J ‘
my m, m, m,

Thus for any n; U ny, t' Ut and m; U my,
y

2% 2™
1 2 l: my :I |: m, :I
Kml(nlatl)Usz(nzatz)Z u

V(n,,t,) V(n,,t,) '
ml m2
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COROLLARY 2.3: If

2va1 9 2N”2 o 2V V(n,,t) U2V V(n,,t,)
m] m2 m1 m2 |

then K,L] (nl,t])uK,i2 (n,,t,)=0 U0,
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Chapter Three

RANK DISTANCE m-CODES

In this chapter we introduce the new notion of rank distance m-
codes and describe some of their properties.

DEFINITION 3.1: Let C; = Ci[ny, k;], C; = Cyfny, kyf, ..., C,, =
Cul[nm ky], be m distinct RD codes such that C; = Ci[n,, k;] #C;
= Cin; k] ifi #j and C; = Ci[n;, k] < C; = Ci[n;, k;] or C; =
Ci[n;, k] < Ci = Ci[n;, k] for 1 <i, j <m ifi #j; be subspaces of
the rank spaces V", V™,...V"™ over the field GF(2") or FqN

where ny, ny, ..., n, <N, ie, eachn, <Nfori=1 2, .., m C=
Cifny, ki] O Cyfny, ky] © ... ©Cyln,, k] is defined as the Rank
Distance m-code (m > 3). If m = 3 we call the Rank Distance 3-
code as the Rank Distance tricode. We say V" OV"™ U...0V"™
to be (n;, ny, ..., ny,) dimensional vector m-space over the field
FqN . So we can say C; v C, U ... UC, is a m-subspace of the
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vector m-space V" V™ U...OV"™  We represent any element
of V" V™ ... uV™ by
X Ux, U UXx, =
(xll,x;,...,xil)U(xf,xf,...,xfz)u...u(xf”,x;”,...,x,Z),
where xl’/ qu I <j<mandl <i;<n;j=1 2 3, .. m Also
Fq v can be considered as a pseudo false m-space of dimension

(N, ..., N) over F,

m~—times

Thus elements x; y; € FqN has N - m-tuple representation as

1 1 1 2 2 2
(O Oy ey Oy ) (0L, O ey Oy, ) U e

U (0L}, 0L 5eees Ly )
over Fy with respect to some m-basis. Hence associated with
eachx' UX’U ... Uux" eV UV™U..UV™ (0 #n;ifi#],
1 <1, j < m) there is a m-matrix.

m,(x')U..um, (x")=

1 1 2 2 m m
a, ... 4, ay ... 4, a) H
1 1 2 2 m m
ay ... az.“l 9 ay, ... az.nz U ay ... Ay,
1 1 2 2 m m

aNl aan aNZ aNm aNm aNn

where i Uiy U..Ui"  m-column represents the

i" Uil U...ui" m-—coordinate of x}, Ux}U..UxD of x' U
x> U ... ux™over F,

It is important and interesting to note in order to develop the
new notion rank distance m-codes (m > 3) and while trying to

give m- matrices and m- ranks associated with them we are
forced to define the notion of pseudo false m- vector spaces. For

example, Z) UZ,U..UZ] is a false pseudo m-vector space
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over Z,. Z.UZ!UZ!UZ!UZ!UZ! is a false pseudo 6-
vector space over Zs.

However we will in this book use only m-vector spaces
over Z, or Z2N and denote it by GF(2) or GF (2N) or F2N , unless

. . 1 .
otherwise specified. Now we see every x' U ... U X" in the m-
vector space V" U V™ U...u V"™ have an associated m-matrix
m(x) U ... U my(x™).

We proceed to define m- rank of the m- matrix over Fy or
GF(2).

DEFINITION 3.2: The m-rank of an element x' Ux’ U ... UX" €
yrort u.LL.uV™ s defined as the m-rank of the m-matrix
m(x') om@’) U ... om@") over GF(2) or F, [i.e., the m-rank
of m(x') Um(x’) U ... Um(") is the rank of m(x') U rank of
m(x’) U ... Urank of m(x")]. We shall denote the m-rank of x'
Ux U X by ri(x) OUr(d) U... Ury(x™), we can in case
of m-rank of a m-matrix prove the following;

(i) Foreveryx' ux’ ... ux" e V" OV™ U...UV™ (x; €
v, 1 <i<m)we have, r(x' U... UX") =ri(x') U... U
Fu(X") 20 U0 U ... U0 (ie., each r{x') >0 for every
x eV i=1213 .. m).

(i) r(x" UX U OxX") =r() Ur() O... Ury(xX") =0 U
0 v... U0ifand only ifxi =0fori=123, .., m

Ao +xD) o] +x5) o o) +x)]
<r(x)+rx)URE) () VLo, (X)) + 1, (X))
for every xj,x; eV":i=1 2 3, ... m. That is we have,

(iii) A +xDH o +x)u.. o) +x)]

=r,(x; + X)) Ur(xX] +x)U..Ur, (X7 + X7
<) +(0) VR () + () V..U, () + 7, (x))
(as we have for every
X €V (x4 S5 (x) ()
fori=1 23 .. m).
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(iv) ri(aix;)) U ryaxy) U ... U rp(apx,) = |ailri(x) v
las|ra(xy) O ... Uan|rm(xy) for every a;, as, ..., an € Fyor
GF(2) and for every x,€V" ;i=1,23, ..., m.

Thus the m-function x; UXx; U ... UX,, = 1(X;) Ury(Xy) U ... U
rm(Xn) defines a m-normon V" OV"™ .. .OV" .

DEFINITION 3.3: The m-metric induced by the m- rank m- norm
is defined as the m- rank m-metric onV" OV"™ U..OV"™ and
is denoted by dp Ud, U...ud, . If x, Ux}U..Ux,, ¥ U,
U Uy eV OV UL UV then the m-rank m-distance
between x| Ux,U..Ux! and yl Uyl UL s
1 1 1 1 1 1
dp (x;,y) O dy (x3,0,)0...0d, (x,,9,)=
1 1 1 1 1 1
r]('xl _yz)urz(xz _yZ)U"'Urm(xm _ym)
for every x!,yleV", i =12 3, .. m (Here d,(x,y)=
r(x! —y)) forevery x!,yl eV fori=123, .., m.

DEFINITION 3.4: A linear m-space V" OV™ U...0V"™ over
GF(ZN), N > I of m-dimension n; Un, U ... Un, such that n; <
N fori=1 2, 3, .., mequipped with the m-rank m-metric is
defined as the m-rank m-space.

DEFINITION 3.5: A m-rank m-distance RD m-code of m-length
n, Uny U ... Uny over GF(2") is a m-subset of the m-rank m-
space V" UV™ U...UV"™ over GF(2").

DEFINITION 3.6: A linear [n;, k;] U [ny, k] © ... U [ny, kil
RD-m-code is a linear m-subspace of m-dimension k; Uk, U ...
Uk, in the m-rank m-space V"' V"™ ...0V"™ . By Ci[n,, k;]
U Cofny, k] v ... v Cylny, k] we denote a linear [n;, ki] v
[ny ko] O ... U [ny, k,] RD m-code.

We can equivalently define a RD m-code as follows:
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DEFINITION 3.7: Let V"' V™ ,...,V"™ be rank spaces n; #n; if i
#j over GF(2"), N >1. Suppose P.cV",i=1,2, 3, ..., m be
subset of the rank spaces over GF (ZN ). Then P VP, U ...UP,

V"oV u..OUV™ is a rank distance m-code of m-length
(n;, n, ..., ny) over GF(2").

DEFINITION 3.8: 4 generator m-matrix of a linear [n;, k;]
[ny ky] O ... U[ny,, k,] RD-m-code C; oC, U ... UCyisak; x
n, Uk, xn, U ... Uk, xn,, m-matrix over GF(ZN) whose m-
rows form a m-basis for C; 0 C, U ... UC,,.

A generator m-matrix G = G; U G, U ... UGy, of a linear
RD m-code Ci[n;, ki] v Cylny, ky] ... v Cyfny,, k] can be
brought into the form G = G; Vv Gy U ... UG, =[] , 4, ,, ;]

u[[kJ,Akzxnsz] u...u[[km,Akmngkm] where Ikl,lkz,...,lkm is the
identity matrix and A, , is some matrix over GF (ZN),' i=1,

2, 3, ..., m; this form of G = G; UG, U ... UG, is called the
standard form.

DEFINITION 3.9: I[f G = G; U G, U ... U G, is a generator m-
matrix of C[n;, k;] U Cyfny, ky] U ... U Cylny, kyl then a m-
matrix H=H, VH, U ... UH, of order (n; — k; xn;, n, —k, x
1, ooy My — ki X 11,,) OVer GF(2N) such that,

GH = (G, vG,u... UG)H, VH, U ... UH,)"
=G, UG U... UG, (H VH] U...UH)
=G,H] UG,H, U..uUG, H
=0uvlu..u0
is called a parity check m-matrix of Ci[n;, k] U Cy[ny, ki U ...
U Cpfty, kyl. Suppose C =C; 0 Cy U ... UC,is a linear [ny,
ki] Ulny k)] U ... U/[n,, k,] RD m-code with G = G; UG, U
. vGuand H=H, UH, U .. UH, as its generator and

parity check m-matrix respectively, then C = C; U Cy U ... U
C,, has two representations.
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(a) C=C, vC U... UCyis arow m-space of G = G; U
G, U... vGy, (ie., Ciis the row space of G, for i = 1, 2,
3, ..., m).

(b) C=C;, vC, U... UC, is the solution m-space of H =
H, VH, U... UH, (ie.; C;is the solution space of H;
fori=1213 .., m).

Now we proceed on to define the notion of minimum rank m-
distance of the rank distance m-code C=C, U C, U ... U Cp.

DEFINITION 3.10: Let C = C; v C, U ... U C,, be a rank
distance m-code, the minimum rank m-distance d = d, o d, U
... Udy, is defined by

d, :min{dza (x., ;)
' X #Y;

Xis Vi EC,}

i=1 23, ... m Thatis
d=d,vd, v...ud,
=min{r,(x,)/x,€C,and x, 20} U
min{r,(x,)/x,eC,and x,#0} U...
Umin{r,(x,)/x, €C, and x, #0}.

If an RD m-code C = C; v C, U ... U C,, has the minimum rank
m-distance d = d; o d, U ... v d, then it can correct all m-
errorse =e; Ue, U ... Ue, € E;”I' UE;‘ u...qu’f\?’ with m-
rank
rle) = (ry Ury U... Ury e, Uey U ... Uey, )
=r(e )un(e,)u..uUr (e, )

TP YEEIN e

LetC=C;, vC, U... UCydenote an [ny, k] U [ny, k)] ... U
[P, k] RD m-code over F:] v

A generator m-matrix G = G, UG, U ... UG of C=C; U
C,u...uCpisak; xn; Uk, xny, U ... Uk, xn, m-matrix
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with entries from Fq v Whose rows form a m-basis for C = C; v

Cu..uC,.

Then an (n;—k;) xn; Umy—ky) xny U ... Umy,—ky) xny,
m-matrix H = H, U H, U ... U H, with entries from Fq v such
that,

GH = (G, vG,v... UG,)H, VH, U... UH,)"
=G, vG U...UG,) (H VH, U...0H])
=G,H, VG,H, U...uG, H
=0uvlu.. Ul

is called the parity check m-matrix of the RD m-code C = C; U
Cu..uC,.

The result analogous to Singleton—Style bound in case of RD m-
code is given in the following.

