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Abstract

Dislocation theory is the fundamental tool for explaining plasticity in the material. The
elastic field of a material is always influenced by the presence of dislocations and other
defects independent of the loading configurations. Scientists and researchers have minimal
success in solving plasticity problems analytically. And for this reason, the capturing
of dislocation dynamics is highly dependent on numerical modeling, which is always a
challenge for its inherent multi-scale nature. Current research investigates and develops
self-consistent numerical models for different plasticity problems based on the distributed-
dislocation technique and the collocation-point method. Numerical methods are developed
for different boundary conditions in the presence of crystal dislocations and discontinuities
in the material. Boundary conditions due to the discontinuity in the material are satisfied
by placing image or fictitious dislocations or dislocations of unknown Burgers vectors at

predefined places. On the free surfaces, some designated points are selected (termed as



“collocation points”) to enforce the boundary conditions there only. Numerical models
are developed to satisfy the boundary conditions at those collocation points, assuming that
satisfying the boundary conditions at those collocation points is sufficient to capture the
field solution of the problem. Burgers vectors of those fictitious dislocations are solved for
using a system of linear equations that ensures the tractions on the collocation points are
zero. It is evident from the assumption that the numerical solution improves as the number
of collocation points on the free surfaces increases. The developed numerical scheme is
implemented in one of the existing Dislocation Dynamics (DD) codes by Zbib et al. to
show the free surface effect in a constant strain-rate simulation. The applications extend to
free surfaces with complex geometry and can thus capture the interaction of multiple voids
of any geometry. Other studies tackled the singular behavior near the dislocation core, the
effect of multiple dislocations or multipoles on the plasticity of the material as well as
the effect of solute atoms on both the elastic and plastic behavior of metallic crystalline

materials.
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Chapter 1

Introduction

Most of mechanical design is done in a material’s elastic region but knowledge of plasticity
is required to know the failure behavior of a material. Plasticity is the ability of a material
to change shape permanently. In crystalline metals, this process mainly takes place by the
collective motion and nucleation of dislocations (which also known as line defects in the

atomic lattice).

More accurate understanding and better predictive capabilities, and the rise of computa-
tional power and numerical methods have enabled a mesoscopic description of dislocations
and their dynamics. At length scales on the order of a micrometer and larger, dislocations
(which have core regions on the order of nanometers) can be idealized as curved lines
or straight segments and the associated crystallographic distortions can be modeled using
elasticity theory. At this scale of matter, plastic deformation is described in terms of the
dynamics of individual dislocations or segments and is that is often referred to as dis-
crete dislocation (DD) plasticity. Moreover, the outcomes of simulations conducted at the
mesoscale can be fed into larger-scale finite element simulations to predict bulk material

behavior.
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Discrete dislocation dynamics (DDD) simulations can be used to illustrate defect and
crystalline physics, which is often not possible to capture during real experiments, by
developing appropriate models for the plastic response of crystals. Moreover, simulations
do not require expensive testing equipment and materials. An accurate simulation explores
the physics of the problem in-depth and brings interesting phenomena to attention to the
researchers and scientists. Experts are developing different codes to simulate various prob-

lems of dislocation dynamics for the last few decades.

The dislocation is a source of stress in a material. Stress field solutions for a straight dislo-
cation line in an infinite medium is a classic problem in plasticity theory. The stress field
solutions need to be adjusted for any discontinuity in the medium. Current research starts
with 2D simple boundary-value problems and is extended to more complex 3D boundary-

value problems.

In Chapter 2, we have presented the stress field solution for an infinite screw disloca-
tion in an infinitely-wide, constant-thickness plate. In this problem, the presence of the
screw dislocation near two free surfaces means that the traction calculated from the clas-
sical solution is not negligible on both free surfaces. To satisfy the boundary conditions,
we introduce an algorithm to place image (fictitious) dislocations on both sides of the free
surfaces to annul traction on the free surfaces. Finally, the field solution is derived by

adding contributions from all the image dislocations and the crystal dislocation.

In Chapter 3, we solve the stress field of a screw dislocation near voids of any shape.
In this problem, a numerical scheme is developed, padding fictitious image dislocations of
unknown Burgers vectors on the void perimeter to satisfy the zero-traction boundary con-
dition. The solution from the numerical scheme produced results comparable to analytical
solutions in limiting situations. Moreover, the numerical method is capable of finding the

solution in the presence of multiple interacting voids of any shape for which no analytical
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solution is available.

In Chapter 4, we have combined our knowledge of Chapter 2 and Chapter 3 in an spe-
cial problem. We have presented the stress field solution of a screw dislocation in a plate
that is voided, i.e. having a cylindrical hole in it. The developed method can be extended
for any shaped hole inside the plate. We have also determined the positions of equilibrium

for the dislocation in the plate.

In Chapter 5, we develop a numerical methodology for treating static and dynamic dis-
location problems near a free surface. First, the algorithm is developed for a dislocation
segment near a free surface and then implemented in a 3D Dislocation Dynamics simu-
lation. To annul traction on the free surface, we padded rectangular generally prismatic
dislocation loops of unknown Burgers vectors on the free surface in a finite mesh. The
geometric center of each loop is selected as a collocation point. Traction-free boundary
condition is enforced on each of the collocation points and generated a linear set of equa-
tions to be solved for the unknown Burgers vectors of the fictitious padded loops. Once
the system of linear equations is solved for the unknown Burgers vectors, the field solu-
tion is calculated by adding the contribution from all the fictitious loops and the crystal
dislocation segment. The numerical solution is compared with a similar analytical solu-
tion to verify the accuracy of the method. The method is implemented in a 3D discrete
dislocation dynamics (DDD) code to show the surface effect on the multiplication of a

Frank-Read (FR) source under constant strain-rate loading.

In Chapter 6, the methodology developed in Chapter 5 is extended for triangular-loop sur-
face meshes with an intention to apply the same methodology on curved surfaces. The co-
efficient of the unknown Burgers vector is determined using a generalized method termed
the “Brute-force” method, where no prior knowledge of loop stress is required. Solutions

are determined using both the rectangular and triangular loops surface meshes and com-
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pared with the a similar analytical solution to verify the accuracy of the method. This new
method is also implemented in the previous 3D DDD code and a similar problem to that
in Chapter 5 was simulated. This new methodology is easy to implement in an existing
3D DDD code since no mathematical formulation is needed to calculate the coefficient of
the unknown Burgers vectors. For this reason, the same algorithm applies to any type of
surface meshes, which is vital for a curved boundary. We were also motivated to explore
the methodology for locally-condensed finer mesh in a generally coarse surface mesh with
an intention to save on computational effort in the simulations. This method intends to
minimize the surface collocation points for creating similar results produced in a finer uni-
form mesh throughout the surface. This can make the simulation faster since the number

of linear equations is fewer compared to the previous method.

In Chapter 7, we have investigated the stress field solution of a 3D linear dislocation seg-
ment extensively with an intention to propose a guideline for calculating the stress field in
the core region near the dislocation segment. The purpose of this is to get rid of the infi-
nite nature of the classical solution and thus avoid very high stresses during computations.

This regularization process had to be physically-based.

In Chapter 8, we have utilized 3D DDD code to simulate the multiplication phenomenon
of multiple FR sources under constant strain-rate loading. The objective of the study was
to learn the effect of some parameters, i.e. the number of FR sources, size, and distance
between any two neighboring FR sources on the stress-strain curve. We have observed the
formation and destruction of dynamic dislocation dipoles in the simulation during dislo-
cation movement, and also the effect of this phenomenon on the plasticity of the material.
We have investigated the role of the relative positions of the FR sources on the ensuring

flow stress values in the simulated material.

In Chapter 9, we enhanced the capability of the existing DDD code to explore the elas-
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tic and plastic behavior in the presence of solute atoms inside the material, i.e. using a
binary alloy system. This is a complex problem as it could entail millions or billions of
interactions between solute atoms, depending on their weight percent or faction, and the
dislocation segments in the simulation. Ultimately, a statistical approach had to be em-
ployed to enable homogenization and thus make the run times feasible. An important part

of this study is to compare to existing experimental data.



Chapter 2

Screw dislocation in a plate

Abstract

The study of dislocations is very important in material science because it helps us to pre-
dict the mechanical behavior of metals in the plastic regime. In past studies, scientists and
researchers have shown the analytic solutions of the stress field in the case of the infinite
and semi-infinite medium. In this article, we study the stress field of a single screw disloca-
tion in a finite thickness plate considering the presence of the image or virtual dislocations.

The solution is verified against known or expected results.

Keywords: Dislocations, Screw Dislocations, Image Dislocations, Stress field

2.1 Introduction

Numerous research has been conducted based on the dislocation theory to characterize
material properties. Using the concept of dislocation in materials, Koehler [1] explained

the plastic deformation of materials. Hull and Bacon [2], as well as Weertman and Weert-
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man [3], described the stress field of a positive screw dislocation in an infinite material.
This stress field solution does not apply to a finite plate that has traction-free surfaces. In
this article, we ensure the surfaces in a dislocated plate are traction-free by adding ficti-
tious or virtual image dislocations on both sides of the plate. We formulate the coordinates
of the image dislocations and use their stress field as a correcting term to be added to the
infinite-material solution. Such superposition ensures zero traction on the free surfaces and
therefore represents the correct stress solution at any material point in the plate. The image
dislocations are added incrementally till an infinite number of them. Results are presented,
showing how the correct superposed solution differs in behavior and quantitatively from

the infinite-material solution. Results are also shown for solution verification.

2.2 Theory/Solution Development

We know in linear elasticity [4], the i j-th component of the small strain tensor is given by,

1 8u,~ auj
e"j_§<8_j+?> (21)

and Hooke’s law for isotropic material,
where i = x,y,z, j = x,y,zand A, G are Lamé constant.

From Fig. 2.1 we see there is no deformation along x, y direction i.e. uy =0, uy, =0

and u, = % tan~! (y/x). Now from Eq. (2.1) we write,

exy =€y =€z =exy =€y, =0 (2.3a)
by
€x; = €zx — _Em (23b)
b x
== iyt (2.3¢)
(2.3d)
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/N

y y

Figure 2.1: Screw dislocation (schematic) shown in Cartesian and Cylindrical coordinate
system.

No from eqs. (2.2) and (2.3) we can write,

Oyx = Oyy = Oy = Oy = Oy = 0 (2.4a)
Gb
Oy = Gox = 2Gey, = 2Gey = _E)ﬁyz (2.4b)
Gb «x

Equation (2.4) expresses the stress field in the presence of a positive screw dislocation at
the origin. We rewrite Eq. (2.4b) as

G(b) y
2 ((x—=Dy)?+(y—Dy)?)

(2.5)

GXZ:sz:_

where, (Dy, D)) are the coordinates of the dislocation. We set our origin at the positive dis-
location §o meaning the coordinates (Dy,D,) = (0,0) for §o and (x,y) are the coordinates

of any point P in the thin plate. See Fig. 2.2.

Now the stress on surface 1 (x = —a) due to § is,

G(b)
Oy; = O = Tn @+y) (2.6)
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and on surface 2 (x =d —a) is

2.7)

Surfaces 1 and 2 should be traction free surfaces, i.€. Oxy, Oxy and Oy, should be zero at

these surfaces.

Surface 1

C{I§0

r)y
X

Figure 2.2: Positive screw dislocation on a thin plate

Surface 2

From Eq. (2.4a) we find 6,x = 0y, = 0 and in Eq. (2.4b) 0,; = 0, # 0 on the free
surfaces where y # 0. But we see oy, and o, should be zero to satisfy the condition of
traction free surface. To ensure surfaces 1 and 2 to be traction free (i.e. oy, = 0, = 0) we
add two fictitious negative dislocations ¢; at a distance a from surface 1 (outward) and %,
at a distance d — a from surface 2 (outward) so the net stress would be zero on the surfaces.
Note that the symbol 2 is used to represent negative screw dislocations and the symbol §
is used to represent positive screw dislocations. Now the total stress on surface 1 due to

dislocations §g and g; is

Gy G y
S 2 ((—a)?>+y?)  2m ((—a—(-2a))*+)?)
_ Gy Gy 2.8)
27 (a2 +y2) 27 (a®+)?)

=0
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Similarly the total stress on surface 2 due to dislocations §g and &, is

oo _ GB) oy G(=b) y
ST T n (d-aPty) 2m ([d-a-2(d-a))+)?)
__ob y LGy 2.9)
27 ((d—a)?+y?) 27 ((d—a)?+y?)

But dislocation ¢; causes stress on surface 2 and 2, on surface 1. Now the total stress o,

on surface 1 due to §g, 21 and 2,

oo OBy GLb) y
21 ((—a)*+»*) 2w ((—a—(-2a))*+)?)
~ G(=b) y
21 ((—a—2(d —a))*>+)?) (2.10)
Gb y Gb vy Gb y
T @) @y 2w (24t )
_ Gb y
T 21 ((—2d +a)*+)?)
Similarly the total stress on surface 2 due to dislocations §, ¢; and %, is
G = Gy — G(b) y ~ G(-b) y
2r ((d—a)*+y?) 2n ((d—a—2(-a))*+y?)
~ G(=h) y
21 ((d—a—2(d—a))?+y?) 2.11)
_ Gb y Gb y Gb
T2 ([d-aP ) | 2 (dtaP i) 2w (d-aP )
Gb y

Again we can see the stress o, # 0 on the surfaces. So we again add two positive
dislocations §3 at a distance 2d — a from surface 1 (outward) and §4 at a distance d + a

from surface 2 (outward) so the net stress would be zero on the surfaces. Now the total

10
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§7¢9—4d

és ® —2(d+(l)

§30 —2d

2(d —a)

219

—2a
Surface 1

€

xY

or—>

X
Za{
§49

26

§ge

Surface 2

2(d—a)

2d

2(2d—a)

4d

Figure 2.3: Locations of image dislocations

stress on surface 1 due to dislocations §¢, 21, ¢, and §3 is

Gb

Ox; = Oz =

_Gb

y Gb

Y

y Gb

271 ((2d—a)2+y?) 271 ((—a—(—2d))2+)?)

Y

" 2n(2d—a)2+y?) 27 ((2d—a)2+)?)

=0

11

(2.12)
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Similarly the total stress on surface 2 due to dislocations §g, 1, ¢, and §4 is

O,, = O. Gb—y —@ Y
T 2n ((d+a)?+y?) 27 ((d—a) —2d)?+y?)
_Gb y _Gb y (2.13)
2w ((d+a)>+y?) 2m ((d+a)>+)y?)
=0

Again dislocation §3 causes stress on surface 2 and §4 on surface 1. Now the total stress

o, on surface 1 due to §9, 21, 22, §3 and §4 is

o o Gb y
Y (—a—2d)*+y?) 2.14)
_ Gb y '
 2m((2d +a)? +y?)
Similarly the total stress on surface 2 due to dislocations §g, &1, 2, §3 and §4 is
5 — o Gb y
C T T (@—a) - (20T ) 015
Gb y )

21 (Bd—a)+)?)

Again we can see the stress 0, # 0 on the surfaces. So we again add two negative dislo-
cations g5 at a distance 2d + a from surface 1 (outward) and &g at a distance 3d — a from
surface 2 (outward) so the net stress would be zero on the surfaces. Now the total stress

on surface 1 due to dislocations §¢, 21, 22, $3, §4 and g5 is

B - S TR ) ;
P T on (@t +y) | 2w ((—a- (-2d—2a)P+?)
) _@ y +@ y (2.16)
27 ((2d +a)+)?) 27 ((2d+a)” +7)

=0

Similarly the total stress on surface 2 due to dislocations §g, 1, ¢2, §3, §4 and 2¢ is

o g Gb y _G(=b) y
T 2n((3d—a)?+y?) 2m ((d—a)— (4d —2a))? +y?)
__Gb y Gb y (2.17)

7 (Gd—al+y2) 27 (Bd—al+)

12
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Again dislocation g5 causes stress on surface 2 and g¢ on surface 1. Now the total stress

o, on surface 1 due to §o, 21, 2, §3, 84, ¢5 and &g is

G(-b) y

2 (—a—2(2d —a))?+y?)
_ Gb y
T 21 ((4d +a)? +)?)

Ox; = Oz = —
(2.18)

Similarly the total stress on surface 2 due to dislocations §g, 21, 2, §3, 84, ¢5 and &g is

G(-b) y
2 ((d—a)—2(—d—a))?+y?)
Gb y
2m ((3d +a)? +y?)

(2.19)

We can see a trend in the position of the image dislocations and that is
D|y = —2(di+a)+2d,2(di—a) and D|{ = F2di

where, i = 1,2,...0. This is how we can rewrite Eq. (2.5) considering all the image

dislocations as,

o o _ Gby| 1 1 - !
U 2m |24y (62024 (x—2(d—a)}P+)?
+ 1 + 1 B :
(x+2d)2+y2 " (x=2d)2+y>  {x+2(d+a)}>+2
1 1 !
- N N (2.20)
{x—2(2d—a)}2+y2 (x_|_4d)2_|_y2 (x—4d)2+y2
_ 1 - 1 T
1
Thearr

13
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X x+2a x—2(d—a)

24y (x+2a) 4y {x—2(d—a)} +y?

x+2d x—2d x+2(d+a)

T2ty T 21y {x+2(d+a)}*+y?

_ x—2(2d—a) N x+4d N x—4d

(x—202d—a)}* +y>  (x+4d)?+y*  (x—4d)? +)?
x+2(2d+a) x—2(3d —a) x+6d

o 2 o 2 T 2 142

{(x4+2Q2d+a)}*+y> {x—2(3d—a)}*+y> (x+6d)*+y
x—6d

+(x—6d)2+y2_m}

We can write the above equations as the summation of infinite series as

Gb
Gyz = Gzy :ﬂ

(2.21)

Gby

ze:sz:_zn

1 N 1
m_iz{{{x+2(di—d+a)}2+y2
1 1
Cx—2(di—a)2+)? T 2diP 1

(2.22)

1
_(x—2di)2+y2H
x _i x+2(di—d+a)
24yt S| xt2di—d+a)} +y?
x—2(di—a) B x+di (2.23)
{(x=2(di—a)}*+y> (x+2di)?+y?

x—di
(x —2di)2 +y?
where N should be oo.

Gb
27

GyZ - Gzy -

2.3 Solution Verification
Equations (2.22) and (2.23) have infinite series summation but in practice we summed up

to N = 10° to get stress 0. = 0. < G x 10712 on the either surface. Figure 2.4 shows the

maximum o, /G value on either surface, i.e. the global surface maxima, versus N.

14
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Lol Lol Ll Lol Lo
10" 102 103 104 10° 106

N

Figure 2.4: Solution convergence plot with N.

In Figs. 2.5 and 2.6, we show the stress field over the finite plate with and without
incorporating the image dislocations placing a positive dislocation at 0.1d from surface
1. As we see, in Fig. 2.5(left) where the image dislocations are not incorporated (i.e.
stress calculated using Eq. (2.4b)) the o, stress is not zero on either surface. But in Fig.
2.5(right) o, is essentially zero (< G x 10~'2) on the either surface where image disloca-

tions are incorporated in the stress calculation (i.e. stress calculated using Eq. (2.22)).

0.1 0.1
(44 (oo

0.05 0.05
. 0.2
. . 0
. 0.6

-0.05 -0.05
. 0.8

-0.1 -0.1

.5 0 0.5 .5 0 0.5

-0 -0
y(b)/d y(b)/d

o

x(b)/d
o
S

Figure 2.5: Contour plots of o;,/G. Positive dislocation §¢ at 0.1d away from top surface.
The figure on the right is showing the effect of image dislocations on the stress field

We also show the o, stress plotted over the finite plate in Fig. 2.6 (image dislocations

15
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incorporated or not). In Fig. 2.7(a-b) we show the stress o, along y =4b and y = 10b. As

0.1 0.1
t 0
0.05 0.05
. 0.2
o
=
. 0 Lo4 0
x
. 0.6
-0.05 0.05
. 0.8
-0.1 -0.1
-0.5 0 0.5 0.5 0 0.5
y(b)/d y(b)/d

Figure 2.6: Contour plots of o;,/G. Positive dislocation §¢ at 0.1d away from top surface.
The figure on the right is showing the effect of image dislocations on the stress field

can be seen for a positive dislocation, the difference between the stresses calculated using
eqs. (2.4b) and (2.22) is more on the surface near to the dislocation and it diminishes as
the dislocation moves far from the surface which is quite intuitive. Equations (2.4b) and
(2.22) should produce same stress for a point far from the dislocation. We show similar

picture for stress oy, in Fig. 2.7(c-d).

Finally, in Fig. 2.8 we show the stress ;. on the free surfaces calculated using Eqs. (2.4b)
and (2.22) what confirms that we achieve the traction free surfaces when consider the

image dislocations on either side of the plate.

16
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Figure 2.8: Stress o, on the surfaces when positive dislocation § is at 0.1d away from
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2.4 Conclusion

The analytic formulation of stress field for infinite and semi-infinite medium does not
satisfy the boundary conditions for the case of a finite medium. In this article, we have
introduced the formulation of the stress field over a thin plate in the presence of image dis-
locations. Moreover, we have shown how the image dislocations are distributed. With the
distributed image dislocations, we have confirmed the condition of traction-free surfaces

using line and contour plots.

Conference proceedings reference

Siddique, A.B., & Khraishi, T.A. (2019). Stress field of a single screw dislocation in
a plate. Proceedings of the 2019 ASEE Gulf-Southwest Annual Conference, Michael
McGinnis (ed.), March 10-12, 2019, University of Texas at Tyler, EasyChair Preprint no.
1057.
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Screw dislocation around a void of any

shape

Abstract

Analytical solutions for dislocations around multiple interacting free surfaces are strictly
case-specific (they depend on the exact dislocation location and number and geometry of
voids/free surface). This is because they rely on the precise placement of image (fictitious)
dislocations, and thus can end up being very complicated in their formulation. The current
article presents a general numerical scheme based on the collocation point method. The
proposed method is capable of generating solutions for dislocations around multiple inter-
acting free surfaces of any shapes or geometries. The paper also furnishes verification of

the developed methodology and new results.
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Chapter 3. Screw dislocation around a void of any shape

3.1 Introduction

The stress field around a dislocation [5] in an infinite isotropic medium is a classic problem
in linear elastoplasticity. In a semi-infinite medium, the free surface affects the disloca-
tion and also changes the associated stress field from the one developed for an infinite
medium. Eshelby et al. formulated the 2D solution for straight screw dislocations of in-
finite length [6], and Head [7] studied the elastic interaction of a screw dislocation in a
semi-infinite isotropic medium with a surface layer (i.e. oxide film). In the case of non-
planar (curved) free surfaces, Eshelby [8] solved the stress field for a screw dislocation
eccentrically situated in a cylindrical rod, and Friedel presented the analytical solution for
a screw dislocation near a cylindrical void [9]. The solutions mentioned above are for
a dislocation located inside a medium. Yoffe [10] showed stress field calculations for a

straight dislocation terminating at a free surface at an arbitrary angle.

A free surface creates an attractive force [11] on a dislocation, which can affect its mo-
tion in a crystal. Lubarda et al. [12], [13], [14], derived the image forces (attractive
force by the free surface) on an infinite-length screw dislocation for multiple interacting
free surfaces of different geometry/topology in an isotropic medium. Such solutions were
strictly case-specific (they depend on the exact dislocation location and number and geom-
etry of voids/free surface). The authors of the current article propose a general numerical
solution for straight dislocations near multiple interacting free surfaces of arbitrary ge-
ometry/topology. Examples in this article are shown for screw type dislocations. The
proposed nu- merical framework is developed based on the concept of the colloca- tion
point method implemented by Khraishi et al. [15], [16], [17] and Siddique and Khraishi
[18]. The developed method is versatile and adaptive and can be used in 2D dislocation
dynamics simulations to model the effect of free surface on dislocation glide and the en-
suing crystal plasticity [19], [20]. Complete theoretical development of the algorithm is

presented in the Theory section, then a numerical scheme to the solution is discussed in
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Chapter 3. Screw dislocation around a void of any shape

the Numerical Framework section. The stress field and image force calculations on the
dislocation are presented in the Results section for several problem configurations, and the

solution is verified where possible.

3.2 Theory

De Wit [21] derived the stress tensor elements, o;; (), at a field point 7 = (x,y,z) for an

infinite straight dislocation within the framework of isotropic elasticity as,

Wb

0;j (F) =— 72 [rm (8jmn ti+ Eimn fj)

3.1

20mtil;
(l_v)ekmn{(Sij-l—titj)rm—émirj—6jmrl._|_ ’Zzl]}tk]

where, 7 and b are the line sense (direction) and Burgers vector of an infinite straight
dislocation. Equation (3.1) expands following the rules of index notations (textbook by
Khraishi and Shen [4] , and one more textbook by George Mase [22]). For an infinite
screw dislocation along the z-direction, the Burgers vector is b= (0,0,b;) and the line

sense is 7 = (0,0,1). In this case, Eq. (3.1) reduces to,

. b
0;j (F) = —% T (€jmn ti + Eimn 1) (3.2)

since &y t, = 0. We write the stress tensor for i = 1,2,3 and j = 1,2,3 accordingly,

Oxx Oxy Oxg b 00 y
= H
6(F)= |0y Oy Oy :——27”22 00 x (3.3)
Oy, Oy; Oy y x 0

Equation (3.3) conforms with the solution presented in [11] and [2]. Similarly, Eq. (3.1)

can be reduced for an infinite edge dislocation. Equation (3.3) is independent of z, so it
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Chapter 3. Screw dislocation around a void of any shape

becomes a 2D problem. Moreover, Eq. (3.3) is linear in b, and can be written as,

0 0 ke
o(F)=b; |0 0 ky (3.4)
ke ky O

where, [K] is termed the kernel matrix (following [15] and [16]). The stress tensor at any
field point 7 = (x,y,z) for any dislocation located at other than the origin of the Cartesian

coordinate system can be written as,

, 0 0
6(?)2—;;;2 0 0 ¥ (3.5)
y X0

where x’ and y' are the relative distances of that origin-offset dislocation from point 7.

In the framework of linear elasticity, the stress tensor element G, (7p) at any field point

P for M dislocations can be expressed using the principle of linear superposition as,

Oup (7p) Z (3.6)

where Gg:ﬁ (7p) is the off stress component by dislocation m for stress in an infinite
medium (see [11] and [2]). Here 71/0 represents the relative position vector between dis-
location m and the field point in question (point P here). Now in the presence of any
discontinuity in the medium, Eq. (3.6) needs to incorporate a “correction term” to account
for the existing physical boundary conditions. Discontinuity in the medium can appear,
for example, in the form of voids, cracks, or free boundary surfaces. Then Eq. (3.6) can

be re-written to incorporate the boundary effects as,

Oup (7p) Z wp (7p) 055" (3.7)

The second term of Eq. (3.7) accounts the physical boundary conditions, i.e. ensures

satisfaction of these conditions. This article formulates a numerical scheme to find this
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Chapter 3. Screw dislocation around a void of any shape

correction term in the presence of infinite screw dislocations around differently-shaped
voids in a medium (the medium itself could be infinite, semi-infinite, or finite). Moreover,
this correction term is a function of the dislocation positions in the medium with respect

to the boundaries.

To illustrate this 2D problem, consider for now one simple void, a cylinder, with disloca-
tions around it (Figure 1(a)). For any point on the void’s free surface, the traction should
be null, i.e. the stress traction vector 7 = 07 = 6, where O is the stress tensor at the point

and 7 is the unit vector normal to the surface (Fig. 3.1(c)).

Instead of annulling traction on all surface points, the current method ensures its annul-
ment on collocation points on the surface (red dots in Figs. 3.1(b) and 3.1(c)). This is
following the collocation point method presented by Khraishi et al. [15], [16], [17] and
Siddique and Khraishi [18]. In this method, the collocation points represent the center
of N fictitious (or mathematical) dislocation loops padding the surface (Figs. 3.1(b) and
3.1(c)). Such loops are rectangular loops having an unknown, and yet-to-be-determined
Burgers vector, with two infinite screw segments/sides/lines and two edge dislocation seg-
ments/sides that are situated at f-co. In this 2D problem, the two finite edge segments do
not contribute anything to the stress field in the xy-plane shown in Fig. 3.1. Moreover,
Figs. 3.1(b) and 3.1(c) each represents a cross-section through the two infinite screw dis-
location lines. One of these dislocations will have a positive sign (i.e. its unknown bz
and line sense are pointing in the same +z direction) and the other a negative sign. Figure
3.1 (c) shows the cut through the loops, each shown as a polygon side, with the polygon
vertices being a positive and negative screw dislocation. Note that each vertex has a pos-
itively and negatively signed dislocation from two contiguous loops. In this method, the
more collocation points covering the surface (i.e. the higher their density), the more the

numerical solution approaches the real solution (or analytical solution if one exists).
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® Real dislocations
y e Real dislocations y e Fictitious dislocations
1T = Collocation Points
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® Real dislocations
y o Fictitious dislocations
= Collocation Points

()

Figure 3.1: (a) Dislocations (real crystal dislocations) around a cylindrical hole in a
medium, (b) Discretizing the free surface by a polygon with many sides. The midpoints
of each side is a collocation point of the mathematical problem to be solved, i.e. satisfac-
tion of the boundary condition, (c) The vertices of the polygon sides represent fictitious
or mathematical dislocations. The plus sign indicates a positive screw dislocation, and the
minus sign represents a negative screw dislocation. Dislocations around a cylindrical void
and the development of the numerical method for the associated problem.

