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Isopathic Graphs and Airport Graphs

Kim T. Rawlinson, Ph.D.
Department of Mathematics and Statistics
The University of New Mexico, 1972

This paper explores two kinds of graphs, isopathic graphs and air-

port graphs. A distance property of graphs in general is also examined.

Isopathic graphs are graphs in which every maximal path has the
same length. The major theorem of this section characterizes isopathic
graphs as extended stars, bipartite or hamiltonian. There is then a

discussion of the latter two classes of isopathic graphs.

At the end of Section I, there is an introduction to isopathic di-

graphs, a natural concern after an exposure to isopathic graphs.

Airport graphs, more appropriately snob graphs, can be thought of :
in the following way. It might be advantageous in some milieu that before
a person would become friends with another person, A, he would first de-
velop friendships with all people who are stronger than A. If in a graph
strength corresponds to degree, and friendship to adjacency, an airport
graph is formed when all points have this property. The resulting graph

has a special structure which is examined in Section II.

The concept of the "distance of a graph" is presented in Section
IIT. Here the degree of a point is seen to be of greater importance

than is the condition of being a special point. (Special points corre-

iv



spond to the snobs of Section II.)

Notation used in this paper is that given in Frank Harary's book,

Graph Theory, unless it is explicitly defined as the need arises.
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I
ISOPATHIC GRAPHS

DEFINITION 1:
A connected graph G is isopathic if every maximal path has the
maximum length, M, of all paths in G. A graph is k-isopathic if each of

its k components is isopathic.

NOTATION:
d,(u,v) represents the distance between u and v along a path con-

taining w.

We will begin the study of isopathic graphs by examining isopathic trees.
Clearly, if a graph G is a path, it is isopathic. Hence, our first

theorem characterizes isopathic trees which are not paths.

THEOREM I:
A graph G, not a path, which is a tree is isopathic if, and only
if, it has exactly one branch point p and G-p is a set of more than two

paths of equal length.

PROOF :

Assume that G meets the conditions of the theorem. We must show
that G is isopathic. Since G is a tree it is connected and p can be adja-
cent to precisely one point from each path of G-p. If p fails to be ad-
jacent to any path of G-p, then G is disconnected; whereas, if p were ad-
jacent to two points of any path of G-p, then a cycle is formed,
contradicting the supposed acyclic character of G. If p were adjacent in

G to any points other than endpoints of the paths of G-p, another branch
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point would be created, in contradiction to the hypothesis. Thus, p must
be adjacent to precisely one endpoint of each path of G-p.

Let the equal path lengths for the paths-of G-p be k, and let P be
an arbitrary path in G. Extend P to a maximal path P in any way desired.
Because G is a tree, P ends at endpoints of G, and must include p, the
cutpoint of G. From the way in which p connects G at path endpoints'of
G-p, we see that M = 2k + 2 = 2(k + 1). Since P was arbitrary, we must
have that all maximal paths are of length 2(k + 1), so that G is isopa-
thic.

Conversely, let G be an isopathic tree. Denote by u and v two of
its endpoints. Clearly the u-v path is maximal, and therefore has length
M because every maximal path has maximum length. Let w be any other
endpoint, and follow this branch until a point p of the u-v path is
reached. This must happen because G is connected. The paths u-p-v,

u-p-w, and w-p-v are all maximal, so of length M. We must therefore have:

d(u,p) + d(p,v) = d(u,p) + d(p,w) = d(w,p) + d(p,v). (1)

From (1) it follows that:
d(u,p) = d(v,p) = d(w,p). (2)

If t were any other endpoint, an analogous argument would show that the
path beginning with t must also intersect the u-v path at p, so there can
be but one branch point in G. Equation (2) shows that G-p will be a set
of paths of equal length. QED.

An example of an isopathic tree is shown in Figure 1. Such a

tree will be called an extended star.




COROLLARY:
An isopathic‘forest of k trees has k isomorphic trees, each with
a single branch point, and each branch is a path of the same length as

the other branches.

MR S SRS

Figure 1.
An Tsopathic Tree

THEOREM I1.
If a Tine x Ties on every maximal path of a graph G on n points

none of which are isolated, then the graph is a path Pn.

PROOF :
The condition of the theorem implies that the graph is connected

if there are no isolated points, because every line is on some maximal

path. Let x = uv. The deg u < 3, and deg v < 3 because otherwise any
two Tines, except x, incident with u (or v) could be extended to a maxi-
mal path without including x. If deg u = deg v = 1, the theorem is tri-
vial. We therefore assume that the degree of u is 2. Note further that
x can not lie on a cycle for then the path from u to v, the long way
aroﬁnd the cycle, could be extended to a maximal path which would ex-
clude x. Denote by y the line wu incident, along with x, to u. Then y
too must be on every maximal path, since it serves as a bridge to x and
x is on no cycle. By the same reasoning as before, we conclude that

degw =1 or degw = 2. We now continue by induction to exhaust V. The

induction must terminate since x is on no cycle. Of course, this pro-
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cedure stops in precisely n-2 steps, when two 1-degree points have been

reached. QED.
G"_O\ ///’ \\\\ G
o 1 Yt et 0 D 0. 0
W S0 R ey N it =
Figurne 2, :

Lllusthation of the Proof of Theonem 11

THEOREM 111: '
If a (p,q) graph is isopathic, not a tree, and has p > 2, then

it is hamiltonian or bipartite. (We note that trées are bipartite.)

PROOF:

Let G be the (p,q) graph. Since G is not a tree it has a cycle,
and therefore a longest cycle C. Let c(G), the circumference of G, be
the length of C. If c(G) = M, tﬁe maximum path length of G, there can be
no points of G, except perhaps isolated points, which are not on C. Be-.
cause G is connected, we see that G is hamiltonian.

Assume that c(G) < M. Trace around a longest cycle C from two
consecutive points u,v € C. Because c(G) < M, we can extend the u-v path
from u or v or from both u and v. Note that these extensions must be
disjoint. If they were not disjoint, a cycle of length > c(G) would re-
sult. Denote by a,b the lengths of the extensions from u and v respec-
tively. Let w e c and w adj v. As before, trace a v-w path, using the pre-
vious extension from v. In order to maintain isopathicity, the extension
from w must have length a. If there is another point t € C adjacent on C
to w, repeat this procedure using w, the previous w extension, and t. Con-
tinue this process until all the points of C have been used. The points

of the cycle C thus alternate having extensions of length a and of length b.

L



Figure 3.
Altermating a and b Extensions

Hence, if a # b, c(G) must be an even number.

We may assume without loss of generality that a > b. There are

two cases:
case 1 a=b>0
case 2 a>b>0

There are two subcases to case 2:

case 2.1 . b='B

e e

First let us examine case 2.1. c¢(G) > 4, and is even. Suppose
that c(G) = 4. Denote the two points from which there is an extension
a, a; and a;. Call the last points in the two extensions e; and e,
respectively. If the extensions do not intersect at any point, the path
e1-a,-b,-a,-e, is clearly maximal. (bj is the point of the cycle C ad-
jacent to aj in the counterclockwise direction.). Also, the path
e;-a;-by-a,-b, is maximal. Hence we have

2ai+ 2v=ligid 3

<> a = ]
If deg e{ # 1, a bigraph like Pigure 5 with e; = e, results. We

therefore assume deg e; = deg e, = 1, ’



by

Figure 4.
A Diamond (ith Two Tails

If the degree of say a; = k>3, then the degree of az is also
k, and the resulting graph has k-1 disjoint (except for endpoints) paths
of length 2 between a: and a>. Suppose a point s is adjacent to a,.
The path e;-a,-s has length 2 which implies it can be extended from s
because G is isopathic and deg e2‘= 1. s cannot be adjacent to b, or
b, for then a longer than maximal cycle would result; s cannot be adja-
cent to e, because deg e, = 1. Furthermore, s cannot be adjacent to still
another point t because the path e,-a,-b,-a,-s-t would be too long. The
only way out is for s to be adjacent to a,. This isopathic graph is

bipartite and is pictured in Figure 5.

