University of New Mexico

UNM Digital Repository

Faculty and Staff Publications Mathematics

2012

Supermodular Lattices

Florentin Smarandache
University of New Mexico, smarand@unm.edu

Igbal Unnisa

W.B. Vasantha Kandasamy
vasanthakandasamy@gmail.com

Follow this and additional works at: https://digitalrepository.unm.edu/math_fsp

6‘ Part of the Algebra Commons, Algebraic Geometry Commons, Analysis Commons, Number Theory

Commons, and the Other Mathematics Commons

Recommended Citation

Igbal Unnisa, W.B. Vasantha Kandasamy, F. Smarandache. Supermodular Lattices. Ohio: Educational
Publisher Inc., 2012.

This Book is brought to you for free and open access by the Mathematics at UNM Digital Repository. It has been
accepted for inclusion in Faculty and Staff Publications by an authorized administrator of UNM Digital Repository.
For more information, please contact amywinter@unm.edu, Isloane@salud.unm.edu, sarahrk@unm.edu.



IQBAL UNNISA
W.B. VASANTHA KANDASAMY
FLORENTIN SMARANDACHE

SUPERMODULAR
LATTICES



Supermodular
Lattices

Igbal Unnisa
W. B. Vasantha Kandasamy
Florentin Smarandache

Educational Publisher Inc.
Ohio
2012



This book can be ordered from:

Education Publisher Inc.
1313 Chesapeake Ave.
Columbus, Ohio 43212,
USA

Toll Free: 1-866-880-5373

Copyright 2012 by Educational Publisher Inc. and the Authors

Peer reviewers:

Prof. Mihaly Bencze, Department of Mathematics,

Aprily Lajos College, Brasov, Romania

Dr. Sebastian Nicolaescu, 2 Terrace Ave., West Orange, NJ 07052, USA.
Prof. Valeri Kroumov, Okayama Univ. of Science, Okayama, Japan.

Many books can be downloaded from the following
Digital Library of Science:
http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm

ISBN-13: 978-1-59973-195-7
EAN: 9781599731957

Printed in the United States of America



CONTENTS

Dedication

Preface

Chapter One
PRELIMINARIES

Chapter Two
SIMPLE MODULAR LATTICES OF FINITE LENGTH

Chapter Three
SUPERMODULAR LATTICES

Chapter Four
SEMI SUPERMODULAR LATTICES

31

51



Chapter Five
SOME INTERESTING EQUATIONAL
CLASSES OF MODULAR LATTICES

Chapter Six
SMARANDACHE LATTICES

Chapter Seven

GB-ALGEBRAIC STRUCTURES
FURTHER READING

INDEX

ABOUT THE AUTHORS

75

85

99

127

129

131



DEDICATION

& X
Mr. Mohammed Jalauddin Kokan
and

Mrs. Aaisha Begum
2 b



We dedicate this book to the memory of Dr. Igbal Unnisa's
parents. Her father Mr. Mohammed Jalauddin Kokan was
the Post Master in Meenambur and mother Mrs. Aaisha
Begum was a housewife. From this remote village of
Meenambur in Tamilnadu, her parents shifted to Chennai
to educate their children.

In those days, girl children being enrolled in primary
school was rare. Yet, the Kokans succeeded in educating
their daughters into doctors and doctorates. In fact, Dr.
Igbal Unnisa has the distinction of being the first Muslim
women in India to receive her doctoral degree in
Mathematics.

This dedication is a gesture of honouring Mr. Mohammed

Jalauddin Kokan and Mrs. Aisha Begum, and at the same

time, acknowledging the great role that education plays in
the empowerment of women.



PREFACE

In lattice theory the two well known equational class of lattices
are the distributive lattices and the modular lattices. All
distributive lattices are modular however a modular lattice in
general is not distributive.

In this book, new classes of lattices called supermodular
lattices and semi-supermodular lattices are introduced and
characterized as follows:

A subdirectly irreducible supermodular lattice is isomorphic
to the two element chain lattice C, or the five element modular
lattice M.

A lattice L is supermodular if and only if L is a subdirect
union of a two element chain C, and the five element modular
lattice M.