The above problem reduces to finding the Burgers vectors of the loops such that these

loops collectively with the real dislocations satisfy the traction-free conditions on the col-
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Chapter 3. Screw dislocation around a void of any shape

location points. Given this, Eq. (3.7) can be re-written explicitly for the G&‘;{ " term as,

Gaﬁ VP

HM§

N .
(75) + ) 0qp () (3.8)
i=1

Where the correction term comes from the contribution of the surface loops to the stress
state at any field point P. The reason dislocation loops are employed in this method is that
they are a self-equilibrated source of stress for the correction term, and provide a compat-

ible field with the exception of course at the dislocation point/location.

To formulate the problem numerically, we recognize that at any point on the void surface,
i = (ny,ny,0) and the traction 7 = (Ty, Ty, T;) = (0,0, Gyoy + Gyeny). This means that
T, and 7, are identically annulled. Only the 7, component needs therefore to be annulled.
Now that there are N + M sources of stress, the traction-free condition on collocation point

C(x,y) can be written as

Mx

N .
Z( + (7o) s + o) (7e) nyc) + (o-g (7e) S + o2 (7) nyc) =0 (3.9)
i=1 m=1

where 7. is the position vector between the dislocation and point C. Alternatively, Eq.

(3.9) can be written as:

™=
Mxs

(ot () nS + 0 (Fe) ) = —

1 m

(o () € + oy (7)) (3.10)

1

The right-hand side of Eq. (3.10) is known from the problem configuration as it arises
from the contribution of the real dislocations, and the left-hand side of Eq. (3.10) is a
function of the unknown Burgers vectors of the N loops. For multiple interacting voids
(see Fig. 3.2), we pad a total of N dislocation loops on the voids’ surfaces. Each void
surface can have a different number of padded loops, i.e. Ni,N,,... etc. such that N =

N1+ N, + ---. This method is independent of the number of voids or their shape. In this
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e Real dislocations
¢ Fictitious dislocations
= Collocation Points

Figure 3.2: Multiple interacting voids of different shapes

light, Eq. (3.10) can be re-written for the case of interacting voids as:

N; )
Y (of () S + o )+z(xzw +®A%M®+w-

i=1 3.11)

— ¥ (ot e) 4 a0 )

The traction component 7, for Loop j (or dislocation j in general) at collocation point

C(x,y) can be written as a linear combination of the unknown Burgers vector of loop j as,

o7 (x,y)nS + 007 (x,y)nS = | K7€ (x,y)nS + KL (x,y)nS | bl = Ac;bl (3.12)
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where G){;C is the xz-stress component of loop j evaluated at point C, bé' is the z- compo-

nent of the Burgers vector for loop j, and Ac;(x,y) is the coupling term for loop ;.

To find the coupling term, we find the kernel terms from Eq. (3.4) and then substitute
it into Eq. (3.12). Equation (3.12) is substituted into the left-hand side of equation (10),
which upon expansion yields N unknown Burgers vectors. However, equation (10) is ap-
plied N times for N collocation points. This yields a set of N X N linear equations. Once
the unknown Burgers vectors are solved for they can then be substituted back into Eq.

(3.8) to find the stress field.

For a screw dislocation around a void, the cut to generate the dislocation can be either
from the void surface or from the infinity [12]. The numerical scheme presented here (in-
volving the right-hand side of Eq. (3.10)) is developed based on the stress field of a screw

dislocation formed by a cut from infinity.

3.3 Numerical Framework

Based on above, a set of linear equations can be written in matrix form as,
AlB = F (3.13)

Matrix [A] is termed as coupling matrix, B is a column vector of unknown Burgers vec-
tors of the dislocation loops and F is also a column termed as forcing vector evaluated at
each collocation point by the real dislocations using the right-hand side of Eq. (3.10). The
dimension of [A] is N X N, and Band F is N. As can be seen above, the elements of matrix
[A] are populated using Eq. (3.12) associated with the fictitious dislocation loops only,
whereas vector F is associated with the real dislocations only, which is a known quantity.
Elements of the matrix [A] thus depends on the number of padded dislocation loops on

the void surface, not on the density of real dislocations and elements of the quantities F
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depends on the number and location of the real dislocations and are independent of the

fictitious dislocation density.

For the above problem, matrix [A] is singular; hence the solution is not unique, and conven-
tional decomposition techniques fail to solve Eq. (3.13). But the coupling matrix [A] has
marginal diagonal dominance meaning that the absolute value of the diagonal element of
each row is equal to the sum of the absolute values of other elements, i.e. |A;;| =} ;|A;jl.
This property of matrix [A] is needed for the convergence of iterative numerical linear
equation solvers like the Gauss-Seidel method with successive over relaxations (SOR)
[23]. In the current problem, Eq. (3.13) is solved using the Gauss-Seidel iteration tech-

nique with SOR parameter equal to 1.35, which expedited the solution convergence.

3.4 Results and Discussion

This article presents several verifications of the numerical method shown above. It also
provides solutions to problems not available in the literature. Consider, for instance, a
screw dislocation along the x-axis and away from a cylindrical hole center by 1.25R (where
R is the radius of void). For this problem, the traction component 7, is computed at field
points along 10°,30°,50°, and 90° rays from the void center (see Fig. 3.1(c)). Figures
3.3(a) and 3.3(b) show such computations for the case of no proper treatment of the free-
traction condition on the void surface and for the case of proper treatment using the above
numerical method, respectively. Figure 3.3(a) shows the traction not terminating at zero on
the free surface, whereas Fig. 3.3(b) shows how the employed numerical method satisfies

the proper physical condition of the problem at-hand.

In dislocation theory, the thermodynamic force causing dislocations to glide is termed the

Peach-Koehler (PK) force [11]. It is calculated using the following formula (which is
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Figure 3.3: Plotted traction component 77: (a) without proper treatment of the free-traction
boundary condition, and (b) with proper treatment. Here N = 150.

applied here to the case of a screw dislocation):

0 0 o0 0 G,:b. F,
ﬁ:(o?;)x?z 0 0 0./307|x30p=1-0ub.g=4Fp 314
Ox; Oy; 0 b, 1 0 0

For dislocation near a free surface, this force has the effect of pulling the dislocation to-
wards the surface for as the dislocation exits the material, the entropy reduces and the

internal order of the crystal is restored.

Consider a screw dislocation lying on the x-axis near a cylindrical void (see Fig. 3.1(a)).
In this case, the PK force pulling the dislocation towards the free surface (Eq. (3.14)) will
only have an x-component and no y-component [9], [14]. In the above numerical method,
the 0,z and 0z stresses acting on the dislocation will emanate from the fictitious disloca-
tion loops padding the surface. Hence one verification for the above numerical method is
to compute the o,z stress from the loops along the x-axis (y = 0) to ensure that it is zero.

Figure 3.4(a) shows that for several numbers of surface loops and provides verification of
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Figure 3.4: (a) normalized o, emanating from the fictitious dislocations plotted along the
x-axis (for any R), (b) normalized F, emanating from the fictitious dislocations and acting
on a real dislocation situated along the x-axis (N = 500, and R measured in b units).

the current method. Figure 3.4(b) shows another verification of the proposed method. The
figure shows the normalized PK force component F; produced by the fictitious dislocation
loops on the free surface and felt by a screw dislocation along the x-axis. As the radius of
the cylindrical void R increases, the numerical solution approaches the limiting case of a

screw dislocation near an infinite flat free surface [18].

Another verification of the current numerical method is shown in Fig. 3.5. Here, the nu-
merical solution is compared with the analytical solution derived by Lubarda [12] for a
circular void. It can be seen from the figure that as the number of fictitious dislocation
loops increase, the numerical solution approaches the analytical one. This represents a
convergence test for the current collocation-point method. It is worth noting here that the
numerical method does not need an excessive number of dislocation loops to match the
analytical solution. Indeed, based on the previous works of [16], [17], [18], the numeri-
cal solution at a field point away from the free surface is accurate as long as the distance
between the surface and the point is equal or more to the average spacing between the

collocation points. This is actually exhibited in Fig. 3.5.
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Figure 3.5: Peach-Koehler force exerted by the fictitious dislocations on a real dislocation
situated along the x-axis (R = 20b). Also, the analytical solution is plotted.

The next figure illustrates the power of the current numerical method beyond available an-
alytical solutions. The current method can easily handle voids of any shape and number,
which is not currently available via analytical solutions, which have to be tightly pre-
scribed in terms of the problem configuration. For Fig. 3.6, a dislocation is placed along
the x-axis between two voids. These two voids can be of the same shape but of different
diameters (Fig. 3.6(a)) or they can be of different shapes (circular cross-section versus a
diamond one as in Fig. 3.6(b) or circular cross-section versus an ellipse as in Fig. 3.6(c)).
An aspect ratio (AR) is defined as the maximum vertical dimension of the void on the right
to the cylindrical void diameter on the left of the figures. In this problem, the elliptical and

diamond shaped voids have the same horizontal dimension as the left cylinder diameter.
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(a)

(b)

(c)

Figure 3.6: A screw dislocation between two differently-shaped voids.

For this problem configuration, the PK force by the fictitious dislocation loops from two

voids of different shapes/sizes on a screw dislocation between them (on the x-axis) is com-
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puted. Based on this computation, the position of equilibrium for the dislocation 1, defined
as the point where the net PK force (from the contributions of all fictitious dislocation

loops on all voids) is zero, is determined. Moreover, one can normalize this position as:
- (3.15)
=7 )

where L is half the edge-to-edge distance between the voids. A plot of the equilibrium
positions for the three configurations in Fig. 3.6 versus AR is shown in Fig. 3.7. Asis
expected, the smaller the void on the right compared to the one on the left, the more xi
is positive, i.e. closer to the smaller void. Moreover, for the elliptical and the cylindrical
voids on the right-hand side of Fig. 3.6(c) and Fig. 3.6(a), it is expected that & will be
unity when AR is 1. This is another verification for the method and its implementation

and Fig. 3.7 demonstrates that.

Here, it is worth discussing that other methods (besides the collocation point method pre-
sented here) could be employed to counteract the unphysical stress traction vectors on the
free surfaces of a finite domain containing dislocations whose self-stress, which is a source
of internal stress, is taken as that of a dislocation in an infinite domain. Specifically, the
finite-element method (FEM) is used in coupling with a discrete dis- location (DD) dy-
namics simulation methodology: For 2D problems in [19] and for 3D problems in [24].
The main issue with coupling the FE methodology with the DD methodology is that they
are two separate and different numerical methods. In the FEM, it is important to specify
displacements as boundary (external or internal) conditions whereas in the DD method
stresses are what is calculated for the movement and interaction of dislocations. And since
the dislocations’ self-stresses pose a non-uniform state of stress and deformation inside
the finite computational domain, it is essentially impossible to know upfront what points
in the solid need to be conditioned for what displacements in order to accommodate the
FE methodology. Hence, the FEM method despite being able to exert a negative trac-
tion to counteract the unphysical stress tractions from the infinite-domain self-stress of

dislocations, it grabbles with displacement conditions that could be unphysical in and by
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Figure 3.7: Equilibrium position for varying aspect ratios of the right-hand side voids of
figures (6). N = 500.

themselves and hence defeat the original coupling idea between the two different simula-
tion methodologies. The above method employed for the interaction of screw dislocations
with holes could be extended to edge dislocations upon considering the 7 and the 7, stress
traction components instead of the T, traction component. This is because for an infinite
edge dislocation the self-stress components are in the plane and not out of plane. This is
something that the authors hope to accomplish in the future. Moreover, this collocation
point method can be extended to 3D problems of dislocation-hole interactions. However,
in this case, all stress traction components (i.e. Ty, T, and T, ) at any collocation point
need to be considered. As alluded to above, the collocation point method in 3D to treat
dislocation-free sur- face problems was employed for flat or planar surfaces only [16],

[17], [18]. However, for curved or non-planar surfaces, this method is yet to be developed
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and would constitute a major development.

3.5 Conclusion

In this paper, the authors presented a generalized numerical method to find the stress field
(which is easily convertible to strain field in isotropic elasticity) for the problem of screw
dislocations (of any number) around voids. The voids can be of any number and any shape
while maintaining the same formulation, something not attainable in analytical solutions.
This method can be extended to edge dislocations as well but left for future developments.
Moreover, since this dislocation problem is solved using other (fictitious) dislocations, the
method is called a “self-consistent” method as it does not have to resort to a different so-

lution methodology than the dislocation methods describing the initial problem.
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Chapter 4

A holed-plate with a material dislocation

Abstract

Standard text-book dislocation theory for the elastic fields of a dislocation are provided in
an infinite medium. For problems involving free surfaces, or image stresses, the solution
for such elastic fields is more complex. The current paper extends the state of knowledge
for problems with free surfaces to address the stress field of a screw dislocation in a plate
(two planar free surfaces) containing a hole/void. Such surfaces interact and thus affect
the stress field of a dislocation in deviation of the infinite medium solution. The numerical
solutions, based on reflective image stresses and the collocation-point method, provided
herein have been verified to the extent available and such solutions allow for further ap-
plied problems. One main finding of the paper is that the equilibrium location of a screw
dislocation is always closer to the hole/void surface than the planar free surface. Key-
words: dislocation theory, hole, plate, void, collocation point method, image dislocations,

image stresses
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4.1 Introduction

The dislocations in a material are termed “carriers of plasticity.” Any material experiences
stress due to the presence of a dislocation inside it. In linear elastoplasticity, the stress
field solution around a dislocation [5] in an infinite medium is a classic problem. Any dis-
continuity in the material affects the dislocation dynamics and the associated stress field.
For example, a free surface (finite/infinite) close to a dislocation can significantly change
the dynamics. To find the ensuing stress field, a classical solution [2], [11] (for the case of
infinite material) along with a correction term is often used. Usually, this surface correc-
tion term is derived based on image dislocations, analogous to the solution of electrostatic
problems presented by Jeans [25]. The additional surface correction term is used to ensure
that the total stress field satisfies the zero stress traction boundary condition on a free sur-

face.

Eshelby et al. [6] derived the 2D solution for an infinite straight screw dislocation in a
thin plate, and Head [7] formulated the elastic interaction of a screw dislocation in a semi-
infinite isotropic medium with a surface layer (i.e., oxide film). Later, Eshelby [8] derived
the stress field of an eccentrically situated screw dislocation in a cylindrical rod. As an-
other case of the curved (non-planner) free surface, Friedel [9] formulated the analytical
solution of a screw dislocation near a cylindrical void. Yoffe [10] showed stress field cal-

culations for a straight dislocation terminating at a free surface at an arbitrary angle.

A dislocation loop is formed when a dislocation line terminates into itself. The character
of the dislocation in a glide loop varies from point to point. In a glide loop, the character
of dislocation changes from edge to mixed and then to screw. The dislocation character is
everywhere edge in a prismatic loop since the Burgers vector is normal to its slip plane.
Kroupa [26], [27] derived the stress and deformation field of a prismatic circular loop in an

isotropic infinite medium. Initially, Kroner [28] presented the stress field of a glide loop,
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and the solution was later corrected by Marcinkowski et al. [29]. Later Khraishi et al.
[30], [31] presented a comprehensive study on the displacement and stress fields of glide
and prismatic circular dislocation loops. In recent works, Li et al. [32], [33] investigated
the stress/strain field of rectangular dislocation loop in an infinite medium and parallel to
a free surface of a half medium. A dislocation experiences an attraction force [11] by a
free surface. This attraction force magnitude depends mainly on the relative distance be-
tween the free surface and the dislocation. The dynamics of the dislocation can be affected
by this surface phenomenon. Lubarda et al. [12], [13], [14] formulated the image forces
(attractive force by the free surface) on an infinite-length screw dislocation in an isotropic
medium for multiple interacting free surfaces of different geometry/topology. Such solu-
tions were strictly case-specific (i.e., they depended on the exact dislocation location and
number and geometry of voids/free surface). In recent work, the authors of this article
recently presented a versatile and adaptive numerical approach for finding the stress field
solution for infinite straight screw dislocations near multiple interacting free surfaces of
arbitrary geometry [34]. The numerical framework in this last reference was developed
based on the collocation point method implemented by Khraishi et al. [15], [16], Yan et
al. [17], and Siddique et al. [18], [35].

The works mentioned above investigated the stress field of a screw dislocation in an infi-
nite medium. Some of these solutions also dealt with a half medium. None of the solutions
dealt with a plate material and on-top one that has holes in it. In this current article, the
authors present a generalized numerical framework for finding the stress field solution of a
screw dislocation near a cylindrical void in a plate (free surfaces on both sides of the plate).
The developed framework is scalable and can be used in 2D dislocation dynamics simu-
lations to model the effect of free surfaces (external or internal) on dislocation glide and
the ensuing crystal plasticity [19], [20]. Comprehensive theoretical development of the
algorithm is presented in the Theory section. The Numerical Framework section discusses

a numerical scheme to the stress field solution and an efficient algorithm for finding the
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equilibrium points (points at which the screw dislocation is not feeling any force). In the
Results section, the locus of the equilibrium points is presented and discussed for different
problem parameters. The result is verified, for limiting cases, against previously published

works.

4.2 Theory

The stress field component solutions for a screw dislocation inside an infinite medium is

given by [2], [11],

sz (y - CY)
Xz = 4.1
% T k- )+ r-C)) @D
oo G =G w2

2 (-G (-G

Where, G is the shear modulus of the medium, b, is the Burgers vector of the dislocation
and (cy,cy) is the position of that dislocation with respect to the origin of a Cartesian
coordinate system. This solution can be extended to half and finite media by adding a
correction term to Eqgs. ((4.1), (4.2)). The other four stress components are zero for a

screw dislocation.

In this work, the authors are interested in screw dislocations in a finite material, specifically
an isotropic plate with two parallel free surfaces (Fig. 4.1a). Consider the plate to have
a thickness 2w. For this problem, the zero stress traction boundary condition must be
enforced on surfaces 1 and 2. Knowing that the unit normal (7) to both surfaces is (0, 1,0),
and that the equation of the traction T is given by: T = o7i, where © is the 3 x 3 stress
tensor at a material point, the traction vector is then given by: T = (T, Ty, T3) = (0,0, Gy).
For a free surface, the traction must be null, and hence we must have 7, = o,, = 0. Here
on both surfaces 1 and 2, we must then ensure oy, = 0 as a requirement for the physical

boundary condition of the problem.
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Figure 4.1: A crystal screw dislocation inside a plate, as well as image dislocations. (a)
Screw dislocation inside a plate (b) Image dislocations to satisfy the boundary conditions

To illustrate the inappropriateness of the stress solution presented in Eqs. ((4.1), (4.2)),
consider a real or crystal screw dislocation S, located at (cx,cy) in the plate (Fig. 4.1).
Figure 4.2 shows the stress fields oy, and oy, using these two equations. The traction

component, 7; = Oy, at any point (x # ¢,) on surface 1 (y =w),

o-y Z

_ Gb; [ (x—cy)
21 [(x—cx)?+ (w—cy)?

} £0 (4.3)

And at any point (x # ¢,) on surface 2 (y = —w),

b - tx
Gyz:GZ{ (x—cx)

21 [(x—cx)?+ (—w—cy)?

] £0 (4.4)
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Figure 4.2: Contour plots of the stress field 0y, and 0, in a plate (containing no hole/void)
without considering any boundary conditions. (a) Contour plot for oy,/Gb, (b) Contour
plot for o,./Gb.

Equations ((4.3), (4.4)) and Fig. 4.2b clearly show that the stress traction component
T, = oy; # 0 on the two surfaces which is in direct violation of the physical boundary
condition on these free surfaces. Hence, it is important to augment the stress solutions in
Egs. ((4.1), (4.2)) with additional surface correction terms that result in the satisfaction of

the free surface boundary condition, i.e., to ensure that oy, is zero on both free surfaces.
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To derive the surface correction term, we introduce fictitious or image dislocations. An
image dislocation is an imaginary dislocation or a mathematical tool to formulate the cor-
rection terms needed to satisfy the boundary conditions for the classical solution (i.e., the
infinite medium solution). An image dislocation is like any other dislocation: an equili-
brated source of stress in the material. Image dislocations do not interact with each other
since they are not physical dislocations. Here, we first add a fictitious negative (b = —b;)
dislocation §,,; at the mirror location from surface 1 (see Fig. 4.1b), in order to annul the

traction component 77 on surface 1 [2], noting that y=w at surface 1:

__ Gh, (x—cx) B (x—cx) _
=0 = o (G w—a)  G—c)+—(w—c)p] O “

As can be seen in Eq. (4.5), the free boundary condition is now satisfied on surface 1. But
the zero traction boundary condition needs to be fulfilled simultaneously on all the free

surfaces. If we consider surface 2 (where y = —w), the 0, is not zero on it:

Gb, (x—cx) B (x—cy)
2 ((x—cx)?+ (—w—y)? (x—cx)?+(—w—(2w—¢y))

I =0y, = 7 #0 (4.6)

This means that the fictitious/image dislocation S,,; is not sufficient by itself to fulfill the
boundary condition on both free surfaces. Hence, we now turn our attention to surface 2.
We have to add another fictitious negative (b = —b;) dislocation S, at the mirror location
of the real dislocation S, with respect to surface 2. Both S0 and S,,> annul the traction on

surface 2:

_ . Gb, ()C—Cx) o (X_CX) _
L=0=7, (x—cx) 2+ (—w—cy)?  (x—cx)?+ (—w+2w+cy)? =0 @7

However, one must also consider the effect of S,,; on surface 2 and not just the effect of

Spo and S,», i.e. all dislocations in the configuration need to be considered for their effect.
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Considering all three dislocations on surface 2, one gets:

;o _Gb (x—cx) (x—cy)
¢ =% T (r—c?+(-w—c))?  (x—c) + (—w+2wtcy)? (4.8)
(x—cx .
_ 5| #0

(x—cx)*+(=w—(2w—q))

Therefore, we need to add another fictitious positive (b = b;) dislocation S,4 at the mirror
location of image dislocation §,; with respect to surface 2 (see Fig. 4.1b) to cancel the

traction on surface 2:

5 :sz (x—cy) B (x—cx)
Oom [(x—c)t+ (—w—cy)? (x—c)P 4+ (—w— (2w —cy))?

(X—Cx) (x_CX) _
C (x—c)?F (—wH2wtcy)? + (x—cx)2+(—w+4w—cy)21 =0

4.9)

Now the image dislocations S, and S, instigate non-zero traction component Gy, on

surface 1:

Gb, (x—cx) X—Cyx

Oy; = 21 _(x—cx)2+(w+2w+cy)2+ (x_cx)2+(W+4W—Cy)2:| 7é0 (410)

To cancel the non-zero traction on surface 1, we again add one fictitious positive (b = b;)
dislocation §3 at the mirror location of image dislocation S, from surface 1, and another
fictitious negative (b = —b,) dislocation S5 at the mirror location of image dislocation
Spa from surface 1 (see Fig. 4.1b). As a result of these additional image dislocations, the

traction component Oy, on surface 1 now vanishes:

o :sz (x—cy) B (x—cy)
Y (x—cx)2_|_(w—cy)2 (x_cx)2+(W—(2W—cy))2
(x—cy) (x—cy)
TGl 2wt 0 )it (vt dw )2 (4.11)
(x—cy) (x—cy)

_ —0
(x—cx)?+(w—4w—cy)?  (x—cx)?>+(w—6w+cy)?

Again, these image dislocations §),3 and S,;5 initiate non-zero traction on surface 2. It is
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important to mention that the non-zero traction component on both free surfaces is now
smaller in magnitude with the addition of more image dislocations than the previously cal-
culated one in Eq. (4.3) or Eq. (4.4). So we keep adding image dislocations on either side
of the free surfaces to balance the non-zero tractions on both free surfaces simultaneously
(see Fig. 4.1b). The more fictitious/image dislocations added on either side of the plate,
the more the magnitude of the non-zero traction component Gy, tends to zero. From this
trend, the addition of an infinite number of image dislocations on both sides of the plate
will lead to satisfaction of the boundary condition of the problem. Based on all of the
above, one can adjust the stress components in Eq. (4.1) and Eq. (4.2) by augmenting

them to include an infinite series sum stemming from the image dislocations:

Gb; =¢) - —c)
S Yo (4.12)
2 | (x—c)?2+(y—c))* 5 (x—co)*+ (y—c;‘f")2
Gb, (x—cx) > (x—cx)
. o 4.13
o 2 (x_cx)2+(y_cy)2 i (x_cx)2+ (y—c;i)z ( )

where, (cx,c*i) are the coordinates of the i-th image dislocation. An image dislocation

y
can be left-hand or right-hand screw dislocation with a Burgers vector equal to b,, i.e. can
be positive or negative dislocation. The y-coordinate c;i is determined by the following

relations:

C;i :(l+ 1)W+ (—1)(i+1)/2Cy and w; = _1(i+1)/2 when i is odd

c;i =— (iw—l— (—1)(i+2)/20y> and ;= —17> wheniis even

The infinite summation terms in Egs. (4.12), (4.13) are the required correction terms to
describe the correct stress profile in the plate in the presence of a real dislocation S .
These correction terms are not constant values but are functions of Burgers vector and the
location of the real dislocation(s). This means that if the location of any real or crystal

dislocation changes, then the correction terms need to be re-calculated. As a verification
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Figure 4.3: Contour plots of the stress fieldsoy, and Oy, in a plate (no hole/void) when
enforcing the traction-free boundary condition (Egs. (4.12), (4.13)). (a) Contour plot for
0x;/Gb, (b) Contour plot for 6,,/Gb.

of the developed Egs. (4.12) and (4.13), we plot the field solution oy, and oy, using Egs.
(4.12) and (4.13) and show them in Fig. 4.3. For the sake of easy comparison, the levels of
isolines in Fig. 4.2, Fig. 4.3, Fig. 4.6, and Fig. 4.7 are kept the same. Comparing Fig. 4.2
and Fig. 4.3, the effect of the boundary condition is easily visible. Figure 4.3 shows how
the surface effect changes the stress field profile of o,, and oy,. Additionally, Fig. 4.3(b)

shows the traction component Oy, is zero on both surface 1 and surface 2, which verifies
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the utilized method herein.

Now we extend the above-mentioned problem by including a cylindrical void of radius
R in any arbitrary location inside it (for now let’s take the center of the void to lie along
the x-axis). A dimensionless parameter ¢ is defined as & = w/R and a > 1, where 2w is
the width of the plate (see Fig. 4.1). The linear distance L between any point on a surface
and the void center is given by L = w/sin® = aR/sin6, where 0 is the angle created by
L and the horizontal reference axis (i.e, the positive x-axis), see Fig. 4.4. We label the
equilibrium point distance from the void center as &, where L > & > R. At any equilib-
rium point in the plate, the net force acting on the real dislocation is zero. In the presence
of a void in a plate, we can incorporate the solution in Eqgs. (4.12), (4.13) along with the

collocation point method.

[34] to find the complete solution at any field point in the plate. Thus, using the collo-
cation point method in conjunction with the correction terms in Eqgs. (4.12), (4.13), we
derive another correction term for the stress field solution to satisfy the boundary condi-
tions on all the free surfaces (the two planar or horizontal ones and the curved one(s) of

the hole(s)):
c=0"+ Ocorr (4.14)

where O, 1s the correction term computed using the collocation point method, ¢¢ is the
stress tensor from classical solution and the infinite series correction terms (Eqs. (4.12)

and (4.13)), and o is the stress tensor for the complete or total solution.

In the collocation point method, N fictitious or mathematical rectangular dislocation loops
of unknown Burgers vector are padded on the void/hole surface. These loops are infinitely
long in z-direction, and the Burgers vector has only a z-component. The Burgers vectors
of these dislocation loops are determined in such a way to ensure the traction components

are zero at the collocation points on the void surface. The collocation points are taken here
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Figure 4.4: Methodology set up for a screw dislocation near a cylindrical void inside a
plate. (a) Screw dislocation near a cylindrical void inside a plate (b) Image dislocations to
satisfy the boundary conditions

as the geometric centers of the dislocation loops. Dislocation loops are employed in this
method because they are a self-equilibrated source of stress for the correction term and

provide a compatible field except at the dislocation point/location.