. %
PO

BB t a, e,
b,
Figure 5.

Severnal Diamonds With Tails
This completes the discussion when c(G) = 4.

NOTATION: _
A = {aj € C: aj has an extension of length a}.
B = {aj € C : aj has an extension of length b}.
Consider now c(G) = 6, b = 0. There are two possibilities; all

extensions from the A points are mutually disjoint, or some pair of ex-
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tensions intersect. It is not possible for all extensions to be disjoint
because the path e,-a,-b,-a,-e,would be both maximal and shorter by two
than the path e, -a,-a,-a,-e,. |
Assume therefore that some pair of extensions intersect at some
point u. Since c(G) = 6, the A points from which the extensions arise

must be separated on C by a single B point. In order to keep c(G) = 6,

we must have again a = 1.

We use the fact that the A points are mutually nonadjacent, as
are the B points (see Lemma III-A) to complete the discussion of c(G) =
6. Suppose the extensions from a, and a, intersect at u. If deg B 8 Vs
the isopathic graph of Figure 6 results.

The degree of each of the A points must be 3 because any addition-
al extensions intersecting or otherwise, would destroy the isopathicity
as we shall see. Suppose there is another extension from, say PR
point, v, cannot be of degree 1 for obvious reasons. v cannot be adja-
cent to any of the A points because a maximal path of length 4 < M =6
would be created, and v cannot be adjacent to any B point because
c(G) = 6 < 7, i.e. a longer than maximal cycle would be produced.

Finally, e, # u because b = 0, and this would cause a maximal path

of length 5, whereas M = 6. The path b, -aju-a,-b, -a, would be a maximal

path of length 5.

Figure 6
Isopathic Graph With c(G) = 6, p = §
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LEMMA TII-A
Under the conditions of case 2.1 above, the A points are mutually

nonadjacent.

PROOF:

Suppose some pair of A points is adjacent, say a; is adjacent to
aj and c(G) > 4. The path bj-ai—aj—bi is maximal and too short, its
Tength being c(G) - 1< M= c(G). The case c(G) = 4 is obvious.

If c(G) = 4, the B points of the diamond with two tails cannot
be adjacent because M would then be 5 which is not possible, and, if
the endpoints are identified, the B point still cannot be adjacent because -
a cycle on 5 points is then formed. If c(G) = 6, the isopathic graph of
Figure 6 can have no B points adjacent without destroying the isopathicity
or causing a longer cycle.

Examine now the case where c(G) = 8. Assume that the degree of
the B points is two. Since c(G) + a = c(G) - 1 + 2a, we still have
a =1. From this we get M = 8. None of the extension endpoints can then
have degree 1 because a maximal path of length < 6 would exist. It is
also not possible for ej = ej4, = €44, becauée of the resulting 6 point
path bj4 -aj4,-€j-aj-bj-aj+,. This path is maximal because of the pre-
vious Lemma together with the assumption on the degree of the B points.

If deg b > 2 or deg aj > 3, we still have G bipartite provided no
aj-aj adjaqency or bg-bpg adjacency is involved. The B points cannot be
adjacent without changing a maximal path length or getting a longer cycle,
and Lemma III-A disallows intra-A adjacencies.

Figure 7 illustrates that three consecutive e; cannot be identical

and Figure § shows the two isopathic graphs with 8 point maximum cycles.

o
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' \
1
\3\ bi+,

Figure 7.
Nonis opathic Graph

Figure 8.
Isopathic c(G) = & Graphs of M = §
DEFINITION 2:
We will refer to C, subgraph of G, which includes 3 points of the
maximum cycle C as a diamond. The left diagram of Figute § has two dia-

monds. Two adjacent diamonds on a maximal cycle are two diamonds which

have exactly one point of the cycle in common.

LEMMA III-B:

There are no isopathic graphs for b > 0.

PROOF:
Assume a > b > 0. The sets of the following discussion are A and
B. The meaning of consecutive extensions and consecutive extensions from

the same set are clear. We consider the three possibilities:

B T



case i There exist four consecutive disjoint extensions.

case ii There is a pair of consecutive aisjoint extensions
from the same set.

case 1ii A1l consecutive extensions from the same set intersect.

Proof of case i: Using first the cycle and two A extensions,ﬂand
then the cycle and two B extensions, we are able to get the equations:

T+M=c(G) -1+2aand1 +M=¢c(6) -1+ 2b (3)

But 1+ M = ¢(G) + a + b, hence

at+b=2a-1=2b-1 (4)
which is impossible.

Proof of case ii: We may assume that two consecutive A éxtensions
are disjoint. As in case i, we must have M = ¢(G) + 2a - 2. In order
not to exceed the maximum cycle C, the B extensions intersect immediately
so that b = 1. Now the path e ,-a,-b,-f,-b,-a,-e, uses c(G) + 2a + 1
points. Here the ej are the endpoints of the aj extensions and the f;
are the endpoints of the b; extensions. From these equations we see that

2a + 1 =2a - 1 which is ridiculous.

F2

ai

Figure 9.
Diagham for case AL

Proof of case iii: Let u be the first point of intersection of
extensions a, and a,, and denote the corresponding b, and b, point by v.
If u=v, acycle of length c(G) + 1 is created. If u # v, the cycle
a,-u-a,-b,-v-b -a has Tength c(G) +2. Case iii is therefore impossible

too.
i (e



Hence, there are no isopathic graphs for b > 0.

We note that the condition a > 0 is equivalent to the statement
that G is not hamiltonian. We have just proved that there are no iso-
pathic graphs when b > 0, and that when b = 0, the A'points are mutually
nonadjacent (Lemma III-A). In order to complete the proof of Theorem
ITT, we need only show that if a > 0 and b = 0, the B points are also

mutually nonadjacent.

LEMMA III-C:

If a>b =20, B points of G are mutually nonadjacent.

PROOF: t

We recall that if b = 0, we must have a = 1 since c(G) + a = ¢(G)
«' 1 8%

Suppose bibj e G, then either ej4, = €j+1 OF €§4; 7 €j4,. If
ej+; 7 ej+;, the path €j+1-aj+1-bj=bj-aj4,-ej4, uses c(G) + 2 points
in contradiction to the fact that all isopathic graphs when b = 0 use
c(G) + 1 points in maximal paths. If ej,,= ej+1> the path ejy,-aj4,-bj-
bj-aj+i-ej41 is a cycle with c(G) + 1 points, which is a contradiction
of the definition of c¢(G).

Therefore, no B points can be adjacent so the proof of Lemma
ITI-C is complete.

The Lemmas show us that is a >b = 0, G is bipartite, completing
the proof of Theorem III.

Complete graphs, nearly complete graphs (defined below), Km,m
graphs, Km_’m+1 graphs and sz graphs are all hamiltonian so that the

hamiltonian class of isopathic graphs is neither disjoint from nor identi-

cal to the class of bipartite isopathic graphs.

S~



Figure 10.
Diagnam forn Proofg of Lemma ITI-C

DEFINITION 3:

To deg B = 2, means deg bj = 2, for all bj ¢ B.

We now turn our attention to isopathic bigraphs. If we require
not only that b = 0, but also that deg B = 2, there are no isopathic
graphs with c(G) > 8. This we show via the next two Lemmas and Theorem

IvV.

LEMMA TV-A:
For c(G) > 8 and deg B = 2, the existance of two diamonds with a

common A-point and common extension point implies G is not isopathic.

PROOF:

Assume G is isopathic and let P = b;-a

§~€j~8j4,D347854, P must
be extended from aj4, to some point u not on C. Deg u is obviously not
equal to 1, so u must be adjacent to some A-point, ag » of C. But then
the above path together with the path ak'bi-1 or ak-b1+2, depending on

which is shorter along C, is a maximal path with 8 + [c G -6]points.
2

Our maximal paths have c(G) + 1 points, so we seek a solution to the in-

equality:

8 + [c 2 —6]< c(G) +1 (5)

W



Thus, isopathicity is contradicted for c(G) > 8, completing the

proof of the Lemma IV-A

LEMMA IV-B:
For c¢(G) > 8 and deg B = 2, a diamond on a maximal cycle C implies

G is not isopathic.