A modular lattice L is n-semi-supermodular if and only if
there does not exist a set of (n + 1) elements a;, a,, ..., a, in L
such thata + a; =a + a, = ... =a + a, > a with a > aja; (i not
equalj);i,j=1,2,...,n.

A modular lattice L is n-semi-supermodular if and only if it
does not contain a sublattice whose homomorphic images is

L,or M withi; +i,+ ... +

i 4+2,i5 42,0,

isomorphic to M

42,15 +2,...,1,+2

r=n—-1;1,j>1.



We define the concept of Smarandache lattices and GB-
algebraic structures are characterized in chapters six and seven
respectively.

This book has seven chapters. Chapter one is introductory in
nature. A simple modular lattice of finite length is introduced
and characterized in chapter three. In chapter four the notion of
supermodular lattices is introduced and characterized and
chapter five introduces the notion of n-semi-supermodular
lattices and characterizes them.

It is pertinent to keep on record part of this book is the
second authors Ph.D thesis done under the able guidance of the
first author Late Professor Igbalunnisa. Infact the last two
authors where planning for a lattice theory book a year back but
due to other constraints we could not achieve it. Now we with a
heavy heart have made this possible.

We thank Dr. K.Kandasamy for proof reading and being

extremely supportive.

IQBAL UNNISA
W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

PRELIMINARIES

In this chapter we recall some definitions and results which are
made use of throughout this book. The symbols <, >, +, . will
denote inclusion, noninclusion, sum (least upper bound) and
product (greater lower bound) in any lattice L; while the
symbols, <, U, N, €, ¢ will refer to set inclusion, union (set
sum), intersection (set product), membership, and non-
membership respectively. Small letters a, b, ... will denote
elements of the lattice and greek letters, 0, ¢, ... will stand for
congruences on the lattice.

A binary relation 6 on L is said to be an equivalence
relation if it satisfies.

(1) x=x(0) (reflexive)

(i) x =y (0) = y = x (0) symmetric

(i) x =y (0); y =x (0) = x = z (0) (transitive)
If it further satisfies the substitution property.

(iv)x=x"0);y=y 0 =>x+y=x"+y (0) then it is
called an additive congruence. An equivalence relation
which has the substitution property.

V) x=x"(0);, y=y (0) = xy =Xy (0) is called a
multiplicative congruence. If a binary relation satisfies
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the conditions (1) to (v) then it is said to be a lattice
congruence or merely a congruence on L.

Result 1.1: If a=Db (0) in a lattice L then x =y (0) for all x, y
in L such that ab <x,y <a+b [2].

Let a, b in L such that a > b. Then the set of all elements x
in L such that a > x > b is called the interval (a, b). Ifa="b(a, b)
is called a prime interval. If a = b (a, b) is called a trivial
interval.

Ifa=b(®)(a,binL;a>b)thenx=y (0) forall x,yin L
such that a > x, y > b (by result 1.1) and 0 is said to annul the
interval (a, b).

Intervals of the form (x, x+y) and (xy, y) are said to be
perspective intervals. We say

(xy,y) /" (x, x+y) or equivalently (x, x+y) \ (Xy, y).

If I = (a, b) is an interval of L then the interval (a+x, b+x)
for any x in L is called an additive translate of the interval I and
is written as I+x; and the interval (ax, bx) for any x in L is
called a multiplicative translate of the interval I and is written as

Ix.

An interval J is the lattice translate of an interval I of L if
elements X, X, ..., X, can be found such that

J = ((((T+x1)x2) +X3)...) Xy OF
J = ((((Lx)) +X2) X3)...) Xp,
where n in finite and +, . occur alternatively.

Result 1.2: Lattice translation is a transitive relation.
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Result 1.3: Any lattice translate of an interval I of a distributive
lattice L can be written as (I + y)x or (I.x) +y for some X, y in L
[10].

Result 1.4: Any subinterval J of an interval I is a lattice
translate of 1 [10].

Result 1.5: Any conqruence 6 on L which annuls I annuls all
lattice translates of 1 [10].

Result 1.6: Any non-null set S in L is a congruence class under
some congruence relation on L if any only if

(1) Sisa convex sublattice and
(i) Lattice translate of intervals in S lie wholly within S or
outside S [10].