Each loop can be discretized into two infinite screw dislocations (direction parallel to z-
direction, where the direction and Burgers vector are parallel) and two finite edge disloca-
tions (dislocation direction/line sense normal to z-direction). Since the medium is infinite
in z-direction we consider the problem as a 2D problem in an xy-plane. Here, the two

edge dislocations do not contribute to the stress field in the xy-plane since their distance
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Figure 4.5: (a) Discretized surface loops. The + or — signs represent the direction of the
infinite screw dislocations into the page, and the polygon sides are the edge dislocations.
(b) A screw dislocation at an equilibrium point (F, = 0), reflective image dislocations and
collocation points are not shown here for simplicity.

from the plane is infinite. Now the two screw dislocations will have opposite direction/line
sense vectors with respect to each other but the same Burgers vector. We assign + and —
in Fig. 4.5(a) to differentiate them. Figure 4.5(a) shows how the discretized dislocations
are oriented on the void surface. The polygon sides are the edge dislocations, and the
vertices marked as + and — signs are the infinite screw dislocations. Note that each vertex
has a positive and negative signed dislocation from two adjacent loops. It is interesting
to see that both the + and — dislocations of a loop are adding to the total stress inside the
loop but diminishing each other outside. It means that each collocation point experiences
higher stress by its immediate surrounding dislocation loop than by any other loop on the
void surface. Figure 4.5(b) shows the equilibrium point where the net force is zero on a

dislocation.
In the collocation point method, it is important to know that a higher number of collocation

points covering the surface will make the numerical solution approach the real solution (or

analytical solution if one exists). Since the Burgers vectors of these image dislocations

49



Chapter 4. A holed-plate with a material dislocation

are unknown, the stress values computed from all the image and real dislocations at each
collocation point cannot be determined at this point. But the expression for stress compo-
nents at a collocation point i (or any material point to that matter) can be written as a linear

combination of all the unknown Burgers vectors:

N
real dislocations 1mage dislocations j—inJ
Z - Zl =y, + Z b! (4.15)
j:

i _vM real dislocations
where y,, =Y., Oy,

is a known quantlty (remember that these involve infinite
sums for a plate as in Eqgs. (4.12), (4.13) and ¢pq can be computed for the dislocations
padding the void/hole surface by putting b, = 1 in Eqgs. (4.12), (4.13). Note the double-
sum that will ensue then in Eq. (4.15) as a result. Both the stress quantity l//pq and q)’ 2
are evaluated at collocation point i. Z . ¢pq bJ is the required correction term mentioned
in Eq. (4.14). Equation (4.15) allows finding the expressions for the traction components
at collocation point i as a linear combination of all the unknown Burgers vectors of the
padded image discolorations on the void surface. Remembering the definition of stress

traction from before as T = o7, one obtains:

T—Gn+6n—0 (4.16)

xz'tx yz'ty

where 7i' = (', ny) 1s the unit normal vector to the void surface at collocation point i. Now

Eq. (4.16) can be written in light of Eq. (4.15) as:

=

Z (¢4 +¢H’ ’) — (ylnt +wy2 y) (4.17)

Equation (4.17) can be used to construct a set of linear equations using all of the colloca-
tion points, and the solution is the Burgers vector of the padded image dislocations along
the void/hole surface. Once the Burgers vectors of these image dislocations on the hole
perimeter are determined, then the correction term from the hole/void surface and the total

stress tensor at any field point can be calculated using Eq. (4.15).
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Peach-Koehler thermodynamic force ﬁp[{ acting on a dislocation can be expressed by [11],
Fox = (oB) T 4.18)

where O is the total stress tensor at a material point, b is the Burgers vector of such dislo-

cation and T is the direction vector or line sense of this dislocation.

Since the stress tensor of any screw dislocation with b= (0,0,b;) has only oy, and oy,
components (with all other components vanishing), we simplify Eq. (4.18) for b= (0,0,b,)
and T = (0,0,1),

Fpx = (Fy, Fy, F,) = (Oy;b;, — Ouzb;,0) (4.19)

A dislocation starts to move in the slip plane when this Peach-Koehler force is larger
than the internal lattice friction, and the speed of motion depends on the magnitude of the
resolved shear stress. For the current configuration of the problem, one can compute the

Peach-Koehler force in the radial direction as:
F, = F,cos 0 + Fy;sin6 (4.20)

This was done using the first-rank tensor transformation rules for vector quantities. For the
current problem configuration, the sign of the Peach-Koehler force can change depending
on the location or position of the dislocation relative to the void free surfaces. When the
dislocation is very close to the void, the direction of F; is inward towards the void’s center.
When the dislocation is closer to the planar free surface, the direction of F, or motion is
outward with respect to the void. Since the stress field is continuous, there must be a point
where F, = 0. That point is termed an equilibrium point (and exists at a radial distance &

per above). The calculation of & is given below.
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4.3 Numerical Framework

Based on the problem configurations, N number of linear equations can be constructed by
employing Eq. (4.17) at N collocation points. The set of equations can be represented as

a matrix equation:
[A]B =F (4.21)

Matrix A is termed here as a “coupling matrix”. b is a column vector of all the unknown
Burgers vectors for which Eq. (4.21) is to be solved. F is also a column vector termed
here as a forcing vector and is constructed from the left-side of Eq. (4.17). The dimension
of matrix [A] is NxN, and of vectors b and F is N. Any element A; ; of matrix [A] repre-
sents the term in parenthesis on the left-side of Eq. (4.17) involving the j-th loop effect
evaluated at collocation point i. Alternatively, matrix [A] is populated from the stress con-
tribution of the padded image dislocations only and the elements of vector F are associated
with the real/crystalline dislocations (and the associated non-surface reflective image dis-
locations). The size of the linear system of equations in (4.21) is dominated by the number
of padded image dislocations only, and not by the number of real/crystalline dislocations.
The padded dislocations on the void surface, in combination with the reflective image dis-
locations in Fig. 4.4b, constructs the correction term in Eq. (4.14) to satisfy the boundary

conditions at the collocation points and any point on the planar surfaces 1 and 2.

Equation (4.21) is solvable for a unique set of Burgers vectors if the matrix is non-singular.
But for this problem configuration, matrix [A] is singular which means that no unique set
of Burgers vectors can be found as a solution. Also, no decomposition method for solving
a system of linear equations is available for the current problem since matrix [A] is singu-
lar. But matrix [A] has marginal diagonal dominance meaning that the absolute value of
the diagonal element of each row is equal, or slightly greater, than the sum of the absolutes
of other elements, i.e., Aii =Y. ; |A;;|. This feature of matrix [A] directs us to try an iterative

solver like the Gauss-Seidel [23] method with successive over-relaxation since diagonal
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dominance of the coupling matrix ensures the solution will converge. In the current prob-
lem, Eq. (4.21) is solved using the Gauss-Seidel [23] iterative method with a Successive
Over Relaxation (SOR) parameter equal to 1.35, which makes the solution convergence

faster.

The Peach-Koehler force (Eq. (4.20)) is calculated in the radial direction from the void
center out. A similar technique to the bi-section method for root-finding is used here to
find the equilibrium point (r = &, see Fig. 4.5(b), where F, = 0). Initially, for any angle
0, we choose a point (r = &;) close to the void surface and calculate the Peach-Koehler
force. If F,(r = &;) = O there, then r = & represents the equilibrium point. If not, then
we choose another point (r = &;) that is halfway radially between the void surface and the
external nearby free surface. From a previous work by the authors [34] [18], it is easily as-
sumed the furthest distance of the equilibrium point from the void would be halfway from
the void surface towards the planar free surface. We calculate the Peach-Koehler force
there, and if F.(r = &) = 0 then the equilibrium point is there. If not, then we find the
sign of w; = F.(r = &) x F,(r = &) The negative value of ®; ensures the location of the
equilibrium point is & < &y < &. A positive value of @; would indicate that the location
of the equilibrium point lies outside this range, which is unlikely to happen based on the
above discussion and if the first point (r = £ > R) is chosen sufficiently close to the void
surface. A verification of this is actually in the results below. Next, we compute the Peach-
Koehler force, F, at r = & = (§; + &) /2. Again, compute @, = F,(r = &) x F.(r = &3).
If @, = 0, then equilibrium point is » = &;3. Else if @, < 0 then the equilibrium point lies
between &; < &y < &;. And if @, > 0 then the equilibrium point lies between &3 < &y < &,.
We repeat this process until we compute |F,.(r = &y)| ~ 0. The finding of any equilibrium
points is not a trivial process as it involves many iterations based on the scheme above. In
each iteration, a system of N linear equations is solved in Eq. (4.21). Here, N was taken as
100. Each line of this system is based on Eq. (4.17). Equation (4.17) on its right-hand side

can involve M real/crystal dislocations. Each of the M equations theoretically represents
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a sum of infinite reflective image dislocations as equations (12) and (13) show. However,
instead of summing an infinite number of image dislocations, 10,000 image dislocations
were used in this sum. For a given angle 6, it could take up to 20 minutes to solve for an

equilibrium point using a Matlab code on an average computer.

4.4 Results and Discussion

Figure 4.6 shows the stress profile due to a positive screw dislocation in a plate ignoring
the effect of the cylindrical hole inside it, and Fig. 4.7 shows the resultant stress profile
considering the effect of the cylindrical hole in it. As mentioned earlier, isoline levels of
the contour plots in Figs. 4.2, 4.3, 4.6, and 4.7 are kept the same to track the changes
due to the implementation of the boundary conditions. Figure 4.7(a) shows how the cylin-
drical hole surface affects the stress field o,;. Changes in the solution are clearly visible
compared to Fig. 4.6(a) where the effect of the cylindrical hole is not considered. In Fig.
4.7(b), there is a verification of our proposed method. On the free surfaces 1 and 2, oy, is
zero, which is a necessary boundary condition. However, 0y, is not expected to be zero
on every point of the cylindrical hole’s surface because Gy, is not equal to the traction 7;
everywhere on the cylindrical hole’s surface. 0y, is equal to traction the 7, only on the two
vertical points on the hole’s surface where we find oy, is equal to zero in Fig. 4.7(b). Also,
Oy 1s equal to the traction 7, only on two horizontal points on the hole’s surface where we
also find oy is equal to zero in Fig. 4.7(a). Hence Fig. 4.7 presents a verification of our

proposed numerical method.

The equilibrium points (where F, = 0) for the current problem configuration are unstable
(see Figs. 4.5(b) and 4.8(a)) since, at any radial location, other than the equilibrium point
itself, the dislocation tends to move toward the void surface or the external planar free sur-

face. These equilibrium points divide the plate into two unstable regions (labeled regions
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Figure 4.6: Contour plot of the stress field oy, and oy, in a plate with a hole/void but not
considering its effect. (a) Contour plot for o,;/Gb. Contour plot for o,,/Gb

“1” and “2” in Fig. 4.8(b)). This figure indicates the direction of motion of the dislocation
at a glance. In region 1, the direction of dislocation motion is dominated by the internal
void surface (i.e., towards the void), and in region 2, it is dominated by the external nearby

free surface.

It is worth emphasizing that our solution satisfies the boundary conditions on all the in-
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Figure 4.7: Contour plot of the stress field 6y, and oy, in a plate with a hole/void consider-
ing all the boundary conditions. (a) Contour plot for o,;/Gb, (b) Contour plot for oy, /Gb.

ternal and external free surfaces. We computed a non-dimensional equilibrium distance &
where & = (§y—R)/(L—R) and 0 < & < 1,. Since the quantity (§y—R)/(L—R) < 0.5,
we can write the range of £ for this problem configuration as 0 < & < 0.5. Figure 4.9(a)
shows the locus of £ in the radial direction for different values of o, the ratio of plate
width to void diameter. Figure 4.9(b) shows the locus of & in the radial direction for dif-

ferent values of 8, see Fig. 4.5b for the definition of angle 6. For any given angle 0, as o
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Figure 4.8: Unstable equilibrium point and the unstable regions for a screw dislocation
in a plate and near a void. (a) Shows the Peach-Koehler force along r for &« = 1.25 and
6 = 80° (b) Equilibrium points shown here for & = 1.25 and 45° < 6 < 90°. Inset shows
how & is translated to the non-dimensional parameter &.

increases (or equivalently the width w of the plate increases for a constant R), the quantity
L also increases but £ decreases which means that the equilibrium point moves closer to
the void surface (see Fig. 4.9a). For any given «, as the angle 6 increases & increases,
meaning that the equilibrium points move away from the void surface (see Fig. 4.9b).
This is consistent with the previous statement because for the same o, quantity L and 6
are inversely related (see Fig. 4.5(b)). Since L is high when 6 is small, so for a smaller

value of 6 we see the equilibrium point moves closer to the void surface.

From Fig. 4.9 it is seen that the location of the equilibrium point £ always remains between
the void surface and less than halfway from the void surface and external free surface for
any value of 6. This finding is consistent with the previous work of the authors [34], al-
beit for a different problem configuration than here. A comparison can be made in the
outcomes between the current problem and the problem associated with Fig. 4.7 of the
previous work [34] by the authors for 8 = 90° and a very high value of « in the current

configuration. Lastly, Fig. 4.10 shows the combined Figures 9a and 9b in a 3D plot. The
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Figure 4.9: (a) Location of the equilibrium point vs the parameter o. « is the ratio of
width of the plate to the diameter of the void. (b) Location of the equilibrium point vs

angle 6

physical reason for the equilibrium point being closer to the void surface is that the real

dislocation “sees” a smaller free surface with the curved void surface versus the planar or

infinite surface (surface 1) and hence the pull towards the void is weaker since the image

stresses pulling it are weaker than the planar surface image stresses.
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Figure 4.10: A 3D contour plot showing how the equilibrium position moves as a function
of both & and 0
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4.5 Conclusion

The current study presented a mathematical formulation for treating the traction-free bound-
ary conditions of a plate with a hole/void inside it. The method is directly extendable to
multiple holes or voids. The authors developed a numerical framework that combines the
use of both the collocation-point method for the hole and the large array of image dislo-
cations across the planar-free surfaces. The equilibrium points (where the Peach-Koehler
force on a dislocation is zero) are unstable and always closer to the void surface. This is
due to the curvature of the void versus the flatter plate surfaces resulting in weaker pull
force towards the void. The results were partially verified with the authors’ previous work
for a limiting scenario. This method also can be extended for different shapes of void in
a plate. Moreover, this method can be configured for a mode III crack inside a plate by

using a collapsed ellipse for a void.
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Chapter 5

Static and dynamic dislocation problems

near a free surface

Abstract

Simulation of dislocation dynamics enables researchers and scientists to explore the plas-
tic behavior of crystalline materials under loading. Analytic solutions for the stress field
due to a linear dislocation segment near a free surface are case-specific, e.g. dealing with
either a horizontal segment or a vertical segment, and therefore hard to implement in time-
dependent dislocation dynamics simulations as different dislocation segments could be
differently oriented. This article presents a generalized numerical framework to find the
stress field beneath a free surface due to the presence of a dislocation segment. The frame-
work can be expanded to non-flat surfaces. Also, three-dimensional discrete dislocation
dynamics simulations are performed here, which clearly show the effect of free surfaces

on the flow stress of a material.
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5.1 Introduction

Simulation of dislocation dynamics enables researches and scientists to explore the phe-
nomena that happen during plastic deformation, which may not be observed in experimen-
tal work. Simulation of dislocation dynamics satisfying the physical boundary conditions

in a 3D representative volume element is always a challenge.

Figure 5.1: A dislocation segment in a DD computational box reflected off of the six
external box surfaces

A dislocation segment causes stress in a crystalline material. Field stresses derived for
an infinite medium are considered as classical problems in dislocation theory [2], [11].
The use of stress formulation derived for infinite medium needs an additional term to sat-
isfy the physical boundary conditions in the cases of the semi-infinite and finite media.
To derive/evaluate this additional correction term, researchers and scientists implemented

different techniques in their work.
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Yoffe [10] derived the elastic fields of a dislocation meeting a surface in an angle for an
arbitrary choice of Burgers vector. Bastecka [36] formulated the field stress due to a pure
edge circular dislocation loop near a free surface with Burgers vector normal to that free
surface. Bacon and Groves [37], [38] showed the field displacements due to an infinitesi-
mal dislocation loop of arbitrary shape, orientation, and Burgers vector in a semi-infinite
isotropic medium. Maurissen and Capella [39], [40] derived the field stress correction
terms of a dislocation segment parallel and perpendicular to a free surface in a semi-
infinite elastic medium. Comninou and Dundurs [41] presented the formulations of the
elastic field of an angular dislocation segment in isotropic half-space. For an anisotropic
medium Lothe et al [42] derived an integral form of field stress for the case of a disloca-
tion erminating at the free surface of an anisotropic half-space. Gosling and Willis [43]
expressed the stresses due to an arbitrary dislocation in a semi-infinite medium as a line in-
tegral along the dislocation. Devincre [44] developed the expression of three-dimensional
stress field for a straight dislocation segment in a global coordinate system. Also prior to
that, Hirth and Lothe [11] developed the stress field of a linear dislocation segment in a

segment-attached coordinate system.

Kubin et al [45] introduced the framework of 3D dislocation dynamics simulation in a fi-
nite medium. Later Canova et al [46] and Hartmaier et al [47] implemented different field
correction methods in discrete dislocation dynamics simulations to incorporate the free
surface effect. In a single crystal, El-Azab et al [48], [49] formulated traction and disloca-
tion flux boundary conditions. Khraishi et al developed several methods for the treatment
of traction-free boundary conditions in 3D dislocation dynamics [16], [17], [15]. In these
referenced works, the dislocation field stress formulation developed in an infinite medium
was augmented by image stress and surface correction terms, i.e. additional stress terms
to satisfy the physical boundary conditions. In a recent article, Po et al [50] reviewed the
nodal discrete dislocation methods for the investigation of plastic behavior in crystals with

free surfaces.
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In the works mentioned earlier [16], [17], [15], correction terms to mitigate the surface
traction was developed locally and then transformed into a global coordinate system to
compute the stress field due to the presence of a dislocation segment. Moreover, for each
dislocation segment, the works just-mentioned required the placing of image dislocations
in all six directions (across six free surfaces), see Fig. 5.1. In discrete dislocation dynam-
ics simulations and during the evolution of dislocation segments, this reflection of image
segments requires a substantial computational effort. For example, if the computational
box includes 100 segments then the reflected image segments that have to be accounted

for will be 600!

In this article, the authors present a generalized numerical framework to tackle traction-
free boundary conditions using generally-prismatic rectangular dislocation loops padding
the free surface. All the stress and correction terms are computed in the global coordinate
system to save the effort of first-rank, and second rank, tensor local-to-global transforma-
tions and vice versa (as required in the case of Fig. 5.1). In the Theory section, the theoret-
ical formulation for the problem of nullifying tractions on free surfaces is established. In
the Numerical Considerations section, different numerical implementations particular to
this problem are discussed. In the Results section, both static and dynamic computations
are shown. The static for verification purposes against a known analytical solution involv-
ing an infinite plane, and the dynamic using dislocation dynamics simulations capable of

modeling constant strain-rate loading.

5.2 Theory

A dislocation is a stress source in a crystalline material. Stresses in a field point P due to

M dislocations in a medium, subject to linear elasticity, is written as,

M .
c"=)¢ (5.1)

64



Chapter 5. Static and dynamic dislocation problems near a free surface

Where 6 represents the total stress tensor at field point P due to stresses caused by the M
dislocations and 6" is the stress tensor at point P caused by dislocation i. Each & is a 3 x 3
matrix of stress components. The field stress for a straight dislocation segment AB in an

infinite medium is derived in [44] as,

Figure 5.2: Vectors and scalars appearing in the definition of the stress component Gy
generated by a dislocation segment AB. The stresses are evaluated at a field point P at a
position vector 7 from the origin a of an xyz global coordinate system. 7 is the line sense
unit vector of the dislocation segment.

Ggg - <G§§) #=0B (63g> #=0A (5:2)

where Gég (7) is described in [44] and not reproduced here for brevity. At the free surfaces,
the traction vector f = o7 on each surface point must be zero which cannot be ensured from
Eq. (5.2). In fact, it is violated since Eq. (5.2) was developed for an infinite medium. 7 is
a unit vector perpendicular to the free surface and o is the total stress tensor at the point.
To meet this physical boundary condition, we need to add a correction term and rewrite eq

(1) as
M .
GP = ch ~+ Ocorr (53)
i

Where, o, is the required stress correction term to ensure zero traction on each field

point of the free surface. The use of a correction term as in Eq. (5.3), as an approach to
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satisfy a surface boundary condition, was used in the previously mentioned references.

/

%

Figure 5.3: A finite Three-dimensional crystal with a linear dislocation AB in it.

Khraishi et al. [16], [17] introduced a collocation point method to derive O, In the col-
location point method, it is sufficient to satisfy the boundary conditions at the distributed
collocation points only as it is implied that an infinite number of collocation points will

produce the exact analytic solution for the stress field if one existed.

In the collocation point method described in [16], [17] Oy 1s formulated using a lo-
cal coordinate system i.e. the free surface is always considered as the local xy plane.
Computed o,,,in this method needs to be second-ranked tensor transformed to sum with
the stress from the crystal dislocation segments computed in the global coordinate system
(using [44]). Also, first-ranked tensor transformation is needed for coordinates of points
(like points A and B in Fig. 5.2). In this article, we show a method to compute O,,,in a

global coordinate system so no further transformation is needed to compute Eq. (5.3).
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For a dislocation segment inside a finite three-dimensional medium and beneath a free
surface as shown in Fig. 5.3, we pad N generally-prismatic fictitious (i.e. non-crystalline)
rectangular dislocation loops on the free surfaces where the collocation points are located

at the center of these fictitious dislocation loops (see Fig. 5.4).

Figure 5.4: Dislocation Segment AB, with line sense vector 7, beneath a free surface. A
mesh of rectangular elements representing generally-prismatic dislocation loops, covering
area S upon which stress traction annulment is sought. Inset shows one of these loops
DEFG with Burgers vector components by, by and b,. The elements’ centers are the
collocation points (N of them) for the problem at hand, e.g. point i in this figure is a
collocation point.

As we compute the traction T = o for the surface points, we find that the condition
Oy; = Oy; = Oy = (0 must exist to ensure zero traction. Here, these three stress components

are annulled on a set of N collocation points representing the generally-prismatic loops
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padding the surface. Mathematically, the problem is formulated as follows:

Z ol =—0f7  i=12,...N
Z ol =—of i=1,2,...N (5.4)
Z ol =—ochB i=1,2,...N

where Gé ﬁl is the af} stress component of loop j evaluated or calculated at collocation
point i (which is the center of Loop i). Also, G&‘g” is the of} stress of segment AB
evaluated at point i. We compute stress at any field point for any generally-prismatic

dislocation loop in the global coordinate system as follows,
oloor = gPE 4 GEF 4 6FG 4 oGP (5.5)

An examination of Eq. (5.2) shows that it is linear in the Burgers vector components by,

by and b,. This allows the following to be inserted into Eq. (5.4):

Oup (53,2) = Kl (6,3, 2) BL4 Kl (v, 3, 2) B+ KL (.3, 2) b (5.6)
where Gé;i (x,v,z) is the af} stress component for Loop j (or dislocation j in general) at
collocation point i, b is the x-component of the Burgers vector for the generally-prismatic
dislocation loop, and K’ o ﬁj (x,y,7) is the kernel term associated with x-component of the
Burgers vector and evaluated at collocation point i. The kernels K, 4, K,¢p and K4 have
been derived from the work of Devincre [44] and provided all of them for the first time in

Appendix A. When inserting the last equation in the equation just before it, the following

system of equations ensues:

N

Y bIKI - BIK bR =~ oM =12, N

j=1

N . . . .

Y bIKL '+ bIK Y +DIKS D =— o i=1,2,...N (5.7)
j=1

N .

Y bIKL + BIK bR =~ 2B =12, .N

j=1
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The above system represents a system of 3N equations, which is more time consuming to
solve than the previous system of N equations when an image segment was used in the last
method [16]. The unknowns in this system, Eq. (5.7), are the Burgers vector components
of the N loops. The last system of equations can be written in expanded form to show

more clearly the ensuing kernel matrix:

ki KR KL KN2TKNT RN ()] (o)
K;;l Kyl;l Kzly?l Kg?l Ky]\ﬁ?l Ké\y]?I b; O-)I)AZBHI
Kt K K K Kt K | b o

= : (5.8)
K KN KN Ko KN KN | Y o
K;;N Kyly?N Kz,ly?N K)IC\;Z—W K)I}\;Z—W KgZ—W bly\/ G?ZB_W
Lemaly cnill On KN KN ke ey ) o e

Here the size of the kernel matrix is 3N x 3N which equals 9N2. However and from dis-
location theory ( [16], [17]), the kernels for oy, and oy, associated with the b, component
of the Burgers vector are zero in the plane of the loop, i.e. the S area in Fig. 5.4 where
z = 0. Moreover, from the same theory, the kernels for o, associated with the b, and b,
components of the Burgers vector are also zero. Also, any non-zero kernels on the surface
where z = 0 can be written in simplified forms to speed up computations (see [16] and

[17]). All of this means that the last system of equations can be written alternatively as:

N
Z bIKIZ 4 bIKI7 = —gAB21 i =12,...N
=

X xxz yyxz Xz
N . . . . . . AB .
—i —i —i .
Y KL +bIK T =—0lPT i=1,2,...N (5.9)
j=1

17728 Z

N
Y bIKI = -0 i=12,...N
j=1

The above represents two sets of decoupled systems of equations; one is 2N equations and
the other is N equations. The size of the kernel matrices in these two systems is 2N x 2N

and N x N, respectively, which equals SN?. These two systems can be solved much faster
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than the system of 3N linear equations (e.g. (8)). This can only be achieved by recognizing
the decoupling between the prismatic and the shear components of the Burgers vectors in
the plane of the dislocation loop i.e. the prismatic component of the Burgers vector b,
only has a non-zero normal stress o, in the loop plane, and the shear components of the
Burgers vector b, and b, only have a non-zero shearing stress 0y, and 0, in the loop plane.

Based on the above, Eq. (5.9) can be written in expanded form as:

[ 11 1—1 N—1 N—1 T (1) ( AB—1)
Kxxz nyz Kxxz Ksz bx Oy,
1—1 1-1 . N—1 N—1 1 AB—1
Ky Ky Ky Ky by Oy
: ' : D= : (5.10)
1—-N 1—-N N—N N—N N AB—N
Kxxz nyz Kxxz nyz bx Oy,
1—-N 1—-N N—N N—N N AB—N
_nyz Kyyz o nyz Kyyz 1\ b y ) ( Oy; )
and
1—1 N—1 1 AB—1
KZZZ KZZZ bZ GZZ
= : (5.11)
1—-N N—N N AB—N
_KZZZ KZZZ bZ GZZ

Once the Burgers vectors have been determined for all surface loops, one can evaluate the

stress field at any point in the crystal. At field point P, the stresses can be computed as
Mo N j—P
Ogp = Y. Cup + 3 Oug (5.12)
i J

Where, G& B is the stress due to real dislocation segments in the crystal and G({CEP is the

stress contribution by the generally-prismatic dislocation loops j at point P.

