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ABSTRACT

For 2 < p < 4, we study the LP norms of restrictions of eigenfunctions of the
Laplace-Beltrami operator on smooth compact 2-dimensional Riemannian manifolds.
Burq, Gérard, and Tzvetkov [12], and Hu [21] found eigenfunction restriction esti-
mates for a curve with nonvanishing geodesic curvatures. We will explain how the
proof of the known estimates helps us to consider the case where the given smooth
compact Riemannian manifold has nonpositive sectional curvatures. For p = 4, we
will also obtain a logarithmic analogous estimate, by using arguments in Xi and
Zhang [37], Sogge [33], and Bourgain [10].

At the end of this dissertation, we will talk about a future work, which is a follow
up study for higher dimensional analogues of the above curve cases.



Table of Contents

List of Tables

1 Introduction
1.1 Outline of the work . . . . . . . .. . ... ... ... ... .. ... .
1.2 Notation . . . . . . . . .
2 Some Tools and Reductions for Theorem 1.1
2.1 Notation for symbols of pseudodifferential operators . . . . . . . . ..
3 Proof of Theorem 1.1
3.1 Proof of Proposition 2.5 . . . . .. .. ... oL
3.2 Proof of Proposition 2.4 . . . . .. ...
3.3 Proof of Proposition 2.3 . . . . ... ... 0L
4 Proof of Theorem 1.2
5 Proof of Corollary 1.3
6 Future Work
6.1 Higher-dimensional analogues of Theorem 1.2 and Corollary 1.3
6.2 Concluding remarks . . . . . . . ... Lo
References

vi

vil

13
14
25
28

31

56

60
60
67

69



List of Tables

6.1 FEigenfunction restriction estimates for hypersurfaces

vii



Chapter 1

Introduction

Let (M, g) be a smooth compact n-dimensional Riemannian manifold without bound-
ary and X a k-dimensional embedded submanifold. We denote by A, the associated
negative Laplace-Beltrami operator on M. By the compactness of M, the spectrum
of —A, is discrete. If ey is any L? normalized eigenfunction, then we write

Age,\ = —)\26)\, H@AHLQ(M) = 1, A Z 0.

Here LP(M) is the space of LP functions with respect to the Riemannian measure.
There have been many ways of measuring possible concentrations of the eigenfunctions
of the Laplace-Beltrami operator on a manifold so far. One of the ways of measuring
the possible concentrations of e, on a manifold is to study the possible growth of
the LP norm of the restrictions of e, to submanifolds of M. This dissertation deals
with the concentrations of the restrictions of ey to a curve with nonvanishing geodesic
curvatures of 2-dimensional manifold M.

We first review the previous results. We consider the operator 1y x1no(v/—2Ay),
which projects a function onto all eigenspaces of /—A, whose corresponding eigen-
value lies in [\, A 4+ h(\)], which are approximations to eigenfunctions, or quasimodes
in the sense that

1(Ag + M) Lpaenon) (V =B9) fllzzary < CARN fllzzanys 0 < R(N) <

for some uniform constant C,C" > 0. We will review the construction of /—A, in
Chapter 2. Recall that the exact eigenfunctions can also be considered as quasimodes
in that

Tpoatnon(V—=4g)ex = ex.

For h(\) =1 case, there are well-known estimates of Sogge [29] which state that, for
a uniform constant C' > 0 depending only on M,

ITpos (V=2 l2an s ey < CA@™M 0 X > 1, (1.1)



where

5(p.m) = e if p.<p< oo, p:2(n+1)
Tl (G-, i 2<p<p, T e
It follows immediately that
lleall ey < CA@™, (1.2)

The exponent p. is a so-called “critical” exponent. The work of Sogge [29] (see
also [30, pp.142-145]) also showed that the estimates (1.1) are sharp in that, for all
A > 1, there exist a function f, or a quasimode, such that

1Tt (v/ —=Dg) fallzeary > c)\‘s(p’")||f/\||L2(M), for some uniform ¢ > 0.

Sogge [28] showed that the estimates (1.2) are sharp for an infinite family of exact
eigenfunctions ey in that

lellzo@gny > X for some uniform ¢ > 0,

where M is the round sphere. Specifically, the p. < p < oo case is saturated by a
sequence of the zonal harmonics on the sphere, whereas 2 < p < p. case is sharp
due to the highest weight spherical harmonics on the sphere. The estimates (1.1)
or (1.2) are sometimes called “universal estimates” since they are satisfied on any
smooth compact Riemannian manifold. If one assumes nonpositive curvatures or no
conjugate points on M, the phenomenas are a bit different. For example, the geodesic
flow in negatively curved manifolds behave chaotically, and so, there may be smaller
concentration of the restrictions of eigenfunctions of the Laplace-Beltrami operator
to geodesics in the negatively curved manifolds.

If (M, g) has nonpositive sectional curvatures, we have some estimates of the case
h(A\) = (log \)~!

\o(pn)
I Lpxataog 011V =Ag) | L2(a)— e (ar) < Cp—(log NGT0k (1.3)

for some constant o(p,n) > 0. By using methods of Bérard [3], Hassell and Tacy
showed in [19] that the estimates (1.3) hold for o(p,n) = 3 with p, < p < 0.
This case was also recently investigated by Canzani and Galkowski [13] under more
general hypotheses. The case 2 < p < p. was investigated by Blair and Sogge [7-9],
Sogge [31], and Sogge and Zelditch [34].

There are analogues of (1.1) and (1.3) when we replace 1y x4n(x] by Reolp aino)s
where Ry, denotes the restriction map as Ry f = f|y. The metric g endows X with
induced measures, and thus, we can also consider the Lebesgue spaces LP(3). Works
of Burq, Gérard, and Tzvetkov [12], and Hu [21] studied estimates of the form

IR 0 Lty (V=) 2anpr(sy < CAFEM X > 1, (1.4)

where 2n_
n;l n2;2.’ ifk=n—1land2<p< anLl,
,Ok<p; n) n—1 n— i =n — 1 2n_ =
n== , ifk=n-—1, and =% <p < o0,
» n—1
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which in turn implies that
lleallLe(s) < CAPEP), (1.5)

These estimates are also called universal estimates since they hold on any smooth
compact Riemannian manifold. The exponent % is the critial exponent in this case.
They also considered other cases £k < n — 2, but we focus on k = n — 1 here and
below, since we will talk about (n,k) = (2,1) mainly in this dissertation. The work
of Tacy [35] considers generalizations of (1.4) in semiclassical setting. In [12], Burq,
Gérard, and Tzvetkov also showed the estimates (1.4) are sharp by showing that, for
all A > 1, there exists a function f, such that

||RZ @) 1[A7A+1](\/ —Ag)f)\HLp(E) Z C)\pk(p’n)||f)\||L2(M), for some uniform ¢ > O,

on any compact Riemannian manifold, and the estimates (1.5) are sharp by showing
that

lellzees) = eNPEP™) - for some ¢ > 0,

if the e, are the zonal harmonics or the highest weight spherical harmonics on the
round sphere M = S™.

Focusing on the case (n, k,p) = (2,1,2) in (1.4), they showed that, for an arbitrary
curve,

1
Rs o Ipary(V =Bl 2m)—r2(x) < CAE, A > 1

Burq, Gérard, and Tzvetkov [12], and Hu [21] showed that if ¥ is a curve v with
nonvanishing geodesic curvatures, then A/* can be replaced by \'/6.

Theorem 1.1 (Theorem 2 in [12], Theorem 1.2 in [21]). Suppose dim M = 2 and the
curve 7 is a unit-length curve having nonvanishing geodesic curvatures, that is,

9(Dyy', Dy') # 0, (1.6)

where Dy is the covariant derivatives along the curve . We then have that, for a
uniform constant C,

IRy 0 Tnar(V/ =Bl 22y < CAS,  A> 1. (1.7)
If follows immediately from this that
He)\HLQ(’Y) < C)\%, A> 1. (18)

This estimate was generalized to a higher dimensional analogue in [21, Theorem
1.4]. Again, the work of Hassell and Tacy [18] obtains generalizations of (1.7) in
semiclassical settings.

Burq, Gérard, and Tzvetkov [12, Section 5.2 and Remark 5.4] also showed that
the estimate (1.7) is sharp by finding a function f = f\ as above, and the estimate

3



(1.8) is also sharp when M is the standard sphere S?, and ~ is any curve with non-
vanishing geodesic curvatures. See also Tacy [36] for constructing sharp examples for
exact eigenfunctions on S™ or quasimodes. We will prove Theorem 1.1 again in this
dissertation in a different point of view, since we need estimates in our proof to prove
Theorem 1.2, which will be illustrated below.

Similarly, when (M, ¢g) has nonpositive curvatures, it has been studied that

\Pk(P:m)

[R5 0 Lpyat(os )11 (v —Ag) [ 2(an) - 1e(s) < CW’ A>1, (1.9)

for some constant ox(p,n) > 0 with the same constant pg(p,n) as in (1.4). In [14],
Chen obtained o4 (p,n) = 3 in (1.9) for the cases k =n — 1 with p > 2.

For k = 1, there also have been studies of critical or subcritical exponent. For
subcritical cases, Sogge and Zelditch [34] showed that for any ¢ > 0 there exists a

A(€) < oo such that

1/2
sup (/ lex ds) < e i, A> Ae), dim M = 2, (1.10)
v

vell

where II is the space of all unit-length geodesics in M, and ds is the arc-length
measure on . By using the methods in [34] with Toponogov’s comparison theorem,
Blair and Sogge [8] obtained 04(2,2) = %, which is an improvement of € in (1.10).
The works of Blair [5], and Xi and Zhang [37] obtain 04(4,2) =  for (unit-length)
geodesics, which is a critical exponent in that p = 22

As in the universal estimates, for the case (n,k,p) = (2,1,2) in (1.9), we can
expect that A/ may be replaced by A/¢ if 4 has nonvanishing geodesic curvatures,
analogous to (1.7). Moreover, by [12, Theorem 2] and [21, Theorem 1.2], we know
that

1
IR © Lpyatog )11V =Dl 2(any—reyy S CA373, A>1, 2<p<4

We want to show the analogue of this for 2 < p < 4 in the presence of nonpositive
sectional curvatures.

Theorem 1.2. Let (M, g) be a compact 2-dimensional smooth Riemannian manifold
(without boundary) with nonpositive sectional curvatures pinched between —1 and
0. Also suppose that v is a fixed unit-length curve with (1.6), i.e., (D', Diy') # 0.
Then, for a uniform constant C}, > 0 and A > 1,

1

573
(log \)2

IRy 0 Tpyatoe 11 (V=B 2any 10 < Gy , 2<p<d4,  (L11)

where C}, = oo as p — 4.
It follows from this that
A5 T3

(log A)

llexllzo) < Cp , A1, 2<p<4

4



We are assuming that the curvatures of M are pinched between —1 and 0, just for
convenience. We remark that, by scaling the metric, the bound (1.11) applies to any
compact Riemannian manifold with nonpositive sectional curvatures. Using Theorem
1.2, we can show the following estimate at the critical exponent p = 4.

Corollary 1.3. Let (M, g) be a compact 2-dimensional smooth Riemannian manifold
(without boundary) with nonpositive sectional curvatures pinched between —1 and
0. Also suppose that v is a fixed unit-length curve with g(D;y', Dyy') # 0. Then, for
a uniform constant C' > 0 and A > 1,

IRy 0 Tpyasoen-11(V = Al 2an-Li() < €

It then follows that

Ll

lleallzay) < C . A 1.

(log A)s

This corollary is a curved curve analogue to Blair [5, Theorem 1.1], and Xi and
Zhang [37, Theorem 1, Theorem 2].

1.1 Outline of the work

Even though Theorem 1.1 is already proved in [12, Theorem 2| and [21, Theorem 2],
we go through a variation of the proof of Theorem 1.1 in Chapter 3, since we need
some results from the proof to show Theorem 1.2.

In Chapter 2, we introduce some tools to prove Theorem 1.1. We will use pseudo-
differential cutoffs @); as in [8] to reduce our problem to Proposition 2.3, 2.4, and 2.5.
The support properties of the (); in £ are similar to a partition of unity in [12, Section
6].

We will prove Theorem 1.1 by showing Proposition 2.3, 2.4, and 2.5 in Chapter 3.
Stationary phase arguments, Young’s inequality, and Egorov’s theorem (cf. [32], [38])
will be the key points in the section.

By using Proposition 2.3 and 2.5, we reduce Theorem 1.2 to a simpler version
in Chapter 4. To show the reduced estimates, we lift the remaining problem to the
universal cover of the given manifold by the Cartan-Hadamard theorem. We will
use the Hadamard parametrix there to compute the remaining part. We will need
Proposition 4.8 to convert our problem to oscillatory integral operator problems. To
finish the proof of Theorem 1.2, we may need support properties of the oscillatory
integral operators. We will use the Hessian comparison there (cf. 23, Theorem 11.7])
to figure out the support properties.

Using Theorem 1.2, and the strategies in Xi and Zhang [37], Sogge [33], and
Bourgain [10], we will show Corollary 1.3 in Chapter 5.



1.2 Notation

. For nonnegative numbers A and B, A < B means A < C'B for some uniform
constant C' > 0 which depends only on the manifold under consideration.

. A~ B means cB < A < CB for some uniform constants ¢ > 0 and C' > 0, or
|A — B| < ¢ for a sufficiently small 0 < e < 1.

. A> B means A > CB for a sufficiently large C' > 0.

. The constant C' > 0 may be assumed to be a uniform constant, if there is no
further notice. The uniform constant C' > 0 can also be different from each
other at any different lines.

. For geometric terminologies, the notation draws largely from Lee [23].

. For terminologies of the pseudodifferential operator theory and Egorov’s theo-
rem, the notation draws largely from Sogge [30], [32], and Zworski [38].

. We use p(z,y) for the Riemannian distance between x and y.

. Certain variables may be redefined in different places when the arguments there
are independent of each other. For example,

e V may represent the gradient of functions in some places, and may be the
Levi-Civita connection in other places.

e « may represent a multi-index in some places, and may be deck transfor-
mations in other places, defined in the context of the universal cover of the
base manifold M.

e O represents partial derivative, but 9%¢ represents the Hessian of ¢.

e N may represent a unit normal vector to a given curve v in some places,
but may represent integers N = 1,2,3,--- in other places.

Tildes over letters usually denote the corresponding letters in the universal
cover of the base manifold, but sometimes, we also use letters with tildes
(or bars) when changing variables if needed.

e ¢ > ( appears in many places, and the meanings of ¢ > 0 there may be
slightly different, but all of them are sufficiently small but fixed at the end
of the computations in each computation,

and so on. However, the context in which we are using the notations will be
clear.



Chapter 2

Some Tools and Reductions for
Theorem 1.1

Let P = /—A,. We first review the construction of P. We review basic concepts
of pseudodifferential operators from [30] and [32]. We say that a function P(z,¢) in
C>®(R™ xR") is a symbol of order m, denoted by P(z, &) € S™, if, for all multi-indices

a and [,
O\ [0\
‘(a_f) (3) Fie

To a given symbol P(z,&) we associate the operator

< Cos(1+ fe)y 1.

P(z,D)u(x) = (2m)™" // YO P2, E)u(y) dE dy
= (2m) [ o9 Pl €)a(e) de

We then say that an operator P : C5° — C* is a pseudodifferential operator of order
m if it is equal to P(z, D), for some P(z,§) € S™ as above. It is known that the
pseudodifferential operator can also be extended to an operator from &’ to S’, where
S’ is the set of tempered distributions (see also [25, Definition 3.4]).