Result: (Singleton—Style bound). The minimum rank m-distance
d=dyudy, U ... Ud,ofany linear [n}, k;] U [ny, kp] U ... U
[Mm, ku] RD m-code C = C, u C U ... U Cy, <
F:]j uF:N2 u...uF:];“ satisfies the following bounds d = d; U d,

U...udp<n-ki+tlum-k+lu...un,—k,+1.

Based on this notion we now proceed on to define the new
notion of Maximum Rank Distance m-codes.

DEFINITION 3.11: An [ny, k;, di] U [n, ks, db] © ... U [0, K,
d,] RD-m-code C = C; v C; U ... UC, is called a Maximum
Rank Distance (MRD) m-code if the Singleton Style bound is
reached thatisd =d, vd, U ... ud,=n;—k; +1 Un, -k, +
lu..un,—k,+ 1.

Now we proceed on to briefly give the construction of MRD m-
code.

Let[s]=[si] U [s2] U ... U[su] = q" Uq® U...uqg™ for any
m integers si, Sy, ..., Sm. Let {g,...g jUfh,.. h }
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U...u{p,,...,p, + be any m-set of elements in FqN that are

linearly independent over Fy. A generator m-matrix G = G; U
Gu..uGpofan MRDm-code C=C,uC,uU ... UC,is
definedby G=G, UG, U ... UGy,

g g8 - B h, h, ... h
N I I L
o I I
_ggkﬁl] g[zkl‘l] gEqkl]_l]_ _hgkz‘l] h[2k2_1] thzz‘l]_

i P P <o Py, |

R O

Ul opl pl ol

e el

It can be easily proved that the m-code C=C, U C, U ... U Cy,
given by the generator m-matrix G = G; U G, U ... U G, has
the rank m-distance d = d; U d, U ... U d,,. Any m-matrix of
the above form is called a Frobenius m-matrix with generating
m-vector

g =g, g, Y.ug,

=(8,8,>---.8, )V (b, hy, . h YU U(PLD,se Py ) -
Interested reader can prove the following theorem:
THEOREM 3.1: Let C/n, k] = Ci[n;, k;] U Cofny, k)] U ... U
Colnn k] be the linear [n;, k;, d;] U [ny ky, db] U ... U [n,

ky, dy] MRD m-code with d; =2t; + 1 fori =1, 2, 3, ..., m. Then
Cln, k] = Ci[ny, ki] v Cyfny, ky] U ... U Cyufny,, k] m-code
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corrects all m-errors of m-rank atmostt =t; Ut, U ... Ut, and

detects all m-errors of m-rank greater thant =t; Ut, U ... Ut
Consider the Galois field GF(2") ; N> I . An element

a=a,Ua,u..ua, e GF2Y)YUGF(2")u..uUGF(2")

m—times

can be denoted by m-N-tuple
1 1 1 2 2 2
(ay,a;,...,ay_)(a;,a;,...ay )\V...U(a,,a;,..,ay_,)

as well as by the m-polynomial
a,+ax+..+a, x"'va +ax+..+a,_ x"'
u..va)+a'x+.+ay x"!
over GF(2)

We now proceed on to define the new notion of circulant m-
transpose.

DEFINITION 3.12: The circulant m-transpose
T.=T, VT, U..UT"
of a m-vector
a=o v U.. Uay, =
(a),al,...a,_)ol(a,,a,...a,_ ) U...u(a),a,...as_)

e GF(2") is defined as,

T, . 1z, T,
=gV, U..va," =

m

a
(a(ﬁ,all,...,ajl)u(a(f,af,...,a,i)u...u(a(’,”,aj’”,...,a;’;)

Ifa=a,va,u..va, e GF2")YUGF2")uU...0GF(2")

m—times

has the m-polynomial representation
a; + allx +..+ a]]\,f]xN’] v aj + afx +..+ af,fIxN’]
U..va) +a'x+..+ay xN
in
F(2 F(2 F(2
GFQI, ,GFAL , ,GFALx)
(x" +1) (x"+1) (x"+1D
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then by a = a U ay U ... U @, , we denote the m-vector
corresponding to the m-polynomial

[a)+ax+..+ay x""-x Jmod(x" +1)u
[a, +aix+...+a, x""-x Jmod(x" +1)u...u

[a] +ax+...+ay x""-x Jmod(x" +1)
fori=01,23 .., N-l(a=0, U U.. Uty =a,).

We now proceed onto define the m-word generated by oo = oy U
oL U ... U Oy

DEFINITION 3.13: Let f=f; U, U ... Ufy:
GF(2" )UGF(2" )u...0GF(2")
m—times

[GF(2")]Y O[GF(2" )]¥ U...0[GF(2")]"

m—times
be defined as
S = fi(a) Ufar) U ... Ufu(at)
%, T T, 2, T3, 12,
=(ay o) .0y ) V(o) a0 ).,
™ ™
Ula,s.a,,...aw ).

We call fla) = fi(a) Ufo(or) U ... Ufu(on,) as the m-code word
generated by a=o; Uay U ... Uy,

We analogous to the definition of Macwilliams and Solane
define circulant m-matrix associated with a m-vector in GF(2")
U GFQ2YM U ... U GF(2Y).

DEFINITION 3.14: A m-matrix of the form

1 1 1 2 2 2
a, a ... ay, a, a ... ay,
1 1 1 2 2 2
Ay, 4y ... Gy, Ay, dy ... Gy,
. . UL
1 1 1 2 2 2
a a .. a a, a, ... a
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a, a ay_
m m m
ar . a a
..o N N-2
m m
a a a,

is called the circulant m-matrix associated with the m-vector
(ay,a,..nay )(ag,al,....ay )U...u(ay,a,....dv_ ) e
GF2") UGF(2") U ... UGF2").

Thus with each o = o; U 0, U ... U o, € GF2Y) U GF2N) U
... U GF(2") we can associate a circulant m-matrix whose i™ m-
Ti=0,1,2, ..., N-1.
f=1f, Uf, U ... U f, is nothing but a m-mapping of GF(2") U
GF(2™) U ... U GF(2") onto the pseudo false m-algebra of all N

x N circulant m-matrices over GF(2). Denote the m-space of
f(GF(2")) = f}(GE(2"Y)) U £(GE2Y)) U ... U f,(GF(2Y)) by

T, T,
columns represents o," Ua,;* U...UQ

\ARUA'ANURNUAVLN
m-—times
We define the m-norm of a m-word
v=v,uv,u..uv,_ eV uviu.uVv"

m-—times

as follows :

DEFINITION 3.15: The m-norm of a m-word v =v; Uv, U ... U
veeVWortu.. uMis defined as the m-rank of v =v; Uv,

U ... UV, over GF(2) [By considering it as a circulant m-
matrix over GF(2)].

We denote the m-norm of v=v, U v, U ... U v, by 1(v) =11(V))
U (V2) U ... U 1n(Vi), We prove the following theorem:

THEOREM 3.2: Suppose
a=a,va,u..ua, e GF2")YUGF(2")u..uGF(2")

m—times

87



has the m-polynomial representation g(x) = g;(x) U ga(x) U ...
U gn(x) over GF(2) such that ged(gi(x), x" +1) has degree N — k;

fori=1 23 ..,m 1<k, ks, ..., ky, <N. Then the m-norm of
the m-word generated by a = oy U oy U ... Ua,is k; Uk, U
.. Uk,

Proof: We know the m-norm of the m-word generated by o =
o U oy U ... U 0Oy, 1s the m-rank of the circulant m-matrix

T T T2 T2
(alol’alll’ lN I)U(GZOZ’G‘ZIZ’ 2N I)U ‘Y
e, o
(amo ’(x’ml > (x’mN—l
TC (‘] 2 C“
where o, v oc21 U...Ua " represents a m-polynomial

[x' gl(x)] mod(x" + 1) Ulx'g, (x)]mod(x" +1)
U...U[x'g, (x)]mod(x" +1)

over GF(2).

Suppose the m-GCD {(g;(x), x" + 1) U (g2(x), x" + ) U ... U
(gm(x), x™ + 1)} has m-degree N —k; UN —k, U ... UN — ki,
To prove that the m-word generated by oo = oy U o, U ... U oy
has m-rank k; U k, U ... U ky,. It is enough to prove that the m-
space generated by the N-polynomials {g;(x) mod(x" + 1),
x-g(x) mod(x" + 1), ..., x" Lgi(x) mod(x" + 1)} U {g(x)
mod(x" + 1), x-g2(x) mod(x" + 1), ..., xN " gy(x) mod(x" + 1)}
U ... U {gn(x) mod(x™ + 1), X-gn(x) mod(x" + 1), ..., x" '-gn(x)
mod(xN + 1)} has m-dimension k; U k, U ... U k,. We will
prove that the m-set of k; U k, U ... U k,, m-polynomials
{g1(x) mod x™ + 1, x-g;(x) mod x" + 1, ..., x" "-g;(x) mod x" +
1} U {ga(x) mod x™ + 1, x-g»(x) mod x" + 1, ..., x™¥ "-g,(x) mod
XN+ 1} U LU {ga(®) mod XN+ 1, xgn(x) mod XN+ 1, ..,
XN gn(x) mod xN + 1} forms a m-basis for the m-space. If
possible let,

a,(g,(x) +ax(g,(x) +...+a, ,(x"'g,(x) U
a, (g, (%) +a7x(g, (X)) +... +ap (X', (x) V..U
ag (g, (X)) +a'x(g,, (X)) +...+ay (x" g, (x)
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=0uU0uU...u0 (modx"+1);

where a;i e GF(2), 1 <j;<k—-landi=1,2,...,m.

This implies

XN+1 U XN+1 U...\U XN+1

m-—times

m-divides
(ag +ajx +...+ a}(l_lxk"l)gl(x) U

(ap +a;x +...+a; x“)g,(x)U...U

(ag +al'x+...+ay x" g, (x).

Now if g;(x) U g(x) U ... U gu(X) = pi(X)a;(x) U pa(x)ax(x) U
oo U pm(X)an(x) where pi(x) is the ged(gi(x), x™ + 1);i=1, 2,
..., m, then (aj(x), x" + 1) = 1. Thus x" + 1 m-divides

(ap +ajX +...+ aLl_lxk‘"l)gl(X) U...U
(ag +a/'x+...+ akmm_lka" )g.. (X)

implies the m-quotient
N N
(x"+1) OO (x"+1)

p(x)  p(x)
m-divides
(ag +a,x +...+2a, X", (x)U
(ap+a;x +...+a, ;x“a,(x)U...u
@y +al'x +...+ aL{l)(k*“'l )a, ().
That is
N N N
{u +D}u{“ +D}Umu{u +D}
b (x) P, (x) Pm (x)
m-divides

1 1 1 k-1
(a,+ax+..+a, _x'")U
2 2 2 k,—1
(ag +ajx+..+a, x" )U..U

(ag +al'x+..+a, x"7)
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which is a contradiction, as

|:(XN +1)}{(XN +1):|U'“U|:(XN +1)}
p, (%) p,(x) P (X)

has m-degree (ky, ko, . . ., k) where as the m-polynomial

1 1 1 k-1
(a, +ax+..+a, x')U
2 2 2 k,-1
(ap+ajx+..+a, X7 )U..U

(ag +al'x+..+a, x"7)

has m-degree atmost ((k; — 1), (k, — 1), ..., (kn, — 1)). Hence the
m-polynomials {g;(x) mod(x" + 1), x-g;(x) mod(x" + 1), ...,
X7 gi(x) mod(x™ + 1)} U {ga(x) mod(x" + 1), x-g>(x) mod(x"
+1), ..., x 7 gyx) mod(x™ + 1)} U ... U {gn(x) mod(x" + 1),
X-gn(x) mod(x™ + 1), ..., x*".gu(x) mod(x" + 1)} are m-
linearly independent over GF(2).