5.3 Numerical Considerations
Equations (5.10) and (5.11) describe two systems of linear equations where the left-hand

matrix is termed the kernel matrix [K]. Elements of the Kernel matrix [K] couple the Burg-

ers vectors and the right-hand side vector, which acts as a forcing vector [F]. The Kernel
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matrix is associated with the fictitious surface loops only, whereas the forcing vector is
associated with real crystal dislocations or dislocation segments. The dimension of the
kernel matrix depends on the areal loop density on a surface, and the elements of the ker-
nel matrix are computed only taking into account the surface loops and not the dislocations
inside the crystal. Elements of the forcing vector are computed at the collocation points,
by only taking into account the dislocations or the dislocation segments inside the crystal.
So, for the cases where more dislocations or dislocation segments are present, the Kernel
matrices do not change, but the forcing vector does. In a simulation of dislocation dy-
namics, the Kernel matrix needs to be computed only once at the start of the simulation,
but the forcing vector needs to be updated with every time step. The Burgers vectors of
the fictitious surface loops thus change with every iteration depending on the positions of
the dislocations or the dislocation segments relative to the surface. In a three-dimensional
crystal volume, it is a must to ensure zero traction on all the free surfaces. For example,
in a regular cube, traction-free boundary conditions need to be established on all the six
cube surfaces. The stress at any material point is computed by summing the stresses from
the dislocations in the crystal and all the fictitious loops from the six surfaces. For the
uniform surface mesh in Fig. 5.4, the stress from loop i will dominate the state-of-stress
computed at collocation point i, which makes the Kernel matrix [K| diagonally dominant
(i.e. |kii > ¥ j4i |kij|). Since matrix [K] is diagonally dominant, it is possible to utilize an
iterative method to solve the ensuing systems of linear equations (Egs. (5.10) and (5.11)).
Here a Gauss-Seidel iterative method [23] was adopted in conjunction with a relaxation
parameter A (to hasten the computations) equal to 1.35. This method is faster than the
regular Gaussian elimination or any decomposition techniques [23]. For large matrices,

any decomposition technique is complex and computationally expensive.
Moreover, for a curved dislocation, we divide it into linear segments and calculate the

forcing vector using Eq. (5.2) for each segment. For multiple segments, their contribution

is added together into the right-hand side of Eqs. (5.10) and (5.11). This discretization
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Figure 5.5: Computation time for equation (44) versus Eqs. (5.10) and (5.11). The 9N?
bar represents the time to solve equation (8) and the SN2 bar represents the time to solve
both Egs. (5.10) and (5.11).

of the dislocation is still able to capture the correct physics of the problem. Again, this
method can be readily implemented into the dislocation dynamics code by Khraishi et al.

[16] and [17] and by Zbib et al. [51].

Figure 5.5 shows the time savings in solving the linear system of equations (8) versus the
two systems of Egs. (5.10) and (5.11). The figure shows a significant time improvement
of approximately 14% for one surface mesh of 2500 (50 x 50) loops in one iteration. This
time improvement is significant because, in a dislocation dynamics simulation, a hefty

amount of time is saved over many time steps.

As a summary, to implement the above method, the following steps need to be executed

1. Create the surface mesh, e.g. pad the rectangular loops on the free surfaces and

determine the collocation points.
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2. Calculate the [K] matrix using the equations presented in Appendix A.

3. Find the forcing vector [F] using Eq. (5.2), adding contribution from as many exist-

ing segments

4. Solve Eqgs. (5.10) and (5.11) to find the unknown Burgers vectors of the generally-

prismatic loops on the free surfaces.

5. Compute stresses at any field point using Eq. (5.12)

5.4 Results

First, the current method is verified for the case of a horizontal subsurface linear segment
AB parallel to the surface, see Fig. 5.6, as this case has an analytical solution [39]. The
dimensions of the free surface are 20,0005 x 20,0005, where b is the magnitude of the
Burgers vector b. The segment is located at a z-depth of 1,000b. Segment AB has a length
L=100b. The coordinates for A and B are exactly (100b,0,0) and (0,0,0), respectively.
The dislocation segment is placed at the middle of the finite volume so that the numerical
solution is comparable to the analytical solution. The Burgers vector of the segment is
set to (1/v/3,1/+/3,1/+/3) for simplicity and Poisson’s ratio v = 0.383. The stress field
along a line parallel to the x-axis (y=0), with a z-depth of 400b from the free surface, was

computed.

Figure 5.7 shows a comparison between the analytical solution by Maurissen and Capella
[39] and the numerical solution from this work for an increasing number of surface loops.
We see a gradual improvement in the numerical solution from, Fig. 5.7(a) to Fig. 5.7(%),
as the number of loops or collocation points increases. We also observe that the numerical
solution stabilizes after a certain number of surface loops (about 40 x 40), which can be

explained via the Saint-Venant’s principle. Saint-Venant’s principle states that agreement
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Figure 5.6: A Horizontal subsurface dislocation. Dislocation Iﬁ below a free surface at a
depth of 10005 is shown. 7 represents the direction of dislocation zﬁ

between an exact solution and an approximate one, but equipollent, at a boundary will
be achieved for field points that lie more than a ‘characteristic’ distance away from the
boundary. The characteristic distance, in this case, is the average separation distance be-
tween collocation points where the boundary condition is enforced (i.e. where the problem
is solved). As we increase the surface loops, the characteristic distance becomes smaller,
and the numerical solution has more matching to the analytical solution. Therefore, for
field points closer to the surface than the characteristic length, the solution is not accurate
and may exhibit oscillatory behavior with a wavelength equal to the characteristic length.
It is worth mentioning here that although the solution might be oscillatory in this case, it
still oscillates about a mean (obtained using least-squares curve fitting, for example) equal

to the correct solution.

In the case of 3D discrete dynamics simulations, the dislocation segments are not always
below the center of the free surfaces as their position evolves over time. In this case, the
analytical solution in [39] is not expected to match the results of the numerical method

presented here. To illustrate this point, let’s consider a sub-surface segment near the edge
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of a free surface as shown in Fig. 5.8(a). In this case, the analytical solution (Fig. 5.8(b))

does not match the numerical solution which is the proper solution in this case.

In addition to above static computations, we incorporated the current numerical method
into the dislocation dynamics (DD) code by Zbib et al. [51] and Khraishi et al. [16], [17].
From classical dislocation theory, the stress field of a dislocation can be calculated accu-
rately beyond its core distance of approximately 5b [52]. With this limit from elasticity
theory, the Peach-Koehler force on a sub-surface segment cannot be determined within a
core distance, or depth, from the surface. This is in harmony with other DD calculations
as the overlapping of a subsurface dislocation segment with the core of a surface disloca-
tion loop could trigger numerical problems. This is not a serious limitation by any means
because the force acting to pull the segment towards the surface at these small depths is
tremendously high and causes rapid vanishing of such segments into the surface. More-
over, since the plastic strain calculation from the computational cell is homogenized over
the cell’s volume, any inaccuracies in quantifying the motion of dislocation segments (e.g.
occurring from not capturing image stresses, i.e. stress correction terms, accurately in the
immediate vicinity of the free surface) will have practically no appreciable impact on such

calculation.
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Figure 5.7: Stress field comparison with the analytical solution in reference [39] for an
increasing number of surface loops. (a) Number of surface loops 5 x 5, (b) Number of
surface loops 10 x 10, (c) Number of surface loops 20 x 20, (d) Number of surface loops
30 x 30, (e) Number of surface loops 40 x 40 and (f) Number of surface loops 50 x 50
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Figure 5.8: The depth of the segment and the field points as above. (a) A sub-surface
segment AB at the edge of a free surface. The segment is directly below the x-axis. (b)
Stress field solution.

Here, we simulate a constant strain-rate experiment using a 3D crystal made of an isotropic
material with dimensions of 10,0005 x 10,0006 x 10,0005. Here, density = 2, 710kg/m3,
Poisson’s ratio v = 0.33, and the dislocation mobility equals 1000 1/(Pa-s) . We place
a Frank-Read source in the middle of the crystal along the x-axis with end nodal points
coordinates equal to (-2000b,0,0) and (2000b,0,0) and a Burgers vector equal to (0,1,0)

and with an applied strain-rate of 10s~!.

Figure 5.9 shows the effect of surface treatment on the stress-strain diagram obtained from
simulations for different surface loop densities. For the case of no surface loops, i.e. no
proper treatment of the traction-free surface condition, the stress-strain diagram is higher
in values than any case of surface loops. For this diagram, as the Frank-Read (FR) source
starts bowing it does so in a typical elastic fashion. Once the bowing reaches a critical
stage (or size), further applied strain causes plasticity in the crystal. It takes multiple bows
or looping by the source before the flow stress level basically stabilizes and hence the rel-
atively flat plastic regime. For the case of surface loops, the loops actually cause the FR

source to bow critically earlier than before, i.e. at an earlier applied strain amount, as the
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Figure 5.9: Simulations of a constant strain-rate loading experiment, i.e. stress versus
strain, for a different number of surface loops. (a) Number of surface loops 8 x 8, (b)
Number of surface loops 10 x 10, (c) Number of surface loops 14 x 14 and (d) Number of
surface loops 20 x 20.

stress needed to cause this flowing is reduced thanks to a pulling force onto the dislocation
coming from the surface loops. This pulling force accelerates the movement of the bowed

source as well as the vanishing of the dislocation into the surface.
For this particular problem setup, there is a difference of about 40% between the two

cases (loops versus no loops). This percent difference will change for different problems.

For example, the image stress effect is expected to be lower for problems involving a lower
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external surface area-to-volume ratio for the computational domain. This percentage will
also change with the exact initial position of the dislocation source with respect to the
interior of the computational domain (i.e. whether the source is initially close or far away

from the free surfaces). See the discussions in [16] and [17].
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Figure 5.10: Stress-strain diagrams from dislocation dynamics simulations for one op-
erational Frank-Read source in a cubic cell. The solid black line with a square symbol
corresponds to no treatment of the traction free boundary condition, and the other lines
correspond to an external surface loop density of 8 x 8, 10 x 10, 14 x 14 and 20 x 20.

In Fig. 5.10 we have superimposed all the stress-strain diagrams to accentuate the effect
of surface loop density over the plastic behavior of the material. We observe no significant
difference in the average stress-strain pattern for the different surface loop density, i.e.
they all exhibit the same flow stress and flat plastic region on-average. This result allows

the use of lower surface loop density to save significant computational time.

79



Chapter 5. Static and dynamic dislocation problems near a free surface

5.5 Conclusion

The current study has presented an efficient mathematical formulation for treating the
traction-free boundary condition of a finite three-dimensional crystal. A numerical frame-
work was developed to implement the theory in dislocation dynamics simulation. The
method was implemented for a mesh of rectangular/square surface dislocation loops for
both the static and dynamic cases. The DD simulations showed that incorporating the
image stresses results into a different flow stress for the crystal (a significant difference
in this case). The simulations also showed that they are not sensitive to the areal mesh
density. This present method can be extended to other regular polygonal surface loops.
Moreover, it could be extended to adaptive surface meshing on planar surfaces or even be
generalized to treat non-planar free surfaces. Future works are planned to address the last

two statements.
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Chapter 6

A mesh-independent brute-force

approach

Abstract

Simulation of dislocation dynamics opens the opportunity for researchers and scientists to
observe in-depth many plastic deformation phenomena. In 2D or 3D media, modeling of
physical boundary conditions accurately is one of the keys to the success of dislocation
dynamics (DD) simulations. The scope of analytical solutions is restricted and applies
to specific configurations only. But in dynamics simulations, the dislocations’ shape and
orientation change over time thus limiting the use of analytical solutions. The authors
of this article present a mesh-based generalized numerical approach based on the col-
location point method. The method is applicable to any number of dislocations of any
shape/orientation and to different computational domain shapes. Several verifications of
the method are provided and successful implementation of the method in 3D DD simula-
tions have been incorporated. Also, the effect of free surfaces on the Peach-Koehler force

has been computed. Lastly, the effect of free surfaces on the flow stress of the material has
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been studied. The results clearly showed a higher force with increased closeness to the
free surface and with increased dislocation segment length. The simulations’ results also

show a softening effect on the flow stress results due to the effect of the free surfaces.

Keywords: free surfaces, dislocation theory, dislocation dynamics, Peach-Koehler

force

6.1 Introduction

The dislocation is a type of defect and a source of stress in crystalline materials. Dislo-
cation theory explains plastic deformation in a material. The stress field solution in an
infinite medium due to dislocation is a fundamental problem of linear elastoplasticity [2]
[11]. Eshelby and Stroh [6] extended this stress field solution in the case of a semi-infinite
medium by adding a correction term. The correction term is derived by introducing im-
age dislocations to treat the boundary condition of the free surface, which is analogous
to the electrostatic problem of a line charge in a medium of non-homogeneous dielectric
constant [25]. To derive this correction term for different boundary conditions, there have

been many methods developed by researchers in the literature.

The earliest work dates back to 1961 by [10]. In this work, the problem of a terminat-
ing dislocation at a free surface was considered. Here, the dislocation was straight with
any angle of incident or Burgers vector. In the case of a dislocation loop below a zero-
traction surface, [36] found the stress solution in the case of a perpendicular Burgers vector
to the surface. Later, [37] [38] derived the displacement field solution for an infinitesimal
dislocation loop of arbitrary Burgers vector and orientation, and in a half-space, which can
be extended to find the elastic fields of a finite dislocation loop. For a linear dislocation
segment perpendicular and parallel to a free surface, [39] [40] derived the correction term

in an isotropic medium that was half-infinite. Comninou and Dundurs [41] derived the
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elastic field for an angular dislocation in a half-medium. This solution can be extended
for an angular dislocation ending at the free surface in conjunction with the solution pre-
sented by [10]. In the case of a dislocation terminating at the free surface of a half-space,
[42] derived an integral form for the field stress in an anisotropic medium. Using a line
integral tracing the dislocation, [43] determined the stress solution for a dislocation in a
half-medium. For a linear dislocation segment in an isotropic material, [44] found the
stress field using a global coordinate system. Before that, [11] found the same stress field

but using a coordinate system which was fixed to the dislocation segment.

Some of these developments enabled researchers to simulate dislocation dynamics in 2D
and 3D space. Dislocation dynamics (DD) simulations brought to light many phenom-
ena during plastic deformation, which are difficult, or sometimes impossible, to observe
during real experiments. For three-dimensional dislocation simulations, the problem of
dislocation interaction with surfaces or boundaries is always challenging. Nowadays, DD

simulations are considered a valuable tool for plasticity research.

The first group to model three-dimensional dislocation motion and interaction in a sim-
ulation box was [45]. The effects of free surfaces were addressed using field correction
methods in dislocation dynamics [46] [47]. Dislocation flux and traction boundary con-
ditions were developed by [48] [49]. An image stress tensor to capture the effect of free
surfaces was used by [53]. The effect of free surfaces on void strengthening was studied
by [54]. Jing et al. [55] also studied the effect of voids on dislocation motion. Disloca-
tion theory and molecular dynamics were used by [56] for sub-surface dislocation loops.
Lastly, the development of methods to treat zero-traction boundaries for employment in
three-dimensional dislocation simulations were presented by [15] [16] [17]. In the last
works by [15] [16] [17], the developed methods revolved around a combination of image
stresses and additional surface terms to correct for the proper physical boundary condi-

tions. The corrections were needed since the employed dislocation stress fields in the

83



Chapter 6. A mesh-independent brute-force approach

simulations were for an infinite domain, whereas the actual computation was done in a

finite domain.

In the references indicated earlier [15] [16] [17], correction terms to satisfy the traction-
free surfaces were generated for dislocation segments using a surface-attached coordinate
systems. They were then transformed to a global coordinate system in order to calculate
the stress evolution problem. More recent treatments for the effect of free surfaces has

been provided by [18] for a flat surface in 3D space and for a curved one in 2D space [34].

In the proposed method for this article, all the stresses caused by the real and image dis-
locations/correction terms are calculated using a global coordinate system such that no
first-rank or second-rank tensor transformations are required. Moreover, unlike previous
collocation-point methods by [15] [16] [17] discussed above, the current method can uti-
lize a structured or unstructured mesh on the free surface with any mesh element type
(rectangular, triangular, etc.). This is for the purposes of satisfying zero traction condition
on the free surface. The triangular mesh can, for example, save on computational time
(see below). Below, the development of the correction terms is performed in the The-
ory section. Then the numerical model is established, along with any considerations, in
the Numerical Considerations section. Lastly, dynamic and static dislocation problems
are presented in the Results section. The static case verifies the solution against a known
analytical result for a simple case. The dynamic case implements the method in a 3D

dislocation dynamics simulation code that can generate a stress-strain curve.

6.2 Theory

A dislocation inside a crystalline material causes stresses in it. Stresses at any field point

P due a linear dislocation segment AB in an unbounded space or medium was presented

84



Chapter 6. A mesh-independent brute-force approach

by [44] as,

Figure 6.1: The figure defines the quantities used in calculating the o, stress component
due to a linear dislocation segment labeled AB. The vector 7 represents the position vector
of an arbitrary field point P. The point O is the origin of a generally-situated global Carte-
sian coordinate system (xyz-system). The line sense vector for segment AB is denoted by
the vector 7.

%= (%% )_on~ (%68 ) 5o 1)

(6.2)
5
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where the material is isotropic with a modulus for shear yu and a Poisson ratio indicated

by v. In addition,

— — -/
F=F—TF
L=F-7
(6.3)
p=r—Lf
Y =F+Rf
Here, (d, B, C) is called a scalar triple product and is given by:
(@,b,¢) = (@xDb)-¢ (6.4)
R
and [Ei b 3} " is called symmetric tensor operator and is given by:
a
-7 5 § 1 — 7 — 7
[abc] up :§(<axb)acﬁ+<axb)ﬁca) (6.5)

The total stress 67, in linear elasticity, at P (any field point) due to a number of dislocations

Y can be written as,
Y
c"'=Yo'"" (6.6)
[

Here, the stress of dislocation [ is given by 6/ 7", The stress second-rank tensor is a 3 x 3

matrix, i.e. it has 9 components of stress.

The stress field formulation in Eq. (6.2) is not valid for a semi-infinite or finite medium
since it does not ensure zero traction on the free surfaces. The traction vector 7' = 67 must
be zero on the free surfaces of a semi-infinite or finite medium. The unit normal vector to
the surface is indicated by 7, and the stress state at a surface point is given by 6. To match
this physical condition at any point M on the free surface, a correction term can be added

by re-writing Eq. (6.6):

Y
o¥ =Y oM+l 6.7)
/
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where oM

corr 18 the correction term for stress. This term ensures traction is null on any free

surface point. This correction term is a spatial function of the dislocations and the field
point. For example, any two field points in a material may have different correction terms
depending on the spatial coordinates of the field points. Also, the correction terms change
if the sub-surface dislocation changes position, say during a dynamics simulation.

The Peach-Koehler force at the center ¢ of dislocation g as follows:

’)/ —_
Fa— ( ( Y ol ozg,,> b") x 74 (6.8)

I#q

where 679 is the stress tensor at the center of dislocation q due to dislocation /. E",
77 and 6%, are the Burgers vector, line sense and the correction term (evaluated at the
center) of dislocation ¢, respectively. Also the total stress tensor at any field point P (not

just surface points) is
P_No P, P
¢"=Yo""+0l,, (6.9)
l

A collocation point method was provided in [16] and [17] to capture G ;. In this method,
a number of collocation points on the surface in question are used to enforce the physical
boundary conditions. As more points cover the surface, this numerical method is slated
to match, in the limit of infinite collocation points, the correct analytical solution for the

problem (if one existed of course).

The method introduced in [16] and [17] uses a local coordinate system to formulate & ¢,
Specifically, the surface-attached xy-plane is the free surface. The correction terms in this
method represent a second-rank tensor and need to be transformed as such since they need
to be summed with the stresses from the crystal dislocations (which are computed with
reference to a global coordinate system using the work of [44]). In addition to above, the
coordinates or position vectors for points A and B (see Figs. 6.1 and 6.2) also require
transformation as first-rank tensors (from global coordinates to local or surface-attached

coordinate system). The method presented herein avoids such first-rank and second-rank
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(a) (b)

Figure 6.2: A cubic crystal used for the computation (showing surface loops) with segment
AB shown inside of it. (a) Padded rectangular loops on the surfaces (b) Padded triangular
loops on the surfaces

z/_

transformations, in order to find the correction terms G, as a global system is used for

all computations (such as Eq. (6.7) or Eq. (6.9)).

Figure 6.2 shows a sub-surface dislocation (or dislocation segment more specifically) be-
low a traction-free surface. The dislocation is in a 3D domain of finite dimensions. The
surface is meshed or padded by elements. Each surface element stands for a dislocation
loop. Each dislocation loop is called a generally-prismatic loop since its Burgers vector is
angled with respect to the normal unit vector for the loop. Consider N such loops. These
are not real dislocations, i.e. not crystal dislocations, but rather fictitious or mathematical
dislocations used to solve the boundary-value problem at hand. These elements or loops
can be rectangular or triangular in shape. As shown in Fig. 6.3, the collocation points

represent the centers of the dislocation loops.

The condition 7 = 67 = 0 for the surface traction translates to Oyx = Oyy = Oy, = 0 for

the surfaces in Fig. 6.3. The annulment of these stresses here happens on a set of N collo-
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(b)

Figure 6.3: The figure shows a linear dislocation segment AB lying below a free surface.
(a) This figure shows a meshing of the free surface with rectangular elements. In this
method, each element is a dislocation loop with three Burgers vector components (b, b,
and b_; see the inset). The area S covered by the mesh is where we are seeking to annul the
traction in this problem. The inset also illustrates one of the dislocation loops, i.e. DEFG.
(b) This figure is similar to (a) but the elements/dislocation loops here are triangular in
nature. One such loop is shown in the inset along with its Burgers vector components, i.e.

loop DEF. The center of each element is a collocation point. There is N collocation points.
For example, point i in the sketch is a collocation point.

cation points. These N points represent the centers of dislocation loops (all equilibriated

sources of stress) meshing the surface. This condition on the surface can now be expressed
as,

A N _
(ZGH’ +Zoﬁl> =0 (6.10)
! j

Where, 6/~ and 6/~ represent the stress tensor at surface collocation point i due to

dislocation 1 and generally-prismatic surface loop j, respectively. After simplification, the
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problem is formulated by rewriting equation (34) as follows:

v
Zo-ﬁ’:— o', i=12,...N
l
v
ZoHl:— o, i=12,...N (6.11)
l
ZG]*)I__Y [—i _12 N
= o, ", 1=12,...

where thﬁ is the stress computed at point i due to loop j. Also, GIE’ is the o3 compo-

nent of stress due to dislocation | and calculated at collocation point i on the surface. For
a dislocation loop like DEFG in Fig. 6.3(a), the stress is calculated at any (collocation)
point i as the contribution of four segments in the loop. The calculation here being done

with respect to a global coordinate system (using [44]):
¢/ =6/ L6l Lol ol (6.12)

where 6/(0 7" is the stress of dislocation segment (1) of loop j (shown as DEFG in Fig.
6.3(a)) evaluated at collocation point i, and so forth. Similarly, for a generally-prismatic

triangular dislocation loop (see Fig. 6.3(b)) in the global coordinate system one can write,
6/ =6/ 6/ el (6.13)

When one analyzes the segment stress solution by [44], see equation (2), it is apparent that
is linear with respect to the Burgers vector components (b, by and b;). Therefore, in Eq.

(6.11), one can then insert:

O (%,3,:2) = Ko (%, 2)bd + K s (x,y,2)b] + K2 (x, v, 2)b (6.14)

Here, the stress ch;i(x, y,z) is due to loop j acting on collocation point i. Also, the
x-component of the Burgers vector is labeled here b for loop j. Lastly, the kernel term
associated with this Burgers vector component is labeled K’ _;3] (x,y,7). Itis a field function
evaluated at collocation point i. In this article, the kernels are computed using a “brute-

force” method. This method is a straight-forward and generalized method to compute
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kernels in Eq. (6.14). The desired kernels can be computed by canceling the other Burgers
vector components in Eq. (6.14). For example, K, can be calculated by putting by = 0,

b, =0and b, =1 in Eq. (6.14). In general,

Kx(xﬁ (x,3,2) = Oup (x,3,2) bl=1,b}=0,b!=0

Ko (x:3.2) = 005" (x,3.2) (6.15)

bi=0,bj=1,bI=0

Klyp (x:3:2) = 08" (x,,2)

bl=0,b}=0,bl=1

Take Eq. (6.14) and insert it into Eqs. (6.11). The result is a system of linear algebraic

equations (replacing equations (11)):

N 14 .

Y bIKL 4B IR =~ Y ol =12, N

Jj=1 i

N Y .

Y IR bIK) IR ==Y 6l i=1,2,...N (6.16)
Jj=1 ]

N 14 .
Zb;K;;ler;Kyf;lergKg;l:_Zgyl;t, i=1,2,...N

j=1 ]

Equations (6.16) has 3N equations. Such system requires increased solution time than the
previously mentioned system of N equations which required the suspension of an image
segment in air (e.g. [16]). However, the current method is more straight forward to imple-
ment. It also can be expanded to different types of meshes and saves time on the tensor
transformations. For Egs. (6.16), the sought after solution vector is composed of the dif-

ferent Burgers vectors for the N loops. Equations (6.16) can be re-written in matrix form
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as:
[ 11 1—1 11 N—1 N—1 N—1] (1) ( I—1)
nyx Kyyx szx nyx Kyyx szx b X Z ny
1—1 1—1 1-1 . N—1 N—1 N—1 1 [—1
KXW Kyyy KZW nyy Kyyy KZW by Z ny
1—1 1—1 1—1 N—1 N—1 N—1 1 [—1
nyz Kyyz szz nyz Kyyz szz b z Gyz
: : =— : (6.17)
1—-N 1—-N 1—-N N—N N—N N—N N [—N
nyx Kyyx szx nyx Kyyx szx b X Z ny
1—-N 1—-N 1-N .. N—N N—N N—N N =N
nyy Kyyy szy nyy Kyyy szy by Z o
1—N 1—N 1—-N N—N N—N N—N N [—N
_nyZ KyyZ KZ}’Z KX}’Z KWZ KZ}’Z 4 \ bZ J Z GyZ J

The matrix containing the kernel terms is labeled here the kernel matrix. Its size is 3N X
3N (: 9N2). The Burgers vectors for the padded surface loops can be found by solving
Eq. (6.17). Once the Burgers vectors for the loops are found, the correction term & .,
due to all the surface loops can be computed and substituted back into Eq. (6.9) to find the

stresses at any field point inside the medium.

6.3 Numerical Considerations

Equation (6.17) can be expressed in matrix form as,
K]IB=F (6.18)

The left-hand matrix [K] is termed the kernel matrix, B is the solution Burgers vectors of
the padded generally-prismatic dislocation loops and F is termed the forcing vector. No-
tice that [K] and its elements couple B and F. The elements of [K] come from the surface
loops. The elements of F come from the crystal dislocations. The surface loop density
determines the dimension of [K]. The elements of [K] are computed from the surface dis-
location loops with no contribution from any crystal dislocations inside the computational
domain/cell. For F, however, its elements are computed (just like [K] at the collocation

points), from the effect of the real dislocations in the computational domain/cell. This
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is important to observe since if more dislocations are present inside the crystal, this will
affect only the calculation of F' and won’t affect the matrix [K]. This is very helpful in
dislocation dynamics simulations as the kernel terms only need to be evaluated at the be-
ginning of the simulation, whereas the elements of F need to be updated as time evolves,
i.e. with every time stepping. Hence, as the dislocations glide in the crystal and change
their configuration, so do the values for the B vector elements. Consider Fig. 6.2 which
shows a computational box with six free surfaces. On each of these surfaces a zero stress-
traction condition 7' = 0 applies. Hence, to calculate the stress at any field point in the
box, one needs to sum stresses from all surface loops on all surfaces plus the stresses ris-

ing from internal stress sources such as real crustal dislocations (Eq. (6.9)).

Solving Eq. (6.18) is the most crucial part of this method. For each collocation point (like
point i in Fig. 6.3), the state of stress from its own loop (loop i in this case) will dominate
over stresses from other loops. This will make the Kernel matrix [K] to be dominant on its
diagonal. In other words |k;;| >} ; |k;j|. Iterative methods, like the Gauss-Seidel method
([23]), can be employed for cases when the matrix is diagonally-dominant. Also, succes-
sive relaxation can be utilized to solve the system of linear equations (see Eq. (6.18)). For
faster computing, we have chosen a relaxation parameter A such that0 <A <2.If brisa
solution of Eq. (6.18) after iteration f then the new value of b is modified by a weighted

average of the results from the previous and present iterations as
Vi =AD" 4 (1— A)b3 (6.19)

In this study, the relaxation parameter A is set equal to 1.35 (over-relaxation). This it-
erative method works faster than decomposition methods like Gaussian elimination for
example (refer to [23]). In general, decomposition techniques in linear algebra tend to be

expensive computationally especially for large matrices.

In the case of curved crystal dislocations, each of them can be divided into linear seg-

ments. The stress from each segment can be found using Eq. (6.1). The right-side of Eq.
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(6.17) can add up the contribution of all these segments. Such dislocation curve segmen-
tation or discretization is routine practice in dislocation dynamics simulation codes (see
for example, [15] [16] [17] [57] [51]). The dislocation line discretization is capable of

capturing the problem physics correctly.

Figure 6.4 shows a time comparison between two different shapes of surface loops (see

100 +

= O
o o O

Solution time (%)

(\*]
(e

o

Rectangular Triangular
Surface-loop type

Figure 6.4: Computational time of any field stresses for two surface loop geometries used
in computing the correction term.