If we have symbols Pj(z,§) € S™, where mg > my > --- and m; — —oo, then
we write

Pwin, or P~) P,
j=0

when we have that

=

-1

P(z,8) — Pj(z,€) € S™, for any N.

<
Il
o



We then can define classical pseudodifferential operators on a compact Riemannian
manifold M. Suppose that €, is a local coordinate patch and vy and ; are in
C§°(€2,). Also suppose that ¢, = 1 in a neighborhood of supp(#y). If the operator

Pyu(y) = do() - P(d1-uoky)(z), u=r,(z), ueC®()

is a pseudodifferential operator of order m in R™, then a map P : C*°(M) — C*(M)
is called a pseudodifferential operator of order m on a compact manifold M. The
operator P is said to be classical if, in every local coordinate system, we have

P($75> ~ me*j(*%?f%

where P,,_; is homogeneous of degree m — j. In this case, we write P € ¥(M).
We are now ready to review the construction of /—A,.

Theorem 2.1 (Theorem 3.3.1 in [30]). Let @ be self-adjoint and positive with m > 0.
Then the operator Q'/™ defined by the spectral theorem is in ;. Its principal symbol
is (q(z, €)™, if g(x, &) is the principal symbol of Q.

In our case, we consider () = —A, and m = 2 in Theorem 2.1.

Theorem 2.2 (Theorem 4.2.15 in [32]). Let A, be the Laplace-Beltrami operator on
a compact Riemannian manifold (M, g). Then P = /—A, is a first order self-adjoint
classical pseudodifferential operator with principal symbol given by

n

pla,&) = | D ¢ @)

J,k=1

Here, the matrix (g/%) is the inverse of the matrix (g;1.), and g;1(q) = g, ( o 0 )

%j’ oxy,

We consider n = 2 throughout this dissertation except the last chapter for future
work. For some €y > 0 sufficiently small, let y € S(R) be an even function such that

x(0) =1, x(t) >0 for [t| <1, 2.1)
supp(X) C {t: €/2 < |t| < €}, Supp(?) C [—2e¢0, 2¢¢], '
so that
XA — Pey = ey.

Assume that v has a unit-speed (parametrized by arc-length). With this in mind, to
prove (1.7), we now want to show

XA = P) fllrzey S A8l fll ez, (2.2)

that is, we can replace the spectral projector 1y x1)(P) by x(A — P). Indeed, the
operator x(A — P) is invertible on the range of the spectral projector 1y x11(P) and

IX(A = P)"" o Lpoagy (Pl 2o —rz2on S 1,



and so, it suffices to show (2.2).

Fix xo € C3°(R) satisfying xo(t) = 1 for [t| < 1 and xo(t) = 0 for |t| > 2. We also
fix xo € C§°(R) that satisfies xo(t) = 1 for [t| < 3 and Xo(t) = 0 for [¢| > 4. Choose
a Littlewood-Paley bump function x; € C§°(R) that satisfies x1(t) = 0if t & (1/2,2)
so that we write

o

Z 1(27t) =1, fort#0.

j=—00

We will use Fermi coordinates frequently in the rest of this dissertation. We recall
basic properties of Fermi coordinates briefly here. Let v and M be as above, let N be
an element of the normal bundle N+, let £ C T'M be the domain of the exponential
map of M, let £, = ENN~, let E : £, — M be the restriction of exp (the exponential
map of M) to &,, and let U C M be a normal neighborhood of v with U = E(V) for
an appropriate open subset V' C N~. If (W, ) is a smooth coordinate chart for ~,
we define B : (W) x R — N~|w, by

B(xhvl) = (an1N|q)a where ¢ = 1/’_1@1)7

by shrinking W) if necessary. Setting Vo =V N N~|w, C Nv and Uy = E(V;) C M,
we define a smooth coordinate map ¢ : Uy — R? by ¢ = B™1 o (E|y,) ",

¢ E(q,v1Ng) = (21(q),v1).

Coordinates of this form are called Fermi coordinates. We list here properties of
Fermi coordinates from [23, Proposition 5.26].

1. y N Uy is the set of points where v; = 0. Setting zo = vy, the curve v is
{za = 0} = {(21,0) : |z;| < €} in Fermi coordinates. We can take a small
0 < € < 1 by a partition of unity if necessary.

2. At each point ¢ € v N Uy, the metric components satisfy that

0, i=1 and j=2,
9ij = Gji = 1 i=j=2

3. For every ¢ € yN Uy and v = v Ey|, € Ny, the geodesic v, starting at ¢ with
initial velocity v is the curve with coordinate expression 7,(t) = (21(q), tvy).

For detail, see [17, Chapter 2], 23, Chapter 5], etc. If we identify a covector £ with
a vector, then, in Fermi coordinates, we have

€]y = g ()65 + &, for x € 7,

where (¢9) = (gi;)*. Also, we observe that ¢g'*(z1,0) = 1 for 2 = (21,0) € v in
Fermi coordinates, by the arc-length parametrization.



Suppose £ is a covector and N is a unit vector field normal to . Here, £(IN) means
(€#,N),, where £# is the sharp of £ as a musical isomorphism. In Fermi coordinates,

N = %. Set J = |logy A% |. We write

= () e (V)

Jj=—00
where
J—1
Xs(t) =1~ Z xi(t), X7 € CgP(R), supp(xs) C {t:[t| <1}
j=—o00

Here, if j < —1, the term x1(27]£(N)|/|¢,]) is zero, and thus, the sum is a finite sum,
since [€(V)] S Il

We will consider decomposition using pseudodifferential cutoffs in Smith and Sogge
[27], and Blair [4]. In Fermi coordinates, if j < J—1, we define the compound symbols

qi(,9,€) = xoleg ' p(x, 7)) Xoleo oy, V)xa (2 |&N/IEL) T (1l /A),  (23)
where d, = p, and T € Cj°(R) satisfies
Y(t) =1, fort € [e,¢]'], Y(t)=0, fort ¢ [%,201’1} ,

with a small fixed number ¢; > 0. Invariantly, we can also define the compound
symbols by

(V)]
€l

q; (2,9, €) = xoley oz, 7)) Xo(eg ' p(y, 7)) xa (2j ) T(Elg/N)- (24

If y = J, we define, in Fermi coordinates,

05(2,9,€) = Xol€5 ' pla, 1)Ko (66 ;1)) Xs ANl /[l T (€L /), 0 <o < 1,
or invariantly,
[E(V)]
€l

Let @); be the pseudodifferential operator with compound symbol ¢; whose kernel
Q;(z,w) is defined by

as(,y,€) = xoleg 'l 7)) Xoleg (Y, 7)) X (Aé ) T(|Elg/N), 0<e <1

Qj(z,w) = (271r)2 /ei("”w)'”qj(x,w,n) dn. (2.5)

As in [8], in Fermi coordinates, we know from the homogeneity in { and |£| = A that
1D} DD qj(,w, )| < Cayag,527 %2 A711171021 0 for all o, a,
|8£’ij(x,w)| < ON27INTFBNT 4 Ny — | + N2 |ay — 1o)™Y, for N =1,2,3,--,

sup/]Qj(x,wﬂdw, sup/|Qj(3:,w)|d3:§ 1.
(2.6)

10



Now, for (2.2), we are reduced to showing that

1> Q50 XA\ = P)fllzy S A8l Fllzan, (2.7)
i<t
and
1= Q) o x(A = P)flleeeyy < CvA N fllzany, N =1,2,3,---.  (28)

Jj<J
The estimate (2.8) follows from Young’s inequality and the analysis of its kernel.
Proposition 2.3. The kernel (I —>_._;Q;) o x(A — P)(z,y) satisfies
([ - ZQ]) © X()‘ - P)(l',y) = O()‘iN>7
J<J
for any N > 1.

We will talk about this later in Section 3.3. To see (2.7), we consider j = J
separately.

Proposition 2.4. We have

1Qs 0 X(A = P)fllzz¢yy S Ae N fllzzn-

We will talk about this proposition in the next chapter. Assuming this proposition
is true, we would have (2.7) if we could show that

> 1Qs 0 x(A = P)fllzacyy S A5l| fllzaan.

Jj<J-1

which follows from

1Qs 0 XA = P)flliaiy S 221 lzqany 4 < J 1.
To see this, we further split (); into two operators Q; +

Qj = Qi+ +Qj -,

where the compound symbols g; + of the Q; 1 are

4= (2,4, €) = xo(2)Xo(y2) x1 (£27&/1€]) T (€] 4/ ),
in Fermi coordinates. We would have (2.7) if we could show the following.

Proposition 2.5. If j < J — 1, we have

i
1Qj+ 0 X(A = P)fllraiy S 221 fll 2y

We will also prove this proposition in the next chapter.
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2.1 Notation for symbols of pseudodifferential operators

The pseudodifferential operator ); above is defined by using the compound symbols
¢;(z,y,€), but sometimes we will identify the compound symbol ¢;(x,y, &) with the
usual symbol ¢;(z, &), modulo smoothing errors, especially when we apply Egorov’s
theorem and the theorem is stated with usual symbols of pseudodifferential operators.
Indeed, recall from the pseudodifferential operator theory (cf. [30, p.97] or [32, pp.92-
pp.93]) that there exists a symbol g;(x,&) such that

[ e de— [ 06) a

is smoothing of any order.
In fact, our case is simpler then the case in [30] or [32]. By construction, if
7 < J—1, then

€V
[€lg

q;(z,y,€) = xo(eg " dy(, 7)) Xolen ' dg(y,7))x1 <2j > Y(|€]g/A) = G;(z, v (y),

where
35(5,€) = xoleg dy(w, 1)) (

Note that

;1EY)]

o BUOD) g, 0, 00) = Rl

Gi(x, &) = q;(,4,€) + ¢;(x, &) (1 = ) (y).

We want to show that the contribution related with ¢;(z,£)(1 — v)(y) is negligible,
that is,

Al )= 0)(w) = [ DG, 6)(1 - v)(0) de
is smoothing. By the construction of xo and X, if y € supp(A(z,-)(1 —)(-)), then

|I‘ - y| Z 17 for z € Supp(dj(?é))
Since V¢((z —y) - §) = x — y, we have, for £ =0,1,2, -,

o i 1
[ a0 =) e = [ (A9 (0 — ) )
1
—/ (A )M (g, €)) (1 — W(y)m dg.
Since we know |z — y| 2 1 here, it follows that the last expression is smoothing.

We thus can replace qj(:c y,€) by gj(x,&) in the following analysis without any loss
whenever we want. Same arguments will work for j = J. For simplicity, we may
write ¢;(z, &) as g;j(x, ).

The same principle is applied to any other symbols of pseudodifferential operators
unless otherwise specified.

12



Chapter 3

Proof of Theorem 1.1

Note that
YO~ P)f(z) = / ¢O-PUE(1) f () dt = — / SR (1)e P (2) dt.

2 :%

We first recall from [30] or [38] that, by the Lax parametrix, there exist ¢ and a such
that, up to smoothing errors,

e_itp(x,w) = /ew(t’x’g)_iw'ga(t,x,f) dg.

Here, the phase ¢ = p(t, z, ) satisfies, for small enough ¢,
re(dep(t, 2, €), ) = (2, dop(t, 2,€)), (o1, Ke(y, £(0)) = (2,£(1)))

(3.1)
Opp + p(x,dop) =0, ¢(0,2,8) = (z,¢),
where, for Hamiltonian p(z, ) = |£|4), we have Hamilton’s equation
T = d€p> 5 = _d:cpa

that is, with [¢|2 = ¢'!(2)£} + & in Fermi coordinates, we have that

‘ 1, . By 9" ()2

() = S8 g gy - Ong G

hat) = S, ylr) = Sl W

’5‘9(1) |€|g(w)

and, r; : R* — R* is the Hamiltonian flow of p(z,§) = [£|4x) and homogeneous in &.
Also, the amplitude a satisfies

07 020F alt, 2,€)| < Crap(1+ 1),
and so,
00208 alt, 2, AE)] < Cras\I(1 + M) . (33)
Note that the right hand side is dominated by C; . sAP/(1+\|¢]) 711 < O 05 if €] = 1.

In this chapter, we prove Proposition 2.5, Proposition 2.4, and (2.8) in order.

13



3.1 Proof of Proposition 2.5
By a TT* argument, Proposition 2.5 follows from
1Qj+ 0 X’ (N = P) o Qf s fllizyy) S 2N fllezery, 5 <7~ 1 (3.4)

We focus on the operator Q; yox*(A—P)oQ} .. The argument for Q; _ox*(A—P)oQ}
is similar. We write

Qo= PIo Qs (0) = Qo (5 [0 i) 0 ;] 10
~ 5 [ Kostw )
where
Kislo) = [ @530 (Quroe™ 0Q;,) (o) de. 3:5)
By Egorov’s theorem (cf. [38, Theorem 11.1], and/or [32, Chapter 4]), we have
Qiroe ™ =e""oB, .,

where B, ; ; has a symbol
bt,j,-i— = K:Qj,-i- + b/ = Qj7+ O Ryt + b/.
Here, k}qj_ is homogeneous of degree 1 in &, and |9°b| < C! \~122727lel < C A 52dl

for all a. We will ignore the remainder ¢'. Indeed, let B’ be the operator whose
symbol is b’ such that

T (2n)? /ei(x_y)'gb,(%%f) d§.

The size estimates |0°0| < C,A~3271°] are better than the size estimates of Ky qj+ and
¢j+- Also, the symbol ¥/ is compactly supported with supp(d’) C supp(k_¢(supp(g;)))-
Thus, the arguments below will work when we replace k;¢;+ by b’ but with better
estimates. Hence, for simplicity, we write b; j + = K{q; +-

Without loss of generality, we can assume that a(t, z, A\§) is compactly supported
in ¢, independent of A. Indeed, first let h;(2,y,1) be the symbol of By o QF. By
construction, hy(z,y,n) is supported near || &~ A7!. Let 8 € C§° be a bump function
with =1 in a neighborhood of supp(h:(z,y, A(-))). We then have that

(e oBy o Q;)(z,y)

A\ ,
= _<2 )2 /// ezx\[<ﬁ(t,az,§)*z-§+(zfy)-17]a(t, z, )\f)ht(z, Y, )\T]) dz d€ dn.
s
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Integrating by parts in z, we have, for N =1,2,3,-- -,
‘/ [ esotimersestemnnl(y - e)yate, v 06 (e, M) s de i
s/ / (14 A€ = 1)1 = BEO)alt, 2, \hu(z, y, M) d dE dy
151, Inl~1
s/ (L NE— ) dgdn s [ e de A
le—nl21, nl~ €21

Since we can ignore this contribution, we can assume that a(¢,z, A§) is compactly
supported in &, by replacing a(t, z, A§) with 5(&)a(t, z, A) if needed.
We write
)\6
(2m)*

W(t2,y,€) = //// N0y (1w, 7, C) du dip d d,

Q(w,n,2,¢) = )&+ (w—2)-n+(z—y)-(

Uj,+<t7 w, 1, z, C) - ,Uj7+<x7 Y; t? w,n, z, C) - a’(t7 x, )\g)bt,j,+(w7 Z, )‘n)Qj,+(y7 Z, )‘C)
(3.6)

(P 0 Byyy 0 Q. )(,y) = / AT VOV (¢ 2y €) d,

where

3 —itP *
We first consider the kernel e 0B+ 0Qj ..

Lemma 3.1. Let ®,v be as in (3.6). We have

(e ﬂtPOBtJJrOQ]Jr)(x y)_)‘2/ tethod)= yg)aj(txyf) d§
A6 .
+pei(ty) [ N0 a2 06) de

(2m)
(3.7)
where

N-1

ity &) = Z LZ(UJJr Yyt y, &y, 5)) and |Ry| < C’N/\_%, (3.8)
1=0

and the L; are the differential operators of order at most 2/ with respect to the
variables w, 7, z, and (, acting on v; 4 at the critical point of ®(w,n, 2, ().

