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ABSTRACT

This thesis develops an algebraic analog of psuedo-Riemannian geometry for
relative schemes whose cotangent sheaf is finite locally free. It is a generalization of
the algebraic differential calculus proposed by Dr. Ernst Kunz in an unpublished
manuscript to the non-affine case. These analogs include the psuedo-Riemannian

metric, Levi-Civita connection, curvature, and various existence theorems.
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1 Introduction

In this paper, a notion of the psuedo-Riemannian metric is presented for relative
schemes whose contangent sheaf is finite locally free. For example, a smooth alge-
braic variety V' of dimension n over a field k£ has this property that the cotangent
sheaf €2x/;, is locally free of rank n. More generally, nonsingular varieties have
this property as well. The motivation may be found in the fact that there lacks
a well-developed analog of a metric tensor in algebraic geometry. However, this
does not mean that there has not been any efforts made to develop this lack of.
For instance, there are two independent efforts that start to address this notion.
On one hand, [1] is an unpublished work developing psuedo-Riemannian geometry
in the affine case of commutative algebra, but this machinery does not consider
glueing operations or a scheme-theoretic flavor. In particular, the analog of the
Levi-Civita connection is worked out only in the case where 2 is always a unit of
the commutative ring. Yet, on the other hand, in [2] and [3] one does have a notion
of a smooth psuedo-Riemannian variety over a field of characteristic zero and its
geometry is studied. A primary objective of this paper is to blend as much as
possible these two bodies of work and strive for the greatest generality. Algebraic
constructions of differential calculus dates far back, and more at the foundational

level, it can be thought to be started with this paper [4]. A very good account



of this may also be found in the paper [5]. As scheme-theoretic methods were
developed, soon followed generalizations of connections to vector bundles over a
scheme. For instance, this may be found in [6], [7], and [8]. In what follows is a
brief outline of this paper.

The first section of this paper constructs the desired analog of a metric in
algebraic geometry. We start with an S-scheme X such that the cotangent sheaf
Qx/s is locally free of (finite) rank n. A metric on X over S can be thought of as
an Ox-bilinear morphism g : ©x/s X Ox/5 — Ox of abelian sheaves whose global
section induces a symmetric 2-tensor and satisfies a non-degeneracy condition.
Similar to classical differential geometry, the existence of a metric determines an
isomorphism of cotangent sheaf 1x,g and the tangent sheaf ©x,5. However, it
is known that such an isomorphism does not always exist, so this allows one to
restrict to points of X for which the restriction of g to this set forms a metric,
and hence the induced isomorphism of (restricted sheaves).

In the second section, we introduce the meaning of a connection in algebraic
geometry and generalize the machinery introduced in [1] for our purposes in a
scheme-theoretic approach. This gives a meaning to local constructions like con-
nections forms, connection matrices, Christoffel symbols, and more. There is also
a set of localization idea’s of these constructions as we will see later on. The
third section has one of the main theorems of this paper, i.e. the existence of the

algebraic Levi-Civita connection for a psuedo-Riemannian scheme. Similar to the



second section, we will further carry over some of the constructions proposed in
[1] to this non-affine case and have notions of Laplace operators, Hesse forms, and
also what is called a residual of a psuedo-Riemannian scheme. These residuals
can be thought of as a convenient quotient of the structure that is constructed
from a sheaf of ideals. The last section will study the curvature properties of the

developed framework with connections and metrics for this algebraic context.

2 Algebraic Metrics

Let X be an S-scheme where the cotangent sheaf (0y,g is finite locally free as
an Oy-module. Consider an Ox-bilinear morphism g : ©x/s X Ox/s — Ox of

abelian sheaves. It gives rise naturally to a morphism of Ox-modules

9 Ox/s ®oy Ox/5 — Ox

which is defined on simple local sections by gg(v ® w) = g(v, w) and on arbitrary
local sections by extending linearly to linear combinations of simple local sections.

We have that the section g is symmetric if, and only if, gy o 7 = gg where

7: Ox/s ®oy Ox/s = Ox/s oy Ox/s

is the braiding isomorphism of abelian sheaves, i.e. on simple local sections v ®

w—wR.

Lemma 1. For an Ox-bilinear morphism g : ©x/s X ©x/s — Ox of abelian



sheaves, there exists an induced morphism

(Sg : @X/S — @}/S

of Ox-modules defined on an open U as the map taking | € H(U,Ox/s) to the

Ox (U)-linear map g(U)(l, —) where (6,(U)(1))(w) = g(U)(l,w).

Proof. The morphism ¢, is the natural transformation taking an open subset
U C X to the Ox (U)-linear map d,(U) that acts on elements [ € ©x,s by sending
it to the map ¢g(U)(l, —). This makes sense as g(U) is an Ox (U)-bilinear morphism

g(U) : @X/S(U) X @X/S(U) — Ox<U) ]

Lemma 2. If € is a locally free sheaf on a ringed space (X, Ox), then (E®e, E)*

and E* ®p, E* are isomorphic as Ox-modules.

Proof. The isomorphism is defined by the natural bilinear map (E ®o, E) X
(E* ®o, E*) — Ox, which is shown to be an isomorphism looking at bases

locally. O

Remark 1. Under suitable circumstances, when the cotangent sheaf S1x,5 of an
S-scheme X is locally free of finite rank n, then we have an isomorphism of the
Ox-modules (x5 oy Qx5 and the dual Ox of Ox;s ®o Ox/s. Therefore, we
may interchangeably consider sections of one as sections of the other without loss

of generality.



Definition 1. Given an Ox-bilinear morphism g : ©x,s x ©x/s — Ox of abelian
sheaves, then we say that it is a psuedo-Riemannian metric (or metric for

short) on X when the following conditions hold:
1. (symmetry) g (X) is a global section of the sheaf Sym2(QX/S);

2. (non-degeneracy) the map 04 : Ox/s — @}/s is an isomorphism of Ox-

modules.

Notation 1. When evaluating the metric g and map o4 to some open set U C X,
we will still write them respectively as g and o, rather than g(U) and 6,(U) when

the open set U 1is clear from context.

Lemma 3. Consider an Ox-bilinear morphism g : ©x,s X © x5 — Ox of abelian
sheaves. The stalks of the map of sheaves o4 : ©x/s — @}/S are all isomorphisms

if, and only if, it is non-degenerate.
Proof. This follows from elementary properties of sheaves of Ox-modules. O

Proposition 1. For an Ox-bilinear morphism g : ©x/s X Ox/5 — Ox of abelian

sheaves to be non-degenerate, then following hold and are equivalent:

1. the map of determinants det(dy) : det(©x/s) — det(©Y ) being an isomor-

phism;

2. the stalks of the map of determinants det(dy) : del(©xs) — del(O%q) are

all 1somorphisms.



Proof. This follows from the fact that © x5 and {2x,g are isomorphic finite locally
free O x-modules, and also from the fact that the operator det preserves short exact

sequences. ]

Proposition 2. (Ezistence By Removal) Consider an S-scheme X where Qx/g
is finite locally free as an Ox-module, and a Ox-bilinear morphism g : ©x/g X
Ox/s — Ox of abelian sheaves. If R(g) denotes the closure of the subset of X
Jor which the stalks of the Oxp-linear map oqp : Ox/sp = O% g, fails to be an
isomorphism, then X(g) := X \ R(g) is an open subscheme of X and g|x(g) is @

metric on ©x/s|x(g)-

Proof. Clearly, open subsets are open subschemes. Since at each point p € X (g),
the map d,, is an isomorphism by the construction of the space X(g), we have

that ¢ is non-degenerate. O]

Definition 2. Suppose that X is an S-scheme. Given a metric g on X, we call
the pair (X, g) a psuedo-Riemannian scheme over S. For sections V,W of

Ox/s, g(V,W) is called the scalar product of V,W.