We will prove, {g;(x) mod(x" + 1), x-g;(x) mod(x" + 1), ...,
x4 g (%) mod(x™ + 1)} U {ga(x) mod(x" + 1), x-g5(x) mod(x"
+1), ..., x"gyx) modx™ + 1)} U ... U {gn(x) mod(x" + 1),
X-gm(x) mod(x" + 1), ..., x*".g(x) mod(x" + 1)} generate the
m-space.

For this it is enough to prove that x'g;(x) U x'gy(x) U ... U
X'gn(x) is a linear combination of these m-polynomials for ki<i
<N-1;j=1,2,3,...,m.

N +luxN+1u. o uxN +1

m-—times

=p1(X)b1(X) U p2(x)ba(X) U ... U pu(X)bm(X)

where b;(x) =b; +bix + ...+bLka‘ ;1=1,2,3, ..., m. (Note that
b, =b, =1 since b(x) divides x™ + 1, i=1, 2, 3, ..., m). Also
we have g;(x) = p;(X)ai(x) fori=1, 2, 3, ..., m. Thus
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a;(x)

fori=1,2,3, ..., m. Thatis
g,(x)(by +bjx +...+bj x")
q (x)

=0mod(x" +1)

(i=1,2,3,...,m)thatis
g (O, +bjx +..+by x") [g(x) x"
a,(x) a,(x)

}nod(xN +1)

true fori1=1, 2, 3, ..., m. Hence

x“g (x)=(byg (X)+ b} x g (X)+...+ bi(l_lxk"lgi (x))mod(x" +1)
a linear combination of {gj(x) mod(x" + 1), [x-gi(x)] mod(x" +
D), ..., x5 "gy(x) mod(x" + 1)} over GF(2).

This is true for each i, fori=1, 2, 3, ..., m. Now it can be easily
proved that x'g;(x) U X'g(X) U ... U x'gn(x) is a m-linear
combination of {g;(x) mod(x" + 1), x-g;(x) mod(x" + 1), ...,
X7 gi(x) mod(x™ + 1)} U {ga(x) mod(x" + 1), x-g»(x) mod(x"
+1), ..., x*"gyx) modx™ + 1)} U ... U {gn(x) mod(x" + 1),
X-gu(x) mod(x" + 1), ..., x* g (x) mod(x" + 1)} fori>kjj=
1,2,...,m.

Hence the m-space generated by the m-polynomials {g(x)
mod(x™ + 1), x-g;(x) mod(x" + 1), ..., x“"-gy(x) mod(x" + 1)}
U {gx) mod(x + 1), x-gy(x) mod(x" + 1), ..., x*"gy(x)
mod(x™ + 1)} U ... U {gn(x) mod(x" + 1), x-gn(x) mod(x" + 1),
vy X" g(x) mod(x" + 1)} has m-dimension (k;, ko, ..., ku).
That is the m-rank of a m-word generated by oo =o; U o, U ...
U O is (ki, Ko, .., Kin).

COROLLARY 3.1 If ¢ = o4 U oy U ... U @, €

GF(2")U..UGF22") then the m-norm of the m-word
m~—times

generated by a = oy U ay; U ... Uy, is (N, N, ..., N) and hence

fle) = fi(a) U fo(an) U ... U fu(at,) is m-invertible. (We say
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f(e) is m-invertible if each fi(a)is invertible for i = 1, 2, 3, ...,
m).

Proof: The corollary follows immediately from the theorem
since ged(gi(x), X" +1) = 1 has degree 0 fori=1, 2, 3, ..., m;
hence the m-rank of f(a) = fi(o;) U fH(ap) U ... U fiu(o) is (N,
N, ..., N).

DEFINITION 3.16: The m-distance between two m-words u, v €
VN O oV is defined as, d(u, v) = di(uy, vi) U ... U du(tiy,
Vi) = iU tvy) U UFp(Uy T vy) Wwhere u = u; Cuy U ... U
Upandv =v; Uv, U... UV,.

DEFINITION 3.17: Let C = C; v C, v ... v C, be a circulant
rank m-code of m-length N, U N, U ... U N, which is a m-
subspace of V" UV U ..UV equipped with the m-distance
m-function d;(u;, v;) Udy(uz v3) U ... Udu(tty, Vi) = ri(u; +v;)
U ruy tvy)) U... U Fp(u, + v,) where Moy VY are
rank spaces defined over GF(2") with N; #N;ifi#j. C=C; U
C, U ... UC, is defined as the circulant m-code of m-length N,
v N, v .. U N, defined as a m-subspace of
Vi ov ™ U OV equipped with the m-distance m-function.

DEFINITION 3.18: 4 circulant m-rank m-code of m-length N;
N; U ... U N, is called m-cyclic if whenever (vll,...,v]lvl)u
(vlz,...,vfh)u...u(vl”’,...,vx ) is a m-code word then it implies
V') is

1 1 1 1 2 2 2 2 m m m
(vz,v3,...,le,vl)u(\/2,113,...,sz,v1 Yu...L (v, sV s

also a m-code word.
Now we proceed on to define quasi MRD-m-codes.

DEFINITION 3.19: Let C=C;, v C, U ... «C,, be a RD rank m-
code where each C; # C; if i #j. If some of the C;’s are MRD
codes and others are RD codes then we call C = C; v C, U ...
U C,, to be a quasi MRD m-code.
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Note: If r; are MRD codes and r, are RD codes r; + 1, =m, (r; >
1,1, > 1). Then we call C to be a quasi (1}, ;) MRD m-code. We
can say Cy, ..., Crl are Ci[n;, k;] RD-codes;i=1, 2,3, ..., r; and
Ci[n;, kj, d;] are MRD codes forj =1, 2, 3, ..., r; withr; + 1, =
m.

Thus

C:CI[nl,kl]u...uCrl [n, ,krl]
UG [n,,k;,d]Ju..vC, [n, .k, .d ]

is a quasi (rj, r;) MRD m-code. Any m-code word in C would
be of the form C = C;, U C, U ... U C,. The m-codes can be
used in multi channel simultaneously when one needs both
MRD codes and RD codes. This will be useful in applications in
such type of channels.

We proceed on to define the notion of quasi circulant m-codes
of type L.

DEFINITION 3.20: Let C;, C,, ..., C,, be m distinct codes some
circulant rank codes and others linear RD-codes defined over
GF2"). C = C, U C, U ... UC,, is defined as the quasi
circulant m-code of type 1. If in the quasi circulant m-code of
type I some of the C;’s are MRD codes i.e., C;, C, ..., Cy is a
collection of RD codes, MRD codes and circulant rank codes
then we define C = C; v C; U ... U C, to be a quasi circulant
m-code of type 1.

We can define also mixed quasi circulant rank m-codes.

DEFINITION 3.21: Let C;, C5, ..., C,, be a collection of m-codes,
all of them distinct C; #C; if i #j and C; « C;or C;  C; if i #].
If this collection of codes C;, Cs, ..., C,, are such that some of
them are RD-codes, some MRD codes, some cyclic circulant
rank codes and some only circulant codes then we define C =
C, vC U...uCyto be a mixed quasi circulant rank m-code.

DEFINITION 3.22: [fC = C;, v C, U ... UC,, be a collection of
distinct circulant codes some C;’s are circulant codes and some
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of them are cyclic circulant codes then C is defined to be a
mixed circulant m-code.

These codes will find applications in multi channels which have
very high error probability and error correction. These multi
channels (m-channels) are such that some of the channels have
to work only with circulant codes not cyclic circulant codes and
some only with cyclic circulant codes these mixed circulant m-
codes will be appropriate.

Now we proceed on to define the notion of almost maximum
rank distance m-codes.

DEFINITION 3.23: Let C;[n;, k;] © Cofny, ky] O ... o Cyfn,, ky/
be a collection of m distinct almost maximum rank distance
codes with minimum distances greater than equal to n; — k; Un,
— ks U ... Uny— ky, defined over GF(2"). C is defined as the
Almost Maximum Distance Rank-m-code or (AMRD-m-code)
over GF(2"). An AMRD m-code is called a AMRD — tricode, if
m = 3. An AMRD m-code whose minimum distance is greater
thann; —k; on, -k, U ... Un, — k,, is an MRD m-code hence
the class of MRD m-codes is a subclass of the class of AMRD
m-codes.

We have an interesting property about the AMRD m-codes.

THEOREM 3.3: When (n; — k) U (ny — ky) U ... U (n, — ky)
AMRD m-code C = C;[n,;, k;] o Cy[ny, ky] U ... Cpln,, k,] is
such that each (n;—k;) is odd fori = 1, 2, 3, ..., m; then
1. The error correcting capability of the [n;, k;] U [n;, k] &
. U [ny, k] AMRD m-code is equal to that of an [n,, k;]
Ufn,, k] U... Ulng,, k] MRD m-code.
2. An [ng, ki] U [n, k)] U ... U [ng, k] AMRD m-code is
better than any [ny, k;] U [ny, k] U ... U [ny, k,] m-code
in Hamming metric for error correction.

Proof: (1) Suppose C=C, U C, U ... U Cyis a[ng, ki] U [ny,
k] U ... U [Ny, kn] AMRD m-code such that (n; — ki) U (n; —
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k) U ... U (0 — ki) 15 an odd m-integer (i.e., n; — k; # n; — kj if i
# j are odd integer 1 < i, j < m). The maximum number of m-
errors corrected by C=C,; U C, U ... U C,, is given by

(n =k, =D (,-k, =D (@, -k,-D
2 2 2

But
(k=) (,-k,=D (0, k=D
2 2 2

is equal to the error correcting capability of an [ny, k;] U [ny, k;]
U ... U [Ny, kn]; MRD m- code (since (n; — k), (n; — ky), ...,
(ny — ky) are odd). That is, (n; — k) U (m—ky) U ... U (0, —
ky,) is said to be m-odd if each n; — k;is odd fori=1, 2, 3, ...,
m. Thus a [ny, k;] U [y, ko] U ... U [0y, k] AMRD m-code is
as good as an [ny, k] U [ny, k] U ... U [y, kyn] MRD m-code.

Proof: (2) Suppose C=C, U C, U ... UCyisa[ng, k] U [ny,
k] U ... U [0y, kn] AMRD m-code such that (n; — k;) U (n, —
ky)) U ... U (n, — ky) are odd; then each m-code word of C can
correct L, (n,)UL, (n,)uU..UL (n,)=L,(n) error m-vectors

where
r=rurnuyu..ury,
— (nl _kl _l)u(nz _k2 _l)u...u(nm _km _1)
2 2 2

and
L (n)= Lrl (n,)v er (n,)u..u er (n,)

=1+iﬁ}(2’“ “1).2Y =27 U
-1 1

n

i

1+i[ 212N -1)..2N-2"Hu

...u1+i{n_m}(2N -D..2N =2
i=1 | 1

Consider the same [ny, ki] U [0y, ko] U ... U [Ny, k] m-code in
Hamming metric. Let it be denoted by D=D, U D, U ... U Dy,
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then the minimum m-distance of D is atmost (n; — k; + 1) U (n,
-k, + 1) U...u(n, — ky, + 1). The error correcting capability of
Dis

n -k +1-1 O n, -k, +1-1 OU n, -k +1-1
5 5 N E-a—

=SnuUnRU... U, (since (n—k)um—k)u... Uy, —ky)
are odd). Hence the number of error m-vectors corrected by the
m-code word is given by

iﬁ‘}(zb‘ N uiﬁz}(zb‘ 1y u...uiﬁm}(ZN N

i=0 i=0

which is clearly less than L, (n,)UL (n,)u..UL (n,).