Proof. Since

vw,n,z,cq) = ((I)fu” (I);], q)in q)/g) = (_g + nw—z, g /2 y),



the critical point is (w,n, 2z,() = (y,&,y,£). We consider the stationary phase argu-
ment. The Hessian of ®, denoted by 9?®, is

(I)Z)w CI)Zm CI)Z)z (I)”( O I O O
S I O VA A I 0 -1 0
0°P = o ol o CI)//< = O —-I O I

zZw zn zz z

o B DL D 00 I O

By standard properties of the determinant, we have |det(9?®)| = 1. We begin by
computing the signum of ®. Let e be an eigenvalue of 9>®, that is, det(9?*® —el) = 0.
If e = 0, then | det(9?® — el)| = 1 # 0, which is a contradiction, and so, e # 0. With
this in mind, using the properties of block matrices (cf. [24], [26], etc.), we have

det(0°® — el)

— ¢t ((6—32—1)2: (=12 =) = (2 —e— 1) +e— 1)

B 145\ 1- V5 “145Y) “1-V5\
T ‘T T )\ T )

This gives us sgn(9?®) = 0.
By construction and homogeneity, we have the size estimates for radial and generic
derivatives

ag,Z(n ) Vn>ll (C ’ VC)ZQa”ﬁC (btvjer (U), 2y )\77)% (y7 = AC)) ’ = Co‘:k:ll,12ﬂ2j|ﬁ|7
which in turn implies
’ag,n,z,CUjHr (ta w,n, z, C)’ S Ca2j|a‘ .

Here, we used the homogeneity of b, ;. = k;q;, and the fact that the size estimates
of b, j+ = Kkjq; are comparable to those of ¢; by [38, Lemma 11.11] with small ¢.

By the method of stationary phase (cf. Theorem 7.7.5 and (3.4.6) in [20]), we
have that

Vi (2,9, €) = / / / / NP0y (1w, 2, C) dw i dz dC

) A\ 1 mi 2
i\ £y, —= Tlgen(O E -1
- e (277) | det 82(1)| 2ea™® (07%) A lej,+(t7 Y, 67 Y, 6)

I<N

nojoo

+ RN(tv y)CL(t? T, )‘5)7
for N =1,2,3,---, where, at the critical point (y,&,y, &),

IRy| < CnA™Y sup [0%;4] < CyA N (29)2N < CyA 5.
la|<2N
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Here, the L; are differential operators of order at most 2/ acting on v, ; at the critical
point (y,&,y,€), and 279 > A5, Tt follows that

N-1
V},+(t7 z,Y, 5) = (271')4)‘74 (Z AikLkUj,Jr(ta Y, 57 Y, 6)) + RN(ta y)a(ta xz, )‘g)a
k=0
which in turn implies that

(€ 0 By 0@ (o) = N [ M9 1,y
A6 ;
+ = Ry(t.y) / ATV gt 2, NE) dE,

(2m)
where
N—-1
ELj(t,ZL',y,f) - A_llej,-ﬁ-(x?y;t7y7§7y7§>'
1=0
This completes the proof of Lemma 3.1. ]

Remark 3.2. Note that the proof of this lemma also works for 7 = J, since we only
. i

used the fact that 277 2> A\73 for j, which is also satisfied for j = J. We will use this

later to prove Proposition 2.4.

We first want to show that we can ignore the contribution of the second term in
the right hand side of (3.7). If we replace (Q;0e "o Q3) by the second term modulo
smoothing errors, by (3.5), the contribution of the second term in K, is

27T // iAt+o(t,z,E)—y-€l 2 2(t) Ry (t,y)a(t, z, ) dE dt.

We can ignore this contribution.

Lemma 3.3. If N > 18, then

// N )=V 2 (1) R (¢, y)alt, 2, AE) d&dt‘SC’N)ﬁ—éY:O(l).

Proof. Recall that we may assume that a(t,z,£) is compactly supported in £. The
function x2(¢) is also compactly supported in ¢. It then follows that

// iXt+o(t,E)—y-€lL 2 X2() RN (t, y)a(t,x, \E) d§ dt’

< Asup |[Ry| S A% = 0O(1),

ty

when N > 18. ]
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By Lemma 3.3, the contribution of the second term of the right hand side of (3.7)
is O(1) by the generalized Young’s inequality, which is better than what we need to

show.
We thus focus on the first term in the right hand side of (3.7), that is, modulo

O(1) errors,
K (z,y) = \° / / eNFr 33 (1)a (¢, 2, y, €) dE dt.

Recall that

N-1

a;(t,x,y,&) = Z Ll<v]+xy7ty5y5))

=0

and, by the discussion in Section 2.1, we can write

v+ (Y, 6,9, 6)

= a(t, 2, \)bej+ (¥, Y, A) @i+ (Y, y, AS)

= a(t, z, A\)qj+ (Ke(y, AE)) .+ (y, AE)

= a(t,z, A\§)qj+ (2, A (1)) g+ (Y, AE)

= a(t, 2, ) xo(€y ' dg (2, 7)) x0(€y " dg(, 7))

JEON) (il V),
< (2500 ) v (550 ) vl (el

and thus, by (3.1), in Fermi coordinates,

Uj,+(t7y7€7y7€) = a(t xz, )‘g)XO( _1d (xvly))XO(e(;ld (y77))

Onplt,2.0) & ) (3.9)
‘< (2 Dplbnd) 5)|g)><1( |€|g)r<|axso<t, O T(EL).

We will consider the contribution of the first term of (3.7) in Fermi coordinates.
Recall that we focus only on small ¢ by (2.1). We show that |0, ¢(t, z,§)| = |t], if
&1 (s) = 0 for some small s.

Lemma 3.4. If {(s) = 0 for some |s| < 1, then we have that |0, ¢(t, z,&)| = |t].
Proof. Suppose &;(sg) = 0 for some small sy. Let (z(s),£(s)) be the curve as in (3.1)
with

x(t) =z, 2(0) =y = dep(t, 2, €), £(0) =&, z(t) =0,

in Fermi coordinates. By (3.2), the curve (z(s),{(s)) satisfies

911(55)51 . S mg ( )51

o :ng ( )61
€lg@) &als) = €lg)” Elo) '

&) ==,

51(3) =

Ztl(S) =

18



Note that if £&; = 0, then & (sg) = 0 automatically, and, in Fermi coordinates,

lo@) = /9 (2)EF + & = [&of = £
Thus, if & = 0, then the curve (x(s),£(s)) satisfies

&

= —=— =41, &(s)=0, &(s)=0.
‘5|g(:v)

i‘l(S) = O, i‘g(S)

We then observe that

r1(s) = 21(0),  7a(s) = 22(0) £5, &1(s) = &1(0),  &a(s) = &(0),

is the solution to the ODE above. Since we focus on small s from the support
properties of y (2.1), this is a unique solution of this ODE by the uniqueness of the
solutions to the ODEs. Since we know

(21(0), 22(0)) = (Og, 0(t, 7,£), O (¢, 2, §)),
we have that
|0e,0(t, 2, §)| = [22(0)] = |22(t) £ 2| = [ £ 2] = J¢],
as required. N
We next consider the case of £;(s) # 0 for any small s.

Lemma 3.5. For |s| < 1, suppose {(s) € supp(a;(s,z,y,-)). Let v be as above. If
€1(s) # 0 for any small s, then, for x,y € v, in Fermi coordinates, we have either

&(s) > 0 or &(s) < 0.
Proof. We know from the curvature assumption of 7, (1.6), that

0 0
|Va,01|y #0, where 0 = 8_:61 and 0y = 8_:1:2’

where V denotes the Levi-Civita connection. Indeed, we know that
Vo, 0117 = V5312 = 9(Vs¥, Viy) = g(Diy, Diiy) # 0.

Note that

0

a1782>g — <V8181782>g + <817 v8182>g‘

But since [0y, 03] = 0 and the Levi-Civita connection is symmetric, we have that

10 10

(01,V9,02)g = (01, V,01)4 + (01, [01,0s])g = 56_;1:2‘81’3 = 58_;1329“(3:1’0)'
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Combining these two, we have that

0
8—%911(‘@1, 0) = —2<v8181, 82>g. (310)
Since |01], = 1 along x5 = 0 by the arc-length parametrization, we have that
10
01,01)y = == 012 =0
<v31 15 1>g 28131| 1‘9 )

and thus,
valal = <v81al7 a1>gal + <V3181, a2>ga2 - Ca?y
for some ¢ # 0 due to the assumption |V, 01|, # 0. By (3.10) with this, we have that

0
_8_:1:2911($) #0, onxy =0,

since g'' = g;;* (cf. [23, Proposition 5.26]), and this also holds on a neighborhood of
x9 = 0. Since we are assuming & # 0, by the above Hamilton’s equation, we have
that

52(3) = —0g" (2)&] # 0, along x5 = 0.
This completes the proof. n

We next consider the & derivative of ¢. By (3.8) and (3.9), we have a;(t,z,v,§) =
0 unless

j ax2¢(t>$af) jé ﬂ —1
“ (2 —‘dx@(t’x’%) £0, (2 |§|g> 40, and gl € [220")

and so, we may assume that

f € Supp(qj7+(:v, Y, )‘()))’ and dac(p(tv 1’,6) € Supp(Q]}-ﬁ-(‘ra Y, /\()))

Lemma 3.6. Suppose

£ € supp(gj+(z,4,A())), & # 0, and dyp(t, x, &) € supp(g;+(z,y,A(+))),

for some x € 7, i.e., x5 = 0 in Fermi coordinates. Then there exists a uniform constant
C > 0 such that |dg,@(t, z,&)| > C277|¢|.

Proof. We use Fermi coordinates to prove this lemma. Suppose (z(s),{(s)) is the
curve such that z(t) = = and ((0) = &, as in (3.1). Without loss of generality, by
homogeneity we assume [{|, = 1, since |{|, ~ 1 for £ € supp(g;+(z,y,A(+))) and ¢
is also homogeneous. It follows from (3.1) that d,¢(t,z,§) = £(t) and dep(t, z,§) =
x(0), and thus,

X1(276(0)) #0 and X1 (2&(1) #0, ie, &(0)~277 and &(t) =27
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Thus, if 0 < s < ¢, we have &(s) &~ 277 since the map s — & (s) is monotonic in s,
due to the fact that either &(s) > 0 or &(s) < 0 by Lemma 3.5. Similarly, the map
s + &»(s) is monotonic in s when ¢ < s < 0. In any case, we have |&(s)] > C277
when s is between 0 and ¢.

Now recall that @9(s) = & (s) since, by (3.2),

fals) = \§|§2< )

Thus, since x(t) = x € 7, we have x5(t) = 0, and so, the mean value theorem gives

= &(s), in Fermi coordinates.

for some ¢ between 0 and ¢. This gives
|0, 0(t, ,€)| = |22(0)] = [td2()] = [t&2()] > C|t]277,
for some uniform constant C > 0. O

We now return to the kernels K 1 (z,y). By Lemma 3.1, (3.8), and (3.9), we write

K (z,y) =\ / / e”“*@(f@v@—y'@&j(t,x,y,g)?(t) de dt,

where a;(t,z,y,£) = 0 unless

j a$290(t7x7€) j 52 1 —
X1 (2Jm) #0, xa (2jm> #0, and [¢], € [57261 Y,

for some small constant ¢; > 0. Moreover, we have
050, 0| < Crym2™. (3.11)

Here, we used (3.3) and size estimates of ¢; and «jg;, since |£|, ~ 1 by the support
properties of T. Also, note that yo = 0 in Fermi coordinates if y = (y1,y2) € 7. If we
set

1= iA( D p(t 3, E) — y1) Dy, — IN27H D, p0(t, 1, §) D,
¢ 1 -+ )\2\8&(,0@, x, 5) - y1’2 + )\2272]"852(10(157 xz, 5)‘2

then we have

Lg(eik(t"!‘@(t,x,g)_ylfl)) — ei)\(t+%0(t7$7§)—ylfl) .

Integration by parts gives us that

‘/€i>\(t+<ﬁ(t,x,£)—y1§1)dj(t’x’ y,€) d{‘ _ ‘/ eiA(t+<P(t,z,§)—y1§1)(Lg)N(dj (t,2,y,€)) dE|,
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where LgT is the transpose of L¢. For simplicity, we set

wr = )‘<a§1<p - yl)v Wy = )\27]'852@,
1— iwlﬁgl — iw22_j852

[ = I, —
¢ 1+ w? + w3

Here, w; and wq are functions of A, ¢, z,y, & and we suppress the arguments for con-
venience if necessary. We then write (up to signs)

LTa; = Ao+ Ay + Ag + Az + Ay,

where
0= maj, A = ﬁa&&j, Ay = %218&%
=t (e A= 2% ()
By (3.11), we have
Ao, 14, 1Ao] € —— (312

N[

(1 + w? + w3)

We note that Az is

~ z'wl . iwl . z'wl
s (rrugrr) ~ 0 (i) o+ 00 (g ) 2
where 0¢,w; = A@glgo and Og,wy = 277 852152@. Similarly, Ay is
I iw2 I iw2
2799, [ ———=——— 19 277 0p, | ————— | Oc, w0,
@ l(l—i—w%—i—w%) SRR 2(1+w%+w%) &2

where Og,w; = /\8521 &P and Og,wy = )@égp. Both As and A4 contain terms of the form
0% for |a| > 2, and we want to approximate these first. Recall that we are assuming
|t| < 1, by the support properties of x.

Lemma 3.7. If |a| > 2 for a = (ay, ay), then

|£2|2’t|7 if Q2 :Oa
5l S q 1€t ifax=1,
|t], for any || > 2.

Proof. 1t follows from (3.1) that
t
plt.n.€) =o€~ [ plo Vapls.a.€)) ds.
0
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where p(z,&) = |€|4). For any |a] > 2, we obtain

0| = ‘—/0 0 (p(z, Vaip(s, x,£))) ds| < Itlsgp 108 (p(, Vaip(s, 2, €))) ]| < Calt].
(3.13)

We now focus on ap = 0 or ap = 1.
On the other hand, if ®(¢) is homogeneous of degree —k, then, by Euler’s homo-
geneous theorem, we have

€106, ® + 6,05, = —k. (3.14)

Since |£| &~ 1, we have either |§;] ~ 1 or |[&] &~ 1. The case of |£;]| < |&s| is simpler.
Indeed, if [£;] < |€f, then |&] ~ 1, and so, by (3.13), we have |9¢¢| < Ca|&|'[t] for
any nonnegative integer [.

Thus, we may assume that |{| < |&], and so, [&] = 1. Taking ® = O, with
k=0 in (3.14), it follows from (3.13) that

§
el = | £ 0ke| Sl (3.15)
Using this, if we take ® = 0, ¢ with k = 0 in (3.14), then we have that
2 o 52 2 < _ 2

We can also compute ¢ . ., ¢ taking ® = 97 ., with k = —1

b &

3 2 3
851515290 = € aflfz(p B g a&fzéz(p'
1 1

By (3.13) and (3.15), we have |9 . ., ¢| < |&|[t|. Similarly, we can find the estimate
for 8?1 6,e,9- The higher order derivatives of ¢ are bounded by induction and repeated
use of (3.15). O

By Lemma 3.6, we have |0, | 2 |&]|t|. By this and Lemma 3.7, we have that
|0, w1] = A0, | S M&l*t] S MOeypll€a] S MOeypl277 S
2770¢, w1 | = [A2770% ¢, 0] S N277[&|[t] S X277[0e, 0| S |wal,
|0, wa] = [A2770g, ¢, 0 S A277[&|[t] S A27[Ogy 0] = Junl,

277 0g,ws| = [N277)% 05, 0] S A27[&l[t] S A277[0g, 0] = [wa.

