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ABSTRACT

A summary of the general kinematical theory of finite deformations
is presented together with analyses of the specific deformations of sim-
ple shear, bending of a block and bending of an initially curved cuboid.

The moiré fringe equations for large homogeneous deformation are
developed. The extension to the nonhomogeneous case is presented and
specific analyses are given for the deformations noted above. The
moiré theory is combined with the results of the large deformation
analyses.

Theoretical results are verified by the study of geometrically
produced moiré patterns, and by actual experiments conducted on syn-
thetic rubber specimens. The experiments included the deformations
due to simple shear, bending of a block, bending of an initially
curved cuboid, and extension of a plane tapered tensile specimen.

It is concluded that the moiré fringe method is a convenient,
versatile and precise method to determine the components of Green's
and Cauchy's deformation tensors for large two-dimensional deforma-

tions.
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1. INTRODUCTION

1.1 General Background

In the past two decades the theory of finite deformations of con-
tinuous media has received a great deal of attention, culminating in a
refined and sophisticated body of literature. Much of this work is
critically summarized and presented by Truesdell and Toupin(18)! as
part of their presentation of "The Classical Field Theories." Exper-
imental methods for measuring finite or large strains have not achieved
the same level of refinement. This can be attributed to two general
circumstances. First, the common methods of biaxial strain measurement
such as photoelasticity, electrical resistance strain gages and brittle
coatings encountered nonlinearities or suffered from lack of adequate
precision. Grid methods, described in detail by Durelli, Phillips and
Tsao(5), provided perhaps the most reliable method, but at great cost
in labor and time. Secondly, the experimentalists of the period often
misinterpreted the theory or their measurements, or both, to such an
extent that needless complications and discrepancies were encountered.
This resulted in a great deal of confusion which lingers to the present
time, even though an adequate experimental technique, the moiré fringe
method, has been recognized for some time as a logical and versatile
measurement tool for large two-dimensional deformations. Some specific
problem areas are discussed in the summary of large deformation theory
presented as Chapter 2.

Moiré patterns or fringes result from the superposition of two or
more geometric figures which consist of fairly orderly, relatively

closely spaced systems of curves, dots or other elementary geometric

'Numbers in parentheses refer to the List of References.
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quantities. The fringes are the loci of points of intersection of the
overlapping figures. Under certain circumstances the moiré patterns
become quite obvious and easy to see. Furthermore, if after superpo-
sition one or both of the geometric figures are subsequently distorted,
the pattern may change, often to a dramatic extent. It is this re-
sponse of the moiré fringes to the distortion of an initial geometric
figure which makes it a useful method for the measurement of surface
strain in solid media.

In 1962, Theocaris(17) presented an exhaustive review of the 1it-
erature on the moiré fringe method. In a recent article, Duffey and
Mesmer(2) described a method of measuring finite rotation and strain
using moiré. The technique, in which moiré fringes are used to find
required displacement gradients, is limited to the case involving ini-
tially identical rectangular specimen and master grids aligned with the
initial coordinate axes. Other recent publications such as those by
Sciammarella(15), and Ross, Sciammarella and Sturgeon(14) discuss re-
finements in experimental technique to improve the precision of the
measurements. Additional references are cited in the text as they be-

come pertinent to the discussion.

1.2 Purpose of the Investigation

The purpose of this investigation is to extend and generalize the
moiré fringe method for measuring large two-dimensional deformations;
and to unambiguously relate the moiré results to fundamental measures

and quantities encountered in the modern theory of large deformations.



2. LARGE DEFORMATION THEORY

2.1 General

The theory of large or finite deformations of continuous media is
well established and has been presented in numerous reports, journals
and textbooks. A convenient reference, which includes an extensive

bibliography, is the text, Nonlinear Theory of Continuous Media, by

Eringen(7). A more comprehensive treatment is given in the previously
cited article, "The Classical Field Theories," by Truesdell and Tou-
pin(18). Except for minor changes in nomenclature, the summary of the
theory of large deformations presented in the sequel is taken from
these sources. While it is possible to develop the governing equa-
tions for moiré fringes without reference to large deformation theory,
the usefulness of the moiré theory is considerably diminished if not
directly related to fundamental deformation measures.

The last three sections of this chapter present the governing e-
quations for the deformations of simple shear, bending of a block, and
bending of an initially curved cuboid. These equations are used later
in the report to develop and/or verify the moiré fringe theory as ap-

plied to the specific deformations.