DEFINITION 1.1:  The smallest congruence which annuls a set
S of a lattice L is called the congruence generated by the set S.

Result 1.7: Let I be an interval of a lattice L. 6; the congruence
generated by [ in L. x =y (6)) if and only if there exists a finite
set of elements x+y = x¢ > X; > X, ... . X, = Xy such that (X;, Xj+1)
is a lattice translate of the interval I [10].

Result 1.8: The lattice translate of a prime interval in a
modular lattice can only be a prime interval [10].

Result 1.9: Let L be a modular lattice. I and J intervals of L
such that I is a lattice translate of J then I is projective with a
subinterval of J [10].

DEFINITION 1.2: The modular lattice consisting of n+2
elements (n 23), a, x, ..., X, bsatisfyingx; + x; =a (i #j, 1, =
1,2, ..,n),x;x;=>bforalli,j=1 2, .., n i #nis denoted by
M,. The modular lattice consisting of the elements a, x;, x, ...,
Xn b, Y1y ooy Yioi, € Satisfying

x;txi=aforallizjij=12 ..n
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xxj=bforalli,n=jij=12 ..n
b+y;=x,foralli=1,2, ..., m—I
vityi=x.forallizjij=1 2, .. m-I
by;=cforalli=1, 2, ..., m—I
yy,=cforalli,j=1,2, .. m—Iis denoted by M, ,,

We denote M, , . (ng=3) in a similar fashion.

We define M

elements a, x;, ..., X0, b, Vi, woo, Y1, C Z1, Z2, wvr, Zrg, d, cd such
that a, x;, ..., x,, b form a lattice isomorphic to M,.. x;, b, y;, ...,
Vm_1, C form a lattice isomorphic to M,,; x5, b, z,, ..., z,_;, d form

to be the modular lattice consisting of the

m,n,r

a lattice isomorphic to M,. We extend definition to M in

n,m,r,s

wo ways.

First M is got by taking elements a, x;, x,, ..., b, y;, ...,

Vm-1, b], Zly, eesy Zpp, bg, Uup ..., Ugy, b3, b] bg, b1b3, b3b1, b1b2b3
such that a, x;, X,, ..., X, b form a lattice isomorphic to M,; x;,
b, Y1, .., Ym1, by form a lattice isomorphic to M,, x,, b, z;, ...,
z,1, by form a lattice isomorphic to M,; x3, b, uy, ..., us;, b;
form a lattice isomorphic to M.

In the second; we define M by taking the elements

m,n,r,s
a, X1, woy X b, Y1, ooy Yo, b1, 21, 22, oy Zieg, by uy, o, U,
b; b;b,, byb; such that a, x;, .., x, b form a sublattice
isomorphic to M,,
X5, b, i, ooy Y1, by, form a sublattice isomorphic to M,

X2, b, 21, 23, ..., Zr_1, by, form a sublattice isomorphic to M,,

v, by, uy, ..., ug g, bs form a sublattice isomorphic to M.

M ... is defined dually.

m,n,r,s
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bib, b;
Figure 1.3

These are illustrated in figures 1.1, 1.2 and 1.3.

DEFINITION 1.3: Let 6 be a congruence on a lattice L. 0 is

called separable if and only if for every pair of comparable

elements a < b there exist a finite sequence of elements.
a=xp<x;<..<x,=b

such that either (x;;, x;) is annulled by 6 or (x;;, x;) consist of

single point congruence classes under 6.

THEOREM [4]: Let L be a modular lattice and let Cy and C; be
chains in L. The sublattice of L generated by Cy and C; is
distributive.

THEOREM [6, 7, 13]: Any subdirectly irreducible modular
lattice of length n > 3 has a sublattice whose homomorphic
image is isomorphic to M; ;.



Chapter Two

SIMPLE MODULAR LATTICES
OF FINITE LENGTH

In the first chapter we defined the notions of additive translate,
multiplicative translate and lattice translate of an interval. We
introduce in this chapter, the notion of a distributive translate of
an interval and study the properties of distributive translates of
prime intervals in a modular lattice. This study leads us to a
characterization of simple modular lattices of finite length.