We also have that

1
8wl< k )< o Lke{1,2).

1L+w?+w?) ™~ 1+ w?+ w?
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Combining these together, we have that

(1+w%—|—w§)%: 1
Lrwitug o (1+wf+uj)

|wa|
1+ w} + w3

[Asl, [Aa] S <

SIS

By this and (3.12), we have

1
(14 w? 4 wd)z

L&, < (3.16)

Inductively, we can obtain
(L) S (14 wf +wd)™2 S (L fwn] + )™

Hence, integration by parts gives, for x,y € v,

' / NPT D (4 7y €) d§’
‘/ At (tz.€)— ylfl))a](t z,y,€) d&‘
=| fereste e n a0, de
S [ Mokt 2.€) = ]+ 22 710gplt, 2, ) e
and thus, we have that

‘Kg+ 21,0,y1,0

<co [ / (14 Ay ol 2, €) — gl + 227 Dol 2, €)]) ™ de .
Supp (IJ

In Fermi coordinates, we can write 7 = {(z1,0) : |z1| < €} for some small ¢ > 0, and
so, we may write z = (z1,0) and y = (y1,0). To show (3.4), we now want to show
that

/] i+ (21,0,91,0) | dzy S <2/ and /|Kj(x1,0,y1,0)]dy1§2j.

To see these, first note that, by Lemma 3.4 and Lemma 3.6, we have |0, p(t, x,€)| 2
277]t| in both cases & # 0 and & = 0, and so, we have that

|Kj,+(x17 07 Y1, 0)|
< OpN? / / (L + Mae, ot (1,00, €) — | + X272 ¢) ™ d de,
Eome277 €|~
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and thus, the second inequality follows from

/ 1K, 2 (21,0, 91, 0)| i
< Oy \?

<[ ( [ 010+ Nt (02,0).6) — ] + 22710 a dyl)dg
Eame277 |€|~1

SN2 TIATWVol({& = 277, €| ~ 1))
<2927 =97,

Here, we gained A\~! from y; integration, A2~ from ¢ integration, and Vol({|&]| ~
277 €| & 1}) from &, integration.
The proof that

/| i (21,0,91,0)| doy S 2

is similar, but it uses that |02 . ¢(t,z,£)| > ¢ > 0 for some small ¢ > 0, for [£], ~ 1
and & &~ 277 ie., [&] ~ 1.

To see |07 ¢ p(t,x,8)| 2 1, we recall that e satisfies p(0,2,¢) = (x,&) (cf
[38 Lemma 10.5 (ii)]). By this, we have |07, ¢(t,z,&)] = 1 at t = 0, and so,
|02 ¢, o(t,2,€)| 2 1 for small ¢ by continuity, but we can focus only on small ¢ by
taking ¢y > 0 to be sufficiently small in (2.1), and hence |02 , o(t,z,£)| 2 1 in the
support of K

This completes the proof of Proposition 2.5.

z16, P

3.2 Proof of Proposition 2.4

In this section, by the 7T argument, we want to show that

1Qs 0 X2(A = P) o Q% fllrziy S A3 fllzyy, T = Llogy A3 . (3.17)

We obtain K, ay, vy, etc., by replacing j by J in the settings of the previous section.
We also ignore the contribution of the remainder after using Egorov’s theorem.
Using the proof of Lemma 3.1, we have the following lemma.

Lemma 3.8. We have

(e_th o Bt,J o Qj})(m,y) — )\2/eik(w(t,r,ﬁ)—yf)aj(t,x7y,§) d&

)\6 iXp(t,x,)—y-
+ W/e (plt..8) yf)RN(t,y)a(t,x,)\g) dg,
(3.18)
where
N-1 .
Sy, &) =Y N Ly (e, yit,y,6,0.8), 0P Ry < Crniad ™3,
1=0
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and the L, are the differential operators with respect to (w,n, z, () of order at most
2l acting on v; at the point (w,n, z,() = (y,&, v, ).

By Lemma 3.3 and the generalized Young’s inequality again, the contribution of
the second term of the right hand side of (3.18) is O(1) with N large, and so, we
focus on the first term in (3.18).

Using the proof of Lemma 3.5, we can also show that & is nonvanishing.

Lemma 3.9. For |s| < 1, suppose &(s) € supp(ay(s,z,y,-)). Let v be as above. If
€1(s) # 0 for any small s, then, for x,y € v, in Fermi coordinates, we have either

&(s) > 0 or &(s) < 0.

With this in mind, we figure out the support properties of a.

Lemma 3.10. Suppose £ € supp(qs(x,y, A(+))), and d,p(t, x, &) € supp(qs(z,y, A(+)))
for some x € v, i.e., x5 = 0 in Fermi coordinates. If || > A3, then aj(t,z,y,&) =0,

and thus, a; is supported where [t| < A3,

Proof. Suppose (z(s),&(s)) is the curve such that z(t) = z,£(0) = £. It follows that

dep(t,2,8) = £(t) = (&(1), &2(1)),  dep(t, 7, &) = 2(0) = (21(0), 22(0)).

By construction, we have a;(t,z,y,£) = 0 in Fermi coordinates unless

_ ;|§2(t)|) e (§|§2|)
X (A Ewl,) 70 (Mg, ) 7O

By the support properties of Y, we have [¢], ~ 1 and [£(¢)|, ~ 1, and so, we have
ay(t,z,y,&) = 0 unless

1

6] S A3, [6(0)] S A5

We want to show that we cannot have |&(¢)] < A™3 when [t| > A~3. We note that
& (s) # 0 for any small s. Indeed, if |&| < A™3 and |¢] & 1, then |&| > 1.
By the mean value theorem, we have

&(t) = &(0) + &(a)t, (3.19)

where ¢; is between 0 and ¢. Since )?5 is compactly supported in [—2¢g, 2¢o] for small
€0 > 0 by (2.1), by the proof of Lemma 3.9, there exists a & > 0 such that [£5(s)| > ¢.
If |£,(0)] > A3, then we have a, vanishes automatically. If [&(0)] < A™3 and
|t| > A~3, then, by (3.19) and |(s)| > ¢, we have

&2(8)] > |€a(cn)]t] — |€2(0)] > A5,

Hence, the amplitude a; is supported where |t| < A3, ]
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In Fermi coordinates, by Lemma 3.8, modulo O(1) errors, we write
Kylavy) = X [ [ eerstad v a3y 1. .p.¢) d b,

where, by Lemma 3.10, a;(t, z,y, £) is supported where [t| < A~3. Moreover, we have
|0FOL, 05| < Chopm(A3)™. (3.20)

As before, here we used (3.3) and size estimates of ¢; and kj¢;, since ||, =~ 1 by the
support properties of T. Note that yo = 0 in Fermi coordinates for y = (y1,y2) € 7.
As before, if we set

o 1-— iwla&

Le = Trimpe T ANOg ¢(t, 7,8) —y1),

then we have
Lg(eiA(t+¢(th‘v£)_y1E1)) — 6i>‘(t+¢(t7x7§)_y1€1)‘
By Lemma 3.7, we have
08 0| S &Pt for k> 2,

which in turn implies that

1

08 wi] SA&PIH S AN IPAT S, k> 1 (3.21)

Integration by parts, as before, gives, for z,y, € 7,

)

'/eik[t"'“"(t’x’f)_yl&]ELJ(t,x,y,f) dg‘ - ‘/ei/\[t+<ﬂ(t7$,€)—y1§1](L?)N(dJ(t,I,975)) d§

where LI is the transpose of L. As above, we write (up to signs
3 13
L{a; = By+ By + By,

where

1 ~ z'w1 - - iwl
By = By = O¢ a5, By=ay0, (| —— |-
’ 1+w%aJ7 LV e 2 J£1<1+w%>

By (3.20), we have

| Bol, [Bi] S (3.22)

(1+w?)z ~ L+ |wi]

Since we have



it follows from (3.21) that

2
1_|—w21 |a§1w1‘ S ! 2 5 ! .
(1 + wi)? L+ wi ™ (14 [w])?

By this and (3.22), we have

|Ba| < |ay|

1

Bol, |Byl, |By| < ———.
Bol, 1B 1Bal £ 1

Hence, integration by parts gives, for x,y, € 7,
Kol <o [[ RN N el €) )N d e
[LISAT3,|62]SAT 3, [¢lg~1

In Fermi coordinates, we write v = {(z1,0) : |z1| < €} for € > 0 small, and so,
x = (21,0) and y = (y1,0). We thus want to show that

/Mﬂm&mﬁwmﬁhil/Wﬂm&%@MmSﬁ- (3.23)

Indeed, this and Young’s inequality imply (3.17) immediately.
We first focus on [ |K;(z1,0,y1,0)| dy;. We take C' > 0 sufficiently large, and
bound

/ ‘KJ<:U17 07 Y1, O)‘ dyl
<co [[[ RO Ny et €) ) dd
‘t|§A_3,|§2|5)\_3,|flgzl
S NATATIVOI({J6] S 475, [E] 1)) S A5,
Here, we gained A\~! from y; integration, A73 from ¢ integration due to [t| < )\’%,
and Vol({|&] < A3, €| ~ 1}) from &, integration.
The proof of the second inequality in (3.23) is similar, but uses that [0 . (¢, 2, §)| 2

1 for small ¢ as in the case j < J — 1.
This completes the proof of Proposition 2.4.

3.3 Proof of Proposition 2.3

As we promised before, we talk about Proposition 2.3 here. Let Q = I — > i<J Q;.
By the Fourier inversion formula, we write

@ﬂw:/Q@mﬂw@,

where

Q) = gz [ (1= Lt 0) e

Jis<J
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Setting

G(,y,8) =1=_q;(,9,9),

JisJ

we write

10,8 = 1— xolp(e N olp(. 1) 3 (2]‘ ‘S(N)') T(lel,/)

= €],
=1— xo(p(z,7)Xo(p(y, 7)) L([£]g/N)-

Let Q be a pseudodifferential operator whose kernel is Q(:)j,y) Since xo, Xo, and T
are compactly supported bump functions, we have

’ag,y,gg(xa Y, Af)’ S Ca,

and so, we can consider integration by parts below easily.
We write the kernel of @ o x(A — P) as

. )\4 .
(@ X~ P)w1) = G / / / / MO ()i, 7 Mn)alt, 2, AE) di dz dn de,
where

‘I/(t,z,n,f):(x—z)-n—l—gp(t,z,f)—y-f‘.

We note that, on the support of §(z, z, \n) in 7,

|vt,z\ll(t7zvn’€)| = |(\I/;7 \Ij/z)| - \/|1 - |Vz90<t7za€)|g(2)|2 + |V290(ta 275) - 77|2

> [1=nl[Z 1+ nl

With this in mind, we first consider the integral
A\ , U
o [ Rt a2 200 = X)) drdzdnde. (3.24)
On the support of 1 — Y (&) in &, we have that

Wt,z‘l’(t,zﬂ%fﬂ 21— ‘VZQO(t,Z,f)‘g(zﬂ =|1- |£’9(Vg<p(t,z,§))| ~ 1= (¢ =1+,

when we choose ¢; > 0 small enough in (2.3). Integration by parts in ¢ and z then
gives us that the integral (3.24) is dominated by

o [[f] (L Il ™ (1 + €)™ dt d= dy d S X,
tesupp(X),|z|<1
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when we take N, N’ large enough. Using the generalized Young’s inequality, this
satisfies the estimates (2.8), and thus, we focus on the integral

A4 .
g [ R0, = A= X)X (] =

In this case, the amplitude of the integral is compactly supported in &, and so, we
do not need to consider |¥}| separately. Thus, integration by parts in ¢ and z, the
integral is dominated by

CAAN //// (14 )N dt d= dy de < AN,
tesupp(X), |2 $1,[€|~1

when we take IV large enough, which proves Proposition 2.3.
This shows (2.8) by using the generalized Young’s inequality, and thus, completes
the proof of Theorem 1.1.
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Chapter 4

Proof of Theorem 1.2

In this chapter, assuming nonpositive sectional curvatures on M, we want to prove
Theorem 1.2. Let

T = colog A, (4.1)

where ¢y > 0 is small but fixed, which will be specified later. Let P = \/—A, as
before. As in Theorem 1.1, we would have Theorem 1.2, if we could show that

33
—r I1flean, 2<p <4, (4.2)

IX(TA = P) fllr) < Gy

where C, — oo as p — 4. Indeed, it is enough to show (4.2), since the operator
X(T'(X — P)) is invertible on the range of the spectral projector L\ xi(ogx)-1](P) and

IIx(T'(\ — P))fl o ]]-[/\,)\+(10g)\)_1]<P)HL2(M)%L2(M) S

By the spectral theorem, we write
P=> NE;, I=> Ej
j=1 j=1

where the E; : L? — L? are the projection operators that project onto the eigenspaces
with eigenvalues \;. Recall the definitions of the spectral projection (approximate)
operators.

XA=P)f =Y x(A\=N)E;f, x(T(\=P))f = Z X(T(A = X)) E; f,

J=0

LpwnyP)f = > Eif.

