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PREFACE

In this book authors bring out how sets in algebraic structure
can be used to construct most generalized algebraic structures,
like set linear algebra/vector space, set ideals in rings and
semigroups.

This sort of study is not only innovative but infact very
helpful in cases instead of working with a large data we can
work with a considerably small data. Thus instead of working
with a vector space or a linear algebra V over a field F we can
work with a subset in V and a needed subset in F, this can save
both time and economy.

The concept of quasi set vector subspaces over a set or set
vector spaces over a set are some examples of how sets are used
and algebraic structures are given to them.

Further these set algebraic structures are used in the
following, in the first place they are used in the construction of
topological spaces of different types, which basically depend on
the set over which the collection of subspaces are defined. For
instance given a vector space defined over the field we can have
one and only one topological space of subspaces associated with
it, however for a given vector space we can have several
topological set vector spaces associated with it; that too
depending on the subsets which we choose in the field F. This
notion has several advantages for we can use a needed part of
the structure and study the problem.



Thus in case of semigroup S (or ring R), we can use the
collection of set ideals defined over a subset M of the semigroup
S (or ring R) to build a set ideal topological space T which
depends on the subset M of S (or R). Infact we can have several
such topological spaces for a given semigroup S (or ring R) by
varying with the subsets of S (or R). This is one of the
advantages of using set ideals in semigroups (or rings).

Finally set vector spaces are used in the construction of set
codes which has several advantages over usual codes.

This book has five chapters. Chapter one is introductory in
nature. Sets in semigroups are described and discussed in
chapter two. Chapter three analyses set ideals in rings and
studies their associated properties. Sets in vector spaces are
studied in chapter four of this book. In final chapter we discuss
the application of sets to set codes. We thank Dr. K.Kandasamy
for proof reading and being extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book authors describe the innovative ways in which they
have used only subsets of an algebraic structure like rings,
semigroups, vector spaces to construct nice algebraic structures.

These algebraic structures in turn are most generalized
forms of ideals or vector spaces or topological spaces.

We use a semigroup S. The ideals of a semigroup form a
topological space under intersection ‘N’ of ideals and ‘U’ is the
ideal generated by the set union of two ideals. With this a
topology can be given on the collection of ideals of a semigroup
S.

It is pertinent to keep on record we have one and only ideal
topological space associated with a semigroup S.

If we take subsemigroups of a semigroup S and build set
ideals over these subsemigroups we get as many number of set
ideal topological spaces associated with these semigroups.
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Infact this concept of set ideals of a semigroup over a
subsemigroup happens to be a most generalized concept.

Thus this mode of using set ideals leads to many set ideal
topological spaces associated with a semigroup [14].

Likewise we can define set ideals of a ring over a subring.
This also leads to several set ideal topological spaces associated
with a ring.

However it is important to keep on record set ideals of a
semigroup are distinct different from set ideals of a ring. For if
we take Zg, {0, 1} is a subsemigroup of Zs however it is not a
subring of Z.

Thus we have built set ideal topological spaces of a ring
using subring [14, 17].

Such study using sets is both innovative and interesting.

Finally we define set vector spaces (set linear algebras) and
special set linear algebras and special set vector spaces [16].
These new concepts find applications in the building of special
classes of set codes [18].

Thus we have used just subsets of algebraic structures and
give special structures on them.



Chapter Two

SETS IN SEMIGROUPS

When a semigroup S has a subset P in it, nothing can be
attributed to the P contained in S. We say P is a subset but we
have given a relative structure to it and based on this we define
the new notion of set ideals in semigroup.

This study is not only interesting and important but such
study can lead to revelation in building algebraic structures on
these sets which was mainly constructed only as a set in a
semigroup.

We just show how such structures are constructed and
describe and develop such theory.

DEFINITION 2.1: Let S be a semigroup, P a proper subset of S.
T a proper subsemigroup of S. P is called a left set ideal of S
relative to the subsemigroup T of Sif for all s € Tand p € P; sp
eP.

Similarly we can define right set ideals of the semigroup S
over the subsemigroup T of S.
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If S is a commutative semigroup then the notion of right set
ideal and left set ideal coincide.

Further if in the definition sp and ps € P for all p € P and
s € T we call P the set ideal of S over the subsemigroup T of S.

We will illustrate this situation by some examples.

Example 2.1: Let S = {Z,s, x} be a semigroup. P = {0, 5, 6,
10, 12, 1} be a subset in S. Take T = {0, 5, 10} a proper
subsemigroup of S. P is a set ideal of S over the subsemigroup
T of S.

Example 2.2: Let S = {Zs, %} be a semigroup. P = {0, 5, 4, 8,
2, 9} < S be a proper subset of S. T = {0, 4} < S be a
subsemigroup of S.
P is a set ideal of S over the subsemigroup T of S.

Example 2.3: Let S = {Z" U {0}, x} be a semigroup. P = {0,
5n,8m/n,m e N} cSbeaset. T={2Z"U {0}} cSbea
subsemigroup. Clearly P is a set ideal of S over the
subsemigroup T.

Infact P is also a set ideal of S over T.

However P is an ideal over several subsemigroups. Infact P
is also an ideal of every one of the subsemigroups.

We see by the method of defining the notion of set ideals of
a semigroup over a subsemigroup get many set ideals.

We will illustrate this situation by an example or two.
Example 2.4: Let {Zs, x} = S be a semigroup.

Consider the subsemigroup T = {0, 3}. P, ={0,2} < Sisa
set ideal of S over the subsemigroup T of S.
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P, = {0, 4} < S is again a set ideal of S over the
subsemigroup T of S.

P; = {0, 5, 3} is again a set ideal of S over the
subsemigroup T.

P, = {0, 4,2} < Sis aset ideal of S over the subsemigroup
T of S.

Ps = {0, 2, 3, 5} < S is a set ideal of S over the
subsemigroup T of S.

Ps= {0, 4, 3, 5} < S is set ideal of S over the subsemigroup
T of S.

P; = {0, 4, 2, 3, 5} is also a set ideal of S over the
subsemigroup T of S.

Ps= {0, 2, 3}, Py = {0, 3, 4}, Py = {1, 3, 0}, P;; = {0, 3, 2,
41, P, =10, 3, 2, 5} Pi3 = {0, 3, 4, 5}, P;5 = {0, 3, 4, 5, 2},
P]() = {0, 1, 2, 3}, P17 = {0, 1, 4, 3}, P]g = {0, 1, 5, 3},
Py=1{0,1,4,2,3} and P,o={0,1,4,2,5,3} =Z¢s=S.

Thus we have 20 such set ideals over T = {0, 3} < Z.

However in Zs we have only two ideals namely T, = {0, 3}
and T, = {0, 2, 4}.

Now consider the subsemigroup S; = {0, 2, 4}. We will
enumerate all the set ideals of S over S;.

T, = {0, 3} < S is a set ideal of S over the subsemigroup S,
of S.

T,={0, 3,2} < S is a set ideal of S over the subsemigroup
S] of S.

T; = {0, 3, 4} < S is a set ideal of S over the subsemigroup
S; of S.
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T, = {0, 3, 4, 2} < S is a set ideal of S over the
subsemigroup S1 of S.

Ts = {0, 1, 4, 2} < S is a set ideal of S over the
subsemigroup S1 of S.

Te = {0, 4, 2, 5} < S is a set ideal of S over the
subsemigroup S1 of S.

T, = {1, 4, 2, 5, 0} < S is a set ideal of S over the
subsemigroup S1 of S.

Tg = {0, 1, 3, 4, 2} < S is a set ideal of S over the
subsemigroup of S over S1 of S.

To = {1, 0, 2, 3, 4, 5} < S is a set ideal of S over the
subsemigroup of S over S; of S.

This we have 9 set ideals of S over S; of S.

Example 2.5: LetS=74,= {0, 1, 2, 3} be the semigroup under
product x.

The subsemigroups of S are T, = {0, 2}, T, = {0, 1, 2},
T;=1{0,1,3} and T, = {1, 3}.

We find the number of set ideals over these subsemigroups.

P, = {0, 3, 2} and P, = {0, 1, 2} are set ideals of S over the
subsemigroup T of S.

P;={0, 3, 2} and P, = {0, 2} are the set ideals of S over the
subsemigroup T, of S.

Consider Ps = {0, 2} = S and P¢ = {2}, set ideals of S over
T;.

P;={0, 2} and Py = {2} are set ideals of S over T,.
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We get in total barring {0}, 8 set ideals over the four
subsemigroups of S.

However (Z4, x) has only one ideal {0, 2} we have not
worked with the subsemigroup {0, 1}.

Example 2.6: let S = {Zo, x} be a semigroup. The
subsemigroups of S are P, = {1, 8}, P, = {0, 1, 8}, P; = {0, 3},
Py = {0, 6}, Ps = {0, 3, 6},. P, = {0361}Pg {0,2,4,8,7,
5,1} and Py = {0, 1} be subsemigroups of S.

To find the set ideals over these subsemigroups of S.

= {0, 8}, T, = {0, 3, 6}, T; = {2, 7}, T4 = {3, 6},
Ts = {0 2,7}, Te = {4, 5} and T; = {0, 4, 5} are set ideals of S
over the subsemigroup P, of S.

Now M, = {0, 8}, M, = {0, 3, 6} M;={0, 2,7}, My = {0, 2,
7} and Ms = {0, 4, 5} are set ideals of S over the subsemigroup
P,={0,1,8} cS.

Further N, = {0, 6}, N, = {0, 2, 6}, N3 = {0, 4, 3}, N, = {0,
2,3,4,6},Ns= {0, 8, 6}, Ns= {0, 8,4, 3,6}, N; = {0, 2, 3, 4,
6,8}, Ng=1{0,4, 1,3}, No={0, 1,2, 3,4, 6} and N;p = {0, 8, 4,
3, 6, 1} are set ideals of S over the subsemigroup P; = {0, 3} <
S

Now consider P, = {0, 6} < S. To find the set ideals of S
over the subsemigroup P, of S. A; = {0, 3}, A, = {0, 4, 6},
A;=1{0,2,3}, Ay =1{0,8,6}, As=1{0, 1, 6}, Ag= {0, 1, 2, 3,
6}, A;=1{0,8,6,1} Ag=1{0, 3,1, 6} Ay = {0, 1, 4 6},
A = {0, 5, 3}, Ay = {0, 5, 3, 1, 6}, Ap = {0, 5, 3, 6},
A3 =1{0,1,2,3,6,5}, Ais={5,2,3,6,0}, Ais= {0, 7, 6},
A16 = {0, 7, 1, 6}, A17 = {0, 3, 7}, Alg = {0, 1, 3, 7, 6}
Ay=1{0,1,6,8, 3,7} and so on.

It is pertinent to keep on record that by defining set ideals
we can have several set ideals.
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We leave the following problems open.
Problem 2.1: Let S =(Z,, x) be a semigroup.

(1) Find all subsemigroups of S.

(i1) How many subsemigroups of S exist?

(i)  Find all the set ideals of S regarding each of
subsemigroups.

(iv) Find the total number of set ideals of S.
Problem 2.2: Let S = {Z,, x} be a semigroup.

Prove if H is a subsemigroup of S of highest cardinality
then the number of set ideals over H is less in number in
comparision with a subsemigroup P of S of least cardinality.

Problem 2.3: Prove or disprove in S = (Z, x); the
subsemigroup P = {0, 1} < S gives the maximum number of set
ideals. (Of course we do not take N = {1} < S as a
subsemigroup of S).

For the definition of maximal and minimal set ideals of a
semigroup are recalled for the sake of completeness.

Let S be a semigroup. P a subsemigroup of S. M < S be a
subset of S which is a set ideal of S over the subsemigroup P of
S. We say M is a maximal set ideal relative to the subsemigroup
Pof Sif M c M; ¢ S and M; a set ideal of S over P then
M=M,orM,;=8S.

Let S be a semigroup; P a subsemigroup of S. N < S be a
set ideal of S over the subsemigroup P of S; we say N is a
minimal set ideal of S relative to P if {0} # N; < N < S then
N :N1 Oer = {0}

We will give examples of this situation.
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Example 2.7: Let S = (Zg, x) be a semigroup. P = {0, 3} < S
be a subsemigroup of S. T = {0, 2, 4, 5, 3} < S is a maximal set
ideal of S over the subsemigroup P of S.

Take M = {0, 2} < S; M is a minimal set ideal of S over the
subsemigroup P of S. Infact N = {0, 4} < S is also a minimal
set ideal of S over the subsemigroup P of S.

W = {0, 5, 3} < S is also a special minimal set ideal of S
over P for P < W and P is itself the trivial minimal set ideal of S
over P.

B ={0,1, 3} < S is also a minimal set ideal of S over the
subsemigroup P of S.

Example 2.8: Let S = (Z1,, x) be a semigroup. Suppose P = {0,
4} < S be a subsemigroup of S. To find the set ideals which are
maximal and minimal over P.

M, = {0, 3} < S is a minimal set ideal of S over P.
M, = {0, 6} < S is a minimal set ideal of S over P. M3 = {0, 9}
S is again a minimal set ideal of S over P.

M, = {0, 1,4} < S is again a minimal set ideal of S over P.
Consider Ms = {0, 2, 8} — S is a minimal set ideal of S over P.

Mg = {0, 2, 8, 5, 6, 3} is neither a minimal set ideal of S
over P nor a maximal set ideal of S over P.

M;=1{0,2,8,51,3,6,9,7,4, 10} S is a maximal set
ideal of S over P. Thus we see for a given subsemigroup P of a
semigroup S we can have several minimal set ideals of S over P.

Mg = {0, 11, 4, 8} < S is again a minimal set ideal of S over
P for {0, 8} =N < M;. My= {0, 7, 8,4} < S is again a minimal
set ideal of S over P. Mo = {0, 5, 4, 8} < S is not a minimal set
ideal of S over P; for {0, 8} < M, < S.
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By the method of defining minimal set ideals we get several
minimal set ideals and several maximal set ideals for a given
subsemigroup.

These concepts will be useful in application for instead of
working with a very large subsemigroup we can work in that
semigroup by opting for a proper subsemigroup.

Example 2.9: Let S = (Zy, x) be a semigroup. The
subsemigroups of S are P, = {0, 1}, P, = {0, 5}, P;={0,9, 1},
P4—{02486}P5 {0, 6}, P¢={0,7,9, 1, 3}, P, = {0, 5,
1},Pg=1{0,1,6} and Py={0, 1,2, 4, 8, 6}.

One can find several set ideals related with these
subsemigroup.

We work with the subsemigroup {0, 5} =P, in S.

M, = {0, 3, 5} < S is a set ideal of S over P,. M, = {0, 2}
c S is a set ideal of S over P, which is also a minimal set ideal
of S over P,.

M; = {0, 4} < S is again a minimal set ideal of S over the
set P».

M, = {0, 6} = S is a minimal set ideal of S over P,.
M; = {0, 8} = S is a minimal set ideal of S over P,.
Mg = {0, 7, 5} is a set ideal of S over P,.

M;=1{0,2,4,6,8,9,1,7, 5} is a maximal set ideal of S
over P,.

It is pertinent to record that we can have several
subsemigroups over which a given set can be maximal set ideal
or a minimal set ideal this is yet another interesting feature
enjoyed by set ideals of a semigroup.
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Now we have been working only with set ideals of a
semigroup built using Z,. We can have set ideals of the

semigroup C(Z,) = {a + bir | a, b € Z,, i =n-1} these set
ideals can also be mentioned as complex set ideals.

We will just illustrate this by an example or two.

Example 2.10: Let
S=1{C(Zy),x}={a+big|a,beZ, ir =3, x}
be a complex modulo integer semigroup.

The subsemigroups of S are P; = {0, 2ig}, P, = {0, 2},
P;={0, 1,3}, P4= {0, i, 3, 1, 3ir} and so on.

We just find set ideal of S relative to the subsemigroup
Py = {0, 2ig}, Ty = {0, ig, 2}, T, = {0, 1, 2ig}, To = {0, 2},
T3 = {O, 3, 2i1:}, T4 = {1, O, 2iF, iF, 2}, T5 = {0, 3iF, 2} and so on
are set ideals of S over the subsemigroup P, of S.

We see T, is a minimal set ideal of S over P;.

S; = {0, 1+ig} is also a minimal set ideal of S over P,
S, = {0, 2+2ig} is again a minimal set ideal of S over P;.

Thus over the subsemigroup P, = {0, 2ig}, S has many set
ideals over P;. Take P, = {0, 1, 3, i, 3i}.

Consider a set My = {0, 2, 2if} < S, M, is a minimal set
ideal of S over the subsemigroup P,.