Example 1. For R a commutative unital ring, the polynomial ring R[xy,. .., Ty)
has the property that Qyx is a free Ox-module of rank n trivialized by dx., . . ., dx,
where Y = A% and X = Spec(R). Writing éx1, ..., 0%, for the dual basis of Oy, x,

we see that any Oy -bilinear morphism g : Oy;x X Oy;x — Oy of abelian sheaves



may be written as the sum

Z gzj5xz X 5ZE]'
ij=1
where g;; are elements of R[x1, ..., x,]. It follows that g is symmetric if, and only

if, the matriz (g;5);;—, is symmetric in Mat,(R[z1, ..., x,]). By identifying O3,
with Qy/x via the canonical Oy -isomorphism, we see that the map oy : Oy/x —
Qy/x is given by 64(dx;) = 2?21 ;027 for 1 <i < n. Therefore, we see that g is

non-degenerate if, and only if, det(gi;)7;—; is a unit in R[zy, ..., Tp].

Example 2. Suppose that X is a nonsingular variety of dimension n over a field
k. The cotangent sheaf Q2x ;. 1s an Ox-module locally free of rank n. It may very
well hold in general that {dx /i is not isomorphic to Ox/, as an Ox-module. In
fact, even if it were the case, we do not necessarily have that Qx ;. is free and of
finite rank unlike the example above. However, observe that for each symmetric

matrix

G = (9i5)1 =1 € Mat,(Ox (X)),

we can consider the set R(G) of points p € X for which the determinant of G
is not a unit of the local ring Ox,. It can be seen that this set R(g) is closed
and we have that X \ R(g) is an open subscheme of X. Applying the Ezistence
by Removal, we have that there exists a metric on the scheme X \ R(g). More
generally, any smooth algebraic variety X over k of dimension n has the property

that the cotangent sheaf Qx i is locally free of rank n. Applying the same idea



above, we can restrict to particular open subschemes that surely have a metric by

studying the symmetric matrices with entries in the ring of global sections.

Example 3. Suppose that S C T are fields where {x;}\_, is a collection of ele-
ments. Assume that either char(S) =0 and {x;}._, is a transcendence basis of T
over S, or that char(S) = p > 0 and {z;}._, is a p-basis for T over S. Then the
global sections of 1 /s form a vector space over T of dimension | with basis {z:}_,.
As a result, the contangent sheaf a free Op-sheaf of rank I. Writing z*, ...,z as
the dual basis of {x;}\_,, then each Op-bilinear morphism g : Or/s x Or/5 — Or
of abelian sheaves may be written in the form Zi,j:l gijx* @a?. From observations
in the above examples, we see that any such Orp-bilinear morphism g is a metric

if, and only if, (gi;)} =, is a symmetric matriz in Mat)(T) whose determinant is

nonzero.

Example 4. Suppose that K C L are field with L a separable finitely generated
over K. Letr be the transcendence degree of L over K. Then the global sections of
QK 18 a L-vector space of dimension r. By the discussions in the examples above,
we have that Or-bilnear forms g written in the form Z;jzl gijx" @ 27 relative to
a dual basis x',...,x" are metrics if, and only if, (gij)§7j:1 15 a symmetric matriz

in Mat,.(T) whose determinant is nonzero.

Proposition 3. (Correspondence of Algebraic Metrics) Let X be an S-cheme over

S where Qx/5(X) is a free Ox(X)-module of rank n. There exists a one-to-one



correspondence between symmetric non-degenerate Ox -bilinear morphisms © x /g x
Og/s — Ox of abelian sheaves and symmetric matrices (g;;) € Mat,(Ox (X)) with

the property that det(g;;) € Ox(X)*.

Proof. Suppose that Qx/s(X) has a basis b',...,0" and by, ..., b, forms the dual

basis to b',...,b" for ©x,s(X). We can write an arbitrary tensor
g € H(X,Qy/s ®0y Nx/s)

as the sum

ij=1
where g;; € Ox(X), then it can be seen that g is symmetric if, and only if, the
matrix (gi;);;—; is symmetric. Let Iy = >7"  2*b; and Iy = Y7 | y'b; be elements
of Ox/g(X) where z' and y’ are elements of Ox(X). The scalar product is given
by
g(ll,lz) = Z gijxiyj-
ij=1

The map d4(b;) sends b; to g;;. By identifying Qy,o(X) with Qx/s(X) by the
canonical Ox (X )-isomorphism, then d, : ©x/5(X) — Qx/5(X) is given by d4(b;) =
Z?Zl gijb’ for 1 < < n. Therefore, we see that g is non-degenerate if, and only

if, (9i)7 ;=1 is an element of Ox(X)*. O

Theorem 1. (Local Existence of Psuedo-Riemannian Schemes) If X is a smooth

scheme over S and U C X is an open for which Qx;s|v is a free Ox|y-module of



rank n, then there exists an algebraic metric g on Qx/s|y making the pair (U, g)

a psuedo-Riemannian scheme.

Proof. Since I'(U, Q2x/s|v) is a free Ox(U)-module of finite rank, then the above
proposition ensures the existence of the desired algebraic metric. Surely, for any

choice of aq,...,a, € Ox(U)*, the diagonal matrix A given by

a 0 0 --- 0

0 ay O 0
A=

0O 0 0 - a,

is symmetric and the determinant of A is det(A) = a;---a,, which is in the
multiplicative subgroup of units Ox(U)*. If b',...,b" for a basis for Ox/s|v,
then there exists the following algebraic metric given by g = """ | a;b' @ b’ by the

correspondence above. O

Consider an S-scheme X where the cotangent sheaf 2x/g is locally free of rank
n. Given a metric ¢ on X and a point p € X, there exists a basis by,...,b, of
Qx/sp as a free Oy y-module, and we write its dual basis by bt,...,b". In this
case, we call (g;;)i';=; the fundamental matrix at p of the metric with respect

to the basis b',...,0". The canonical image g, of ¢ at the germ p induces an

10



Ox p-bilinear form ©x/g, X Ox/s5, — Ox, given by

g (L Ly, 9hb)
V1 V2 V102

As well as, the Ox p-linear map dy, : Ox/sp — @_*;(/Sp is the isomorphism via the
stalk of ¢4 at p. Thus, g, is a algebraic metric on Ox p-module ©x/g,, which we

call the localization of g at p.

Given the localization g, it induces a r(p)-bilinear mapping

g(p) : Ox/s(p) X Ox/s(p) — K(p)

where ©x/s(p) is the quotient x(p)-module Ox/g,/m,Ox/s, for m, the maximal
ideal of the local ring Ox,. Denoting [, for the image of I; € Ox/sp in Ox/5(p),

we have that mapping g(p) above is given by

gp) (L1, l2) = gp(la, l2),

i.e. the image of g,(l;,2) in the residue field x(p), whose value is called the scalar

product of tangent vectors at p. From this, it is easy to see that

gp)(lL(p), l2(p)) = g(l1, 12) (p)

for sections 1, ly of ©x/, and [1(p), lo(p) are their respective images. Since Oy gy
is a free Ox p-module of finite rank, it happens that g(p) is non-degenerate if, and
only if, g, is so. Given a psuedo-Riemannian scheme (X, g), for each p € X, we
call the pair (Ox,, g,) the localization of (X, g) at p. When X is a scheme over

11



a field k, then for any psuedo-Riemannian structure (X, ¢) that may be imposed

on X is called psuedo-Riemannian scheme over k.

Definition 3. Given sections Iy and ly of ©x,s, we say that they are orthogonal,

and write Iy L Iy, if g(l1,13) = 0.

Proposition 4. (Algebraic Metric Equivalence Principle) Suppose that B is a
basis for an S-scheme X as a topological space. Given an Ox-bilinear morphism

g:Ox/5 X Ox/s — Ox of abelian sheaves, the following assertions are equivalent:
1. g defines a metric on ©x/s;
2. g(U) defines a metric on ©x,5(U) for each U € B;
3. gp defines a metric on ©x/s, for each p € X;
4. g(p) is non-degenerate for each p € X.