PROOF:

Assume that G is isopathic and without loss of generality, we may
assume the supposed diamond at a, and a,. Lemma IV-A tells us that g7
e,. Now the path bl-al-el-az-a3—e3 must return to C, say at a, because
deg B = 2. The continuation along C to either bc(G) or to b,, depending
again on'which is the shorter route, gives us the same inequality (5) as

before. This contradiction comp]etes the proof of Lemma IV-B

b, a

ay

bC(G a

1
Figure 11.
The Paths of Lemma IV-B

THEOREM IV:

c(G) > 8 and every B point of degree 2 implies G is not isopathic.

PROOF:
Suppose G is isopathic. Either B, F 8. ore % By nIP

the path el—al-bC(G)-aa-esuses only c¢(G) - 1 points instead of the re-

quisite c(G) + 1 points. Hence, e, or e, must be adjacent to a, because

T .



a =1and a, is the only unused point of C. However, this cannot happen

by Lemma IV-B, therefore, ¢, = e,.
Assume that e, = e,. The path P = b,-a,-e,-a,-a,-e, must be ex-

tended from e, to some ay e C. P together with ay-bc(g) or ag-b, uses

8 + c(G)-6 points and is maximal because b = 0. Again, the maximal path

is too ghort if ¢(G) > 8 as the inequality (5) shows.

Therefore, there are no isopathic graphs if c(G) > 8 and deg B =

0. - QEB.

Figuhe 12.
Paths of Theorem IV

DEFINITION 4:

A bigraph which is a complete bigraph on a maximum cycle C is a

complete cycle bigraph. Points not on C are interior points of G.

THEOREM V:

A complete cycle bigraph G with length of C = 2m and with color
sets A and B such that [A| = m, and |B] = m + 2 and such that the two
interior points u,v satisfy

1. u is adjacent to exactly one point a, of A

2. v is adjacent to every point of A - a
is isopathic of Tength 2m.

Figuwie 13 shows this configuration.

Ho |



PROOF:

Let P be a maximal path in G. Either u is an endpoint of P or it
is not. If so, P = u-a;-bj-..., where bj # v. After by, there are m - 1]
A—pointé, all of which are reachable from any B-point. Because G is bi-
partite, any path must be an alternating A-B path, so that only m - 1 B-

points can be used in P after bj' The total number of points in P is

therefore 3 + 2(m - 1) = 2m + 1. Hence, the length of P is 2m.

Note that a, cannot be an endpoint to a maximal path because it
can be extended to u.

Any path which does not have a, as an endpoint cannot include u
anywhere. This being the present case, (u not an endpoint of P) and
since G-u is an alternating random hamiltonian graph, P must have 2m + 1

points. G is therefore isopathic. QED.

d)

Figure 13. Y

Complete Cycle Bighaph with Two Interion Points
From Theorem V we observe that u and v together cover A. This

generalizes to the next theorem.

THEOREM VI :

A complete cycle bigraph G is isopathic if, and only if, its in-
terior points pairwise cover A.

Note that if there are zero or one interior points, the resulting

respectively.

graphs are the isopathic hamiltonian graphs Km,m and K MM+ 1

iy, M



Also note that if the interior is nonempty, M = 2m.

//\:
s

Figure 14.
I1sopathic HamiLtonian Bighraph

The cycle B-points will, as usual, be referred to as "b's" and

the interior B-points will be denoted by "u's".

PROOF:

(if) Let G be a complete cycle bigraph with the property of pair-
wise coverage. A maximum path is attained when all m of the A-points,
necessarily from the maximal cycle C of G, and m + 1 of the B-points.
are used alternately with two of the B points as endpoints. Thus
M= 2m.

Because all paths are alternating and because |A| < |B| with the
inequality strict if there are any interior points, the endpoints of any
maximal path must be points from B.

Suppose P is any path. If all the A-points are in P, it must be
a maximaT path and it has 2m + 1 points. If not all the A-points have been
used in P, we proceed by induction on [A|. We can always make a one point
extension from a path with one A-point. Assume, therefore, that P con-
tains m - 1 points from A. If the left endpoint of P is a b-point, P can
be extended to the left to pick up the missing A-point, a., because b-

J

points are adjacent to every A-point. Then a; is adjacent to some unused

A



B-point for the same reason, or because A-points have extensions in the
interior of G. If the left endpoint of P is a u-point, and the right end-
point is a b-point br’ P can be extended to the right as before to pick up
the missing aj, and then another B-point. If both endpoints of P are of
the u type, say up and U., we have, because the interior points pairwise
cover A, that at least one of these interior points is adjacent to g which
in turn is adjacent to some B-point. We have, therefore, proved by induc-
tion that every A-point belongs to every maximal path making all maximal
paths of length 2 m. Hence G is isopathic.

(only if) This part is proved by contradiction. Assume that G
is an isopathic complete cycle bigraph and that the pairwise covering
property fails to hold. There are then two interior pdints u,v and some
point aj from C such that neither u nor v is adjacent to aj- Both u and
v must be adjacent to some A-points ay and a; respectively. If ag # aj,
any path from a to a; which uses every A-point except aj can be extended
to u and v. P can easily be formed.because G is complete on C. The ex-
tended P is maximal and has only 2m - 1 points to it. This contradicts
the assumed isopathic condition of G. If there is no i,k such that ay #
aj, the degree u = deg v = 1. Then the path u-ag-v is maximal and of

Tength two, another contradiction. Therefore, pairwise coverage must be

true. QED.

Figure 15.
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Theorem VII gives a sufficient condition for any graph to be iso-

pathic.

THEOREM VII:
If G = (p,q) is any connected graph such that any two points of

G cover G, then G is isopathic, and the length of any maximal path is

P-1.

NOTE:

By u,v covering G = (p,q) is meant that they are together adjacent
to all the points of G - {u,v}.

PROOF:

Let P be any path in G and call its endpoints u and v. If P con-
tains every point of G, it is maximal with p points. If not, either u
or v must be adjacent by hypothesis to some point not in P. Extending
the length of P by one we have a new path P'. We can obviously continue

this process until the point set V of G is exhausted.  QED.

/

Figure 16.
A Paiwise Covering of a 5-Point Graph

COROLLARY VII-A
If the points of a connected graph (p,q) with p > 5 pairwise cover

(G), it is hamiltonian.
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PROOF:

By Theorem VII the graph is isopathic, and by Theorem III it is a
tree, bipartite or hamiltonian. For p>5 at least 3 points must be in
some supposed color set,so the covering condition forces an ajacency with-
in this set precluding the bipartite possibility. Since the graph cannot

be either of the first two types, it must be hamiltonian. QED.

DEFINITION 5:
A graph G = (p,q) # Kp is nearly complete if for every u from G,
deg u > p - 2. The notation NKp shall mean a nearly complete graph on

p points.

THEOREM VIII:
The points of G pairwise cover V(G) if, and only if, G is nearly

complete.

PROOF:

Suppose the points of G pairwise cover G. If there is some point
u of G such that deg u< p - 2, there are two points v,w which are neijther
one adjacent to u. But then the points of G do not pairwise cover V, a
contradiction.

On the other hand suppose G to be nearly complete. If G were not
to have the pairwise covering property, there would be points u,v,w such
that v and w would neither one be adjacent to u so that dequ <p - 2,
another contradiction.

Hence, the pairwise covering property is equivalent to being nearly

complete. QED.
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COROLLARY VIII-A

G = NKp implies G is isopathic and M = p - 1.

PROOF:
By Theorem VIII G has the pairwise covering property, and by

Theorem VII G is then isopathic with M =p - 1.

We now turn our attention to graphs which have isomorphic images

under cyclic permatations.

DEFINITION 6:

Suppose the p points of a gfaph G are arranged in come order on
a circle. Impose a counterclockwise numbering of V(G), so that G becomes
a labled graph. A chord is a line between any two points. The length of
a chord is the number of lines in the corresponding subtended smaller arc
of the circle. v

The greatest common divisor of a and b will be denoted (a,b) in

this paper.