Consider M, = {0, 2 + 2ig} < S, M, is also a minimal set
ideal of S over P,. Mj; = {0, 1+if, 3+3iE, ig+3, 3igt1} is also a
minimal set ideal of S over Pa.

Example 2.11: LetS=C (Z;)={a+bis|a,be Z;, i; =6} be
the semigroup under product. Take P; = {0, 1+if, 2if, 2i+3,
1+5ig, 2ip + 4, igt3, 6igt5, 3ipt2, 4ipt1, 4+5ik, 4ipt6, 3, 3+3iF,
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6it2, 2, 2+2ig, 4+4ig, 6+6ig, 6, Oip, 4if, Sig, i, 5, 5+5i, 1, 3if,
Sif and so on}.

We see if we have a very large subsemigroup it need not
imply the set ideal will be minimal.

However we take a small subsemigroup P, = {0, if, 6, 6iF,
1}. The set ideals over P, are as follows:

M, = {0, 6+6ig, 6igt+1, igtl, 6+i} < S is a minimal set ideal
of S over P,.

Interested reader can work with more set ideals in S over P-.

Example 2.12: Let S = {C(Zo) =a+bip |a, b € Zo, i; =8} be
the semigroup of complex modulo integers.

P, = {0, 3}, is a subsemigroup of S.

P, = {0, 6} is also a subsemigroup of S. The set ideals
relative to Py is as follows.

M, = {0, 6} is a minimal set ideal of S over P;.
M, = {0, 3ig} is also a minimal set ideal of S over P;.
M; = {0, 6ir} < S is also a minimal set ideal of S over P;.

M, = {0, 3ig, 6i} is a set ideal of S which is not minimal
over P;.

M,, M; and M, are also set ideals of S over P».
Infact M, and M3 are minimal set ideals of S over P,.
This observation is interesting.

P; = {0, 3ir} is a subsemigroup of S.
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N; = {0, 3} is a minimal set ideal of S over the
subsemigroup P; of S.
Consider N, = {0, 6}; N, is a minimal set ideal of S over the
subsemigroup P;. But N3 = {0, 3, 6} is not a minimal set ideal

of S over subsemigroup Ps.

We see N; and N, are also minimal set ideals of S over P;,
P, and P,.

Consider Ny = {0, if, 1, 6, 6ir} = S, a subsemigroup of S.

Take By = {0, 3, 3ir} < S; By is a set ideal of S over Ny
which is also minimal.

We have seen examples of set ideals, minimal set ideals and
maximal set ideals of the complex modulo integer semigroups.

Another class of semigroups using Z, are dual number
semigroup which is as follows:

Z,(g)={a+bg|a beZ,;g =0} is a semigroup under
product x.

We will illustrate this situation by some examples.
Example 2.13: Let S be a dual number semigroup.

S=Zs(g)={a+bg|abeZ,g=2¢c Zysothatg =0
(mod 4)}. (S, x) is a semigroup.

To find set ideals of S. Take P, = {3 + 3g, 0, 3}, P, is a
semigroup of dual numbers.

Suppose B = {0, 2, 2g} < S is a set ideal semigroup of dual
numbers over the subsemigroup P, of S.

B is not a minimal set ideal.
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However B, = {0, 2} < S is a minimal set ideal of S over
the subsemigroup P, of S.

B, = {0, 2g} < S is also a minimal set ideal of S over the
dual number subsemigroup P, of S.

B; = {0, 2g+2} is a minimal set ideal of S over the dual
number subsemigroup P, of S.

Example 2.14: LetS={a+bg|a,beZs,g=6¢c Z3, x} be a
dual number semigroup.

Consider P = {0, g, 2g, 3g, 4g} a subsemigroup of S.
We see T, = {0, g} is a minimal set ideal of S over P.

We have several such dual number minimal set ideals and
dual number maximal set ideals over P.

Example 2.15: Let
S={a+bg tcgy|a,b,ce’Zrg=3,2=06g,2 ¢ Zo}
be a dual number semigroup of dimension two under product.
P = {3g, 52, 0} is a subsemigroup of S.

Now S; = {0, g} is a dual number minimal set ideal of S
over P.

Take S, = {0, 6g,} < S; S, is also a dual number minimal
set ideal of S over P.

S; = {0, g; + 2g;3} < S is a minimal set ideal of dual number
over a subsemigroup P of S.

S, = {0, 2g; + 8g,} < S is a dual number minimal set ideal
of S over the subsemigroup P of S.
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Let M = {0, 1+g;, 3g1, 52} be a set ideal of S over P = {0,
3g, 5g,}. Clearly M is not a minimal set ideal of S over P for
{3g1, 0} =M, < M is a minimal set ideal of S over P.

We see in this case part of a subsemigroup over which the
set ideal is defined can also be a set ideal.

Also M, = {0, 5g,} < M is a minimal set ideal of S over P.
Example 2.16: Let S = {a; + a,g) tazg + ayg; |a; € Zg; 1 <i <
4,21=5,g=10and g3 =15, g € Z»s; 1 <j < 3; x} be a dual
number semigroup under product x.

Let P = {0, g1, 2, g5} < S be a subsemigroup of S.

M, = {0, 3g;} < S is a minimal dual number set ideal of S
over P.

M, = {0, 5g,} < S is a minimal dual number set ideal of S
over P.

M; = {0, 4g3} < S is a minimal dual number set ideal of S
over P.

M, = {0, 3g; + 2g3} < S is a minimal set ideal of S over P.

We have very many dual number set ideals which are
minimal over P.

In view of all these examples we propose the following
problems.

Problem 2.4: Let
S={a+bg|a, be Z, g the special number such that g* = 0}
be a semigroup under product.

(1) Find the number of subsemigroups of S.
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(i1) Find the total number of set ideals for each and
every subsemigroups of S.

(i)  How many of them are maximal set ideals?
(iv) Find the total number of minimal set ideals?

v) Can a set ideal which is maximal over a
subsemigroup say P; be a minimal set ideal over a
subsemigroup P, (P # P,)?

Problem 2.5: LetS = {a; +ayg; +a;g + ... tag | a € Z,
1<i<t, gl =0gg=0ifj=k, 1 <j,k<t-1} be a semigroup

under product.
(1) Find the number of subsemigroups of S.
(i1) Find the total number of set ideals of S.
(iii))  Does the number subsemigroups depend on t?

Next we proceed onto find set ideals of semigroups of
special dual like numbers.

We say x = a + bg is a special dual like number if g* = g and
a, b € reals or Z, or complex numbers.

Example 2.17: Let
S={a+bg|abeZ,g=3cZ;g =g (mod6)}
be a semigroup under product. Consider M, = {0, 3g}, M, = {0,
g}, M3 = {0, 4g}, My = {0, 3, 3g}, Ms = {0, g, 1}, M = {0, 4,
4g}, M;=1{0, 1,5, g, 5g} and so on. To find the set ideals of S
over subsenngroups

The set ideals of S over the subsemigroup M, is as follows:
P\ = {0, 2g}, P, = {0, 2}, Ps = {0, 4}, Py = {0, 4g}, Ps = {0,

2,2¢g}, Pe=1{0,4,2}, P,=1{0,4g,2}, Ps= {0, 4g, 2g} and so on
are set ideals of S over the subsemigroup M;.
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Clearly P, P,, P; and P, are minimal set ideals of special
dual like numbers over the semigroup M;.

Example 2.18: LetS={a+bg|a,be Zy;g=4 e Z,} be the
collection of all special dual like numbers (S, x) is a semigroup.

= {0, 3g}, My = {0, 3} M; = {0, 6}, My = {0, 6g},
Ms—{o 1,8}, Mg = {0, g, 8g}, My = {0, 3g, 1}, My = {0, 3, 1}
and so on are subsemigroups of S.

We can have set ideals over each of these subsemigroups.

Consider the subsemigroup {0, 3g} = M;. The set ideals of
S over the subsemigroup M, are as follows:

Py = {0, 3}, P> = {0, 6}, P; = {0, 6g}, P4 = {0, 3, 6},
Ps = {0 3g, 6}, Ps= {0, 3g, 6g}, P, = {0, 6g, 6}, Ps = {0, 3, 3g},
Py = {0, 3g, 6, 6g}, P,y = {0, 3g, 3, 6g, 6} and so on.

P, P, and P; are minimal set ideals of S over the
subsemigroup M, of S.

N; =10, 1, 3g}, N, = {0, 6g}, N; = {0, 1, 3g, 3}, N,= {0, 1,
3g, 6} are all set ideals of S over M; which are neither minimal
or maximal set ideals of S over M;.

Consider T, = {0, 2, 6g}, T, = {0, 4, 3g}, T; = {0, 2g, 6g},
T, = {0, 4g, 3g}, Ts = {0, 2, 4, 2g, 4g, 6g, 3g}, Ts = {0, 5, 6g},
T; = {0, 5g, 6g}, Ts = {0, 7, 3g}, To = {0, 7g, 3g}, Tio = {0, &,
6g}, Ty, = {8g, 6g, 0} and so on are not set ideals over any
subsemigroup M;, 1 <i< 8.

Example 2.19: Let S = {{a; + a2g1 +azg |a € Zy; 1 <1< 34,
g =4 and g =9 in Z;, so that 4> = 4 (mod 12) and 9> = 9 (mod
12), 49 = 0 (mod 12)} be the special dual like number
semigroup of dimension two.

Consider the subsemigroups of S.
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Ml = {0’ 2}7 M2 = {07 2gl}= M3 = {07 gl}’ M4 = {07 gZ},
MS = {O’ 2g2}7 M() = {0’ 1}7 M7 = {O’ 19 3}7 MS = {O’ 19 37 21,
3gi}, My = {0, g1, 3g1}, Mo = {0, g5, 3g,}and so on. We see
there are many set ideal over the subsemigroups.

Consider the subsemigroup M, = {0, 2g;}. The set ideals of
S over the subsemigroup M, are as follows:

Wl = {09 2}5 W2 = {Oa 2g2}a W3 = {09 2 + 2g1}a W4 = {07
2+2g,}, Ws =10, 2g, + 222}, We = {0, 2 + 2g, + 2g,} are some
of the minimal set ideals of S over the subsemigroup M, of S.

We can have many higher dimensional special dual like
semigroups.

Next we proceed onto give examples of special dual like
semigroups.

Example 2.20: Let
={a+Dbl|a,b e Z,, and I indeterminate such that I* = I} be
the semigroup under product modulo 10.

The subsemigroups of S are M, = {0, I}, M, = {0, 5},
M; = {0, 51}, M, = {0, 5+51}, Ms = {0, I, 91}, Ms = {0, 1, 9}
and so on.

We can have set ideals built using any of these
subsemigroups.

Consider M; = {0, I} the subsemigroup of S. The collection
of set ideals of S over M, is as follows:

= {0, 1, I}, P, = {0, 21}, P; = {0, 41}, P, = {0, 31},
P5— {0 SI3, P6 {0, 61}, P; = {0, 71}, Pg = {0, 81}, Py = {0,
91}, Py = {0, 1, 21}, Py, = {0, 1, 31}, P;, = {0, I, 41} and so on
are set ideals of S over the subsemigroup M, of S.

We see Py, P,, Ps, ..., Py are all minimal set ideals of S over
the subsemigroup M, of S.
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These set ideals will also be known as the neutrosophic set
ideals of the neutrosophic semigroup.

Example 2.21: Let
S=1{a+bl|a be Zy, I’=1Iis the indeterminate} be the
semigroup under product.

M, = {0, I} a subsemigroup of S. The set ideals over M, are

= {0, 21}, P, = {0, 31}, P; = {0, 41} ... and P», = {0, 231}. All

of them are minimal set ideals of S over the subsemigroup M;
of S.

N={0,a+bLLL,2l,...,231,a,b € Z,y\ {0},2,3, ...,22} =
S\ {23} is a maximal set ideal of S over M,.

Now having seen set ideals of special dual like number
semigroups we now proceed on to give examples of set ideals of
mixed dual number semigroups.

Example 2.22: LetS = {a; + ayg + a3g |8 € Zjp; 1 <1 <3,
g =4and g, =6 € Zy, g =4 (mod 12) and g =0 (mod 12)
212 = 0 (mod 12)} be the semigroup of mixed dual numbers.
Consider M; = {0, g}, M, = {0, g} and M3 = {0, g, + g}
subsemigroups of S.

The set ideals of S over the subsemigroup M; = {0, g} is as
follows:

P1 = {0, gz}, Pz {0 2g2} P3 {0 3g2} P4 {0, 4g2},
P15 = {0, 15g2} Bl = {0 2g1} B2 {0 3g1} B3 = {4g1, 0}
B, = {0, 5g1}, ..., Big = {0, 15g,} are some of the minimal set
ideals of S over the subsemigroup M.

Example 2.23: LetS={a;+ayg +azg |a € Zs; 11543, g
=5, ¢* =10, g’ =5 (mod 20), g =0 (mod 20) =g, & =
(mod 20)} be a semigroup of mixed dual numbers. M, = {0, g;}
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is a subsemigroup. M, = {0, g,} is also a subsemigroup of S.
We can have a collection of set ideals of S over M; and M,.

Now we say two subsemigroups S; and S, of a semigroup S
are set ideally isomorphic if the collection of set ideals of S,
over S 1s identical with the collection of set ideals of S,.

Problem 2.6: For any semigroup S = {Z,, x} find set ideally
isomorphic subsemigroups of S.

Example 2.24: Let S = {Z" U {0}, x} be a semigroup. Take
M, = {0, 1} < S, a subsemigroup of S. Every subset of S is a
set ideal of S over M;, be it finite or infinite we further see all

sets {0, a} where a € Z" is a collection of minimal set ideals of
S over M.

However if we take M, = {0, ZZ+} c S to be a
subsemigroup, all set ideals of S over M, are of infinite order.

Example 2.25: 1LetS={a+bg|a,beZ U {0},g=6¢Zp,
that is g = 6° = 0 (mod 12); x} S is a semigroup of finite order.
Take M; = {0, 1} and M, = {0, g} to be subsemigroups of S.
We see the set ideals over M, are distinctly different from set
1deals over M,.

However all set ideals over M, are set ideals over M, and
not vice versa.

That is set ideals over M; in general is not a set ideal over
M,.

Now we have seen examples of both finite and infinite
semigroups and set ideals related with them. However all the
semigroups considered by us are commutative.

Example 2.26: LetS={a+bg|g=-ga,beZsg=8¢cZp

g° = —g = 4 (mod 12)} be a special quasi dual number

semigroup of modulo integers.
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M, = {0, g, 5g}, My = {0, 1}, M5 = {0, 3g}, My = {0, 2gj},
M; = {0, 4g, 2g} and so on are subsemigroups of S.

The set ideals of S relative to the subsemigroup M, is as
follows:

=10, 1, 2g}, P, = {0, 3}, P; = {0, 3g}, P4 = {0, 3+3g},
Ps= {3 3+3g, 0}, P¢ = {0, 3g, 3+3g} and so on are set ideals of
S over the subsemigroup M, of S.

Example 2.27: LetS={a+bg|a,beZ g’ =—gwhereg=15
€ Za, 152 =225 (mod 20) = 5 (mod 20) = —15 (mod 20)} be a
semigroup of special quasi dual numbers.

P, = {1, -1, 0} is a subsemigroup of S; P, = {0, g, —g} is a
subsemigroup of S. All set T, = {a, —a, 0} with a € Z is set
ideal of S over Py; however T, is not a set ideal over P;.

Thus we get several set ideals of the special quasi dual
number semigroup.

Example 2.28: LetS = {a; + ayg) + a3g | a; € Zjp; 1 <1 <3,
g =4and g’ =8, gf =g (mod 12) and g2 =—g* =4 (mod 12),
g1, & € Zyy, x} be the semigroup of a mixed special quasi dual
numbers.

The subsemigroups of S are M; = {0, g}, M, = {0, 1},
M; = {0, g2, g1}, My = {0, (g1122), 2(g1 + 22), 3(21122), 4(g1122),
S(gitgr)y. Ms = {0, 6g1}, Mg = {0, 6}, M; = {0, 6g>} and
Mg = {0, 4}, My = {0, 4g,}.

Py =10, 5§, P, = {0, 4}, P; = {0, 6§, P, = {0, 2§, Ps = {0,
11}, P¢= {0, 10}, P; = {0, 9}, Ps = {0, 8}, Py = {0, 3}, P;p = {0,
7} are all minimal set ideals of S over the subsemigroup M, =

{0, 1}.

