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Dedication

To all Mathematicians and Physicists, Humility is key:

The universe, full of intricate phenomena, yet such awe-inspiring beauty and
elegance, 1s something humans have vested interest to describe and understand as
long as we have been aware of our presence within it. Curious by nature, we have
tried relentlessly to find a way to connect the dots between events, to determine the
striking relationships between the interactions we perceive, as well as those that we
do not. We have made impressive technological advancements from the smallest
particle to the grand scheme of the universe that have given us at least a glimpse at
the truth of the inner workings of the universe and all of the accomplishments
through unique logical languages known as Mathematics and Physics. Of all of our
stupendous progress and transcending breakthroughs that has stemmed from our
ability to think logically and become well-versed about our universe, we still
encounter problems and continue to stumble on conundrums which cannot be
resolved within the spectrum of our rational and intellectual resources. We are
therefore, forced to capitulate to the fact that, there is a super-natural power that
functions independently and operates outside the scope of our perceptual and
intellectual range. Holding such a tenet that, there is super-natural power which
functions in a mystical way beyond the human comprehension is something which is

imnately grafted in the conscience of all sentient beings.
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Abstract

The Maxwell equations may be viewed as evolution equations which develop an
initial state of the electromagnetic field forward in time. Such evolution can be
simulated numerically, that is modeled on a computer, in which case the domain
of simulation is typically finite in extent. Nonetheless, one is often interested in
the electromagnetic waves which reach infinity (of course which is outside of the
simulation domain). Thus we are interested in near-to-far field signal propagation,
that is a mathematical process where a signal or solution recorded at a finite radius
r = ry; can be converted to a signal at » = ro > r;. We achieve such a conversion via
application of convolution kernels in the time-domain, although the derivation of the
appropriate kernels relies on Laplace transform arguments. Decomposing the wave
and Maxwell equations using scalar and vector spherical harmonics respectively, we
have solved the equations on the assumption that the source and initial data are
compactly supported. We further assume that we work at a large distance outside of
the supports. We develop from a theoretical standpoint signal-conversion formulas

for the 3d wave and Maxwell equations and these generalize the simple time delay



associated with the propagation between two radii of a solution to the 1d wave

equation.
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Chapter 1

Introduction

The primary objective of this work is to explore outgoing solutions to the 3-dimen-
sional wave equation and Maxwell equations. The Maxwell equations remain the
corner-stone as far as the concept of electromagnetism is concerned. The equations
describe how electric and magnetic fields interact and propagate. The static Maxwell
equations describe the structure of an electric field due to an electric charge. The
equations imply the non-existence of magnetic monopoles and that the fundamental
magnetic object is a dipole with north and south pole. The Maxwell equations
further show how a change in magnetic field through a loop gives rise to an induced
current. The Faraday Law, which is one of the four equations, explains how a
circulating electric field gives rise to a magnetic field changing in time. The last
Maxwell equation generally known as Ampere’s Law tells us how a flowing electric
current gives rise to a magnetic field that encircles that current. We will describe the
mathematical representation of these equations in detail in the subsequent chapters

(Chapter 2).

It is impractical to treat or solve a hyperbolic equation in a numerical compu-

tation with an infinite domain. The Maxwell equations may be viewed as evolution
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equations which develop an initial state of the electromagnetic field forward in time.
Such evolution can be simulated numerically, that is, modeled on a computer, in
which case the domain of simulation is typically finite in extent. Nonetheless, one is
often interested in the electromagnetic waves which reach infinity (of course which is
outside of the simulation domain). Thus we are interested in near-to-far field propa-
gation, that is a mathematical process where a signal or solution recorded at a finite
radius = r; can be converted to a signal at r = ry and r, > r1. We shall achieve
such a conversion via application of convolution kernels in the time-domain, although

the derivation of the appropriate kernels relies on Laplace transform arguments.

From a theoretical standpoint, another interest of this work (which is, in fact,
related to near-to-far field propagation) is the form of outgoing solutions to wave
and Maxwell equations. These generalize the simple right-advecting solutions to the
wave equation on a l-dimensional string 22715 = %QTZ”. We will first decompose the
3-dimensional scalar wave equation using scalar spherical harmonics. This reduces
the wave equation to the "radial form”. By invoking the Laplace transformation, we
rewrite the "radial form” as a special ODE known as the Modified Bessel Equation.
Exploiting McDonald’s function which is a solution to the Modified Bessel Equation,
we will write the general form of the outgoing multipole solution to the wave equation.
Unlike the wave equation, we will decompose the Maxwell equations using vector
spherical harmonics. This reduces the equations into radial equations in time-radius.
After we apply Laplace transformation, we end up with differential equations in r
for the transverse components of the electric and magnetic fields. Our aim then is
to solve these differential equation by writing them in terms of the Modified Bessel

Equation. We will then write an explicit general form for the outgoing multipole

solutions to the source free Maxwell equations.

We will develop the teleportation kernel for both the wave and the Maxwell
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equations. In particular, we will consider an explicit propagation formula for the

wave equation for ¢ = 2, and also ¢ = 2 and ¢ = 3 for the Maxwell equation. The

propagation in both cases will be carried out at a time delay of (1, — 1) /c.



Chapter 2

Wave Equation

The wave equation is a second-order, linear, hyperbolic partial differential equation.
It describes the propagation of a variety of waves, such as sound waves, light waves
and water waves. It arises in such fields as acoustics, electromagnetics, and fluid

dynamics. For one time ¢ and three space variables x,y,z the wave equation is

az,lvb(taxvya Z) — 02v2¢7 (1)

where V? = 97 4 97 4 02 and ¢ are the Laplacian and speed of propagation [1]. In
this work we will set the value of the speed of propagation to unity, i.e ¢ = 1. The

speed can be recovered by sending ¢ — ct.