Throughout this chapter L will denote a modular Iattice,
unless otherwise stated.

DEFINITION 2.1: A prime interval I of L is said to be
distributive if for all nontrivial intervals J = (I+x)y there exist p,
q € L with J = Ip + q for all the nontrivial intervals J;, = Ix; +
y; there exist p;, q; in L withJ; = (1 + pj)q,.

Lemma 2.1: Any prime interval of a distributive lattice is
distributive.
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Proof: Follows as J = (I+x) y implies J = Iy + xy and J, = Ix; +
yy implies J; = (I+y)) (x; + y1).

Lemma 2.2: In a distributive lattice if a nontrivial interval J =
(I+x)y, then ly is nontrivial.

Proof: Now J =1y + xy and if Iy were trivial, so would be J.

DEFINITION 2.2: If ] = (a, b) and J = (c, d) then the intervals
(a + ¢, b + d) and (ac, bd) are denoted by I + J and 1J
respectively.

Lemma 2.3: If a nontrivial interval J = (I + x)y then [ + ]
cannot be trivial.

Proof: LetI=(a, b)andJ=(c, d) then
c=(a+x)y;d=(b+x)y.

Also a+c =a + (atx)y = (a+x) (aty) and
b+d = b+(b+x)y = (b+x) (b+y).

Now if [ + J is trivial then a + ¢ = b + d that is
(atx) (aty) = (b+x) (b+y) which means

atx =(a+x)+(@a+x)(aty)
=(a+x)+(b+x)(b+y)
=b+x)(a+x+b+y)
=b+x.

So (a + x)y = (b+x)y that is J is trivial; a contradiction.
Dually we have

Lemma 2.4: If any nontrivial J = Ix + y then 1J cannot be
trivial.

Lemma 2.5: If I = (a, b) is a prime interval and J = (c, d) =
(I + x)y then I is distributive if and only if Iy is nontrivial and
J=1y +c. (Equivalently J =1Id + c).
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Proof: Under the hypothesis of the lemma let I = (a, b) be
distributive then J = Ip + q for some p, q in L, then by Lemma
2.4 1J cannot be trivial.

Now 1J =(a (a+x)y, b(b+x)y)
= (ay, by)
=ly.
Hence ly is nontrivial.

Conversely let Iy be nontrivial, then as the lattice L is
modular and ly is a lattice translate of a prime interval, it can

only be a prime interval as shown in figure 2.1.

b+c=b+d

ac=bc=ad
Figure 2.1

Iy = (ay,by)
(a(atx)y, b(b+x)y)
(ac, ad).

Hence ac is covered by bd (ly is a prime interval). Now L
is a modular lattice of finite length hence we can define a
dimension function d which satisfies d(a+b) + d(ab) = d(a) +
d(b). Thus we have

d(atc) + d(ac)

d(b+d) + d(bd)

d(a) + d(c)
d(b) + d(d).

Subtracting the former from the latter we get
[d(b+d) — d(a+c) + [d(bd) — d(ac)]
= [d(b) —d(a)] + [d(d) — d(c)]
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=141 (asbcovers aand d covers c).
=2.

Now d(bd) — d(ac) = 1, implies d(b+d) — d(atc) = 1 that is b
+dcovers a+c. Nowa+tc<b+c<c<b+danda-+cis
covered by b +d.

Eitherb+c=a+corb+c=b+d.

Ifatc=b+cthenatc>Db

at(a+x)y>b

(atx)(aty)>b

(@atx)>(@+x)(aty)>b

at+tx>b+x

atx=b+x

(a+x)y=(b+x)y

Jis trivial. A contradiction. Thusb+c=b +d.

Udududiu

Now ac < bc < bd and ac is covered by bd. So bc = ac or
bc=bd. bc #bd. Forifb+c=b+d, as ¢ <d and the lattice is
modular, we have bc = ac.

Next ad =a (b + x)y =ay = ac. That is ad = ac.

Now,
abd =bad=bac=Dbbc=bc=ac
ac=ad =abd =bc

that is abd = bed.