Tl = {0’ 2g1}7 T2 = {09 3g1}9 T3 = {09 4g1}a T4 = {Oz Sgl}a
T5 = {0’ 6g1}’ T6 = {09 7g1}: T7 = {0, Sgl}a T8 = {09 9g1}a
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Ty = {0, 10g;} and To = {0, 11g;} are all minimal set ideals of
S over the subsemigroup M, = {0, 1} as well as M, = {0, g,}.

Consider the subsemigroup M; = {0, g;, g»} of S. The set
ideals over M; are W, = {0, 2g,, 2g,}, W, = {0, 3g;, 32},
W; = {09 4g1’ 4g2}’ W, = {0’ Sgls ng}, Ws = {O’ 6g1a 6g2}a
We = {0, 7g1, 722}, W7 = {0, 8gi, 8}, Ws = {0, 9g1, 9.},
Wy = {0, 10g;, 10g,} and W, = {0, 11g,, 11g,} are all
collection of minimal set ideals of S over the subsemigroup M.

Example 2.29: LetS={a; +a)g tazg tasg3|a€”Zs4 1<i<
4,/ =4, g=6andg; =8 € Zp, g =g (mod 12), g2 =0
(mod 12) and g = g; = —g; (mod 12)} be a semigroup of mixed
special dual numbers.

Clearly M; = {0, gi}, My = {0, g}, M3 = {0, g1, &},
M4 = {07 21, 82, g3}, M5 = {O, 1}7 Mﬁ = {0, 2}7 M7 = {0, 2g1}7
Mg = {0, 2g,} and My = {0, 2g;} are all subsemigroups of S.

We have set ideals over these subsemigroups some of which
are minimal some maximal and some neither maximal nor
minimal.

Now we just proceed onto describe non commutative
semigroups.

Consider S(n) = {set of all maps of the set {1, 2, ..., n} to
itself}; S(n) is a symmetric semigroup.

Clearly S(n) is non commutative. Using S(n) we can define
set ideals over subsemigroups.

Mxm = {all m x m matrices with entries from Z,, Z or Q or
R} is again a non commutative semigroup under matrix product
for under natural product; M., is a commutative semigroup.

We can use subsemigroups M., to build set ideals. This
task is a routine so left as an exercise to the reader.



Sets in Semigroups | 29

However it is pertinent to keep on record that we can have
in case of non commutative semigroups left set ideals or set left
ideals and right set ideals or set right ideals defined over a
subsemigroup.

We now proceed onto define the notion of set Smarandache
ideals defined over a group G in the semigroup.

DEFINITION 2.2: Let S be a semigroup. A < S be a subset of S
which is a group under the operations of S.

Let P < S (a proper subset of S). If for allp € Sand a € A
pa and ap € P we define P to be a set Smarandache ideal of S
over the group A of S.

We will now illustrate this situation by some examples.

Example 2.30: LetS = {0, 1,2, 3, 4,5} =Z¢ be a semigroup.
A = {1, 5} < S is a group. Consider {3, 0} = P, is a set
Smaradache ideal of S over A.

P, = {0, 2, 4} < S is a set Smarandache ideal of S over the
group A.

Both are minimal set Smarandache ideals of S over the
group A.

Example 2.31: Let S = {0, 1, 2, ..., 14} be a semigroup.
P, = {13, 1} < S be a group under product. T = {0, 2, 12} isa
set Smarandache ideal of S over the group P,.

Example 2.32: Let S = {C (Zy), x} be a semigroup; A = {1, 8}
is a group of S.

M, = {2, 7}, M, = {3, 6} and M; = {4, 5} are set
Smarandache minimal ideals of S over the group A.

P =S\ {0} is a maximal set Smarandache ideal of S over
the group A or well known strong set ideal of S over A [-].
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Example 2.33: letS={a+bg|a,beZ,g=4¢€ Zg} bea
dual number modulo integer semigroup under product.

P={1,2,...,10} < Sis a group.

M={0, g, 2g, ..., 10g} < S is a set Smarandache ideal of S
over P which is neither maximal nor minimal.

Let A= {10, 1} < Sbe a group in S. P, = {2, 9}, P, = {3,
8}, P3 = {4, 7} and P, = {5, 6} are set Smarandache minimal
dual number ideals of S over the group A.

Example 2.34: Let S = {Z, x} be a semigroup. A={-1,1}isa
group in S.

Take Py = {2, -2}, P, = {3, -3}, Py = {4, 4}, P, = {5, -5},
ooy Php = (nt1, — (nt+1)} (n € N) are all set Smarandache
minimal ideals of S over the group A.

Example 2.35: LetS={a+bg|a,beZy g=3 € Zs} be the
semigroup of special dual like numbers.

Let A= {1,9} beagroupinS. P, = {2, 8}, P, = {3, 7},
P; = {34, 6} and P, = {5} are set Smarandache minimal ideals
of S over A.

Inview of these results we have the following theorem.
THEOREM 2.1: Let S = (Z,, x) be a semigroup. A = {1, n—1}
be a group in S. S has atleast (n/2) —1 set Smarandache
minimal ideals over A if n is even and (n—1)/2 -1 set
Smarandache minimal ideals in case n is odd.

The proofis direct, hence left as an exercise to the reader.

We propose some open problems.

Problem 2.7: Let S =(Z,, x) (n an integer) be a semigroup.



Sets in Semigroups | 31

(1) Find the number of groups in S.

(i1) Find the total number of set Smarandache ideals of
S over these groups in S.

(ii1) Find the total number of set Smaradache minimal
ideals of S over the group A = {1, n—1}.

Example 2.36: Let
S={at+bglabeZsg=8cZ,g=-g=4ecZp x}
be a semigroup.

Take A = {1, 14} < S is a group. The set Smarandache
ideals (strong set ideal) of S over A are P, = {2, 13}, P, = {0, 2,
13}, P3= {3, 12}, P, = {0, 3, 12}, Ps = {4, 11}, P¢ = {0, 4, 11},
P; = {5, 10}, Pg = {0, 5, 10}, Py = {6, 9}, Py, = {0, 6, 9},
P = {g, 14g}, Pin = {0, g, 14g}, P13 = {2g, 13g}, Piu = {0, 2g,
13g}, Pis = {0, 3g, 12g}, Py = {3g, 12g}, Py = {0, 4g, 11g},
Pig = {4g, 11g}, P1o = {5g, 10g}, P» = {0, 5g, 10g}, P> = {6g,
9g}, Pn = {0, 6g, 9g}, P = {7g, 8g}, Py = {0, 7g, 8gj},
P25 = {7, 8}, P26 = {0, 7, 8}, P27 = {0, g+1, 14g + 14},
Py = {g+1, 14+14g} Py = {2g + 2, 13g + 13} and so on.

Of these set Smarandache ideals some are minimal and
some are neither minimal nor maximal.

Example 2.37: Let S = {a; +ag T azg |a € Zip; 1 <1< 3,
g =5 g=6¢cZp g =g (mod 10), g = g (mod 10),

g1 & = 0 (mod 10), x} be a two dimensional dual number
semigroup.

A={1,9}isagroupinS. P;={1+g +g,9+9g +9g}
1s a minimal set Smaradache ideal of S over A.

P, = {2, 8}, P;= {3, 7}, P, = {4, 6} and Ps = {5} are set
Smarandache minimal ideals of S over A.
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Example 2.38: LetS = {a; +ag ta;gm|a € Zp 1 <13,
g =4,and g =3inZs g =g (mod 6)and g =g (mod 6)
g & = 0 (mod 6), x} be a mixed special dual like number
semigroup of dimension two. Let A = {1, 11} be a group in S.

We have several set Smarandache ideals some of which are
maximal and some are minimal.

Let Py = {2, 10}, P, = {3, 9}, Py = {4, 8}, P, = {5, 7}, Ps =
{6}, Ps=1{0,2,10}, P;,=1{0, 3,9}, Pg={0, 4, 8}, Py=1{0, 5, 7},
Pl()— {0 6} P11 = {1 +g1 +g2, 11 + 11g1 + 11g2} P12— {2+
2g; + 2g, + 10g; + 10 + 10g,} and so on are some of the set
Smarandache ideals of S over A some of which are minimal and
others neither minimal nor maximal.

Example 2.39: LetS = {a+Dbg +cg|a b,ce Zy g =3,
g = 6in Zy so that g’ =0 (mod 9) and g>= 0 (mod 9)} be a
semigroup under product.

A ={1, 13} isa group. P, = {2, 12}, P, = {3, 11}, P; = {4,
10}, P, = {5, 9} Pg = {6, 8}, P; = {7} are all minimal set
Smarandache ideals of S over A.

We can find several such set Smarandache ideals.

Now we proceed onto define the notion of set generalized
Smarandache ideals of a semigroup over a S-semigroup.

DEFINITION 2.3: Let (S, x) be a semigroup. A a Smarandache
subsemigroup of S. If P is a set ideal over the subsemigroup A
then we define P to be the set generalized Smarandache ideal of
S over A.

We will illustrate this by some simple examples.
Example 2.40: Let S = (Zs, x) be a semigroup. Consider the

S-subsemigroup A = {0, 5, 10}. Take P, = {0, 3, 6, 9} = S;
P, is a set generalized Smarandache ideal of S over A.
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B=1{0,3,6,9, 12}, B is a S-subsemigroup. P,={0,5} =S
is a set generalized Smarandache ideal of S over B.

Example 2.41: Let S = {Zy, x} be a semigroup under product
A =1{0,8, 16} < S is a S-subsemigroup of S. P, ={0, 12} = S
is a set generalized Smarandache ideal of S over A. Infact P, is
a minimal set generalized Smarandache ideal.

Example 2.42: Let S = {Z;, x} be a semigroup. A = {0, 6, 12,
18, 24} be a S-subsemigroup of S. P, = {0, 10} is a set
Smarandache generalized ideal of S over A.

Example 2.43: Let S = {Z5, x} be a semigroup. A = {0, 6, 12}
be a S-subsemigroup of S. P; = {0, 3} is a set Smarandache
generalized ideal of S over A. Infact Py is minimal.

Example 2.44: Let S = {Zss, x} be a semigroup. A = {0, 5, 10,
15, 20, 25} is a S subsemigroup. Take P; = {7, 0}, P, is a set
Smarandache generalized (general) ideal of S over A. P, is
infact minimal. However P, = {0, 7, 14} < S is also a set
Smarandache generalized ideal of S over A which is neither
maximal nor minimal over A.

Example 2.45: Let S = {Zss, x} be a semigroup. A = {0, 11,
22, 33, 44} is a S-semigroup. P, = {0, 5} is a set Smarandache
generalized minimal ideal of S over A.

P, = {0, 5, 10, 20, 25} is a set Smarandache generalized
ideal of S over A.

Example 2.46: Let S = {Z,6, x} be a semigroup.

A =10, 2,4, 6,8, 10, 12, 14, 16, 18, 20, 22, 24} be a
S-subsemigroup of S. Take P, = {0, 13} < S; P, is a set
generalized minimal ideal of S over A.

Inview of all these informations from these examples we
give the following theorem the proof of which is left as an
exercise to the reader.
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THEOREM 2.2: Let S = {Z,, x | p and q are two distinct
primes} be a semigroup. S is a S-semigroup and has set
generalized minimal ideals.

We just give the hint for the proof of this theorem.

A = {0, p, 2p, ..., (q—1),} < S is a S-subsemigroup and
P, = {0, g} is a set generalized minimal ideal of S over
AorB={0,q,2q, ..., (p-1)q} < S is a S-subsemigroup of S
and P, = {0, p} is a set generalized minimal ideal of S over B.

The reader is left with the task of finding set maximal
generalized ideals of S = Z,.

Now having seen examples of minimal, maximal
Smarandache and generalized Smarandache set ideals of S of
semigroup we now proceed onto describe prime set ideals of a
semigroup.

DEFINITION 2.4: Let S be a semigroup. P a set ideal of S over
the subsemigroup A of S. If x € P is such that x = ab and if
both a and b are not in P then we say P is a prime ideal (a #x
and b #x).

We will give examples of this situation.

Example 2.47: Let S = {Z,, x} be a semigroup. A = {0, 5, 10,
15} be a subsemigroup of S. P; = {0, 4} is a minimal set ideal
of S over A. Clearly P, is not a prime set ideal of S over A.

Let P, = {0, 4, 8} be a set ideal of S over A. P, is not a
minimal set ideal of S over A. P, is not a prime set ideal of S
over A.

P; = {0, 6} < S is a minimal set ideal of S and P; is not a
prime set ideal of S over A.
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Consider P, = {0, 2, 4, 6, 8, 10, 12, 14, 16, 18} = S, P4 is a
set ideal of S over A is a prime set ideal of S over A, however
P, is not a maximal set ideal of S.

Thus we wish to state the following problems.

Problem 2.8: If S is a semigroup. P < S is a subsemigroup of
S. M a set ideal of S.

(1) Is every maximal set ideal of S over P prime?

(i1) Do we have set ideals which are not maximal over
P to be prime?

(ii1) Can we say all minimal set ideals are not prime?

Example 2.48: Let S = {Z, x} be a semigroup. P = {1, 1} be
a subsemigroup of S. P, = {2, -2}, P, = {3, -3}, P, = {4, 4},
..., Po={(nt1), — (nt1)} are set ideals of S over P.

Infact every one of them is minimal set ideal of S over P.
Further all these are not prime ideals. However (2Z) = M is a
prime set ideal of S over the subsemigroup P.

Now we see if S is any semigroup. P; and P, two
subsemigroups of S. Let M; and M, be set ideals of S over P,
and P, respectively.

Can we say M; N M, is a set ideal of S over Py n P,?

We will illustrate this situation by some simple examples.

Example 2.49: Let S = {Z,, x} be a semigroup. P, = {0, 3, 6,
9} and P, = {0, 2, 4, 6, 8, 10} be subsemigroups of S.

Take M; = {0, 4, 8} < S, M, is a set ideal of S over P;. M,
={6,0} = S, M, is a set ideal of S over P,. We see M| " M, =
{0} and P; N P, = {0, 6}. We see M; N M, is only a trivial or
zero set ideal of S over Py n P, = {0, 6}.

Thus we can say in this case {0} is the set ideal.
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Example 2.50: Let S = {Z3y, x} be a semigroup. T, = {0, 10,
20} and T, = {0, 6, 12, 18, 24} be two subsemigroups.

Clearly we see T; N T, = {0} so we cannot think of set
ideals over T N T,.

P, = {0, 10, 20} and P, = {0, 5, 10, 20, 25, 15} be two
subsemigroups of S. Clearly P; N P, =P,.

Consider S; = {0, 15, 6} < S, S; is a set ideal over P,
S, = {0, 2, 10, 20} be a set ideal over P.

We see P1 mP2=P1 but Sl M SZZ {0}

Thus we may or may not get the intersection of two set
ideals to be a set ideals.

Example 2.51: Let S = {Zy,, x} be a semigroup. P; = {0, 8,
16} and P, = {6, 0, 12, 18} be subsemigroups of S. We see
PinP,={0}but T={0, 2,4, ..., 22} is a set ideal of S over
both P, and P,.

In general union of two subsemigroup is not a
subsubsemigroup. For even P, U P, is not a subsemigroup.

So none of the theories about set ideals can be compatible
with usual ideals.

However we just mention by passing the following result,
the proof of which is left as an exercise to the reader.

THEOREM 2.3: Let S be a semigroup. If P is a set
Smarandache ideal (set Smarandache general ideal) over a
group A (or over a S-subsemigroup A), then P is a set ideal over
A. However the converse is not true.

The proof follows from the very definition. For the
converse we request the reader to construct a counter example.
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Finally we keep in record the set Smarandache ideals are the
strong set ideals mentioned in [7]. We have used the term set
Smarandache ideals mainly to show that the semigroups taken
under for construction is a S-semigroup [6]. All other
definitions of set ideals can be studied as a matter of routine for
such elaborate study is carried out in the book on set ideal
topological spaces [14].

Finally we just indicate how set ideal topological space of a
semigroup S relative to a subsemigroup S; of S is built.

We just recall S = (Z, x) is a semigroup. S;={0, 1,1} isa
subsemigroup of S.

P = {Collection of all set ideals of S over the subsemigroup
S, of S} is a set ideal topological space of S the semigroup
over the subsemigroups S; of S [6].

The lattice associated with P is an infinite lattice with {0} as
the least element and Z as the greatest element and {0, —a, a}
where a € N are the atoms. Infact the lattice associated with P
has an infinite number of atoms.