Thus the number of error m-vectors that can be corrected by the
[n, ki] U [m, k] U ... U [0y, kn] AMRD m-code is much
greater than that of the same m- code considered in Hamming
metric.

For a given m-length n =n; U n, U ... U n, a single error
correcting AMRD m-code is one having m-dimension (n; — 3)
U (n; —3) U ... U (n, — 3) and the minimum m-distance greater
than orequalto3 U3 U ... U 3.

We now proceed on to give a characterization of a single
error correcting AMRD m-codes in terms of its parity check m-
matrices.

The characterization is based on the condition for the minimum
distance proved by Gabidulin in [24, 27].

THEOREM 3.4: Let H = H; UH, U...UH, = (a;)U(a;) U ...
V() bea (3 xn) V(3 xny) U... V(3 xn,) m-matrix of m-

rank 3 over GF(2"); n; <N and n, < N which satisfies the
following condition.
For any two distinct, non empty m-subsets P;, P, ..., P,

where P,=P' UP/ U..UP! and P,=P UP] U..UP; of{l,
2,3, ...,m}pand{l, 2, 3, ..., ny} respectively; there exists
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=il iy, i, =i Uiy, .., i, =i vil el 2, 3} U{l, 2 3} U
. U{l, 2, 3} such that

> o E al ol Yol
1 '2k1 A~ uh ~—, igky
e P

jten! kjePy Py ki ePy
U...U Z an - Z an
L) iyk)
ey K epy
2 2
Ay T o Sat X e
JIEPI 1€ 2 Jl €Pl kIZEPZZ
U...U Zamm D U |-
P ? k[ epy

Then H = H;, v H, v ... U H, as a parity check m-matrix
defines a (n;, n;—3) U(ny ny—3) U... U (ny, n,—3) single m-
error correcting AMRD m-code over GF(2).

Proof: GivenH=H; UH, U ... UHisa(@3 xn) U (3 xny) U
.. U (3 x n,,) m-matrix of m-rank 3 U 3 U ... U 3 over GF(2"),
so that H=H; U H, U ... U Hy, as a parity check m-matrix
defines a (n;, n; — 3) U (ng, n; — 3) U ... U (N, 1y — 3) RD m-
code, where
:{XEV“‘/XHIT =0},
={er”2/xH§ =0},
C, ={xeV™/xHL =0}.
It remains to prove that the minimum m-distance of C = C; U
C, U ... U C, is greater than or equal to 3 U 3 U ... U 3. We
will prove that no non zero m-word of C=C, U C, U ... U Cy
has m-rank less than3 W3 U ... U 3.

The proof is by the method of contradiction.

Suppose there exists a non zero m-code word x = X; U X, U ...
U Xy, such that r1(x)) < 2, nn(x0) <2, ..., rn(Xm) < 2, then x = X
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UXyU...UXycanbe written as X =X, UXp U ... U Xy = (Y1 U
V2U ... Uyn(M; UM, U ... UM,,) where

Vi =(V¥2) s Y2 = (Y52 ooes Y = (V7 Y5) 5
y,y,€GFRM) ;1 <i<mand M =M, UM, U ... UM,
:(m}j)u(mfj)u...u(mg‘) isa@xn)uUuxm)u...u2

X N,) m-matrix of m-rank 2 U 2 U ... U 2 over GF(2).
Thus

(yMH'= yMH Uy,M,H] U..uy M _H'
=0u0u...u0
implies that
Y(MHT) = Y1(M1H1T) VY, (MzHI) V... Uyn, (MmH;)
=0ulu...u0.

Since y =y; Uy, U ... Uy is non zero yMH) = (0 L0 U ...
v 0) implies yi(MiHiT) =0 fori=1, 2, 3, ..., m; that is the 2 x
3 m-matrix M,H] UM,H] U...UM_H! has m-rank less than
2 over GF(2"). Now let

P =P UP,U..UP!
= {j, such that m:j: =1} U {j; such that mfﬁ =Ju..
U{jo such that mi“j: =1}
and
P,=P’ UP, U..UP]
= {j, such that m'zji =1} U {js such that miﬁ =1}u...
U {j5 such that m;“ﬂ =1}.
Since M=M; UM, U ... UM, =(m;)U(m})U...u(m}])

1Sa2xn uU2xnuU...U?2 xn, m-matrix of m-rank 2 U 2 U
... U2 and P, and P, are disjoint non empty m-subsets of {1, 2,
oMUl 2, ..ombu... U {l,?2,..., n,} respectively and

MH" =M,Hf UM,H! U...UM_ H"
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i€k jieh i€k
= Y
DI ICII IS
T T2 T
ek ek ek
2 Z 2 2
o, Yo
27 1j3 — 2 2 — 353
el el el
U...Y
2 2 2
S Y, Y,
2 1 — i 2 3
j2€Py j2eP; j>€P;
m m m
o Sa
&~ T 2 &G
Ji€p Jiep Jiep
m m m
Z ., o, o,
—~, e 2 3]
j2€P; j2€Py j2€Py

But the selection of H=H; U H, U ... U H,, is such that there
exists 1},15 € {1,2,3};p=1, 2, ..., m such that

Z alljl z a ibk, v Z a, il Z alzkz

iteP ki eP, j2el kP,
Zmuzaﬁ
J2€P1

+Ya, Y O 0 Y o U
1zJ] ik, < 171 itky
jleP, k,eP, jreh k,eP,
o« Y a

z i ik,
J1€P| Kk, €Py

Hence in MH' there exists a 2 x 2 m-submatrices whose
determinant is non zero; i.e.,

r(MH") =, (M,H)ur,(M,H))uU...ur, (M, H])
over GF(2"). But this is a contradiction to fact that,
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rank(MH") = rank(M,H, ) U rank(M,H} ) U...Urank(M_H. )

<2U2U.. U2,
Hence the proof.

Now using constant rank code we proceed on to define the
notion of constant rank m-codes of m-lengthn; Un, U ... U ny,.

DEFINITION 3.24: Let C; v C, U ... v C, be a RD-m-code
where C; is a constant rank code of length n;, i = 1, 2, ..., m
(Each C; is a subset of the rank space V" ;i =1, 2, ..., m) then
C=C,uC,u... UC,is a constant m-rank code of m-length
n; Uny U... Uny, that is every m-code word has same m-rank.

DEFINITION 3.25: A(n;, r;, d;) U A(ny, ry, dy) U ... AWy, Fy
d,) is defined as the maximum number of m-vectors in
ynor®t oLV of constant m-rank, r; Ury; U ... Ur, and
m-distance between any two m-vectors is at least d; U d, U ...
Udy [By (ny, v, dy) U (ny, 1y, do) U ... U(ny, Fy dy) m-set we
mean a m-subset of m-vectors of V" UV"™ U..0UV"™ having
constant m-rank r; Ur, U ... Ur, and m-distance between any
two m-vectors is atleast d; U d, U ... Ud,].

We analyze the m-function A(ny, 1y, d;) U A(ny, 1, dp) U ... U
A(ny, I, dy) by the following theorem:

THEOREM 3.5:

1. A(I’l], ry, ]) (% A(ng, 7, ]) v ... U A(}’lm, Vi ]) =
L (m)VL, (n,)V..0L (n,), the number of m-vectors of m-
rankr; Ur, U... Ur,in V" OV U...UV"™.

2. A(I’l], ry d]) L/A(ng, o, dg) U ... UA(I’lm, Vs dm) =0u0 v
W O0ifr>0o0rd;>niandd; > 2ri (i=1, 2, 3, ..., m),

Proof:
(1) Follows from the fact that L, (n,)UL_ (n,)V..UL, (n,)

is the number of m-vectors of m-length n; U n, U ... U n,
constant m-rank r; U 1, U ... U 1, and m-distance between any
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two distinct m-vectors in a m-rank space V" UV™ uU...uV"
is always greater than orequalto 1 U 1 U ... U 1.

(2) Follows immediately from the definition of A(ny, r;, d;) U
Ay, 15, dy) U ... U A(Dpy, Ty, di).

THEOREM 3.6: A(n;, 1, 2) VA, 1, 2) U... VA, 1, 2) =
21U 2" —1 U...u2" =1 over any Galois field GF (2").

Proof: Denote by V; U V, U ... U V,, the set of m-vectors of
m-rank lulu...ulin VP UV uU...uUV™: we know each
non zero element o; U o, U ... U Oy € GF(ZN), there exists
2" -Hu2™ -DHu..u2™ —-1) m-vectors of m-rank one
having oy U o U ... U o, as a coordinate. Thus the m-
cardinality of V, U V, U ... U Vis 2N -D(2" -DHu 2V 1)
2" -DHu..u2" =D@2"™ —1). Now m-divide V, U V, U ... U
Vi into (2" 1)U (2™ —=1)U...u (2™ —1) blocks of 2~ 1) U
N -1) U ... U (2" =1) m-vectors such that each block consists

of the same pattern of all nonzero m-elements of GF(2™) U
GF2™) U ... U GF(2Y).

Then from each m-block element almost one m-vector can be
choosen such that the selected m-vectors are atleast rank 2 apart
from each other. Such a m-set we call as (n;, 1,2) U (np, 1, 2) U

. U (ny, 1, 2) m-set. Also it is always possible to construct
such a m-set. Thus A(n;, 1,2) U A(ny, 1,2) U ... U A(ny, 1, 2)
=Q2"-DHuR™-1) u.u@2"™-1).

THEOREM 3.7: A(n;, n;, n;)) UA(n, ny, nz) U ... VAN, By By
=2"-n)uV-1) u..u@-1) (e, Ay nyn) =2"—1:i
=1,2 3, .. m)over GF(2").

Proof: Denote by V, UV, U..UV, ~ the m-set of all m-

vectors of m-rank n; U n, U...U n,, in the m-space V" uUV™
U... UV . We know the m-cardinality of V, UV, U..UV,

1S
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N-nDRN-2) ... V-2 u RN (2YN-2) ...
e¥-2h u..uN-DEY=-2) ... @V -2

and by the definition in a (nj, ny, ny) U (ny, Ny, np) U ... U (O,
n,, N,) m-set, the m-distance between any two m-vector should
be nj U n, U ... U n, Thus no two m-vectors can have a
common symbol at a co-ordinate place i; Ui, U ... U ip; (1 <14
<n, 1< <y, ..., 1 <iy <ny). This implies that A(n;, n;, n)
U Ay, o, ) U ... U Ay, Ny, 1) < 2N =D U 2N =1) U ...
u (2N -1).