THEOREM IX:
Let k be the length of any chord of G for which all chords of
length K which could belong to G, do in fact, belong to G. Then (p,k)

= 1 implies that G is hamiltonian.

PROOF:

p <« implies that there exists a,b such that

ak = bk (mod p) (6)
so that

(a - b)k 20 (mod p) (7)

I



We may assume that a is the least a such that ak = bk (mod p) and that
a > b.

1 implies p|(a - b). (8)

(p,k)

Therefore, p = a - b.
If we now trace around V(G) along chords of length k, all of thich
are present by hypothesis, we must reach each péint of G before returning

to the initial point. Therefore, G is hamiltonian. QED.

DEFINITION 7:
G is a starred polygon if there exists some labeling of its points
sdch that G is isomorphic under all cyclic permutations of its labeled

points.

NOTATION:
The following sequential subscripting of the points from G assumes

such labeling has already been assigned.

THEOREM X:
If G = (p,q) is an isopathic hamiltonian starred polygon, then it °

is complete or nearly complete, or complete bipartite Km,m'

LEMMA X-A
If G has a chord of length k, then it has all possible chords of
iength k ~ 2 n = Tl s

PROOF:
Note that M = p - 1, and that p > 6 in order for there to be a chord

of length k - 2. Also observe that there are no chords if p = 3, and if

AL



p=4orp-=5, the respective graphs with a chord of length 2 are K“
and K-

Under the conditions of the theorem, if p = 6, the smallest K is
3 and the theorem is trivial since G = Ka,g' We may therefore assume
without loss of generality that P>7 and k > 4.

Select a point uj € G. There are all chords of length k and we may
assume that k < p/2. The path Ug-2"Uy=Up_k41-Ug-1~Up-,~Up-k+, leaves out
Up- Because G is isopathic, we must have one or the other of the endpoints
adjacent to Up- But this is a chord of length k - 2, so that under cyclic

permutations we have all chords of length k - 2. Repeat the analogous pro-

cess with chord length k - 4, k - 6, etc., to establish the Lemma.

Figure 17.
Diagram fon Lemma X-A

COROLLARY X-A:
: The shortest chord in any isopathic hamiltonian starred polygon has

length two of three.

NOTATION:
The shortest chord length of G shall be denoted by "ch"; the longest
chord length shall be represented by "CH". Thus, we have ch = 2 or ch = 3

for the conclusion of Corollary X-A.
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LEMMA X-B:
The longest or the next to the Tongest possible chord is always

present in G.

PROOF:
There are two cases:

case 1 o

1]

case 2 ch =3
Case. 1: .ch =2, ek 4 aaioe uj» and two adjacent consecutive

points u,v at maximum chord distance from Us. The path o} T T

1l
omits uj. Thus either u adj uj orv adj.ui. 7
Case 2: ch = 3. Select uj and ujy, and two points u,v at as
nearly maximum chord distance from uj and Ujy, as possible. Consider the
path U-Uj4,-Uj-,-v. The graph befng symmetric, we may assume without loss
of generality that the forced (because of isopathicity) adjacency is from
u. If p is even, either u adj uj, or u adj Uigys the same adjacencies
are true if p is odd, but the chord pattern is different (see Figure 1§).

Thus we have in G either the longest or next longest chord. ~ QED.

p odd p even

U.i Uj

i
Figure 18.
Diagrnam fon Proog of Lemma X-B

LEMMA X-C:

If ch = 2, then G is complete ar nearly complete.
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PROOF:
Let k be the length of a shortest missing chord. Note that the

Lemma is true for p < 8. We may arbitrarily center our attention on Up-

The path Ug Uy =Ug-) ~Upy, Up—k-y “Up-k+ ~Up-, ~Up-k Teaves out Ups SO that

one of the endpoints must be adjacent to u., at a chord length of k. This

p
is a contradiction unless u, = Up_k (p = 8), so G is either kb or NK

p*
QED.
Up-k ug
upjjg“":‘ﬂ::r
Figure 19.
Diagram for Proog of Lemma X-C

LEMMA X-D:

If ch = 3, then p is even.
PROOF:

Suppose p were odd.  We may focus our attention on up. Consider
now the path u,=uy=U,MgrlgUs~lg o=, .. . . This path uses points in

pairs so that the last step would be to up_l-up_z, because p is odd. This
path has its endpoints at a chord distance of two from u

p* 2 contradiction

of ch = 3, because the isopathicity forces either u, adj u, or u adj

p P-2

u Thus p must be even. QED.

p*
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LEMMA X-E:

If ch = 3, then G is complete bipartite Km,m-

PROOF:

By Lemma X-D, p is even and by Lemma X-A, there can be no chords
of even length, for then there would be a chord of length 2. By Lemma
X-B, either there must be a chord of longest possible length or of next
to the Tongest possible length, and since there are no even chords, all
the odd ones must be present. Thus, G is complete bipartite Km,m where
p = 2m.

The above Lemmas, X-A through X-E, established Theorem X.

An examination of the proof to Lemma X-D shows that the only use
which was made of the starred polygon condition was to guarantee that
all of the possible 3-chords were present in G. We can by means of the

same proof arrive at the following more general theorem.

THEOREM XI:
Let G be an isopathic hamiltonian graph with ch = 3, and suppose

that G has all possible 3-chords. Then p is even.

Lee



COROLLARY:
An isopathic hamiltonian graph which has all 3-chords and an odd

number of points must have a 2-chord.

THEOREM XII:
Let G be an isopathic hamiltonian graph, and let all possible 2-

chords belong to G. Then G has a chord of length k, k < p/2.

PROOF: _

Without loss of generality we may focus our attention on the point
Up- Furthermore, we may assume p> 6 in order for there to be something
to talk about. For any k < p/2 the path P = Up=Ug .z =+« st =(lig OF Uy,
depending on whether k is odd or even)-around the cycle and back to up
in the same way as the other side of the cycle, forces up adj up or Up_k

adj up.

Figure 21,
Diagham gor Theorem XI1

The path P is valid unless k = p/2. In that case when p is odd,
the desired endpo{nts of P are adjacent, and there is no guarantee that
there is a chord from Uk-, to Upsg,- If p is even, both desired endpoints
of p are the same point. Hence, the longest possible chords of G might

be missing. QED.
We have seen some of the natures of isopathic graphs which have
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all possible 2-chords, or all possible 3-chords. We now show that there

are no isopathic graphs with all possible k-chords, where ch = k > 3,

THEOREM XIII:
Let G be isopathic hamiltonian with k = ch > 3. A1l possible

k-chords cannot be in G.

PROOF:
As before we center attention on Up- Then the path P = u,-up,,-
Uy=Up=Ugga=e+ +Up_k_2"Up-2"Up-; Up-k-1"Up-3 forces a chord of length 3, a

contradiction.

Diagham gor Theorem XIT1

The following principle is shared by all isopathic hamiltonian

graphs.

THEOREM XIV: (Crossing Theorem)

If G is hamiltonian, isopathic, not c_, and has a chord F of length

P
> 2, then from every pair u,v of consecutive adjacent points on one side

of F, either u or v, is adjacent to some point on the other side of F.

PROOF:
G is hamiltonian so M = p - 1. Suppose F = ujuj- The path u-uj-

Uuj-v uses fewer than p points because the length of F > 2, so by the iso-

B



pathicity of G either u or v must be adjacent to some point across F.

QED.

Under the hypothesis of Theorem XIV, a point of degree 2 consider-
ably constrains the possibilities for G to be isopathic as we shall see

in Theorem XVII.

Figure 23.
Diagham for Theorem XIV

THEOREM XV:
G is isopathic and hamiltonian if the shortest chord of G has

Tength r > 4, then G has all chords of length r.