Similarly {C, x} be the complex semigroup, S; = {0, -1, 1}
is a subsemigroup of S. Infact P = {Collection of all set ideals
of S over the subsemigroup S; of S} be the set ideal topological
space associated with the semigroup S over the subsemigroup S;
of S. Clearly Z can be replaced by R or Q and S; = {0, -1, 1}
will continue to be the subsemigroup of R or Q and we can get
the set ideal topological space of R or Q over S;.

Infact P, is the set ideal topological space of (Z, x)
associated with the subsemigroup S = {0, -1, 1},

Pq be the set ideal topological space of the semigroup (Q, x)
over the subsemigroup S = {0, 1, -1},

Pr be the set ideal topological space of the semigroup (R, x)
over the subsemigroup S = {0, -1, 1} and
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P¢ be the set ideal topological space of the semigroup (C, x)
over the subsemigroup S, = {0, -1, 1}.

We see P, ¢ Po € Pr < Pc of course the containment
* * #

relation is strict.

However if Z or Q or R or C is used as ring certainly this
form of relation is not possible as S = {-1, 0, +1} is not a ring.

Now consider the integer neutrosophic semigroup
S=(Zul)={a+bl|a, b e Z} under product.

S, =0, 1, I} be the subsemigroup of S.

Pzon = {Collection of all set ideal of S over the
subsemigroup S; of S} be the neutrosophic set ideal topological

space of the semigroup ((Z U I), x) over the subsemigroup S =
{1, 1,0}.

Let S = (Q U I) be the rational neutrosophic semigroup
under product.

S, =1{0, I, 1} be the subsemigroup of (Q U I).

Pquny = {Collection of all set ideals of S = (Q U I) over the
subsemigroup S; = {0, 1, I}} be the rational neutrosophic set
ideal topological space of (Q W I) over the subsemigroup S; of

(QuD.

Let (R U I) be the neutrosophic semigroup of reals under x.
Let S, = {0, 1, I} be a subsemigroup of (R U I).

Prony = {Collection of all set ideals of S = (R U I) over the
subsemigroup S; = {0, 1, I}} be the real neutrosophic set ideal
topological space of (R U I) over S;.
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Finally let (C U I) = {a + bi + cl | a, b, c € R} be the
complex neutrosophic semigroup under product. S = {0, 1, I}
be a subsemigroup of (C U I).

Pcuy = {collection of all set ideals of (C U I) over the
subsemigroup S; = {0, 1, I}} be the complex neutrosophic set

ideal topological subspace of (C U I) over the subsemigroup S;
={0, 1, I}.

Clearly Pz 1 = Poun < P(Rul)g Pcoun.

We see Pz is a set ideal neutrosophic integer topological
space, Pqup is the set ideal neutrosophic rational topological
space. P is the set ideal neutrosophic real topological space
and Pop is the set ideal neutrosophic complex topological
space.

Now let Z(g) = {a+ bg|a, b € Z, g =0} be the semigroup
of integer dual numbers, Q(g) = {a + bg|a, b € Q, g =0} be
the semigroup of rational dual numbers R(g) = {a + bg|a, b €
R, g” = 0} be the semigroup of real dual numbers and

C(g) = {a+bg|a beC, g =0} be the semigroup of
complex dual numbers.

Wesee Z(g) < Q(g) < R(g) < C(g).

Now S; = {0, £1} be the subsemigroup of Z(g), Q(g), R(g)
and C(g). Pz, Pow), Pre and P be the set ideal topological
spaces of semigroup Z(g), Q(g), R(g) and C(g) respectively over
the subsemigroup, S; = {0, 1, —1}.

Clearly PZ(g) CPQ(g) CPR(g) CPC(g) we see the set ideal
# # #

topological space of dual integers is a proper set ideal
topological subspace of the set ideal topological space of dual
rational numbers.
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P 1s the proper set ideal topological subspace of dual real
numbers Pr) and Prg) is the set ideal dual real numbers
topological subspace of Pc).

Now we can on similar lines define:

Z(g) = {a+bg |abeZ g'=g} be the semigroup of
special dual like integer numbers.

Q(g))={a+bg |a,beQ g'=g} be the semigroup of
special dual like rational numbers.

R(g)) = {a+bg |a b e R; g'=g} be the semigroup of
special dual like real numbers and

C(g) = {a+bg | g =g be the semigroup of special dual
like complex numbers.

We can have P, c P c P c Pc(gl)wherePZ

Z(g)) = Q(g) = R(g) = (g)°

Poce)» Preeyand Py

dual like numbers.

are set ideal topological spaces of special

Finally we see Z(g,) = {a + bgy | g5 =g, a, b € Z} be the
semigroup of special quasi dual integer numbers.

Q(g) = {a+bg |a,beQ; g =-g)} be the semigroup of
special quasi dual rational numbers. R(g;) ={a+bg,|a,b € R,
g5 = —g,} be the semigroup of special quasi dual real numbers
and

C(g) = {a+bg|a,beC, g5 =g be the semigroup of
special quasi dual complex numbers.

The corresponding set ideal topological spaces over these
semigroups will be known as the set ideal topological space of
special quasi dual integer (real or rational complex) number.



Sets in Semigroups | 41

We can replace Z, Q, Rand Cby(Z U I), (QuU ), (RUT)
and (C U I) and

(Z U I) (g) = {collection of all neutrosophic integer dual
numbers }

(QuU IXg)={a+bg|a bc(Qu I} is the neutrosophic
rational dual numbers.

(RUI(g)={a+bg|labe®RuUI, g =g} be the
neutrosophic real dual numbers and

(CuD(g={a+tbg|abe(Cul);g =g be the
collection of neutrosophic complex dual numbers.

Likewise we can define
ZOD ()= la+bgabe ZU, & ~g)

to be the semigroup of neutrosophic integer special dual like
numbers

QU (g)={a+bgl|abe(QuUI), g =g} be the
semigroup of neutrosophic rational special dual like numbers.

(RUD(g)=1{a+bg |abeRuUI), g =gl} be the
semigroup of neutrosophic real special dual like numbers and
(CuT(g)={a+bg |abe(CuU, g =g} be the
semigroup of neutrosophic complex special dual like numbers.

Using these four semigroups of neutrosophic special dual
like numbers we can build set ideal topological neutrosophic
special dual like numbers.

Likewise we can define semigroups of neutrosophic special
quasi dual numbers of four types (Z U I) (g), (Q U I) (),
(R UT) (g) and (C U I) (g,) where g3 =—g,.
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Corresponding to these four types of semigroups of
neutrosophic special quasi dual numbers we can build the set
ideal topological neutrosophic special quasi dual numbers.

We have seen all new types of set ideal topological spaces
of infinite order.

Now we proceed onto define the notion of set ideal
topological spaces of finite semigroups.

Let S = (Z,, x) be a semigroup. If S; = {0, 1} is a
subsemigroup of (Z,, x) then P = {Collection of all set ideals of
S over the subsemigroup S; of S} be the set ideal topological
space of S over S;. Clearly P is of finite order.

By varying the subsemigroup S; of S we get very many
distinct set ideal topological spaces of the semigroup (Z,, x)
over subsemigroups of S.

Let S = {C(Z,) = {a + bir | a, b € Z,, i;=n-1} be a
semigroup under x. S; = {0, 1} be the subsemigroup of S.
P = {collection of all set ideals of S over S;}. P is a set ideal
topological space of S over S; of finite order; will be known as
the set ideal complex modulo integer topological space of S
over S;.

S=27,(g)={a+bg|a,b e Z, g’ =g} be the semigroup of
dual numbers. S; = {0, 1} be a subsemigroup of S.

P = {Collection of all set ideals of S over the subsemigroup
S; of S} be the set ideal topological space of dual number
modulo integers.

Let S=27,(z)=1{a+bg |abeZ, g= g} be the

semigroup of special dual like number of modulo integers
S; = {0, 1} be a subsemigroup of S.
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P = {Collection of all set ideals of S over S;} be the set
ideal modulo integer topological space of special dual like
numbers.

Now let S={a+bg,|a, b e Z, g =g} =Z, () be the

semigroup of special quasi dual numbers. Let S; = {0, 1} be a
subsemigroup of S.

P = {Collection of all set ideals of special quasi dual
numbers} is the set ideal modulo integer topological space of
special quasi dual numbers over S;.

We get several such set ideal topological spaces by varying
the subsemigroups. Thus if Z,(g) has say m number of
subsemigroups then we have m set ideal topological spaces of
dual numbers for each of these m subsemigroups S,, of S.

Now if S = Z,(g,g) be the semigroup of mixed dual
numbers and if S has say some t number of subsemigroups then
for this S we have t number of set ideal topological spaces all of
them are of finite order.

Now if S = (Z,Ul) be the neutrosophic semigroup under
product and if S has say q number of distinct proper
subsemigroups then associated with S we have q number of set
ideal neutrosophic topological spaces of S over each of the q
subsemigroups.

Suppose

S=(Z,ul)(g)={a+bl|abe(Z, Ul g =g} be the
neutrosophic dual number semigroup and if S has m number of
subsemigroups. Then associated with S we have m number of
set ideal topological spaces of neutrosophic dual numbers over
each of these m subsemigroups.

S=C(Z,) (g))={a+bg |a,be CZ)={x+yir|X,y€
Z,, iz =n-1, g’ =0} under product is a finite complex modulo



44 | Set Theoretic Approach to Algebraic Structures ...

integer semigroup of dual numbers. Take S; = {0, 1} a
subsemigroup of S.

Py = {Collection of all set ideals of S over S;} is a set ideal
topological space of finite complex modulo integer dual
numbers over the subsemigroup S;.

By varying the subsemigroups of S we can get several set
ideal topological spaces of finite complex modulo dual
numbers.

Next if we take S = C(Z,) (g1, &, ..., &) = {a; tag + ... +
Al g | gf =0gg=0i1f1#];a € C(Z,), 1 <j<t+l} under
product S is a semigroup of higher dimensional finite complex
modulo integer dual numbers.

We can take any subsemigroup S; < S and find
P, = {Collection of all set ideals of S over S} to be the set ideal
topological space of finite complex modulo integers of higher
dimension over the subsemigroup S, of S.

By varying S; the subsemigroup we get many set ideal
topological space of finite complex modulo integer higher
dimensional dual numbers.

Next we can define finite complex modulo integer special
dual like numbers semigroups.

Let C(Zy) (g1) = {a + bgi | a,b € C (Zy), g/ = g} be the
finite complex modulo integer special dual like number
semigroup. Let S; = {0, 1} or S, = {0, g} be subsemigroup of
S under product.

We can define
P; = {Collection of all set ideals of S over the subsemigroup

Si} be the set ideal topological space of special dual like finite
complex modulo integers of S over S;, 1 <1< 2.
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Further we can also define set ideal topological space of
finite complex modulo integers of special quasi dual numbers.

Let C(Z,) (g2) = {a + bgy | a, b € C(Z,), g = g} be the
semigroup of finite complex modulo integer special quasi dual
numbers under x.

S; =10, 1}, S, = {0, if, (n—1), (n—1)ir} and so on be some
subsemigroups of S.

Let P; = {Collection of all set ideals of S over the
subsemigroup S; of S} be the set ideal topological space of
special quasi dual number of modulo finite complex integers
over S;of S1<1<2.

By varying the subsemigroups we can get many such set
ideal topological spaces of finite order of S over S; for every
subsemigroup S; of S.

We can also have mixed dual numbers and mixed special
dual numbers which we shall describe by an example or two.

Let S = C(Zy) (21, &) = {ai + axg + axgs | & € C(Zy), 1 <i <
3, g =0, =g, 212 = 2g = 0} be a semigroup of mixed
dual finite complex modulo numbers.

Take S, = {1, 0}, S, = {0, g}, S; = {0, g} be some of the
subsemigroups of S.

P; = {Collection of all set ideals of S over S;} be the set
ideal topological space of finite complex modulo integer dual
mixed numbers over S; of S, 1 <1< 3.

By taking various subsemigroup of S we get several set
ideal topological spaces of S related to these subsemigroups.

Let S=C(Zy) (81 & g) = {a + ag + asg + asgs [ a €
C(Z,); 1<i<4; gi=0, g2=g and g; = —g; with gigi = 0 or
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gy or g orgs, I <i,j <3} under product be a semigroup of
mixed finite complex modulo integer special dual number.

Take Sl = {09 1}5 SZ = {0: iFa (n_l)a (n_l)iF}a S3 = {Oa gl}:

S4 = {O’ gZ}s SS = {05 1, gl}, Sﬁ = {0, 1, gZ}: S7 = {O’ 23, 2, gZ}
and so on.

Let P; = {Collection of all set ideals of S over S; of S} be
the set ideal topological space of mixed special dual numbers
over S;; 1 <1< 7.

We can get as many number of set ideal topological spaces
as the subsemigroups of S.

Finally it is interesting to note we can have several such set
ideals topological spaces; we can also define set right ideal
topological spaces or set left ideal topological spaces by taking
semigroups which are non commutative.

Thus sets in semigroup S play a major role in building
various number of set ideal topological spaces using S.



Chapter Three

SET IDEALS IN RINGS

In this chapter we proceed onto describe the use of sets in
the rings. When a set a is contained in a ring R we see we can
define set ideals of R.

Throughout this book R is a ring commutative or otherwise.
We now recall the definition of set ideals of a ring R.

DEFINITION 3.1: Let R be a ring, P a proper subset of R. S a
proper subring of R. P is called a set left ideal of R relative to
the subring S or R (or over the subring S of R) if for all s € S
andp € P, sp € P. One can similarly define set right ideal of R
ifps e Pforallp e Pand s € S. We say P is a set ideal if ps
and sp € P; foralls € Sandp € P.

We will give examples of this situation.

Example 3.1: Let R = (Z4, +, x) be the ring A = {0, 10, 20,
30} be the subring of R.
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Consider X = {0, 4, 8, 16, 24, 28, 32, 36} < R, X is a set
ideal of R over the subring A of R.

Consider X; = {12, 0} < R, X is again a set ideal of R over
the subring A over R.

Example 3.2: Let R = (Zy4, +, x) be aring. A = {0, 12} is a
subring of R. X = {0, 4, 6, 8, 16} is a set ideal of R over the
subring A of R. Y = {0, 10, 4} is a set ideal of R over the
subring A of R.

Example 3.3: Let R = {Z0, +, x} be aring. A = {0, 10} is a
subring of R. X = {0, 20, 30, 40, 50, 80} is a set ideal of R over
the subring A of R. Let A, = {0, 25, 50, 75} be a subring of R.

Y = {0, 4, 8, 12, 20, 16}; Y is a set ideal of R over the
subring A; of R.

Example 3.4: Let R = {Zg} be a ring. A = {0, 30} be the
subring of R. Let X = {0, 20, 2, 4, 8} is a set ideal of R over the
subring A of R.

Y = {0, 12, 10, 14} is again a set ideal of the ring R over the
subring A of R.

Clearly in a ring R if S is a subring. A set ideal X of the
ring R over the subring S need not in general be a set ideal over
the subring S; of R.

It is easy to verify every ideal of a ring is a set ideal of R for
every subring of R.

So we have not in any way disturbed the ideal theory but
only broadened it and generalized it without affecting the
existing classical theorems. As of today the work with sets will
be more useful and simple for any non mathematician also.

Further for the ring of integers Z there exists no finite set
{0} # P < Z which is a subring S of Z.
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Let R be aring. P — R is a set ideal of R over a subring S of
R we say P is a prime set ideal of R over S if for x = pq € P;
porqisinP.

It is pertinent to record here that as in case of usual ideals in
case of set ideals also {0} is always an element of it; however if
1 is an element of the set ideal P defined over the subring S then
it is essential that S < P.

Thus once again we keep on record that we have not
destroyed any of the classical flavour of ring theory. But at the
same time give a nice structure to subsets in a ring.

We can define as in case of usual ideal the concept of
maximal set ideals and minimal set ideals over subrings of a
ring R [7].

We give only illustrations of them.

Example 3.5: Let R = Z4 be the ring. S = {0, 8} be a subring
of R. P;={0, 2}, P,={0,4} and P; = {6, 0} are all minimal set
ideals of R over S.

T=1{0,2,4,6,10,12, 14,3, 8,5, 7,9, 11, 13, 15} is a
maximal ideal of R over the subring {0, 8}.

Example 3.6: LetR=7,,=1{0,1,2, ..., 11} be the ring.
P = {0, 6} be a subring of Z,. T, = {0, 2}, T, = {0, 4},

T5= {0, 8} and T4 = {0, 10} are all minimal set ideals of R over
the subring P.

M=1{0,2,4,8,10,6,3,9, 6, 7} is a maximal set ideal of R
over the subring P = {0, 6}.

Several interesting properties are derived [7].
The notion of pseudo set ideals is very interesting.