Now we construct a (n;, n;, n;) U (np, np, np) U ... U (N, Ny,
n,) m-set as follows:

Select N m-vectors from V, UV, U..UV, such that

i.  Each m-basis m-elements of GF(2")uUGF(2™) U ... U

GF(2") should occur (can be as a m-combination) atleast once
in each m-vector.

ii. If the (i",i),...,i") m-vector is choosen ((i, +1)",
(i, +D",...,(i, +1D™) m-vector should be selected such that its
m-rank m-distance from any m-linear combination of the
previous (iy, iy, ..., Ip) M-vectors is n; U n, U ... U ny,. Now the
set of all m-linear combinations of these N U N U ... UN, m-
vectors over GF(2) U GF(2) U ... U GF(2) will be such that the
m-distance between any two m-vectors is n; U np U ... U Ny,
Hence it is (ny, ny, ny) U (ny, Ny, np) U ... U (0, Ny, Ny) M-set.
Also the m-cardinally of this (n, n;, n;) U (np, np, np) U ... U
(N, Ny, Ny) m-sets is 2N D) U Y -1 U ... U 2N -1) (we do
not count all zero m-linear combinations). Thus A(n;, ny, n;) U
Ay, Ny, M) U ... U Ay, Ny, 1) = 2N -DHU V-1 U ... U

@N-1).
Recall a [n, 1] repetition RD code is a code generated by the
matrix G = (1, 1, ..., 1) over E . Any non zero code word has
rank 1.
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DEFINITION 3.26: 4 [n;, 1] U [n, 1] U ... U [n,, 1] repetition
RD m-code is a m-code generated by the m-matrix G = G; UG,
V.. uUG,=(11..)udl..)u.. udl.. 1) (G =G
ifi #j; 1 <i,j <m) over F,, . Any non zero m-code word has m-

rank 1 o1 v... U1

DEFINITION 3.27: Let C = C; v C, U ... U C,, be a linear [ny,
ki] Uny, ky] U ... Ulny, k,] RD m-code defined over Fz* The

covering m-radius of C = C; U Cy U ... U C,, is defined as the
smallest m-tuple of integers (r;, vi, ..., ¥n) such that all m-

vectors in the rank m-space FZ'E UFZZ% u...uF;’ir are with in

the rank m-distance r; Ury U ... Ur,, of some m-code word.
The covering m-radius of C = C; v C, U ... U C,, is
denoted by
HCy) Ut(Cy U... Ut(C,) =)

{min(r](x, + CI))} {min(rz(xz + CZ))}
= max U mazg

iy
x,erN c, € C]

¢, eC,

U...U max
c,eC,

min(r,(x, +C,))
x,,,eF;,(? -
THEOREM 3.8: The linear [n;, k;] U [ny k)] U ... U [n, k]
RD-m-code C = C; v Cy; U ... U C, satisfies t(C) = t(C;) v
HCy) ... VHC,) S(nj—k) Umy—ky) U... UWy—ky).

Proof: LetC=Ci,uCyu...uUC,bea(n, k) ... U (ny, ky,)
RD-m-code. Consider the m-generator m-matrix
G=GuGuU..uG,=
LAy ) V@A L )V U SA )
Suppose
X=X UXU ... UXpy
= (X],X}, ...,XLI ,XLIH,...,XLI)U

m m m m m
VX[, X e X Xy e Xy )
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be any m vector in V" U...0U V"™,
Let
C=(CuvCGuU..uC)GuUGU..uUG,
=CiG VGG U ... UGGy
= (X ... XLI)Gl U U (XX ) G

Then C is a m-code word of C and r(x +¢) =r(x; t ¢)) U ... U
Im(Xm + Cm) <0 —k; U ... U ny, — k. Hence the proof.

For any [ny, ki] U [n, ki] U ... U [ny, k] repetition RD m-code
generated by the m-matrix G=G, UG, U ... UGL=(11... 1)
ull..hu...ull...1)(G=#Gjifi#];1<1i,j<m)over
F2N . A non zero m-code word of ithasm-rank 1l U 1 U ... U 1.

We proceed on to define the notion of covering m-radius.

THEOREM 3.9: The covering m-radius of a [n;, 1] U [ny, 1] U
.. U [ny, 1] repetition RD m-code over F,, is (n;—1) U (n;—

Hu.um,—1).

Proof: The Cartesian m-product of 2 linear RD m-codes
C=C,[n},k;JUC,[n},k}]U...uC, [n] k. ]
and
D=D,[n},k;JuD,[n},ki]U..uD,_[n’ k2]
over F is given by
CxD=C;xDiuCyxDyu...uCyxDy
={(a],bl)/a] €C, and b} € D,} U
{(a},b?)/al eC,and b} € D,}U...U
{(a",b™)/ameC, andb" D, }.

CxDisa {(n]+n})u(n,+n))u...u(n. +n), (k5 +k’)uU

(k) +k3)u...u(k! +k2)}linear RD m-code.

(We assume n} +n’ <N fori=1,2, ..., m).
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Now the reader is expected to prove the following theorem:

THEOREM 3.10: [fC=C; vC, v ... vCpand D =D; D, U
. U D, be two linear RD m-codes then t(C x D) < (¢(C;) +

(D) C(C) +1(D2)) U . U(H(Cr) +1(Dy).

Hint: fC=C,uC,u...uChand D=D,uD,uU ... UD,
then C x D = {C; x D;} U {C; x D,} U ... U {Cy, x Dy} and
t(CxD)=t(C; x D)) Ut(Cy; xDy) U ... Ut(Cpyp x Dp) < {t(Cy)
+t(D))} U {t(Cy) +t(Dy)} U ... U {t(Cp) + t(Dy)}.

Next we proceed on to define the notion of m-divisible linear
RD m-codes we have earlier defined the notion of bidivisible
linear RD bicodes

DEFINITION 3.28: C = C;/ny, ki, d;] U Cyfns, ky, db] © ... U
Co[tm, kn, d,] be a linear RD m-code over F;N ,n <N I <i<

m and N > 1. If there exists (m;, my, ..., my) (m;>1;i=1,2, ...,
m) such that
m.

(e q)
1 <i<n;i=1 2, .., mforall c; € Cy then we say the m-code
C is m-divisible.

THEOREM 3.11: Let C = Cy[ny, 1, n;] © Cyfny, 1, ny] U ... U
Cultm 1, nyf (n; #n;, i 2j; 1 <i, j <m) be a MRD m-code for
all n; <N, 1 <i <m. Then C is a m-divisible m-code.

Proof: Since there cannot exists m-code words of m-rank
greater than (n;, ny, ..., ny) inan [n;, 1, ] U [, I, m]u ... U
[N, 1, ny] MRD m-code. C is a m-divisible m-code.

DEFINITION 3.29: Let C; = [n;, k;] be a linear RD-code, i = 1, 2,
3, ... myand C; = [n;, k; d] linear divisible RD codes, j = 1, 2,
3, ..., my defined over GF(ZN). Let m = m; + m,, then the RD
linear m-code C = C; v C, U ... U C, is defined as quasi
divisible RD m-code, n; <N, 1 <i <m.
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DEFINITION 3.30: Let C; = Ci[n;, ki, d;] be a MRD code which is
not divisible and C; = Ci[n;, k;, dj] be a divisible MRD code
defnedoverGF(2N) i=1, 23 smpandj =1, 2, 3, .

such thatm =m; + m,. C = C; uCz v..uC,is a’eﬁned to be
a quasi divisible MRD m-code.

DEFINITION 3.31: Let C;, C5, ..., le be circulant rank codes

and Ci[n;, k; d] a divisible RD-code defined over GF(2"); j = 1,
2, ..., mysuch thatm; + my=m. Then C=C, vC, .. UC,
is defined to be a quasi divisible circulant rank m-code.

DEFINITION 3.32: Let C;, C», ..., le be AMRD codes and C;[n;,

kj, d;] be a divisible RD code defined over GF M), =12 ..,
my such that m; + my = m. Then C = C;, v C, U ... UCy, is
defined to be the quasi divisible AMRD m-code.

We see non divisible MRD m-codes exists as there exists non
divisible MRD bicodes.

DEFINITION 3.33: Let C; = Ci[n;, k;, dif, i = 1, 2, ..., m be MRD
codes defined over qu n <N;i=1 2, .., mwithn; #n;if i #

j 1<ij<m.
A [n,d ]OA [n,d,]U..O4 [n,d,] be the number of

m-code words with rank m-norms s; in the linear [n;, k;, d]
MRD-code 1 <i <m. Then m-spectrum of the MRD m-code C =
C, uC, U... UC,is described by the formulae

Ao(ny, d) VAo(ny, db) U ... VAp(hy dy) =101 U ... U1

d+m (nl d )UAd (nZ’dZ)U”‘UAdm+mm (nm’dm)

m} (m=jy J(m =, =1)(Q""' 1)

ST e e
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d, +m, (my=j2 )(my=jo=1)(Q”""~1)
? U...U
2

J2=

m, (M=o (M= =1)(Q" 1)
|: n, i| Z (_I)j”ﬁrmm |:d’” + m’”:|q 2
dm + mm Jm=0 dm + jm

where Q = ¢";

2

mo_(q"=1)(q"=2)..(q"=¢"")
|: :|: m; m P —1 , 1= ], 2, vee, M.
m; | (q" =1)(q" =2)..(¢" —q"")

Using the m-spectrum of a MRD m-code we prove the
following theorem:

THEOREM 3.12: A/l MRD m-codes C;[n;, k;, d;] v Cy[n,, ko,
dy] U ... UCuln, ky, dy] withd; < n; (i.e., withk; >2) 1 <i <m
are non m-divisible.

Proof: This is proved by making use of the m-spectrum of the
MRD m-code. Clearly
Ay (n,d) VA, (n,,d) V. VA, (n,.d)#0000U..L0.

If the existence of a m-code word with m-rank (d;+1) W (d+1)
U ... U (dyt+1) is established then the proof is complete as the

m-ged {(dy, dit1) U (dy, datl) U ... U (dp, dpt])} =1 U 1T U
.. U 1. So the proof is to show that,

Ayu,d)UA ,(n,,d) U VA (n,,d,)
is non zero (i.e., Adiﬂ(ni,di) #0;1=1,2,...,m).

Now
Adl+| (n,,d)v Ad2+1 (n,,d,) U...UAde (n,.d,)

[ o
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I i T e
L:: J[{dz : 1}[((2 —1)+(Q? _I)JJ

~| ™ o oa [+
=ld,+1 Q-D|Q+1- . U
1 | 1 d, +1

d, +1 Q- Q+1- d, U

n, 1 | dm +1
d +1 Q-DiQ+1- a )
Suppose

1 d1+1 . d2+1 1 dm+1
Q+l-| " v Q+l- d, VU Q|

ie.,
qN +1_ qd+1 1
q-1
ie.,
d
q -1
q-1= qul
Clearly,
d
q -1
qN—l <l
For,

lf q B >1 then qN—l<qd_1

N-1 —

108



which is impossible as d <n < N. Thus q — 1 < 1 which implies
q < 2 a contradiction.
Hence, A, (n,,d)UA,  (n,,d)U..UA,  (n,,d,) isnon

zero. Thus expect Ci(ny, 1, n;) U Cy(ny, 1, 1) U ... U Cy(ny, 1,
nn) MRD m-codes all C[ny, ki, di] U Cy[ny, ky, dp] U ... U
Cu[Nm, ki, dy] MRD m-codes with d; <n;; i =1, 2, ..., m are
non divisible.

Now finally we define the fuzzy rank distance m-codes (m > 3).

Recall Von Kaenel introduced the idea of fuzzy codes with
hamming metric and we have defined fuzzy RD codes with
Rank metric, we have in the earlier chapter defined the notion of
fuzzy RD bicodes. We now proceed onto define the new notion
of fuzzy RD m-codes (m > 3) when (m = 3), we call the fuzzy
RD m-code to be a fuzzy RD tricode. In the chapter two we
have recalled the notion of three types of errors namely
asymmetric, symmetric and unidirectional.

We proceed onto define the notion of fuzzy RD m-codes m > 3.

DEFINITION 3.34: Let V" V™ U..UV"™ denote the (n;, n,,
.o, Ny) dimensional vector m-space of (nj, ny, ..., hy)-tuples over

Fz,\, s SNand N>1;1<i<m.
Letu, vieV";i=1 2, ... m where,
u, =(u§,u§,...,ufqi)
and
v, :(vj,vé,...,v;‘)
with

i i . . . :
uj,vjeFZ,\,, 1 <j<n, I<i<m.

A fuzzy RD m-code word f, ., ., ., = full v flj V.U f) s a
fuzzy m-subset of V" OV U...OV"™ defined by,

1 2
]Fu/uuzu...uum :f;z, Ufuz qu;:

={ (v [l )]V €V 0L (vy, £ (v,) v, €V JU U
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[V (v )]V, €V}

where fu], (vj)ufli (v,)V..9 [ (v,) is the membership m-
function.