AGEAA+T)

Let R, be the restriction to v, defined by R, f = f|,. Note the following estimate by
a well-known argument using the estimates for the unit window projections 1y x11
and size estimates of x (cf. [33], [37], [9], etc.).
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Lemma 4.1. We have

=

A6

I = XA = P)) o xX(T(A = P)) fllz2e) S 7 I fllzzany
Proof. By duality and Theorem 1.1, we have
ki1 (P) o REgl iy S Kllgllize: (4.3)
If we set

Ur(Q) = (1 = x(O)X(TC), vr(A—=P)= I —x(A—P))x(T(A—P)),
then Lemma 4.1 follows from

32
17X = P)fllezey S 12 (4.4)

We note that
[Wr(Q)] < ONTT'A+TIEN)™Y, N=1,2,3,---. (4.5)

Indeed, since x(0) = 1 and x € S(R), by the mean value theorem, there exists a ¢
between 0 and ¢ such that

92 (Q)] = [(x(0) = x(O)x(TC)
= | = X'(ONXTO] < X[l STl < ONT L+ TIC) ™
In the last inequality, we used the fact that y € S(R) and that
CIX(TO| < CNTH (1 +TI¢h ™
Indeed, if || < T, then
[CIIX(TOI < CNTH (1 + T ™
and, if |¢| > T}, then

ICIX(TQ)] < Cnpa¢](1 +T|C|) (N+1)
< CN+1|C‘<T|CD = CNHT’l(T\CD*N < Cfval(l X qu),N

By (4.5), we have, for A > 1,

[Wr(A = 7)) )
5=0

1
<Cnvg Z(l +TIA = 7)™ sy (7)
0 (4.6)
1 N 1
< CNT k%i(l +T(A] =k —1)) gy (7) + CNTH[LAJ,LAJH)(T)

FOv 3 (1 Tk = M) ¥ Lpen(r)

E>[A]+1
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Recall that, for a function ¢, we have ||¢(P)||r2(m)—r2n) < sup, |¢(7)|. Indeed, we
have

|o(P f||L2 (M) = Z¢ |E fHL2(M) SUP [Zey Z | E; f||L2
< (sup |o(7 7)))* Hf||L2(M)

With this in mind, since the operator 1 ;41)(F) is a projection operator, we know
12 11y (P) = L kr1)(P), which in turn implies that, by (4.3) and (4.6),

lr(X = P) o RygllZau

= Z [ (A = P) o ]l[Qk,k+1)(P) © R*QHLQ

k=0
= Z I (A = P) o Tk gty (P)] © [Mpany (P) © REJgl T2y
k=0
C B . 2
<= Y (AT = k= 10) ey 0 Riglzan)
0<k<[A]—1
+ 2l (P)e Rl
T2 L) ~9I1z2(ar)
1 3 i 2
+Ovms D (4T = ) sy 0 Rgllzzan)
E>|A]+1
C I C 1
<7 L+ DA = k= D)2V 0 2llgl 320,y + 75 (Mgl
0<k<[A]—1
C’N — l
S D DR AR PY) R GO/
E>|A|+1
Cy _oNg 1 C
<7 L+ TN = k= D)2k gl + =M gl
0<k<|A]—1
C _aN; L
oy Y ATl D) gl
E>|A]+1

We next want to show that

S A+TN k-1 SA, YT (1 Tk — [A]) Nk S A5

0<k<[A]—1 k> [Al+1

We prove the first inequality here. Similar arguments will work for the second one.
1 1 1
Recall that (a + b)3 < a3 + b3 for a,b > 0. With this in mind, changing indices, we
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have

= 1

S A+T(N -k-1)" Wis = Z

IAJ—1

A —1—k)s 2 A+ k)3
- (

o (11 Tk)2N 1+ Th)2N
[A]-1 1
A3+ k;3
< AR
S

<\s S L
< A3 + TN 2N + TN N1

k=1
LA 1 1
S AT T2N Z k2N 2N Z E2N—3
k=1 =
1 A3 1
SA T2N " 2N
S,
by taking N > 1.
Putting these together, we have
* A% 2
e\ = P) o Rigllizan S Z5 1911720
and thus,
)\l
lor(A = P) o Ragllrzan S 92
By this and duality, we have (4.4), which completes the proof of Lemma 4.1. O

Remark 4.2. In fact, compared to the above lemma, we can have an easier proof of

11 = x(A = P)) o X(T'(A = P)) fl12() X ||f||L2(M (4.7)

which is still enough in our case. Considering the proof of Lemma 4.1, (4.7) follows
from

w\»—
W=

(1+TIN—k|)
kZ+|| S5

We first want to replace the sum in the left hand side by the integral

1 [ 1
f/o (1+ |\ —s])Vs3 ds.

Indeed, first note that

o0 k+1

(1+ TN — k) "Nk ds.

’;.\
_I_
~
>
|
=
\2
?CE)—‘
I
el
(]
—

T
k=0 k=0



For k<s<k+1and T = c¢ylogA > 1, we have
1
A+TA=E)™ <1+ §I>\—k!)*N

1 1
< (1+ 5|A—s| — 5|k=— sy~
1

1
<(-g+5h=sh) Y =20+ A —s) Y,

which in turn implies that

k+1

1 00 k+1
fZ/ (1+T|X— k) Nds<—2/ (14 |A—s|)Vk3 ds
k=0 "k

Cn —= [FH 1
<O [ s st as
k

T
k=0
O (o]
- N (T+|X—=s]) Ngs ds
T Jo

1 [ 1 [ (A—s)s
— [ (1+r- 5 ds = ISR
T/o (14| —s|)Ns3 ds /00(1—1—]3\]\7 s

when we take N large enough, which completes the proof.

We have shown that
AL
I = x(A = P)) oX(T(A = P)) fllraeyy) S = 1 fllzaar

Similarly, using [12, Theorem 1] (see also [21, Theorem 1.1]) instead of Theorem 1.1,
we have that

=

I = x(A = P)) o xX(T'(A = P)) fll ) &”f“L?

’ﬂ
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By interpolation, we have that

A3
T | fllc2n), 2<p<4

I(1 = x(A = P)) o x(T(A = P)) fllrs) S

We would therefore have (4.2) if we could show

1_1

373

A
XA = P)ox(TA = P))flleriy) < G T

I fllzzary, 2<p<4.

%
This follows from

N3
EZW%oxu—fwoMTu—fom%wﬁqoT

Jj<J

and, for N =1,2,3,---,

1= Q) ox(A = P) o x(TA = P) fllioey S A VIf lzarys 2<p <4 (49)

Jj<J

| fllezany, 2<p<4, (48)

1
2

We first show (4.9). Recall that

X (T(A — P))fHL?(M) S ||f||L2(M)- (4.10)
By Proposition 2.3 and (4.10), we have, for 2<p <4and N =1,2,3,---,

I(7 =Y Q;) o x(A = P)o x(T(A = P)) fllriz) < CuAMIX(T (A = P)) fllz2any

i<t
SNV Fll ez

which is better than (4.9), and so, we are left to show (4.8).
Before we proceed further, let us look at the L?(M) — L*(y) estimate of Q; o
X(A—P).

Lemma 4.3. For j < J, we have
1Qj 0 X(A = P) fllzaeyy < CN[ fll L2 any-
It follows from (4.10) that

1Q; 0 X(A = P) o x(T(A = P) fll sy S M XTI = P)) Fllzzary S M Fll 2 ny-

(4.11)
Proof. In Fermi coordinates as above, we write, for € > 0 small,
T=A@0)rl <€}, e =A{(z1,22) : [a] <€, w2 = ¢}
We first show that
IRy 0 Qi9llLagy) < sup [ R.gll ey, (4.12)

|c|<e

36



where R,g and R, g are the restrictions of g onto v and -, respectively.
We can write

(Ryo0Qj)(r,y) = /ei[(r_yl)&_”@]%’(ﬂ 0,¢) d€.

(2m)?

We may assume |y |, |y2] < € by a partition of unity if necessary. By (2.6), integration
by parts then gives

(R 0 Qi) (r,y)| < OnA*277 (L4 A — gn| + X277 [yo]) 7
SONA27(1 4+ Nr — )N+ 227 ye) ™Y, N=1,2,3---.

This implies that
/ (R 0 @;)(r, 1, 92)| dr, / (R0 Q)(r, 1, o)l dyr S CwA277 (14 227 [y ) 7.

By Young’s inequality, we then have that

IRy 0 Qg( yo)ll ey S A2 (1 + X277 |y2) ™ Nl9 (-, y2) |2, (e

By this, (2.4), and Minkowski’s inequality for integrals, we have that, for 0 < € < 1,

1
4 4
dr)

IRy 0 Qj9ll1a¢) = </ '/ U(Rw 0 Q) (r,y1,42)9(y1, Y2) dyl} dys

< / 1R © Q)9 y) loa(eep i

S A2 /(1 + 227y ) Mg (s y2) | (o) AY2

S sup [l9(, y2) la(=e.q) = sup [|g(-, o)l La(—e,) = |ST1<P |RAe 9l L1(re)s

ly2|<e |c|<e

which proves (4.12).
By (the proof of) [12, Theorem 1] and [21, Theorem 1.1], we know that

sup [|R,, o Xx(A = P) fllzatye) S A1 fllz2can-

|c|<e

Here, the implicit constants are uniform, which are stable under C'*° perturbation of
. Combining this and (4.12) with g = x(A — P)f, we obtain that

1
Ry 0Qj0x(A—P)fllraey) S sup Ry 0 X(A = P)fllatre) S A fll 22y

|c|<e

This completes the proof. n
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By Proposition 2.5 and Lemma 4.3, we have that, for j < J,
1Qs 0 x(A = P)f 2y < C22[1 |22y,
1
1Qj 0 X(A = P) fllzagy) < CA4[[flz2an)-
By interpolation, we have
J(4_1) Ll(a_4
Q50 XA = P)flliny < C22G N D sy, 2<p<d (413)

Let € > 0 be a fixed but small number, which will be specified later. By (4.13) and
(4.10), if 2 < p < 4, then

Y. lQiox(A=P)ox(T(A = P))fllire

jgtlogg)\%ﬁj
J(4_ 1o 4
<c Yo 226N (TN = P)) fll 2y

1
J<|logy A3 7€

2C 1_ 1 _ecd_
< 7 M lzon
20 AW

P
Nl 22y,

IN

1-272GY T3

which satisfies (4.8).

Remark 4.4. We note that we cannot relax the condition C,, = 0o as p — 4 in our
argument. Indeed, note that

l_i_g(é_ )
L AR TET 20 : 1
lim lim ————— = lim 72 = oc.
A—ro00 €0 )\g—@/Tg A—00
Also, if we set
2C
Cp — 1_ 27%(%71)7

then our argument gives

1 1

> 10X~ Pox(TO - P ey < Gl
j< logy A5
but we have that lim C, = oc.
If we set
Xr(Q) = X/, #r(Q) = xr(OX(C), (1.14)
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we have x(A — P)x(T'(A — P)) = pup(T (A — P)). Also, since xr(¢) = TX(T() and
dr(t) = (2m) X7 * X(t), we have, by (2.1),
supp(fir) C supp(Xr) + supp(X) C [—%0, %0] + [—€0, €] C [=260, 2€0],

and so,

supp(p3) C supp(fir) + supp(fr) C [—4eo, 4eo], (4.15)
since T' = cplog A > 1. We have shown that

20 ATw
> Qe (T = Py € — 3 2 s,
j<logy A3 ~¢]
For the rest of (4.8), we want to show that, for 2 < p < 4,

1

9i(3-3) A2~
T

1
P

1Q; 0 pr(TA = P)) flley) S Ifll2an,  loga AS™) < j < J.

NI

Indeed, we have

RSB
(NI
3=
>~
wl
|
¢l
S

i(5-3) ;
> ORI
T3 ~ T3

1
[logg A3 ™| <j<J

Here, we take € > 0 to be sufficiently small and choose a small ¢g > 0 in (4.1).
By a T'T* argument, we would have (4.8) if we could show either, for 2 < p < 4,

: : 26N
1Qs 0 (TN = P)) 0 Qi flleey) S =l fllpwyy: 2<p <4 (416)

We want to lift this problem to the universal cover of M. Let M be the universal
cover of M with the pullback metric § under the covering map p : M — M. By
the Cartan-Hadamard theorem, M is diffeomorphic to R? with the diffeomorphism
T,,M =2 R*> — M for any 2o, € M, so that the map p = exp,, TZOM — M is a
smooth covering map. Without loss of generality, we write p : R2 2 M — M.

Let D C R? be a fundamental domain of the universal covering p so that every
point in R? is the translate of exactly one point in D. Without loss of generality, we
may assume that v and other amplitudes like g; are supported in D°, where D° is
the interior of D, i.e., v C D°, and supp(g;) C D°, etc. We write tildes over letters
to express that those letters are defined in R?2 2 M. For example, for any r € M, let
# € D be the unique point so that p(Z) = x, p(3) = 7, and the metric § on R? = M
is the pullback metric of g, p(Z,7) is the Riemannian distance dz(Z, %), and so on.
Let T" be the group of deck transformations a’s, which are diffeomorphisms satisfying
poa =p. With this in mind, if we have a function f on D, we can extend this f to
R2 = M by setting

f(#) = f(a(z)) for & € D.
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Here, since p : R? — M is a local diffeomorphism, abusing notation we write
)\2

Qj(:f,ﬁ)) = W/e”\(x w)n "q;(z,w, An) dn,

e 5 A2 —iXa(g)—a(2))-¢ ~ ~ 5
Q3(5.3) = 0(5.2) = Q(a0)-00)) = Gz [ PG (i), al2).00) de.

Recall that we know from [34] that

(costP)(x,y) = > (costy/=Ag)(&,a(f)), &4 € D.

ael

Also recall that, by a counting argument and finite propagation speed as in [34], there
are at most O(e“!) many nonzero terms in the sum.
Using Euler’s formula, we have, modulo O(A~Y) errors,

(T P))(ry) = % [ 3T eos(tP) . 9) e = AT O+ P )
Z/ ”’\ 2(t/T) cos(tr/—A5)(Z, af

ael

since X2(T'(A + P))(z,y) = O(A7N).
We want to show that the estimate for a = Id satisfies (4.16).

Lemma 4.5. If « = Id and 2 < p < 4, then

H_//emu% t/T)(Q; 0 cos(ty/=A3)(, (")) 0 Q5)(3(), (5)) f (5) dt ds

Lr(v)
(31 -2
S —Hf v ()
which satisfies the estimate (4.16).
Proof. We choose 5 € C§°(R) satisfying
B(t) =1 for |[t| < ¢, and B(t) = 0 for || > 2, (4.17)

for a small ¢ > 0, which will be specified later in this proof. Since 5(t)//gp(t/T) is
compactly supported in ¢ and

OF[B(1)2(t/T)]| < C,

the term ﬁ(t);?;(t/T) plays the same role as )/(E(t) in Chapter 3. Thus, by the proof
of Theorem 1.1, we have, for o« = Id,

— // zt)‘ﬂ t/T)( ;o cos(t §)<'7'>O@;)ﬁ(')ﬁ(s))f(s) &t ds

L2(v)

S = flleze-
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The difference between this and Theorem 1.1 is that we use the Hadamard parametrix
about the cosine propagator cos(t/—2A;) here, and we used the Lax parametrix about
—itP
e there.
Similarly, instead of using Theorem 1.1, by using the proof of (4.11) with a TT*
argument, we can obtain, for a = Id,

— // " B(t) t/T)( o cos(ty/—Ag)(, )0 Q;)(&()ﬂ(s))f@) dt ds

LA(v)

VI

A
< — 4 .
<04,

The desired estimate then follows from interpolation.
It then suffices to show that, for « =Id and N =1,2,3,---,

| [ €= BB, ocostey B30 0 QO e s »

S )\_N||f||Lp’(7)

We show this as in [15, Lemma 3.1]. We first consider the kernel of the integral
operator inside the L? norm without @; and ()} compositions

1
—T/e”)‘( B())E(t/T) cos(t/—I ¢ igeD.
T
We recall properties of the cosine propagator (cf. [6, (5.14)], etc.)
sing supp(costy/— ) C{(%,2) e R* x R*: p(%, 2) = |t]},

that is, cos(t\/—A;)(Z, 2) is smooth if 5(Z, Z) # [t|. Since 1 — S(t) = 0 for |t| < ¢
where ¢ > 0 is as in (4.17), we may assume that [t| > ¢ > 0. Here, we choose a
sufficiently small ¢ > 0, compared to the injectivitiy radius of M. For a = Id, by
a partition of unity if necessary, we may assume that p(z, a(g)) < ¢/2 for z,9 € D,
and thus,

[t > > 37, (7)), a=1d, 7, € D, that is, 5(Z,a(7)) # ||

This implies that cos(ty/—Az)(Z, ) is smooth for Z, Z € R?, and thus, integration by
parts in ¢ implies that

1

— /62‘”(1 — 5(t)),§§(t/T) cos(ty/—0;) (7, a(h)) dt = O\Y), a=1d, ,§€7.
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For the contribution after compositions of ¢; and ()7, by (2.6), we note that

NT\/ oe

<( / L = SO T coslty/~057) (2 0) dt ) Q. 3(0) d
Ssup (7 [ 0= BN/ cosey/~Bp) )t

< [ [ 1,60 21Q5w.5(5) d=
sup/|@] |dzsup/|QM<>>|dw<w
This completes the proof. O

By Lemma 4.5, we can ignore the contribution of o = Id. Using Fuler’s formula,
we know

1
Hr(T(A = P))(z,y) = = /emﬂ%(t/T)(COStP)(l‘,y) dt — pr(T(A + P))(2,y),
and also know that p%(T (A + P))(z,y) = O(A™"). As in Chapter 3, if we set

1 _ .
Kj(xay) - 27T_T €Zt)\,u%(t/T)(Qj06 tPOQj)(xay) dta

then, by Euler’s formula, modulo O(A~Y) errors, we have

Ki(e.9) = [ @M /T)(Qs 0 costP 0 Q)) ()

which is the kernel of Q; o pZ.(T'(A — P)) o Q% modulo O(A™") errors. From now on,

we focus on |log, )\%*J < j < J. Similar arguments will also work for 7 = J.
By a version of Egorov’s theorem in [11] and the subsequent observation in [1,
Theorem 4.2.4], we have

e R o Q; = Bt’j oe VA (4.18)
where Bt,j has a symbol
Z;tJ' tQJ+b O:‘it—i-b

with the Hamiltonian flow ,, and |b| = O(A~1T3+2A0) = O(A~5+2A%) for some fixed
A > 0. Since M is compact, we have || = O(A~3+2A%) = O(A~57¢) for some small
¢ > 0 when taking ¢y > 0 to be sufficiently small in (4.1) for a uniform constant A.
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As before, we will ignore the contribution of the remainder b, and write b, ; = K} ;.