Chapter 2. Wave Equation

2.1 Multipole Solutions

2.1.1 Separation of Variables

Consider a 3-dimensional wave equation given by

2 2 2 2
A N

9z " oyt | 92 o2 S(t .y, 2), (2)

where S is a source term. Throughout this analysis, we assume S is compactly
supported and that we work at a large distance from the source. Therefore, we set

S = 0. In spherical polar coordinates, the Laplacian takes the following form:

10 oY 1 o 1 0%
vy = =9 (22Y 9y R o4
v= r2 Or (r 6’7") Y ET) (Sme(%) T e Dp?’ (3)
where 6 is the polar and ¢ is the azimuthal angle. We also write
5 O 1
2 V>
e 4
v r287" (r 8r)+ 2 VY 4)
with

1 0 o 1 o
2 o _ I
5= smoa0 a0 T snZe s %)

as the Laplacian on the unit-radius sphere. We assume a "multipole expansion” for

the wave field of the form

0 l
1
Yty 2) = Y =Tt 1) Yem(0, ). (6)
(= Omf—fr
Here x = rsinf cos ¢, y = rsinfsin ¢, z = rcos 6 and
20+1(0—m)! ,
Yim (0, ¢) = P]"(cos 0)e™? 7
Y4 ( 7¢) \/ A <£+m)' V4 (COS )e ( )

is a standard spherical harmonic with P;”(cos ) as the associated Legendre function.

The Yy, (0, ¢) eigenfunctions obey the identity

VeYim(0,0) = —L(L+ 1)y (0, ¢). (8)
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For our purposes, it is sufficient to analyze a single mode:

v = U(t,r)

Yem (0, 0). (9)

Here, we have suppressed the ¢m on the ¥ in (6) and we will maintain this trend
throughout the analysis, although sometimes we keep just the £ subscript as you will

see later. Then eqn(1) becomes

ng(ﬁ,qﬁ)(‘)Z\D_ 10 ,0 (V¥ U,
— T gE Ym0 OS5t |+ 5 VEYm(0,6) (10)

r

and upon the use of (8), we have

P19 23(@)_5(“1)@

T T

ot? TET or

Consequently, we also have that,

10 ,0(w 10 , TR A
WT&(?)?@(T‘I’—‘I’)—‘I’+7—7—‘1”

and so

0*v B 0*W B (l+1)
otz or2 r?

. (11)

This is known as the "radial wave equation” or Fuler-Potsson-Darboux equation

and it features an ”effective potential”, i.e.

vy = L+ (12)

r2

Our goal is to find solutions to (11) which are anologous to the simple rightward

propagating solutions f(¢ — r) to the 1 dimensional wave equation

‘Iftt - \:[17«7«. (13)
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We proceed via the technique of the Laplace transform in time. The Laplace trans-

form of ¥ is defined as

L[Y(-,7)](s) = lim e (¢, r)dt. (14)

a—r 00 0
We assume that this transformation exists and proceed formally. This assumption
rests on the fact that at a fixed radius the solutions to the radial wave equation tend

to decay in time, not grow. We can through integration by parts establish that

L[W(-,7)](s) = lim

e WU(a,r)—V(0,r)+ 8/ e (¢, T)dt]
0

= sL[V(-,7r)](s) — ¥ (0,r).
Here ¥ = 00 /0t. Clearly, it follows that
E[(If(-,r)](s) = s°L[W(-,7)](s) — s¥(0,7) — (0, T). (16)

With these results, the Laplace transform of the radial wave equation (11) is given
by

. >0 (s, ) B U(s,r)

ov(0,r)
2@ — )
s (s,r) 02 ]

ot

(e+1)+ +s0(0, 7), (17)

where W(s,r) = L]U(-,r)](s). For the initial condition, we assume a radial location

r large enough that the initial data vanishes. That is,

v
o%(0,r) g;’ ) =s¥(0,r) =0.
The equation now becomes
- PU(s,r) U
2 )

To solve this equation, we substitute the equation
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into (18) and find that y obeys the following

1
—r%y —ry +y i ((0+1)+s*?*| =0.
With z = sr, the above equation becomes
d*y dy 1
2 2, .2
— — —yl|l(l+ = =0. 20
St Y|t g)T (20)

Equation (20) is known as the Modified Bessel Equation. Here the equation is of
half-integer order|2].

2.1.2 MacDonald Function

The solutions to equation (20) are I,(z) and K,(z), with v = ¢+ 1/2. We shall
exclusively be concerned with K, (z) which is known as the MacDonald function of

order v. This is because, along the positive z-axis, we have that
lim K,(z) = 0.

Z—00

They are determined by [2]
¢
T T 1 1
— K, 1 =—e~ — 21
V2l (2 = 5z kz:; (“ 2’k> (22)F (21

where

1 (0 +Ek)!
(+ = k| = . 22
(*2’ ) FO(0—k+ 1) (22)
Thus, we can write following equations:

¢
Ky@ = [Zemi), Wi =2 % = o
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2.1.3 Some Examples of MacDonald Functions

The first five MacDonald functions are the following.

Ki)2(2) = 4 /;—ze_z(this has no root)

15 15
+t 5t

6
z
10 45 105 105)
. .

=
22 23 24

The symbols used in Figure 1 below which include 4 ¢ o and * respectively correspond
tol =1,2,3,4. Watson [4] shows that each b, lies in the left-half plane and is simple.
Watson’s analysis is presented in the Appendix of [3]. When one watches closely to
the curve with the naked eye, the scaled roots appear to be lying on the curve even for
small /. The scaled roots actually tend to lie on the curve when ¢ — oo. Nonetheless,
the fact that roots appear to be lying on the curve even for small ¢ illustrates that

often asymptotics are good even when the parameter is not large.

2.1.4 Time Domain Expressions

Recall that we have the equation

27T—ZKH;(Z) W (2), (25)

Therefore, the preceding analysis shows that we can from (19) have

A

Uy(s,r) = a(s)e " Wy(sr) (26)
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ol
0.5¢

o

¢

¥*

£ 0®
s

&

Q

-0.5
*
o5 0
Rez
Figure 2.1: Scaled o of K d Wi(z).
igure caled zeros 0172 of Koy1/2(2) and Wy(2)

as a solution to (18), despite multiplying the solution with a factor a(s). We now
choose a(s) = a(s)s’ for the later convenience. Here a(s) is an analytic function of

s which encodes the nature of the wave in the time-domain. Explicitly,

A

¢ Ok
s
Uy(s,r) =a(s)e™™" E Con (27)
k=0

We claim that the inverse Laplace transform of eqn(27) is

14

1
Wy(t,r) = Z r—kCekf(g_k) (t—r),

k=0

1 (0+E)

Cek = MW (28)

Where the profile function f is determined by a(s). To establish this result, we need

the following two lemmas.