DEFINITION 3.35: For the symmetric error m-model assume p
Upy U ... Upy, to represent the m-probability that no transition
(i.e., error) is made and q; U q; U ... U q,, to represent the m-
probability that a m-rank error occurs so that, p; + q; Up, + q
UeUpmtqm=10U1 U... U, then

Ja (V)DL (v,) OO LT (v,)
=p g Py O I g
where 1, =r,(u, —v,.,2)=||ul. —v,.”, i=1,2 .., m

DEFINITION 3.36: For unidirectional and asymmetric error m-
models assume q; U q, U ... U g, to represent the probability
that (1 - 0) v (1 - 0) v ... U (I = 0) m-transition or (0 — 1)
U0 —1) ... U0 — 1) m-transition occurs. Then

L (V)LL) U0 £ (v,,)
=Hfuf,(vf)u1jfu§(vf)u...uf[fu:,f(v[”)

where fuI, (vil)ufulzz (viz)u...ufutz (V") inherits its definition
from the unidirectional and asymmetric m-models respectively,
since each u! Uul U...uu" or v UV U...0UV" itself is an
N-m-tuple over F,. That is since ul’vl’ erN sj=1,2 .., m
each u! Vu! U...uu" or v UV U...uV" itself is an N, m-
tuple from F,.
u! =(ul, Vul,u...oul, ),
vl =(vl,uv],u...uV])
where, ul v}, e F,, 1 <p, | <Nand 1 <i<m.

Then for unidirectional error m-model

110



FiOv)O i) o fa(v )=
ovwouv...u0

min(kl, k), ). .Oomin(kl k) £00...00
m!—d! _dl ml—d? _d? m"—d" " .
P, q, Yp, q, Y..Up, q., otherwise

N
where k! =Zmax(0,ui{ —v! ) wherej=1,2, .., mandi= 1,
s=1

2, ...,m
|k i k=0
"k i k=0
j=12 ... m
N . .
Dl if k=0
s=1
m! = N‘Z”Zq if kj,=0
s=1
max(Yul N=Yul) if K=kl =0
j=12 ... m

For the asymmetric error m-model

FrOv)O 20 )OO ) =
0v...u0

if min(kl, k', )U...omin(k!, k") #00...00

mi—d} _dl mi—d? _d} m"=d" _d" .
p g wpy gy ..U pl T gl otherwise

where dl.j =ki’} andj=1,2, ..., m.
N
m;’ =Zu;£,j =12 ...,.m
s=1
for asymmetric (1 — 0) U (1 — 0) error m-model and d! =k},

j=12 .., mand
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J_ AT _ J
m! =N E uj,
s=1

j =1 2, .., m for the asymmetric 0 — 1 v 0 — 1 error m-
model.

The results for minimum m-distance of a fuzzy RD-m-code can
be derived as in case of minimum bidistance of a fuzzy RD
bicode. The notions related to m-covering radius of RD bicodes
can be analogously transformed to RD-p-codes (p > 3).

PROPOSITION 3.1: [If
CluClu...uCland C; UC; L...uC;
are RD m-codes with
CluClu..uClcCluciu...uC’
(ie, CicCi;j=12 ..m)
then
1, (Cr)ut, (Cy)u..ut, (C, )=

(ie, t, (CH2t, (C),;i=12 .., m).

Proof: Let S, c V" with 1 <j<m; |S{|=my;i=12 ..., m

cov(C?,S,)Ucov(C3,S,) U...ucov(C2,S )

=min{cov(x,,S,); x, € C; } U
min{cov(x,,S,);x, € C}U...U min{cov(x,,S, );x, €C.}

< min{cov(x,,S,)/x, € Cl} U
min{cov(xz,Sz)/x2 eCllu..uU min{cov(xm,Sm)/xm eC}

=cov(C},S,)ucov(C},S,)U...ucov(C,S ).
Thus
t, (CHut, (CHu..ut, (C})
<t, (CHu b, (CHu...u t (C).
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PROPOSITION 3.2: For any RD m-code C=C; vC, U ... UC,,
and a m-tuple of positive integers (m;, m, ..., my,,)
1, (CHut, (C)u..ut, (C,)<

Im,+](CI)U tm2+I(C2 ) V... tmerI(Cm ) .

Proof: Since S, cV";i=1,2,...,m;S;US,U..US,isa

m-subset of V' UV™ U...UV™

Now
t, C)Hu t, (C)u... Ut (C,)

=max{cov(C,,S, )/Sl c vy,
max {cov(C,,S, )/S2 c Ve,
max {cov(C_,S )/Sm c Ve ,|Sm| =m,}

Sl|:ml}u

S,|=m,}u..u

<max{cov(C,,S,)/S, = V",
max{cov(C,,S,)/S, c V",
max {cov(C_,S, )/Sm oV,

S|=m, +1}uU

S,|=m, +1}u..U

S,|=m,, +1}

:tmIJrl(Cl)k')t (C2)U"‘Utmm+l(cm) .

m,+1

PROPOSITION 3.3: For any m-set of positive integers
{n, my, ki, Ki} O ino, my, ko, Kyp O o Uiy, my, kn, Kif;
t, [n. k]t [n,k,]O...0t, [n, k, ]

Stml+,[n,,k,]Utm2+,[n2,k2]U...utmm+,[nm,km].

Proof: Given Cy[ny, ki] U Cy[ny, kp] U ... U Cy[ny, k] to be a
RD m-code with C, c V" ;i=1,2, ..., m.
Now

t, [n,k Jut, [n,k,Ju..ut, [0k, ]

=min{t,, (C,)/C, € V".dimC, =k} U
min{t, (C,)/C, < V™,dimC, =k,}U...u
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min{t,, (C,)/C, cV™.dimC, =k}

<min{t, ,(C,)/C, € V",dimC, =k } U
min{t,, ,,(C,)/C, < V™.,dimC, =k,}U...u
min{t,, ,,(C,)/C, € V™.dimC, =k, }

= tmlﬂ[nl,kl]utmzﬂ[nz,kz]kJ...u tmmﬂ[nm,km] .

Similarly we have

t, [, K Jut, [0, K,Ju..ut, [n,.K,]
< tm]+1[nl,Kl]utm2+1[n2,K2]u...utmm+l[nm,Km].

That is
t, [nl,KI]utmz[nz,Kz]u...utmm [n,.K,]

=min{t,, (C,)/C,cV",|C,|=K} U
min{t,, (C,)/C, = V",|C,|=K,}u...u
min{t,, (C,)/C, cV™.|C,|=K,}

= min{tml+1(cl)/c1 c Vv, C1| =Kju
min{t,, ,,(C,)/C, = V™,|C,|=K,}U...u
min{tmm+l(cln)/cm - V“m 4 Cm| = Km}

<t, . [n.K,Jut

<t, ., [n,.K,]u..ut, ,[n_ K _].

m,+1 m, +1

PROPOSITION 3.4: For any m-set of positive integers
{I’Z], my, k], K]} U{I’Zg, mp, kz, Kg} ... U{I’lm, m,, km, Km},
i, [n.k, Jot, [n,k,]O...vt, [n, k, ]
21, [n,k,+1]9t, [n,k,+1]O...vt, [n, k, +1].
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Proof: Given C=C, U C, U ... U C, is a RD m-code, hence a
m-subspace of V' UV™ U...uV" .
Consider

t, [0,k +1]Ut, [n,k, +1]u..0t, [n, .k, +1]

m?

=min{t,, (C,)/C, € V",dimC, =k, +1} U
min{t, (C,)/C, cV™.,dimC, =k, +1}U..U
min{t,, (C,)/C, cV™.,dimC, =k, +1}

<min{t, (C,)/C, € V",dimC, =k} U
min{t,, (C,)/C, < V",dimC, =k,}u..u
min{t,, (C,)/C, cV™.,dimC, =k, }

since foreachC,uC, U ... UChcChUCp U ... UCp

t, (Clz)utm2 (sz)u...utmm (C,.,)
<t, (CHut, (C)u..ut, (C,)
=t, [nl,kl]utmz[nz,kz] U...JU tmm[nm,km]..
Similarly
t, (n, K +hut, (n,,K,+DHu..ut, (n,.K, +1)
<t, (n,,Kl)utmz (nz,K2)u...utmm (n,K, ).

Using these results and the fact k. [n.

.. [n,,t.] denotes the smallest
dimension of a linear RD code of length n; and m; covering

radius t; and K, [n;,t;] denotes the least cardinality of the RD

1

codes of length n; and m;-covering radius t; the following results
can be easily proved.

Result 1: For any m-set of positive integers

{n,my, i} U {ny, my, h} U L. U {Dy, My, t s
and
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k, [n,t]JUk, [n,,t,]Ju.. Uk, [n,t]
< kmlﬂ[nl,tl]ukmzﬂ[nz,tz]u...ukmmﬂ[nm,tm]

and
I<m] (nl ’tl) o sz (n2 ’tz) V.. I<mm (nm > tm)

= I<m,+1 (nl’tl) UKmZH (n2’t2)u"'UKmm+1 (nm’tm) .

Result 2: For any m-set of positive integers
{1’11, my, tl} |\ {1’12, my, tz} U... VU {l’lm, my,, tm}.
we have,
k, [n,t]uk, [n,,t,]Ju.. Uk, [n,t]

>k, [n,t, +1]Uk, [n,,t, +1]U..Uk, [n,,t, +1]

m’tm
and
I<m] (nl ’tl) o sz (n2’t2) V.. I<mm (nm ’tm)

2K, (n,t, +DUK (n,,t, +)U. UK (n +1) .

m’tm

We say a m-function f; U f, U ... U f;; is a non decreasing m-
function in some m-variable say X; U X, U ... U Xy, if each f;
happen to be a non-decreasing function in the variable x;; 1 = 1,
2,...,m.

With this understanding we have for (m;, my, ... , my)-
covering m-radius of a fixed RD m-code C; U C, U ... U Cy,

tm] [nl’kl]LJtm2 [n2’k2]u"'Utmm [nm’km] H

kml[nlatl]Ukmz[n29t2]U"'Ukmm[n t ],

ty, (0, KDL, (0,,K) 0.0t (n,,K,)
and
K, (o,t)UK, (n,,t)u.. UK, (n,t,)

are non decreasing m-functions of (m;, my, ... , my).

The relationships between the multi covering m-radii of two RD
m-codes that are built using them are described.

Let

C=CuCiu..uC
fori=1,2bea
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[l k!, AUk, 2 TU . Un] kI, dD ]
and
[n;,k;,d;]u[ni,ki,di]u...u[n‘zn,k'z’“,d‘;]

RD m-codes over F,, with n;,n,,n +n, <N fori=1,2, ..., m.

PROPOSITION 3.5: Let
C'=C/uCiu..uC and C°=C; UC; L...uC.
be RD m-codes described above
C=C'xC’=(C/xC;} )U(CixC;)u..u(C.xC?)
={(x,/y,)/x,€Cl.y,€C/ } L
{(x,/y,)]x,€Cry, €CF UL
{(‘xm/ym)/xm Ecri’ym € Crfl} N
Then C' xC isa
[n+nun +mu.un +n,
ki+k Uk +kEU. UK + k),
min{d],d} }Omin{d;,d; }O..omin{d7,d} }]
rank distance m-code over F,, and
t, (C/xCl)ut, (C;xC;y)u..ut, (C,xC;)
Stml(Cf)+tml(Cf)utmz(C2’)
+, (C3)u...ut, (C,)+t, (C, ).