Using Euler’s formula again, we can replace e "V =27 by costy/—A; modulo O(A™V)
errors in (4.18).
With this in mind, modulo O(A™") errors, we have that

1 [ s
K;(z,y) = — /e’t’\u%(t/T)(Qj o By jocostP)(x,y) dt, (4.19)

where B, ; is the lift of B, ;. Since p is a local isometry, we may assume |detp| = 1
in Riemannian measure. Using w = p(w) and z = p(Z), we write

(QjoBijo COSt\/——Ag)(;p, )
:Z/D2 Q;(%,W) By j (10, 2)(cos tr/—Ag)(Z, a(f))| det p|? div d2

- Z/m Qj(i7w)ét,j(ﬁ)72><COStw/—A§)<£’a<g)> di d.

By the Hadamard parametrix (cf. [3], [32], [34], etc.), we write, for £ € D and
w € a(D),

(costy/—)(2,w) = K(t, 7 %) + Ry(t, &30),

where

Kn(t, &;w) =
VOO =TSN (@ 0)OE (1, 5, 0)), < 0.

We explain the u, and E, below.
For simplicity, from now on, we focus on ¢ > 0. Similar arguments work for ¢ < 0.
Here, the C'* functions u, are as in [3, §2 in B and (10)] and [32, p.35]:

% {ZJVVO u’/(‘%’ w)atEV(tv ﬁ(i’,ﬁ) )7 t > Oa
t

ug(i, ) = ©72 (&, ),

@(.’i’, /ZI]) - | det Dexpfl(i)) eij |7
where Z is the minimizing geodesic from Z to a(w) parametrized by arc length and
Nt
© = (det(g;x))2.
As in [32, Chapter 1], the distributions E, are, in R", for v =0,1,2,---,

E,(t,2) = lim v1(27)""" / / eI (€12 (7 — ie)) ) de dr,
R1+n

e—0+

and

Eo(t,x) = H(t) x (2m)™" / eiszlT;"ﬂ i
oFE, OE,
81‘ - xEV_l’ 2 81;

DEV:VEV—17 —2 :tEl/—17 V:17273a"' ’
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where H(t) is the Heaviside function

, t>0

H(t) = {0 L <0,

We have n = 2 in our work. Here, Fy(t, z) is interpreted as

27) 2 ,e mgsmtléld t>0
Eo(tax):{(ﬂ h R,

t <0,
and
_ sint|&| »
(Bt ).) = o2 [ 2L de
g2 [¢]
that is, the Fourier transform of Ey(t,-) is Sint||‘£|. Also, since the E, are radial in z,

we may abuse notation, for example, E,(t,r) = E,(t, |7|).
We will ignore the contribution of Ry. We first recall a result in [3], [32, Theorem
3.1.5], and [22, Proposition 3.1], adapted to our settings.

Lemma 4.6 ( [3], [32], [22]). For |t| < T, we have Ry € CN=5([=T,T] x D x D) and
00y B (8, 5;0)] S €T, if 5] < N.

Consider the operator whose kernel is

1 1) 2 =, =
— ¢ T ; . 4.2
T / (t/ )Ry (t, ;W) dt (4.20)
By Lemma 4.6, integration by parts in ¢ gives, for N =1,2,3,-- -,
1 /
— / (T Ry (1, @) dt = O(T ' 2T)AN e Ty = O(AN).
T

By (2.6) again as in the proof of Lemma 4.5, we can obtain, for N =1,2,3,---,

(@0 (7 [ ede/miste ) o Q;) (0360 = 00)

and thus, by Young’s inequality, we ignore the contribution of (4.20), when we take
N> 1.
We can also ignore the contribution of F, for v > 1.

Lemma 4.7 (Theorem 3.4 in [14]). We have, for Z € D and w € «(D),

/e”’\p%(t/T)atEy(t,ﬁ(i, w))dt = O0N"), v=0,1,2---
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By the same arguments as in R,\, Lemma 4.7 gives, for v =0,1,2,---,

(@0 (57 [ e BEmRB D i) 0 Q) G0, 3(5) = 00>

By Young’s inequality, the contribution of this is better than (4.16) when v > 1, and
so, we only need to consider v = 0. With this in mind, we may write, modulo O(A™1)
eITors,

(costy/—Ag)(Z, (y)) = uo(Z, (y)) D Eo(t, p(Z, a(y)))

— #uo(g’a@))/em’(g’a(g)){cos(ﬂg])dg (4.21)

where |®(Z, (7)) = p(Z, a(y)) (cf. [14, p.4026], [32], etc.). Using (orthogonal) coor-
dinate changes if necessary, we may assume that

O(Z,a(g))-£=2-¢& innormal coordinates at a(y).
Modulo O(A™!) errors, it follows from (4.21) that

(Qj o By ocos(t Ay))(z, )
(2m)~ Z// /Q] (W, 2)uo(Z, a(9))e®EINE cos t| €| dE div dz
D2

‘—2@@222 ] @6 9Bust5. ualz a@)e e g i az.

We now write
(Qj 0 Byj o cos(ty/—Ay))(x,y)
_ 2(;_;)6 ; / (M=) 1) 0DV SR (5 i AVBy s (10, 2, AC)
% wo(Z, (i) div dn d dC de.

By (4.19), modulo O(A™1) errors, we write

2,y) =Y Uajs(Z,
a,t

Ua,js(Z,7) = / ek OEBN20 g (¢ 4, 5, () dib diy d dC dE dt,

(t/T) @ (&, @, A)be g (@, 2, AC)uo(Z, (),
—2)-C+ P2, ap)) - £ £ L]
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In geodesic normal coordinates centered at «(g), using suitable orthogonal coor-
dinate changes, we have

&a,i(tagawan727C):t—i_('%_w)n+(w_2)c+§€it’§‘

By Lemma 4.5, we can focus only on « # Id. We would then have (4.16), if we could
show that, for 2 < p < 4,

\3 o
<T@ || flly, @ #1d, |logy A5 <5< .

| [ vasstioiense | <7
(4.22)

p

We have the following analysis for U, j +.

Proposition 4.8. For o # Id fixed, we have, modulo O(A™!) errors, that

a]i(&( ) ’7(3))
AZ M eGMa, (r,s), i |dap(7(r), a(5(s)))(N)] ~ 279,

= and [dp(7(r), a(3(s)))(ax(N))| = 277,
O\™N), otherwise,

=

where [logy \3~¢| < j < J, p= dz, and | ;(r, s)| < e°7.
Proof. In normal coordinates at «(y), we write U, ; +(Z,7) as U, j +(Z), where

)\6
(2m)"T

Upj+(T) = / ema’ﬂt’f@’"’f’oaj (t, 0,1, 2,¢) di dn dZ d¢ d€ dt,

where a;(t,w,n, Z, () is the coordinate expression of a;(t,w, 7, Z, () in normal coordi-
nates at a(g). Let 8 € C5°(R?) be such that supp(3 ) C{E:cy < €] < '} for a
small fixed ¢o > 0. We write

Uocuyi(f) = Ui,j,:l:(f> + Ug,j,i(i")a

where
1L (5 A” Mo,k (LEDNE) BV (.40 1. 3 - .
Uas (@) = Gy | €402 0B(€)a (¢, 0.2, ) dib d dZ dC d
- A° iND Wyn,% 3 ~ S5 ~ 5
Usir® = oy / Mo 00 (1 — 5(€))a (¢, @, m, 2, Q) did diy dZ dC dE dt.

We note that, choosing ¢» > 0 small in the support of 3, we have |8t@/~za| =1+ 2
1 + [¢|. Thus, integrating by parts in ¢ as in the proof of Lemma 4.5, we can write
Ua,j+(Z,7) as U} ; (%) in normal coordinates at a(y), and we focus on U, ; . (Z).
We will focus on the minus sign in the phase function. Indeed, if we choose the
plus sign, then we have 8,5@[1@# = 1+¢| > 0, and thus, there is no critical point of the
phase function. Hence, integration by parts in ¢ again, we have Uclu () =00 N).
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Set po = p(Z,a(y)). Since a # Id, we know py > 0, and thus, can consider the
following change of variables.

_ t w - Z z -
t:_7 U_J:_a £: pgv 77: pPo, 2:_7 j::_v CI p(
(4.23)
This implies that
1 .
dw dn dz d¢ d€ dt = ——=dw dn dz d¢ d€ dt.
N
Since we choose the minus sign in the phase function, we set
Voo (4,60, 2,0) = V/pol — €| + (7 — @) -7+ (0 = 2) - (+2¢
= w(ta 57 U_Jv 7_], 27 C)
Note that
vw - (atl/}7 8577;7 a’u_ﬂ;a 87]1;a aizza 87&)
e
= (\/p_O_ ‘€|72_tﬁac_nal’—w;—C‘i‘f,w—Z),
and thus, the critical point satisfies
Vi =8, =tS, =g a-w, (=& w-z (4.24)

The Hessian 9% is

Ova (%), One One Oe Ouo

1x2
<_|%|>2><1 A2><2 O2><2 02><2 12><2 O2><2
(92¢ - 02><1 O2><2 O2><2 _IZXZ 02><2 [2><2
02><1 02><2 _[2><2 02><2 02><2 02><2
02><1 IQ><2 02><2 O2><2 O2><2 _[2><2
O2><1 O2><2 I2><2 O2><2 _]2><2 O2><2

_. ( B7><7 C7><4)
' (OT)4><7 D4><4 ’

Ay = ngg

By properties of determinants for block matrices (cf. [24], [26], etc.), we have, at the
critical point,

where

det(0*) = det(B — CD'C") det D,
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provided the matrix D is invertible. Since det D = 1, by properties of block matrix
determinants again, we have, at the critical point,

Ova  (-%55),, Ove Ouo

VPO
det(0%)) = det(B — CD'CT) = det (—ﬁ)m Agxz Irxa Oz
O2><1 IQ><2 O2><2 _I2><2
O2><1 02><2 _IQX2 O2><2
O}xl (_5_':7’>1><2 Ol><2 Ol><2
— det <—\/Lp—0 o1 Agxa Ozxa Oaxo
02><1 O2><2 O2><2 IQ><2
O2><1 02><2 ]2><2 O2><2
0 _& _ &
& t 0072 Voo t_|€|4
= det ~ —\_/p—0352 35152 = : =1.
—E =mb& —o=E)

In the last equality, we used ?, |£] = V/Po at the critical point, since, by (4.23) and
(4.24), we have that, for ¢ > 0,

€l = Vo, =t =12 = 0| = |z] = —=I|&| = V/po.

This gives us that | det 9%¢| = 1 at the critical point.
Remark 4.9. Since we have shown det(9%)) = 1, we have
_ 1 _ _
0*) ™ = ————adj(0%Y) = adj(9%Y).
(0%) det(020) j(0%Y) = adj(9°Y)
Each entry of the adjugate adj(0%v) is a finite linear combination of multiplications
of terms of the form
& & t o
Vo Vol \/po

These are all O(1) near the critical point, since we have [],[£] ~ /pg. This implies
that the matrix norm of 9* is O(1), and thus, we can use the method of stationary

phase below easily.
Continuing with our proof, in the normal coordinates at a(g), by the stationary
phase argument, we have, modulo O(A™!) errors, at the critical point,

11

A6 A\ 2 ) dm 27
Ut %) — iA/po|Z| T sgn(0°7) E UL
O[J_(x) (277-)7\/ pOT |: <27T) ‘ “ 1<l 1o

+0 [ A Z sup |DPay| ],

1B81<2lo
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where aq is defined by

aolt,€,,7,7,C) = B(ﬁ)) (ft) % (\@”’ \@”’W%)
b /st <\/%w, \/%l’,/\\/%) uo(+/poZ),

uo(y/poZ) is the coordinate expression of uo(y/poZ, (7)) in normal coordinates at
a(y), and the L; are the differential operators of order at most 2/ acting on ag at
the critical point. Recall that we can easily control the size estimates of ¢; by e“%
by construction, and the size estimates of ug by €7 due to [22, Lemma B.1]. Also,
by [11] and/or [38 Lemma 11.11], the size estimtaes for x;q} are the same as those
for gj, up to e“T. Thus, the remainder is

O [ A" 37 sup|Dlag| | = OA(A3)20eT) = O(A3eCT).

1B1<2lo

Taking [y large enough, we can ignore the contribution of the remainder.
As before, by (4.23) and (4.24), at the critical point, we have that

o o 1 _ |
t:|Z|:|w|:|$|:ﬁ|$|a €] = /po, &=

This gives us that, in the geodesic normal coordinates,

=Bl Vg T

7]

m\

Z=wW=2I.

d:p(Z, a(7))
= \/Po 7

|| A, ()5

We then have, modulo O(A™!) errors, that

Uao-(%,9)

o1

T 2T Vo

X A~ lLlao( ./ Podzp(Z, (7)),
S it L

I<lo

z/\p(a: a(y ))6 Tsgn(024))

L Jade(E i),

v L Jmdspli, a@))

N
o1

om2nT \/P_
XY AL (/TT (12]/T) uo(&, (1)) bjay 4 (&, &, Adsp(E, o(§))) (&, &, Adz (7, a(g»)) :

I<lp

'L)\p(z a(y ))6 T sgn(9? ¥)

By the discussion in Section 2.1 and the properties of the geodesic flow, we can write

bjatg (7, Adzp(Z, a(5))) = (w12 (T, Mdzp(E, (7))
= G;(a(§), a(§), —Mdyp(F, a()))-
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Hence, modulo O(A™1) errors, for o # Id,

U n o — A e, (5 afd
Ua,j,—( 7?/) 271_\/%,1-, A ]( ’ (y))a
where
1 —~
a;(#7,a(f) =Y ————— AL 1357, a(§))/T)uo(7, a(j
Bl =3 o (10 @) Tl

X Gi(a(9), a(y), =Adgp(T, a(9)))q; (T, T, Adzp(T, 04(@?))))-
Since we have p(Z,a(g)) 2 1 for a # Id, we have, by construction,
a;(, a(9))] < €.

Recall that the ¢-support of ¢;(z,y,€) is contained in {§ : % ~ 277} where

E(N) = (€%, N);. Note that, in geodesic normal coordinates centered at a(g), we
have, for p(Z, 2),

|dzp(Z, ()l = 1 = |dzp(Z, (7)) 5.
By the support properties of §;(Z, %, Adzp(Z, a(7))), a;(Z, a(g)) is supported where
|dsp(&, a(@)(N)| =277, if 7,5 € 7.