Lemma 2.1.1. Let f € C*°(R), with f(u) =0 for u ¢ [-B,—A], whereu=1t—r

10
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1s retarded time, and r > B. Then

/00 et f(t —r)dt = e a(s). (29)

0

Proof. Letting u =t — r; via change of variable, we have that

/oo e f(t—r)dt =e " /oo e f(u)du = e *"a(s),
0 _

T

a(s) =e " /_ e f(u)du. (30)

B

Clearly a(s) is independent of r because the function is only supported on the interval
[—B, —A] which excludes —r from the region where the function is nonzero. a(s) is

an entire function, because the integral above is convergent for any s € C. ]

Lemma 2.1.2. From lemma 1, when we have a "smooth profile function ” supported
on the interval [—B, —A], for a fixzed r > B then,
/ e S fP(t —r)dt = e *"sPa(s). (31)
0
Proof. We prove this lemma using the method of induction. The base case of p =0
was shown in the last lemma. We know that

[e's) —A
1= / e Pt —r)dt = e_s’"/ e‘suif(p_l)(u)du (32)
0 _ du

B
s po) i d (1)
— —sr —su p(p— —sr —su p(p—
I=se /_B e P (u)du + e /_B o (e f (u))du (33)

The above integral
e—ST / <6—8Uf(p_1) (u)) du — 0’

5 du

11
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since the function f is only supported on [—B, —A] and is C*°(R) so the boundary

terms vanishes. We can write our integral as
I= s/ e stfP=D(t — r)dt. (34)
0

Clearly, by induction

/OO e S fP(t —r)dt = e *"sPa(s).

0

As an example of this type of solution, we consider the case ¢ = 2, with \ifg(s, T)

given by

- 3 3
Wy(s, 1) = a(s)s*e " Way(sr), Wi(z) =14 -+ 2

with corresponding quadrupole expansion in the time domain as
" 3 / 3
Wlt,r) = 7t =)+ S =)+ (1), (3)

With the above two lemmas, it is seen that Laplace transform of (35) yields the

preceding equation.

2.2 Teleportation for Flatspace Multipoles

2.2.1 Formulas for General /

Teleportation refers to the process whereby a signal U(¢,r) recorded at r = ry is
converted to the one recorded at » = ro and 7o > r1. We shall achieve such a

conversion via application of a convolution kernel in the time-domain, although the

12
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derivation of the appropriate kernel relies on Laplace transform arguments. From

(26) of section 2.1.4 we have previously seen that

A A

Wy(s,71) = a(s)se ™ Wy(z), Wy(s,79) = a(s)s’e™2Wy(2) (36)

where z; = sry, 2o = sro, and we assume that ro > r; > support of the initial data.

The relationship between the solutions at different radii is given by

U(s,r), (37)

(22105, (s, 1) [%EZ; — 1| By, 1) + (s, 7). (38)
We will write the last equation as
2P (5, 19) = Dy(s, 71, 72)We(s, 1) + We(s, 1) (39)
where
Bo(s,r1, 1) = —1 + 2elor2) (40)

W(sry)

Remark: The —1 here ensures that the frequency domain kernel i)(s, r1,T9) decays
for large s and this guarantees that the inverse Laplace transform exists. For the

case ry = 00, we see that W (sry) = 1 so the frequency domain kernel becomes

A —WZ(ST1> +1

Dy(s,11,00) = Wo(sr) (41)

As shown below, the frequency domain teleportation kernel is given as sum of poles
which is [5, 6]
‘

(8,71,79) Z a1 (71,72) (42)

p s—bg]/rl

13
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whereas the time-domain teleportation kernel is a corresponding sum of exponentials,

¢
bt
Dy(t,r1,12) = Zaek 71,72 eXP(£k> (43)

k=1 "
To establish the teleportation formula, we take the inverse Laplace transform of

eqn(39), and this gives

t
\I/g(t + (7’2 — 7‘1), ’r'g) = / Cbg(t — t,,’f‘l,’l"g)\l/g(t/ﬂ"l)dt, + \Ifg(t,Tl). (44)
0

2.2.2 Explicit Formulas for ¢/ = 2

In terms of its zeros, Wy(z) has the form

¢
1

== H 2 — byj) (45)

where by; are roots. This is demonstrative of the fact that the zeros of Wy(z) are the

same as those of the MacDonald function Kyiq/2(2). Since

(21 = bgj) = r1(s = bej /1),
we can therefore proceed to calculate the residue as

ag(ry,ms) =  lm (s — by /1) (s, 71, 72) (46)

S—r bek/T‘l
since the poles are simple. This follows because the roots of the K, 4 /2(2) are known
to be simple. We will therefore from eqn(45), define the residue as [5]

Wo(bgjrary ")

riW(be;) (47)

Qyj (r1,79) =
Let us consider ¢/ = 2 as an example. We have already seen in the previous
analysis that

3 3

14
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When we set Ws(z) = 0, the roots are

3 V3 3 V3

byy = —— +1— boy = —— — j—.
21 2+Z27 29 5 22

Expanding eqn(43) for the ¢ = 2 case gives

b b
Dy (t,71,12) = ani(r1, r2) exp (%t) + aga(r1,72) €xp <£t)
1

When we substitute the values of by; and by in the previous equation, we have

(a1 + ags) cos (;ét) +i(ag — agy) sin <£t>] . (48)

Here, our purpose is to calculate as; and age. When we set r = ror Land also choose

3
Dy (t,r1,1r9) = exp(—it)
1

r1 = 1 for convenience sake, then eqn(47) reduces to

ao(11) = % (49)