So ac = bcd which can be written as a ¢ ¢ = b d ¢. Now
ac <bd. Soac+c=bd+ c (L is modular) thatis c = c + bd. So
c<bd+c<d Alsociscovered by dsobd+c=dthatis]=
Id+c=Iy+ec.

Dually we have
Lemma 2.6: If 1= (a,c)is a prime interval and J = (c, d) = Ix

+ y then J is a distributive lattice translate of I if and only if
[ +y is nontrivial and J = (I + y)d. Equivalently J = (I + c)d.
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Lemma 2.7: If ais covered by b and c is covered by d with
b<cthen(c,d) #((a+x)y, (b+x)y)foranyx,y e L.

Proof: 1If (c,d) =((a +x)y, (b +x)y) and a is covered by b
and b < c and c is covered by d then c = (a + x)y.

c+x (a+x)y+x

(a+x)(x+y)
(ctx)y = (a+x)y=c.

But (b + x)y lies between (a + x)y and (c+x)y as a <b < ¢, so
equals c, a contradiction, a c # d and (b + x)y = d.

Lemma 2.8: Let ais covered by b and c is covered by d with
d <athen (c, d) # ((a + x)y, (b + x)y) for any x, y in L.

Proof: Ifd=(b+x)ythend+x=(b+x)y+x
=(b+x) (x +y) implies
(d+x)y =(b+x)y=d.
Thus d = (d + x)y < (a + x)y < (b + X)y = d implies
(a+ x)y =d =c; a contradiction.

Corollary 2.1: If there exists intervals = (a, b), J = (c, d) with
a < b < ¢ < d then neither can be a distributive translate of the
other in any general lattice.

Corollary 2.2: Ifa<b <c¢ <d in a distributive lattice then
neither J = (a, b) nor J = (c, d) can be a lattice translate of the
other.

DEFINITION 2.3: A prime interval J = (¢, d) of a modular
lattice L is called a distributive lattice translate of a prime
interval I = (a, b) if and only if J can be expressed as (I + c)d or
equivalently J can be expressed as Id + c.

Lemma 2.9: If I+ x)y =J with IJ = Iy trivial then I +J
contains a five element modular sublattice and is of length 2.
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Proof: Length (I +J) + Length (IJ) = 2. As Length IJ = 0
(given); Length (I +1J) = 2.

Let I =(a, b) and J = (¢, d), IJ =0 implies ac = bd. Also
ac <bc <bd and ac £ ad < bd. So ac =bc and ad =bd. Now L
is modular. Thereforea+c#b+canda+d=b+d. Also
ac = ad and bc = bd. Again as L is modular a + ¢ # a + d and
b+c=#b+d.

Nextb+c#a+d. Forifb+c=a+dthenb+c+a+d=
a+dthenisb+d=a+d;a contradiction.

Buta+c is covered by b+ c and b + ¢ is covered by b + d
and a + c is covered by a+d and a+ d is covered by b + d.

Alsoa+c=(a+x)(aty)andb+c=(b+x)(b+y). Let
p=(@+x)(bty)asb+d=(b+x)(b+y) either (p,b+d)is
trivial or p is covered by b +d. If p=b + d, then (a +x) (b +y)
=(b+x)(b+ty). So(@a+x)(b+yy=0>b+x)(b+yy wil
imply (a + x)y = (b + x)y that is ¢ = d; a contradiction.

So (p, b + d) is nontrivial. Thus p is covered by b + d. Now
b+ dcoversb +canda+d. We assert neitherb+c=pnora+
d=p. Forifb+c=pthen(b+c,b+d)=1+x)(b+d) anda
is covered by b < b + c and b + ¢ is covered by b + d; a
contradiction in view of Lemma 2.7.

Ifa+d=p then(a+d, b+d)=[J+a+x)](b+d)and
cis covered by d < a+ dand a + d is covered by b + d; a
contradiction in view of Lemma 2.8.

Thusa+c,b+c, p,a+d, b+ disisomorphic to the five
element modular lattice of length 2 contained in I + J (cf. figure
2.2)
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Figure 2.2

Dually we have

Lemma 2.10: IfIx +y =17 with [ +J =1+ y trivial then 1J
contains a five element modular sublattice and is of length 2.