Here, N is a unit normal vector to 7, since « is an isometry. We also observe that
a,(N) is normal to a0 4. By the support properties of

G (), a(y), =Adzp(Z, a(9))),

for each o # Id, if § = a0 §(s) for |s| <« 1, then a;(Z, (7)) is supported where

(dsp(E, () (e (N))| = |dyp(E, a 0 5(s)) (au(N))] ~ 277,
This completes the proof. O

We next consider the support properties of the amplitude of U, ; +. Let po(Z,79) =
p(z,a(y)) for a # 1Id. Fix rg, s € [0, 1] so that

| pa(F(r0): F(s0)) (V)| = 277 and  |dgpa((r0), 7(s0)) (e ()] = 277,

We can assume such ry and s( exist, or otherwise, by the above proposition, we have
Usjs+r = OA™N) for any N =1,2,3,---. Using a partition of unity, we may assume
that

[z pa(3(r), () (N)] = 277 and  |dgpa(7(r),F(s))(ax(N))] = 277,
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happens only near (19, sg). By Proposition 4.8, we may assume that U, j 1+ (7(r),7(s))
is supported where

A5G DV, a0, 3(5)) an (V)] € 27971, 2741,

Suppose 7, s € [0, €1] = I for some small ¢; > 0, and write I = Uy Iy, where {I;} is a
collection of almost disjoint intervals with |I;| ~ e=“7 for some large C' > 0. Let 1
and sg be fixed points in a subinterval I}, and I, respectively. We want to show the
following.

Lemma 4.10. Suppose |dzpa(7(r0),7(s0))(N)| € [C1279,C5277]. Then, choosing
C > 0 sufficiently large with || ~ e~¢7, there exists a uniform constant C' > 0 such
that, for » and ry in a same subinterval I},

|diﬁa(ﬁ/(r>’ '?(30))(‘&)‘ g [012_j7 OQQ_j]v whenever |T - 7”0| 2 éQ_j‘

Similarly, if |djpa(5(r0), 7(s0))(u(N))| € [C1277,C5277], then, choosing C' > 0
sufficiently large with |I;| ~ e~ T, there exists a uniform constant C' > 0 such that,
for s and sy in a same subinterval I,

|dg,5a(i(7“0),ﬁ(s))(a*(ﬁm ¢ [C1277,C5277],  whenever |s — so| > c2.

Before we prove this lemma, we review some basic properties of the Hessian op-
erator ‘H, in [23]: Suppose (M, g) is an n-dimensional Riemannian manifold, U is a
normal neighborhood of a point p € M, and r : U — R is the radial distance function
from the point p defined by

r(@) = (@)2+ - + (2)2, (4.25)

where (z;) are normal coordinates on U centered at p. We also define the radial vector
field on U \ {p}, denoted by 0,, as

6’742276&i =gradr

“—~ r(z) Oz

(cf. [23, Corollary 6.10]), where gradf = (dzf)* is the Riemannian gradient of f and
# is the musical isomorphism sharp. Note that the radial vector field 0, is a unit
vector field. Then, the (1,1)-tensor field H, = V(9,), defined by

H(w) = V0, forallwe TM|U\{p}7

is called the Hessian operator of r, where V is the Levi-Civita connenction. By [23,
Lemma 11.1], H, is self-adjoint, H,.(0,) = 0, and the restriction of H, to vectors
tangents to a level set of r is equal to the shape operator of the level set associated
with the normal vector field —0,.
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Proof of Lemma 4.10. We prove the second case in this lemma. Similar arguments
will work on the first one. In this proof, V denotes the Levi-Civita connection. We
write po(9) = po.a(7) = po(¥(r0), @(7)) so that py is the distance function as in (4.25),
since 1y is fixed. We also write the radial vector field as 0;, = 8%0. Set

h(s) = (gradypo(7(s)), a.(N))g,

where grad; is the gradient for . By assumption, we have |h(so)| € [C1277, C5277].
We will work in geodesic normal coordinates centered at (rg).
We want to show that |h'(sg)| =~ 1. Let 77 = 7, = @ 05. We then have that

L (h(5)) = (Vi madyl3(s)), e (V) + {aradyn(3(5)), Vg (V)5 (420

For the first term in the right hand side, note that

(Vi(soy&radyo(7(s0)), (V)5 = (Hpo (i1(50)), e (N))3,

where H, is the Hessian operator of py.
Before going further, we show that

~ 277, (4.27)

Indeed, we may assume that |5j|; = 1 by arc-length parametrization, if necessary.

Recall that 05, is a unit vector field. Let 6 be the angle between 05, and a,.(N). Note
that

[A(s0)| = {950, aee(N))g| = | cos ] =277,

since |95, = |aw(N)|; = 1 by the fact that the radial vector field is a unit vector
field and « is an isometry. The angle between 7(so) and 0, is then T —0if 0 <0 < 7
or § — 7 if £ <6 < m. In any case, we have that

. 0
o3

2

:2—2cos(g—e):2—2sin9

g
1 . .
=2-2 1—\(:0892%2—2(1—5-223):227,

which proves (4.27).
Since Hz(95,) = 0, by (4.27), we have

0

i)l = P (i60) — 5 ) L < 1) iC50) —

~ 277 |[Hpll, (4.28)
7
where ||H;,|| denotes the operator norm of H;, and % is a radial vector at avo¥(sp).
For the first term in (4.26) on the right hand side, we continue to show that ||H; | < 1.
Let

t, it c =0,
sc(t) = RsinL, ifc=4; >0,
Rsinh%, if c = —%.

92



If we call the curvature of our manifold x, then we can assume —1 < k < 0 by the
assumption in Theorem 1.2. By the Hessian comparison (cf. Theorem 11.7 in [23]),
we have that

1 so(p) s”1(p)

5 = (o) S Hpo < (o) coth(po) 7z, (4.29)

where 75, is the orthogonal projection onto the tangent space of the level set of py as
in [23]. Here, A < B means (Av,v); < (Bv,v); for all vectors v. From the second
inequality in (4.29), we have

(Hpv, 0)5 < coth(po)(ms,0,0)g S (00, Mg + (v = m0))g = 05 < [0l

Here, we used the fact that coth(p) = 2 with 1 < gy < T. We can make the

eP—e—P
same argument for the first inequality, and so, in summary, we have

1
0< %lﬂ-ﬁovg < <Hﬁovvv>§ 5 |U £2?’

from which it follows that 0 < [(Hz,v,v)| < [v]2. Since H, is self-adjoint (cf. Lemma
11.1 in [23]), what we have shown is

“HﬁOH = sup ’<H50U7U>§‘ S sup |U‘§ =1

lvlg=1 lvlg=1
Combining this with (4.28), (4.26) is translated into

= 0(277) + (grad;po(7(s0)), Vs @ (N))g
_— (4.30)
=0(27) + <3%0a Vﬁ<50>0‘*(m> '

g

d
= (h(s)

For the second term in (4.26), we first note that

Vii(s) = (Vigii(s), ax(N)) g (N).
Indeed, since 77 can be parametrized by arc length, we have

(Vi (5). (51} = 5 T (4i(5). 7(5))3) = 5 Vi1 =0,

which in turn implies that

Vﬁ(s)ﬁ(s) = <Vﬁ(s)ﬁ(3)a 77(5’)2977(5) + <Vﬁ(s)ﬁ(8), a,(N))zou(N)
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Y

0 ~
~ <a—[~,0>Vﬁ<so>0‘*(N>>~

g

where the map Wy is the Weingarten map in the direction of N and II is the second
fundamental form of a(y) in the universal cover (R?,g). In the last approximation,
we used (4.27). Indeed, we know that

<ﬁ(50); Vﬁ(so)a*(N)>§ = (Op» Vﬁ(so)a*(N»g + <ﬁ(50) — 50> Vﬁ(so)a*<N)>§a
and
[(11(50) = Dps Vs (N))g| S 277 < 1,

when 1 < [logy, A\57¢| < j<J.
Since we know [V 7(s)|z & 1 by the assumption on the curvature of the given
curve v, (1.6), we have

0
‘<a—ﬁo’vﬁ<so>o‘*<m>~

9

~ | Vi) (50) 15 = 1.

Combining this with (4.30), we have that |h'(s¢)| ~ 1.
By Taylor’s formula,

h(s) = h(sg) + h(s0)(s — s0) + O(|R"|(s — 50)?).
As a consequence of [22, Lemma B.2], there exists C’ > 0 such that
h(s) = h(so) + ' (s0)(s — s0) + O(e“" (s — 50)°).
Since we are assuming |s — so| ~ =T, for a sufficiently large C' > 0, we have
h(s) = h(se) + (R (so) + O(e'“~TY)) (s — s0) = h(s0) % | (s0)|(5 — o).

Since we have shown |h/(so)| & 1, there exists a C' > 0 such that if |s — so| > C277,
then we have |h(s)| & [C1277, C4277], which proves the lemma. O

By Lemma 4.10, we have, modulo O(A™!) errors, for r € I, s € I,
Ua,jx (7(r), ¥(s))
1 . ~f~ ~ . .
- )‘%QZAP(’Y(TLO‘(A/(S)))&QJ(r7 S)’ lf |'r- — 7"0’ 5 2_J and ‘S — SO’ 5 2_37 (431)
o\ ™), otherwise,

where |, j(r,s)] < Ce“T. Here, there is at most one cube of sidelength C277 in
(r,s) € Iy x Iy € I x I =10,€]? for small €; > 0 such that the amplitude a, ;(r, s)
is nonzero, and (rg, So) is the center of the cube I}, X I}
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Remark 4.11. We observe that the way to find support properties of U, ; here is
similar to that of K, + or K in the previous chapter. We used the assumption of
nonvanishing geodesic curvatures on 7 in both cases. We also used the properties of
the Hessian operator and the Taylor expansion here, whereas used the properties of
the solution to the eikonal equation ¢ and the mean value theorem there.

It follows from (4.31) that
S () A o AT
/|Ua,j,i(V(T)77<5))| dr = Z/ \Uqja(Y(1),7(s))| dr < @CT?Q J
PRl

Here, e“'T comes from the fact |a, ;(5(r), 7(s))| < e“"7 and the fact that the number

of {I;} is ¢“T up to some constant, and 277 comes from the support property |r—rq| <
) ol

277 in I, for some k. Similarly, we also have [ |U,;+(3(r),7(s))|ds S e“ 722277, By

Young’s inequality, we have

1
< A2

CTo—j
277 / .

H/U‘”&W('W(S))f(s) ds

2

By (4.31), we also have that

H/Uavﬂki(i(-)ﬂ(S))f(s) ds

o0

By interpolation, we obtain

A2 2
S 5T @) |l 2<p< e,

p

H/Uaﬂ'viﬁ(%ﬁ(s))f(s) ds

which proves (4.22). This completes the proof.
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Chapter 5

Proof of Corollary 1.3

Let P = /—A,, x € S(R), and v be as above. In this chapter, we heavily borrow
arguments from Xi and Zhang [37], which was also motivated by Bourgain [10] and
Sogge [33]. We first have an analogue of [37, Lemma 1].

Lemma 5.1. [Lemma 1 in [37]] We set A\™! <1 < 1. Let ~; be a fixed subsegment of
~v with length [. We then have that

XA = P) fllzey S AU fllz2an-

Remark 5.2. 1. In fact, [37, Lemma 1] focuses on the case where v is a geodesic
segment, but the argument there applies equally well to any curve segment, by
using p(y(r),v(s)) = |r — s|, which comes from |r — s| < 1 by a partition of
unity if necessary.

2. As observed in [37, Remark 1], a similar argument gives the same estimate for
X(To(A—P)) if Ty > 1. Indeed, the proof of Lemma 5.1 follows from the analsis
of the kernel

[ wenet ] ..

For the operator x(To(A — P)), we consider the kernel
1 — ) .
o [T b (i),
0

Since ?(-/TO) is supported in [t] < 2¢)Ty by (2.1), we split the interval
[—2€0T0, 260T0]

into O(1p) many subintervals with sidelength 1. Each piece of the kernel over
a subinterval of size 1 gives us the same bound as in Lemma 5.1, by the fact
that |le=“F f|| 2oy = || fll2(ar) for any fixed to. If we sum up the O(T;) pieces
from the partition, we have the same bound as in the lemma for the operator

X(To(A = P)).

56



Let T be as in (4.1). We show a weak L* estimate.

Proposition 5.3. Suppose (M, g) is a 2-dimensional compact Riemannian manifold
with nonpositive curvatures. Then, for A > 1, we have

S

A
(log A)1-

IX(TA = P)l|2(ayLa20(y) S

To show this, we will need a result from Bérard [3].

Lemma 5.4 ( [3]). Let (M, g) be as above. Then there exists a constant C' = C (M, g)
so that, for Ty > 1 and A > 1, we have that

;! ( A )é +A2efT
[ .
O \plz,y)

Proof of Proposition 5.3. Assuming || f| 2y = 1, it suffices to show that

(To(A = P)(z,y)| < C

We now show Proposition 5.3.

{o €7 T\ = P)f(2)] > a}| < Ca™*Alog \) .

By the Chebyshev inequality and Theorem 1.2, we have
{z ey : IX(TA=P)f(x)]>a} <a™ / X(T(A = P) P ds < o753 (log \) ™"
Y

Note that, for large A,
a2X3(log\) ' < afA(logA) 7Y, ifa® < AF, ie., a < A
We are left to show that, for || f|| 2 = 1,
Hx € v : |[x(T(A = P))f(x)] > a}| < Ca*Alog )™, when a > A3 (5.1)
We set
A=A, ={z ey :|x(T(\—=P))f(x)] >a}, and r=Aa *(log)) 2

We consider a disjoint union A = U, A;, where |A;| =~ r. Replacing A by a set of
proportional measure, we may assume that dist(A;, A;) > Cyr, when j # k for some
C7 > 0, which will be specified later.

Let T\ = x(T(A = P)) : L*(M) — L?*(v), and, for = € v, let

Ua(z) = {%Eﬁgw if 75 f(z) # 0,

1, otherwise.

We also write

S)\ = T/\T;\k, and a; = ’QZ))\ﬂAj.
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By the Chebyshev inequality and Cauchy-Schwarz inequality, we have

< /ZT,\fa_jds
T

alAl <

/ Ty [0z ds

Y

1

s(/ |ZT:aj|2dvg) -
Mo

= / E TYa;f dV,
M=
J
We can then write
PlAP <T+11,

where

I= Z/M Tya;|* dV,, II=")" [ Sa;a ds.
J

itk

By duality and Remark 5.2, we have that

[ <Cra)z Z/ la;? ds = CraAz|Al = Cha2(log A) YAl
j v
For II, by Lemma 5.4, we note that the kernel K,(s,s’) of S, satisfies

1 1
1/ A \? 1 A\ .
) A2 cr| — /\erCco
r () +e ] C[cologA(w—sw) o ]

which in turn implies that

1
1 A\ 2 L
- )\§+CCO ) <
colog A (C1T> + ] j%ék: lajl[z1|ax] L <

[Ka(s,s')| < C

OlOéQ + C/\%—&-Cco
00012

1<

Al*.

1

We now take ¢y to be sufficiently small so that CAzT¢¢ < %)\g < ioﬂ, since A > 1

and o > A\3. Given the small co > 0, we take C7 > 1 so that % < Z—i. It then
coC2
follows that 1

1
IT < —o?|A]
2
Putting these all together, we have that
1
QPlAP < T+ 11 < Cha?(log\) M A] + §a2\Ay2,
and thus,

|A] < Cha*(log )7, if o > A3,

which proves (5.1). This completes the proof of Proposition 5.3. O
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We are now ready to prove Corollary 1.3. We first recall a special case of a result
in Bak and Seeger [2].