2.1.1 Coordinates

At a given reference time, the material points of a continuous
medium occupy a region B, as shown in Figure 2.1. The position of a
material point P in the region is denoted by a curvilinear coordinate
system XK, (K =1,2,3). At a later time after deformation takes place,
the material points of region B go into a region b. A point p in the
deformed state is represented by a new set of curvilinear coordinates

xk, (k = 1,2,3). When points of B are referred to a rectangular coor-

i



Figure 2.1

Coordinate System

dinate system, ZK are used in place of XK where Z]= b 4 22= Yii Z3= Vi

Similarly, z]= X s 22= y, and z3= z. By current usage, XK and ZK are
called "material” or "lagrangian" coordinates, while xk and zk are
called "spatial" or "eulerian" coordinates.

The motion of the body during deformation carries various material

points through various spatial positions. This is expressed by

= k(K8 or xK = KK, 2 (2.1)

where t is time. When the functional relationship is known, the par-

Sl



tial derivatives form a double-vector field called the deformation
gradient. The matrix is
k
ol =[] - (2.2)
9X
Except where noted, dimensional quantities before deformation

will be represented by capital letters, while after deformation, they

will be represented by small letters.

2.1.2 Base Vectors and Metric Tensors
The position vector P of a point P in B and p of a point p in b

are given by

and
| il A T

where lK and ik are the rectangular base vectors in ZK and zk. The

covariant metric tensors in B and b are defined as

Mi LN
oL, Bl
G,, = 8 —5 — (2.3)
JK MN BXJ aXK
and
Ny aem
9Z z
L TR R s (2.4)
Jk pat X axk

respectively, where'ﬁMN and Gmn are the Kronecker deltas.
2.1.3 Deformation and Strain Tensors
The squares of the lengths of line elements in B and in b are

given respectively by the equations

J wK
G K dX~ dX

z
ds J

and

g. dxj dxk

2
ds jk

35



where GJK and gjk are the appropriate covariant metric tensors.

These equations can also be expressed as

k

ds? dxd dx

and
ds? =

J K
CJK dX” dX

where Cjk’ called Cauchy's deformation tensor, is defined by

=

X
X

D T
JK ¥J

QU

|

Cjk

=

(o3
QL

and CJK’ called Green's deformation tensor, is defined by

S RIS
JK jk aXJ aXK

C

Both of the deformation tensors are symmetrical and positive-
definite.

The difference of the squares of the Tine elements containing
the same material points in B and b implies a length change due to

deformation. This can be expressed as

2 2 JY LK
ds® - dS° = ZEJK dX™ dX
or
Mgt el
ds dS Zejk dx . dx
where
e 2 X
Egk = 2(Cx = B¢

is called the Tagrangian strain tensor and
Mei = Mol ~ui)
gk 2k jk

is called the eulerian strain tensor.



It can be shown that

AT ij Bxk
JK Jk aXJ 3XK
and e. = E _ax_‘?ﬂK_
Jjk JK 5% k

The strain tensors are related to the displacement field.

ever, as pointed out by Truesdell and Toupin(18),

How-

"While the displace-

ment vector figures largely in many of the older treatments and in ap-

proximate theories...in general its introduction serves only to length-

en and complicate the formulae in which it appears."

tensor can be conveniently related to the deformation through Equa-

Since the strain

tions (2.7) and (2.8), no consideration will be given to the displace-

ment vector. Eringen(7) presents a fairly complete discussion of the

displacement vector.

2.1.4 Length and Angle Changes

The ratio of the Tength of a deformed 1line element to the length

of an undeformed 1ine element, ds/dS, is called the "stretch."

stretch, A = X, is defined by

A:d_szc gX_J.d_XIS%
dS Ik s ds
and
s
gl i

K

the component set of the orientation of ds.

is defined by

i 1
dx? d
Jk ds ds

where %é— is the component set of the orientation of dS and

E and e



Truesdell and Toupin(18), page 268, point out that all sorts of
strain measures and definitions have been proposed through the years.
While some of these definitions simplify selected problems, the advan-
tage is usually Tost in the general case. The main trouble appears to
be a reluctance on the part of investigators to use the strain tensors
E and e as strain measures since they are rather complicated quadratic
functions of the displacement gradients. Consequently numerous defi-
nitions of "linear strains" or natural strains are proposed. This
tendency seems to be particularly strong among the experimentalists.
For example, Durelli, Parks and Feng(4) use the extension as their
definition of "Lagrangian strain," and the ratio of the extension to
the stretch as the definition of "Eulerian strain." In a prior paper
Parks and Durelli(12) justify the use of various strain definitions
and conclude that the experimentalist should use his own definitions
of strain and "apply tensor analysis as an adjunct whenever it suits
his purpose." Here Parks and Durelli make use of the equivalence of
many of the strain measures. Meyer(9) defines an "elongation" which
is the square of the stretch. He also defines an "actual finite strain"
which is the same as the extension; and a "finite homogeneous strain"
which is equivalent to the normal component of the lagrangian strain
tensor E.