Figs. 6.2 and 6.3) used to compute the correction term. The normalized time is recorded
while computing the correction term using 2500 surface loops of both shapes. The figure
shows about 30% time improvement for using a triangular surface mesh. This will make
a remarkable time improvement in dynamic simulations by saving a significant amount of

time over many time steps.
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6.4 Results

First, the current brute-force method with rectangular and triangular surface loops is veri-
fied. Consider a situation of a horizontally-situated linear dislocation segment AB that is
below and parallel to a free surface (refer to Fig. 6.5). This configuration has an analytical

solution although the solution is for an infinite surface [39]. In this work, each side of the

N Y

Figure 6.5: A Horizontal subsurface segment

finite-length square surface used here is 20,000b. The magnitude of the Burgers vector
b is b. The depth of the linear segment below the surface is 1,000b. The length of the
linear segment is 100b. For points A and B, the following exact coordinates were chosen
(100b,0,0) and (0,0,0), respectively. Also, b for segment AB is chosen for simplicity as
(1/+/3,1/+/3,1//3). For the material, take Poisson ratio v as 0.383. Consider a line,
for field point calculations, beneath the surface and parallel to it at a depth of 400b (along
y = 0 or the x-axis). See Figs. 6.6 and 6.7.

Second, the current brute-force method with rectangular and triangular surface loops is

verified for a vertical segment AB beneath the free surface (see Fig. 6.5). This case is
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Figure 6.6: Stresses compared to the analytical solution found in Maurissen and Capella
[39] as the number of rectangular surface dislocation loops is increased (see Fig. 6.3(a)).
MC refers to Maurissen and Capella and CM refers to the current method. (a) Number
of dislocation loops 400 (b) Number of dislocation loops 900 (c¢) Number of dislocation
loops 1600 (d) Number of dislocation loops 2500

addressed analytically for an infinite surface dimensions by Maurissen and Capella [40].
Each side of the finite-length square surface used here is 20,000b. The depth of point B
is 1,000b. Segment AB has a length L = 100b. For points A and B, the following ex-
act coordinates were chosen (0,0, —1,1005) and (0,0, —1,0005), respectively. Also, b for
segment AB is chosen as (1/ V3 ,0,1/ \/5). Poisson ratio vis0.38. Consider a line, for field

point calculations, beneath the surface and parallel to it at a depth of 4005 (along x = 0 or
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Figure 6.7: Stresses compared to the analytical solution found in Maurissen and Capella
[39] as the number of triangular surface dislocation loops is increased (see Fig. 6.3(b)).
MC refers to Maurissen and Capella and CM refers to the current method. (a) Number
of dislocation loops 400 (b) Number of dislocation loops 900 (c¢) Number of dislocation
loops 1600 (d) Number of dislocation loops 2500

the y-axis).

Figures 6.6 and 6.7 compare the analytical solution by Maurissen and Capella [39], for
a horizontal sub-surface dislocation segment, and the solution from this numerical method

as we increase the surface mesh density for the rectangular and triangular surface loops.
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Figure 6.8: A Vertical subsurface segment

Figures. 6.9 and 6.10 compare the analytical solution by Maurissen and Capella [40], for
a vertical sub-surface dislocation segment, and the solution from this numerical method as

we increase the surface mesh density for the rectangular and triangular surface loops.

In the case of the horizontal sub-surface segment, the numerical solution approaches the
analytical solution as the number of dislocation loops, i.e. collocation points, increase.
Same goes to the vertical sub-surface segment. Saint-Venant’s principle can be used to
explain the stabilization of the numerical solution with increased number of surface loops
(approximately 1,600). According to this principle, an approximate solution (but equipol-
lent) at a boundary and an exact one will show agreement at field points that are positioned
from the boundary a “characteristic” distance away. In this work, the characteristic dis-
tance is the spacing, on average, between the surface collocation points (where the solution
is enforced or the problem solved). Therefore, an increase in the number of surface loops

will result in a smaller characteristic distance and thus more matching between the nu-
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Figure 6.9: Stresses compared to the analytical solution found in Maurissen and Capella
[40] as the number of rectangular surface dislocation loops is increased (see Fig. 6.3(a)).
MC refers to Maurissen and Capella [40] and CM refers to the current method. (a) Number
of dislocation loops 400 (b) Number of dislocation loops 900 (c¢) Number of dislocation
loops 1600 (d) Number of dislocation loops 2500

merical and analytical solutions. The solution is not accurate for field points nearer to the
surface than this characteristic distance. It may even exhibit oscillatory behavior in space
with a wavelength equaling this distance. The mean value around the oscillations (e.g. by

applying a least-square fit) will be equivalent to the correct solution.
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Figure 6.10: Stresses compared to the analytical solution found in Maurissen and Capella
[40] as the number of triangular surface dislocation loops is increased (see Fig. 6.3(b)).
MC refers to Maurissen and Capella [40] and CM refers to the current method. (a) Number
of dislocation loops 400 (b) Number of dislocation loops 900 (c) Number of dislocation
loops 1600 (d) Number of dislocation loops 2500

The above was verification of the method for static cases. For dynamic cases, we use
the paper’s method into a three-dimensional dislocation dynamics (or DD) code (see the
works of [15] [16] [17] [18] [57] [51] ). Dislocation theory dictates that stress calculations
cannot be made closer to the dislocation line than a core radius. Meyers and Chawla [52],

for example, define the core radius as 5b (where b is the magnitude of the Burgers vec-
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tor). Therefore, when calculating the Peach-Koehler (PK) force on a crystal dislocation,
it has to be below the surface by at least a core distance. This is a known problem in
dislocation dynamics codes as the overlapping of a dislocation core (say for the surface
loops) with a field point causes numerical problems. However, this is not a serious issue
as the PK force is so high that it quickly pulls the segment into the free surface to vanish
it. Below, a figure will be shown of such force. Also, since the plastic strain computation
in DD codes is homogenized over the volume of the computational cell, this small area
sweep close to the surface contributes negligibly to the total strain value, i.e. the error
in not fully capturing the right image stresses (which are the correction terms emanating
from the surface dislocation loops in the current case) is so minimal that it does not impact

the overall computational results. This was shown in these preliminaries works referenced.

In what follows, constant strain-rate experiments are simulated for a three-dimensional
crystal or cubic simulation box. The box has sides of 10,000b each. Each of the six box
faces is padded with either rectangular or triangular generally prismatic surface disloca-
tion loops (see Fig. 6.2). The mesh density on the six free surfaces is also varied. For
these simulations, the density =2,71()kg/m3. Also, Poisson ratio v = 0.3, along with a
dislocation mobility equaling 1000 1/(Pa-s) . A dislocation source (of the Frank-Read
type) is placed along the x-axis. The coordinates for its end points are (-2000b,0,0) and
(2000b,0,0). The Burgers vector was (0,1,0). Lastly, the applied strain-rate amount was

10s( — 1). For Figs. 6.11 and 6.12, the stress and strain are the yz-components.

To study the effect of surface loop number, or equivalently loop density, on the stress-strain
curves, refer to Fig. 6.11 and to Fig. 6.12. The former uses rectangular surface loops for
the surface correction terms, and the latter uses triangular surface loops. An averaging of
the output stress-strain curve, i.e. smoothing, is done using a cubic spline fit between the
two linear portions of the curve (after linear regression of the plastic deformation part) and

presented in a solid line for each case. The cases of surface dislocation loops are com-
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Figure 6.11: The effect of varying the number of surface dislocation loops on the stress-
strain curve (using constant strain-rate loading). The correction term is calculated from
rectangular surface loops. (a) Number of dislocation loops 64. (b) Number of dislocation
loops 144 (c) Number of dislocation loops 256 (d) Effect of surface loop density.

pared to the base case of no surface loop, i.e. no treatment of the zero-traction boundary
condition on the surface. The case of no surface loops shows higher flow stress than the
cases of surface loops. This stress-strain diagram is typical in DD computations for an
unobstructed Frank-Read source. The initial bowing of the FR source occurs in an elastic
fashion (i.e. the source will bounce back to its original dislocation shape once load is re-
moved). However, after a critical bow radius or size, the source then bows plastically in

the material, i.e. irreversibly. That is when the stress-strain diagram starts bending from its
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Figure 6.12: The effect of varying the number of surface dislocation loops on the stress-
strain curve (using constant strain-rate loading). The correction term is calculated from
triangular surface loops. (a) Number of dislocation loops 64. (b) Number of dislocation
loops 144 (c) Number of dislocation loops 256 (d) Effect of surface loop density.

elastic region. It takes multiple bows or loops after the initial bowing for the stress-strain
diagram to flatten, i.e. reach a flow stress value. When surface loops are present, they tend
to pull on the dislocation source which causes it to bow earlier than the case of no surface
loops. Meaning less applied strain is needed in the case of surface loops to reach critical
bowing. This is due to the physical force that wants to pull on the dislocation and vanish
it in the free surface to reduce the system’s overall entropy, i.e. reduce the disorder in the

crystal. This surface pull helps reduce the stress amount needed to cause this plastic flow
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and hence the observation in Fig. 6.11 and 6.12.

If one measures the difference in flow stress for the above two cases of surface loops
versus no surface loops, one finds this value approximately equal to 22%. The indicated
percentage difference shall vary for different dislocation problems. If a problem has lower
free surface area to volume ratio in the modeling cell then this percent amount should be
lower due to lowered image stress effects. Another factor that will change this percentage
is the exact initial position of the FR source inside the modeling cube/cell. Previous work
has shown that the image stress effects depend on if the dislocation source is initially close
to a free surface of the cube or far from it (i.e. positioned more internally in the cell). Dis-

cussions of this nature can be found in [16] and [17]. Figure 6.13 shows the effect of the

12 T
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Figure 6.13: Simulation snapshots at the critical bowing of a Frank-Read source of length
L. (a) Illustration of the critical bowing of simulated Frank-Read sources. The view is
perpendicular to the slip plane. (b) Markers showing the critical bowing stress and strain
values, i.e. start of plasticity

free surfaces on the critical bowing of a Frank-Read source and the corresponding points
on the stress-strain curves. Figure 6.13(b) is a zoomed-in figure from Fig. 6.11(b). As

is known [2], at the critical bowing moment, the dislocation becomes unstable and starts
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bowing quickly and irreversibly, i.e. plastic deformation ensues. From the simulations, the
bowing dimension L, observed without surface effects is about 14 percent more than the
bowing dimension L; when incorporating free surface effects. This is because the surface
pulls the dislocation stronger as it gets closer to it. This causes the plastic flow to occur
earlier than the case without free-surface effects (Fig. 6.13(b)). As is observed in Fig.
6.13, plastic flow started with a smaller radius of curvature for the dislocation source in

the case where the free-surface effect is incorporated.
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Figure 6.14: The z-component of the Peach-Koehler force on a dislocation segment as the
z-depth and length are varied. (a) Varying the dislocation depth (b) Varying the dislocation
length

Figure 6.14(a) shows the z-component of the Peach-Koehler force acting at the center
of a linear dislocation segment varying the dislocation depth from the free surface. The
parameters for the calculations here are the same as those used earlier for a horizontal
sub-surface segment with the exception of varying the depth (Fig. 6.14(a)) or the length
(Fig. 6.14(b)). For Fig. 6.14(b), the segment was centered with respect to the z-axis. As
the dislocation moves close to the surface, the Peach-Koehler force becomes stronger and

pulls the dislocation towards it.
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So it is very important to treat the boundary condition properly to model this problem ac-
curately. Figure 6.14(b) shows the z-component of the Peach Koehler force (acting at the
center of the dislocation) as it varies with the dislocation segment length where the stress

reaches a limiting value as the dislocation segment length is sufficiently high.

6.5 Conclusion

The current study presented a generalized numerical technique to properly enforce zero-
traction condition on a free surface of a three-dimensional crystal containing dislocations.
A numerical method was generated adopting this generalized formulation and termed here
as the “brute-force” method for implementation in dislocation dynamics (DD) simula-
tions. The method uses dislocation loops, as self-equilibriated sources of stress, meshing
the free surface. We have shown that such meshing could involve triangular or rectangular
elements, i.e. dislocation loops. The method was illustrated for dynamic and for static
dislocation problems. This “brute-force” method can be adapted to model non-planar free
surfaces too. The stress correction term can also be computed using an unstructured ran-
dom triangular surface mesh, which enables the possibility of modeling more complicated
non-planar free surfaces. Lastly, we have shown using dislocation dynamics that the flow
stress in the model is considerably different in the cases of image stress incorporation or
not. The areal density of the surface mesh, or the mesh type, was not a riding factor for
determining the flow stress. Hence, a lower mesh density can be used to save computa-
tional time. Due to the flexibility of the current method on the mesh type, future work can
potentially utilize the developed collocation-point method to solve problems with curved

free surfaces.
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Chapter 7

The treatment of singularities associated

with a dislocation segment

Abstract

Quantification of the stress field around dislocations is important in dislocation theory
and can have profound effect on computations involving dislocations such as in discrete
dislocation dynamics (DDD) simulations. In this paper, the original work by Devincre
(1995) on the stress field of a linear dislocation segment is carefully studied and based
on three regions of space, a physics-based algorithm is presented to treat any singularity,
weak or strong, associated with the self-stress of the segment. The paper shows several
utilization of this method. Two of these utilization concern the ‘collocation-point” method
for capturing free-surface effects on dislocation forces and movement. In one, an on-the-
fly mesh was utilized, and in the other an unstructured mesh was utilized. Results were

validated where appropriate and both static and dynamic implementations are presented.

Keywords: dislocation dynamics, free surfaces, collocation-point method, flow stress
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7.1 Introduction

Dislocation theory is a branch of materials science that is focused on the carriers of plas-
ticity in crystalline solids or metals. Understanding how and why dislocation moves and
interact between themselves and other micro-constituents will enable understanding of the
plasticity phenomenon in crystals [2], [11], [3]. With many developments in dislocation
theory, which were followed after by experimental evidence, the stage was set for devel-
oping plasticity models that take dislocations directly into account. Some of these models
are based on dislocation densities as a field variable, i.e. a continuum approach [58], [59],
[60] and some are based on modeling 3D discrete dislocations and their dynamics [45],

[15], [61], [57], [62], [51].

The latter approach for modeling or simulating the dynamics of discrete dislocations was
made possible by the ability to discretize a curved dislocation line into segments (sim-
ilar to the finite element method which discretizes space into finite elements of different
shapes). Hirth and Lothe [11] developed the stress field associated with a linear dislocation
segment using a segment-attached coordinate system, where the z-axis coincides with the
segment line. Devincre [44], building on the work of de Wit [21], developed expressions
for the stress field of a linear dislocation segment based on an arbitrary located coordinate
system. Cai et al. [63] developed the expression for the stresses of a dislocation segment
using non-linear elasticity by spreading the Burgers vector of the line to avoid the common
singularity. The result of this is more complex than the prior works, but it reduces to these
prior works with no spreading (or zero spreading). Ghoniem and Sun [64] described a dis-
location curve using general topological functions. All of the above works are within the
realm of isotropic elasticity and apply to an infinite medium. The line singularity was also
treated in the work of Jamond et al. [65] using the Discrete-Continuous Model (DCM) for
the simulation of 3D dislocation dynamics which is based on a coupling between a Dislo-

cation Dynamics (DD) code and a Finite Element (FE) code through eigenstrain theory.
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The current chapter focuses on the leading work of Devincre [44] by closely looking at
the spatial regions around a linear dislocation segment and properly treating the segment
stresses in order to avoid singularities in the solution. This enables the regularization of the
stress field. The space around the segment is divided into three distinct regions discussed
below in the Methods section. By correctly placing a field point in the right region, the
segment stress can then be calculated correctly or appropriately while avoiding singular
calculations. Such regularization is important in dislocation dynamics simulations as the
time-dependent solution can blow up or become unbounded if a field point lies in a sin-
gularity zone. To illustrate the method, including the accompanying algorithm developed
here, a couple of applications are presented below in the Results and Discussion section.
The examples revolve around the use of the distributed dislocation method, which can be
used to solve crack problems [66], [67], [68], for solving the stress field of dislocations
near a flat free surface [69], [16], [17], [18], [35] or near a curved surface [34]. These
methods are “collocation point” methods where the zero traction physical boundary con-
dition is enforced at a set of different surface points instead of an infinite number of them.
These collocation points represent the centers of elements on a surface mesh whereby
each element is represented by a multi-polygonal dislocation loop (which by itself is a
self-equilibrated source of stress in the material). By figuring out the Burgers vectors of
these surface fictitious/mathematical dislocation loops, the problem is then solved and the
stress field at any sub-surface field point is the sum of the stress fields of surface loops plus

the stress fields of the sub-surface dislocations.

The latest of these references [18] utilized a surface mesh of rectangular/square elements
with each element composed of four linear dislocation segments whereby the whole com-
putations are made in reference to an arbitrary-oriented global coordinate system. For this
referenced work, the selection of collocation points had to be chosen carefully so as not

to lie in the singularity zone, even the extended singularity zone, of any of the elements’
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segments. More specifically, this structured surface mesh of elements had to look like a
standard finite-element mesh in the sense that each element node has to be the node for
four dislocation segments. In other words, a node for a dislocation segment cannot be a no
node for an element. This severely restricts the meshing type used for the surface which
can have ramifications on things like solution time for a static or dynamic problem. Of
course, treating free surface problems can be attempted analytically [10], [36], [70], [37],
[38], [39], [40], [41], [56], [71], [42], [32] but such treatment is severely restricted in scope
and breadth since it has to be specific to a certain configuration of the domain and of the

dislocation near the surface.

In this current chapter, we utilize the newly proposed non-singular stress field associ-
ated with a dislocation segment in application to new surface meshing of fictitious or
mathematical dislocation loops. Specifically, we look at an irregular square/rectangular
mesh, termed here “on-the-fly mesh” and also at an unstructured (or random) triangular-
element mesh. Both of these meshes, albeit having their own advantages over a structured
rectangular-element/square-element mesh, can run into singularity issues but are treated
here with the newly developed method/algorithm. The “on-the-fly mesh” is illustrated
here for static dislocation problems and the unstructured triangular mesh is illustrated here

for dynamic dislocation problems.

In addition to the above, this current work looks closely at the extent of the dislocation
core radius or size. There are different estimates in the literature for the radius of the core,
re [2], [11], [52]. Based on the regularization of the segment stress introduced here, a

rationale for the quantification of r. is provided as well.

111



Chapter 7. The treatment of singularities associated with a dislocation segment
7.2 Methods

As mentioned above, this work builds on the work of Devincre [44] for the stress field of
a linear dislocation segment in a linear-elastic isotropic infinite medium. For a segment
AB of a dislocation line, shown in Fig. 7.1, the stresses at a field point P(x,y,z) according
to this last reference are provided with respect to a generally-oriented global coordinate

systems centered at O by:

oHp(F) = (6“‘3)#, . <63g>;/:a§ (7.1)

and o4 B is described as:

ot~ 77, - L 579,
(57) ) . @2
2T { up+lalg+ 23 [paYﬁ +Yapp +I—€YaYBH ]

where U is the isotropic material shear modulus (also given by G in literature), v is the

Poisson’s ratio and

R=F—7 (7.3a)
L=R-7 (7.3b)
p=R—Li (7.3c)
Y =R+R{ (7.3d)

(@,b,¢)=(@xDb)-¢ (7.4)

and [Ei Bc} ’ is called a “symmetric tensor operator” and is given by:
7 4] Ll 2 L7
[abc]aﬁzi((axb)acﬁ—F(axb)ﬁCa) (7.5)

112



Chapter 7. The treatment of singularities associated with a dislocation segment

Figure 7.1: A dislocation segment AB with three identifiable regions in space. The line
sense unit vector 7 points from A to B. Dislocation segment length: [ = |Fg — 74| = |AB.

Here, r, is a cut-off radius delineating the core region of the dislocation (also called core
radius for simplicity) where the self-stress of the dislocation shoots up to infinity under the
use of linear-isotropic elasticity. The reason for this singular behavior is that the treatments
of a dislocation viewed it as line defect experiencing a sudden displacement shift equal to
the Burgers vector b= (byx,by,b;). The magnitude of the Burgers vector is indicated here
as b. This discontinuous shift in the displacement field of the dislocation causes a singu-
larity in the strain field, which is carried to the stress field via Hooke’s law. The magnitude
of r. has been chosen differently in the literature, i.e. it has not been agreed upon or is a
subject of debate. For example, Hirth and Lothe [11] took r. as 15, Hull and Bacon [2]
took it as 16 — 4b, Meyers and Chawla [52] took it as 5b, and so forth. One of the things
provided or contributed by this work, as alluded to earlier, is an attempt at quantifying r,

in a fundamental way as seen below.

To better understand the behavior of stress around segment AB, contour plotting is used to

give an overall look of stress distribution. Figure 7.2 shows contour plotting for two exem-
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plary stress components 611 and o13. Other stress components behave similarly. Taking
a close look at Fig. 7.2 it is clear that stress values shoot up in value (indefinitely) imme-
diately around the segment (labeled Region 2 in Fig. 7.1) and behind the segment (from
point A opposite to the line sense, which is labeled Region 3 in Fig. 7.1). However, one
would expect the stress around the mid-plane intersecting the segment center to be sym-
metric (i.e. Region 3 the mirror opposite of Region 1) or at least anti-symmetric which is
not the case. This behavior is due to what Eq. (7.1) stands for. In Eq. (7.1), the stress from
a half dislocation line extending from —oo to point B is subtracted from the stress from a
half dislocation line extending from —eo to point A. This subtraction yields the stress of a
dislocation line segment AB. Due to this subtraction process, it is recognized then that the
stress at the dislocation line in Region 2 is strongly singular due to the issues discussed
prior. It is also recognized that the stress at the dislocation line in Region 3 is expected to
be weakly singular and right at the line itself due to the effect of the subtraction. More-
over, the stress in Region 1 seems to be (for the most part at least) non-singular and well
behaving in values/distribution. In fact, in this figure a cut-off radius of 0.05b was utilized
in Regions 2 and 3 to be able to do the plot, otherwise the stress would shoot to infinity
there. Even with this implemented cutoff, the stress values are significant compared to the

shear modulus.

Although the above was a visual investigation of the stress behavior, especially singu-
larity behavior, of the dislocation segment, one can carefully examine Eq. (7.2), which

feeds into Eq. (7.1), to see where the singularity exactly emanates from.

Consider point B of dislocation segment AB. From Eq. (7.3b), one can write:
Lg=(Fp—7p)-T=Rp-T (7.6)
For any field point P, g is given by (Eq. (7.3¢)):

p=7p—Lpt (7.7)
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Examining Eq. (7.2), it becomes unbounded if and only if either ¥ or R approaches zero.

From the definition of ¥:
Y =p+Li+|p+ L7 (7.8)

Y =0 when, p =0 and L < 0. This can happen in Regions 2 and 3 only and not in
Region 1. In Region 1 therefore, there is no worry about singular stress behavior. However,
special attention needs to be paid to the domed region around point B (see Fig. 7.1). In
the following is an algorithm that checks against p approaching zero and then adjusts the

stress calculation procedure accordingly.

150 : : ‘ 1 n2 150
100 ) 06
1 100 04
50 50 02
2
> o5 0
0 0 02
-1
-50 50 ¢ 04
-0.6
100 -2 1007 -
2150 <100 50 0 50 100 2150 -100 -50 0 50 100
x/b x/b
(a) (b)

Figure 7.2: Contour plots around a linear dislocation segment lying in the xy-plane. These
are made before implementing the algorithm in this paper (in the contour plots, points with
re < 0.05 were ignored). The coordinates of point A are (—100,—50,0) and for point B
are (50, 100, 0). Here, the Burgers vector = (1/+/3,1/+/3,1/1/+/3) for simplicity. Here
= G =1and v =0.33. (a) oy, (b) 02.
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Algorithm

1. Calculate the quantity p per above. If p > r., no additional treatment is needed since
point P(x,y,z) lies outside the core region of the dislocation and therefore the stress

equations (Egs. (7.1) and (7.2)) are valid as is.
2. Ifp <re:

(a) If Lg > 0 (Point P(x,y,z) lies in Region 1 (yellow) in Fig. 7.1):
i. If Rp > r. then no additional treatment is required (since ¥ > r;).

ii. If Rp < r. then the field point is within the domed area atop of point B.
In this case, point P location has to be adjusted away from the dislocation
line such that g is scaled up in magnitude to match r. as shown in Fig.
7.3. Once p’ (the new p) is calculated (via p’ = p x r./p), a new adjusted
location for point P (point P’) can be determined (using equation 3.3, i.e.

7= P +Lf). Now stress calculations can be performed at this new location.
(b) If Lp <0 and |Lg| <[ (Point P(x,y,z) lies in Region 2 (cyan) in Fig. 7.1):

To find the stress at this point, one needs to do a linear interpolation be-
tween 0 and o;7*. More on this linear interpolation is given below in

detail.
(c) If Lg <0and |Lg| > [ (Point P(x,y,z) lies in Region 3 (magenta) in Fig. 7.1):

i. Reverse 7 and calculate segment stress and then multiply the obtained
stress value by (—1) or a negative sign. In other words, calculate the

stress for a directed segment from B to A instead of from A to B

ii. Alternate to 2.c.i above, if p > €, where € could be as small as 10~ or al-
most the computer machine zero, then one can proceed with normal stress
calculations for the segment using Eqgs. (7.1) & (7.2). This is possible due

to the weak singular behavior in Region 3.

116



Chapter 7. The treatment of singularities associated with a dislocation segment

(a) (b)

Figure 7.3: Recommended location of P when (a) Lp > 0 and Rp < r, (b) Case 2.b in the
algorithm. (a) Region 1, (b) Region 2

For the case 2.b above, the steps for linear interpolation are as follows (refer to Fig. 7.3(b)):

1. First, find the value of p for point P using Eq. (7.3¢)
2. Multiply p with the quantity ’p—f, ie. p/=px % which extends to the core surface.

3. Find a new 7g value as such: 7 = p’ + Lgf. From this, find a new Y value (equation

3.4).

4. Substitute back p’ and ?1’3 (and the new Y value) into Eq. (7.2) and then Eq. (7.1) to

find the limiting value of o;;“*

5. Now, the interpolated value of the stress is given by: 0;;(P) = £ x ©
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The algorithm is shown below in Fig. 7.4 as a flow chart.

Field Point,
P

No
Calculate Stress

£

Move point P
at a distance 7, Region 1
| —
from the segment

without crossing it

Do stress inter-
polation in the
allowable stress limit

region? Region 2

1,23

Reverse line sence
of the segment and
calculate stress
multiplying by —1

Figure 7.4: Flowchart of the algorithm

Lastly, it was mentioned above about the strong singularity occurring in Region 2. If
one considers any plane containing the dislocation line segment and then plot any of the
stress components o;; along a coordinate & perpendicular to the line, one gets a spatial
behavior as shown in Fig. 7.5. In the schematic figure, the stress shoots to infinity as the
dislocation line is approached. However, according to theory, stress must have a maximum
theoretical value in a material that cannot be exceeded. According to Hull and Bacon [2],
the maximum shear stress (indicated by the symbol taw or 7) is given by T, = G/27. In
Meyers and Chawla [52], the maximum shear stress is given by: T, = G/5.1. However,
according to Hull and Bacon [2], a more realistic value for the maximum shear stress is

given by: T, = G/30. In addition, elementary mechanics of materials theory dictates
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that for the simple case of uniaxial stress, the normal stress ¢ is double the shear stress
T in value, i.e. Opur = 2Tmax- Based on these maximum values for the different stress
components, one can arrive at a calculated value for r. per this figure. The figure also
shows that within the core region in Region 2, the stress could be interpolated for values
as the interpolation (linear interpolation is the most logical in this case) passes through zero
at the dislocation line (i.e. the core center) due to the change in sign for the stress shown
in the figure. The zero value at the dislocation center also makes physical sense since the
dislocation cannot stress its own self. The exact steps to perform the interpolation were

listed above.

T}TI(M‘ / G]Tl ax

N :

>
>

Figure 7.5: Schematic of stress behavior around a linear dislocation segment versus a
coordinate traversing perpendicular to the segment (in Region 2).
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7.3 Results and Discussion
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Figure 7.6: Plots of different stress components, in Region 2, along the & direction in an
xy-plane containing a dislocation segment and passing through the center of the segment.
Note that in all these plots, the curve passes through the (0,0) point. (a) o1y, (b) 033, (c)

013, (d) o12

Upon implementation of the algorithm above, one can verify the produced results in sev-
eral way. For example, let’s take a segment AB of length 150+/2 lying in the xy—plane for
simplicity. The coordinates of points A and B are (—100b,—50b,0) and (50b,1005,0),

]
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respectively. Let’s also take a Burgers vector equal to: 1/+/3,1/+/3,1/+/3 for simplicity.