Lemma 5.5 ( [2]). Suppose (M, g) is any 2-dimensional Riemannian manifold. If
v C M is a curve segment in M, then

1
Tty (P)fllzszey S A5 fll2on, A= 1

We recall some properties of the Lorentz space LP4(y) (see also Grafakos [16],
etc.). First, for a function u on M, the corresponding distribution function d,(«)
with respect to v is defined by

dy(a) = {z € v: |u(z)] > a}|, a>0.
The function u* is the nondecreasing rearrangement of u on -, defined by
u*(t) = inf{a: dy(a) < t}, t>0.

For 1 <p < oo and 1 < ¢ < oo, the Lorentz space LP4(~y) is then

179(y) = { Nl ooy = (f, | %) < oo} .

It is also known that

3=

l *
|- llzowyy =l - [lo(y), and suptru’(t) = sup afd,(a)]>.
t>0 a>0

We now take u = 1y xiog )1 (P)f with ||f|| 2 = 1. By Proposition 5.3, we
have that

A\
sup tiu () < |[ullproe < — 2. (5.2)
>0 (log A\)4
Since 1y x+1)(P)u = u, by Lemma 5.5, we have that
1 1
[ullzr2e) S Asllullzan S A% (5.3)

By (5.2) and (5.3), we have

lollsey = ([ o %)

1 1 3 Ai
< tiu*(t))2 [4.2(7) A
< (stli%) u*(t)) H““L4 () ~ ((1og /\)‘11)

N[
>~
i

ool

oo

(log A)

This completes the proof.
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Chapter 6

Future Work

6.1 Higher-dimensional analogues of Theorem 1.2 and Corollary 1.3

We have talked about eigenfunction restriction estimates for curves with nonvanishing
geodesic curvatures when dim M = 2. In fact, there is a known universal estimate for
higher dimensional analogues of Theorem 1.1.

Theorem 6.1 (Theorem 1.4 in [21]). Let (M, g) be a smooth compact Riemannian
manifold of dimension d > 2 and ¥ be a smooth submanifold of dimension d — 1.
Suppose that the second fundamental form of ¥ is (positive or negative) definite.
Then, we have

2d—3

d-1_ 2d
[T (V=B l2ny—rrsy SCXF 75, 2<p< T

We note that, when d = 2, the estimate in Theorem 6.1 is the same as in the one
in Theorem 1.1 with p = 2. We want to find a logarithmic improved estimate of this
estimate.

Conjecture 6.2. Let (M, g) be a d-dimensional compact Riemannian manifold with
nonpositive sectional curvatures, and ¥ be a hypersurface in M, where d > 2. If the
second fundamental form of ¥ is (positive or negative) definite, then there exists a
uniform constant C}, > 0 such that

\F i

- 2d
ITpataoe -1V =Dg) fllrs) < Cp——fll2cary, A>1, 2<p< ——,
(log M)z d—1

where C}, = oo as p — 3.

If d > 2, the term Az in Proposition 4.8 is replaced by AT by the stationary
phase argument in the proposition. When d > 4, it is hard to control the term 25
The d = 3 case may be easier, but it would be still difficult to consider the case p = 2
by a reason similar to d > 4. Fortunately, when d = 3, the case 2 < p < d2—_dl = 3 may
be manageable by using the arguments above, which is still an ongoing project.
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If this conjecture is true, then we can obtain a logarithmic improved estimate at
the critical exponent p = dQle. As in the curve case, we use the arguments in [37],
which was motivated by [33], which was also motivated by [10].

Corollary 6.3. Let (M, g) be a d-dimensional compact Riemannian manifold with
nonpositive sectional curvatures, and X be a hypersurface in M. If the second fun-
damental form of ¥ is (positive or negative) definite, then there exists a uniform
constant C' > 0 such that
N5
Lpretosn-n(V =B fll 2 < C———rlfllz2ny,  A>1.
(log A) 57

We first need a restriction estimate for cubes with sidelength [, which is an ana-
logue of [37, Lemma 1]. The following lemma can be proved by using the arguments
in [12, §6].

Lemma 6.4. We have, in local coordinates,
1,d-1
XA = P)fHLQ([—%,%]d—l) S AT f 2y,

where \7! <[] <« 1.
Proof. By a T'T* argument, it suffices to show that

1,d-1

[Ix(A = P)fHL?([—é,%]?) S Azl HfHLQ([—%,%P)'

We note that

)

X2<)\_ P)(%,y) — %/eiw\x (t)eiitp(l’,y) dt.

By the proof of [30, Lemma 5.1.3], modulo O(A~") errors, we have

d—1
AT et @EYa(x,y), if plx,y) > A7,
O™, if p(z,y) < A7,

where |07 a(z,y)| < Co. We set
K(r,s) = x*(A = P)(a(r), 0(s)).

We consider a partition of unity on {r € R : |r| <[},

logy A

L= xo(Ar) + > %(27r),

J=1
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where xo € C°(R), and x € Cg°(R*!) with supp(x) C {r e R : L < |r| < 20}
We then write

logy A

K(r,s) = K(r; s)xo(A(r —s)) + Z K(r,s)X(2(r = 5))

=: Ko(r,s) + Z K;(r,s).

j=1

For simplicity, we identify an operator as its kernel, for example, K| is the operator
whose kernel is Ky(r, s) in that

Kof = [ Kalr.s)1(s) ds
Using (6.1) and Young’s inequality, we have

HKopr([fé,%]dfl) < HfHLZ’([fé,%]dfl)a

and thus, we focus on K; for j > 1. Without loss of generality, we consider the plus
sign in (6.1), and write

where p(r,s) = p(a(r),o(s)) and a(r,s) = a(o(r),o(s)). Similar argument will work
for the minus sign.
We consider another parition of unity

L= Y xa@r—1p),

pEZd’ 1

where x; € C5° satisfies supp(y1) C {r € R*!: |r| < 1}. We write

K;(r,s) = Z x1 (27 — Ip)K;(r, 8)x1(27s — Ip)

p,pELI~1

We denote by R;,; the operator whose kernel is

x1(27r — Ip)K;(r, 8)x1(2's — Ip).
By the support properties of x; and K, we have

lp—p| < Cy, for some C; > 0,
since

llp —1p| < |lp — 277 4+ |27r — 25| + |2/s — Ip| < L.

62



By this, only the R;,; do not vanish if |p — p| < C;. As a consequence of almost
orthogonality, we have

1] Py

L N I e B e S R E

Using a translation and orthogonal (linear) transformation if necessary, we can assume
p =0 and g(p) = Id for the metric. We set

R=2r  S=2s p;(RS)=2p27R,2778),
and R is the operator whose kernel is

X(R—S)

(A\29) 7227 RS\ | (R)yy ()
pi(R, S)

_a(277R,2715).

Note that, by shrinking the support of a, we can focus only on j > 1, and p;(R, S) —
|R— S| as j — oo in the C*-topology (see [12, §6]). With this in mind, for large j’s,
by the proof of [30, Theorem 2.1.1], we have

7d
| Bioof oy oy S O2)'F <A2 DU sy
1 2d 3
= A2 T | fl gt .
Putting these together, we have
IR 0.0ll 2= 1,101y L2t Lja1y = 2_(d_1)j||Rj,o7o||L2([f% La-1)2([~ L Lja-1)
<2273

from which it follows that

S
and thus, we have

logy A

Z 1 EG ot oy S AT 1 fl o

which completes the proof. n
Remark 6.5. As observed in [37, Remark 1] or Remark 5.2, for T'> 1, the bound for

X(T(\ — P)) is the same as the bound in Lemma 6.4 up to some uniform constant.
Before we proceed further, let us recall a property of the kernel x?(T'(\ — P)).
Lemma 6.6 ( [3]). Let (M,g) be a d-dimensional compact Riemannian manifold

with nonpositive sectional curvatures. Then there exists a constant C' = C(M, g)
such that, for Ty > 1 and A > 1, we have that

1 A et
To(A — P))(x <O |l=——F"T 4 N7 T
I (To( (@, )l T e ) 5 +
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We now find a weak Li-1 estimate for X(T(\— P)).
Proposition 6.7. If (M, g) be as above, then

Adz—dl
— < -
X = POy p ooy S log N5t

Proof. We want to show that
_2d _
{z €2 [X\(T\ = P))f(2)] > a}| Sa @A log\) ™ [|flezan =1 (6.2)
By the conjecture and the Chebyshev inequality, we have

(o € S: (T~ P)f(z)] > a}| < o / (T = P)F(s)|P ds

(d-1)p 243
< C(*P)\S—:’ 2 < P < 2_d
~ (log \)2 d—1

_ (d-1)(p-2)

By a computation, we note that if o < )\%(log A) (i2ndt2 for 2 < p < 2L then we
have the required estimate (6.2), and thus, we want to show that, if || f||z2a) = 1,
then

{z € 2 (T = P)f(x)| > o} S o™X log ) !, when a > A5,
We set
A=A, ={reS: (T~ P)f() >0}, andl=a EPATT(log\) 71,

If we denote by I; a cube with side-length [, we consider a disjoint union A = U;A;
with A; = AN ;. Replacing A by a set of proportional measure, we may assume that

dist(A;, Ay) > Cyl, when j # k,

for some C; > 0, which will be specified later.
For the operator T\ = x(T'(A — P)) : L*(M) — L*(X), we define vy, for = € v, by

a(z) = {rf:i?iiw if T2 f (x) # 0,

1, otherwise.

We also set
Sy=T)\Ty, and a; =Y1y4,.

By the Chebyshev inequality and Cauchy-Schwarz inequality, we have

> =
J

alA| <

/ T\ fial4 ds
>

-

-\ STy,
M=

2
s(/ |ZT:aj|2dvg> -
Moy
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We can then write
AP < Y [ e av, =1+ 11
~ JMm
J

where

]— / | T5a;)? dV,, II—Z/S,\a]ak ds.

J#k
By duality and Remark 6.5, we have that

[<CrEagd / |a;|? ds = C17 A2|A] = Ca~ 71 A(log )~
— Jx
J

For I1, by Lemma 6.6, if K,(r, s) denotes the kernel of S, then

|Ky\(r,5)] < C YE AT o2 NE + AT HCw
AT S)| S 7 7 eCT| = )
T|r — s|=" colog A |r — 5|5
which in turn implies that
_ =
a1 c
II<cC AT OO S lag ) lagl o
| colog Alr — 5|2 ik
_ =
S C d 1 d— +)\%+CCO |14|2
Lcolog\Cy 2 T2
3d—2
< o 2(d=D +Ca2 =C |A|2’
60(712

since we are assuming o > A5, For a large C' > 0, we take a sufficiently small ¢y > 0
so that

1
artaiCo Zaz, when a > A5 > 1.

Also, given C' > 0 and ¢y > 0, we choose ('} > 0 large such that

3d—2

1 _
020 < —o? when a > AT > 1.
o 4
oLy

Combining these two yields
1
11 < §a2|A|2, when A > 1,
and thus, we have that

2 1
QP|AP < T+ 11 < Ca a1 )\(log\)HA| + §oz2|A|2,
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from which it follows that
1A < a1 \(log \) L,
This completes the proof. O

We now prove Corollary 6.3. We first recall a special case of a result in [2].

Lemma 6.8 ( [2]). Suppose (M, g) is a d-dimensional compact Riemannian manifold.
If ¥ C M is any hypersurface, then

d—1
||]1[A,A+1](P)f|!Ld2le,2(Z) S A fll 2o

We briefly review some properties of the Lorentz space L9 (see also Grafakos [16],
etc.). If u is a function on M, the corresponding distribution function d,(«) with
respect to X is defined by

dy(a) = {z € ¥ |u(z)| > a}|, a>0.
The function u* is the nondecreasing rearrangement of u on ¥, defined by
W (t) = /{a cdy(a) <1}, >0,

For 1 < p,q < oo, the Lorentz space LP?(X) is

Lr(s) = {u My = (2 [ m[tiuw)}q%f < oo} .

It is also known that

=

Loy
|- Nereesy = I zees),  suptru’(t) = sup aldu(a)]?.
t>0 a>0
We now take u = 1 xiogr)-1(P)f, where || f|lz2y = 1. By Proposition 6.7, we
have that
5T

supt’= w(t) < |luf —
t>0 (1og )\)W

2a S
Ld-1"° o~

Since 1y x41)(P)u = u, by Lemma 6.8, we have that

d—1 d—1
lul, 2, S X5 ull2) S A5

Putting these all together, we have that

1

d—
s dt\ 24
e :(/ [t%u*@ﬂfﬂ—)
Li-1(%) 0 t

d—1 od
T A2

<

d-1 11
Ssuplt 2@ w (O] lul| ., S
t>0 L 2d%(%) (log /\) 242

This completes the proof.
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6.2 Concluding remarks

In this dissertation, we have focused on eigenfunction restriction estimates for curved
hypersurfaces. If the hypersurfaces are curves, then we considered the curves with
nonvanishing geodesic curvatures. If the dimension of the hypersurfaces is greater
than 1, then in this chapter we considered the case where the second fundamental form
of the hypersurfaces is (positive or negative) definite. As we said above, Conjecture
6.2, a higher-dimensional analogue of Theorem 1.2, is still an on-going project.

If we remove the curvature assumptions on hypersurfaces, problems become subtle.
For p. = % and n = dim M, Burq, Gérard, and Tzvetkov [12], and Hu [21] showed
that

—1

ONT %), if2<p<p.
lexllzr(s) =

n—1_n—1

ON= 7)), ifp.<p<oo,

where |lex|[z2(a) = 1 as above, and ¥ is any hypersurface. Chen [14] already found a
logarithmic analogue of the case p. < p < oco:

T
||€,\HLP(E) =0 (W) , if Pe <D < 0.

Finding a logarithmic analogue of the case 2 < p < p,. is still an open problem.
Burq, Gérard, and Tzvetkov [12], and Hu [21] also found

lexllzoey = O(AT), if2<p<4,

where ~ is any curve. Logarithmic improved analogues of this estimate already have
been studied by Blair and Sogge [8], Blair [5], and Xi and Zhang [37], where 7 is a
unit-length geodesic. Replacing a geodesic by any curve for logarithmic improvements
here would be another open problem.

We conclude this dissertation with the following table showing a brief summary
of eigenfunction restriction estimates for hypersurfaces on the next page.
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Universal estimates

‘ Logarithmic improvements

12], 21] (n = 2)
lealloi) = OA1), 2 < p < 4

y: any curve

8], 5], [37] (n = 2)

1/4
lexllzry) = O U(QW)’ 2<p=i

~: unit-length geodesic

[12], 21] (n = 2)
leallzris) = O(A373), 2 < p < 4

~: a curved curve

Theorem 1.2 and Corollary 1.3 (n = 2)

leallzoty = Oz ) 2 < p <4

~: a curved curve,

olp)=1/2forp#4,0(4) =1/8

21] (n > 2)

n-1_2n-3
lellesy = O(N 3 ), 2<p<p,.
3. a curved hypersurface

Future work (n > 2)

Conjecture 6.2 and Corollary 6.3
3. a curved hypersurface

[12], [21] (n = 2)

n=1_n-1
lexllzrs) = O 2 ), pe <p < o0
>:: any hypersurface

[14] (n > 2)

n—1_n-—1

lellzns) = O (Xpmgnyeir )+ pe < p < 00
3: any hypersurface

[12], [21] (n = 2)
n—1_n-—2
lexllrs) = O T 7% ), 2<p<p.
3: any hypersurface

Future work (n > 2)

(Work in progress)
¥: a (totally geodesic) hypersurface

Table 6.1: Eigenfunction restriction estimates for hypersurfaces
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