Proof: Let S, Vi fori=1,2, ..., m and S, ={s§,...,sini}
fori=1,2, ..., m with sij(xji/yji) fori=1,2,..., m; X;; eVvn
and y; eV, 1<i<m;1<i<m. Let
S; = X1 X+ S; = Yoo Yim | >
S} ={Xy15ees Xom, } S; ={Ya15sYom § 5 -0
S = Koo X+ a0d - SY = {y,veees Vo -
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Now t (C}) being the m; covering radius of Cj;i=1,2, ...,
m, there exists ci € Ci such that Si1 c Bim (Cil); i=1,2,...,m.

This implies as in case of RD bicodes
r(s; +C) —I'((XJl/le)-i-(CJ/CJ))—I'(X +CJ/le+CJ
<1(x; +CJ)+r(le+CJ)<t (CJ)+t (C’)
j=1L2,...,m
Thus
t,(C)=t, (C;xCHut, (C;xCHU..Ut, (C, xC;)<
t, (C)+t, (CHUL, (C)+t, (CHU..Ut, (Ch)+t, (CL).

For any (r,r,...,r) (r a positive integer (m > 3) the (1, 1, ...,
%.,_/
m-—times

r) fold repetition RD m-code C, U C, U ... U Cy, is the m-code

C={(c,|¢,|...|]¢,)/c, eC}u
{(cyley].lcy) /e, €Crlu. U

{clenlle)/c, eC}

where the m-code word C; U C, U ... U C,, is a concatenation
of (r, r, ..., r) times, this is a [rny, k;, d;] U [rny, ky, da] U ... U
[rny, km, d] rank distance m-code with n; < N and rn; < N; i =
1, 2, ..., m. Thus any m-code word in C; U C, U ... U Cp,
would be of the form

(€ le |l ey Ul(e; €y |l )} U U i(ey, Loy [l €,))
such thatx;e Cifori=1,2,...,m

We can also define (ry, 12, ..., Iy) fold repetition m-code (r;
#zrifi#j; 1 <1i,j<m).

DEFINITION 3.37: Let C;, o C, ... vC, bea
[nn, ki, di] Olflny, ks, dy] O ... U fny, ky, d,] RD m-code.
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Let ¢ = {M / €< Ci} be a ri-fold repetition RD-code

1;—times

Coi=12 ..mThenC UCU.. UC"is defined as the (v,
7 ..., Fy)-fold repetition m-code each rm; <N fori=1, 2, ..., m.

We prove the following interesting theorem.

THEOREM 3.13: For an (v, r, ..., r) fold repetition m-code C;
Cu..uC,
t, (C)ut, (C)u..ut, (C,)

=1, (C")ut, (C?)u...ut, (C").

Proof: Let S, = {ViI’ViZ"“’Vimi}gVn‘ fori=1,2,...,m;
such that cov(Ci,Si)ztm‘ (C);i=12,...,m

Let
Vi = (Vi [V eI vy)
Vi, =(Via [ Vig |1 Vi)
and so on
im = Vi [ Vi [ Vi )5 1 S1<m.

Let S, ={vi;,Vj,.... Vi, } be the set of mj-vectors of length m;
for,i=1, 2, ..., m. An r fold repetition of any RD code word
retains the same rank weight. Hence (C',S!) = t, (C,) true for i

=1,2, ..., m. Since
t,, (C=cov(C',S))
it follows that
t, (C)>t, (C)

fori=1,2,...,m;i.e.,

t, (CHut, (CHu..ut, (C")=
t, (CHut, (CHu..ut, (C,) - I
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Conversely let S, ={v,,v,,,...,v;, } be asetof m; vectorsi=1,

2, ..., m of length rn; with v; = (V;j |.

WV = L2, my i =
1,2, ...,m vieV" 1<i<m. Then there exists ¢; € C; such
that dg (c;,v))<t,(C);i=1,2,..,m;l<i<m.

This implies dg ((c; [c;|...[¢c;),v;) <t (C,) for every i(1 <
i<m). Thus t, (C')<t, (C),i=1,2,...,m;
ie.,

t, (CHut, (CHU..Ut, (C")<
tml (Cl)Utmz (CZ)UUtmm (Cm) """" II

From I and II
t, (CHut, (CHU..ut, (C")=
t, (CHut, (CHu..ut, (C,).

Now we proceed on to analyse the notion of multi covering m-
bounds for RD m-codes. The (m;, my, ... , my) covering m-
radius t, (C)ut, (C)u..ut, (C,) of a RD m-code C =

C,u Gy U ... U C, is a non-decreasing m-function of m; U m,
U ... Umy, Thus a lower m-bound for
tml (Cl) o tm2 (CZ) V.Y tmm (Cm)
implies a m-bound for
t, 1 (CHUt, (CHu..ut, (C).

First m-bound exhibits that form; um, U ... Uumy, =22 U2 U
. U 2 the situation of (m;, my, ..., m,) covering m-radii is
quite different for ordinary covering radii.

PREPOSITION 3.6: [fm; Um, U ... Um, >2 U2 U... U2 then

the (m;, my, ..., my,) covering m-radii of a RD m-code C = C; v
C, U... vCy,of m-length (n,, n,, ..., ny) is at least

o5 o]
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Proof: Let C=C, U C, U ... U C, be a RD m-code of m-length
(0, Ny, ..., ny) over GFRMN). Letm; Umy U ... Ump =2 U 2
U ... U2 Letty, t, ..., t, be the 2-covering m-radii of the RD
m-codeC=C,UuCuU..UChLetx=XUXxU...UZXpy €
Vi OUV2uU.L.uUV™, Choose y =y U Vs U ... U Yy, €

V" uUV™ U...uUV"™ such that all the (n;, ny, ..., n,) coordinate
of

X—-y=(X,-y)VUX,-y,)U..UX,-Y,)
are linearly independent that is
dy (X,y)=dy (X, UX, U..UX_,y, Uy, U..UYy, )

=dy (x,y)Udg (X,,¥,)U..Udy (X,,,Y,)
R=RURU...URyand dy =d; Ud, U...udp )=m U

nuU...un, Thenforanyc=ciucu...uc,e CTuC U
U Ch

dy(x+c)+dy(c+y)
=dg (x,,¢)) +dg (¢, y,)Udy (X,,6,) +dg (€,y,) V..U
dp, (Xp>Co) +dg (€ Y0)
2dy (x,y,)Vdg (X,,y,) V.. Udg (X,,,¥,)

=nUmU...Uny,

this implies that one of
dp (x),¢) U dg (X,,0) V... Udg (X,,¢,)
and
dR1 (ClaY1)UdR2 (CzaY2)u~-~UdRm (Cous Vo)
is at least
n

Lo, n
2 2

2
(That is one of d, (x;,¢;) and dg (c;,y;) Is atleast %; i=1,2,

..., m) and hence
n

t=t, U U...Ut,>|—+|uU Lo o e,
2 2 2
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Since t is a non-decreasing m-function of m; Um, U ... U my, it
follows that

tm(cj) = tml (Cl) o tm2 (CZ) V.. tmm (Cm)
n n n
> | L |u| 2| u.ul =
2 2 2
formyum uU...um,=>2uU2uU... U2 m-bounds of the
multi covering m-radius of V" UV™ U...uU V"™ can be used to
obtain m-bounds on the multi covering m-radii of arbitrary m-

codes. Thus a relationship between (m;, my, ..., m,,) covering
m-radii of an RD m-code and that of its ambient m-space

V" uV™ uU...uV™ is established.

THEOREM 3.14: Let C = C; v C; U ... U C,, be RD m-code of
m-length n; Uny, U ... U n, over FyUF, U...UF,. Then

for any positive m-integer tuple (m;, my, ..., m,,)
t;l(C])utjz(Cz)u...ut,’:n(Cm)
<SH(C)+t, (V") (Cy)+t, (V*)U..U
0(C )+ (V).

Proof: Let S=S, U S U ... uS, cVIuV2uU...UV"™
(e, S,cV";i=1,2,...,m) with [S| =[S;| U |Sy] U ... U [Sy
=m; Um, U ... Umy Then there existsu=u; Uu, U ... U uy
e V" uV™ U...u V"™ such that

cov(u,S)=cov(u,,S,)Ucov(u,,S,)u..ucov(u,,S, )
<t, (V"ut, (VH)u..uty (V™).

Alsothereisac=ciucuU...ucpbe CtuCu...uC,
such that
dp (c,u) =dg (¢, u)Udy (c,,u,) V.. Udg (C,,u,)
<tl(C) Ut (C,)u..uth(C,).
Now,
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cov(c,S) =cov(c,,S,) Ucov(c,,S,)U...ucov(c,,S, )

=max{de (01>Y1)/Y1 €Sy
max {d,_ (c,,y,)/y, €S,} V..U
max{d, (c,,y, )/ym eS,}

<max{dg (c,,u,)+dg (u,y,)/y, €S}
max {d, (c,,u,)+dg (u,,y,)/y, €S,} UL
max {d, (c,,u,)+dy (U, ¥,)/Yn €S,

= de (¢;,uy) +cov(u,,S,) v
dg, (c5,u,) +cov(u,,S,)) L. U

dg (c,,u,)+cov(u,,S)

<H(C)+th (VUL (C) +1t2 (V) U..U
6(C) e, (V)

Thus forevery S =S, US, U ...US, cVTUV2U..UV™
with [S|=[S{] U S U ... U ISy =m=m; Um, U ... Umy
onecanfindc=c,ucuU...Uche CiuC uU...uUC,such
that
cov(c,S) =cov(c,,3,) Ucov(c,,S,)u..ucov(c,,S,)
St}(Cl)thinl(V“')utf(C2)+tfnz(V“2)u...u

((C,)+ 10 (V™).

Since
cov(c,S) =cov(c,,S,) Ucov(c,,S,)U...ucov(c,,S, )

=min{cov(a,,S,)/a, € C,} U
min{cov(a,,S,)/a, € C,} U...uU min{cov(a,,S,)/a, €C,}
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<{HC)+t, (VUL (C) +t, (V) U..U
" (Co)+t,, (V)

forallS=S,UuS,U...US,cV"uUV2U..UV™ with [§]
=S| U|S] U ... UlSy=m; Um, U ... U my, it follows that

tt (CHUt: (C)u...ut™ (C
my 1 m, 2 my, m

= max{cov(Cl,Sl)/S1 oV,
max {cov(C,,S,)/S, c V™,
max {cov(C,,S,,)/S, < V™,

Sl|:m1}u

S,|=m,}u..U

S, =m,}

<H(C)+t, (VUL(C+t;, (VHHU..U
t(C, )+t (V™).

PROPOSITION 3.7: For any m-tuple of integer (n;, n, ..., ny,); ny
Un, U... Un,=22 U2 0U... U2
LoV )OE (V" )U.LL O (V™)
<m—-1lun,-1VU...Un, —1

where V" =F2'§', i=1,2 ..n;n<Ni=12 .. m.

Proof: Let
X; =(xi,xi2,...,xi1‘) and vy, =(yi,,yi2,...,yf1‘)eVni ;

1=1,2,...,m.

Letu=uy,UuwU...Uu, eVVuUV2uU...uUV"™ where
u, =(xi,u;,ug,...,u;rl,y;); i=1,2,....m. Thusu=u Uu U
.U, m-covers X UXp U ... UXpandy, Uy, U L Uy
eV UV uU...uV™ within a m-radius n,—-1 Un,—-1 U ... U
n,—1 as dRi (u,x,)<n,-1;i=1,2,...,m. Thus for any pair of
m-vectors X; U X, U ... U Xp, V1 U V2 U ... U yy In
V" UV U...uV"™ there always exists a m-vector namely u =

U Y U ... Uuy, which m-covers x; U X, U ... U Xy and y; U
Y2 U ... Uy, within a m-radius nj—1 Un,—1 U ... Uny—1.
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Hence

(VU (VU uth (V™)
<n,-lun,-lu..un -1.