PROOF:

There is no loss of generalizatﬁon in the following proof if we
assume that r = 4 and that u,u; € G. The proof shows that the next chord -
u,ug is also in G. Note that r > 4 —> p > 8. Assume that r = 4 and
that u,u, e G. We show that u,ug is also in G. By crossing Theorem,
there must be a chord from one of the endpoints of the path ug-ug-u,-u,
to u,,uy, Or u,. u, is too close to either endpoint. If u,u,eG, the
path u,-u,-u,-u,-ug-ug, is too short since the endpoints are to close to

and either extension

dy . EF U TS, el ey we el eSS REE. 1,
£ 7 R T W MR W .

puts in a chord which contradicts the minimality of r. Hence, u,ug e G.

QED.
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Theorem XIII and Theorem XV imply:

THEOREM XVI:
If G is isopathic, hamilteonian and not Cps then G has a chord of

length 2 or 3.

THEOREM XVII:
If G is isopathic, hamiltonian, not Cpo and has a point u of degree
2, then G is one of the following graphs: '

I 11 111

N <

v
I1sopathic Hamiltonian Graphs With
a Point of Degree 2

-~

PROOF:

The proof is via the next three lemmas.

LEMMA XVII-A:

No pair of consecutive adjacent points can have degree 2.

PROOF:

The proof is by contradiction. Suppose there were two consecu-
tive adjacent points u,v € G of degree 2. Since G is not a cycle, it
must have a chord F = ujuj and u,v must Tie on one side of the chord.
By Theorem XIV the path U-uj-uj-v must have a chord crossing F from

either u or v. Thus, either u or v must have degree > 3, a contradiction

s



of the assumption, completing the proof of Lemma XVII-A

LEMMA XVII-B
In addition to F = ujuj, let vw be a chord from v crossing F.

There then can be no point t on the small arc uw.

PROOF:

Suppose there were such a point, then there must be a point t ad-
jacent to w on C. The path t-ui-uJ-—v—w-uJ-_1 is maximal and of length
p - 2. It is maximal because neither endpoint can be adjacent to u, a
point of degree 2. This contradiction of G's isopathic condition com-

pletes the proof of Lemma XVII-B.

Ui v

Figure 25.
Diagham of Lemma XVII-B

LEMMA XVII-C:

There is at most one point on the arc WU

PROOF:

Suppose there were two (or more) such points, us_,

WU 5. The path o B o . 19 must be extended across vw. Because the

degree of u is 2, we must have either Uj-,uj € & or Uj_,Uj € G. Assume

—ui-uj-v-w-UJ.2 is maximal and of length

and Uj.,»on arc

Uj-,uj € G, then the path Ujoy

p - 25 a.coftradiction. If Uj-U;-v-w-u;

J J-3
is again maximal and of length p - 2. This contradiction completes the

uj—zui e G, the path g Tt

L



proof of Lemma XVII-C

In order to satisfy the hypothesis of having a chord we must have -
p>4. Ifp =4, the above lemmas give Graph I in Figure 25. If
there are no points between w and u;, Graph II results; if there is one

point between w and Usjs Graph 111 is obtained. - QED.
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ISOPATHIC DIGRAPHS

The forgoing discussion prompts the question "what can be said
about isopathicity of digraphs?" The answer to this question for weakly

connected acyclic digraphs is given in the following:

THEOREM XVIII: ;

An acyclic weakly connected digraph G is isopathic if, and only
if, there exists a partition of the point set V(G) into subsets S;,
0 < i < Mwhere M is a maximum path Tength, so that for 3% k -1, u.g 34
and v ¢ S, implies uv ¢ X(G).

Note that the theorem says that all arcs are directed upward in

unit steps, if the S; are arranged in levels as in the figure below.

SM

: Z

0
Figure 26,
Isopathic Dinected Thee
PROOF:
Let. S, - {u e G : id(u) = 0}. S, is nonempty because G is acyclic.

Let S, = {u e G : u is adjacent from some point in Sy}. Then define Sj =
{u e G : the Teast index of adjacency is from Sj_gu Let SM = fue B
od(u) = 0}. Again, because G is acyclic Sy 1s nonvoid. Furthermore, all
Sj are nonehpty.

Assume G to be isopathic. Any path from a point of S, to a point

of Sy is maximal, and because G is isopathic, all such paths must have
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length M. If there were an arc uv from S¢ to Sj, k> J, we would then
have one of the following contradictions.

1. k> j and vu ¢ G because G has no cycles and {uv,vu} constitutes
a cycle. There must be a path P, from S, to v because of the above cdn-
struction. Now either v € Sy or v ¢ Sy. 'If Ve Sy» the length of P, is
less than an S;-u-v path = P, U uv. Hence, v £ Sy. Vv then must be adja-
cent to some point w ¢ Sj+; by the construction of the Sj. W cannot be
any point of P, without creating a cycle and w cénnot be adjacént to any
point, except u, of P, for the same reason. If wu € G, the triang]e.in-
equality makes the Tength of an S,-v-w-u path greater than the length of
P2 . Now we can extend these two unequal paths to maximality in the same
number of steps because no points can be reused.

In the same way we can extend the P, Uww and P,U uv U vw to maximal
paths of unequal lengths. This contradiction tells us that uv ¢ G.

Therefore, k # j. _

2. k=Jj. Any Sy,-u-v-maximal path has lengthone more than a
So—v-maxima] path; hence k # j. »

The necessity of the condition is established.

If on the otherhand, G meets the conditions of the theorem, every
path can be extended only by going to a point in the next higher (Tower)

set, so that any maximal path must consist of precisely one point from

each set 55. 0 < j <M. Thus, G is isopathic. QED.

The last theorem shows that G cannot even have a semicycle.
Suppose we consider a slightly more complicated graph which, like
the last type of graph, is an oriented graph. Let O be an oriented

graph with a cycle; this forces p > 3. [If we suppose further that 0 has
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a cycle which includes all p points, we have the following facts about 0,

for which we shall find convenient the following.

DEFINITION 8:

Let the graph 0 be laid out in a hamiltonian cyclic C. Any arc
which has the same sense as the cycle will be called a positively directed
arc, parc for short. A negatively directed arc, narc, has the opposite
sense as a parc. Note that a parc (narc) can be adjacent to a point at
most halfway around the cycle C. The length of a parc A, denoted L(A),
is the number of arcs it subtends on the cycle C 6f 0. If p is even and

L(A) = p/2, we adopt the convention of calling A a parc.

LEMMA IXX-A:

If 0 has one parc of length 2 it has all possible 2-parcs.

PROOF:
Let the orientation of C be counterclockwise and assume without
loss of generality that the 2-parc A is from u;-u,. M is clearly p - %

Consider the path u,-u,...-uy = P. P has length M - 1 so that u or

p
u,u, must be in 0. But C is oriented, with Ui, € 0, 'so: that u,u, g ()

pU2

Now reapply the forgoing argument to get u e 0. This process can

u
p-171
evidently be continued until V(P) is exhausted. Hence, all possible 2-

parcs belong to 0. The configuration is shown below.

Up AT
Figune 28.
Diagham forn Lemma IXX-A
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LEMMA IXX-B:

If 0 has all 2-parcs, it has all 3-parcs.

PROOF:

Consider the path P = u,-u,-u,...u As in Lemma IXX-A,

b’
u,u, € 0 implies uzu, ¢ 0 so that upu, is forced to be in 0. Because
the starting point of P was arbitrarily chosen, we must have that all

possible 3-parcs belong to 0. QED.

u ..
P U, u,
Figure 29.
Diaghram gor Lemma IXX-B

LEMMA IXX-C:

There cannot be two consecutive 3-parcs.

PROOF:
The path P = Up=Uy=-..Up-Us is maximal since neither u,u, nor
usu, can belong to 0. But P has length M - 1, which contradicts the iso-

pathicity of 0. QED.
The Lemmas stated above together imply:

THEOREM IXX:

An oriented graph with a hamiltonian cycle cannot have a 2-parc.

=8



up U u2' 4
Figurne 30.
Diagram fon Lemma IXX-C
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IT
AIRPORT GRAPHS

SPECIAL POINTS:

1 for determining whether aAgiven partition is graph-

In the algorithm
ical, the graph G can be replaced by a graph G' which has the same‘parti-
tion as G, and has a further property. The graph G' has a special point u,
which is adjacent to other points of G' in such a way that u, of degree ‘

d, is adjacent to d, points uj of degrees d;, and the d; are in descending

order for the partition of G. This motivates the following definition.