Lemma 2.11: Let L be a modular lattice of finite length. Let
C:0=x%x¢<x; <X <...<X, =1 be amaximal chain connecting
0 and 1. LetI = (a, b) (ais covered by b) be an arbitrary
prime interval of L then I is a distributive lattice translate of a
unique prime interval of C.

Proof: Now [ =((0,1)+a)b as(xo+a)b=aand (x, +a)b=
b. Nexta < (x; +a)b <b for all x;. Given a is covered by b;

either (x; +a) b =a or b; for all x;.

Let k be the largest i for which (x, + a)b = a; then
(x¢+1 +a)b=h.

Sol= ((Xk, Xk+1) + a)b

Now as L is modular and a is covered by b we have I = ((x,
Xx+1) b) + a also.

Thus I = (a, b) is a distributive lattice translate of (xy, Xy+1).
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Further this (xx, Xx+) is unique. For if I is a distributive
lattice translate of another (x;, Xj+1) of C then
I=(a, b) = ((xj, Xj+1) + a) b by Lemmas 2.5 and 2.6.

Now as k and j are comparable without loss in generality we
can assume k > j, then we see that (xj + a) b= (xj;; +a)b=a; a
contradiction. Thus k = j and so the uniqueness of the interval
is established.

Remark: The modularity of the lattice is a necessary condition
in Lemma 2.11.

Proof: Consider the lattice of figure 2.3

X2:1
b
X1
a
X():O
Figure 2.3

and the chain C : 0 =xo <x; <x,=1. LetI=(a, b) be the prime
interval. Now I is not a distributive lattice translate of any
interval in C.

For ((xo, X)) ta)b = (a,b)# (X¢, X;)b+a
((x1, x2)b)+a (a, b) # [(x1, x2) + a]b.

Let L be a modular lattice of length n and C : 0 = xo < x; <
... <x, =1 be a maximal chain connecting 0 to 1. Let P denote
the totality of all prime intervals of L. Partition P with respect
to C into n classes Py, Py, ..., P, by the following procedure.
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P; = the set of all intervals P which are distributive lattice
translates of (x;_, X;).

Now it follows as a consequence of Lemma 2.11 above that
any prime interval of L belongs to one and only one class P;.

Lemma 2.12: If L is a distributive lattice then for each interval
Ji = (Xii1, X)) of C, E)Ji annuls just those prime intervals of L

which belong to P; and no more.

Proof: Follows as any lattice translate of any prime interval J;
of L is a distributive lattice translate of J;.

Lemma 2.13: If J; is a distributive interval of a modular lattice
L then 6, annuls just those prime intervals of L which belong

to P; and no more.
Proof: Follows as in the case of Lemma 2.12.

Lemma 2.14: If a prime interval [ = (a, b) of L is a distributive
lattice translate of some interval J; = (xi_1, X;) of C then I is a
lattice translate of J; considered as intervals in the distributive
sublattice generated by I and C.

Proof: As in this case

I =((xi1, xi) +a)b
= ((xi_1, xj)b) + a

and all the elements involved belong to the sublattice generated
by [ and C.

Lemma 2.15: If [ =(a, b), I; = (a;, b)) are prime intervals of L
such that a is covered by b and b < a, is covered by b; then the
classes to which I and I, belong in the partition of P with respect
to any arbitrary chain C are distinct.
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Proof: Let D denote the chain of L consisting of the intervals I
and [;; and let S be the distributive sublattice generated by C
and D. Let Py, P,, ..., P, be the classes corresponding to the
partitioning of the prime intervals of L with respect to the chain
C; and P,P,,..,P/ be the classes corresponding to the

partitioning of the prime intervals of S with respect to the
chain C.

In view of Lemma 2.14 observe that the interval I belongs
to P; (i.e., the class containing (x;_1, X;)) if and only if I belongs
to P/ (i.e., the class (xii, X;)).

Now as S is a distributive lattice, I and I; cannot be lattice
translates of each other in S; hence will belong to different
classes under the partitioning of S with respect to C which in
turn gives the required result.

Lemma 2.16: If C, is any other maximal chain connecting 0 to
1 of L then C, has exactly n prime intervals each of them belong
to the classes Py, P», ..., P,, taken in some order.