Proposition 5. (Pasting For Algebraic Metrics) Suppose that B = {U, }ier is a
basis for an S-scheme X. Consider an Ox-bilinear morphism g : ©x/s X O x/s —
Ox of abelian sheaves. Let g; be metrics on ©x/glu, for i € I be give such that

€Sy, U;nU; (gz) = TeSy;,u;nU; (gj) in
P(U; NU;) oy winuy) Ox/s(Ui N U;)

for all i,j € I. There exactly one metric g on Ox,g such that for all i € I,
g9i = g(Ui).

12



Proposition 6. (Ezistence of Local Orthogonal Bases) Suppose that (X, g) is a
pseudo-Riemannian scheme over a field k of characteristic p # 2. Fix a p € X.
For any affine open U = Spec(S) neighborhood of p in X (i.e. p € Spec(S))
where 2 € S* such that Qx,(U) is free of finite rank, there exists f € S\ p and
local sections 1y, ... 1, of ©x/(D(f)) which form a basis of ©x/,(D(f)) as an

Ox(D(f))-module such that

g(D(N)) i, 1) = €y
where 1,5 =1,...,n and each €; is a unit of Ox(D(f)).

Proof. Since the characteristic of k is not equal to 2, we know that 2 is a unit
of k. Furthermore, {2x/;, being a finite locally free Ox-module, its stalks are free
modules of finite rank. Notice that the residue field x(p) has characteristic not
equal to 2. There exists a basis (i, ..., () of ©x/(p) satisfying the property that
g(0)(G, () = iy where a; € k(p)* and 1 < 4,5 < n. Choose [; € Q)X(/W with
image ¢; in ©x/g(p) for each 1 <4 < n. Then (I4,...,1,) is a basis of ©x/g, by

Nakayama’s Lemma. Thus, for each 1 < 1,7 < n, we see that

9p(li, ;) (p) = 9(p)(Gis ),

and as a result, g,(l;,1;) is a unit ¢ of Ox, for i = j and an element of m,Ox,
otherwise. We may require that g,(l;,1;) = 0 for ¢ # j by choosing suitable /;. We

proceed by an inductive argument in the sense that one can assume this condition

13



has already been satisfied for [y, . ..,l, with 1 < m < n. Define an element [,

as follows,

’

lm+1 = lpt1 — ng(lm+1> lk)eizllk-

k=1
It follows that
I Li1s 1) = Go(limgrs bngr) — 2 ng(lmﬂa )’ + ng(lm+17 )’
k=1 k1

is a unit of Ox, and for 1 <k <m,

G (lsrs 1) = (b1 In) — Gp (Lt )€ e = 0.

By induction, we can find a basis (4, ...,l,) of ©x/g, with the desired property
that

9p(li ;) = €0y
where 7,5 = 1,...,n and each ¢ is a unit of Ox, for each 1 <7 < n. Therefore,
for any affine open Spec(R) of p in X, choosing a suitable f € R\ p, there exists
local sections Iy,...,l, of ©x/(D(f)) which form a basis of ©x/,(D(f)) as an

Ox(D(f))-module such that
9(D()) (L, 1) = €:di
where 7,7 = 1,...,n and each ¢; is a unit of Ox(D(f)). O

Definition 4. For a psuedo-Riemannian scheme (X, g) over a scheme S, we see
that for a section f of Ox, the differential section df of Qx/s is given by df (V') =

14



V(f) for V a section of ©xss. The algebraic vector field 6, (df) =: Grad(f) is

called the gradient of the section f.

Recall that when consider as sections, ;0 Grad, d : Ox — €/, are equivalent,
so d being a k-derivation of Ox ensures that Grad is also such. That is, for sections

fﬂgOfO)O

Grad(fg) = fGrad(g) + Grad(f)g.

Further, this gives the following formula for V' as a section of ©x/y,

9(Grad(f), V) = V().

Consider a psuedo-Riemannian scheme (X, g) over S. For any local sections
(o},...,0™) generating a (local) basis for Qx/s and (V4,...,V},) its (local) dual

basis for © /s, we can write g as follows:

g= Zgijo'i@)(fj

ij=1
where g;; are sections of Ox. Then (g;;);;—, is called the local fundamental
matrix of (X,g) relative to (¢',...,0"). Its inverse is denoted by (¢")},;_,,
and we have that

> g9 = of

j=1
for 1 < i,k < n. The map J, is given by §,(V;) = Z?Zl gijo? for 1 < i < n.

Writing Grad(f) = Y1, ¢'V; where each ¢ is a section of Oy, then
Vi(f) = g9(Grad(f),V;) = Z ¢ 9
=1

15



hence, we see that ¢' = 37 | ¢”V;(f) and the following result is obtained,

Grad(f) = _ (> _g"Vi(H)Vi.
=1 j=1

Consider a psuedo-Riemannian schemes (X, g) and (Y, g) over a field k. If there
exists a k-isomorphism of schemes ¢ : X — Y, then there is an isomorphism of
Ox-modules ¢* : O x/, — Q;/k where QY/k is considered as an Ox-module via the
map ¢ and ¢* : V — ¢V ¢~ for a section V of Oxyy,. Denote V? to mean ¢V ¢ 1.
We know that both Qx/, and Qy/, are finite locally free as modules over their
respective schemes. If ', ..., 2™ is a collection of local sections generating © /i
as a free Ox-module of finite rank which are dual to a collection of local sections
Ty,..., T, generating Qx /. as a free Ox-module of finite rank, then the section Vf
is equal to y for 1 <7 < n where the collection of sections y; = ¢(z;) form a basis

and the collection of 3 is its dual. When ¢ is a k-isomorphism of schemes over k

as above, we say that ¢ is an isometry over k if the following diagram commutes:

Ox/k ®ox Ox/k — Ox

oy ¢*l l¢>

Oy /r ®ox Oy s Oy

It follows that ¢ is an isometry if, and only if, for each local fundamental matrix
G of (X, g) with respect to a collection local sections Vi, ..., V,, forming a (local)
basis of ©x/, as an Ox-module, we have that ¢(G) is the fundamental matrix of
(Y, g) with respect to the sections V,*,..., V. when they form a basis for Oy/k, as

16



an Oy-module. When (X, g) = (Y, h), the isometries ¢ : X — X over k of X

form the group of isometric automorphisms of (X, g) over k.

3 Connections

Let (X, g) be psuedo-Riemannian scheme over a scheme S where €)X/S is locally
free of rank n. This section will study the properties of what are called connections
on X. We wish to create constructions so that certain finiteness conditions are

met for the desired analogs of psuedo-Riemannian geometry.

Definition 5. Let X be an S-scheme. A connection on Ox/s is an Og-bilinear

morphism of abelian sheaves
A\ @X/S X @X/S — @X/Sv (Va W) S @X/S(U) X @X/S(U) = V\%W)
satisfying the properties on local sections f of Ox on some open set U C X,
1. Vi, (W) = fVy(w),
2. VU(JW) = [V5(W) + V()WY
We say that VY.(W) is the covariant derivative of W with respect to V.

Notation 2. When the open subset U C X is clear from context, we will write

VY as just V, i.e. VY(W) = Vy(W).

17



Definition 6. Given an X be an S-scheme and connection V on Ox/g, it is

wntegrable when the following identity holds on all sections Vi, Vo, W of ©x/s,
Vi (Vi (W) = Vi (Vi (W) = Vv, e (W).

Remark 2. If V, and V, are two connections on ©x/g, then Vi — Vy is an
Ox-bilinear map:
(Vi = Vo) (W) = Vi (W) = Vo v (W)
= fViv(W) = fVav (W) (1)

= f(V1 = Va)y(W);

(Vi = Va)v(fW) = Vv (W) + V()W = fVor (W) = V()W
= fViv(W) = fVay (W) (2)

= f(V1 = Va)v(W).

On the other hand, given a connection V on ©x,s and any Ox-bilinear map
B O©x/s X Ox/s — Oxys, the sum V X 3 is an connection on ©xs. This
correspondence allows one to say that the class of connections on ©x s is either

empty or can be identified with Modo, (Ox/s ®o, Ox/s,Ox/s).