A brief survey of the references cited verifies Truesdell's ob-
servation that the use of strain measures or tensors rather than the
deformation tensors C or c succeeds in making many simple problems
appear complicated.

To demonstrate the relationship between the extensions and the

normal components of the lagrangian strain tensor, consider the uni-



axial case in a cartesian coordinate system. Then

| PR S
Eyo © ?'(A(J) Y

In the case of small strains the extension is approximately equal to
the lagrangian strain tensor component since the second order term may
then be ignored.

As will be seen, much of the confusion concerning strain defini-
tions may be avoided by first determining the deformation tensor com-
ponents and then calculating the strains, extensions, or other quan-
tities as desired.

To investigate angle changes, let two line elements dS and dT be
deformed into the elements ds and dt as shown in Figure 2.2. It can be

shown that the angles between the 1line elements can be calculated from

dXJc, dxK
WSt * Mk a§£§l'afill
kgt dx—l—i— (2.10)
jk Ms) Mt) @ dt 5
and
i s (2.11)

COSE
The shear in the plane determined by the 1ine elements is defined as

the decrease in angle

(2.12)



Figure 2.2

Angle Change

If the Tine elements dS and dT are initially orthogonal

Gl
6 gt s,
then

sing = Ccosg

SLT 8t

If the 1line elements dS and dT are in the direction of the axes of a

rectangular coordinate system

sing S TET AT b Ok Folk
J,K A(J)A(K)

In terms of the strain components

B ioE
sing, , = 2 S e

4
ATF2E T * 2Eyy)

where the underline suspends the summation convention.

-10-



This may also be written
ZEJK = (] ¥ E(J))(] 3k E(K)) S1nZJ,K

For small extensions

2EJK = sinZJ,K

If the shear is also small,

RS =

JK J,K

which is the classical result in the theory of small deformations.
Equations (2.9) and (2.11) can be used to find the components of
Green's deformation tensor. As an example, for two-dimensional defor-

J

mation where X~ = ZJ, the referenced equations may be expanded as

shown below:

(dXc) 2 X dY)?  (dY()?

L gl - N
Cxx |ds +CXY[2d 5 * Yylas o5

(X2 dX dY (dY.)?

T T dy o AR

Cxx{@@] * Cxy|2a @) * CyylaT A
P e B RO R N L R L R
xx(@ ar) * vl Tt ar ) T owlas T

$2+13)
where the parentheses are omitted from the subscripted terms for con-
venience. If the orientations of the material 1ine segments, the
stretches, and the angle gs,t can be measured, the solution of Equa-
tions (2.13) gives the components of Green's deformation tensor in two
dimensions

(2.14)

le>
"



Using Equation (2.7) the lagrangian strain tensor is then found to be

XY . (2.15)

The principal values of the deformation tensor are found by re-

ducing C to a diagonal form. That is, for the two-dimensional case

5 C i 0
C- XX XY e 1 ; (2.16)
Cxy  Cyy G5y
Explicitly, the principal values are
Biio AT Ve ¥
e Y XX Yy 2
C] 5 + {[ 5 ] + CXY} (25079
G SRR :
XX YY XX YY 2
Ty Yy ok LB R

The maximum value of the shear component of C in the X-Y plane is

7

o o LT (2.19)

The principal directions are found from the relations

G 2l (D w18 :
tanB; = Y;C XX . Y;C KXy 1 (2.20)
XY XY
RN LR Y :
tan, = Y;c XX _ YZC X[ 41 ] (2.21)
XY Xy

where the angles Bi are measured counterclockwise from the x-axis. It
is well known that the principal values C] and C2 are associated with

orthogonal directions. In addition, the directions of the planes of

o o



the maximum shear components bisect the angles between the principal
directions.
From Equation (2.9) the stretches of elements initially lying in

the X and Y directions are respectively

Lot
e )

=
I

3
v = Cyy

The corresponding extensions are

it
Aymitag
o
Ay = Gy

The principal values of the extensions are

1
e
1
G
=
1
o

]
-
"
()
N
!
—

The principal values of the lagrangian strain tensor are

B
Ey, = 5(Cy = 1)

e

| —

Similar equations can be developed for the spatial coordinates, zk.