The reason for choosing a Burgers vector with all three components not being zero is to
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elucidate any possible contributions from these components to the different stress compo-

nents. Here, yt =G =1and v = 0.33.

Figure 7.6 shows plots for three stress components (011, 012, 013 and 033) versus co-
ordinate & (expressed, and any coordinate, in units of b) which is perpendicular to the
dislocation line and passing through the segment’s center. The reason these components
are chosen is that the first one (o7;) is the same plot as 0>, and the third (o073) is the
same plot as 03. In this figure, one can notice that all the stress components follow the
schematic plot for stress distribution in Fig. 7.5. Per Fig. 7.5, the plots in Fig. 7.6 could
be used to find a good estimate for r,. based on the reported values for the maximum shear
stress provided in the textbooks of Hull and Bacon [2] and Meyers and Chawla textbook
[52] (see above). Based on these three estimates for the maximum shear stress value, Table
7.1 can be generated and it shows estimates of r. based on maximum shear stress values
(or correspondingly maximum normal stress values from introductory mechanics of mate-
rials, see above). Based on the tabulated values, a conservative estimate for the core radius
re 18 2.75b (or ~ 3b). Notice that this value is between those reported in the literature (For
example, Hirth and Lothe [11] took r. as 1b, Hull and Bacon [2] took it as 1b-4b, Meyers
and Chawla [52] took it as 5b, and so forth).

In addition to above, one now can do contour plots for the above dislocation segment ex-
ample which lies in the xy-plane. Now that the above algorithm is implemented, Fig. 7.7
shows contour plots for all the stress components. Note that the plot for 0,3 is the same as
for 013. The plots are done using r. = 3b in Region 2. Notice that the stress levels in these
contour plots is considerably less than those in Fig. 7.2 since (by employing the above
algorithm) the stress levels are either capped in Fig. 7.2 based on theoretical grounds
in Region 2 or the weak singularity completely removed/terminated in Region 3. More-
over, notice in these new figures, the perfect symmetry or anti-symmetry alluded to earlier

around the plane perpendicular to the segment at is center. This is another indication of
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r. based on: r. based on: r. based on:
Toax = 5% Tnax = o5 Trax = 55
o11 0.3620 0.2942 1.7423
022 0.3620 0.2942 1.7423
033 0.4299 0.3394 2.0478
023 0.5770 0.4639 2.7492
o13 0.5770 0.4639 2.7492
o12 0.2828 0.2263 1.3463

Table 7.1: Calculation of 7., in terms of b, based on the maximum shear stress or normal
stress values using three different sources for the maximum value

the success of the above algorithm in attaining the goals of this work.

Another verification of the efficacy of the employed procedure or algorithm is shown in
Fig. 7.8 which shows line plots for the different stress components, all for Region 3. All
of these line plots are for the segment mentioned above which lies in the xy—plane (with
b equal to unity here for simplicity). Here again, and for this particular segment, the plot
0,3 is the same as for 6y3. The & parameter here is also normal to the dislocation line
and lying in the xy—plane as before but it is perpendicular to the line (or really the line
extension) in Region 3 and not in Region 2 like the plots in Fig. 7.6. For completeness
sake, the & line was behind point A by 50b although the exact distance behind will only
influence the values on the plotted stress components but not the shape of the curve. It is
clear in Fig. 7.8, that by applying the above algorithm, that there are no singularities, not
even the weak singularity, expected to be found in Region 3. Hence, the above method
is working well again for eliminating the singularities associated with the core region of
the dislocation segment. Notice that in Region 3 one can have a similar result to Fig. 7.8
by making r. — € and not just by flipping the line sense. This was pointed out in the

procedure above.
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Figure 7.7: Contour plots around a linear dislocation segment lying in the xy—plane. These
are made after implementing the algorithm in this paper. Applying the algorithm for the
parameters: r. = 3b, the coordinates of point A are (-100, -50, 0) and for point B are (50,
100, 0). Here, the Burgers vector = (1/v/3,1//3,1/+/3) for simplicity. Here, u = G = 1
and v = 0.33. (a) 011, (b) 022, (¢) 033, (d) 023, (¢) 013 and (f) o712
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Figure 7.8: Line plots of stress showing the disappearance of the singularity in Region 3
with the application of the method in this paper. (a) o1, (b) 022, (¢) 033, (d) 023, (e) 013,

(f) o1z
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In addition to the above examples on the efficacy of the method or algorithm of this paper,
another application of the method is presented here. In dislocation problems, both static
and dynamic, the issue of dealing with the presence of a free surface in the computational
domain frequently presents itself. Although there are different ways to deal with exis-
tence of free surfaces that can be found in the literature [46], [47], [48], [49], the focus
here is on works that utilized the “collocation point method” to ensure that such surface
is free from stress traction [69], [16], [17], [18]. The problem arises because analytical
solutions for dislocation segments are provided (as in Egs. (7.1) and (7.2) above, [11], or
[63]) for infinite mediums. Such analytical solutions are the basis for discrete dislocation
dynamics (DDD) simulations alluded to earlier [15], [61], [57], [51]. However, such DDD
simulations are implemented in a finite or confined three-dimensional space or computa-
tional domain. When this domain contains free surfaces, additional stress terms (generally
referred to historically as “image stresses”) are needed to augment or complement the an-
alytical dislocation segment solutions in order for the zero stress-traction condition to be
met, even if partially, on the free surface. In the collocation point method, the zero traction
condition is enforced on a collection of N surface points, called collocation points. As
N — infinity, the solution approaches any analytical solution (if one existed). In the col-
location point methods presented in [69], [16], [17], [18], the free surface is meshed by a
contiguous uniform mesh or grid (see Fig. 7.9a), resulting in rectangular/square elements
all of equal size, the center of each such element is a collocation point. Moreover, the extra
“image stresses” at any crystal field point beneath the planar free surface come from the
fact that each surface element in the mesh/grid stands for a generally-prismatic dislocation
loop whose Burgers vector components are yet to be determined. The reason for choosing
the elements as dislocation loops (which are fictitious or mathematical dislocation loops

and not real or crystal ones) is two folds:

a Each such dislocation loop represents a self-equilibrated source of stress in the cal-

culations and hence employing such loops does not disturb the spatial equilibrium
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or even compatibility in the computational domain.

b Such dislocation loops can provide the extra or complementary stresses representing

the “image stresses” mentioned above.

(a) (b)

Figure 7.9: Free surfaces (a) and (b) meshed by regular or irregular meshes with the dots
representing collocation points. Dislocations lie beneath the surface in the material. (a)
Regular mesh, (b) On-the-fly mesh

The problem of such mesh-based collocation method boils down to finding the Burgers
vector components (bx, by, bz) of each loop on the surface. The way to find these Burgers
vector components is equations that annul the traction T(T = o7, where © is the stress
state and 7i is a unit normal vector) at each of the N collocation points. For Fig. 7.9a, and
using elementary continuum mechanics [4], the zero traction condition on the collocation
points translates to enforcing 0, = 0,y = 0,; = 0 on each such point. Mathematically, the

problem is formulated as such:

N
Y ol =—0l" i=12,..N (7.9a)
j=1
N . . .

ol '=—0c7 i=12..N (7.9b)
j=1

ol =—0c7 i=12,...N (7.9¢)

™=

~
Il
—

where Gggi is the af stress component of loop j evaluated or calculated at collocation

AB—i

point i (which is the center of Loop 1). Also, Oup is the af stress of segment AB
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evaluated at point i. Here the stress from all surface loops is counter-acting the stress
of the subsurface dislocation segment(s) (which is given or provided as if the medium is
infinite). On the right side of Eq. (7.9), although only the stress of one dislocation segment
is displayed, it can instead be the sum of stresses from multiple dislocation segments (M
of them) all under the free surface. Moreover, the above equations can be re-written as
in Egs. (7.10), where each loop stress is expressed as a linear combination of the loop’s
Burgers vector components and “kernel” terms which are functions of space and elastic
constants. This separation of the Burgers vector components is attainable from basic linear
elasticity dislocation theory (see [2], [11]). The recent work of Siddique and Khraishi [18]
has explicitly provided the kernel terms in detail based on analysis of the Egs. (7.1) and
(7.2) above provided by Devincre [44].

N

Y bIKI+bIKL T +bIKI T =— 0P, i=1,2,...N (7.10a)
j=1

N . . . . . . . . . .

Y bIKL A+ bIKL T+ DIKS Y =— o i=1,2,...N (7.10b)
j=1

N . . . . . . . . . .

Y bIKI+bIKI +bIKL =— 0P i=1,2,...N (7.10c)
j=1

The above system represents a system of 3N equations, the unknowns of which are the
Burgers vector components of the N loops. Once the Burgers vectors of the loops are
solved for, the stress field at any material/field point P in the crystal below the surface can

be calculated as follows:
M N
g = X.0up+ Y. Oup (7.11)
i J

where the first sum on the right-hand side is for M dislocation segments under the surface
and the second sum is for N dislocation loops meshing the free surface. In the [18] paper,
and in reference to Fig. 7.9(a), the paper presented a rule of thumb based on Saint-Venant’s
principle, to determine the accuracy of the collocation-point method for calculating stress

at any given field point. The rule of thumb states that the distance (z-distance in this case)
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below the free surface needs to be equal or more than the average spacing between surface
collocation points. For example, if each side of surface S in Fig. 7.9(a) is 20,000b (where
b is the Burgers vector magnitude), then if the field point is 400b below the free surface
that means that the average spacing between the surface collocation points need to be at
max 400b. For the contiguous uniform mesh or grid in Fig. 7.9(a), that means that number
of elements/loops lining up each side of the surface is 50 resulting in a 50 x 50 mesh, i.e.

2,500 elements/loops minimum covering the surface.

With the advent of this paper’s method/algorithm above, a different way of meshing pre-
sented in Fig. 7.9(b) above can be utilized that would cut significantly on the computation
time. Figure 7.9(b) shows a non-uniform mesh. This mesh is called here “on-the-fly”
mesh because the idea is that one can start with a coarse (i.e. with few elements) uniform
and contiguous mesh and then once a dislocation segment of a real crystal dislocation ap-
proaches the free surface in a dynamic simulation, and it is important to invoke the above-
mentioned Saint-Venant’s rule-of-thumb, then one or more of the large surface elements
could be split into smaller elements in order to get back into compliance with the rule-of-
thumb. For the sake of illustration, Fig. 7.9(b) shows that four large elements/loops in Fig.
7.9(a) were split into 4 smaller elements/loops each. Notice that in this new mesh, some
of the new segments for the smaller loops can intersect, in their Region 3, a collocation
point in bigger loops. This will cause a numerical issue, as pointed out above, if no proper

treatment is utilized for Region 3 as introduced here in this work.
To illustrate the discussion above regarding Saint Venant’s principle, on-the-fly meshing
and the associated time savings when employing the collocation point method, consider a

frontal view of Figs. 7.9(a) and 7.9(b) in Fig. 7.10.

In Fig. 7.10, a segment (called segment AB) is shown below a free surface. The two end

points or nodes are labelled A & B. The segment is shown horizontal but could also be
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Figure 7.10: A segment below a free surface to illustrate the principles used for meshing
the surface with dislocation loops the center of each is a collocation point.

inclined arbitrarily. The segment, or its closest point to the surface, is at a certain depth
(z-depth) from the surface. If as above (Fig. 7.9), one considers a rectangular free surface
such that each of its sides 1s 20,000b in length. Then according to Saint Venant’s principle,
in order for the collocation point method to work accurately it requires a spacing between
the collocation points (centers of mesh elements/loops) to be equal to or less to the z-depth
of the segment in this figure. Taking the z-depth to be 400b this means that the average
spacing of collocation points should be 400b or less. Dividing 20,000b by 400b gives 50.
Therefore, the size of each of the mesh surface elements/loops in the uniform contiguous
mesh in Fig. 7.9(a) will be 400b or smaller. In other words, the total number of surface
elements/loops is 2,500 (50 x 50 mesh) which is also the number of collocation points (N

in Egs. (7.9) or (7.10)).

However, another question begs itself. When the larger elements/loops are divided into
smaller ones, how big is the size of the area to be divided as such? The authors hypothesize
that another/second application of Saint Venant’s principle can be made here. Specifically,
by looking at Fig. 7.10, if the length of the segment is 1 (or its projected length on the
free surface) then another length 1 should be added to each end of the surface projection
for a total length of 31 (see Fig. 7.10). Now this (3/ x 3/) area can be divided into smaller
elements/loops. This is the guideline to the creation of the “on-the-fly mesh”. To test this

new hypothesis, several figures/plots are created to verify it.
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Figures 7.11, 7.12 and 7.13 show stress plots for the above-described segment AB which
is here parallel to the free surface, by being also parallel to the x-axis, with the z-axis pass-
ing through the segment center. However, in these plots, the field points (all parallel to the
x-axis with y=0) are at a z-depth = 400b. Specifically, the field line is from (-1,000b, O,
-400b) to (1,000b, 0, -400b). The z-depth for the segment in these figures is 1,000b. Also,
the Burgers vector for the segment is taken as (1/+/3,1/+/3,1/+/3). In all of these figures,
we first start with a coarse mesh (25 x 25 elements/loops = 625 elements/loops). Secondly,
we make the first application of St Venant’s principle and thus have to use a mesh whose
elements are at max 400b in size which generates a 50 x 50 = 2,500 loops/elements in
the uniform mesh (see Fig. 7.9(a)). Third, we do an on-the-fly mesh by taking the center
element in the 625 mesh and dividing it into four loops/elements (similar to Fig. 7.9(b))
to give a total of 628 loops/elements (625-1+4) in this non-uniform mesh. Fourth or lastly,
we do an on-the-fly mesh by taking the center 9 elements (3 x 3) and divide each of them
into four elements/loops (similar to Fig. 7.9(b)). This results into 652 (625-9+36) ele-
ments/loops total in this non-uniform mesh. In all of these figures, the collocation-point
method using the segment algorithm described above, was compared to a known analytical
solution by Maurissen and Capella [39] for a parallel dislocation segment in an isotropic
half medium under an infinite surface plane. To make this comparison plausible with the
finite surface employed in the numerical collocation point method, the dislocation segment
is placed below the center of the surface and the surface dimensions or size is set to a large

value, 1.e. 20,000b.

Consider first Fig. 7.11. Here, Fig. 7.11(a) shows the 625 coarse mesh. Figure 7.11(b)
shows the fine 2,500 elements/loops mesh. Figure 7.11(c) shows a non-uniform on-the-
fly mesh with 628 elements, and Fig. 7.11(d) shows a non-uniform on-the-fly mesh with
652 elements/loops. For this figure, we consider a segment with length 1 = 100b (i.e. A
coordinates are (-50b, 0 ,-1,000b) and B coordinates are (+50b, 0 ,-1,000b). For the 625

uniform mesh, the average spacing between the collocation points is 800b. Since the field
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points depth is only 400b, the numerical solution is not expected to (nor does it) match
the analytical solution in accordance with the first application of Saint Venant’s principle.
This is clearly reflected in Fig. 7.11(a). For the 2,500 mesh, the average collocation points
spacing is 400D, so it is expected that the numerical solution matches the analytical solu-
tion for this case since the field points depth is 400b. Figure 7.11(b) shows such match.
For the 628 non-uniform on-the-fly mesh, since the average collocation point spacing in
the refined area right above the dislocation segment is 400b and the second application of
Saint Venant’s principle is valid (i.e. the refined mesh size of 800b is at least 31 = 300b
here), it is expected to find a match between the analytical and numerical solutions. Figure
7.11(c) shows such match. Lastly, for the 652 non-uniform on-the-fly mesh, both applica-
tions of the Saint Venant’s principle apply here and hence a match is expected between the

numerical and analytical results. This is shown in Fig. 7.11(d).

Consider Figs. 7.12(a-d) which have 625 elements (uniform mesh), 2,500 elements (uni-
form mesh), 628 non-uniform on-the-fly mesh, and 652 non-uniform on-the-fly mesh,
respectively. For these figures, we consider a segment with length 1 = 200b (i.e. A coor-
dinates are (-100b, 0 ,-1,000b) and B coordinates are (+100b, 0 ,-1,000b). Figure 7.12(a)
does not match the analytical solution because it fails to meet the first application of Saint
Venant’s principle whereas Fig. 7.12(b) does for these two uniform meshes. However,
if one resorts to non-uniform meshing through on-the-fly meshing then Fig. 7.12(c) also
shows disparity with the analytical solution since the second application of Saint Venant’s
fails here. However, if more larger elements than one element are sub-divided into smaller
ones as in the 652 mesh in Fig. 7.12(d) then a match occurs between the analytical and
numerical. This is so since the second application of Saint Venant’s principle applies here.
In this last figure, the finer mesh (i.e. sub-divided mesh) side length is 2,400b (3 x 800b)
which is greater than 31 (600b).
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analytical solution of Maurissen and Capella [39] for a horizontal segment beneath a free
surface. Here, segment length 1 = 100b, i.e. A coordinates are (—505,0,
—1,0000). (a) Uniform surface mesh, 625 elements, (b) Uniform
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Figure 7.12: Comparison between the numerical collocation point method solution and
analytical solution of Maurissen and Capella [39] for a horizontal segment beneath a free
surface. Here, segment length I = 200b, i.e. A coordinates are (-100b, 0 ,-1,000b) and B
coordinates are (+100b, 0 ,-1,000b). (a) Uniform surface mesh, 625 elements, (b) Uniform
surface mesh, 2500 elements, (¢c) Non-uniform on-the-fly surface mesh, 628 elements, (d)
Non-uniform on-the-fly surface mesh, 652 elements.
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The mismatches above with the 625 mesh and the 628 mesh continues with increased seg-
ment length 1 for the rest of the fixed parameters above. Now consider Figs. 7.13(a-d)
which also have 625 elements (uniform mesh), 2,500 elements (uniform mesh), 628 non-
uniform on-the-fly mesh, and 652 non-uniform on-the-fly mesh, respectively. For these
figures, we consider a segment with length / = 800 (i.e. A coordinates are (—4005,0, —1,0000)
and B coordinates are (+400b,0,—1,000b). According to the first application of Saint
Venant’s principle, the 625 and 628 should not show a match between analytical and nu-
merical solutions and Figs. 7.13(a) and 7.13(c) reflect that. Also, for the 2,500 mesh there
should still be a match between the two solutions and Fig. 7.13(b) reflect that. The small
mismatch is due to the segment now being a significant percentage of the finite surface
size of 20,000b which causes this situation to deviate even further from the infinite plane
situation upon which the analytical solution is built. According to the second application
of Saint Venant’s, at this length 1 the 652 mesh which has a fine or sub-divided mesh equal
to 31 (3 x 800b = 2,400b) should be a borderline on-the-fly mesh case for seeking a match
between analytical and numerical solutions. Looking at Fig. 7.13(d), it appears that this
postulation is correct. Now if the segment length increases beyond 800b, it is expected
that more mismatch will exist between the analytical and numerical solutions for the 652

mesh and that is indeed what is observed (figures are omitted here for brevity).

The above paragraphs illustrated the first and second applications of Saint Venant’s prin-
ciple in as far as the collocation point numerical method is concerned. Although the first
application was introduced in prior works [69], [16], [17], [18], the second application
introduced here was shown to be applicable and thus important for the on-the-fly mesh-
ing. The on-the-fly meshing was conceptualized in an effort to reduce computational time
involving the system of equations above (Eqgs. (7.9) and (7.10)). To show the amount of
time savings in the computations, Table 7.2 lists the time it took to compute the stress field
in the previous figures (Figs 7.11-7.13). The table shows that for the 625, 628 and 652

the computational time is similar. However, when employing the on-the-fly meshes (i.e.

134



Chapter 7. The treatment of singularities associated with a dislocation segment

Number of surface Time (seconds) to compute stress
elements/loops/collocation points field
625 32.26
628 35.88
652 38.67
2,500 452.34

Table 7.2: Comparison of the computational time for on-the-fly meshes with regular uni-
form meshes

628 and 652), a great reduction in computing time occurs compared to the fine mesh used
in these prior references. For example, with the 652 mesh a time reduction from the fine
mesh of 91.45% which is very significant since the outputted stress results are essentially

the same.

With the new segment algorithm described above, other types of meshes on a free surface
(besides ones shown in Fig. 7.9) are possible, like unstructured meshes (See Fig. 7.14).
For such meshes, especially with a high number of elements, it is possible that numerical
issues stemming from the Region 3 singularity pop up when evaluating the Kernel terms
at collocation points representing the center of the elements/loops (see discussion above
on the collocation-point method). For this random or unstructured triangular mesh, one
can plot figures similar to Fig. 7.11-7.13 above, to show that the collocation-point method
produces the correct surface correction terms (“image stresses”) in compliance with the
Maurrisen and Capella [39] analytical solution. However, such plots are not provided here
for brevity. For the collocation-point method described above, the term G){;i in Eq. (7.9a)
becomes here equal to Z?:l G){.Zl_”. , Where G){zHi is the oy, stress component of the /—th
segment of loop j acting at collocation point i. Similarly for Egs. (7.9b) and (7.9c). For
Eq. (7.11), Gg‘ B becomes for a triangular mesh with triangular loops/elements: Z?:l Gg(lﬁ
, Where Ggﬁ is the 0y stress component of the /—th segment of loop j acting at at any

material/field point P.
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Figure 7.13: Comparison between the numerical collocation point method solution and
analytical solution of Maurissen and Capella [39] for a horizontal segment beneath a free
surface. Here, segment length I = 800b, i.e. A coordinates are (-400b, 0 ,-1,000b) and B
coordinates are (+400b, 0 ,-1,000b). (a) Uniform surface mesh, 625 elements, (b) Uniform
surface mesh, 2500 elements, (c) Non-uniform on-the-fly surface mesh, 628 elements, (d)
Non-uniform on-the-fly surface mesh, 652 elements.

Alternatively, one can illustrate the use of this mesh in 3-D DDD simulations using the
following parameters: constant strain-rate loading in the yz direction, applied strain-rate
of 10s~!, one Frank-Read source lying on the x-axis with end point coordinates of (-
2000b, 0, 0) & (2000b, 0, 0), Burgers vector b= (0,1,0), the computational box (or RVE)
is 10,0000 in each side of the cube, the shear modulus 4 = G = 26.32 GPa, v = 0.33,
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mass density =2,710 kg/m?, and the dislocation mobility equaling 1,000 1/(Pa-s). In these
simulations, the unstructured triangular mesh is used on each of the six surfaces of the
computational box. Figure 7.15 compares the stress-strain results from the DDD simula-
tions for two situations: one not accounting for the free surface effects, and one employing
the collocation point method using the mesh in Fig. 7.14 to account for the effect of free
surfaces. As can be seen in Fig. 7.15, the incorporation of correct free surface effects
reduces the flow stress in the material by about 23%. This amount is considerable and its
exact number depends on factors such as the source length, the surface-to-volume ratio,
etc. Additionally to above, the new algorithm can also prevent the Region 2 or Region 3
singularities from talking place when an ensemble of dislocation segments are interacting

in space inside the DDD computational domain/box.

Figure 7.14: An unstructured triangular-element mesh used in the collocation-point
method for properly treating free-surface problems in the presence of dislocations

Instead of using a constant-strain rate experiment, as in Fig. 7.15, a creep experiment can
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Figure 7.15: Stress-strain diagrams for a case with no free surface effects (No surface
loops) and a case with free surface effects (Triangular surface loops). The computational
box is subjected to constant strain-rate loading

be performed. If the source is placed parallel and closely beneath a free surface, the image
stresses should be enough, once overcoming the lattice friction, to pull the dislocation out
of the crystal. Figure 7.16 shows such simulation with the different colors showing dif-
ferent time shots or snaps in time. The initially straight dislocation bow outs until it gets
absorbed in the surface at its middle region. The dislocation line continues to sink in the

free surface until at the end only two screw segments remain on both ends.
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Source Initial Position
Source Final Position

X

Figure 7.16: A dislocation source parallel and close to a free surface. The initially edge-
character source gets absorbed into the free surface as shown by the time stills of the source
(shown in dashed lines followed by the final source position
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7.4 Conclusions

Based on this research which properly treats the stress field around a dislocation segment
and its trailing line, i.e. its core region, to regularize it, the following conclusions can be
made. The space around the segment can be partitioned into three regions: one regular
region ahead of the segment, and one with a weak singularity in the trail of the segment
and one immediately around the core of the segment with a strong singularity. Also, the
r¢ (cutoff radius or radius of the core region) is found to be 3b which is a recommendation
stemming out of this work. Another conclusion is that the developed algorithm expands the
type of surface meshes used in collocation-point methods by allowing on-the-fly meshing
or unstructured meshes. This could generate time savings in the computations. The accu-
racy of the meshes’ results is subject to St Venant’s principle. Lastly, the research shows
the importance of incorporating image-stress effects for a free surface as that could signif-
icantly impact the calculated flow stress of the material. The algorithm also could prevent
problems in 3D DDD when dealing with ensembles of interacting and time-evolving dis-

locations in space.

Journal reference
Siddique, A. B., & Khraishi, T. A. (2021). The treatment of singularities associated with
a dislocation segment with applications. Int. J. Theoretical and Applied Multiscale Me-
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Dislocation multipoles in a crystal

Abstract

Plastic deformation in metals is dominated by the interactions among dislocations and
other defects inside the crystal. A large number of dislocation multipoles (dipoles, tripoles,
quadrupoles, etc.) can form during plastic deformation. Depending on the relative position
and the orientation of the dislocations, interactions in and between multipoles can change
the elastoplastic properties of a material. The authors of this article investigate the effect
of dislocation multipoles on the elastoplastic properties of a material. This is performed
analytically under different multipole configurations (i.e. the distance between active glide
planes and the signs of the dislocations) as well as using a 3D Discrete Dislocation Dy-
namics (DDD) code. The simulations show that multipoles exhibit a hardening/softening
effect when the sign of the dislocations involved is the same, and a hardening effect only
when the dislocations are of opposite sign to nearby ones. The distance between the two
neighboring dislocations was also affecting the proportional limit for the material. Such
hardening or flow stress results, as in this study, can be incorporated into larger-scale mod-

eling work.
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8.1 Introduction

Dislocations are a type of defect in crystalline materials. They are labeled as “line de-
fects.” In a typical crystal, many dislocations can exist and the dislocation density and
structure will have an effect on the physical properties of the material. When two or more
dislocations interact closely from same/different slip planes, they are labeled as “multi-
poles.” Multipoles can be of edge or screw type.Depending on the proximity of the dis-
locations in the multipoles,interactions among the dislocations can affect the elastoplastic
properties [72] . A material can be hardened or softened as a consequence of these in-
teractions.Stokes and Olsen [73] and Kroupa [27] described the mechanism of dipole for-
mation for both screw and edge dislocations. Gilman [72] and Neumann [74] studied the
interaction between dislocations and dislocation dipoles, tripoles, and quadrupoles. In the
two-dimensional study by Neumann [74], it was found that decomposition,i.e., splitting of
the dipole usually occurs more often than trapping of the approaching dislocations.To un-
derstand dislocation phenomena in the plastic regime,researchers and scientists developed
several codes that can simulate the dynamic behavior of dislocation interactions under
simple to complex configurations, which are often not captured in real experiments.Kubin
et al. [45] introduced a basic framework for three dimensional(3D) dislocation dynam-
ics simulations and various features were introduced in more recent dislocation dynamics
codes. In the current study, the simulations are performed on a dislocation dynamics code

developed by Refs. [51], [75], [761], [171, [55], [15], [18], [35], [77].

The first work to look at dipole interactions using discrete dislocation dynamics(DDD)
simulations is by Ref. [78]. In such work, it showed dynamic zipping and unzipping, i.e.,
dynamic coupling/de-coupling of dipole dislocations. Such dipole sources were initially
remote from one another unlike the initial equilibrium stacking studied herein.The nature
(stable/unstable) of the equilibrium points in a multipole configuration plays a vital role in

the elastoplastic behavior.The authors of this article present an analytical/theoretical model
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for stability analysis for any number of dislocations in a multipole configuration. This is
something that was lacking from the literature.All the analytical/theoretical model cases
presented in this article consider the dislocations as infinitely long. Although such studies
can provide an understanding of multipole stability, the infinite length of the dislocation
preclude the line tension effect, and the interplay between line tension and remote interac-
tions, on elastoplasticity. To address this lacking knowledge, we therefore also show DDD
simulation results of staggered Frank—Read (FR)sources [79] (pinned dislocation segments
on different slip plane)in a 3D finite volume. These represent multipoles in real-world
problems since both the medium and the dislocations are finite.Such simulations capture
both the line tension and the interaction effects on a material’s elastoplasticity.Detailed de-
velopment of the interaction equations among the dislocations in a multipole configuration
is shown in the Theory section, and the stability analysis is shown in the Stability of Mul-
tipoles section. The simulation setup is discussed in the Simulation Methodology section
for the reproducibility of the results. A comprehensive discussion of the simulation results

is presented in the Results and Discussion section.