DEFINITION 9:

A point u is a special point of G, sometimes abbreviated "sp pt",

iff whenever u is adjacent to a point of degree j, it is adjacent to every
point from G of degree > j. Note that isolated points are vacuously spe-

cial points.

THEOREM XX:
If u is a special point of G, then u is a special point of G, the

complement of G.

PROOF:

Let m be the minimum of the degrees of all points of G té which u
is adjacent, and let v be a point from G of degree m. The degree of v
in G is then p-m-1. u is adjacent to no point of degree < m in G, and
therefore u is adjacent to every point in G with degree > p-m-1. Because
u is adjacent to every point with degree > m in G, the minimum degree to

which u can be adjacent in G is p-m-1, and u is adjacent to all points of
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G of degree higher than p-m-1, so u is a special point of G. QED.

NOTATION:
The number of points in a graph G of degree n will be denoted by
#(n), or by #n when there is no ambiguity caused by dropping the paren-

theses.

The question arises from the aforementioned algorithm "When is it
not necessary to rearrange the summands in successive modified partitions?"

The answer to the question is given by the following:

THEOREM XXI:

The algorithm for showing that a partition II = (dl,dz,i..,dp) is
graphical does not have to be reordered at any stage if, and only if,
I is of the form

p~1 if lL<i<k and 1<k<p
dj = S il - {9}
K.t k<ixp
PROOF:

It is clear that if I has this form, (9), it will result in a parti-
tion of p-k zero summands in precisely k iterations.

On the other hand, if the algorithm is to proceed without rearrange-
ment, it must be that d, is large enought to subtract one from each of the
other p-1 summands at each iteration. If this were not true, we would have,
because d, > d, >4 > ...dp, no way to decrease the later entries of the
sequence {d;} without reordering the entries. The process will result in
a totally disconnected graph in k iterations. Thus T has form (9).

QED.
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We note that because d, = p-1, G is connected. Note further that
the theorem also says what kinds of graphs have partitions which need no
rearrangement }n the algorithm.

It is easy to construct graphs which have no special points. Among
these there must be some graph with a fewest number of points and lines.
It turns oft that (8,9) is a minimal pair for graphs having no special

points.

THEOREM XXII:

Among all (P,q) graphs, (8,9) is minimal for having no special

points.

PROOF :
The Figure 31 below demonstrates the existence of an (8,9) graph

with no special points.

B 0
g
Figure 31.

(8,9) Graph With No Special Points

o

It is easy to verify by examining the graphs in the appendix of

Harary's book, Graph Theory, that every graph on fewer than seven points'

has a special point. The search is much more tedious for graphs on seven
points, but examination of the (7,q) graphs2 1 < q< 11 together with
Theorem XX shows that every graph on seven points has a special point. We
thus arrive at the conclusion that p = 8 is the minimum number of points
for a graph to have no special points.

Let us focus our attention on graphs with eight points. We shall
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see that each 8-point graph with fewer than nine lines has a special point.
The next five Temmas are about graphs on eight points. Each graph G is

assumed to have no special points. Recall that isolated points are special
points.. C denotes a component: A; is the maximum degree of all the points

THGE:

LEMMA XXII-A:

Each component must have atleast three points.

PROOF:

Suppose a component hasvexact1y one point. Then it is an isolated
point of G and therefore, a special point of G. If C has two non-isolated
points, then each must be of degree one. G-C is then a graph on six points,
and a special point of G-C is necessarily a special point of G. Therefore,

8] > % QED.

Since there are eight points in G and each component has at Teast

three points, we have the following:

COROLLARY:

G has at most two components.

LEMMA XXII-B:

There cannot be a component on three points.

PROOF:
Suppose that C is a component of G on three points, and that C'
is the other component of G on five points. Since C has three points, it

must have some point of degree two. C' must then have a point u which is
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special relative to C', but which is not special relative to G. The point
u must be adjacent to a point v of degree 1 in order for u to not be special
in G. Furthermore, the deg u< Ac = A to keep v from being special in G.

The figure below shows the relationship.

I
|
I
VO\) or
ud—w
Figure 32.
Diagham gorn Lemma XXIT-B

The deg u = 2, for if deg u > 2, there would have to be a point in C' of
degree > 4 in order to satisfy deg u < A But this is impossible because

there are only five points in C', and v adj u and deg v = 1. We may,

therefore, conclude that deg u = 2. u is adjacent to some other than v

point, say w, of C'. If degw =2, w must be adjacent to one of the two
remaining points r ors of C', say w adj r. Now since C' is connected, we
must have r adj s, and deg s = 1. But now u is not special relative to

C' because it is not adjacent to r. Hence degw = 3. So we have w adja-
cent tou, tor, and to s. If r is not adjacent to s, r becomes a point

of degree 1 adjacent to a A-point, and thus special in G. If r is adjacent
to s, u fails to be a special point of C' because it is not adjacent to r,

a point of degree 2. This impossible dilemma forces us to reject the origi-

nal hypothesis that there could be a component with three points. QED.

The last lemma leads us to consider the possibility of two compon-

ents each of order four. We shall see that this is not possible either.
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LEMMA XXII-C:
Let |C| = |C'| = 4. Then neither component can have a point of

degree 1.

PROOF:

Suppose u is in C and that the deg u = 1. There are four points in
each component of G so that A < 3. If A = 2, every point of degree 2 would
be a special point if both components were paths, and every point of the
cycle would be a special point of G if either component were a cycle. Since
C, and P, are the only two possibilities when A = 2, we conclude that
A= 3. We know that u must be adjacent to some point v and that deg v < 3
so deg v must be 2, since deg u = 1 and deg v = 3 implies that u is a sp pt
€ G. This automatically forces the component C to be a path on four points.
The other component C' then has a A-point, and can have no 1-degree point
adjacent to this A-point. Thus C' is either K, or K,-x. In either case .
the points of degree 3 are special in G. Therefore, the T-degree point

cannot belong to G. QED.

As we saw in the Tast Temma, there are only two connected graphs on
four points which are permissible, and now we note that any combination of
them results in a graph with a special point. Thus, we come to consider
only connected eight point graphs. Consequently we have q > 7.

By examination of all 23 trees on eight points, we find that each
has a special point. Thus we are led to (8,8) graphs'which we shall show
to have special points in each case, and this will establish the Theorem

XXII.
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LEMMA XXII-D:

G has at least two pointsof degree > 3.

PROOF:

We already know that G must have at least one point of degree > 3,
for otherwise, it would be a cycle on eight points, or a path on eight points,
each of which has special points. That there is another such point now
follows quickly, because if there were not, the one point u of degree > 3
would be adjacent to only point of degree 2 (a 1-degree point is forbidden

from being adjacent to a A-point) and then u would be special in G. QED.

The (8,8) graphs fall into one of two classes:
class i A =3

class ii A8

LEMMA XXII-E:

Every (8,8) graph has a special point.

PROOF:
The method of proof at this time will be to examine all possible
eight point graphs with eight lines; these are of the form T, + x. In class

i we may eliminate all 8-point trees which already have a point of degree

» 3.
Class i 5l
e Two points r,s of degree 3 must
S S ; be separated by at least two 2-
T degree points so that the 2-degree

point t between r and s is not special, nor is r, in case no points separ-
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ate r and s. r cannot be adjacent to a 1-degree point, so there is just

one remaining possibility (shown) and that alternative makes r special.

5 Both u and v must not have degree
u
5 ,
NSRRGSR 77 (4 1, but if x = uv, r is special.
\Ov
3. o//fo ' u must be adjacent to some point.

v
Yo She Rl ol B v,w are out because of a 1-degpoint
~ou

adj A-point. u adj s makes t

special, and u adj t makes r special as does u adj y or z.