<13



From Equations (2.9) and (2.10)

2 \ 12
xx [ds xylds ' d8 yy{ds Xg
ik w (4y )2
xx(dt Xy A yyldt 7{
(
i ST BT
xxitds'" dt xy({ds dt ds. dt yylds dt
X COSES,T
e oy

The solution of Equations (2.22) gives the compecnents of Cauchy's

deformation tenscr in two dimensions

lo
1

The principal values of ¢ are found using equations similar to

Equations (2.17) through (2.21). That is

o i 4 %
ol whm 20 s By B
1 2 2 Xy

amie =il 2 :
AN Yy XX Yy 2
‘2 i {[ 2 J ) ny}
Ca="a
e
(& AR

T

2.22)



The principal direction is

i
¢ i Lie G = alelhe

LTy T e e e
e 2¢ {’ 2c } i ]}

2.2 Simple Shear Deformation

As mentioned at the beginning of this chapter, certain specific
deformations will be investigated later in this report to verify the
moiré analyses. The homogeneous deformation to be studied is simple
shear. For this purpose the following discussion is presented, as
outlined by Eringen(7). It is noted that simple shear is included in
the class of deformations given by a homogeneous affine transformation

k

relating the positions of ZK and z~ of a material point before and

after deformation as

2R (2.23)
-1

7K = DKk K (2.24)

k ndk

I (2.25)

-1
where DkK and the inverse D ¢ are constant matrices. |lIDIl is the
deformation gradient matrix defined by Equation (2.2). Strains de-
scribed by Equations (2.23) through (2.25) are called homogeneous

strains. Simple shear is defined specifically by the matrix
Qg

Iolh=fo 1 0

008

where Q is a constant. From Equation (2.23)

x =X+ QY
A 9
Z = (2.26)

where the coordinates are shown in Figure 2.3.

AgiE



Figure 2.3

Simple Shear

From Figure 2.3

a = arctanQ . (2.27)

Equations (2.26) and (2.27) indicate that the X = constant planes are
rotated rigidly through an angle o about elements lying parallel to
the Z-axis in the Y = 0 plane. The Y = constant and Z = constant
planes do not rotate as a result of the deformation.

From Equations (2.5) and (2.6), Cauchy's and Green's deformation

¥



tensors in rectangular cartesian coordinates are given respectively

by
Jk JK BZJ BZk
and ;
Cak = S5k %%
370 57

Consequently the components of Green's deformation tensor can be ob-

tained from Equations (2.26). Thus

5 W'
C =40 1%@* °D
000 1
2 il
Similarly Cauchy's deformation tensor is

-

¥ a0 e
c= -0 14?0
0/t R

L -

From Equations (2.7) and (2.28) the lagrangian strain tensor is

- -

0:Qf2 -9
Praqre 02 0
0!8 i

- -

Similarly the eulerian strain tensor is

0. Qe
e=10/2-Q*2 0
0" o9 e

- -

From Equations (2.17) and (2.18) the proper numbers C] and C2 are

found to be

l.._a

—
()
—t

(]
n
0‘—-
|

o

1+0Q2/2 + Q(1 + Q2/4)*

=1+ 0Q2/2 - Q1 + q2/8)}

(2.28)
(2.29)
A% (2.30)
A% : (2.31)



Note also that for the three-dimensional case

1
C, = —= ] :)\2
3 3 3

The principal directions for C] and ¢, are found from Equations (2.20),

(2.28) and (2.29)

tang, = Q/2 + (1 + Q2/4)*

w2 - (1 +qa)t . (2.32)

tanB]

where the angles are measured counterclockwise from the X-axis.

2.3 Pure Bending of a Block

Pure bending of a block or cuboid belongs to the class of defor-
mations that result from an appropriate deformation of an object having
a special geometry. The block is initially a rectangular parallelepi-
ped in which the X = constant planes become circular sections, the
Y = constant planes become radial planes and the Z = constant planes
are preserved. The deformation is illustrated in Figure 2.4 which
also presents the coordinate systems used. If cylindrical coordinates
are chosen to represent the strained body, the origin of coordinates
can be chosen to coincide with the origin of the rectangular material

coordinate system so that

X' b = (R
Xt = o = g(Y)
Paaantg) (2.33)
and
X = r cosa
Y = r sina
7<)z (2.34)
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P(XO, YO’ 0)
X
'XO XO
_YO
Before Deformation After Deformation

Figure 2.4

Bending of a Block

From Equations (2.3) and (2.4) the metric tensors are

[ 200 0]
GJK ] 10|
%00 Y
and (] 0./00
2 2
gjk D50
i3 Hl e B
From Equation (2.6), Green's deformation tensor is found to be
|l S
aX
i 3g)?
=4 0 {rﬁ] {0
9h) 2
0 0 {57}