8.2 Theory

The thermodynamic force F (also known as the Peach-Koehler force) acting on a disloca-

tion can be calculated by [11]
F=(ob)xé (8.1)

where 0 is the stress tensor at a point on a dislocation line due to internal and externally-
applied stresses, b is the magnitude and direction of the crystal distortion associated with
that dislocation (also known as the Burgers vector) and é is a unit vector along the dis-
location line (i.e. the line sense vector). Dislocations move in a slip plane when the
Peach-Koehler (PK) force is high enough to overcome the internal friction in the crys-

tal. A dislocation source multiplies when this force is large enough to overcome the line
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tension of the dislocation. Line tension T of a dislocation is given by [2]
T = aGb* (8.2)

where o =~ 0.5 — 1.0 and b is the magnitude of the Burgers vector. In the multiplication
of an initially straight Frank-Read source, it is assumed that plastic flow occurs when the
dislocation bows a half-circle [2]. This is also known as critical bowing. For critical
bowing, the critical shear stress is calculated as,

Terit = O‘? (83)

where R is the radius of the bowed dislocation. A similar derivation for the line tension

and 7., 1s given in [3].

8.2.1 Dipole

Consider two infinite (along z) edge dislocations laying on slip planes parallel to the xz
plane and separated by a distance d, as shown in Figures. 8.1 and 8.2. The glide force,
F, (PK force) acting on either dislocation due to their interaction when they both have the

same sign (Fig. 8.1) can be derived by inserting b = (b, 0,0) and é = (0,0,1) in Eq. (8.1),

<

Figure 8.1: Dipole stable equilibrium (same sign dislocations)
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Fy =0yby (8.4a)

2 2 02
p__ Gh x(x dz) (8.4b)

(8.4c)

where, Kk = % G and Vv are the shear modulus and the Poisson’s ratio of the material.

Equation (8.4)(b) was also provided in [2], [80], [81].

Figure 8.2: Dipole stable equilibrium (opposite sign dislocations)

When both dislocations have an opposite sign as in Fig. 8.2 (e.g. same Burgers vector but

opposite line sense) one can insert & = (0,0,—1) in Eq. (8.1) and then write,
no G[EP-1]

?d[ﬁ}

8.2.2 Tripole

(8.5)

Tripoles can be formed in different configurations. Figure 8.3 shows two tripole arrange-
ments where the dislocations lie on different slip planes. When all dislocations have the
same sign (Fig. 8.3a), the glide force F; at the top (or bottom) dislocation due to the

interaction amongst the dislocations can be expressed as,
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Y
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Figure 8.3: Tripole configurations. (a) Same sign (b) Opposite sign in zigzag pattern
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When the tripole dislocations are patterned in a zigzag (Fig. 8.3b) and are alternating

in sign, the resulting glide force F; at the top (or bottom) dislocation due to dislocation

interactions is given by

R G : -] @ [<f>2‘ﬂ .
[CE I I (CIeS]
And for the dislocation in the middle,
X 2_
) ((3)*-1] ©9)

e

146



Chapter 8. Dislocation multipoles in a crystal

8.2.3 General Multipole

In general, when all the dislocations have the same sign and are all lined up vertically, the
glide force F; on the top (or bottom) dislocation resulting from the interaction amongst the

dislocations is given by

- (8.10)

And for the dislocation in the middle when the number of dislocations in the multipole n

is an odd number,

Fo_ear () [ -2

o leree]

when n is even (middle is dislocation number n/2 + 1 counting from the bottom disloca-

(8.11)
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As for the top (or bottom) dislocation when all the dislocations in the multipole have a

zigzag pattern (similar to Fig. 8.3b) and alternating in sign, the force is given by

o G868’ -7

=Y (=1) (8.13)
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where, & = % — %(—1)%_" When n is even and for the middle dislocation (middle is

dislocation number 5 + 1 counting from the bottom dislocation)

(-] H"/“(l),.(%—[ fo [(5); ) };iz}
= 2=&) +i?

(GO

where &; = % — 5(—1)(%_i) For a quadrupole and pentapole configurations, these are pro-

(8.15)

vided in Appendix B (the configuration, the glide force, and the glide force versus x).

8.3 Stability of Multipoles

Figure 8.4 shows the glide forces F; for dipoles, as a function of x, and the equilibrium
points (where F, = 0) [2], [3]. For a dipole having same-sign dislocations (Fig. 8.1) there
exists two unstable equilibrium points (at x = +d) and one stable (middle) equilibrium
point at the origin (at x = 0). The two unstable equilibrium points occur when the relative
angle between the two dislocations is 45~ and the stable equilibrium point occurs when the

relative angle between the two dislocations is 0" (i.e. they are lined up vertically).

For the dipole with two oppositely-signed dislocations (Fig. 8.2), the dipole has two stable
equilibrium points (at x = £=d) and one unstable (middle) equilibrium point at the origin
(atx =0). %. The two stable equilibrium points occur when the relative angle between the
two dislocations is 45” and the unstable equilibrium point occurs when the relative angle

between two dislocations is 0° (i.e. they are lined up vertically).

For any perturbation from the equilibrium points, the glide force is directed towards the
stable equilibrium points and away from the unstable equilibrium points. In other words,
when any dislocation in a dipole configuration moves a little away from the stable equilib-

rium position, it feels a force that tends to bring it back to that stable equilibrium position.

148



Chapter 8. Dislocation multipoles in a crystal

' ' ' ' ' ]

: Same
0.4 —-—- Opposite

2n(1-v)F d/Gb*

Figure 8.4: Normalized glide force between two parallel infinite edge dislocations of same
and opposite signs

For an unstable equilibrium point, the opposite phenomenon occurs.

The region in space where a perturbation of the dislocation position tends to return it to an
equilibrium point is termed a stable region, whereas a region in space where a perturbation
of the dislocation position tends to move it away from an equilibrium point is termed an
unstable region. The same sign dipole has stable and unstable regions (the stable region is
|x| < d and the unstable regions are |x| > d) but the opposite sign dipole has a stable region
only (the stable region is —eo < x < +o0). Therefore, the opposite sign dipole should be
resistant to dislocation flow on an extended range whereas the same sign dipole is only
resistant to flow on a shorter range, and after that, it would not resist but rather assist in

the dislocation flow.

Figure 8.5 shows the glide forces F; for tripoles, as a function of x, and the equilibrium

points (where F, = 0). For a tripole having same-sign dislocations (Fig. 8.3a) there exists
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Figure 8.5: Normalized glide force for the tripole configurations in Fig. 8.3. “Same”
refers to all dislocations in the multipole being of the same sign. “Opp.” Refers to a zigzag
pattern of the multipole where the dislocations alternate in sign. “Top” refers to the top
dislocation and “Mid” refers to the middle dislocation.

two unstable equilibrium points and one stable (middle) equilibrium point at the origin.
This is true for both the top (or bottom) dislocation and the middle dislocation although
both have a relatively smaller region of stability. For Fig. 8.3b, there are also three equilib-
rium points with two being stable but with an infinite stability region. This is true for both
the top/bottom and middle dislocations. Note that the force/stability curves for the tripole
are more complex than for the dipole. For one reason, there are more of them to consider.
Also for the tripole (or higher order poles), the curves are not always anti-symmetric which

requires careful identification of peak or absolute peak values as shown in Appendix B.

From the stability figures (Fig. 8.5 and the Appendix B), it is evident that the top or outer
dislocation in the multipole configuration is weakly coupled with other dislocations in the
multipole and therefore subject to flowing first, i.e. detaching away first from the multi-

pole. In other words, it is the weakest link in the multipole. The middle dislocation on the
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Figure 8.6: Surface plot of the top dislocation when all dislocations in the multipole are
vertically stacked and of the same sign. Equation (8.10)

other hand seems to be more stable. With focus thus on the top/outer dislocation, Figs. 8.6
and 8.7 show surface plots based on Egs. (8.10) and (8.13). Each surface point shows the
PK force on the top dislocation of the multipole configurations. The force is a function of

n and x. The figures show the complex dependence on n and x.

Figure 8.8 shows the maximum absolute PK force values acting on the top and middle
dislocation. These maximum points are evaluated numerically, and each point shows the
absolute maximum force irrespective of the x-location of this maximum point on the force
curve. To get a curve for a middle dislocation at least three dislocation are required in a
multipole. As seen in this figure, all the curves seem to plateau to some limiting value
because the dislocation interaction has an inverse relationship to the separation distance
between dislocations in the multipole configuration, i.e. the distances between the top dis-
location and other dislocations will increase as n increases. Note in this figure that only

when n = 2 or n = 3 that the absolute value of the glide force is the same whether one
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Figure 8.7: Surface plot of the top dislocation when all dislocations in the multipole are

arranged in a vertical zigzag with their sign alternating between plus and minus. Equation
(8.13)
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Figure 8.8: Absolute maximum force for each value of n.
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considers a same sign multipole configuration (all vertically-aligned) or a vertical zigzag
configuration with alternating dislocation signs. For any other n, the glide forces are not
exactly the same. This figure shows that the middle dislocation could be twice as stable

(factor of 2) as the top dislocation with this factor depending on n.

8.4 Simulation Methodology

\!

-

(a) (b)

Figure 8.9: Same-sign pentapole configuration. (a) Five Frank-Read sources inside an
RVE (b) Front view of the RVE

To investigate the dislocation interactions mentioned in the Theory section in a three-
dimensional finite-sized space, a number of simulations are performed by placing two,
three, four, and five Frank-Read (FR) sources in different parallel slip planes (see Fig. 8.9
as an example) and applying constant strain-rate using the code developed by [6-14]. A
main part of the simulations is to calculate the PK force experienced, at any time step, by
the different dislocation segments in the computational box (Eq. (8.1)) and then applying

a mobility law:

ve = M,Fy (8.16)
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where M, is the glide mobility of the dislocations and Fy is the glide component of force F
in Eq. (8.1). The study aims to understand how the initial multipole configuration affects
the elastoplastic responses in the presence of external loading on the crystal. The shear
modulus for the selected material (Aluminum) is taken at 26.32 GPa and Poisson’s ratio is
taken as 0.33. The dimension of the representative volume element (RVE) for these sim-
ulations is 60,0006 x 60,0005 x 40,000b. The Burgers vector of the Frank-Read sources
is taken as [0 1 O]. The shear load is applied in the yz-direction, and the applied strain rate
is 10s~!. Dislocations lie parallel to the x-axis with a separation distance d. The length of

each dislocation is 4,0005.

The first group of simulations is conducted by changing the separation distance between
active slip planes for the same-signed dislocations in the multipole (dipole, tripole, quadrupole
and pentapole) configurations. Initially, all FR sources are placed on different slip planes
as they make 0° angle with each other with respect to the vertical axis. This is a stable

position for such multipoles, as mentioned in the Stability of Multipoles section.

Then in the second group of simulations, the dislocation sign was alternated between
neighboring dislocations while the dislocations themselves are arranged in a vertical zigzag
pattern. This is done for different multipoles (dipole, triple, quadrupole, and pentapole).
To reverse the dislocation sign one can take opposite Burgers vectors for the neighboring
dislocations, i.e. [010] and [010]. Here also, the separation between the dislocations on
the different slip planes is varied and the result of this is obtained and studied. In other
words, for the zigzag pattern each dislocation is making a 45° angle with respect to the
vertical axis with the neighboring dislocations. See Fig. 8.3b and the quadrupole and pen-

tapole figures in Appendix B.

At the start of each simulation, i.e. at time zero, the glide force F, experienced by any

dislocation, or dislocation segment, in the above multipole configuration can be obtained
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using Eq. (8.1). For this simulation setup Fy, = 0yb since é = [100]. Of course after the
bowing of the FR sources commence, each dislocation segment can experience both glide

components of the PK force, i.e. Fy and F,.

8.5 Results and Discussion

Stress-strain diagrams are generated for each 3D DDD simulation. Although these dia-
grams were generated for different dipole, tripole, quadrupole and pentapole configura-
tions, they are only shown here for the pentapole configurations for brevity and as ex-
emplary figures of the results of the DDD simulations. Figures. 8.10 and 8.11 show the
stress-strain responses of the RVE for different slip plane separations (normalized d) for
pentapole configurations with the same and oppositely alternating dislocation signs, re-
spectively. All the strain-stress diagrams are compared with a single FR source (labelled
as “One FR”) to capture any occurring hardening or softening phenomena associated with
the different multipole configurations. The proportional limit (stress value at the end point
of the elastic region) and the flow stress (averaged stress values over strain after any initial
drop in stress beyond the elastic regime) are recorded for each simulation. Note that in
Fig. 8.10, some stress-strain diagrams show a clear drop in stress value right after the elas-
tic regime. This sudden drop is similar to the YPP (Yield Point Phenomenon) observed
in low carbon steels, although the initial locking of dislocations here is due to the other

dislocations in the multipole, unlike YPP in steels which is due to the solute carbon atoms.

Figures 8.12-8.15 show the proportional limit and flow stress for different multipoles as
the separation distance d between any two slip planes is varied. The minimum d/b con-
sidered is 50. All the diagrams show both hardening and softening effects from the elastic

interaction between two or more FR sources having the same sign.
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Figure 8.10: Stress-strain diagram for the material under different pentapole separations
when all the dislocations have the same sign.
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Figure 8.11: Stress-strain diagram for the material under different pentapole separations
when the dislocation signs alternate between neighboring dislocations/sources.
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Figure 8.12: Comparison of Proportional Limit and Flow Stress of a dipole with a single
Frank-Read source when both dislocations have the same sign
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Figure 8.13: Comparison of Proportional Limit and Flow Stress of a tripole with a single
Frank-Read source when the dislocations have the same sign
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Figure 8.14: Comparison of Proportional Limit and Flow Stress of a quadrupole with a
single Frank-Read source when the dislocations have the same sign
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Figure 8.15: Comparison of Proportional Limit and Flow Stress of a pentapole with a
single Frank-Read source when the dislocations have the same sign
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This result shows good agreement with the information in the Theory/Stability of Mul-
tipoles sections regarding small source separations. For small separations, the sources
bow together, trying to hold each other in equilibrium as they bow (Fig. 8.16). This raises
the proportional limit (i.e. the critical bowing of source(s)) and thus the flow stress above
a one source. However, as the distance between the sources increases more and more, the
interaction effect of the sources on one another become less and less during bowing. This
results in the proportional limit and flow stress eventually dropping to the same level as
that of one source. For this kind of interaction, two parameters play an essential role in
conjunction with one another: one is the separation distance between any two slip planes,
and the other is the PK force due to the self-stress field created by the dislocations, i.e. the
line tension of a dislocation. This force, with perturbations in the self-stress of the dislo-
cations, can cause the same-signed dislocation sources to either take longer to critically
bow (i.e. a hardening or strengthening effect) or bow critically quickly, i.e. at lowered
strain value (i.e. a softening effect as seen in a stress-strain diagram). The reason for this
softening effect at very small d values, is that the interaction force is very high and any
perturbations in the bowing between the sources can at one point flip a stable position be-
tween any two nearby dislocations to an unstable position pushing the dislocations away
from each other instead of pulling them to stay together. That will accelerate the produc-

tion of strain at the same applied load value which is the exact definition of softening.

Another result from the simulations is that for any number n > 3, the DDD simulations
show that the outer FR sources bow out critically first before the middle ones. Figure 8.16
shows a snapshot of a quadruple were the outer sources are starting to take off, i.e. break
away from the pack, before the middle ones. This is in line with the stability discussions
above regarding infinite-length dislocations that the outer dislocations are the least stable.
This figure also shows how all the dislocations in a same-sign multipole initially bend/bow
together while trying to maintain their vertical originally-stable configuration. This con-

tinuous attempt to align the dislocations in a vertical configuration produces resistance to
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applied loading and hence a hardening effect that reflects itself on the PL results in Fig-
ures. 8.12-8.15.

Top
Middle 1
Middle 2

Bottom —

\_______/ y
X

Figure 8.16: A snapshot of a bowing quadrupole with four FR sources. The outer sources
are breaking away first from the pack.

Figures. 8.17-8.20 show different results for the oppositely-signed multipole configura-
tions (in a zigzag pattern) compared to the same-signed multipoles having the same num-
ber n (Figures. 8.12-8.15). Here also, the minimum d/b considered is 50. For smaller
separation distances in the oppositely-signed multipole configurations, both the propor-
tional limit and the flow stress are significantly higher than for a single FR source. It can
be as high as a factor of 3. For these multipole configurations, the entire slip plane acts
as a basin of attraction for all the Frank-Read sources back to the equilibrium points, as
shown in Figures. 8.4-8.5 (See Appendix B for higher-order multipoles). Thus one should
not expect any softening effect from this configuration because this continuing stability
of the configuration and continuous attraction to the equilibrium position hinders plastic
flow. Figures. 8.17-8.20 also show a good agreement with the study hypothesis: as the

separation distance increases, the stress-strain response mimics that of a single Frank-Read
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Figure 8.17: Comparison of Proportional limit and flow stress of a dipole with a single
Frank-Read source when both dislocations have opposite signs
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Figure 8.18: Comparison of Proportional limit and flow stress of a tripole with a single
Frank-Read source when the dislocations have alternating opposite signs
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Figure 8.19: Comparison of Proportional limit and flow stress of a quadrupole with a
single Frank-Read source when the dislocations have alternating opposite signs
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Figure 8.20: Comparison of Proportional limit and flow stress of a pentapole with a single
Frank-Read source when the dislocations have alternating opposite signs
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source response. This is true in the limit of high d values.

Top '[
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Figure 8.21: A snapshot in time of a pentapole (of the zigzag type) showing the interaction
between the different active sources. Here, d/b = 200. The arrows are pointing towards
dynamic dipoles.

It is important to note that in such simulations the ensuing dislocation microstructures can
be complex as they evolve with strain. This complexity is a function of the source vertical
separation (d/b) and the number of sources (n). To give one example of this complexity,
consider Fig. 8.21. In this figure, a pentapole is shown at one strain value and as can be
seen from the differently-colored dislocations/sources, their interaction is complex. This
snapshot shows, for example, the formation of multiple dynamic dipoles at that instant of
time. All such dynamics dipoles represent temporary pinning of dislocation motion/glide

and thus cause an increase to the applied stress value needed to maintain plastic flow.

The peak (maximum) and minimum values for the proportional limit (PL) and flow stress

(FS) from Figures. 8.12-8.15, independent of separation distance d, are plotted in Fig.
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8.22. Figure 8.22 shows how added dislocations in the multipole contribute to dislocation
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Figure 8.22: Comparison of Proportional Limit and Flow Stress of multipoles with a sin-
gle FR source (last legend) when the dislocations all have the same sign. All curves are
extrapolated ton = 1 (i.e. single FR source).

interactions that results in increased PL/F'S with n. Given the prior discussion on the sta-
bilizing effect of dislocations in a multipole, this result is not surprising. The curves in

Fig. 8.22 seem to be reaching a plateau similar to what is seen in Fig. 8.6.

There are a few things to note about this Figure. First, the dislocation/source interactions
are contributing to higher FS and PL than a single FR source (last legend in the figure).
Indeed, at the highest n (i.e. n = 5), this increase from a single FR source is about 55% or
a factor of 1.52 higher to critically bow a pentapole than to critically bow a single FR. A
higher factor is possible if n is higher. Note that this increase in PL is due to dislocation
interaction between sources and not due to line tension (which is driving the base value for
a single FR source). Hence dislocation interactions are shown here as clearly significant

for the elastoplasticity of a single crystal. Another thing to note about Fig. 8.22 is that
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if one divides the increase in PL value from n = 2 to n = 5, the factor here will be 1.33
(16/12). However, from Fig. 8.8 for the top dislocation (the least stable), the ratio of the
breakaway force for n = 5 compared to n = 2 is 1.76 (0.44/0.25). These values indicate
the effect of dislocation interaction going from n = 2 to n = 5 and not the effect of line
tension. Moreover, the reason the ratio from Fig. 8.8 is higher is that it considers infinite
dislocations. Therefore, it appears that the theoretical analysis done in the Stability of
Multipoles section is relevant to the analysis of finite-length sources arranged similarly as

multipoles.
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Figure 8.23: Comparison of Proportional Limit and Flow Stress of multipoles with a single
FR source (last legend) when the dislocations are zigzag-arranged and alternating in sign.

The peak (maximum) and minimum values for the PL and FS from Figures. 8.17-8.20, in-
dependent of separation distance d, are plotted in Fig. 8.23. Figure 8.23 shows how added
dislocations in the multipole contribute to dislocation interactions boosting the PL/FS over
a single FR source. However, unlike Fig. 8.22 for dislocations of the same sign, Fig. 8.23

for dislocations of alternating sign shows an oscillating behavior. These oscillations are
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similar to what is seen in Fig. 8.7 and should ultimately reach a limiting value with higher
n. Notice that the PL and FS maximum values in Fig. 8.23 are higher than those in Fig.
8.22. The reason for this was discussed earlier. Note also that the minimum PL/FS values
in this figure occur for large source separation d. An important outcome of these studies
is that there were significant changes in the elastoplastic properties of a crystal not from a
change in the dislocation density of that crystal but rather from changes in the configura-
tion and relative position of the dislocations in the crystal. This is an important outcome of

this work as dislocation density is a major parameter used in continuum plasticity models.

8.6 Limitations

The current study is limited to the hardening/softening of a crystalline material only due
to the dislocation interactions in a multipole. Here dislocations are kept equally apart from
each other in both same and opposite type multipole configurations. Moreover, the other
aspects of material hardening processes (i.e., solid solution hardening and precipitation
hardening) are not considered because the objective of this study is to understand the dis-
location interactions in a multipole and its hardening or softening effect on the crystalline
materials. In the analytical study, dislocations are considered to be infinitely long, so the
line tension is neglected. Though the DDD simulations are done with finite dislocation
sources considering line tension, the analytical prediction still reflects the results. Again
the unequal separation between dislocations in the multipole may somewhat alter the trend
of the current results. Simulations are done for a certain value of mobility constant, and

the effect of dislocation mobility is not studied in this research.
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8.7 Conclusions

In this article, the authors presented a study on dislocation multipoles, and presented an-
alytical stability diagrams/equations and 3D DDD simulation outcomes. The simulations
incorporated line tension effects whereas the analytical models did not since they assume
infinite length of dislocations. Although the simulations used finite-length dislocation
sources, the analytical models were still helpful in understanding the simulations. The
simulations showed that both hardening and softening behaviors in the material can oc-
cur. One of the main findings of this study is that zigzagged multipoles with alternating
dislocation sign only cause hardening. On the contrary, same-sign multipoles can exhibit
either hardening or softening behavior depending on the separation distance between slip
planes. At a separation distance of 4,500b, the sources act the same as a single FR source,
1.e. the interaction between them diminishes. Another important finding is that the elasto-
plastic properties of a crystal are dependent not just on dislocation density but also on the
configuration and relative position of the dislocations in the crystal. Yet another finding
is that dislocation interactions significantly contribute to the proportional limit and flow
stress of a crystal and not just the line tension of the dislocations. In future studies, one

could consider the initial source length as a parameter in the multipole configurations.
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Chapter 9

Multi-scale modeling of solute atom

strengthening

Abstract

Discrete Dislocation Dynamics (DDD) codes enable researchers and scientists to explore
the mechanical behavior of a material as impacted by its composition and microstruc-
ture. Understanding the strengthening mechanisms is very important for the development
of new materials with improved and desired mechanical properties. One of the mate-
rial strengthening/hardening mechanisms is solution hardening, and this method can be
fundamentally understood from particle misfit models and the theory/implementation of
dislocation dynamics. The overlapping of the eigenstrain fields of the misfit particles or
solutes and the dislocations impedes the motion of dislocations and results in material
hardening. This article incorporates the misfit particle model in a 3D DDD code in an
attempt to capture this phenomenon and find the strength of solid solutions (for a binary
Cu-Ni system) from the simulated stress-strain diagram. This study/research finds a good

agreement between the simulation results and experimental data. The authors also corre-
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late the strength differentials as a function of solute concentrations and compare them with

relations in the literature.

9.1 Introduction

Line defects or dislocations are mostly responsible for plasticity in crystals. A dislocation
causes stresses and strains in a solid material (called the self-stresses of a dislocation). The
hardening o fa material can be explained by the difficulty of dislocations’ movements and
their interactions with other impurities or defects in a crystal. In general, a solid solution is
designed to have a strength higher than its pure base element. In the process of solid solu-
tion hardening, interstitials or substitutional point defects are introduced in a solid matrix
or crystal. A point defect, or an impurity, distorts the lattice and generates an associated
stress and strain field (see Fig. 9.1). This stress and strain field interacts with the disloca-
tions’ stress and strain fields, impeding the motion of dislocations in the crystal, and thus
hardening the material. The hardening behavior in a metallic material can vary depending

on the composition of the solid solution.

() (b) (c)

Figure 9.1: Deformation field due to a substitutional atom in a pure crystal. (a) Perfect
crystal structure. (b) Crystal with a substitutional atom (solute atom is greater than matrix
atom). The shaded region is in compression. (c) Crystal with a substitutional atom (solute
atom is smaller than matrix atom). The shaded region is in tension.

Fleischer studied the atomic size effect and the modulus change effect on solution hard-
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ening [82]. [83], [84], [85]. The size difference between the solute and matrix atoms
can characterize the hardening effect of the solid solution. Riddhagni and Asimow [86]
showed the effect of the size difference between solute and matrix atoms on solution hard-
ening. This solid solution hardening can be understood in the context of the misfit particle
model. Eshelby [87], [88] derived the elastic field around an ellipsoidal inclusion and de-
scribed the method of generating the stress tensor atany point in the matrix due to a misfit
particle. Weeks et al. [89] showed an approximate solution for the elastic energy due to
the interaction between a straight dislocation and a bubble or particle at large separation
distances. Mura [90] presented the eigenstrain method for solving particle problems, in-
cluding misfit particle situations. However, the analytical solution must be reformulated

every time the problem configuration changes.

Lerma et al. [91], [92], [93], [94] presented the solution of the elastic fields of misfit
cylindrical and spherical particles, in infinite or semi-infinite mediums, using a dislocation-
based numerical approach (the distributed-dislocation method),which can apply to differ-
ent particle shapes as well.Scientists from several countries developed 2D and 3D Dislo-
cation Dynamics codes to better understand the phenomena related to dislocation motion
and interaction. These codes introducedthe opportunity to explore and understand many
phenomena during plastic deformation, which are difficult or sometimes impossible to ob-
serve in real experiments. Kubin et al. [45] first introduced the 3D Discrete Dislocation
Dynamics (DDD) simulation framework in a finite volume as a continuation of his work

with Lepinoux [95].

Khraishi et al. [15], [76], [57] presented 3D simulation results of dislocation interac-
tion with different types of hardening sources in metals. In a recent work, Liu et al. [96]
presented a three-dimensional DDD framework for particle-strengthened materials that ac-
count for dislocation glide, cross-slip, and self-climb mechanisms.It is rare in the previous

research works to find ones that emphasize comparisons to experimental data. In this arti-
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cle, the authors introduce a method to simulate solid solution hardening using a multi-scale
3D dislocation dynamics code [51]. The Methodology section presents a detailed mathe-
matical model and discusses different ways of dealing with the solute atoms. The Results
and Discussion section shows a comparison between experimental tensile strength data for
a binary Cu-Ni system, and flow stress computations captured from the DDD simulations.

The comparison is important to establish the efficacy of this newly proposed method.

9.2 Methodology

9.2.1 Theory
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Figure 9.2: Interaction between an edge dislocation and a solute atom. The solute atom
is shown using a thicker borderline. (a) Repulsion between dislocation and solute atom
compressive fields, (b) Attraction between dislocation and solute atom fields (compression
and tension, respectively).

An edge dislocation creates both tensile and compression zones in the material. When
a dislocation moves, the region of tension and compression also moves with the dislocation

line. When any dislocation approaches a substitutional atom, its strain field overlaps with
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the strain field of the substitutional atom. If the interaction happens between the tensile
zones of both dislocation and solute atom, then the solute atom repels, and thus impedes,
the dislocation’s motion. If the interaction occurs in the tensile region of a dislocation and
the compressive region of a solute atom, then the solute atom attracts the dislocation, and
this also impedes the dislocation’s further motion. In both cases, the dislocation’s motion
is hindered. Hence, dislocations cannot move easily in the presence of solute atoms, and

hardening increases with the presence of a solid solution.