Definition 7. Consider local sections by, ..., b, € H(U,Ox/s) generating ©x/s

as a finite free Ox(U)-module. For each local section V of H*(U,©x/s) and each

18



1 <1 <n, we have that

where wf (V) € T(X,Ox). The maps wf are local sections of Qxs(U), and we call
them the local connection forms of V. Further, the matriz (wy)},_, is called

the local connection matrix of V with respect to the local sections by, ..., b,.

Remark 3. Consider local sections by, ...,b, € H°(U, Ox/s) generating Ox/s as
a finite free Ox(U)-module. Let m =", f'b; be a local section of ©x/s(U) with

each f' sections of Ox(U), and we have that

Vi (m) = fwf(V)be+ Y V().
i,k=1 k=1

Consequently, we see that V s uniquely determined by its local connection matriz

(Wi)iey- Yet, on the other hand, for an arbitrary n x n matriz (wW})?,_, with
entries sections of ©x/s(U), the equation on Vv (m) defines an connection on

Ox/slu with a global connection matriz (wW)!_, in the sense of entries being

global sections of Qx/s|u.

Example 5. For R a commutative unital ring, the polynomial ring S = R[4, ..., x,]
has the property that dy/x is a free Ox-module of rank n trivialized by dxy, .. ., dx,
where Y = A% and X = Spec(R). Write 0x1,...,0x, for the dual basis of Oy, x

and recall that Qy x(X) = @7, Sdx;. We can identify connections on Qy, x with

n X n matrices (WF

i )iy with coefficients in ©}_, Sdx; via the formula above acting
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on local sections V and m =Y ;| f'éx; by

Vy(m) = Z flwk(V)oxy, + Z V(f*)oxy.

ik=1

Example 6. Suppose that S C T are fields where {x;}'_, is a collection of el-
ements. Assume that either char(S) = 0 and {x;}'_, is a transcendence basis
of T over S, or that char(S) = p > 0 and {z;}'_, is a p-basis for T over S.
Then the global sections of Qr,s form a vector space over T' of dimension | with
basis {dx;}'_,. As a result, the contangent sheaf a free Op-sheaf of rank . Write
2, ..., 2t as the dual basis of {dx;}\_,. From remarks above, we can identify con-
nections on Qg with [ x | matrices (w,f)ﬁ,k:l with coefficients in &'_,Tdx; via

the formula above acting on local sections V' and m = 22:1 fizt by

l

l
Vi(m) =Y flwb(V)ah +3 V()"
k=1

ik=1

Proposition 7. (Correspondence for connections) Given the case where Q0x /s is
a free Ox-module of finite rank, then there exists a one-to-one correspondence

with n X n matrices with entries in T'(X, QX/S) and connections on Ox/s.

Remark 4. Suppose that on some open subset U C X, Ox,s(U) has a local basis
Vi,..., Vo, and let o', ... 0™ be the dual local basis for Qx,s(U), so o'(Vy) = 4}

for 1 <i,k <n. The connection forms here may be written as

wf = ZFZO’i
j=1
where each I‘fj is a local section of Ox(U) where 1 < i,k <mn and1 <j<n.

20



Definition 8. Fach Ffj are called the local algebraic Christoffel symbols of
V with respect to by, ..., b, (above) and Vi, ..., V,, and they determine V accord-
ing to the expression
VO GV ) =Y (O FPTh+ > g Vi)
J i k i, i
Definition 9. For a connection V on ©x/s, we say that a section W of ©x /g is

horizontal if for all other local sections V' of ©x/s, V(W) = 0.

For an open set U C X, we write @)V(/S(U) C O©x/s(U) as the Ox-submodule
of horizontal local sections. In the case where we restrict to an open set U where
Qx/s(U) is a free Ox(U)-module, let by, ..., b, be local sections for a basis of
O©x/s(U) and (w})?,_; be the local connection matrix of V with respect to this
basis. We see that for a local section W € I'(U, ©x/s) written in the form W =
Son ) fib;, it is horizontal if, and only if, the f!,..., f™ are local sections of Ox

that satisfy the following expression

1 2
Vi 2
| =t |
Vi) .

for every V € I'(U,Ox/s). Denote the associated local dual basis for Qx/g by
ol,...,0". Write the local algebraic Christoffel symbols with respect to these

local bases by Ffj with 1 <7,k <nand 1 < j < n. We see that W is a local
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horizontal section of V if, and only if, the following expression is satisfied

bi(f') ;:
L =T

for each 1 < j < n. We say that the connection V has sufficiently many
solutions if @Z/S is an Ox-subsheaf of ©y/g that generates ©x,g where @z/s
is the sheaf associated to the presheaf U — O} /S(U ). For local sections V, W of

O©x/s(U) and unit € of O%(U), we have the following quotient rule
Vy(e M) = 'Vy (W) + V(e YW = e 2(eVy (W) — V(e)W).

Fix some p € X. We call the stalk of the connection V at this point the
localization of V at p. Since (x,s is finite locally free, we see that Q0x,s, is a

finite free Ox py-module. The localization V, induces a Ox p-bilinear map

V(p) : Ox/5p/MpyOx s, X Ox/5p, — Ox/5(b)

where m, is the unique maximal ideal of the local ring Ox, and Ox/s(p) =
Ox/sp /m,© x/s,p- From this, we see that there exists a canonical isomorphism of

Ox/sp-modules,
L Ox/sp/m;Ox/5
2. MOdOX’p(QX/S,py OX,p)/mpMOdOX,p(QX/S,pv OX,p)

3. Tx/s(p)
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where Tx/s(p) = Qx/5/Mpx/s,p (Whose elements are called tangent vectors at

p). We may regard V(p) as an Ox/gp-bilinear map

V(p) : Tx/s(p) X Ox/5p — Ox/s(p).

Since this map is induced by the localization V,, it satisfies the following rule,

V)V, 12) = Fe)V(p)(V, 2) + V() Z(p)

for each tangent vector V' € Tx,y(p), "germs at p” of elements f € Ox,, and
"germs at p” of Z € Ox/s,. By "germs at p”, we mean the images of the re-
spective elements obtained from the Leibniz rule on V(p) induced by V,. We
write V(p)(V, Z) as V(p)y (W) and called this the directional derivative of Z with

respect to V' (at p). Furthermore, it can be seen that

V(p)ve (W) = (Vv(W))(p)

for V, W sections of ©x,s about p. One could consider the connection V as a
measurement in the rate of change of W at p in the direction of V (p).

Consider the map of abelian scheaves

¢:Ox/5 X Ox/s X Ox/5 — Ox/g

defined by ¢(V,W,Z) = [Vv,Vw]Z — Vw|(W) for sections V,W,Z of Ox/g
where
Vv, VwlZ = Vo Vi (2) = Vi Vi (2).

23



Clearly, ¢ is an Ox-trilinear map on sections. Indeed, let f be a section of Ox and

V, W, Z be sections of ©x/s. We see linearity in V' by the following computation,

Vv, Vwl(Z) = Vigvw)((Z2) = Viv(Vw(Z)) = Vw (Vv (2)) = Vipvew-—wo(rvy(Z)
= fVv(Vw(Z2)) = fVw(Z) = W(f)Vv(Z)
= Vivmn(2) + W()Vv(Z)
= f([Vv, Vwl(Z) = Vivw(Z)).

Since ¢ is alternating in V' and W, the linearity in the second component follows

as well. Lastly, we show the lincarity of Z as follows:

Vv, Vwl(Z) = Vv (Z) = Vv(fVw(Z2) + W(f)Z) = Vw (fVv(Z) + V(f)Z)
— Vv (Z) = [V.WI(f2)
= fVv(Vw(2) + V(N)Vw(Z) + W(f)Vv(Z)
+VW())Z = fVw(Vv(Z)) =W (f)Vv(Z)
—V(f)Vw(Z)
~WV()Z — Vv (Z) — [V.W](fZ)
= f(Vv.VwlZ = Vivw(2)).