Since the tensor C is already in diagonal form, the coordinates X in
the undeformed or material state are in the principal directions. The

proper numbers of C are then by definition

. faF)*
. i [ax]

o feadic
R [“S%J

_ [ah)?
e i [57

Thus the principal stretches are

et BT
0 Bl B

fais' s SR
Ay = C5 = rey

Lo vt e )
o o S 4

If the deformation is isochoric, it can be shown that the trace of

Green's deformation tensor must satisfy the relation

of 9g oh _
from 1

oY 9Z

Then

I o D G S )

oX £ of oX (9Y 9Z

oX
Integrating
1ty
Pt
)

Integrating again

Let

and



Then the expression for f may be written

f=r=(2AX + B)?

Now

f' = A(2AX + B)7F
Thus,

99 ah _

Afar ]
Then

Lﬂ:a__]=0

oY ({9Y oY A dh

Y

Integrating

99 _

3y = C

gi= CY's A3
Similarly

h=DZ+A

4
If the body is bent symmetrically with respect to the X-axis and if
it is cut exactly in half by the X-Y plane, then without loss of

generality

A3 = A4 =0
Thus in summary
r = (2AX + B)*
o = CY
z =Dz (2.35)

From Equations (2.34) and (2.35)

et
i
From Figure 2.4 and Equations (2.35)
2 it
i ks 2AXO + B

2 = -
& 2AXO + B

o2



Thus

Z 21l
i Ol T 4AX0 (2.36)
2 2k

il 2B ; (2.37)
Also

ag = CYO
and

3o 2% i

ocOD(r‘2 " ) 4X0Y0
Finally, the radius to any point in the deformed block is found to
be

i ﬁz X_ 9 2 2 2 ¥
B 2[x0("2 * T A S B
3
= Z [er0+ X vz - 5] (2.38)
0 0
The angle a to any point is
o
% TY (239)
0
and the dimension z is
4X0YOZ
Z = a—(r—z_—r-rj- . (2-40)
s 1

Equations (2.38) through (2.40) define the motion between corresponding
material and spatial points of the block due to pure bending.
The proper numbers of Green's deformation tensor are

i Yo W

wlle o o o pel
oy
C, = Core = 767-r2 = Aé
e
Cor U s o e (2.41)
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2.4 Flexure of an Initially Curved Cuboid

The undeformed body is a sector of a circular ring, which is de-

formed into another circular ring sector.

The cylindrical coordinate

systems (R,0,Z) and (r,6,z) are selected for XK and xX. The origin of

coordinates is chosen such that the undeformed body is bounded by the

curved surfaces R=R1, R=R2, (R2>R]); the planes O=i®0; and the planes

1=+7

0

After deformation, the corresponding bounding surfaces are

P=rys rerys 6216, and z=47,. The ring surfaces are shown in Figure 2.5.

and

The deformation may be represented by the equations

where attention is restricted to the case where f, g and h are con-

From Equations (2.3) and (2.

JK

Y‘:

D
1}

z

f(R)

g(0)

h(Z)

tinuously differentiable functions.

It can be shown that

o~
I

0
RZ
0
1 0
Bcere
00

(= 8 =

- O

2
R
)foghe
R2 {30
0 oh

w3

4) the metric tensors are

(2.42)
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Before Deformation After Deformation
Figure 2.5

Bending of an Initially Curved Cuboid

N

and that the condition of incompressibility requires that

£2fagah_
R 9R 36 3
Then
& lehe ~de [
oR |f af 3R {30 3Z
R oK)
Integrating
g
i Ll
R 3R
Integrating again
g2
A 2



Let

1
K = i
A
and
B = A,
Then
IR T L L (2.43)

By similar methods it is found that

0 =C8 (2.44)
and

it 7 A (2.45)

Equations (2.43), (2.44) and (2.45) can be used to show that

r2 - r?
4 T
S R3-H

D2\ il
R2r] Rsr

i iy
B:.s
R2 - R.|
¢ -0
R

0
y (

D = ; 2.46)
Zg

Substituting into Equation (2.42) and inverting the matrix, the

proper numbers of c are found to be
2 2Y2.,.2
- Trz " (R2 ” R]) s » _1_2_
® VRN ) v 27 67 - R 7,5, Y [ T YRV ) %
T AR B) (r2 r])(k (R2 R1) (Rzr] R1r2)] M

ey e AN T L O
dor g o [r*(R ‘ Rl) : (Rz';l Rir3)] _ L
2 SRGETR o5 r (r2 =13 A5
G AUl
st AR (2.47)
3 R -RY N '
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3. MOIRE THEORY

3.1 General

As previously mentioned, moiré patterns or fringes result from
the superposition of two or more geometric figures consisting of fairly
orderly systems of curves or dots. The equations for the simpler moiré
patterns can be derived by a number of methods including elementary
geometry (10), (16), (6) and tensor analysis (1). However, a more
versatile and descriptive method is that using indicial representation
of the figures and patterns (11), (3). Due to the complexity of moiré
patterns caused by large nonhomogeneous deformations, the indicial
method will be used exclusively in the sequel, even though it is not
absolutely necessary for the moiré analysis of homogeneous deformations.