We can recover the actual residue equation as

ag(r1,m2) = Wk(lﬂ“z?“fl)/?”l

. We can also in an alternative way rewrite
1
WQ(Z) = ; (Z — b21> <Z — 622) . (50)
With this expression we find, for example, that

Wg(bgﬂ") _ r—1 b%lr — b21b22
W) (bay) 72 by —byy

agl(l,’f‘) =

From here

(T — 1)(’)“(7%1 — b21b22)
ir2\/3 '

With this result, we then compute the values of as1(r1,72) and age(rq,72) by feeding

axn(1,7) = (51)

into (51) the values of bg; and bgy. The computation finally yields

To —T1
2ryr3

[3ro + i\/g(rg —2r1)]

a21(7°1>7"2) = -

15
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and

T2 — T

[3?"2 - 7;\/5(7"2 — 27"1)],

G22(7"1>7’2) = - 2112
2

since ass is the complex conjugate of as;. This implies that

Dy (t,11,79) = €xp (— %t) [(aR) Cos (;/7?75) +i(a’) sin <£t>] ,

where

16

(52)

(53)

(54)



Chapter 3

Maxwell Equations

The central equations that govern electromagnetic theory are the Maxwell equations.
Fundamentally, the equations can be written in the following microscopic Gaussian

unit form [7]:

V- -E=/4np (55a)
10B

E=——— b

V X - (55b)
10E  4n
B=-—+—

V x e + . J (55¢)

V-B=0. (55d)

These equations are respectively known as Gauss’ Law, Faraday’s Law, Generalized
Ampere’s Law and the Magnetic Law. Here E is the electric field, B is the magnetic
field, p is volume charge density, J is the current charge density. These equations
are typically expressed in the time dependent circumstance. In the ”static” case, the
equations are independent of time and therefore the time dependence of the previous

equations vanishes.

In the source free case, we set p = 0 and J = 0. We will, as in the case of wave

17



Chapter 3. Maxwell Equations

equation, take ¢ = 1. The speed can be recovered by sending t — ct. Our previous

equations then reduce to the following:

V-E=0 (56a)
0B
VxE= - (56b)
OE
VxB= (56¢)
VB =0 (56d)

This shows that E and B are coupled. This implies that variations in E act as a
source for B, which in turn act as a source for E. We can expand both the E and B

in terms of the orthogonal basis of vector spherical harmonics.

3.1 Vector Spherical Harmonics (VSH)

3.1.1 Derivation and Properties of VSH

We will succinctly go through some analysis in constructing the VSH. Several tech-
niques have been used in constructing the VSH. There is no universally agreed upon
methodology for constructing VSH. Mostly, the choice of the technique or method
has to do with convenience of analysis. In our case, we will be using the Barrera et
al approach [8] of constructing the VSH, an attempt to construct the VSH, which
is analogous to the scalar spherical harmonics, would be to treat each of the three
components of a vector as a separate scalar field. Naively, one might attempt to first

express a given vector field
V(?“, 67 ¢) = e?“vr(?n? 97 ¢) + e9V0(T7 97 (b) + e¢V¢(r> 67 ¢) (57)

in terms of the standard spherical polar frame, and then subsequently expand each

component in a scalar spherical harmonic expansion. That is, for a given field V, we

18
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might write

[e9) ¢
V(’I“, 07 ¢) =€ Z Z ‘/ch(r)nm

KOZOO mjff N , (58)
teod > Vi Wantesd Y Vi (r)Yam.
=0 m=—/¢ {=0 m=—¢

The representation of eqn(58) is certainly valid, since the scalar spherical harmonics

form a complete set. Consider an equation of the form
V-V=Ff (59)

We might expect that eqn(59) and the scalar spherical harmonic decomposition of
the scalar function function f:
S
F=Y23" fom(r)Yum(6,9) (60)
(=0 m=—¢
would eventually relate the coefficients, fo,, Vi, V and finally V;/ in a useful way.
Unfortunately, this is not the case. To show why, we first find the divergence of V

in eqn(59) in spherical polar coordinates,

00 L
_ 10, , ., B,
Vv ; Z: [7“2 or (Ve (r)Yem) + rsmeae(smevﬁm( ")¥em)
o (61)
1 0

* 7‘81n88q§<v (r)¥im) |-
Considering eqn(61), we see the presence of terms like Yy, /sin @, which shows that,
the angular dependence for ¢m is not simply Yy,,. Therefore, our aim to sweep away
all the angular dependence, in order to simply relate the r-dependent coefficients,
cannot be achieved. Since we cannot cancel the Y,,, we will not go through this futile
exercise of constructing the vector spherical harmonics by taking the divergence of

V. Rather, we consider a scalar field

) l

F0,0,8) =" > fom(r)Yom(0, ), (62)

=0 m=—¢
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and obtain a vector field by taking its gradient

(=0 m=—¢
We have succeeded in expressing the radial part in terms Yy,,. We now have to expand
the new mathematical object, VY, in terms of e, and es. This motivates the
following notation: ®,,, ¥y, and Yy,,, with Yy, = €,Yy,,. We will for convenience

sake define the new notations as

U =1V (0, 9) (64)
and

P, =€, X Wy, =1 x VY. (65)

Where r = re,. This guarantees that for any given field V(r,0, ¢), we can write the
field as

Ny Z Vi Yom + Vi W + V2 @iy (66)
=0 m=—¢
As collected in [8], some identities regarding the scalar and vector spherical har-
monics include the following:

1. Divergence:

V- (F(r)Yem) = <%%T2F<T)> Yo,
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2. Cutl:
V % (F(r)Yam) = — & ff) .
V x (F(r) W) = (%%F(@) .
V % (F(r)®p) = (“6: DF(T)) Yo — (%%W(ﬂ) Ty,
3. Gradient:
V(F(r)Yim) = (%F(T))ng + ff") .

Now, it is evident from the previous analysis that, when we consider the equation,
V-V=Ff

in terms of the vector spherical harmonics, we are able to relate the coefficients in a

useful way.