From this, we see that ¢ defines a map of abelian sheaves

2

R(V): Ox/s — MOdOX(/\ O©x/s,Ox/s)
given by
R(VI(Z)(V AW) = [Vv,Vw|Z - Vyw(Z)
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where V, W, Z are sections of ©x/s. This map ¢ also gives a map of abelian
sheaves

B(V) : ®X/S X @X/S — MOd@X(@X/S, @X/S)

which is given by (V, W) — ¢(V, W, —) for sections V, W of ©y/s.

Definition 10. We that that R(V) and B(V) are respectively the curvature
and curvature form of the connection V. The connection V 1is integrable

when R(V) = 0.

There exists another map of abelian sheaves

Y Ox/s X Ox/5 — Ox/g

given by
(V.W) = Vy(W) =V (V) = [V, W]
where V, W are sections of ©x/s. In fact, it is an alternating map and is Ox-
bilinear as for each section f of Oy,
V(W) =Vw(fV) = [fV, W]
= f(Vy(W) =Vw(V)) = W)V = fV oW+ fWoV +W(f)V

= fp(V, W)

This map ¢ induces an Ox-linear map

2
T(V): \Oxs = Ox/s
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given by for sections V, W of Ox/g,
TV)(VAW) =Vy(W) = Vw(V) = [V,W].

Definition 11. We say that T (V) is called the torsion of the connection V. If
T (V) =0, then we say that V is symmetric. In this case when R(V) =T (V) =

0, we call the connection flat.

Proposition 8. For any p € X, the curvature R(V,) is the image of R(V) of

the canonical map from

2
Mody (x)(©x/5(X), MOdoX(X)(/\ Ox/5(X), Ox/5(X)))

to
2
Modo, ,(©x/sp, Modo, ,(/\ ©x/sp Ox/sp)),

and the torsion T (V) is the canonical image of T(V) by

2 2
MOdOX(X)(/\ @X/S(X), @X/S(X)) — ]\40(1(1))(7p (/\ @X/S,pa ®X/S,p)-

Proof. The image of [V, W] in Oy/g, is the commutator of the images of V' and
W in ©x/g,. From this, the diagram

Ox/s(X) x Ox/5(X) —— Ox/s(X)

| |

\V4
Ox/sp X Ox/5p ——— Ox/s,p

commutes, so we see that

[(Vo)v, (Vp)wlZ = Vi (V. Vy (W, Z))
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is the canonical image of [Vy,Vw]Z in Ox/s,. A similar thing could be stated
about

(VP)[V,W]Z = VP([V> W]7 Z)'

From this, the claims follow. n

4 Algebraic Levi-Civita

Within this section, we only consider psuedo-Riemannian schemes (X, g) for which
the number 2 is always a section (both globally and locally) of the sheaf of units
O%. For example, such could be the field of rational numbers Q, any field exten-
sion k of Q (i.e. characteristic of k is 0), any field K of characteristic p not equal to
2, finite commutative rings of characteristic p not equal to 2, any non-zero algebra
of finite type over any of the aforementioned commutative rings, etc. Furthermore,
it will be shown that any such psuedo-Riemannian schemes (X, g) above have a
canonical symmetric compatible connection that serves as an algebraic analog of

the Levi-Civita.

Theorem 2. (Local Existences of Algebraic Levi-Civita connections) Consider
a psuedo-Riemannian scheme (X,g) over a scheme S for which the number 2
is always a section of the sheaf of units O%. There exists a unique symmetric
connection

V: GX/S X @X/S — @X/S
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satisfying the following compatibility condition for any sections V,W, Z of ©x/s,

Z(g(V,W)) = g(V,Vz(W)) + g(W, Vz(V)).

Proof. First, we will assume the existence of such an connection V. We see that

for sections V, W, Z of ©xys,

9(Z,Vv(W)) = g(Z, Vw(V)) + 9(Z,[V,W])
=W(g(V,2)) = 9(V.Vw(Z)) + g(Z, [V, W])
=W(g(V.2)) = 9(V,Vw(Z)) + 9(Z,[V.W])
=W(g(V.2)) = Z(G(V.W)) + g(W,Vz(V))
—g(V.[W. Z]) + 9(Z,[V.W])
=W(g(V,2)) = Z(g(V,W)) + g(W, Vv (Z))
+9(W,[2,V]) = g(V, W, Z]) + 9(Z, [V, W])
=W(y(V,2)) = Z(g(V.W)) + V(9(W, Z))—

9(Z,Nv(W)) + g(W, [Z,V]) = g(V.[W, Z]) + g(Z, [V, W]).

From this expression, we obtain the following formula,

29(Z,NVv(W)) =W(g(V, 2)) = Z(g(V,W)) + V(g(W, Z))
Since 2 is always a section of O% and ¢ is non-degenerate, the uniqueness of V

follows.
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Next, we must show the existence of such an connection V. Denote the right
side of the expression above by F(V, W, Z). We show Ox-linearity in each of the
components Z and V of F' to derive the desired properties of the connection. Let

f a section of Ox. Then

FV W, fZ) =W(fg(V,2)) = fZ(g(V.W)) + V(fg(W, Z))
+9W,(fZ) oV =V o(fZ))
—g(V.\Wo(f2) = (f2) e W)+ fg(Z,[V,WV])
= [EV, W, 2) + W(f)g(V,2) + V(f)g(W, Z)
—gW,V(f)Z) = g(V.W(f)Z)

— fF(V,W, 2).

For fixed local sections V, W of © /g, the function F' defines an element of {2x/g
(identified with its canonical isomorphism). Hence, there exists a unique section

Vv (W) depending only on the sections V' and W with the property that

F(V.W,Z) =29(Vy(W), Z)

for every section of ©x/g. This shows Ox-linearity in Z of F'. Next, we show
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Ox-linearity in V|

F(fV,W,2) = W(f)g(V, 2) = Z(f)g(V, W) + fV(g(W, 2))
+gW, Zo (fV) = (fV)o Z)-
fa(V. W, Z]) + g(Z, (fV) o W = W o (fV))

— [F(V.W,Z).

Hence, for every section Z of ©x/g, we have that

g(va<W>7 Z) = fg(VV(W>7 Z) = g(va(W)v Z),

and this ensures that Vg, (W)) = fVy (V) on sections. We make the following

observation in the W component of F,
PV, fW,2) = fW(g(V, 2)) = Z(fg(V.W)) + V(fg(W, Z)) + fg(W,[Z,V])

— gV, (fW) o Z = Z o (fW))
—9(Z, Vo (fW) = (fW)oV)
= fE(V.W,2) = Z(f)g(V. W) + V(F)g(W, Z) + F(f)g(W, V)
+V(fg(W, 2)
= fF(V,W,Z) +29(Z,V(f)W).

This implies that for all sections Z of © /g,

g(Vv(fW), Z) = g(fVv (W) + V([)W. Z).
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Hence,

Vy(fW) = fVv(W) + V(/)W,
so V is an connection on O x/g. Furthermore, we see that for sections Z of ©y/g,
symmetry of V follows from
9(ZNv(W)) = g(Z, Vw (V) = g(Z,[V,W]),
and compatibility follows from the fact that
F(ZWV)+ F(Z,V,W)=2Z(g(V,W))

implies that g(V,Vz(W)) + g(W,Vz(V)) = Z(g(V,W)). This completes the

proof. O

Definition 12. The unique connection V above is called the algebraic Levi-

Civita connection on X over S.

Consider a psuedo-Riemannian scheme (X, g) with algebraic Levi-Civita con-
nection V. For a section f of Ox, we write Af to be the section divv(Grad f)
of Ox and call it the Laplacian of f, and the map A : Ox — Ox the Laplace
operator. We all define the Hessian of f as Hessf := A(—, Gradf). The Ox-
bilinear map

hessf : @X/S X @X/S — @X/S

with (hessf)(V,W) = g(Vy(Gradf), W) for V,W sections of ©y/g is called the
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Hesse form of f, and the tensor in {2x/5 ®o, {2x/g corresponding to it is called

the Hesse tensor.

Proposition 9. For each section f, the Hesse tensor f is a symmetric tensor.