Consider two geometric figures as shown in Figure 3.1, each con-
sisting of a family of curves indexed by a numerical parameter ranging
over some subset of the integers. The two geometric figures may be

characterized by the equations

L(5)
Ky = 6(k)

A family of moiré fringes is formed by the sets of intersections of
the geometric figures. The fringes, in turn, may be characterized by
the equation

)

2(X™) = q(4,k) = Q(p)

where j, k, and p are numerical parameters. Although there may be
many functional relationships between the parameters which give rise
to moiré patterns, the most obvious and visible patterns correspond to
the simple relation

aj - bk =p - Py = Ap

Logs
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Figure 3.1

Formation of Moiré Fringes
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where a and b are integers accounting for multiple moiré patterns or
replications. For many practical cases, a=b =1or a=>b= -1 as
will be seen in the following sections. In addition there are many

instances where Py = 0 so that

afbk e b, (3.1)

3.2 Moiré Analysis of Two-Dimensional Homogeneous Deformations

In a homogeneous deformation, an initially straight 1ine remains
straight after deformation, even though it may experience a change in
length and angle. It will be shown in this chapter that the change in
length and angle of a line element may be determined from the response
of moiré fringes to a deformation of a specimen grid. The angular
orientation and spacing, or pitch, between line elements completely
defines the geometry of a grid of equispaced parallel lines. The ob-
jective of the immediately following portion of this report is to find
the pitch and orientation of a grid imprinted on a specimen in terms
of the response or geometry of moiré fringes produced by the inter-
action of the specimen grid with a master grid or grating. Later in
this section the specimen grid parameters will be related in a com-
pletely general fashion to the components of the deformation tensors
discussed in Chapter 2.

The master gratings® are initially two families of equispaced

straight T1ines with pitches M and N and angular orientations © and T.

'This analysis considers gratings no finer than approximately 1000
lines/inch, thus avoiding phenomena, such as diffraction of light,
which may occur for gratings with finer pitch. Consequently all
derivations are satisfactorily based on the approximate theory of
rectilinear propagation of 1ight. See Theocaris(17), p. 333.
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The master gratings may experience subsequent uniform changes in pitch
and rotation such that the final values are m and n and 6 and v re-
spectively. The specimen grid is a rectangular array formed by two
sets of parallel straight Tines intersecting at some angle. The ini-
tial pitches of each set, S and T, are not necessarily equal. Further-
more, each set of 1ines on the specimen grid may have an initial angu-
lar orientation I' and @, and a final orientation y and w, respectively.

When a master grating and specimen grid are superimposed, moiré
fringes are formed as indicated in Figures 3.2, 3.3 and 3.4. For clar-
ity, only one set of lines from the specimen grid is shown in each of
the figures. This does not result in any loss of generality so long
as the master grating consists of only one set of parallel lines. Al-
though there is a set of moiré fringes formed by the intersections of
the master grating lines with the specimen grid lines omitted in the
figures, these fringes are not visible. This phenomenon is discussed
in detail by Durelli and Parks(3).?

It can be seen from Figures 3.2 and 3.3 that moire fringes with
identical spacing and angular orientation may be formed by two com-
pletely different specimen grid geometries superimposed on identical
master gratings. This characteristic will be explored in some detail
later in the analysis.

By means of indicial Equation (3.1) it is possible to obtain re-
lations describing the geometry of the moiré fringes in terms of the

specimen and master grid parameters as shown on page 33.