3.1.2 Maxwell Equations Expressed in Terms of VSH

With the previous analysis, we now expand both the electric E and magnetic B fields
in terms of the vector spherical harmonics as

[eS) ¢

E(r,0,0) =Y > Ep Yo+ B @ + B O, (67)
l=1 m=—¢
[eS) 0

B(r,0,0) =Y Y B}, Yun+ By Wy, + B By (68)
=1 m=—¢
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It is crystal clear that our expansion for both E and B field ignores terms involving
¢ = 0. We have ignored that because Wy, and ®, vanish identically, and also Ej,Y oo
is Coulomb term which is easy to handle. The presence of B{,Yo is indicative
of a magnetic monopole (magnetic charge) which we do not want to have in the
expansion. Here Ej,  is the radial component of the vector field, while Egrz and E,Szz

are the transverse components with
Yim = Yeme,. (69)

In this paragraph, we write an explicit expansion for both ¥, and ®,,, in terms
of ey and ey. Then we will describe how to relate the VSH components of B and
E to the Cartesian components. We proceed as follows, we know the gradient of a

function f in the spherical polar coordinates is given by

af . 19f 1 of

VIi= 5ot L 90% T g a0 (70)
In our case f = Yy,(0, ¢), and clearly
1 (3Yzm L 0Ye,
Yo (0,0) = .
V¥in(0,0) = r 00 © ot rsinf 0¢ o (71)
Since we have previously defined ¥, = rVYy, (6, ¢), then
1 O, Yo
W, = .
o sing 0¢ ©o 00 o (72)
Similarly, given that ®,,, = e, X W, =1 X VY, then we have
1 9 OYom
D, = — . : (73)

ey 4+ —e
sinf 0¢ ’ a0 " °
where, of course e,, ey, and ey are the standard unit basis vectors in the spherical

co-ordinate system.

Substituting Wy, and ®4,, into eqn(67) and eqn(68), and rearranging the terms
gives (isolating single fm-terms in each):

E = E}, Yime, + |E) ) e _ anm

(1
0 S1n9 96

snd 9 o 00

or (74)
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2
B = B;,,Yime, + p() on _ By i

Bl i, OV
M99 sind ¢

sinf 9¢ 5

€y. (75)

From these expressions we read off E”, E? and E?® which we can use as formula in
determining the Cartesian components of E and B. Next, we want to decompose the
Maxwell equations (56a)-(56d) using the properties of the vector spherical harmonics.
We can now write the curl of both the electric and magnetic field in terms of the

VSH as

[e's) 4
VxE= Z Z [CEYZWL — UE\I’[m + XE(ﬁfm ) (76)
=1 m=—{
where
(0+1
s =22 g,
T
8Eé2) 1
==t 4 _F
nE < ar + r /m ?
and
1 8E 1
— . _E’I‘ Em E(l) .
XE ( r €m+ a,r, + - Im
Similarly,
VxB= Z Z [ BYKm — B‘I’gm +XB(I)Zm . (77)
l=1 m=—¢

0+
G =4 - M Dpe,

1 oBY 1
o= (= 0+ 2 Lt
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Chapter 3. Maxwell Equations

3.2 Multipole Solutions

3.2.1 Laplace Transform

The goal of this subsection is to show via Laplace transformation, that the Maxwell
equations are equivalent to a denumerable set of ODE for all £, m (see (92) below).
We now want to take the Laplace transform of both eqn(56b) and eqn(56¢). We will
begin with the partial time derivative of both equations. We have already in the

previous analysis defined the the Laplace transform as

a

LE(-,7)](s) = lim e S'E(t,r)dt (78)

a— 00 0

L[E(-,7)](s) = lim

a—o0

e “E(a,r) — E(0,r) + 8/ e *'E(t, r)dt]
0

(79)
= sLE(-,7)](s) — E(0,r).

Similarly, when one takes the Laplace transform of time dependent B field, we have

L[B(+,7)](s) = lim

a—0o0

e “B(a,r) —B(0,7) + s/ e *'B(t,r)dt
0

(80)
= sL[B(-,7)|(s) — B(0,r).
For the initial condition, we will assume that the data is compactly supported, and

that » > support of the initial data. Therefore,
B(0,7) = E(0,r) =0,
and the Laplace transforms of eqn(56b) and eqn(56¢) are as follows:
V x E = —sB, (81)

and

V x B = sE. (82)
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Since the expansions (76) and (77) involve no time derivatives, we may immediately
take their Laplace transforms by simply "hatting” all the r-dependent expansion
coefficients. When we expand the previous equations, (81) and (82) in terms of Y,
W, and ®;,, and compare both sides of the equations, then clearly we will have

the following equations;

- Ll+1) A
shy = D gy (83)
r
-1 dB2 1 .,
i) - (B 15 50
. . d .
= (- L ot L) )
Similarly, we also have for the B field,
. ((0+1) -
sy, = g (56)
r
- dE® 1.
B(l) — Im _E(2) 87
S < dr + r Im | ( )
. 1. d - 1 -
B(Q) —(Zf — _E(l) _ _E(l) ] ]8
S5y, <T Im dr Im r tm ( )

Now, we want to eliminate B}m from (85) so that the equation reduces to terms
involving only EAXJ and Bé;z To achieve this, we will substitute (86) into (85). This

gives

m m

~ 1€<€+1)A2 d ~ (1 1/\1
E(Q) _ __—E() _B() _B() ' ]9
sk, ( o ¢ JFdr €m+r ¢ (89)

Simplifying and rearranging the terms will give
. (0+1) d 1\ sa
E(2) = — 4+ = B( ). 90
£m<8+ 57”2 ) (dT+T> m ( )
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In the same vein, we want to eliminate Ej  from (88), so that our equation will now
contain only Z%éiz and EA&) terms. We will do this by substituting (83) into (88),

resulting in

- (0+1) d 1)\~
Bﬁz ( — S — 87’2 ) = (5 + ;) Egrz (91)

Collection of (84), (87), (90) and (91) in matrix form yields

B\ (o 0 ot (e
(d ) 1) EP 0 0 1 0 EP o)
_ — = S
(1) 2041 (1)
dr )| g 0 1+4) ¢ 0 B
B ~1 0 0 0 BY

We now turn to solution of this matrix system.