@S)

Figure 9.3: Spherical coordinates in relation to Cartesian coordinates.

We can make an analogy of the solute atom problem with the particle misfit problem
(uniform radial-misfit particles of different elastic properties compared with their matrix

materials) and can write from Eshelby [87], [88], Lerma et al. [93], using a spherical
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coordinate system:

4GuC

Opr = — —3 (9.1a)
r
2GyC
Ogg =0p¢p = 3 (9.1b)
4Gy C
0/, =Chg = Gy = —R—“j 9.1¢)
P
Or9 =09y = Orp = 0 (91(1)
9 =Cgy = Oy =0 (9.1e)
where C = S—V;G , Gy 1s the shear modulus of the matrix material, r is the radial
an (1451 )

distance of a field point from the center of the misfit particle, §v' is the volume difference
between the matrix and the solute atom, Kp is the bulk modulus and Rp is the radius of the
solute atom. Due to spherical symmetry, the shear stresses are zero as in Egs. (9.1)(d) and
(9.1)(e). Equations. (9.1)(a, b, d) are showing the stresses for the matrix and Egs. (9.1)(c,
e) are showing the stresses for the misfit particle. For relatively small 8v' (6v' = Vp —Vjy,

where Vp = Volume of a solute atom and Vj; = Volume of a matrix atom), we can write:
8V =4 (Rp—Ry)R3 (9.2)

where Ry, is the radius of the matrix atom. Note that Eq. (9.1) is developed for an isotropic
medium. To transform Eq. (9.1) into the Cartesian coordinate system, we need a rotational

transformation (see Fig. 9.3) matrix [f], needed for second rank tensor transformations,

where
1 : : Iy Iy Iz
sing cos 0 singsin@  cos¢ = = =
B] = —sin 6@ cos 6 0 | = —% r% 0 (9.3)
—cos¢cos® —cosPsin® sing —r—rfr;—)fy —’7:_); rTW
And,
X r
_ 1T
y| = B]" |6 (9.4)
Z ¢
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And,
Oxx Oxy Ox Orr Orp Or¢
T
Oy Oy Oy | = [Bl" |06 Ope Oo¢ B] 9.5)
Ox; Oy; O Orp 069 Op¢

As a verification of Eq. (9.3), one can find the third row of the transformation matrix
[B] by making a cross-product between rows 1 and 2. Similarly, the second row of the
transformation matrix can be found from the cross-product of rows 3 and 1. The reason for
needing to do the second-order stress transformations is that the DDD method employed

here utilizes a Cartesian coordinate system.

9.2.2 Discrete Dislocation Dynamics (DDD)

The current study implements the above misfit particle model into the existing 3D DDD
code originally developed by Zbib et al. [5S1]. The code first approximates a curved dislo-
cation line by a piece-wise continuous (head-to-tail) set of mixed straight-line segments.
The average glide velocity v, of each dislocation segment is calculated using the following

formula [51], [11]:
Vg = FeprMyg (9.6)

where F, s 1s the effective force in the glide plane, and M, is the temperature-dependent

dislocation glide mobility. It is important to mention that the effective force Fgrs is cal-
culated at the center of each segment taking into account the line tension and force due
to adjacent segments, the long-range interaction force (each segment with other remote
segments), the force due to remotely applied stress, Peierls stress [97] and other sources
of stress (e.g. micro-constituents [57], [61], [98], [19], inside interfaces [15], [99], [100],
[101], free surface effects [18], [35], [34], [102], [49], [48], [54], etc.).
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The resultant Peach-Koehler (PK) force (from all the interactions and applied load) on

any segment j is calculated by the following Eq. [11]:

Fi= Y 6?+0"+6% | b; | xt;+FT 4 Fli! (9.7)
=1
i
i#j+1
i#j—1

where N is the total number of dislocation segments, O'iD is the stress tensor from remote
segment i, 6¢ is the applied stress tensor, 6 is the stress tensor caused by other sources of
stresses (i.e. free surfaces, solute atoms, micro-constituents, inside interfaces, etc.), ?j 18
the direction (or line sense) vector of dislocation segment j, and F/~t! and F//~! are the
interaction forces between segment j and j+ 1, and between j and j — 1 respectively, i.e.,
the two immediate neighboring segments. In the current problem, the eigenstress tensor
of a solute atom is calculated using Egs. (9.1) utilizing a spherical coordinate system and
then transformed, using Eq. (9.5), into a Cartesian system for use in ¢* in Eq. (9.7). This
is so because the DDD coordinate system is Cartesian as shown in Fig. 9.4 below and

discussed above.

A dislocation segment moves and increases in length depending on whether the acting
PK force is large enough to overcome the lattice friction, line tension, and/or any other
hindrances. Glide velocity for a segment is first calculated using Eq. (9.6) and then the
nodal velocities are determined. It is important to mention that each segment contains two
nodes and two adjacent segments have a common node. The nodal velocity is calculated
by taking an average of two adjacent segments’ velocities. Now the problem can be re-
duced to a set of non-linear first-order ordinary differential equations (ODEs) for the nodal

position vectors:

)?j:];}<)?1,)?2,)?3,...,)?k,6(t>> (98)
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where, k is the number of total nodal points and f] is the force at node j which is a
function of associated nodal vectors and the total stress. Solving Eq. (9.8), the nodal
displacements are obtained. Each dislocation’s motion contributes to material plasticity
which is described via the plastic strain-rate tensor D” [51].

N

D" = Y 8 (i 0b;+5, o) 9.9)
=1

where [; is the length of segment j, 7i; is a unit normal vector to the slip plane and V is

the volume of the simulated crystal.

9.2.3 Application of DDD to solution strengthening

Figure 9.4: Multiplication of a single Frank-Read (FR) Source

Figure 9.4 shows the DDD simulated multiplication of a Frank-Read (FR) source [79]
under external loading. Each line represents a snapshot in time of the expanding and mul-
tiplying source. To better visualize the different time snapshots of the FR source action,
refer to Fig. 9.5. A dislocation source multiplies to a critical bow and instigates after that

plastic deformation in the crystal, and then the multiplication continues and forms a series
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Copper Nickel
Density (Kg/m?) 8,960.0 8,908.0
Atomic radius (nm) 0.1278 0.1246
Atomic weight, A (amu) 63.50 58.69
Burgers vector magnitude, b (nm) 0.2556 0.2492
Shear Modulus (GPa) 46.0 76.0
Poisson’s ratio 0.34 0.31

Table 9.1: Material properties of Copper and Nickel [103]. Note that, 1 amu = 1.66054 x
107%Kg.

of closed loops. Some of these loops move out from the representative volume element
(RVE), or computational box, as they reach the boundary. During the multiplication pro-
cess, the motion of a dislocation source is hindered by any solute atoms present in the
crystal. As mentioned in the Theory sub-section, any substitutional atom restricts the dis-

location motion by either repelling or attracting it, and as a result, the material hardens.

We simulate this solid solution strengthening phenomenon, conducting constant strain-rate
experiments in a 3D crystal RVE by implementing the misfit particle model egs. (1-5) in
a 3D DDD code (by Zbib et al. [51]) to generate stress-strain curves and construct the
strength vs. percentage of solute atoms curve. For simplicity, we assume the RVE to be
isotropic. We chose the RVE or simulation volume/box for all the simulations to be cen-
tered on the coordinate system origin and of dimensions 60,0005 x 60,0005 x 40,0005,
where b is the magnitude of the Burgers vector. For Copper, b = 0.2556 nm. The material

properties of pure Copper and Nickel used in the simulations are presented in Table 9.1.

Dislocation mobility is assumed 10,000 1/(Pa-s) in all the simulations, irrespective of the
percentage of solute atoms in the solid solution. We pinned a Frank-Read (FR) source end-
to-end at nodal point coordinates equal to (—2,0005,0,0) and (2,0005,0,0). The Burgers
vector of the Frank-Read source is (0, 1,0), and the constant applied strain rate to the RVE

is 10s~! in all the simulations.
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(a) (b) (c)
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Figure 9.5: Timesteps ((a) — (1)) of a Frank-Read source multiplication shown in Fig. 9.4.

We have categorized the simulations based on the spatial arrangement of the substitutional
particles or atoms in the solid solution. Chronologically, the modeling of the particle-misfit
problem associated with solute atoms occurred as Completely random order, Simple cu-

bic (SC) structure, and Statistical and described below.
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Completely random order

We consider all the solute atoms (Ni atoms) to be randomly distributed in the Copper
matrix as per the weight percentages without altering the Face Centered Cubic (FCC)
lattice structure. The total volume of the RVE is 60,000 x 60,000 x 40,000 x (0.2556 x
1072)3 =2.4046 x 10~"> m3. We calculate the weight of a pure Copper RVE (using Table
9.1) as 2.4046 x 10~1° x 8,960 = 2.1545 x 10~ ''Kg. The total number of Copper atoms
N in the RVE is equal to (Wigyg /Ac, = 2.1545 x 10711 /(63.5 x 1.66054 x 10~27) =
2.0433 x 10'%) since the weight of one Copper atom is 63.5 amu (63.5 x 1.66054 x 10~%7
Kg). For any given weight percentage, say x% Nickel atoms in the Copper matrix, we can
find the approximate number of Ni atoms, n, using the following relation [103]:

XX Acy

- N 9.10
T X Aca + (100 —x) X Aw; ©.10)

where, Ac, and Ay; are the atomic weight of Copper and Nickel, respectively, and N is
the total number of atoms present in the matrix. For 1% Ni atoms by weight, the number
of Nickel atoms (eq. (10)) in the solid solution is approximately 2.2815 x 10'2. That
means 2.2815 x 10'% Ni atoms can affect the dislocation motion. Since the atomic weight
of Copper and Nickel are not significantly different, the number of Ni atoms increases
almost linearly with the increase of Nickel weight percent in the solution (see Fig. 9.6a).
The relationship between weight percentage and atom percentage is given in Eq. (9.11)
[103]:

Atm%cy, X Acy
Wt%c, = x 100 9.11
oCu Atm%cy, X Acy +Atm%pn; X Ani ( )

where, Wt% = Weight percentage, Atm% = Atom percentage, and A= Atomic weight.

We tried to simulate 1% Ni atoms in a Cu-Ni solid solution with the atom numbers/FR
source info described earlier. As the simulation marched in time, we found sudden bowing
of the dislocation source early in the simulations, which is unusual and unphysical for this

problem. We investigated the issue and discovered that in the random distribution of the
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Figure 9.6: (a) Atom percentage as a function of weight percentage. The dashed line is a
45° line to show the difference between atom percentage and weight percentage (i.e. they
are not one-to-one) (b) Eigenstress (in terms of Mises stress) of a misfit particle (shown as
a circle in the figure) as a function of normalized radial distance

solute atoms (per above), some atoms are very close to some dislocation segments and
are causing very high local stress (see Fig. 9.6b). Figure 9.6b shows the von Mises stress

[104] calculations which is given by this equation:

Oxx — Oyy)? + (Oyy — 03;)> + (05, — Oxx)? + 6(03, + 62 + O3
o \/( W)+ (O = 0z + (0z = P 63 HORHOZ)

2

Figure 9.6b plots the normalized von Mises stress versus radial distance from the solute
atom center (the atom being shown in the figure as a circle). For example, a solute atom
located 1.5R¢,, away <%LC": R 0.004) is causing a von Mises stress of about 0.004 x 46.0 x
10°Pa = 184 MPa. As a comparison, the yield stress of Copper at room temperature is
about 80 ~ 100 MPa [105]. This stress value, close to the solute atoms, is too high. Also,
the minimum distance between two atoms in the crystal lattice is two atomic radii (2R). For

this reason, the idea of the complete random distribution of solute atoms was abandoned.
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Simple cubic (SC) structure

Next, we considered the solute atoms to be distributed randomly in the RVE, as per any
studied weight percentages, but maintaining a SC lattice structure instead. Since both
Copper and Nickel have FCC structures; we assumed here for simplicity that the Copper-
Nickel solution obeys a SC structure. We know that in a SC structure, there is one full atom
per unit cell. In a SC structure, the lattice constant a = 2R = b. So the volume of one unit
cell is b x b x b = b and in the current RVE, there can be 60,000 x 60,000 x 40,000 =
1.44 x 10'* atoms. For 1% Nickel atoms in weight, the Copper-Nickel solution can have
approximately 1.5567 x 10'? of Nickel atoms. This number is less than the previously
calculated Nickel atoms (i.e. 2.2815 x 10'?) because the SC structure has a lower packing
factor than the FCC structure. Therefore, in a simulation of 1% Nickel by weight, there
are 1.5567 x 10'? atoms (still a large number of any simulation) that could affect the dis-

location dynamics.

In a SC structure, the minimum distance between two atoms is b = 2R. Then the com-
puted stress from the misfit model at r = 2R is about 74 MPa, which is less than the yield
stress of Cu but not significant. So for a high solute atom percentage, there could be the
possibility of an early blowout of the dislocation source (i.e. high stresses driving the dis-
location segments at high speeds to the outside of the RVE), and hence the model would
still be unphysical. Since the eigenstress (stress not emanating from the applied loading)
from the misfit particle model almost dies out after 5b (see Fig. 9.6b), we calculated in
the dynamic simulations the eigenstress at the center of each dislocation segment only by
considering the solute atoms within a 5b radius. This makes the simulation faster since
we are not considering all the solute atoms in the DDD computational box and without
a significant loss of accuracy from a stress calculation standpoint. Still, an average com-
puter may take days to continue the simulation with 1% Nickel atoms in a Copper-Nickel

solution to reach a strain of 0.15% in the DDD simulations. Some simulations may take
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months depending on the weight percent of Nickel in the solution. Hence this approach

has been abandoned as well.

Statistical approach

To mitigate the simulation time challenge, we took a statistical approach. In this approach,
we considered a pseudo-RVE (not the original large simulation RVE) of dimensions equal
to 20b x 20b x 20b as shown in Fig. 9.7, and considered the solute atoms in it placed
randomly in a SC lattice (pertaining to whatever weight percentages of the two species).
The random distribution of the solute atoms should be different for every dislocation seg-
ment and time-step of the dynamic simulation to mimic the actual random distribution of
solute atoms in the larger material expanse. We computed the eigenstress at the center of
the pseudo-RVE for all segments (with the center of the pseudo-RVE coinciding with the
center of a segment) at each time step and fed the eigenstress tensor into Eq. (9.7) for
calculation of the PK force in the 3D DDD code. This improved the simulation time over
the previous method but was not significant and could not eliminate the possibility of the

early blowout of the dislocation source during the simulation/multiplication.

In order to improve simulation time further, we want to find one stress tensor from the
randomly distributed solute atoms rather than randomizing the solute atoms in a pseudo-
RVE every time step. This stress tensor can be calculated before the simulation and can
be thought of as the stress tensor at each field point of the larger simulation RVE. As can
be seen from Eq. (9.7), the resultant PK force can be different for the same stress tensor
when the direction vector, or line sense, of a dislocation segment is different. We added
that stress tensor at the material or field points, representing segment centers, to the ap-
plied external shearing stress. This makes the simulation time impressively faster (around
four to five hours on an average computer). However, the possibility of an early blowout

of the dislocation source during the simulation/multiplication may still happen. Moreover,
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Figure 9.7: Randomly distributed Ni atoms (10% by weight) in a Cu matrix (dimension
of the box: 20b x 20b x 20b). Matrix atoms are not shown. The lattice structure of the
solid solution is assumed to be a “Simple Cubic structure” here for simplicity. This box is
termed a “pseudo-RVE” in this chapter

this raises a statistical argument of using one stress tensor for all time-steps. So to account
for this issue, we find the eigenstress tensor by averaging stress tensors from many ran-
domizations of solid atoms in the pseudo-RVE (205 x 20b x 20b). The use of this average
tensor should be justified statistically. It is worth mentioning that the von Mises stress
calculated from the average tensor is remarkably lower than one random stress tensor, and
the possibility of an early source blowout is no longer an issue! Note that for the simula-
tion of x% solute atoms by weight in the solution, we use in the DDD code the combined
shear modulus of the solid solution, similar to the “rule of mixtures” [106] used in finding
elastic properties in composite materials:

Giotute X X+ Gmarrix X (100 - X)
100

Gsolution = (9.13)

We also applied this rule of mixture to Poisson’s ratio and the Burger vector magnitude.
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9.3 Results and Discussion
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Figure 9.8: Average von Mises stress as the weight percentage of Nickel increases in a
Copper-Nickel solid solution

Figure 9.8 shows the trend of the average von Mises stress introduced by the solute atoms
as the weight percentage of the solute atom (Nickel) increases in the binary (Cu-Ni) solu-
tion. The average von Mises stress is calculated by averaging von Mises stress from the
stress tensors of individual randomizations. That’s why the average stress tensor from the
randomizations (which is found by individually averaging every stress component to con-
struct this average stress tensor) will not produce the average von Mises stress shown in the
figure. The von Mises stress curve (see Fig. 9.8) becomes smoother as the randomization
increases. The trend is quite symmetric, which qualitatively verifies the model. Another
verification is the shape of this curve, which is parabolic in nature. This makes sense since
at the midpoint; the slope is expected to tend to zero. This is because in a low percentage
of the solute atoms, the eigenstress is low; and in a high percentage of the solute atoms,

the eigenstress is also low because more overlapping in the tensile and compressive zones
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occurs. If one switches the roles of Copper and Nickel atoms in terms of which one is the
solute and which one is the matrix, Fig. 9.8 is still obtained due to the reasons discussed
above. In other words, in the limit (or for pure Cu or pure Ni), it is not expected that
the solute atoms randomizations would produce a net eigenstrain or eigenstress field and
hence the corresponding zero von Mises stress expected from such field (as is captured in
the figure). We see in Fig. 9.8, at a high percentage of the solute atoms, the calculated
average von Mises stress is almost ten times the yield strength of pure Copper. This result
is overestimated, or very high, because we see from Fig. 9.6b that the mathematical model

(Egs. (9.1)) overestimates the stress values.

In Fig. 9.9a, the flow stress of both Copper and Nickel is comparably smaller than the
experimental(tensile) strength. This may happen for many reasons. We only considered
a single Frank-Read source in the constant strain rate simulations and ignored the free
surface effects [18], [35], [34], [102], [49], [48], [54], [17], [16], [69]. Since the simula-
tions have only one dislocation source, the interactions from multiple dislocations [107]
were not considered here. Again the simulations” RVE is monocrystalline(single crystal),
whereas bulk materials are mostly polycrystalline. As a consequence, the grain size and
grain boundary effects could [11], [100], [108] not be captured in the simulations. All
the simulations ignored other kinds of dislocation interactions and phenomena that may
hinder dislocation motion. As a result, the simulation flow strength is much lower than the
experimental tensile strength of the bulk materials. Comparing the experimental strength
[103] (see Fig. 9.9b) and the flow stress of Copper and Nickel from the simulation, we
find the flow stress of both Copper and Nickel is about 11.89 times smaller than the exper-
imental strength values. This result was assuring as this one factor related to both species
(Cu and Ni). Based on this finding or result,the authors assumed that for any weight per-
centage of the solute atoms between the extremes of pure Cu or pure Ni, the results for
flow stress from the DDD simulations should qualitatively (and not quantitatively) follow

the experimental results for the tensile strength of this binary system (shown in Fig. 9.9b).
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This hypothesis will be verified later on.

To produce a comparative tensile strength diagram (Fig. 9.9b), we took on the following
approach. First, we pick any strength value oy, (the subscript e stands for “experimental”)
for a particular weight percentage (say x%) of the Nickel atoms from the experimental ten-
sile strength diagram [103], see Fig. 9.9b. Then we find another stress value o,; dividing
Oxe by 11.89. This oy is our “target flow stress” in the DDD simulations for x% Nickel

atoms in the Cu-Ni solution. The x here is any number between 0 and 100.

As described in the earlier section, we run the DDD simulation with the average eigen-
stress tensor, O 4y, for x% Nickel in the RVE. We find the flow stress from the simulation
and compare it with o,;. The eigenstress tensor then may need to be scaled to match the
target flow stress oy, for x% Nickel in Cu-Ni solution. This scaling factor can be chosen
iteratively to match the flow stress oy, for x% of Nickel atoms in the Cu-Ni solution. Once
we match oy, we store that eigenstress tensor 0 ,;. We then employ the stress tensor G
obtained for x% of Nickel in Cu-Ni solution for the other weight percentages of Ni in the
solution using Fig. 9.8. For example, to find the eigenstress tensor for y% Nickel in Cu-Ni
solution, we multiply the stress tensor O by a scaling factor equal to G‘y, v/ O Where
Oy and G‘y, 1 are the corresponding average von Mises stresses in Fig. 9.8 for x% and y%

of Ni. This helps us run DDD simulations for all weight percentages of the solute atoms.

Figure 9.9a shows the stress-strain curves obtained via DDD simulations for different
weight percentages of Ni in the Cu-Ni solutions via the process explained above. The
flow stresses in Fig. 9.9b are captured from the stress-strain curves of Fig. 9.9a. Fig.
9.9b also demonstrates the comparison between the experimental strength for the differ-
ent weight percentages of Ni (solute) atoms in the Cu-Ni solution [103]. Figure 9.9b is
constructed with two different y-axes so the values of experimental tensile strength and

flow stress from the simulations can be compared with a scale factor or qualitatively. Each
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Figure 9.9: (a) Stress-strain curves for different solute atom weight percentages. (b) Com-
parison between experimental strength and simulation flow stress for different weight per-
centages of solute atoms. The left y-axis is for experimental tensile strength, and the right
y-axis is for the flow stress from the simulations.

DDD simulation for one weight percentage took around four to five hours on an average
workstation. As we mentioned earlier, the flow stress values from the simulations are con-
sistently 11.89 times smaller than the experimental tensile strengths. The left y-axis of Fig.
9.9b is for the experimental tensile stress, and the right y-axis is for the flow stress from
the simulations. In Fig. 9.9b, we see an excellent qualitative agreement in experimental
tensile strength values and the flow stress captured from the simulations. This proves the
previously-stated hypothesis. Hence, this statistical approach for finding the eigenstress

values and their effect on dislocations allows for faster and acceptable simulation results.

Next, we investigate the exponent of the flow stress, or change of flow stress, due to the

addition of Ni (solute) atom in the Cu-Ni solid solution. We assume the relation to be,
AT = a(bx)¢ (9.14)

where 7 is the flow stress, x is the concentration (weight percentage) of solute atoms in
the solution and the parameters a, b, ¢ are determined by regression to get the highest

coefficient of determination (R”) as shown in Fig. 9.10a. Since the fit equation is nonlinear,
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Figure 9.10: (a) The Coefficient of determination R? as a function of solute atom concen-
tration. (b) Curve fitting of flow stress changes based on the simulation data, as well as
plots of two known theoretical equations for flow stress changes

to avoid regression complications, we iteratively feed the value of parameter ¢ and note
the maximum coefficient of determination R? for a particular value of ¢ and plot R? in Fig.
9.10a as a function of the solute atom concentration. The maximum value of R? that we
found for the exponent (parameter c) is equal to 0.46 with the coefficient of determination

being R* = 0.9912. Hull et al. [2] suggested the flow stress for x% solute atom as:

3
2

AT = V2Gx? (li—‘) 9.15)

where G is the shear modulus and ¢ is the misfit strain equal to <IM) . Arsenault

et al. [109] suggested another relation:
41
AT = KGe3x2 (9.16)

where € is the misfit strain, and K is a constant and equal to 0.0694.

Figure 9.10b shows the curve fits, and the theoretical equations, imposed on the simulation

flow stress data. As can be seen, the fit equation a(bx)?#® and a(bx)®> matched closely to
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the data points. For the exponent 0.46 and 0.50 we have presented parameters a, b, and R?

(coefficient of determination) in table 9.2.

Exponent a b R?
0.46 1.164 x 10° 1.031 x 10° 0.9912
0.50 6.033 x 10* 1.647 x 10° 0.9881

Table 9.2: Fit parameters for Eq. (9.14) using different values of exponent ¢

In Fig. 9.10b, the suggested relations by Hull et al. and Arsenault et al. assume a constant
value of the shear modulus, i.e. the shear modulus of the Copper matrix. The coefficient
of determination for Hull et al. and Arsenault et al. are 0.9646 and 0.9739, respectively.
However, it is more logical to take the shear modulus as a function of the solute atom
concentration (Eq. (9.13)). We did the curve fit in Fig. 9.11a to see how much the rela-
tions suggested by Hull et al. and Arsenault et al., but with an adjusted shear modulus,
match the simulation data. Both curves show improvement up to about 20% by weight of
solute atoms, and then they both stray from simulation data as compared with the closer
agreement in Fig. 9.10b which utilized a constant shear modulus value. We re-calculate
the coefficient of determination: R? = 0.6923 for the Hull et al. relation in Eq. (9.15),
and R? = 0.6594 for Arsenault et al. relation in equation. (9.16). Since the coefficients of
determination R? for both relations are significantly lower than their previous fit (0.9646
and 0.9739 per above), we suggest using a constant value of the shear modulus G in Egs.
(9.15) and (9.16), and not use a variable shear modulus value that depends on the solute
concentration. Also, since Eq. (9.14), with an exponent of 0.46 or 0.5 is providing the
best fit with the highest coefficient of determinations, moving forward the authors will

only focus on this fit equation and not Egs. (9.15) and (9.16).
Let’s turn our attention now to Fig. 9.11b. Although the chosen best-fit equation (Eq.

(9.14)) nicely predicts the changes in the flow stress similar to the DDD predictions, this

equation starts to deviate after 50% weight percent as it continues its upward-only trend.
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Figure 9.11: (a) Curve fits of flow stress changes with the shear modulus adjusted for the
solute concentration, plus the simulation data points for solute concentrations from 0 to
0.6. (b) Curve fits of flow stress changes using Eq. (9.14) imposed on the simulation data
points for solute concentrations from O to 1.

In other words, this equation cannot closely fit the whole range of data, i.e. 0% - 100%
weight percents. However, this equation can be fit for high solute concentrations in reverse
(see Fig. 9.11b). To fit high concentrations of Ni from 65% — 100% weight percents, we
look at this problem in reverse. This means we now treat Ni as the base matrix and Cu as
the solute. Doing so enables the curve fitting on the right-hand side of Fig. 9.11b.. Even
when we employ fitting and reverse fitting, Eq. (9.14) still overshoots above the 3D DDD
simulation data in Fig. 9.11b in the range between 50% and 75% weight percents. To
overcome this issue, one can consider instead a polynomial fit to cover the whole range.
The authors found out that the best polynomial fit is a fourth-order polynomial. For this
polynomial fit, the coefficient of determination R? is equal to 0.9968 (for the whole range
of solute atoms percentages) which is the best fit achieved in this study thus far. Specifi-
cally, the polynomial coefficients for this fit are: a; = —1.355 x 103, a; = —2.779 x 108,
a3 = —2.228 x 108, ay = 9.174 x 107, a5 = 3.634 x 10°. As can be seen, the polynomial
fitting allows for a natural fit equation that covers the whole range of data without having

to piece together fit equations.
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9.4 Conclusions

The current study presented several methods to simulate the solid solution strengthening
using a 3D DDD code. Among the proposed methods, the statistical method is found
to be the fastest and produces accurate simulations. Although the theoretical eigenstress
model overestimates the generated stress by the solute atoms in the solid solution, the au-
thors have shown a method, that relies on experimental input, to scale the computed stress
tensor and use it in the simulations. The simulation results have shown good qualitative
agreement with the experimental data and have proven the hypothesis that the shape of the
flow stress data for binary solution systems mimics that of the tensile strength data. The
authors therefore believe this approach can be expanded to other binary solution systems

not studied here.
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Surface Kernels

A.1 Kernel Equations
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Multipole

B.1 Quadrupole
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Figure B.1: Quadrupole configurations. (a) Same sign dislocations (b) Opposite sign dis-
locations
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Same sign dislocations: For top dislocation
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where K = %, d is the distance between two adjacent dislocations and v is Poisson’s

ratio.
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Figure B.2: Quadrupole: Normalized glide force between two parallel infinite edge dislo-
cations of same and opposite signs

Same sign dislocations: For middle dislocation (3rd from bottom). The number of the
middle dislocation in a multipole, counting from 1 at the bottom dislocation, is given by:

("Z1) 4 1if nis odd and 2 + 1 if n is even.
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Opposite sign dislocations: For top dislocation
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Figure B.3: Pentapole configurations. (a) Same sign dislocations (b) Opposite sign dislo-
cations

Same sign dislocations: For top dislocation
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Same sign dislocations: For middle dislocation (3rd dislocation from bottom)
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Figure B.4: Pentapole: Normalized glide force between two parallel infinite edge disloca-
tions of same and opposite signs
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