4. u, v, and w cannot be adjacent to
Wk :;' any other point. If t were adja-
Q\\\o cent to any other possible point,

r becomes special. Other possible adjacencies violate Lemma XXII-D.

y i
S5 vo,//o : u must be adjacent to some point
gl
WP e not y.or w. If uadlsort.u
e—e\t
o is special. Ifuadjyorz,r
O :
\0 ; .
is special.

us v, ¥, and z cannot have degree

6.
u  §
Q\\r 1, and the addition of just one
v :::Z

more line x fails to remedy this

condition.
. As in the previous cases, u,v, and
u
i r w cannot remain of degree 1, and
]
v W the addition of one more line

does not correct the problem.
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8% y
u to/o
. rs
v OW\O
z
9.
0\\\ o///O
r
\\x__/
0% 0/0
u o//’
e
v Ow
(AW

u and v must not have degree 1

and x =uw makes r special.

The same argument as in 8 holds.

u, v, and w cannot remain of

degree 1.

There are too many 1-degree points

adjacent to A = 3-points.

We have now completed our search of class i and have found that

every (8,8) graph in this class has a special point. It remains only to

exhaust class ii in a similar manner.

We first examine the trees which

already have a point of degree 4 or higher, and then we take another look

at those trees from class i which could be made to have a 4-degree point

by the addition of a single line.

Class 1ii Al >a

1%, Tu
o BORA 0. 0 rﬂ 0
A

!
Oy

u, v, and w have degree 1.

S



13 u must be adjacent to v, and then

Qu
s S L T r becomes special.
0
v
14. In order for G to have at least
W two points of degree 3, u must
I v

[es)
o)

be adjacent to v, w, or t, and

[

[
D

any of these adjacencies makes r

special.
15, . There are too many 1-degree points
; ] : I :: adjacent to a A-point.
16. There are too many 1-degree points
e-——j;::::::: adjacent to a A-point.
1% There are too many 1-degree points
>< adjacent to a A-point.
0
18. There are too many 1-degree points
G\\é }9 adjacent to a A-point.
19. ; Too many 1-degree points are adja-
z:: Tr cent to r.

il



20. u adj v forces r to be special.

0
u
. A Too many 1-degree points are ad-
o\\\ 0 jacent to r.
e ér .
] &

L. There are too many 1-degree

. points adjacent to r.
e 5 There are too many 1-degree points.

adjacent to a A-point.

Let us now examine those graphs from class i which already have
point(s) of degree 3 so that G can have a point of degree > 3 by the ad-
dition of a single line. Tree 1 has no possibility. Trees 2, 3, 5, 6,
7,9, 10, and 11 are impossible because of the 1-degree point adjacent
to a A-point property. The only possibility in 4 is r adj w, and this
makes t special. As for 8, x cannot be incident with r. x incident with
s forces x = sy or x = sz, either of which makes s special.

It is easy to verify that every nine point tree fails to not have
a special point.

There are no other (8,8) graphs, so we have completed the proof

to the theorem.

=47 =



We are now led to a consideration of a special type of graph in

which every point is a special point.

DEFINITION 10:

An airport graph is a graph every point of which is a special

point.

It.was determined that airlines do not adhere to airport graphs,
so a better name might be "snob graphs". This name stems from the pos-
sibility that in some sociological setting, a person might well want to
make friends with all people of "high rank" before he would make friends

with a person of "lower rank".

NOTATION:

Denote by A the class of all airport graphs.

We have already seen that isolated points are special points.
With another look at all graphs on fewer than five points we notice that

they are all airport graphs. The minimal non-airport graph is the (5,3)
which is shown in Figure 33.

X &\\\\o not special

0———0
Figure 33.
Minimal Non-Airnport Graph
It is convenient to sketch airport graphs with a level for each
degree, and with all points of a given degree on the same level. Level

(k) will designate the set of points on level k.
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The first theorem about airport graphs follows easily as a corol-

lary to Theorem XX.

THEOREM XXIII:
If Ge A, then G € A.

DEFINITION 11:
We shall refer to the graphs like Figure 34 as twin stars. They
are, in fact, Siamese twins. The tree consists of two K1,n graphs whose

intersection is the two n-points and the line between them.

N A
IR R

Figure 34.
A Twin Stan

The following theorem characterizes trees in A.

THEOREM XXIV:

A Eree: Toe -AVEf iTsiis avtwing star, opr Kl :

PROOF:

The condition is obviously sufficient, so we need be concerned
only with the necessity. Let T be a tree in A. If T is a path, it can-
not have more than four points. If it were to have > 5 points, the two

points adjacent to the endpoints would fail to be special. P, can be

thought of as the twin star from two Kl’2 graphs. Suppose then that T
is not a path. It must then have a A-point of A > 3.

If there is only one A-point r, we choose any point u adjacent to
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r, and note that if u is adjacent to any other point v, v fails to'be
special because it is not adjacent to r, and it is adjacent to a point of
degree < A. Thus, the degree of u is 1. Since u was arbitrary,
T= K o

Suppose that there are two or more A-points. Actually, more than
two A-points is impossible because any two such points which are not
adjacent to each other, as is the case for trees, cannot be special
points. For the same reason, the two A-points must be adjacent to each
other. Let r,s be the two A-points. If u is any point such that u adj
rand 1 < deg u < A, v is not special, so we may conclude tha£ dég u=1.

Thus T is a twin star. QED.

The definition of an airport graph does not require that G be con-
nected. The following theorem shows that this does not make the class
A appreciably larger than it would have been if connectedness were re-

quired.

THEOREM XXV:
If G € A has more than one component, then
1. A component is an isolated point or
2. Every non-trivial component C; is a complete subgraph

and [C;| = k for some fixed k and for every i.

PROOF:
An isolated point is vacuously a special point. Consider any

i# j for which Ac; # ch. We may assume without loss of generality that

>
o
A

ch. Then every point of C; fails to be a special of G. Thus,

Ac; = ch = A. If there is a point u in any component C; such that degree

I -,



u < A, then every A-point of Cj adjacent to u fails to be special in G.
We now have that every non-trivial component can have only A-points.
Therefore, every non-trivial component must be a complete graph on a fixed

number, K>1, of points. QED.

Next we observe several facts about airport graphs. Recall that

#k means the number of points of degree k.

FACT A-1:

Every 1-degree point is adjacent only to a A-point.

FACT A-2: A

Let:E: #1 = j. Then no point u with deg u < j can be adjacent to
i=k+1
a point of degree < k.

PROOF:

If u were adjacent to a point of degree < k, it would have to have

degree at least j + 1.

FACT A-3:
If any point u from level (n) is adjacent to a point v from level
(k < n), then every n-point is adjacent to the same number of k-points as

S

PROOF:

Let the notation be as in Fact 2. If w is another n-point, the
contribution to its degree from levels higher than k is only j. But u
has degree n > j + 1. Thus w must be adjacent to some k-point. If every

n-point is adjacent to every k-point, the theorem is satisfied. If the

P,



number of k-points to which u is adjacent < #k, w must be adjacent to
precisely this same number of k-points in order for deg w = n because
deg w, like the deg u ='j + m where 1 < m < #k.

As a consequence of the previous fact we have

FACT A-4:

Every A-point is adjacent to the same number of points of degree

FACT A-5:
Let G be a connected airport graph such that A # §. Then A >
p - #.

PROOF:
Some A-point u must be adjacent to some §-point. Thus A > (p-1)

- (#6 - 1) = p - #8.

COROLLARY:

A1l A-points are mutually adjacent if A # &

FACT A-6:
Regular graphs belong to A. (A =68 )
Not only is the A - level mutually adjacent if A # 8, but a

large subgraph of every airport graph is a complete subgraph.

THEOREM XXVI:
For every G € A, let j be the smallest number such that a point u
e level (j) is adjacent to some point v € level(k < j). Then the subgraph

from all levels > j is a complete subgraph of G.