3.2.2 Frequency Domain Solution

In this phase of our analysis, we will further simplify the differential equations and
find their respective solution in the frequency domain. To do this, we will we proceed

as follows. We know from the previous calculation that

~(2) e+ _(d | 1) 50
E€m<s—|— o = dr+r By, (93)

).

(1)

but we know from (87) that we can express BY in terms of E(

Im m
R dE® 1.
1 ™ 2
sB{) = (d—ﬁ + - 2 (94)

Therefore, substituting (87) into (93) yields,

. W+ 1({d 1\[dED? 1.4
E(z) _t L m —E( ) ' 95
tm <S+ sr2 ) s(dr+r) < dr +r tm (95)
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However, performing the differentiation on the right hand side of the equation (95)

and simplifying the terms, then we will have

- (0+1)\  PED 1 e 1 e 2dED
E(2) _ Im __E() - (2) = Km. 96
° €m<s+ sr? ) d*r 72 £m+r2 £m+r dr (96)
This subsequently reduces to
dZE(Q) dE(2) N
P et P (0 1) ) B =0, (97)

2)

that is the Modified Spherical Bessel Equation. In the same vein, we know that Eé
and E,S,l,z are related by

- (0+1) d 1)\~
@ . _ 1Y 2
Bfm ( § 12 ) (d’l” + 7,.) E€m7 (98)

. dBy) 1,
)= (1 ai2).

Following the same procedure without necessarily showing the nitty-gritty, we obtain

2B dB® .
r? 2 4 2rd—m o CAAR IR Y Béfﬁ =0. (99)
r T

Here we take the solution to these differential equations as

B ky(sr) + 2er) 0

Ey 0 ko(sr

| g (s)st? b (5)s"+? S )
B 0 ky(sr) + —Zs(f;r)

Eé: —ky(sr) 0

In (100) the factors of s“*2 are included for later convenience. Here, k, is the

Modified Spherical Bessel Function which is expressed as

J4
™ T _, Z Cok
k’g(Z) = ﬂKK_,'_%(Z) = 56 £ ; (101)
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where K, 1 (z) is the MacDonald function which was discussed in the previous sec-

tion. This Bessel function decays for a large z, Re(z) >0

m
ko(z) ~ g@’z. (102)

In principle, we should be getting four different independent solutions to (100). We

could write down analogous solutions involving [2]

_ T 1 d \‘sinh z
w(z) =4[5 lers(2) = zé(;@> ot (103)

We neglected the latter form of the solution because i,(z) grows as z — 0o, which

is incompatible with the outgoing wave propagation. Our focus is for the outgoing

case. This is the reason why we only focus on the solution with form k.

3.2.3 Time Domain Solutions

We have in the previous analysis written the solution to the Laplace-transform, VSH-
decomposed Maxwell equations which corresponds to outgoing boundary conditions.

We now proceed to compute the inverse Laplace transform. We know that
B2 (s,7) = —am(s)s"ky(sr). (104)

Substitution of ky(sr) from (101) into the previous equation gives

¢
5(2) T N Gk
B, (s,1) = —agm(s)sewge ; =
= (105)

¢
o (—k+1 T s Cek
= —CLgm(S>S 56 E m

By lemmas 2.1.1 and 2.1.2 the inverse Laplace transform of eqn(105) is given by

l
(2) ™ Cek g k+1)
B, (t,r) ) E —r). (106)

Tk+1
k=0
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Considering the radial component from (83), we have that

(0+1)

Bfy(s,1) = ————Bj(s,1)
z
- ‘. (107)
_ —sr /—k —z Lk
=Ll +1)e " ap,(s)s € ; sy
Upon inverse Laplace transform of (107), we also have
¢
r ™ Cek
Epn(tr) = U+ 1)5 3 250t =), (108)

k=0

By (101), it naturally follows that

Ei(5:7) = aun(s)s"** (ké(Z) " ’W>>

z

¢
T _, 1 k
= —agm(s)se+2§e E Cok <_zk+1 + _z’f+2> .

¢
o — k+1 —sr k—1 -k s —k—
= —apn(s)s E ok " — Qg (8)S §e E kcoer
k=0

(109)
Thus, one can write
T 1 k
1 _ _
Eéni(t,r) =3 Z Cek [mf(e Dt — 1) + e =Rt — 7“)] . (110)
k=0

We have so far recovered the time domain VSH components corresponding to the

coefficient as,(s) in (100). Similarly, without showing detailed calculations,

14

k _
B Z [ k+lge k“)(t—r)—l—mg@ k)(t—'/’)].

k:

¢
2 ™ Crk —
EX(t,r) = - Z _rng(é D —p),

k=0
and finally
0
Br (tr) = 00+ 1) gtk
Im\ % 2 — 7nl<:—|-2
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Here a different underlying profile function g(¢ — r) appears since these components

refer to the sector in (100) corresponding to by, (s).

3.3 Near-to-Far Field Propagation

3.3.1 Teleportation Kernels

To derive the teleportation kernels for the Maxwell equations, we will use similar

arguments to those of the wave equation. We know from previous analysis that

éf)(s,rg) T agm(s)seﬂe’ZQWg(zQ),

" 273 (111)
E(Q)(s r) = - a (s)s“le_zlw (z1)

tm\°s 11 2’/‘1 Im 2\~1)>

where z; = sry, 2o = sro, and we assume that ro > r; > support of the initial data.

Evidently, the relationship between the two solutions is given by

A T ~
By (s,m) + B (s,1). (112)
2

s(ra—r1) 3(2) _ | Walsra)

We will define it as in the case of the wave equation,

. Wy(srs)
P =—1 .
€<S7T17T2) + Wg(srl)

Taking the inverse Laplace transform of eqn(112) we see that

t
BO(t+ (rs— 1), 1) = ﬁ/ Bu(t— ', r, 1) BE, )t + L BE 1), (13)
0 2

To Im

Obviously, the kernel for Bﬁi (t,r) is the same as that in the case of the wave equation.