We leave it as an open problem.
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Problem 3.1: Characterize the pseudo set ideals of a ring Z,,.

Does there exist a finite ring which has no pseudo set
ideals?

Another nice property of set ideals in a ring is we need not
waste time working with all elements of a ring only a subring S
will do the work and a set in R will be a set ideal of R over the
subring S of R. We can as in case of usual ideals define set
quotient ideals [7].

We have obtained several interesting properties of set
quotient ideals. We just recall the definition.

Let R be a ring, P a set ideal of R over the subring S of R
(P is only a subset of R). Then R/P is the set quotient ideal if
and only if R/P is a set ideal of R relative to the same subring S
of R.

Example 3.7: Let R = Z,, be the ring. S = {0, 5} be a subring
P =0, 2,4, 8} is a set ideal of R over S.

Zyo /P = {P, 1+P, 3+P, 9+P, 5+P, 6+P, 7+P}. Clearly Z,,/P
is a quotient set ideal of R relative to the subring S = {0, 5} <
R.

Example 3.8: lLet Z;;, = R be aring. S= {0, 7} < R be a
subring of R. Py = {0, 2, 4, 8, 10} be a set ideal of R over S.
The quotient set ideal R/P; = {P,, 1+Py, 3+P, 5+P,, 6+P,, 7+P,
9+P,, 11+Py, 124+Py, 13+P,} over S c R.

We just recall the definition of a Smarandache set ideal of a
ring R.

Let R be any ring. S a subring of R. Suppose P is a set
ideal of R relative to the subring S of R and S < P then we call
P to be a Smarandache set ideal of R over the subring S of R.
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We will illustrate this situation by some examples.

Example 3.9: Let R = Z4 be aring. S = {0, 10, 20, 30} be a
subring of R.

P = {0, 4, 6, 8, 10, 20, 30, 40, 12, 16, 24, 28, 32, 36} is a
Smarandache set ideal (S-set ideal) of R over the subring S of
R; that is P is a set ideal of R.

Example 3.10: LetR =Z,sbe aring. S= {0, 5, 10, 15, 20} be
a subring of R. P = {0, 5, 10, 20, 15, 4, 3, 68} < R is a set ideal
of the ring R over the subring S of R.

It is easily verified by any interested reader. That a S-set
ideal of a ring R over a subring S of R is a set ideal of a ring R
over S but a set ideal P of a ring R over a subring S in R in
general is not a S-set ideal of R.

We prove this claim by an example.

Example 3.11: Let R = Z3;sbe aring. S = {0, 18} be a subring
of R. P=1{0,2,4,6,8, 10, 12, 14, 16, 20, 22,24} cRisonly a
set ideal of R over the subring S, but P is not a S-set ideal of R
over Sas 18 ¢ P thatis S ¢ P.

Example 3.12: Let R = Zy, be aring. S = {0, 8, 16} be a
subring of R. Take P = {0, 3,6, 9, 12,15, 18,21} c R, Pisa
set ideal of R over the subring S of R. Clearly P is not a S-set
ideal of R as S ¢ P.

We can have several such examples.

We just recall the definition of a quasi set ideal of a ring R.

Let R be aring. P a set ideal of R over a subring S of P. If
P contains a subring S; of R (S; # R, S # S;) then we call P to be

Smarandache a quasi set ideal of R relative to the subring S of
R.
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Example 3.13: Let R = (Zy, +, x) be aring. S; = {0, 21} is a
subring of R. P = {0, 6, 12, 18, 24, 30, 36, 2, 4} is a set ideal of
R over the subring S; of R. We see S, = {0, 6, 12, 18, 24, 30,
36} < P is a subring of R so P is a S-quasi set ideal of R over
the subring S; of R.

Example 3.14: Let R = Zy, be aring. S = {0, 10} is a subring
of R. P=1{0,4,8, 12, 16, 6, 18} < R is a S-quasi set ideal but is
not a S-set ideal of R over S as S ¢ P.

In view of this we have the following theorem.

THEOREM 3.1: Let R be a ring, S a subring of R. Any S-quasi
set ideal P; of R over any subring S of R in general is not a S-set
ideal and any S-set ideal P, of R over any subring S; of R in
general is not a S-quasi set ideal.

The proof is supplied by giving counter examples and this
task is left as an exercise to the reader.

Thus we see the two notions of S-set ideals and S-quasi set
ideals happens to be disjoint or in general disassociated.

This leads us to define the new notion of Smarandache
strongly quasi set ideal of a ring R [7, 17].

Let R be any ring. S and S; be any two subrings of R.
S« S;and S; ¢« S. If P is a subset of R such that P contains
both S; and S and P is a set ideal relative to both S; and S then
we define P to be a Smarandache strongly quasi set ideal of R.

Thus this concept will be illustrated in the following
examples.

Example 3.15: Let R = Z3¢ be the ring. S; = {0, 6, 12, 18, 24}
and S, = {0, 10, 20} be two subrings of R.

P = {0, 10, 20, 6, 12, 18, 24, 15, 5} is a set ideal of R over
both S; and S,.
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Infact P is a S-set ideal of R over S; and S,. Thus P is a S-
strong quasi set ideal of R.

Example 3.16: Let R = Zy be a ring of modulo integers
S;=1{0, 14,28} and S = {0, 6, 12, 18, 24, 30, 36} be two proper
subrings of R.

Take P = {0, 14, 28, 6, 12, 18, 24, 30, 36,2,4} cR. Pisa
set ideal over both S; and S and infact P is a S-set ideal over

both S; and S hence P is a S-strong quasi set ideal of R.

We have the following results the proof of which is left as
an exercise to the reader.

Let R be aring. S; and S be two distinct subrings of R such
that Sz Sand S ¢« S;.

Let P < R be a S-strong quasi set ideal of R.
Then
(1) P is a S-set ideal over both S; and S.

(i1) P is a S-quasi set ideal of R with respect to both S;
and S.

(ii1) P is a set ideal of R over S, and S.

The proof of this is very direct and hence left as an exercise
to the reader.

However we suggest the following problem.
Problem 3.2: Let R =Z, be the ring.

(1) How many distinct S-strong quasi set ideals of R
exist?
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(i1) If n is a prime what happens for S-strong quasi set
ideals?
Problem 3.3: Let R = Z be the ring of integers.
Prove every S-strong quasi set ideal is of infinite order.

Does Z contain infinite number of S-strong quasi set ideals?

Now all these problems can be studied for C (Z,), the ring
of complex modulo finite integers.

Example 3.17: Let
R=C(Zy)={a+big|a, b e Zyand i; =19} be aring.

S;1=10,5,10, 15} and S, = {2,4, 6,0, 8, 10, ..., 18} be two
subrings of R. We can have several S-strong quasi set ideals of
R over both S, and S,.

We can replace Z, by Z,(g) the modulo dual numbers and
study the same problem.

Example 3.18: Let R = C(Z¢) be the ring of complex modulo
integers. S = {0, 3} be the subring R.

P = {0, 2, 4, 2ig, 4i, 2+4ig, 2+2if, 4+4ir} < R is a set ideal
of complex modulo integers.

We just give a problem.

Problem 3.4: Let
R = C(Z,) = {a + bir | a, b € C(Z,), i; = n—1} be the complex
ring of modulo integers.

(1) Find the number of subrings of R.

(i1) Find the collection of set ideals of R over every
subring S of R.
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Example 3.19: Let R = C(Z;,) be the ring of complex modulo
integers.

Take S = {1, 2, ..., 0, 10} be the subring of R.

P = {0, ip, 2ip, ..., 10ir} is a set ideal of R over S, the
subring of R.

Now we just indicate by examples the set ideals of dual
number ring, special dual like number ring, special quasi dual
number ring and finally the mixed dual number rings and rings
of higher dimensional dual numbers.

Example 3.20: Let

R=Z,(g)={a+bgla,beZ, g=5 € Zyssothat g’ =0}
be the ring of modulo dual numbers. Let S = {0, 4, 8} be a
subring of R.

P = {0, 3g, 3, 6g, 6, 3+6g, 6+6g, 3+3g, 9g, 9, 9+3g, 9+6g}
c Ris a set ideal of R over the subring S of R.

Consider S, = {0, 6, 6g, 6+6g}, the subring of R. P; = {0, 2,
2g, 4g, 4, 8, 8g, 10, 10g, 2+2g, 4 + 4g, 8+4g, 10+2g, 10+8g,
10+4g} < R is a set ideal of R over the subring S; of R.

Clearly both the set ideals are not S-set ideals.
Example 3.21: Let

R=Zy(g)={a+bgla,beZpandg=6 € Z,}
be the ring of modulo integers dual ring.

Consider S = {0, 2, 4, 6, 8} be the subring of Z;( (g).

P=10,5, 5g, 5+5g} is a set ideal of R over S.

Now let S; = {0, 5, 5g, 5+5g} < Z,0 (g) be a subring of R.
Cleary P, = {0, 2, 4, 6, 8} is a set ideal of R over the subring S,
of R.
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This sort of set ideals are interesting feature.

Example 3.22: Let
R={Zs(g)=a+bg|abeZ,g=4cZ, g =g (mod 12)}
be a ring of special dual like numbers.

Take S = {0, 3, 6, 3g, 6g, 3+3g, 3+6g, 6+6g, 6+3g} be the
subring of R.

Take P = {0, g, 3g, 6g} < R is a set ideal of R. Clearly P is
not a S-set ideal over S — R.

Example 3.23: Let
R={Z;s(g)={atbg|g=3€ZsabeZs}
be the ring of special dual like numbers.

Take S = {0, 3, 6, 12, 9} to be a subring of R.

Consider P = {0, 5g, 10g, 5, 10, 5g+10, 10g+5} c R, Pisa
special dual like number set ideal of R over the subring S of R.

Example 3.24: Let R = {Z1, (g) | g2 = g where g =3 € Z¢} be
the special dual like number ring of modulo integers.

Consider S = {0, 3, 6, 9} a subring of R.
Take P = {0, 4, 4g} < R, P is a set ideal of R over S and

clearly is not a S-set ideal or S-quasi set ideal or a S-strong
quasi set ideal of R over S.

Suppose P, = {4, 4g, 0, 8, 8g, 8+4g,2,6,9,0} c R, P, isa
S-set ideal over the subring S of R.

However P, is not a S-quasi set ideal of R over S.
Consider

P, = {0, 2, 4, 6, 8, 4g, 10, 3, 6, 9, 10g, 2g, 8g, 6g} < R.
P, is a S-quasi set ideal of R over the subring S.
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For S, = {0, 2, 4, 6, 8, 10} < P, is also a subring of R.
Further P, is also a set ideal of R over the subring S; of R. Thus
P, is a S-quasi set ideal.

Since both S, and S are contained in P, we see P, is a S
strong quasi set ideal of R.

Example 3.25: Let R = {Z,, (g) | g =4 € Z»} be the special
dual like ring. Consider S; = {0, 10g} and S, = {0, 4, 8, 12, 16}
subrings of R.

Take

P, = {0, 10g, 10, 4, 8, 12, 16, 4g, 8g, 12g, 16g, 12+12g} < R,
P, is a S-strong quasi set ideal of R.

Now we proceed onto describe some special quasi dual
number modulo integer ring set ideals.

Example 3.26: LetR = {Zs(g))| g =8 € Zp, g =g} be the
ring of special quasi dual modulo integers.

Let S; = {0, 3g,} and S, = {0, 2, 4} be subrings of the ring
R.

Take P = {0, 2g,, 4g;} < R, P is just a set ideal of special
quasi modulo integers over the subring S; of R.

P, = {0, 3g, + 3} is a set ideal over both the subrings S; and
S,. But Py is not a S-strong quasi set ideal of R.

Consider
P2 = {09 27 4a 3g17 2g1’ 4g17 2+2g17 4+4g17 2+4g17 2g1+4} < R
P, is a S-strong set ideal of R.

For we see P, is a set ideal over S; and S, < P, so that P, is

a S-quasi set ideal of R over S,. Further S; < P, so P, is a S-set
ideal of R.
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Example 3.27: LetR={Z;;(g)=a+bg |a,beZp g =2¢
Zs so that g = —g; mod (6)} be the special quasi dual number
ring.

Let S; = {0, 4, 8} and S, = {0, 6g;} be subrings of R.
Consider P, = {0, 4, 8, 6, 6gy, 3, 321, 9, 92;} < R. Pyisa S-
strong quasi set ideal of R. For both S; and S, are subsets of P;.

Now we proceed onto give examples of mixed dual number
set ideals.

Example 3.28: Let R = {Z)o (g1 g1) =a; + a,g + a3g| | a; € Zyo,
1<i<10,g=6,g =4, g =0 (mod 12), g’ =4 (mod 12),
gg =0 (mod 12), g1g1 € Z»} be the mixed dual number ring.

Take S; = {0, 2, 4, 6, 8} and S, = {0, 5g,} as subrings of R.
We see P; = {0, 4, 8} — R is a set ideal of R over S,.

P, = {0, 5g;, 525, 5, 5+5g,} < R is a set ideal of R over S;.
Clearly P, is not S-set ideal or a S-quasi set ideal of R.

Example 3.29: LetR =7, (g, g1, 2) = {a; + a,g +asg; + asg; |
a€”Zig=10,g=5g=15,8 8, g € Zyy; g2 = ( (mod 20),
g’ =5 (mod 20), g5 =g, =15 (mod 20); 1 <i <4} be the ring
of mixed dual numbers.

Consider
S1 =10, 6, 6g,, 6g, 6+6g, 6+6g;, 6+6g, + 6g, 6+6¢,}
to be a subring of R.

P = {0, 2, 8, 10, 2g, 8g, 10g, 2g;, 8g;, 10g;} < R is a set
ideal of R over the subring S;. Clearly P is not a S-set ideal or
S-quasi set ideal of R.

Now we give higher dimensional dual number rings.
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Example 3.30: LetR = {a; + a)g; +a3g, +asg;|a, € Z;5; 1 <i
<4,g,=4,g =9and g3 =6 are such that g’ =g, (mod 12),

g5 =—g (mod 12) and g} =0 (mod 12); gi, g2, g € Z12} be the

mixed special quasi dual numbers ring. Take S; = {0, 5, 10} be
a subring of R. S, = {0, 5g;, 10g,, 5+5g;, 5g,, 10+5g;, 10+10g;,
10+19g; + 10g, ..., 10, 10g, 5 + 5g; + 5g,, 5} be a subring of R.

Take P, = {0, 3}, P, = {0, 6}, P; = {0, 6} and P, = {0,12}
are all set ideals over both the subrings S; and S,. However
none of them is a S-set ideal or a S-quasi set ideal of R.

M = {0, 3, 6,9, 12, 3g;, 32, 323} < R is a set ideal of R
over both S; and S,.

M is a S-quasi set ideal of R over both the subring S; and S,
of R.

However M is not a S-set ideal of R or M is not a S-strong
set ideal of R.

Now we proceed onto give some more examples of set-
ideals of complex modulo integer dual numbers, special dual
like numbers and special quasi dual numbers.

Example 3.31: Let R = {C (Zp) (g) =a+bg|a,be C(Zy),
f=ge Zp g =0 (mod 12), i. = 9} be the ring of complex
modulo integers of dual numbers.

Let S, = {0, 5, 5+5g, 5g} and S, = {0, 2, 4, 6, 8} be subring
of R. Consider P; = {0, 4} < R, P, is a set ideal of R over S,
of course is not a set ideal over S,. Take P, ={0,5} cP,P,isa
set ideal of R over S, and is not a set ideal over S;.

Consider P; = {0, 2, 4, 6, 8, 2g, 4g, 6g, 8g, 2+2g, 2+4g,
2+6g, 2+8g, 4+2g, 4+6g+4+4g, 4+8g, ..., 8+8g} < R, P3is a
S-set ideal over S, as well as S;.
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However P; is not a S-quasi set ideal of R or a S-strong
quasi set ideal of R.

Example 3.32: Let

R = C(Z6) (gl) = {a + bgl | g1 = 4 ¢ le, a, b € C(Zé),
i? =5} be the complex modulo integer ring of special dual like
numbers.

Take S, = {0, 2, 4}, S, = {0, 3}, S; = {0, 3, 3g, 3+3g;} and
S,= {0, 2g, 4g,} to be subrings of R.

We see Py = {0, 3, 3i, 3+3ig, 3g1, 3giir, 3+3g1, 3+3g1 + 3iF,
3+3g;, + 3ip + 3g;ir} is a set ideal of R over Sy, S,, S; and S,.

However it is interesting to note that P, is a S-set ideal with
respect to S, and S;. But P is not a S-set ideal with respect to
S| and S,.