Now we proceed on to describe the notion of generalized sphere
m-covering m-bounds for RD — m-codes. A natural question is
for a given tuttu.. U ", muUm U ... Uumyand n Un,
U ... U n, what is the smallest RD m-code whose m; U m, U
... U my,, m-covering m-radius is atmost tuttu... Uttt Asit
turnsouteven formy um, U ... umy, 22 U2 U ... U2, itis
necessary that t' U t* U ... U t" be atleast

n, n, n,

—“u—=2u.u—=,
2 2 2

Infact the minimal t' U ? U ... U t™ for which such a m-code

exists is the (m;, my, ..., my,), m-covering m-radius of C; U C,
U ...uUCy= Fz“g uFZ“N2 uqu“N Various external values
associated with this notion are

t,, (VUL (V*)u..uty (V™), the smallest (my, my, ...,
my,) covering m-radius among m-length n; Un, U ... U n, RD-
m-codes

t,, (. KDUty (n,,K)u..uty (n,,K,);
the smallest (m;, m,, ..., m,,) covering m-radius among all (n,,
Ky v (n, Ky) U ... U (ny, K;y) RD-m-codes.

K, (n,thHUK; (n,,t")U..U K} (n,,t")
is the smallest m-cardinality of a m-length n; U n, U ... U ny,

RD-m-code with m; U m, U ... U my, covering m-radius t'ut
U ... Ut™and so on.

m?

It is the latter quantity that is studied in the book for deriving
new lower m-bounds. From the earlier results

Klnl (nl,t')qunz (n,,t)U...u Ko (n,,t")

is undefined if
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m

n, n, n
—U=2uU.u—,

tuttu.. utt<
2 2 2

When this is the case it is accepted to say

Klnl (nl,t')qunz (n,,t)U...u Ko (n,,t")

=0 UooyuU...Uo,

There are other circumstances when

K., (n,thHUK; (n,,t)u..u K (n,,t")

1s undefined. For instance

Kl2an (n,n, -Hu Kanz (ny,n, —HU..U KL (0,0, -1)

=0 UwU ... Uon,
m, > V(n,,t'), m, >V(n,,t),..,m_>V(n_,t");

since in this case no m-ball of m-radius t' U # U ... U t" m-
covers any m-set of m; U m, U ... U my, distinct m-vectors.
More generally one has the fundamental issue of whether

K:nl (nl,tl)qunz (n,,t)U...u Ko (n,,t")

is m-finite for a given n,,m,,t', n,,m,,t*,...,n_,m_,t". This

m?’
is the case if and only if
1 1,2 ) 2 .
to, (Vi) <t ot (V=) <t ,...,tfﬁm (Vh)<t™
since
1 n 2 n m n,
t, (VHut, (VE)u..utl (Vi)
lower m-bounds the (m;, m,, ..., m,) covering m-radius of all
other m-codes of m-dimension n; U n, U ... U n,, when t' U t*
U...uth=n uUn, U ... Uny, every m-code word m-covers
every m-vector, so a m-code of size 1 U 1 U ... U 1 will (my,
my, ..., My) m-cover V' UV™ .. .uV"™ for every m; U m,
U ... Umy, Thus
1 2 m
I<ml (nl ’nl ) o sz (n2’n2) V. I<mm (nm’nm)

=lulu..ul

126



for every m;y Um, U ... U my,
ftutu..ut"=n-1lunm-1uU...uUn,— 1 what

happens to Kinl (nl,tl)qunz (n,tHU..U KD (n_,t")?

Whenm;=m,=... =my,

K} (n,,n, —~1) UK3(n,,n, —-1)U...u K'(n,,n,, —1)
<l+L, (n)ul+L, (n,)u..Ul+L, (n,).

For 0LU0U...u0 =(0,0,...,0)U (0,0, ...,0)U (0,0, ... 0)
will m-cover m-norm less than or equal ton; — 1 uUn, -1 U ...
U Ny, — 1 within m-radiusn; -1 un,—-1 U ... uny,—1.
Thatis 0L 0U...u0 =(0,0, ...,0)U (0,0, ...,0)U (0,0, ...,
0) will m-cover all m-normn; —1un-1uv ... Un,—1m-
vectors within the m-radiusn, -1 un -1uU ... Un, — 1.
Hence remaining m-vectors are m-rank n; U n, U ... U n, m-
vectors.
Thus 0L 0U...u0 =(0,0, ...,0)U (0,0, ...,0)U (0,0, ..., 0)
and these m-rank (n; U n, U ... U ny,) m-vector can m-cover the
ambient m-space within the m-radiusn; -1 un,—1uU ... Uny,
— 1. Therefore,

K} (n,,n, -1)UK:(n,,n, -Hu..u Ki'(n_,n_-1)

<l+L, (n)Ul+L, (n,)V..Ul+L, (n,).

PROPOSITION 3.8: For any RD m-code of m-length n; U ny U

... Un, over FzN quN u...quN,

Ki(n,n,—1)OUK;(n,n,—1)u...0 KJ(n,n,—1)

<mlL,(n)+1vmlL, (n,)+1v...0om,L, (n,)+1
providedm; Um, U ... Um,, is such that

m,Lnl(n1)+]um2an(n2)+]u...umL (n,)+1

mn,,
<yl oy p

U

U...U

Proof: Consider a RD m-code C=C,; U C, U ... U C,, such that
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IC|=|C\|v|C,|u...u|C,]
=mL, (n)+lum,L, (n,)+1lu...umL (n,)+1.

Each m-vector in V" UV™ U..UV" has

Lnl (n)v an (n,)u..u an (n,)
rank  complements, that is from each m-vector
v,uv,u..uv, eV"uV™u..uV"™ there are

L, (m)ulL, (n,)v..UL, (n,)
m-vectors at rank m-distance n; Un, U ... U Dy,
This means for any set

S uS,u..uS cViuUVRuU..uUV™

of (m;, my, ..., my,) m-vectors there always exists ac; U c, U ...

Ucy e CiuCu ... uC, which m-covers S; U S, U ... U
Sm; m-rank distancen; —1un,—1 U ... Uny,— 1. Thus

cov(u,,S,)Ucov(u,,S,)U...ucov(u,,S )
<m-lum-1lu...un,—1
which implies
cov(u,,S,)uUcov(u,,S,) <n,-lun, —1.
Hence
K, (n,n, -DUK; (n,,n, -HU..0U K} (n,,n, -1

<mL, (n)+lum,L (n,)+lv..umL (n,)+1.

By bounding the number of (m;, m,, ..., m;) m-sets that can be
covered by a given m-code word, one obtains a straight forward
generalization of the classical sphere m-bound.

THEOREM (Generalized sphere bound for RD-m-codes): For
any(n,K,)u(n, K,)u...u(n, K, ) RD m-code C = C;, U

CGu..uC,
K](V(nptm, (CI))]UKZ{V(nz’th(Cz))J

m, m,

o 110€)

m

m
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2N"l 2an ZN,,m
> U U...U .
m, m, m,

Hence for any n,,t,

i’

m; triplei=1,2, .., m

K, (n,t,)UK, (n,t,)0..UK, (n,.t,)
2™ 2"
( m, J { m, J
> U .. U—"--
Vin,t,) Vin,,t,) Vin,t, )
m,; m, m,
Vin,t,)oV(n,t,)o..0V(n,,t, )

ziLfl(nj)uiLi(nz)u...uiL::(nm)
ij=0 =0 i=0

where

number of m-vectors in a sphere m-radius t' U U ... Ut" and
Lfl (n,) uLfZ (n,)V...0 L (n,) is the number of m-vectors in

VoVt . . OV™ whose rank m-norm is iy Ui, U ... Uy,

Proof: Each set of (m;, mp, ..., m,) m-vectors in
Vi OUV®U...UV™ must occur in a sphere of m-radius
t, (CHut, (C)u..ut, (C,) around at least one code m-
word. Total number of such m-sets is

‘V“' U‘V"Z u...u‘V“m
choose m; Um, U ... Um,, where

‘V“' u‘V“2 u...u‘V“'“ =N oM UL o2 |

The number of m-sets of (m;, m,, ..., m,) m-vectors in a

neighborhood of m-radius
t, (CHut, (CHu..ut, (C,)

1S
V(n,t, (C))uV(n,t, (C,))u..u V(n,t, (C.)
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choosemyum, U ... Umy,.
There are K-code m-words.
Hence

K (V(nl,tm] (Cl))j LK (V(nz,tmz (Cz))J

m, m,

m

m

2Nn1 2an 2N"m
> U U...u .
Irll I1-12 I‘nm
Thus for any nj Uny U ... U ny, ttuttu...uUtTand m; Um,

UL Umy
Kinl(nlatl)UKlznz(n27t2)u"‘UK$ (nmatm)

2N
B V(nl,tl) V(nz,tz) V(nm,tm) '
ml m2 nllm
COROLLARY 3.2: If
2N oM 2Mm
U U... U
[ m, ] ( m, J ( m, j

S (V(nj,n)}uzww (V(nz’tz)ju...uz% (V(nm,tm )J

m, m, m

m

U...U Km (V(nm 2 tmm (Cm))J

then
K, (n,t,)UK, (n,,t,) 0. UK} (n,.t,)=000U.. . Uw.
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Chapter Four

APPLICATIONS OF
RANK DISTANCE m-CODES

In this chapter we proceed onto give some applications of Rank
Distance bicodes and those of the new classes of rank distance
bicodes and their generalizations.

Rank distance m-codes can be used in multi disk storage
systems by constructing or building m- Redundant Array of
Inexpensive Disks (m-RAID). These linear MRD m-codes can
also be used in m-public key m-cryptosystems.

Circulant rank m-codes can be used in multi communication
channels or m-channels having very high m-error m-probability
for m-error correction.

The AMRD m-codes is useful for m-error correction in data
multi(m-) storage systems. These m-codes will equally be as
good as the MRD m-codes and are better than the corresponding
m-codes in the Hamming metric.

In data multi storage systems these MRD and AMRD m-
codes can be used simultaneously in criss cross error corrections

131



by suitably programming; appropriately the functioning of the
implementation.

Using these m-codes one can save time, space and
economy. With computerization in every walk of life these m-
codes can perform simultaneously bulk m-error correction in
bulk data transmission if appropriately programmed.

Interested researcher can develop m-algorithms (algorithms
that can work in m-channels simultaneously) of these rank
distance m-codes.
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Repetition bicode, 67

1;- fold repetition RD code, 118-9

S

Semi circulant rank bicode of type I, 39
Semi circulant rank bicode of type 11, 39
Semi cyclic circulant rank bicode of type I, 40
Semi cyclic circulant rank bicode, 40

Semi divisible AMRD bicode, 50

Semi divisible circulant bicode, 50

Semi divisible MRD bicode, 50

Semi divisible RD bicode, 50

Semi MRD bicode, 39

Single error correcting AMRD m-code, 96-8
Single Style bound theorem, 10-11
Singleton Style bound, 30
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Solution bispace, 29

Solution m- space, 80-2
Symmetric error bimodel, 59-60
Symmetric error m-model, 110-1
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The new class of rank distance m-codes will be useful
in the m-public key m-cryptosystems (m > 1) and
m-redundant array of inexpensive disks.

AMRD-m-codes can be used in data multi (m)-storage
systems. These m-codes provide an economical,
time-saving alternative.
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