We will now proceed to calculate the teleportation kernel between the expression

r; » i —STr
(Bi = Bin)(s,71) = aum ()" 5 —e™ " Wi(sra),
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(Elgin) o Bﬁ?)(sy ’1"2) = afm(S)SZJrlQieierWe/(S?”Q).
T2

They are related by the identity

r W/(sra)

es(TQ_rl)(E(l) _ B(Q))(S,Tz) _ (E(l) — B(Q))(s,ﬁ)

o tm T_QW’(srl) tm m
=CD{(9””§3ME — BO)(s,)
- (2)[(2) e~ e - B

3 A
+ (2) (B = B (s.m).
)
(114)

We will before defining our new kernel as Y, consider the following analysis. We

know that
i ¢
W/(ST') _ _ Z kcfk _ cél A —(0+1) Z @Se—krl—k (115)
¢ (sr)k+1 r2 ¢ ’
k=1 k=1
The factor
¢
k
Y gk = O(s'Y) (116)
1 Cn

is a monic polynomial of degree (¢ —1) in s, and we assume that its roots {dy; : j =

1,...¢ — 1} are simple. Whence

¢ ke -1
—k
—5 = s — dp;). 117
> st = Il — ) (117)
= 7j=1

The roots dg; are also the roots of W;(z). When we consider

l J4
/{Cgk kCgk
Z Sk—krl—k — Tl—f Z (ST)K—k

C C
k=1 {1 =1 l1

/-1
=it H(sr — dyj) (118)
j=1
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Combination of eqn(115) and (118), gives

-1

o) — S0 ) T Y
Wy (sr) = ot 1_[1(3 . ). (119)
]:
One can clearly see that as s — oo
W (sr2) N (2)2.
W/ (sr1) To
In order to ensure that our kernel decays, we define it as
. ro\2W)(s13)
Yoo, rar) = (22) WECr2) 120
e(s,72m1) ri/ Wj(sr1) (120)

When we feed into (120) the expression

L@?(STQ)
W, (sr1)

as it appeared in (119), we have

: ITi(s — 59)
To(s,re,71) = [m] —1. (121)

Returning to (114) to rewrite the equation in terms of T, we find

A

~ r1\3 ~
exp(s(ra = r))(Ef) — B (s.r2) = () (Bfy) = BE)(s.)

1\ 3 A . .
+ (B) Ko, ma) (B = B (s, m0),

T2
(122)
The inverse Laplace transform of (122) is given by:
(Efy = BED(t+ (r2 = 11),72)
= (2) [t - B0 2s)

+(2) B - B ).

T Im Im
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The residues gg(r1,72) in the pole expansion

gzk 7“1,7“2

S T’Q,Tl
S—dgk/’l“l

are given by

[Toi(s — )

= — e el |
Gor(11,72) Hégl/n(s dzk/rl)lnf_i@_%)
_ -

B [ Hf: (dfk/rl - de/T2> ]
: [ (dék/rl - deJ'/T1> |

Notice also that, the derivative W;(z), where z = dgrs/r1 is given by

/-1

C
Wildewra/r1) = =5 (dasfr) " [ [ (daw/r1 = diy /).
Finally, from the fact that
-1
Wi(sr) = —cp(sr)~ H(sr — dy;),
j=1

it guarantees that the second derivative W/'(dy) can computed as follows

-1
W/ (de) = —co (dg,) ™Y H (de — doj)
=17k
-1
= —ca(dg)" I T (s = dig) /1
j=1,jk
-1
—(car/r)(der/r1)" D T (dox — dej) /1.
j=1,jk

Therefore, the residue is found to be

. T9 2W€/(dgk’l"2/7"1)
aun(rara) = (32) Zhpre 5
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3.3.2 Explicit Formulas for / =2 and /=3

The frequency domain teleportation kernel is given as sum poles which is

gf] T, rQ
E 130
(5:71,72) S—ng/T’1 (130)

whereas the time-domain teleportation kernel is sum of exponentials, which is given

as
-1 dont
Yy(t,r,m0) = Zggk 71, 1e) exp(—- ). (131)
k=1 "
For the ¢ = 2 case, we have
da1
Yolt,r1,72) = go1(r1,72) exp(r—t). (132)
1
We know from previous analysis that,
3 3
W =14+-+—=
Q(Z) + > + 22,
therefore
6 6 18
/ _ " _
WQ(Z) __;_;7 WZ (Z)—; A
Clearly the root of Wi(z) is
dgl == —2

Our goal here is to calculate gy;. Setting r = ror; ' and choosing r; = 1, eqn(129)
reduces to

o Wi(rdar)

- ’ 133
W (doy) (133)

gn(l,r) =

we can recover the actual equation later by substituting r» = 797! and dividing by
r1. When we substitute the values of dy; and rdy; in the previous equation (133), we
have

T
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therefore

2
921(7‘1,7”2) = —(7‘1 - 7”2)-

Here we have

2 —2t
Yolt,r,1m0) = — (rl — 7“2) exp(—).

rire 1

For ¢ = 3, we have

d
Ys(t,r1,72) = g31(r1,72) exp(%t) + g32(71, r2) exp(—t

1

Similarly we know that

d3

(&1

6 15 15
Wg(Z):l—i-—-i—;-i-;.
Therefore
6 30 45 9
Wi(z) = R A ——4<z + 5z + 15/2),
and
12 90 180 6
" . . 2
W3(z)—;+;+?—;<22 +15z+30>

)7

(134)

(135)

When we substitute the values of d3; and dsy in the previous equation, we have

5)
Tg(t, T, 7’2) = eXp(—gt)
1

(g31+9g32) cos <§t> +i(g31 — g32) sin <£t>] (136)