Proof.

(hessf)(V, W) = g(Vy(Gradf), W)
= g(W, Vy(Gradf)
= —g(Gradf, Vy(W)) + V(g(Gradf, W))
= —g(Gradf, Vy(W)) — g(Grad f, [V, W]) + V(g(Grad f, W))
= g(V, Vw(Gradf)) — W(g(Gradf, W)) — g(Grad f, [V, W])
+ V(g(Gradf,W))
= (hessf)(W, V) = W(V(f)) — [V, W](f) + V(W(f))

= (hessf)(W, V)
[l

Now suppose that €2x,s has a local basis ob,...,0"and V4,...,V, is its local
dual basis. Let (w/ )ij=1 be the local connection matrix of V with respect to
ol,...,0" That is,

Vv (Vi) = wa(V)Wj
j=1
for 1 < ¢ < n and local section V' of ©x/g. The entries wf are called the local

connection forms of V with respect to o',... 0" If (gik)7 =1 is the local
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fundamental matrix of (X, g) with respect to o',..., 0", then

9(Vv(Vi), =) = 8,(Vv(V; Zw Joj =Y wl(V)gro" = wio®
7.k k

where wy; = Zj gkng . The wy; are called local connection forms of the
first kind, whereas given the inverse (¢**)7,_, of the fundamental matrix, the
forms wf = 3", g’*wy, are called local connection forms of the second kind.
By identifying Qy/s with its double dual QF /s of Ox-modules by its canonical

isomorphism, we can write these forms as

Wri = ZFkijaj,wf = Zfzkak
j=1 k=1
We respectively call I'y;; and sz the local Christoffel symbols of the first kind

and second kind of the psuedo-Riemannian scheme (X, g).

Proposition 10. For each 1 < i, 3,k < n with notation above, we have that one

may write:

1. wix + wi; = dgix (where d is the universal derivation);

2. Ty = 5 (Vilgje) = Vlgi)+Vi (gi)+9(Vi, Vi, ViD =9 (Vi [Vi, Vi) +9 (Vi [V}, Vi) 5

3 dot =31 0P AWl

n

Suppose that z!,..., 2" is a local differential basis of Qx/s (ie. dxzt, ... dz"

generated {2x/g as a finite free Ox-module on some open subset). We may take

o' and V; above respectively as dz’ an
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1 <i4,7 <mn, [V;,V;] =0 and the local Christoffel symbols of the first kind

simplify to

1, 0gjr  0Ogij . Oga
2( oxt  Oxk + oxI )

Urij =

and it may be deduced that I'y;; = 'y If for 1 < 4,k < n it happens that
gik = Ok, we say that Vj,...,V, form a local orthonormal basis of ©x/s.
In such a situation (wix)j—; is a skew-symmetric matrix (i.e wip = —wy; for all

1 <4,k <n). Thus, we have the following equations

and also that for 1 <4, 5,k <n, one has I'y;; = —I'j;.
Fix a psuedo-Riemannian schemes (X, g) with algebraic Levi-Civita connection
V. Let Z be a sheaf of ideals on Ox. Write Ox/Z for its quotient sheaf of Ox-

modules. There exists a split exact sequence of Oy /Z-modules,
0— I/IQ — QX/S/IQX/S — Qx/S/OXd<I) — 0.

Writing Qx/5/Oxd(Z) as ©7/s and dualizing with respect to Ox/Z yields the

following split-exact sequence,
0— @I/S — @X/S/I@X/S — (I/I)2 — 0.
The algebraic metric

qg: @X/S/I@X/S X @X/S/IG)X/S — Ox/I
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induced by ¢ is non-degenerate. We call the triple (X, g,Z) a psuedo-Riemannian
residual of (X, g) (over S). For V a section of ©/g, denote V as the image of

V in @X/S/IGX/S-
Proposition 11. 07,5 = ({ Gradf}er)*.

Proof. We know that ©7/g is equivalent to Modo, (2x/s/Z€x/s, Ox /L), and so

sections of ©7,5 can be identified with those linear forms
ZI QX/S/IQX/S — OX/I

which vanish on the image of Z/Z? in Qx/s/Ix/s, i.e. on the residue classes of
the df for f sections of Z. Furthermore, for any section V' of Ox,s, we have that
V is a section of O7/s if, and only if, for every section f of Z, one has V(f) is also
a section of Z. However, V(f) = g(Gradf, V'), so this condition is equivalent to

g(Gradf,V) = 0. O]
Corollary 1. The following are equivalent:
1. G:Ox/5/IO0x/5 x Ox/5/LOx/s — Ox /I is non-degenerate;

2. the restriction of g to ({Gradf}ezwy)* on any open U of Ox/s/IOx s is

non-degenerate;
3. for any open U of ©x,5/1Ox/s,

Ox/5/I0x/s(U) = O1,5(U) x ({Gradf} pezwy)™
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Fix a psuedo-Riemannian residual (X,g,Z), so g is non-degenerate. Let V be

its algebraic Levi-Civita connection. Notice that we can write
@X/S/I@X/S = @I/S X @%/S'

Write ©x/s for ©x/s/IOx/s. For each section V of ©x/s, we have a unique
decomposition V = VT + V1 where V' (called the tangential component) is
a section of ©7/5 and V- (called the normal component) is a section of Oz .

The connection V induces a well-defined map
V : @I/S X @X/S — @X/S

as follows. For V a section of ©z/s and W a section of W/S (with representative
sections V, W of ©/s), we have that V(W) = Vi (W)). Since V is Ox-linear in
V, W does not depend on the choice of V. Furthermore, if W’ were another
representative section of W of © x/s, then W —-W'" = ZZ;I a W, for some sections

ap and W, respectively for 7 and ©x/g. Then
Vi (W) = Vy (W) = Vy(W = W) = > V() Wi —i—ZakVV W)
k=1

Since V is a section of ©z/s and the a; are sections of Z, we have that V(ag) is
also a section of Z, so the right side of the expression above is zero. Therefore,

V(W) = Vy(W'). Clearly, V forms an connection on 0 y/s.
Theorem 3. Relative to the notation above, if V,W are sections of Ox/s with
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representative sections V,W of ©x/g, then

V(W) = Vy W

L
Definition 13. The maps

I : @I/S X @%/S — @I/S

given by (V,N) = —(V(N))* is called the second fundamental forms of

(X,9,Z). Fizing some section N, the map
Sﬁ : @I/S — @Z/S
given by V + II(V, N) is called the shape operator with respect to N.

The maps Sy and II are respectively Ox/Z-linear and Ox/Z-bilinear. In
particular, the shape operator with respect to a section N defines an Oy /Z-
bilinear map

Iy : ©1/5 ®oy /7 O1/5 = Ox /T
given by (V,W) = g(Sx(V), W), which uniquely determines Sy as g is non-

degenerate.

Proposition 12. If N is a representative of N, then the following conditions

hold:

1. Iy is symmetric and Ii7(V, W) = g(V#(W), N)
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2. For VW representative sections of ©x ;s of sections V, W of Oz/s and ¢ a

section of I, for each N := Gradf,

(VW) = —(hessf)(V,W).

The symmetric tensor Iz of 27/ ®o, /7 {275 corresponding to I is called
the second fundamental tensor of (X,g,7). Suppose that {2x/s has a basis
ol,..., 0" such that for the dual basis V4, ...,V of Ox/s, the residues Vi,...,V,
form a basis of ©7/5 and Vj,41,...,V, form a basis for OF 4. Writing N =

n kY, k ; Jy1<j<n ;
Y hema1 U Vi for v a section of Ox/Z. Let (w])Z/Z,, be the connection ma-

trix of V with respect to V4, ..., V,, and
g= > guot®d,
k=1
for gy sections of Ox/Z, be the fundamental tensor of this psuedo-Riemannian

residual with o! the image of ¢! as a section of Qz/s.

Proposition 13. With respect to the notation above,

1 Ty =30 by(N)o? @ o with by(N) = = >0 vw;(V;);

ij=1

2. the matriz of Sx with respect to the basis Vi, ..., V,, is (g9)(bi;(N)).