Further relative to S; and Sy, P is a S-quasi set ideal of R
over S| and S4 as P, contains subrings S, and S;.

Finally P, is not a S-strong quasi set ideal of R.

Example 3.33: Let R = {C (Z1») (g1, 2, g&3) = a; T arg + a3z, +
23| a,€ C(Zp); 1<i<4and g =6,g=9and g3 =12 € Z34}
be a ring S; = {0, 6, 6g;, 6+6g;}, S, = {0, 4, 8} and S; = {0, 6,
6gs3, 6+6g3} be subrings of R.

Take Py = {a; + ayg; + a3gy + asgs; a; € {2, 4,6, 8, 10, 0, 2ig,
4ig, 6if, 8if, 10ir} } < R, Py is a set ideal of R over Sy, S; and S;.

Clearly P; is a S-set ideal over the subrings S, and S;.
Further P, is not a S-set quasi ideal or S-strong quasi set ideal of
R.

Example 3.34: Let R = {C (Z12) (g1, &, g3) | a1 + 2,8 + a3g, +
a4g3 + asgy with a; € C(Zyp); 1 <_] <5,g,=6, gz 9, g3 = 8 and
g, =12 in Z5 are such that g’ =0 (mod 18), g = 9 (mod 18),
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g;=—g; (mod 18), g;2, = 0 (mod 18), g;g4 = 0 (mod 18), g;=0
(mod 18), gig; = 12 = g4 (mod 18) grg; = 0 (mod 18), grgs =0
(mod 18), g3g4 =0 (mod 18)} be the ring.

Consider Sl = {C(le)}, Sz = le and S3 = {0, 6, 6g1, 6+g1}
be subrings of R. P, ={0, 2,4, 8, 6, 10} is a set ideal of R over
both S, and S;. P, is a S-quasi set ideal of R over S; and S; as
{0, 6} < P, is a subring of R.

Now having seen dual number rings and set ideals in them
now we proceed onto construct the notion of set ideal

topological spaces of a ring R relative to a subring of R.

It is pertinent to mention here that using the ideals of a ring
R we can construct a ideal topological space.

Let us first illustrate it by an example.

Example 3.35: Let R = Z be the ring of modulo integers. The
ideals of R are T = {{0}, R, J = {0, 2,4}, 1= {0, 3}}.

T is a ideal topological space of R and the lattice associated
with T is as follows:

{0,2,4} {0,3}
{0}

By ‘U’ we mean the ideal generated by the ideals J and I
and J N 1 is just the usual intersection.

We call T the ideal topological space of a ring.

Example 3.36: Let Z,, be the ring of integers. The ideals of Z;,
denoted by T = {{0}, Z1», I, = {0, 6}, I, = {0, 2, 4, 6, 8, 10},
5=1{0,3,6,9}, I, = {0, 4, 8}. T is a topological space and
I; U I; = {ideal generated by I, and I;}.
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Ii N Ij = I¢ is an idea of T, T under the usual topology is
defined as the ring-ideal topological space or ideal topological
space of a ring for we see {0} e T, InJeTandIuUJ) e T,
R € T so T is a topological space called the ring - ideal
topological space or ideal - topological space of a ring R.

We will illustrate this by some more examples.

Example 3.37: Let R = Zg = {0, 1, 2, ..., 7} be the ring of
integers. The ideals of R are T = {{0}, R, I, = {0, 4}, I, = {0, 2,
6,4}}.

T is a ideal topological space of a ring R and the lattice
associated with the space T is as follows:

R
I L

{0}

Example 3.38: Let R = Zy, be the ring of integers modulo 24.
The ideals of R are T = {{0}, R, I, = {0, 12}, I, = {0, 6, 12, 18},
I,=1{0,8, 16}, 1,= {0, 4, 8, 12, 16, 20}, Is = {0, 3, 6, 9, 12, 15,
18,21} and I = {0, 2,4, ..., 22}}.

T is a ideal topological space of the ring R. T has eight
elements. The lattice associated with T is as follows:

{R}
Is Is
14 1,={0,6,12,18}
1,={0,8,16) ;={0,12}

{0}
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Example 3.39: Let R = Z,, be the ring of modulo integers. The
ideals of R are T = {{0}, R, {0, 10} =1, I, = {0, 5, 10, 15},
I=1{0,4,8,12,16},1,={0,2,4, ..., 18} }.

The lattice associated with the ideal topological space of R
is as follows:

I4 Iz

I I

{0}

Example 3.40: Let R = Z;, be the ring of integers. The ideals
of Rare T = {{0}, R, I, = {0, 5}, I, = {0, 2, 4, 6, 8}}. The
lattice associated with T is as follows:

R
I, I

{0}

Example 3.41: Let
R={a+bg|la,beZyg=6¢cZpy, g =0 (mod 12)}
be the ring.

The ideals of R are T = {{0}, R, I; = {0, 2}, I, = {0, 2g},
I3 =10, 2+2g}, I, = {0, 2, 2g, 2+2g}, Is = {0, g, 2g, 3g{}.

This T is a ideal topological space of the ring whose
associated lattice is as follows:

L4 Is

L
I3

{0}
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Interested reader is expected to solve the following
problem.

Problem 3.5: LetR = {Z,(g)=a+bg|abeZ, g =0}bea
ring.

(1) Find the number of ideals of R.
(i1) Find the ideal topological space of rings.
(ii1) Find the lattice associated with T.

Example 3.42: LetR = {a+Dbg|a,b e Z;, g" =0} be the ring
of dual numbers. To find all the ideals of R. Let T = {{0}, R,
I, ={0, g, 2g}} be the set of ideals of R.

The ideal topological space of the ring R. The lattice
associated with it is as follows:

R
L

{0}

Example 3.43: LetR={a+bg|a,b e Zs, g© =0} be the ring
of dual numbers.

The ideals of R are {{0}, R, I, = {0, g, 2g, 3g, 4g}} = T;
T is a ideal topological space of the ring R.

The lattice associated with T is as follows.

R

{0}
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Example 3.44: LetR = {a+Dbg|a,b e Z,, g° =g} be the ring
of special dual like numbers.

The ideals of R are T = {{0}, R, {0, 1+g} =1, I, = {0, g} }.
T is the ideal topological space of the ring. The lattice
associated by T is as follows:
R
I I
{0}

Example 3.45: LetR = {a+bg|a,b e Z;, g° = g} be the ring
of special dual like numbers.

The ideals of R are {{0}, R, I; = {0, 2, 2+2g, 2g}, I, = {0, g,
2g,3g}} =T.

T is a ideal topological space of the ring R.

The lattice associated with T is as follows:
R
I I,

{0}

Now we proceed onto suggest a problem.

Problem 3.6: LetR = {a+bg|a,b € Z, g is such that g = g}
be a ring.

(1) Find all ideals of G.
(i1) Find the ideal topological space T of the ring R.

(ii1) Find the associated lattice of T.
(iv) Is the lattice associated with T modular? Justify.
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Example 3.46: Let

R={a+bg+cg |abceZ,g=0,¢g =g,gg=0}
be the ring. The ideals of R are T = {{0}, R, I, = {0, g}, I, = {0,
gl}, =1{0,g+ g, g, g}, R}.

The lattice associated with T is as follows:

R

L L

{0}

Example 3.47: Let R = {a; + a,g + a3 + a3g3 | a; € {0, 1} =
Z5, g =0 (mod 12), g; =4 (mod 12), g =6, 2, =4, g1z, = 0
(mod 12), g3 =8, g2 =4 (mod 12), g,g; = 8 (mod 12), g3g; =0
(mod 12)} be the ring of special mixed dual numbers.

The reader is left with the task of finding the ring ideal
topological space of R. However for a given ring R we can have
one and only one ideal topological space of the ring R.

Now if we define set ideal of a ring R over a subring we can
have as many set ideal collection as the number of subrings.

Thus we can define the topological space for the collection
of all set ideals of a ring R over the subring S of R. So we can
have as many number of set ideal topological spaces for a given
ring over these subrings.

Thus this is the first main advantage of defining set ideals of
aring R over a subring S of R.
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We will illustrate this after we define set ideal topological
space of the ring over the subring.

Let R be aring S be a subring of R.

T = {Collection of all set ideals of R over the subring S of R};
T is a topological space under U and M of operations on T. T is

called the set ideal topological space of the ring over the subring
S of R.

We see we have as many number of set ideal topological
spaces over the subring as the number of subrings of the ring R.

We will first illustrate this situation by an example or two.

Example 3.48: Let R = Z¢ be the ring. The subrings of R are S,
={0,3} and S,= {0, 2, 4}.

Let T; = {Collection of all ideals of R over S} = {{0}, Z,
I,=1{0,2},1,=1{0,4},1;=1{0,2,4},1,= {0, 1, 3}, {0, 3, 5} =
I5, 6=140,1,3,2},1,=1{0, 1, 3,4}, 3= {0, 1, 2, 4, 3}, I, = {0,
1,3,5},10=10,2,3,5},1;,=1{0,4,3,5},1,,={0,4, 3,2, 5},
113 = {0, 3}, 114 = {0, 3, 2, 1, 5}, 115 = {0, 3, 4, 1, 5}, 117 = {0, 3,
2}, Lig = {0, 3, 4}} we see T, is a set ideal topological space of
R over Sy and o (T)) = 19.

The lattice associated with T, is as follows:
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We see by defining set ideals of a ring over a subring we get
many elements in the set ideal topological space of the ring.

Now let T, = {Collection of all set ideals of R (relative)
over the subring S, = {0, 2, 4}} = {{0}, R, I, = {0, 3}, I, = {0,
3,2}, 13=1{0,3,4},1,=1{0,2,4,1},1s={0, 4, 2, 5}, Is = {0, 4,
2,531, 1,=40,4,2,1,5}, Ig=1{0, 1,4, 2,3}, [,p = {0, 4, 2},
Iy =1{0,4,2,3}}.

We see T, the set ideal topological space of the ring R over
the subring S, R and T, has 13 set ideals including 0 and R.

Now we give the lattice associated with the set ideal
topological space T.

R

{0}

But for the ideal topological space of the ring Zs, we have
the following associated lattice.

Zs
{0,3} {0,2,4}

{0}
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Example 3.49: Let R = Z, be the ring. The ideal topological
space of the ring R be T = {{0}, R, [, = {0, 2}}.

The lattice associated with T is as follows:

R
I, ={0,2}
10}

Let the set ideal of R over the subring S; = {0, 2} is as
follows: T; = {Collection of set ideals of Z, over S;} = {{0}, R,
Il = {09 2}5 {05 23 1} = IZ, {05 25 3} = I3}

T, is a set ideal topological space of R over the subring S;
of R. The lattice associative with T, is as follows:

R

{0}

Example 3.50: Let R = Zyo be the ring. Let S; = {0, 5} and

S, =10, 2, 4, 6, 8} be two subrings of R. The set ideals S; of R
be T].

T, = {Collection of all set ideals of R over S;} = {{0}, R,
{0, 5} =1L, I, = {0, 2}, {0, 4} =I5, I4 = {0, 6}, Is = {0, 8},
Iy = {0, 5, 3}, I, = {0, 5, 7}, Is = {0, 6, 9}, {0, 1, 5} = I,
110 = {0, 2, 4}, 111 = {0, 2, 6}, IlZ = {0, 2, 8}, 113 = {0, 4, 6},
I,=1{0,4,8},1;5=1{0,6,8},1,,=1{0,1,5,3},1,,=1{0,5,7, 1},
118 = {0, 5, 1, 9}, 120 = {0, 2, 4, 6}, 121 = {0, 2, 4, 8}, 122 = {0, 4,
6,8}, 13=10,2,4,6,8},1,4=1{0,2,4,6,8,5}, 5= {0, 2, 4,6,
8, 3,5}, 1,,=40,2,4,6,8,9,5}, I,g = {0, 2,4,6,8,5, 1},
Ly=1{0,2,4,6,8,5,3,7},150=1{0,2,4,6,8, 5, 3,9}, I35, = {0,



70 | Set Theoretic Approach to Algebraic Structures ...

2: 4) 6, 8, 57 7, 9}9 132 = {0
5a 17 7}9 I34 = {Oa 29 4’ 69 )
1}, 136: {05 25 4) s Oy Sa

,2,4,6,8,5,1,3},1353=1{0,2,4,6,
8,5 1,9}, 15s=1{0,2,4,6,8,5, 3,
6, 8 391}137 {0,2,4,6,8,5,9,
Ly =1{0,2,4,6,8,5 3,9, 7}, 5=10,4,6,8,5,3,9,7,
Iy =1{0,2,4,6,53,9,7, 1}, 1,4, =1{0,8,6,2,5,3,9,7, 1},
I4,=1{0,2,4,8,5,3,9,7, 1}} is the set ideal topological space
of the ring over the subring S; of R.

T, = {Collection of all set ideals of the ring R over S,} =
{{0},R, I, ={0,5},1,=1{0,5,2,4,6,8}, {0,5,1,2,4, 6, 8} =

L I = {0362481—{0316248}16 {0,7, 4, 8,
2,6}, 1,={1,7,0,4,2,6,8},Iy={0,3, 1,2,4, 6,8}, I,= {0, 9,
2486}110—{0912468}111={O352468}
I,=10,3,7,2,4,6, 8, 1= 1{0,3,9,2,4,6,8, I,,= {0, 5, 7,
2486}115—{0592468}Im={0792 , 6, 8},
I1=10,7.9,3,2, 4 6,8}, Ly = {0. 5,9, 2,4,6,8, 1}, Ly = {0,

5,7,2,4,6,8, 1} and so on}.

However T, is only a finite set ideal topological space of the
ring R over the subring S, of R.

We see the advantage of defining set ideal topological space
of a ring over a subring of the ring.

Problem 3.7: Let R =Z, be the ring of integers.
(i) Find all the subrings of Z,,.

(i1) Find all the set ideal topological spaces of the ring R
over the subrings of R.

(iii)) What is the minimum number of elements in the set
ideal topological spaces of R associated with the

subring?

(iv) Find the maximum number of elements in the set ideal
topological spaces of the ring R over the subring.

Now we can have set ideal topological spaces of Z.
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It is pertinent to keep on record that for Z we have one and
only ideal topological space of the ring for Z.

However we have infinite number of set ideal topological
spaces for the ring Z over the subrings of Z. For Z has infinitely
many subrings. This is one of the main advantages of using set
ideal topological concept of a ring over a subring.

Certainly this new concept will find applications in due
course of time.

Now we proceed onto find set ideal topological spaces of a
dual number ring Z, (g).

Example 3.51: Let R =Z74(g)={a+bg|a, be Zg g, =0} be
the dual number ring. The subrings of R are S; = {0, 4g}, S, =
{0, 4}, S; = {0, 2, 4, 6}, S, = {0, 2g, 4g, 6g}, S5 = {0, 2+2¢,
4+4¢g, 6+6g} and so on.

Relative to each of these five subrings we get five set ideals
topological spaces of the ring R over these subrings of R.

Infact R has more such subrings.

Let T; = {Collection of all set ideal of R over the subring S;
of R} = {{0}, {0, 2}, {0, 4}, {0, 6}, {0, 2g}, {0, 4¢g}, {0, og},
{0, 2, 4}, {0, 2, 6}, {0, 4, 6}, {0, 2, 2g}, {0, 2, 4g}, {0, 2, 6g},
{0, 4g, 4}, {0, 4g, 6§, {0, 4g, 6g}, {0, 4, 2g}, {0, 4, 6g}, {0, 6,
2g}, {0, 6, 4¢g}, {0, 6, 6g}, {0, 2, 4, 2g} and so on}

We get very large collection of set ideals over S; = {0, 4g}.
Thus the method of finding set ideals of a ring over the subring
of a ring leads to a very large but finite set ideal topological
spaces over the subrings. These set ideal topological spaces
would be known as the set ideal dual number topological spaces
of the ring over the subring.

We suggest a problem for the reader.
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Problem 3.8: LetR=27,(g)=f{a+bg|a,be Z, g =0} be
the ring of modulo dual numbers.

(1) Find the number of subrings of this dual number
ring.

(i1) Find the order of each of the set ideal topological
spaces of R associated with each subring of R.

Next we proceed onto give examples of special dual like
number rings.

Example 3.52: LetR=7Z¢(g)={a+bg |abeZ, g =g
be the special dual like number ring.

Let S, = {0, 3}, S, = {0, 3g}, S; = {0, 2, 4},
S4= {0, 2g, 4g}, Ss = {0, 2g+2, 4, 2, 4+4g, 2g, 4g, 4g+2, 2g+4},
S¢= {0, 3 +3¢g}, S;= {0, 3, 39, 3+3g} and so on.