Proof: Follows from Lemma 2.15.

Lemma 2.17: If a lattice translate K = (J; + x)y or (Jix +y) of J;
is non-distributive then K belongs to a class P; different from P;.
Further the prime intervals of the five element sublattice K + J;
(KJ;) belong either P; or to P;.

Proof: Lemma 2.9 and Lemma 2.10 assert the existence of the
five element sublattice K + J; (and KlJ;) respectively consider
any maximal chain C; of L connecting 0 and 1 which passes
through the end points of K + J; (or KJ;). From the previous
lemma it follows that the prime intervals of C except those
within K+J; (or KJ;) belong to (n—2) classes of the partitioning
of L with respect to C. Let the two classes which are omitted be
P; and P;. These are the classes to which the prime intervals in
K + J; (or KJ)) belong irrespective of the element of K + J; (or
KJ;) occurring in the chain C;.
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Lemma 2.18: If the lattice translates of (x;_;, X;) and (Xj_1, X;) of
the previous lemma are contained completely within the classes
Piand Pj then 6, ) annuals just the prime intervals belonging

to these two classes.

Proof:  Follows as 6 being the smallest congruence

i-1Xi)
annulling (x;.;, x;) annuls just those intervals which can be
written as a finite sum of lattice translates of (x;_;, X;).

Let K, be a non-distributive lattice translate of (x;_j, x;) or
(xj-1, Xj) lying outside the classes P; and P;, then the classes P;
and P, (or P; and P,) meet in a five element modular lattice
(where P, denotes the class to which K, belongs). Thus to pass
from one of the classes P; to another class Py one has to pass
through a five element modular lattice.

Hence we have

THEOREM 2.1: A modular lattice L of finite length n is simple
if and only if the partition of L with respect to some arbitrary
chain C satisfies property (o).

“Any two of the classes P;, P, ..., P, in the partitioning can
be linked to one another by a sequence such that any two
consecutive classes of the sequence meet at a five element
modular lattice”.

Proof: LetC:0=y,<y; <...<y,=1 be the chain. IfL is
simple then every prime interval of L is a lattice translate of any
other prime interval. Now the prime interval J = (y;, y,) of L is
a lattice translate of I = (yo, y1). Let

J= (I + Xl)Xz) + X3...) + Xor

be a representation of J as a lattice translate of I. Let this
representation be one of those which cannot be further reduced;
that is (I + X)X, is a nondistributive translate of I, (I + X)X, + X3
is a nondistributive translate of
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I+ X1 ... ((I + Xl)Xz +...+ XZi—Z) + X2i-1
1s a nondistributive translate of
I+ X]) Xp T X3 ) + X5i3 ... €tC.

Letl, I+x; € POll =P,

((1 +X1) X2, (1+X1) X + X3 € Paz

(1 +x1) XoFx3)x4, (Ix)X2 + X3)X4 T X5 € P

JeP, =P,
leP = Pal, P[12 ) e Pu,: P,; J € P, is the sequence by

which these are linked. Similarly any P; and P; would be linked.

Conversely if a modular lattice L satisfies property (o) then
any two of the prime intervals of L are lattice translates of each
other and hence L is simple.

Remark: Start with any class P;. Now this class P; should be
linked to some class P, so we should pass through a five

element modular lattice. If those two are not further linked we
would set a congruence on L just annulling these two classes
and hence L will not be simple. So in the class of a simple
lattice, atleast one of Py or P, should be linked to another class

P and this will give another five element modular lattice etc.

This process will continue until all the classes are exhausted and
so, we would atleast have (n—1) such five element modular
lattices existing in L.

Conversely if we have a modular lattice L containing (n—1)
such five element modular lattice in such a way that these link
any two of the classes P; with respect to some chain C then L is
simple.



Simple Modular Lattices of Finite Length | 27

Corollary 2.3: L is a modular lattice containing a maximal
chain C such that any two of the classes of the partition of P
with respect to C satisfy property (o) then the classes of the
partition of P with respect to any other chain C; also satisfy

property (o).

Proof: This follows as the first condition implies the simplicity
of the lattice and the second is obtained as the choice of the
chain C in the previous theorem is arbitrary.