5 Curvature of Algebraic Levi-Civita connections

Fix a pseudo-Riemannian scheme (X, g) where 2 is always a section of O% and
let V be its algebraic Levi-Civita connection. Recall that the curvature R of V
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is map of abelian sheaves
2
R : ©x/s — Modo, (/\ ©x/s,0x/s)
with the property that
RVIYWAZ)=[Vw, V2]V = Viwz (V)
for sections V, W, Z of ©x/g.

Proposition 14. Assume that (X, g) has zero torsion. For any sections V,W, Z

of ©x/s,

RV WAZ)+RWWZAV)+R(Z)(VAW)=0.
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Proof.

ROV)YW AZ)+RW)ZAV)+R(Z)(V AW)
= [Vw, V2V = Viwz(V) + [Vz, Vv [W = Vi (W)
+ Vv, VulZ = Viyw(Z)
=Vw(Vz(V)) =Vz(Vw(V)) = Viwz(V) + Vz(Vy(W))
= Vu(Vz(W)) = Vizy(W) + Vv (w(2)))
= Vw(Vv(2)) = Vivw(2)
= Vw(Vz(V)) = Vz(Vv(W)) = Vz([W,V]) = Viw,z (V)
+Vz(y(W)) = Vv(Vw(2))
= V(2 W]) = Vizu (W) + Vv (Vw(2))
= Vw(Vz(V)) = Vw(lV. Z]) = Viv.z(2)
= Vz([V.W]) = Viwz (V) + Vv (W, Z]) = Vizn (W)
+Vw([Z,V]) = Vvw (2)
=[Z,[V.W] + [V.[W, Z]| + W, [Z, V]

=0.

The map of abelian sheaves

K: @X/S X @X/S X @X/S Xe x/s — OX
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given by

(U, V,W, Z) = g(U,R(V)(W A Z))

is Ox-linear in each of its components. We may think of K as a 4-tensor of Qy/g,
Definition 14. We call K the curvature tensor of (X, g) with connection V.

Proposition 15. (Symmetric For Curvature Tensor) Recall that 2 is always a
section of Ox. For sections U,V,W, Z of ©x/g, we have the following expressions

holding:
1. K(UV,W,2)+ K(U,W,Z,V)+ KU, Z,V,W) = 0;
2. K(U,V,W,Z) = —-K(V,UW, Z) = —K(U,V, Z,W);
3. K(W,Z,UV)=K(U,V,W,Z).

When 3 is not a zerodivisor section of Ox, for any 4-tensor K’ above satisfying

the properties above and if for any sections U,V of ©x g it happens that

K/(U,V,U,V) = K(U,V,U,V),

then K' = K.

Proof. The first item follows from proposition above. By the definition of K, we
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see that (U, V,W, Z) = —K(U,V, Z,W). Then

KV, VW, 2) = g(V.R(V)(W A 2))
g(V.Vw(Vz(V))) = g(V.Vz(Vw(V))) = Z(g(V, Vi (V)))+
oV (V), V2(V)) = 5[V, Z)(g(V. V)

= S((Wo 2)g(V.V) = (Z o W)(g(V,V)) — [W, Z](g(V.V)))

l\')l»—l

I
o

so we see that K is alternating with respect to the sections U and V', and this

proves the second item. The last item and assertion follow from the similarly. [J

Suppose that Qx/s has a local basis o', ..., 0™ and V4, ...,V is the local dual

basis for © x/s. We may regard R as a local section of
Modo, (©x/s, Vx5 Qox Ox/s)

and write for 1 < j <n,

R(Vj) =) Qe
k=1

where each Qf is a local section of Qi /s Then we have that
K(V;, Vj, Vi, Va) = g(Vi, R(V;) (Ve AV2)) Zgw (V, A Va).
Writing each €;; as > ;' gikQé? for 1 <1i,5 < n, we obtain that

for 1 <i,j,r, s <n. This proves the following statement.
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Corollary 2. The matriz ()7 ;= is skew-symmetric, i.e. for any 1 <i,j <n

we have that Q;; = —$;.

Proposition 16. For any 1 < 7,57 < n, let w;; and w§ respectively be the lo-

cal connection forms of the first and second kind for NV with respect to the basis

1o Q5 = dwi; — >0 wy Awh;

2. dy; = 70 (U A wh — wl A Q).
Proof. There exists the following expressions

LoOF = dwh + 377wk Awl,

2. dgix, = wir + W

On one hand,

n
Q= Zgszf
k=1
n n n
=D gandwy + 3 g Y Wi N
k=1 k=1 =1
n n n
=3 ) = 3 dan kY
k=1 k=1 =1
n n n
= dw;j — Zwik Awf — Zw’“ /\cu;-€ + Zwik /\cu;-g
k=1 k=1 k=1
n n n
= dw;j — Zwik /\<,u§€ — Zw’“ /\wf + Zwi’f /\cu;-C
k=1 k=1 k=1

n
E l

= dwij Wi N Ldj,
=1
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and on the other hand,
A = =Y duwy Awh+ Y wy A dw
=1 =1

n n n n
== A+ ) wi Awf AW Y w A=Y w Aw) Aw
=1 =1

Lt=1 lLt=1

= Z(Qd A wj. - wi N le>.

=1

O

Proposition 17. If p is an element of X, then the curvature of R, is the image

of the curvature R by the canonical map from

2
Mody (x)(©x/5(X), MOd(’)X(X)(/\ Ox/5(X), 0x/5(X)))

to
2

Modo, ,(©x/sp, Modo, ,(/\ ©x/sp Ox/sp))-
The curvature IC, is the canonical image of K induced from the map 1x;5 —

Proof. In order to prove the statement for R,, it is enough to show that for sections
V,W, Z of ©x/s with images V,, W,, Z, in ©x/g,, the derivation R, (V,)(W, A Z,)
is the image of R(V)(W A Z) in ©x/s,. But this follows from the fact that the

diagram
Ox/5(X)oxx)0x/5(X) —— Ox/5(X)

| |

Vp
Ox/sp0x,Ox/5p — > Ox/sp
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commutes and that [V, W], is the image of [V, W] in ©x,. The statement for £,

then follows. O

For sections V, W of ©x/s, define
Ric(V, W) = Trace(U — R(W)(U A V))

where U is a section of ©x/g. We see that Ric is Ox-linear in both V' and W, so

it defines a tensor Ric of Qx/s ®o, {1x/5, which will be called the Ricci tensor

of (X, g).
Proposition 18. The Ricci tensor is symmetic. If (o', ..., 0") is a basis for Qx/g
and (V1,..., V) is its dual basis, then

Ric="Y () ¢"K(Vi,V;, V;,Vi))o" @ .

r,s=1 4,j=1
Proof. We write R(V,)(V; AV,) = 3, ab, Vi, with af;, a section of Ox. It follows

that
K(V;, Vi, Vi, Vi) = g(Vi, R(V)(V; A VL)) Zamgm,
and that

Zg““ic Vi, ViV, Vo).

The definition of Ric then yields the expression
Ric(V,, Vs) Zams Zgij/C(V%,Vr,VjaVs).
i,J
These results show that Ric is a symmetric tensor and completes the proof. [
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The composed map

id®dy !
Trace, : Qx/5 ®oy Qx/s — Qx/s ®oyx Ox/s — Ox

that is given by
w1 ® Wy > Wi @ 0g(w2) — dg(ws) (W)

is called the g-trace of 2-tensors.

Definition 15. The map p defined by Trace,(Ric) is called the scalar curvature

of (X,g).

Given a basis Vi, ..., V, as above, we may write

p=>_ g9 "K(Vi,V;,V;, Vi)

i,7,r,s=1
Definition 16. We call (X, g) an Einstein scheme and g an Einstein metric

if for some global section v of Ox, it happens that Ric = vg.

Proposition 19. Suppose that Q0x s has constant rank n. If (X, g) is an Einstein
scheme and p is its scalar curvature, then p = nvy for v a section of Ox such that

Ric =ng.