Interested reader can find the associated set ideal
topological spaces of the ring over the subrings.

Infact we see we have several such set ideal topological
spaces.

Problem 3.9: LetZ, (g))= {a+bg, |a,be Z, g/ =g be the
special dual like number ring.

(1) Find the number of subrings of R.

(i1) Find the number of set ideal topological spaces over
these subrings.

(iii))  Find the order of each of these set ideal topological
spaces.

Next we proceed onto give an example of a special quasi
dual number rings.
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Example 3.53: LetR=7,(g)={a+bg|a,be Zy g =g}

be the special quasi dual number ring. The subrings of Z, are S,
= {O’ 2}’ SZ = {09 2g2}5 S3 = {05 2’ 2g2, 2+2g2}5 S4 = {2 + 2g2’
0}, {0, 1+g>, 2(1+g2), 3(1+g2)} = Ss and so on.

Associated with each of the subrings we have set ideal
topological spaces of R over these subrings.

Now based on this we propose the following problem.

Problem 3.10: LetR={Z,(g)=a+bg|a,be Z, g =g}
be the ring of special quasi dual numbers.

(1) Find all the subrings of R.

(i1) Find all the set ideal topological spaces of R over
the subrings.

(iii))  Find the cardinality of each of these topological
spaces.

Now we just discuss about set ideal topological spaces of
the ring Z(g) over subrings.

Let Z(g) = {a+ bg | a, b € Z, g* = 0} be the ring of dual
numbers.

We know the dual number of subrings of Z(g) is infinite.

Infact Z(g) has infinite number of set ideal topological
spaces over subrings of Z(g) .

Interested reader can compare the set ideal topological
spaces of Z with Z(g) over same subrings of Z and Z(g).

Next we see Q(g) is the dual number ring.

Q(g)={a+bgla,beQ, g’ =0}
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We can have several subrings of Q(g).

Infact all subrings of Z are also subriings of Q(g). So we
can have infinite number of set ideal topological spaces of Q(g)
over subrings of Q(g).

A natural question would be can fields have set ideals and
set ideal topological spaces associated with fields. The answer
is yes. Fields do not have ideals but they have set ideals defined
over subrings. This is true for only fields of characteristic zero
or over field Zp[ ,t>1.

We will first illustrate this situation by some examples.

Example 3.54: Let R = Q be the field of rationals. R contains
infinite number of subrings viz., nZ where n € N. Using these
subrings we can have infinite number of set ideals.

For instance take S; = 12Z < Q, S, is a subring of Q. T, =
{Collection of all set ideals of Q = R over the subring 127} =
{{0},Q,2Z,3Z,4Z,5Z,1, = {n (1/2) |n € Z} and so on} is the
set ideal topological space of the field over S;.

Thus by introducing the concept of set ideals of a ring we
can have set ideals of a field also.

Hence by using these fields we get infinite number of set
ideal topological spaces of the field over subrings.

Finally we give also set ideal topological spaces of dual
numbers R(g), C(g), R(gi), C(g1), R(g,) and C(gy). All these
have infinite number of set ideal topological spaces of R(g),
(C(g), or C(g1) or C(g) or R(gy) or R(g,)) over subrings of R(g)
(or C(g) or C(g;) or C(g,) or R(g1) or R(g>)).

It is also pertinent at this juncture to keep on record that
rings of complex modulo integers too contribute for set ideal
topological spaces over ring C(Z,) over subrings.
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We just illustrate this situation by some examples.

Example 3.55: Let R = C (Z4) be the ring of complex modulo
integers.

R=C(Z,)={a+Dbir|a, b e Zy ii =3}. The subrings of R
are {0,2} =S, S; = {0, 2ig} and S; = {0, 2, 2ip, 2+2if}.

Now we can have 3 set ideal topological spaces of R over
these 3 subrings.

Let T; = {Collection of all set ideals of R over S;} = {{0},

R, I, = {0, 2ig}, I, = {0, 2}, Iy = {0, 2+2ig}, I, = {0, 2, 2+2ig}, I5

= {0, 2i, 2+2ig}, I = {0, 2if, 2}, I; = {0, 2, 2if, 2+2ig}, Ig = {0,

1 2} 19— {0 3 2} IlO_ {0 1 2 3} Ill {O IF, 21]:} IIZ {0
if, 3, 2, 2ig}, I13 = {0, if, 3iF, 21F} and so on}.

Thus with the complex modulo integer ring C(Z,) we get set
ideal topological spaces of very high order.

Example 3.56: Let R = C(Zs) = {a + bir|a,b € Zg, iz=5} be
the complex modulo integer ring.

R has subrings of the form {0, 3} = S;, S, = {0, 2, 4},
S; =40, 1, 2, 3, 4, 5}, S¢ = {0, 3, 3ig, 3+3i} S; = {0, 2if, 2,
2+2i1:, 4+4iF, 4, 411: + 2, 4iF, 211: + 4} and so on.

Related with each of these subrings we get a set ideal
topological spaces of the complex modulo integer rings over the
subring.

Of course all of them will be of finite order.

We can conclude this chapter with the following problem.
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Problem 3.11: Let R = C(Z,) be a complex modulo integer
ring.
(1) Find the number of subrings of R.

(ii) Find the number of distinct set ideal topological
spaces of R over these subrings.

(iii))  Find the biggest set ideal topological space of R and
the smallest set ideal topological space of R.

As in case of usual topological spaces we can find set ideal
topological subspaces of a set ideal topological space. For more
refer [14].



Chapter Four

SETS IN VECTOR SPACES

In this chapter we show how sets in a vector space V defined
over a field F can be given some nice algebraic structures.
Further we also build set vector spaces using sets that is the
additive abelian group V is replaced by a set and the field over
which it is defined also is replaced by a set. Here we define and
describe them.

DEFINITION 4.1: Let V be a vector space defined over a field F.
Let S <V (S a proper subset of V) and P c F (P a proper subset
of the field F). If for all s € S and p € P we have ps and sp € S
then we define S to be a quasi set vector subspace of V over the
set Pin F.

So in general given any set in V we will be in a position to
find aset P in F (V is the vector space defined over the field F)
such that S is a quasi set vector subspace of V over the set P
inF.

This is the way set is used and given a nice algebraic
structure. We will illustrate this by some examples.
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Example 4.1: Let V = (Q x Q x Q) be a vector space over the
field Q. Let S = {(3Z" U {0}) x(5Z" U {0}) x (7Z" U {0})} <
V;P=27"U {0} < Q; we see S is a quasi set vector subspace
of V over P.

Consider S; = {(17Z" U {0}) x {0} x {0}} < V, S, is again
a quasi set vector subspace of V over P.

Now consider P; = 3Z" U 5Z" U {0}} < Q both S and S,
are quasi set vector subspaces of V over P;.

It is interesting to note for a given set S < V we may have
several subsets in V which are quasi set vector subspaces of V

over the set P — F.

Example 4.2: Let

e

be a vector space over the field Q.

a b
S =
s
be a quasi set vector subspace over the set P = {3Z" U 16Z" U

7Z" U {0}} = Q. We see we can have several quasi set vector
subspaces of V over the set P.

o= {2 ]

a,b,c,de Q}

Let

a,besZ ' U2ZtcV

For

ael3Z U 12Z" U {0}} cV,
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a +
b a,be6Z U {0}} cV,

s3={ 3 abel7Z° U {0} CV,

fa 0] N
S4={ a,be 192 L {0}}cV,

o
oo

are all quasi set vector subspaces of V over the set P < Q.

a,b,c,deZ}cV

and

a,b,c,deQ U {0} cV

Consider the set

a b
S =
e ¢
we see S is a quasi set vector subspace of V over the sets
P, ={Z" U {0}} cF, P, = {3Z" U 2Z" U {0}} c F,

Py=1{52"U17Z" U {0}} cF, P, = {72" L 2Z" U{0}} C F,
Ps={19Z2" U 23Z" U 29Z"}} c F and so on.

a,beQ U {0}} cV;

Also if M = {0, 1, 5, 7, 8, 11} c F, still S is a quasi set
vector subspace of V over M.

We see all subsets of Q'U{0} will serve as a subset in
F = Q to make S a quasi set vector subspace of V over M.
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The advantage is for a given set P in the field F we can get
several quasi set vector subspaces over the set P.

Example 4.3: Let

a, a a
AV4 1 2 10
. { }
a, @, .. ay

be a vector space over the field of reals R = F.

a; € R; 1 <120}

Consider

Mo B B e A
0 0 .. O
to be a quasi set vector subspace of V over the set
P=Q U {0} cR=F.

a,eR"U{0};1<i<10} cV

Infact all subsets of R™ U {0} finite or infinite will be sets
over which M is a quasi set vector subspace of V over those
sets.

Now on the other hand if we fix P=Z" U {0} < R =F then
all matrices with entries from R such that it should always be of
infinite order and minimum the elements in V or entries of the
matrices in V are from the ideals of Z" U {0}. So no finite set
in V can be a quasi set vector subspace of V over P=27" U {0}
cR=F.

Example 4.4: Let V = {Z,y x Z59} be a vector space over the
field Z,y = F. Take S = {Zyy x {0}} <V, S is a quasi set vector
subspace of V over every subset of Z,9. Suppose

S, = {0, 0), (1, 1), (28, 28), (0, 1), (1, 0), (28, 0), (0, 28)}
c V then S, is a quasi set vector subspace of V over the sets
P= {0, 1, 28} c Zzg, P1 = {0, 1} c Zzg, P2 = {0, 28} [ Zzg and
P3 = {1, 28} < Zy.
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Let S, = {(0, 0), (0, 2), (0, 27), (2, 0), (27, 0), (2, 2), (27,
27), (5, 0), (24, 0), (5, 5), (24, 24)} < V be a quasi set vector
subspace of V defined over the set P, = {0, 1, 28} < Z,,.

Thus we have finitely many quasi set vector subspaces of V
defined over the subsets of Z,9 =F.

It is an interesting open problem to find the number of quasi
set vector subspaces of V when V = {Z, x Z,} where p is a
prime, V defined over the field Z,,.

Example 4.5: Let V = {Z; x Z;} be a vector space over the
field Z;. Let S= {Z; x {0} } be a quasi set vector subspace of V
over the set P= {0, 1,2} < Z,.

Infact S is a quasi set vector subspace of V over every
subset of Z.

Let P, = {0, 1, 2} < Z;. Consider S; = {(0, 0), (1, 0), (2, 0),
(4,0)} <V, S, is a quasi set vector subspace of V over P,.

S, ={(0, 0), (1, 1), (2, 2), (4, 4)} < V is a quasi set vector
subspace of V over P;.

S; = {(0, 0), (0, 1), (0, 2), (0, 4)} < V is also a quasi set
vector subspace of V over the set P;.

Consider S, = {(0, 0), (3, 0), (6, 0), (5,0)} <V, S, is also a
quasi set vector subspace of V over the set P;. S, = {(0, 0),
(3, 3), (6, 6), (5,5)} < Vis also a quasi set vector subspace of V
over the set P;. S, = {(0, 0), (1, 3), (2, 6), (4, 5)} < V is a quasi
set vector subspace of V over the set P;.

Example 4.6: Let V = {Z,, x Z1, x Z1,} be a vector space over
the field F = {0, 4, 8} = Z;. Consider the subset P = {0, 4} c F
then S = {{(0, 0, 0), (0, 1, 0), (0, 4, 0)}, {(0, 0, 0), (1, 1, 1), (4,
4,4}, {(0,0,0), (2, 2,2), (8,8, 8)}, {(0,0,0), (3, 3, 3)} {(0,0,
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0), (1, 4, 6), (4, 4, 0)} } generates a quasi set vector subspace of
V defined over the set P.

Now if we have a quasi set vector subspace over the set
P=1{0,4} cF.

We see the base set be generated under addition further the
base set is heavily dependent on the set over which it is defined.
As in case of topological space of set ideals of a semigroup
(ring) defined over a subsemigroup (subring), we can define in
case of quasi set vector spaces the notion of quasi set
topological vector subspace over a set.

Study in this direction is very interesting.

Example 4.7: Let V =Zy x Z, be the vector space over the field
F=1{0,3,6} =Z;. P={0,6} cFbeasetinV. The quasi set
vector subspace of V is generated by S = ({{(0, 0), (1, 0), (6,
0)}, {(0,0), (2, 0), 3, 0)}, {(0, 0), (2, 3), (3, 0)} }).

Thus S is a quasi set topological vector subspace of V over
the set {0, 6} = P. Infact S is pseudo simple but is not simple
for (T) = ({(0, 0), (2, 0), (3, 0)}, {(0,0), (2,3),(3,0)})cSisa
quasi set subtopological vector subspace of S over the set P =
{0, 6}.

Example 4.8: Let

a a a

AV 1 2 3
|: :|

a, a5 ag

be a vector space over the field F = {0, 1, 2, 3, 4} = Zs.

aieZZS;ISiS6}

Take

a, a, a,;||0 0 O
B= ,
0 0 O]|a a, a,

a,€”Zy;1<1L6} CV;
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B is a quasi set vector subspace of V over the set
P={0,1,3} cF.

Now if T = {Collection of all quasi set vector subspaces of
VoverthesetP={0,1,3}};

T is a quasi set topological vector subspace of V over P and

BT:{{ Ho ool o ofls o 0]

0 0O
9 0 0

0 00
300

0 00
0 00

0 00
1 00

00 000 0 0[]0 0 0][0 0 O
2.0 0]l6 0 0] 00_’_400’1200’
[0 0 00 0[[0O 0 0][0 0 O][0 0 O]
_110 18 0 0][24 0 0|22 0 0][16 0 O]
[0 0 0 0 0[fo 0 0][0 O O][0 O O]
_230 119 0 0|7 0 021 0 O[13 0 O]
0 0 0|[0 00
14 0 017 0 0f]
0 0 0][o 0 o][0 0 O[[0 O O][0 0 O
00 0[5 0 0|15 0 0]]20 0 0|10 0 0]|
0 0 0[fo 0 0[]0 0 O][[0 0 O][0 O O
0 1 0][0 2 o]0 3 0[0 4 0|0 6 0]
0 0 0[[o 0 0][0 0 O][[0 O O][0 O O
0 7 0]lo 8 0]J0 9 0[]0 11 0]|0 12 0/
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(0 0 0][0 0 OMO 0 o0][o 0

oj[fo 0 o0
10 13 0[]0 14 00 17 0] ’ ’

0 24 0[]0 22 0

[0 0o o][o o o][o o o][o o o][0o 0 o0
10 16 00 23 0|0 18 0][0 21 0[O0 19 0©

0 0 0{|]0 O O0||O O OO O O|O O O
0 0 0/l0 5 010 15 0[]0 20 0/|0 10 ©

and so on}. We see o(Br) = 12.

The associated lattice is a Boolean algebra of order 2'2.

Example 4.9: Let

a, b, C, de Z42}

o o o ®

be a vector space defined over the field
F={0,6,12, 18,24, 30,36} = Z,.

Consider P = {6, 0, 12} < F. Let T = {Collection of all
quasi set vector subspaces of V over the set P = {0, 6, 12} < F},
be the quasi set topological vector subspace of V defined over

the set P= {0, 6, 12} c F.

The basic set of T is

BT:
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0][2][127[247[18][30
oj|oj|of|Of[O]]|O
ol'loflofllo]ol]ol|l’
oj|ojloJlo][o][o0]
0][4][24][6][36][12
o/{o||o|]|o]|O]|]|O
o'lollolollo[lo] b
ol|o||o]]lo]|O]|]|oO

Example 4.10: Let V = {Z; x Z3} be a vector space over the
field Z;. Let P = {0, 1} < Z;. T = {Collection of all quasi set
vector subspaces of V over the set P} be the quasi set
topological vector subspace of V defined over the set P  Z;.

The basic set of T,

Br = {{(0, 0), (I, 0)}, {(0, 0), (2, 0)}, {(0, 0), (0, 2)},
{(0, 0), (0, 1), {(0, 0), (1, D)}, {(0, 0), (2, 2)}, {(0, 0), (1, 2)§,
{(0,0), (2, D}}.

o(Bt) = 8. The basic set for any quasi vector subspace over
{0, 1} is of order one.

Example 4.11: Let V = {Z,y x Z1y x Z19} be a vector space
defined over the field F = {0, 2, 4, 6, 8} < Z1o. Let P={0, 2, 8}
c F be a subset in F. Consider T = {Collection of all quasi set
vector subspaces of V over the set P = {0, 2, 8} c F}. Tisa
quasi set topological vector subspace of V over P.