G



PROOF:
Figure 35 illustrates the nature of this proof, as well as the
general structure of airport graphs.
Theorem XXV shows that Theorem XXVI is true if G has > 1 component.
We therefore assume that G is connected. Let u be as in the hypothesis,
but with the further requirement that the level k to which u is adjacent
is the lowest level to which a j-point is adjacent. By fact A -3, we
know that all points from level(j) are adjacent to points from level(k).
That
Level A
Level j

S(6) . complete above Line
s'(G)

Level k

Level §

Figure 35.
Diagram forn Theorem XXVI

forces u, and every other j-point to be adjacent to every point from
levels higher than k, which includes level(j).

Thus the graph G is complete from level(J) up. QED.

Note that in the preceding theorem it would be possible for the
complete subgraph to include the first level below level j. This would

not be a violation of the way in which j was chosen.

DEFINITION 12:
The complete part of an airport graph G will be called the super-
structure, S(G). S'(G) will be the substructure of G.
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We notice further that no point from two or more levels below level

(j) can be a part of S(G).

FACT A-7:
Let j,k be as in Theorem XXVI. Then if #j > #k, then k %8s

PROOF:
If #j > #k, we see by the use of the pigeonhole principle, and by
Fact A-3, that every j-point must be adjacent to at least two k points.
QED.
We have seen the nature of the adjacencies among levels of G; the
next theorem shows that there cannot be adjacencies within a level much below

S(G).

THEOREM XXVII:
Let m be the degree of a level two levels below Tevel(j ). Then
no point from Tevel n < m can be adjacent to any other point from 1eve1

n.

PROOF:

Let u,v, € level(n) and suppose u adj v. Then u must be adjacent to
every point from levels > n, which includes a level < j. But this makes a
point from a level < j have a downward adjacency, contrary to the way in

which j was chosen. QED.

THEOREM XXVIII: ;
Let level(m) be the level immediately below S(G). Relative to level

m, G is regular.

Bl -



PROOF:
If m =0, the theorem is vacuously true. Let u adj v where u,v

e level(n). u must be adjacent to every point of S(G) - level(m). Thus

the degree of each m-point is

A
m = :Z: #k + number of adjacencies within level(m); (10)
k=m+1 :

because there are no downward adjacencies from level(m). This implies that
every point of level(m) is adjacent to the same number of points from level

(m); i.e. relative to level(m), G is regular. QED.

The two previous theorems tell us a great deal about the structure
of G. G must be complete above some level, j.  TheJevel immediately
below j may or may not be part of the superstructure, but it is certainly
regular in its own level. A1l levels below that can be adjacent only to
points from level(j) or higher, so that G - {5(G) u level(m)}is totally

disconnected.

The Tast two theorems, together with the remark give us the follow-

ing corollary.

COROLLARY:
G - S(G) € A.

As a consequence of all the above structure of G,we can see that for
arbitrary m and n, if u ¢ level(m),every point v from level(m) is adja-

cent to precisely the same number of n-points as is u.

We already know that not all graphs have special points, and there-

fore not all graphs are airport graphs. Next we shall see an algorithm
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for constructing an airport graph for any arbitrary (p,q) graph.

THEOREM IXXX: (Construction Algorithm)

For every p,q € {whole numbers} with q < p(p-1) , there exists a
2 ‘
(p,q) graph G € A, :

PROOF: (Algorithm)

-—
-

Label the points u,,u,, ceeslp

2. Set g=q and go to 4.

3. Form gy = Qi.; ~ (p-1)

4. If qi < 0 stop.

If g > 0 make uj,;, sequentially adjacent to as many of the

remaining points as possible. V

5. Return 2@ 3.

From the very nature of the construction, no point is made adjacent
to a point of degree k until it is made adjacent to all points of degree
> k. Thus every point must be special. Because q < p(p-1), the algortihm
must terminate. QED. ?

Figure 36 shows the construction of an (6,10) airport graph.

Pigune 36, .
A (6,10) Cons tructed grom Algorithm

The Tine sequence, solid, then dashed, then dotted, indicates the
order in which the lines of step four are filled in. Below is a rearrange-

ment of the same graph to puf it into the standard airport graph form.
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¢ Figure 37. .
Standard Ainport Graph Form fon Figure 36.

Unfortunately, for a given (p,q), an airport graph is not unique

as the following figure shows for (6,10) graphs.

e

Figure 38.
Another (6,10) Adirport Graph

>
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H1
THE DISTANCE OF A GRAPH

The concept of an airport graph leads to the idea of the distance
of a point and of a graph. Unfortunately, there does not actually seem

to be any relationship between the two concepts.

DEFINITION 13:
The distance of a point u in G, D(u), is

D(u) = }E: d(u,v) where d(u,v) means the distance (11)
veR G :

from u to v.

The distance of G is

Z D(u)_
D(G) =ueb ’ (12)
; _

The following theorem gives the distance of several familiar graphs.

THEOREM XXX:

6
2. D(K, p) = n®
3. D(Ky,n) = (mn)? - (m+n+mn)
4. DEC,u) = W
5. D(C2n+1) = n(n+]% (2n+1)
6. D(K,) = p(p-1)

2
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PROCF:
1. Observe first that for a tree on n points and for the same

tree with an endpoint e removed, the following relationship holds:
DTy = Bleya 0. . ) (13)

The proof of 1. is by induction. The formula holds for n =1, and n - 2.

Assume therefore that the formula is true through n = 1. Then

]

D(Py) = D(e) + D(P,_,)

n-1

b ; ks (nE1)S o fned)
= 6

3 ~3nen'-3 +»3n+1]
6

= nd = n
6

Thus n —sn + 1, and the proof to 1. is complete.

rA S there are n poinfs with distance two from the other

n - 1 points, and one point at distance one from n points. Thus

D(Kx,n) = 2n(n-1) +n

=n2

3. A typical point in the m-set has distance 2 from the other
m-1 m-points. A similar relationship holds for the n-set. In addition

to those distances, there are mn units. Thus

K(Km n) 2m(m-1) + 2n(n-1) + mn
. 2 2

m> -m+n2 -n+mn

1]

(m+n)2 - (mtn+mn)
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4. Consider any point u. Its distance is computed in two dir-

ections, then adding in the distance to the antipodal point. Thus
[ n-1 :
b(C,,) 2 k+n|2n

[n2- n+ n]n

3

]

n

5. For odd cycles, a typical point must have its distance deter-

mined along two equal arcs. Therefore
n
L § SRR [2]23 k] (2n + 1)
k=1
2

2n(n+1) (2n+1)
2
&

n(n+1) (2n+1)
2

6. The complete graph Kp has each of its p points at distance one

from every other point. Hence

D(Kp) = p(p-1)

We note that as a corollary to 3, we have

D(K = 3m® -2m = m(3m-2).

m,m)

THEOREM XXXI:

The distance of a path;D(P,),is an upper bound for distances of

connected graphs on n points.
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PROOF:
Every connected graph G has a spanning tree TG and it is clear
from the triangle inequality that D(G) < D(Tg), with strict inequality

if G is not a tree.

We now show that D(Tg) < D(P,). The argument here is by induction,
and is similar to that of part 1 of the previous theorem. It is clearly
true for n = 1. Assume the inequality is true through n-1. Then we split
off an endpoint e from Tg and maximize D(e). Because Tg is connected, a
distance of k cannot be attained until a distance of k-1 has already been
reached. Thus max D(e) =1+ 2+ 3 + ... + (n-1). Therefore

D(TG) < max D(e) + D(TG-e)
n-1

=Dk + (n-1)3 - (n-1)
k=1 6

= g n =3P OB,
6

We have seen that the removal of an endpoint from a path or from
a tree has the following relationship:
D(Tn) = D(Tp-,) + D(e), where e is an endpoint

This is a specid] case of the following more general theorem.

THEOREM XXXII:
D(G) < D(G-u) + D(u) (14)

PROOF:
We may assume that G is connected, since the inequality is true
otherwise. IfG-u is disconnected, the inequality holds, so we assume fur-

ther that u is not a cutpoint. Now examine D(G-u). Whatever this number

e



is, the addition of another point u may decrease the distance between
some pair of points of G-u, but the addition can certainly not increase

this distance. Thus the inequality is established.
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