Proof.

p = Trace,(Ric) = Tracey(vg) = yTrace,(g) = ny.
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Proposition 20. Suppose that {)x,g has rank 2. Assume that 2 is always a section
of Ox, Then (X,g) is an Einstein scheme. If o' and 0 form a basis for Qx/s,
Vi, Vs is its dual, and (gij)ijzl is the fundamental matriz of (X, g) with respect to

o', 02, then it happens that Ric = ~vg with

K(Vi, V2, V1, Va)
det(gij)zz,jzl

"}/ =
Also p = 2 is independent of the choice of the basis o' and o? for Qx/s.

Proof. Notice that it is enough to prove the second assertion of the proposition.

We see that

911 912 1 922 —Y12

~ det(g;; ’
921 922 ’ —g21 dJ11

so the symmetries of IC yield the following expression, thus completing the proof,

2 2
Ric=>Y_Y ¢"K(Vi,V;,V;,Vo)o" @ 0°

r,s=114,j=1
:K(m,%,m,%)(ng’l@Ul—9210'1®O’2—912O'2®0'1+9110'2®0'2)

KV, Vo, Vi, Va)
det(gi;)

]

In this situation above, we call 7 the Guassian curvature of (X, g) and it
is denoted K. We will generalize as follows. Let G be a sheaf x,s-submodules
such that it is of rank 2 and its dual sheaf G* also has rank 2 as well as a sheaf
O x/s-submodules. The results above regarding Einstein schemes applies to the
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sheaf G. This allows one to consider the Gaussian curvature of (X, g) relative

to G, which is denoted by Kg and clearly constructed from above. Fix such a

sheaf G.

Corollary 3. Supose that Vi, Vs are an orthonormal basis of G and write 15 as

Ko' Ao? for some K a section of Ox. Then K is the Guassian curvature Kg of

g.

Theorem 4. (Residuals Relation To Global Curvature) Let (X,q,Z) be a psuedo-
Riemannian residual of (X,g). For U,V ,W,Z sections of ©1/s with respective

representative sections U, V, W, Z of ©x/s, the following expression holds,

K(U7 V7 W’ 7) = IC(U, ‘/7 VV7 Z)—i_?((vW(U))lv (VV(Z))L>_§((VV(U))L7 (vW(Z»L)

Proof. We know that the following expressions hold,

L Ve(V(V) = (V(Vw (X)) " = (Vv(Vw(2)" = Ve((Vw(2)),

3. V[V,W} (?) = (V[V,W](Z»T

From this, it follows that

R(VAW)Z) =(R(VAW)Z)" + (Vi(Vv(2))' = (Ve((Vw(2))7)"
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Therefore, we obtain

K(T, V.7, 7) = 90, RV ATW) (7))

which implies the desired result,

KU, V,.W,Z) = K(U,V,W,Z) + g(Vw(U))", (Vv(2))") -

(Vv (V)5 (Vw(2))D).

6 Applications & Computations

Example 7. Let k be a field of characteristic not equal to two, and A = klx,y]/(y*—

z3). We have that
Qs & (Adz & Ady)/(2ydy — 32°dx).

At the origin, this module is free of rank two, but outside of th origin, it is of rank

one, so the sheaf associated to the module €4, is not locally free.

Theorem 5. If X is an S-scheme, then there exists a metric on Qx/s if, and
only if, there exists a symmetric isomorphism of {x,g and ©x;s as Ox-modules
in the following sense:
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o There exists an Ox-module isomorphism u : ©Ox/g — Qx/s that factors as
Oxs = Uy /g — Ox /s = Qxys

where the left and right arrows are the canonical isomorphisms, and u* is

the dual map of u.
Proof. This is an implication from previous work. O

Proposition 21. Consider (B, m) a regular local ring which contains its residue
field B/m (up to an isomorphism). If B/m is a perfect field where B is a location

of a finitely generated k-algebra, then there exists a metric on X = Spec(B).

Proof. It is enough to show that 2y, is a free module of finite rank, but this
naturally follows from that fact the rank €2x/, is a free B-module of rank being

equal to the Krull dimension of B. n

Corollary 4. In the notation above, any chose of a regqular system of parameters

generate a differential basis for Qx, and hence, a metric on X over k.

Example 8. IfY is any scheme and X = Ay, is affine n-space overY, then Q1x/y
is a free Ox-module of rank n and basis (dxy (1), -+ ,dx/y(xn)), which generate

a metric on X.

Proposition 22. If X is a smooth variety of dimension n over a perfect field k,
then each point p € X has an open neighborhood U for which Q. is finite free
as an Ox|y-module and there exists a metric on Q.
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Proof. The existence of such an open neighborhood follows from the fact that
Qx/i, is locally free of rank n. By the Correspondence of Metrics Proposition,
there exists a one-to-one correspondence between symmetric non-degenerate O x-
bilinear morphisms © x/s X Og/s — Ox of abelian sheaves and symmetric matrices

(gi;) € Mat,,(Ox (X)) with the property that det(g;;) € Ox(X)*. O

Proposition 23. If G is a group scheme over a field k, then there exists a metric

on Qg/k.

Proof. This follows from the fact that there exists some r € Ny such that Qg =
OF" as Og-modules (Bhatt, Math 731). In this case, we have that ¢/, = Qg

as Og-modules, and completes the proof. O

Example 9. Let k be a field. Consider an elliptic curve X over k. The identifi-
cation of the canonical line bundle Kx with the cotangent sheaf Q1x/, implies that

it 1s trivial. In fact, this comes from that fact that X is a group scheme over k.
Corollary 5. Any abelian variety over a field k is a pseudo-Riemannian scheme.

Proposition 24. Consider the affine coordinate ring klzy,--- ,x,]/p for some

prime ideal p where k is a field of characteristic zero. There exists an

fE k[xla"' 7$n]/p

such that the affine scheme

Spec((k[xlv T 7xn]/p)[f_1])
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has a metric.

Proof. Let R = k[zy,--- ,x,|/p. It is enough to show that the cotangent module
Qp-1)/k is free of rank d for some f € R and d € N. We know that Qg is
finitely generated as an R-module. Denote K(R) as the field of fractions for R,
and note that

Qr/k @r K(R) = Qr(r)/k

is a finite-dimensional K (R)-vector space with dimension tr.deg(K (R)/k). Clearly,
this is equal to some d. Choose elements 1, - - , x4 € (g, which form a basis for
Qg (r)k- This gives a map R = Q r/k Which becomes an isomorphism after one
localizes at the zero ideal (0). Hence, there exists an f € R such that the map
above is an isomorphism after localization at f. We find that Qpjs-1)/ is a free of

rank d as desired. O

Example 10. Let F, denote the field of p elements. Consider the ring R =
F,[z]/(z? — 1) and the group scheme Spec(R) over F,. The contangent sheaf

Qgr, is Rdx, which is free of rank 1. Hence, there exists a metric on R.

Proposition 25. Let k be an algebraically closed field and R be a quotient ring
Klzi, -, xn] such that Qg is a projective R-module of rank dim(R). For any

closed point p € Spec(R), there exists a metric on Spec(R,).

Proof. This comes from the fact that {1z is locally free and projective of rank
dim(R). Hence, Qp, is free of dimension dim(R,). O
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Example 11. Let k be an imperfect field of characteristic p nonzero. We can
choose an a € k such that a'/’? € k. Let k' = k(a'/?), and as a ring, this isomorphic
to k[t]/(t" —a). One can see that Qs = k' as it is the cokernel of the map k' — k'
given by multiplication L]/, (1" — a). Hence, it is possible to see that a generator

for Qs is t where t is a p-th root of a, and so Q= k'

Proposition 26. Let k be an imperfect field of characteristic p nonzero. If k' =
k(ay,--- ,a,) where each a; has the property that a;/p ¢ k, then there exists a

metric on Spec(k') and is determined by the generators da;.

Proof. This follows from that fact the €y is free of rank n over &’ by adapting

the argument in the example above. O
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