Our goal here is to calculate gs; and gso. When we set r = rory Vand 1y = 1 as we

did in the previous calculation, we have

QWé(Td?)l) . d31 [(7’6531)2

1 —pr__2X 9/ 90
g31( ,’f‘) r Wél(d31) 7,,2 Qd?)’l
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We can after substituting the respective values of d3; and dss arrive at

g1 (L) = —u<5r +iV5(2r — 3))

2r2

since ¢3o is the complex conjugate of g3, it implies that

5
Ys(t,r1,m3) = exp (— —t)

where

and

27’1

5(1—r) R

[(gR) oS <£t>

7/‘177“2): o
172

= gl(rla Tg) =

36

+i(g") sin (gt)]

5(7“1 — 7’2)

V5(ry — 1) (2ry — 3ry)

rirs

(138)

(139)

(140)

(141)



Chapter 4

Conclusion

We will conclude by highlighting some of the important aspects of this analysis. In
chapter 1, we solved the 3-dimensional scalar wave equation based on the assumption
that our source S and initial data are compactly supported and that we work at a
large distance from the source. By lemmas 2.1.1 and 2.1.2, we derived the time-
domain outgoing multipole solution W,(¢,7) to the wave equation. We found the

kernel for the wave equation and its corresponding residue to be

L

beit
Dy(t,r1,7m2) = Zaék<rlar2) exp (ﬂ)7

,
k=1 1

Wg(bgj’r’grl_1>
rWy(be)

aej(ﬁﬂ”Q) =

respectively. In the final phase of this analysis, we expressed the Maxwell equations
in terms of the Vector Spherical Harmonics (VSH). By invoking the properties of the
VSH, we solved the Maxwell equations. Using the same lemmas 2.1.1 and 2.1.2, we

found the time-domain representation of outgoing solution to the Maxwell equations.
@)

o (t,7) we found that, it is the same

In developing the teleportation kernel for B
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kernel as in the case of the wave equation. On the contrary, the teleportation for

E2(t,r) — BE(t,r)

m

yields a different kernel and a residue. We found the kernel and the residue in this

case respectively to be

1 dot
Yo(t,ry,re) = ng(h, T3) exp (%)
k=1 !
and
(2 \2W(dgra /1)
aur = () il

The teleportation kernels ®, and Y, as well the as the residues agp(r1,72) and
gex(r1,72) obtained in this work, were used in developing the general formula for
propagating the multipole solutions to the wave and Maxwell equations for different

values of /.

Greengard, Hagstrom, Jiang [9] have examined the asymptotic behavior of the

residue
Wg(bgj’r‘grl_l)
W, (bes)

They showed in their work that as ¢ — oo for fixed large 71,9, the coefficient of ay;

(lgj =

grows exponentially. That is,

¢
m]?x|agk| ~a e’

One might also investigate the asymptotic behavior of gy from (129) as

! — o0

for fixed large value of r. Such an investigation would also involve the larger-order
asymptotics of Hankel functions (as [9]), but also of their derivatives. We have in

our approach for solving Maxwell equations used Vector Spherical Harmonics. As
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an alternative, one could have reduced the Maxwell equations to the scalar wave

equation by first considering the following calculation. We know that

0B
VXE=— 142
x o (142)
OE
VxB=——. 143
8 ot (143)
When we take the curl of (142) equation, we have
B
Vx(vxE) = 2V xB) (144)
ot
Substituting (143) into (144), we have
O’E
B _VE=_ 2™ 145
V(VE)-VE=-" (145)
For the source free case V - E = 0, therefore our previous equation reduces to
O’E
VE = —. 146
5 (146)

A similar wave equation can be derived for the Cartesian components of B. Once
this resolution is reached, the teleportation kernel for the propagation of both E and
B field can be found using only the kernel for the wave equation. We did not use
this approach in solving Maxwell equations because it would have led us in getting
six (6) convolutions which is tedious to handle. We preferred the use of the Vector
Spherical Harmonics in solving the Maxwell equations to the approach discussed
above because the latter (VSH approach) is cheaper and relatively simpler. We
only had four (4) convolutions as apposed six convolution in former approach. The
VSH approach gave us two sectors (100). One of the sectors comprises of Béiz (t,7)
and (Egn) = Béfrz)(t, r) which correspond to the coefficient ag,(s). The second sector
comprises of Eé;) (t,r) and (Bg?z - Eézz)(t,r) which corresponds to the coefficient
bem(s). Our analysis indicates that Béfrz (t,r) is similar to Etgf,z(t, ) as (Eg,z —Béiz)(t, 7)

is to (Bé}qz — Eéf,z)(t, ) in terms of their teleportation kernels. The four convolutions

agree with two transverse degrees of freedom for radiating waves in Maxwell’s theory.

39



References

[1] G. F. Wheeler, The vibrating string controversy, Am. J. Phys. 55 (1987) 33-37.

[2] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover
Publishing Inc., New York, 1970).

3] K. R. Tejeda, On the Roots of the MacDonald Function, Master’s Thesis, Uni-
versity of New Mexico, 2014.

[4] G. N. Watson, A Treatise on the Theory of Bessel Functions, second edition
(Cambridge University Press, Cambridge, 1966).

[5] S. E. Field and S. R. Lau, Fast evaluation of far-field signals for time-domain
wave propagation, J. Sci. Comput. 64 (2015) 647-669.

6] A. G. Benedict, S. E. Field, and S. R. Lau, Fast evaluation of asymptotic wave-
forms from gravitational perturbations, Class. Quantum Grav. 30, 055015 (2013)
[35 pages].

[7] J. D. Jackson, Classical Electrodynamics, 3rd edition (Wiley, New York, 1999).

[8] R. G. Barrera, G. A. Estevez, and J. Giraldo, Vector spherical harmonics and
their application to magnetostatics, Fur. J. Phys. 6 (1985) 287-294.

9] L. Greengard, T. Hagstrom, and S. Jiang, The solution of the scalar wave equa-
tion in the exterior of a sphere, J. Comput. Phys. 274 (2014) 191-207.

40



	Near-to-Far Field Signal Propagation for the Wave and Maxwell Equations
	Recommended Citation

	tmp.1578356282.pdf.KiOmQ