Corollary 2.4: If L is a simple modular lattice then every class
P; has atleast one direct link with some other class P;.

Corollary 2.5: Let L is a simple modular lattice of length n
with n > 3, then there exists atleast one class P; which has direct
links with two or more classes.

THEOREM 2.2: A simple modular lattice of length n > 3

contains a sublattice isomorphic to the lattice of figure 2.4
(M;3) or figure 2.5.

Figure 2.4 M;;

having a homomorphic image isomorphic to M, ;.
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Figure 2.5 M;;

Proof: Let Py be the class mentioned in corollary 2.5 which has
direct links with two or more classes then the two terms which
the class Py takes would give sublattices isomorphic to Ms3 or
to figure 2.5, that is a sublattice with a homomorphic image
isomorphic to the lattice M 3.

Corollary 2.6: L is a simple modular lattice of length n, with n
> 4 then either there are (n—2) different sublattices of the type
mentioned in the above lemma or there exists a sublattice in L
isomorphic to the lattice of figure 2.6, figure 2.7, figure 2.8 or
figure 2.9, that is a sublattice with a homomorphic image
isomorphic to the lattice M; 3 5.

Figure 2.6 M3,3,3
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Figure 2.7 M3,3,3

Figure 2.8 M3’3’3
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Figure 2.9 M3,3,3



Chapter Three

SUPERMODULAR LATTICES

Distributive lattices and modular lattices are the two well
known equational classes of lattices. In this chapter we
introduce another equational class of lattices - called the
supermodular lattices. This equational class lies between the
equational class of modular lattices and the equational class of
distributive lattices.

It is well known that a modular lattice is nondistributive if
and only if it contains a sublattice isomorphic to M;. In a similar
fashion, we prove that a modular lattice is nonsupermodular if
and only if it contains a sublattice whose homomorphic image is
isomorphic to My or M3 5.

Further we obtain (cf. Theorem 3.6). A super modular
lattice is isomorphic to a subdirect union of copies of C, and
M;.

DEFINITION 3.1: A4 lattice L is said to be supermodular if it
satisfies the following identity

(a+tb)(a+c)(a+d =a+bc(a+d +cd(a+b) +
bd (a +c) foralla, b, ¢, din L.
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Lemma 3.1: Every supermodular lattice is modular.

Proof: Putc=d
(atb)(a+c) =at+tbctc(atb)+bc
=a+tc(atb)

is true for all a, b, ¢ in L, which can easily be recognized as the
modular law.

Lemma 3.2: Every modular lattice is not necessarily
supermodular.

Proof: By an example.

Consider the elements a, b, ¢, d as marked in the lattice M,
of figure 3.1 then
1

0
Figure 3.1 M,

(atb)(atc)(atd)=1
atbc(at+td)+cd(a+b)+db(a+c)=a.

Hence it is not supermodular.
Lemma 3.3: Every distributive lattice is supermodular.

Proof: 1f L is distributive then
L.H.S. =R.H.S. =a+bcd.

Lemma 3.4: In a modular lattice L if a, b, ¢, d are 4 elements
such that any two are comparable then this set of 4 elements
satisfies the supermodular law.



Supermodular Lattices | 33

Proof: Leta>b.
(atb)(atc)(atd)y=a=a+bc(a+d)+bd(a+c)+

cd(a+b)=>a.
So the law holds.
Leta<b
LHS. =b(atc)(a+d)=b(atc(atd)
=a+bc(at+d).

Soa+bc(a+d)>R.H.S.>a+bc(a+d).
So L.H.S. =R.H.S.

Letb>c
(atb)(atc)(@atdy=(+c)(atd
=at+c(atd)
=a+bc(at+d).

So
LH.S.=a+bc(a+d)>RH.S.
>a+bc(a+d).
So the law is satisfied.

Lemma 3.5: Every supermodular lattice is not necessarily
distributive.

Proof: By an example.
The lattice of figure 3.2 is supermodular but not distributive.

Figure 3.2

Supermodularity of L can easily be checked as L is a
modular lattice and does not contain elements a, b, ¢, d such that
any two of these are mutually incomparable (cf. Lemma 3.4).