’There is no fundamental reason preventing the use of both specimen
and master grids simultaneously providing the resulting families of
moiré fringes can be distinguished from each other. This can be
accomplished by the proper selection of master grid pitches and
orientations as discussed by Post(13).
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The family of lines comprising the initial master grating may be

characterized by the equation

X = E£¥6-+ Y tane £3.2)

where 4 is any integer. The portions of the initial specimen grids

shown in Figures 3.2 or 3.3 may be characterized by the equation

JaARS
Niw o Y tanT (i3::3)

and the portion shown in Figure 3.4 may be characterized by the
equation

Y = w8l X tan® : (3.4)

Using the line indexing system shown in Figure 3.2 where S<M, the
indicial equation is obtained from Equation (3.1) by setting a = b = -1.
Conversely from Figure 3.3 where S>M, the indicial equation is obtained
by setting a = b = 1. The fringe pattern arising when S=M is discussed
later in this analysis. As previously mentioned, Figures 3.2 and 3.3
show that two entirely different specimen grids can give rise to iden-
tical fringe patterns. This apparent ambiguity is directly related to
the relative sizes of the specimen grid and master grating pitches. As
the analysis is developed it will be seen that to overcome this uncer-
tainty it is necessary to obtain qualitative information pertaining to

the relative sizes of the grid pitches.® An experimental method for

3Figures 3.2 and 3.3 illustrate the fringes obtained when specimen grid
lines and master grating Tines interfere on a one-to-one basis to form
the fringes. If there is a rather large mismatch in pitches, it is
possible for multiple specimen grid lines to interfere with one (or
more) master grating lines to form visible fringes. In this case the
parameter d = b/a would be the ratio of the number of master grating
lines interfering with the number of specimen grid lines to form
fringes. The signs of a and b would be determined by the relative
magnitudes of "b" master grating line pitches compared to "a" specimen
grid line pitches.

.



obtaining this information is described later in this report.
The two indicial equations can be conveniently combined in the
form
- k=1p i (3.5)
Expressions for j and k are obtained by rearranging Equations (3.2)

and (3.3). Thus

. _ X cos® - Y sino
e i M

and
P X cosT - Y sinT
L S

An equation for the moiré fringes is obtained by substituting the
expressions for f and k into the indicial equation. This can be con-

veniently expressed as

. S i (#p)
T sind _ sinT sin®@ _ sinl < (3.6)
M S ] M S

The uncertainty in the sign of the last term in Equation (3.6) is due
to the previously noted ambiguity of the specimen grid geometry. In
Equation (3.6), if the specimen grid pitch is greater than the master
grating pitch, the plus sign (+) applies. If the specimen grid pitch
is smaller than the master grating pitch, the minus sign (-) applies.
Thus the geometry of the moiré fringes is now given in terms of the
specimen and master grid parameters. It is desirable to carry the
analysis one step further to obtain specific expressions for the moiré
fringe pitch and angle in terms of these same parameters. From Figures

3.2 and 3.3 another equation for the moiré pattern is

Y = X cotd - —F%‘T . (3:7)
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Equations (3.6) and (3.7) are for identical moiré patterns, thus

corresponding coefficients may be equated. Consequently

cos® _ cosT
3 M St ©S1e0s0 - Micosh
cote = sin®@ _ sinf = S sin® - M sinT (3.8)
M 5
or
_ S sin® - M sinrT
tant = = c0s® - M cosT (3.9)
and
AT +SM
sind S sin@ - M sinf ° (3.10)

From trigonometry,

R 1
$in“e 1T + cot?d

.
s 3% (S cos® - M cosT)?
(S s1n® - M sinr)2

Thus
+(S sin® - M sinl)
[S2 + M2 - 2SM cos(0-T)]*

sin® =

From Equations (3.10) and (3.12)

SM

F =
[S2 + M2 - 2SM cos(o-T)]*

In Equations (3.10) and (3.12), if S>M, the plus sign (+) applies;
if S<M, the minus sign (-) applies.

Equations (3.8) through (3.13) give a variety of expressions for
the relationships between the moiré fringe pitch and orientation, and
the specimen and master grid parameters. Equations (3.9) and (3.13),
in particular, are in the most useful form for subsequent work.

Before continuing with the main course of the analysis, it is in-
structive to deviate temporarily to consider some of the implications
and features of moiré fringes. The main analysis resumes at Equation

{30104
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Equations (3.9) and (3.13) reveal certain basic characteristics
associated with the behavior of moire fringes. For instance, if the

master grating and specimen grid are exactly aligned, © = T and

tand = tano = tanr
or
d=0=T . (3.14)
Thus the angle of the fringes is equal to the angles associated with

the specimen and master grids. Also the fringe pitch is simply

F=,—SS’_"—M| » (8=T)

Alternatively, if the master grating and specimen grid pitches are

the same, S = M and
_ Sin® - sinr

tand

Ccose - ‘cosT
= -cotFlﬁglq
=tan{9o°+@%] , (S = M)
Thus
<1>=90°+le s (S =M)

A moiré pattern of this type is illustrated in Figure 3.5. The equa-
tion above indicates that when S = M the fringe angle is a function only
of the specimen grid and master grating angles. Under the same circum-

stances the fringe pitch is
M
[2 - 2cos(o - 1)1}

F:

- — L (s=m
2sin 5 ]

Since F is always positive, the plus sign (+) is used when (0 -T) is

<3



Figure 3.5

Moiré Pattern for S = M
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positive and the minus sign (-) is used when (0 - T) is negative. If

S=Mand 6 +T = 0, the fringe angle is

¢=90° (S =M o+T =0)

and the fringe pitch is

LM i o
F-—m ,(S-M,O+F 0)

If ©=T =0, the fringe pitch becomes unbounded and the fringe is not

visible, even though the fringe angle is still nominally 90 degrees.
Further investigation of Equation (3.9) reveals a method of qual-

itatively determining the size of the specimen grid pitch, S, relative

to the master grating pitch, M. By definition

® = arctan(tano)
%g—= %6{arctan(tan¢)]
d
: aEﬁtan@)
1 + tan?o
Thus
do _ S[S - M cos(e - TI)]

do ST+ M2 - 2SMcos(@ - T) (3.15)

Since S and M are positive real numbers, and since the maximum value

of cos(@ - T') is +1, the denominator of Eduation (3.15) is a1ways pos-
itive. Consequently the sign of do/do is determined by the quantity
[S-Mcos(0-T)]. IfS>Mcos(e-T), do/do is positive; if

S <Mcos(0 - I'), do/do is negative. This feature can be used to ex-
perimentally find the sign of the quantity (S - M). From Equation (3.14),
if © =0, then © =T. Thus if the master grating lines are aligned with
the fringe lines,

== ,(6=1) . (3.76)



Therefore it is possible to determine if the pitch of the specimen
grid is greater than the pitch of the master grating by merely rota-
ting the master grating through the angular position © =T = ¢. If
the moiré fringes rotate in the same direction, the specimen grid pitch
is greater than the master grating pitch. If the moiré fringes rotate
in the opposite direction, the converse is true.

It is interesting to note from Equation (3.15) if S =M and

@07 L
il )
_‘2- s (S—M)

ala
Ol

Thus for any angle 0 # T, if S = M the fringes rotate in the same di-
rection as the master grating and at one-half the rate. If © = T and
S =M, d®/do is undefined.

If S=Mcos(0 - T'), then from Equation (3.15)

de _
" 0

and from Equation (3.9)

1]

tand -cot®

tan(90° + o)
Thus, as illustrated in Figure 3.6
® =90° +0

This equation indicates that if S = M cos(6 - T'), the fringe angle is
perpendicular to the master grating angle. This suggests a rather di-
rect method of experimentally finding the specimen pitch if T is known
and if S/M < 1. The master grating can be rotated until & is perpen-
dicular to 6. The angles O, T and the master grating pitch, M, can

then be used to calculate specimen grid pitch as
S=Mcos(06-T) , (¢ =090°+0)
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Figure 3.6

Moire Pattern for S
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However, this equation is restricted to values of S < M since the value

of S/M is limited by the relation
%—= cos(6 -T) , (& =290°+0)

If S>Mit is impossible to find a value of (0 - T') such that
¢ =902 +i0.

Equation (3.16) also implies an extremely sensitive method of de-
termining the angle I'. If the specimen grid pitch is almost equal to
the master grating pitch the value of d¢/do is large at © = I'. Hence,
a small rotation of the master grating results in a large rotational
response of the moiré fringe. In practice the precision of determining
the angle I' is Timited primarily by the experimenter's ability to meas-
ure the angle 0.

Returning to the general analysis it is noted that since the pitch
and angle of the specimen grid are usually unknown in an experiment, it
is more useful to have expressions for S and I' in terms of M, F, © and

®. Using Equations (3.8) and (3.10),

Bl FM

sinT ~ F sin® * M sind (3.17)
and

cosT _ F cos© *+ M cosd

S FM
Thus

_ F cos® + M cosd

ugoaf F sind £+ M sind (3.18)

or

F sin®@ + M sind
F cosO + M coso® ° (3.19)

From Equations (3.11) and (3.18)
+(+F sin®@ - M sind)
[F2 + M2 + 2FM cos(0 - ¢)]%

tanT

sinT

F sind £+ M sind
[F2 + M2 + 2FM cos(0 - 8)]*

(3.20)
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Multiplying Equations (3.17) and (3.20),

B FM % . (3'2])
[F2 + M2 £ 2FM cos(0 - ¢)]

In Equations (3.18) through (3.21), if S > M, the minus sign (-) must
be used; if S < M, the plus sign (+) must be used. Equations (3.18),
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