The basic set of T is Bt = {{(0, 0, 0), (1, 0, 0), (2, 0,
0, 0), (0, 2, 0), (0, 6, 0), (0, 8, 0), (0,4, 0)}, {(0,0,0), (0,0,
(0,0, 4), (0,0, 6), (0,0, 8}, {(0,0,0), (3, 0,0), (6,0, 0), (4, 0,
0), (2,0, 0), (8,0,0)}, ..., {(0,0,0),(7,8,9), 4, 6, 8), (8, 2, 6),
(6,4,2),(2,8,4)}}.

0),

b

b

6
2)
0
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Any proper subset of T will generate a quasi set
subtopological vector subspace of T defined over the set P = {0,
2,8}. LetP,=1{0,8} cP.

Now T, = {Collection of all quasi set vector subspaces of V
over the set P} is the quasi set topological vector subspace of V
defined over the set P;.

Now the basic set of T is BTl = {{(0, 0, 0), (1, 0, 0), (8, O,

0), (4, 0, 0), (2, 0, 0), (6, 0, 0)}, {(0, 0, 0), (3, 0, 0), (4, 0, 0),
(2, 0, 0), (6, 0, 0), (8, 0, 0)}, {(0, 0, 0), (5, 0, 0)}, {(0, 0, 0),
(0, 5, 0)3, 1(0, 0, 0), (0, 0, 5)}, 1(0, 0, 0), (5, 5, 5)}, (0, 0, 0),
(0, 1, 0), (0, 8, 0), (0, 4, 0), (0, 2, 0), (0, 6, 0)}, ..., {(0, 0, 0),
(1, 4, 3), (8, 2, 4), (4, 6, 2), (2, 8, 6), (6, 4, 8)}, {(0, 0, 0),
(5.3, 9), (0, 4, 2), (0, 2, 6), (0, 6, 8), (0, 8 4)}, {(0, 0, 0),
(9,0,0),(2,0,0),(6,0,0),(8,0,0), (4,0,0)}}.

We see T < T however we cannot compare the basic set
elements of T; and T.

Thus T is both not simple as well as pseudo simple.

We see by defining quasi set vector subspaces (of a vector
space) defined over the set P, we can make the collection of
such spaces into a topological space and this topological space
depends on P. Thus for a given vector space we can get several
topological spaces which depends only on the subsets of the
field F.

Example 4.12: Let

{2

be a vector space over the field F = {0, 2, 4} < Zs.

a,b,c,de Zg}
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Let

a,b,de3Z,andc,e, f € 27,}

a bl|c O
B= ,
0 d||e f
be a set vector space over P = {0, 2} < F. Now consider
T = {Collection of all quasi set vector subspaces of V over the

set P}, T is the quasi set topological vector subspace of V over
the set P.

The basic set associated with T be
B_oo'10‘20'40' 0 0][3 0
"o oflo oo ollo o][ |0 oflo of
[0 o][0 0][0 0][0 O]
0 o1 o]|2 o]|4 o]|’
0 0][0 0 [0 o][5 o][4 o][2 0
0 03 o]/ [0 o]0 ofo o]0 o) "
0 0][2 3][4 o][2 o
, , , and so on}.
0 0|4 5[|2 4[4 2

Clearly T is pseudo simple as P has no proper subsets of
cardinality 2.

Example 4.13: Let V = {Zs x Zs} be a vector space defined
over the field Zs. Let P = {0, 1, 4} be a subset of S.

T = {Collection of all quasi set vector subspaces of V over
the set P}, be the quasi set topological vector subspace of V
over the set P. The basic set of T is Bt = {{(0, 0), (1, 0), (4, 0)},
{(0, 0), (0, 1), (0, 4)}, {(0, 0), (1, 1), (4, B}, {(0, 0), (2, 0), (3,
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0)3, {(0, 0), (0, 2), (0, 3)5, {(0, 0), (2, 2), 3, 3)}, {(0, 0), (1, 2),
(4,3)}, 10, 0), (2, 1), 3, 4)}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), 3,
D, (2,4}, {(0,0), (2, 3), (3,2)}, {(0,0), (1,4), (4, 1)} }.

Clearly o(Br) = 12 = (o(V)-1)/2.

We see T is not simple as it has quasi set subtopological
vector subspaces say M = ({{(0, 0), (1, 0), (4, 0)}, {(0, 0), (1,
1), (4, 4)}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), (1, 4), (4, 1)}}). M s

a quasi set subtopological vector subspace of T of order 2°.

Consider P, = {0,4} < Zs. Let N = {{(0, 0), (1, 0), (4, 0)},
{(0, 0), (2, 0), (3, 0)}, {(0, 0), (0, 1), (0, 4}, {(0, 0), (0, 2),
0, 3)}, {(0, 0), (1, 1) (4, 4}, {(0, 0), (2, 3), (3, 2)}, {(0, 0),
(2, 2), 3, 3)}, {(0, 0), (1, 4), (4, D}, {(0, 0), (1, 2), (4, 3)},
{(0, 0), (2, 1), 3, 4}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), 3, 1),
(2, 4} o(By) = 12 and By = Br; however the subsets are
different but the quasi set topological vector subspaces are
identical.

Consider P, = {0, 1} < P. Thus S = {Collection of all quasi
set vector subspaces of V over the set P,} be the quasi subset
subtopological vector subspace of T over the set P, = {0, 1}.
The basic set associated with T is Bs = {{(0, 0), (1, 0)}, {(0, 0),
(2, 0)}, {(0, 0), 3, 0)}, {(0, 0), (4, 0)}, {(0, 0), (0, D)}, {(0, 0),
(0, 2)}, {(0, 0), (0, 3)}, {(0, 0), (0, )}, {(0, 0), (1, D)}, {(0, 0),
(2,2)}, {(0,0), (3, 3)}, {0, 0), (4, 4)}, {(0, 0), (1, 2)}, {(0, 0),
(1, 3)}, {(0, 0), (1, 9}, {(0, 0), (2, 3)}, {(0, 0), (2, 4} {(0, 0),
(3, D}, {(0, 0), (3, 2)}, {(0, 0), (3, D}, {(0, 0), (4, 1)}, {(0, 0),
(2, D)}, {(0,0), (4, 3)}, {0, 0), (4,2)}}. o(Bs) =2*=o(V)-1.

We see S T but o(Bs) > o(Br).

Example 4.14: Let V = {Z,y x Zo} be the vector space defined
over the field F = {0, 5} = Z,.

We see V is such that we cannot have a quasi set vector
subspace associated with V. For F is itself of order two.
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Example 4.15: Let V = {Zy x Zy x Zy x Zx} be a vector
space defined over the field F = {0, 11} < Z,,. We see V has no
quasi set vector subspace of V associated with it, we have a
class of such vector spaces.

THEOREM 4.1: Let V be a vector space whose entries are from
2, defined over the field F = {0, p} (p a prime). V has no quasi
set vector subspace associated with it.

That is V has no quasi set topological vector subspace
associated with it.

Proof: Follows from the very fact F = {0, p} has no proper
subsets of order two as F itself is of order two.

Example 4.16: Let V = {Z,, x Z,} be a vector space defined
over the field F= {0, 1,7} < Z, (F= Z;3). LetP=1{0,1} cF.

T = {Collection of all quasi set vector subspaces defined
over P} be the quasi set topological vector subspace of V over
the set P.

The basic set of T is given by Br = {{(0, 0), (0, 1)}, {(0, 0),
(0,2)}, ..., {(0,0), (20, 20)} } and
o(Br) = o(V)-1 = 21> — 1 = 440.

Suppose we take S = {Collection of all quasi set vector
subspaces of V over the set P, = {0, 7}}; the quasi set
topological vector subspace of V over P;.

The basic set of S; Bs = {{((0, 0), (0, 1), (0, 7)}, {(0, 0),
(0, 2), (0, 14)3, {(0, 0), (0, 3)}, {(0, 0), (3, 0}, {(0, 0), (0, 4),
(0, 7}, (0, 0), (0, 5), (0, 14);, {(0, 0), (0, 6);, {(0, 0), (0, 8),
(0, 14}, {(0, 0), (0, 9);, {(0, 0), (0, 10), (0, 7);, {(0, 0), (0, 11),
(0, 14)5, {(0, 0), (0, 12)}, {(0, 0), (0, 13), (0, 7}, {(0, 0),
(0, 15)}, {(0, 0), (0, 16), (0, 7)j, {(0, 0), (0, 17), (0, 14)},
{(0, 0), (0, 18)}, {(0, 0), (0, 19), (0, 7);, {(0, 0), (0, 20), (0, 14)}
.- 1(0,0), (1, 2), (7, 14)}, {(0, 0), (1, 3), (7, 0)}, {(0, 0), (1, 4),
(7,7}, {(0,0), (1, 5), (7, 14)} ...}.
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Clearly o(Bs) # o(Br). T and S different quasi set
topological vector subspaces of V over the set P = {0, 1} and
P, = {0, 7} respectively.

Let P, = {7, 14} < F; M = {Collection of all quasi set vector
subspace of V over the set P, = {7, 14} < F} be the quasi set
topological vector subspace of V over the set P,.

The basic set of M be By = {{(0, 0)}, {(0, 1), (0, 7),
0, 14)}, {(0, 2), (0, 14), (0, N}, {(0, 3)}, {3, 0)}, {3, 3)},
{(0, 4), (0, 7), (0, 14)}, {(0, 5), (0, 14), (0, 7)}, {(0, 6)}, {(6,
0)}, {(6, 6)}. {(0, 8), (0, 14), (0, 1)}, {(0, 9}, {(9, 0)}, {(9, 9},
{(0, 10), (0, 7), (0, 14)}, {(0, 11), (0, 14), (0, 7}, {(0, 12)},
{(12, 0)}, {(12, 12)}, {(0, 13), (0, 7), (0, 14)}, {(0, 15)}, {(15,
0)}, {(15, 15)}, {(0, 16), (0, 7), (0, 14)}, {(0, 17), (0, 14), (0,
7}, (0, 18)}, {(0, 19), (0, 7), (0, 14)}, {(0, 20), (0, 14), (0, 7)},
..., {(20, 20), (14, 14), (7, 7)}.

M is also a different quasi set topological vector subspace
different from T and S.

We see all the three quasi set topological vector subspace
are pseudo simple and they are not simple. All the three quasi
set topological vector subspaces M, S and T have several quasi
set subtopological vector subspace.

Example 4.17: Let V = Z39 x Z39 be a vector space over the
field F = {0, 13, 26} =@ Z;. Let P, = {0, 13} c Fand T, =
{Collection of all quasi set vector subspaces of V defined over
the set P;} be the quasi set topological vector subspace of V
over the set P. The basic set of T| denoted by

B, = {1(0, 0), (1, 0), (13, 0);, {{(0, 0), (1, 1), (13, 13)},

{(0, 0), (0, 1), (0, 13)}, {(0, 0), (2, 0), (26, 0)}, {(0, 0), (3, 0)},
{(0, 0), (4, 0), (13, 0)}, {(0, 0), (5, 0), (26, 0)} {(0, 0), (6, 0)},
(0, 0), (7, 0), (13, 0)}, {(0, 0), (8, 0), (26, 0)}, {(0, 0), (9, 0)},
{(0, 0), (10, 0), (13, 0)}, {(0, 0), (11, 0), (26, 0)}, {(0, 0), (15,
0)}, (0, 0), (16, 0), (13, 0)}, {(0, 0), (17, 0), (26, 0)}, {(0, 0),
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(18, 0)}, 1(0, 0), (19, 0), (13, 0}, {(0, 0), (20, 0), (26, 0)}, {(0,
0), (21, 0)}, {(0, 0), (22, 0), (13, 0)}, {(0, 0), (23, 0), (26, 0)},
{(0, 0), (24, 0)}, {(0, 0), (25, 0), (13, 0)}, {(0, 0), (27, 0)}, {(0,
0), (28, 0), (13, 0)}, {(0, 0), (29, 0), (26, 0)}, {(0, 0), (30, 0);,
{(0, 0), (31, 0), (13, 0)}, {(0, 0), (32, 0), (26, 0)}, {(0, 0), (33,
0)}, {0, 0), (34, 0), (13, 0)}, {(0, 0), (35, 0), (26, 0);, {(0, 0),
(36, 0)}, {(0,0), (37,0), (13, 0)}, {(0, 0), (38, 0), (26, 0)} ...}.

Let P, = {0, 26} < F and T, = {Collection of all quasi set
vector subspaces of V over the set P,}, be the quasi set
topological vector subspace of V over the set P,. Let the basic
set of T, denoted by

B, = (0, 0), (1, 0), (26, 0), (13, 0)}, {(0, 0), (2, 0), (13,

0), (26, 0)}, (0, 0), (3, 0)}, {(0, 0), (4, 0), (26, 0), (13, 0);, {(0,
0), (5, 0), (13, 0), (26, 0);, {(0, 0), (6, )}, {(0, 0), (7, 0), (26,
0), (13, 0)}, {(0, 0), (8, 0), (13, 0), (26, 0)}, {(0, 0), (9, 0);, 1(0,
0), (10, 0), (26, 0), (13, 0)}, {(0, 0), (11, 0), (13, 0), (26, 0)},
1(0, 0), (12, 0)}, 1(0, 0), (14, 0), (13, 0), (26, 0)}, {(0, 0), (15,
0)}, {(0, 0), (16, 0), (26, 0), (13, 0)}, {(0, 0), (17, 0), (26, 0),
(13, 0)}, {(0, 0), (18, 0)}, 1(0, 0), (19, 0), (13, 0), (26, 0)}, {(0,
0), (20, 0), (13, 0), (26, 0)}, {(0, 0), (21, 0)}, {(0, 0), (22, 0),
(13, 0), (26, 0)}, {(0, 0), (23, 0), (13, 0), (26, 0)}, {(0, 0), (24,
0)}, 1(0, 0), (25, 0), (13, 0), (26, 0);, {(0, 0), 27, 0)}, (0, 0),
(28, 0), (13, 0), (26, 0)}, {(0, 0), (29, 0), (13, 0), (26, 0)}, {(0,
0), (30, 0)}, {(0, 0), (31, 0), (26, 0), (13, 0)}, {(0, 0), (32, 0),
(26, 0), (13, 0)}, {(33, 0), (0, 0), (26, 0), (13, 0)}, {(34, 0), (0,
0), (26, 0), (13, 0)}, {(36, 0), (0, 0)}, {(0, 0), (35, 0), (13, 0),
(26, 0)}, {(0, 0), (37, 0), (26, 0), (13, 0)}, {(0, 0), (38, 0), (13,
0), (26, 0)}, ...}

Let P; = {13, 26} < F; T; = {Collection of all quasi set
vector subspaces of V over the set P; = {13, 26}}, be the quasi
set topological vector subspace of V over Ps.

Let B, be the basic set, B, = {(0, 0)}, {(1, 0), (13, 0), (26,

0)}, (2, 0), (26, 0), (13, 0)}, {(3, 0)}, {(4, 0), (13, 0), (26, 0)},
{(5,0), (26, 0), (13, 0)}, {(6, 0)}, {(7, 0), (26, 0), (13, 0)}, {(8,
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0), (26, 0), (13, 0);, 1(9, 0); (10, 0), {(26, 0), (13, 0);, {(11,
0), (26, 0), (13, 0)}, {(12, 0)}, {(14, 0), (26, 0), (13, 0)}, {(15,
0)}, {(16, 0), (26, 0), (13, 0)}, {(17, 0), (26, 0), (13, 0)}, {(18,
0)}, {(19, 0), (26, 0), (13, 0)}, {(20, 0), (26, 0), (13, 0)}, {(21,
0)}, {(22, 0), (26, 0), (13, 0)}, {(23, 0), (13, 0), (26, 0)}, {(24,
0), (25, 0), (13, 0), (26, 0)}, {(27, 0)}, {(28, 0), (26, 0), (13, 0)},
{(29, 0, (13, 0), (26, 0)}, {(30, 0)}, {(31, 0), (13, 0), (26, 0)},
{(32, 0), (13, 0), (26, 0)}, {(33, 0)}, {(34, 0), (13, 0), (26, 0)},
{(35, 0), (13, 0), (26, 0)}, {(36, 0)}, {(37, 0), (13, 0), (26, 0)},
{(38,0), (13, 0), (26, 0)} and so on}.

We see of the three topologies Ty, T, and T, Ty and T, are
identical as B, =B, . WeseeT; is different from T, and T,.

Further we see all the three quasi set topological vector
subspaces are not simple and we see they have several quasi set
subtopological vector subspaces. However all the three quasi
set topological vector subspaces are pseudo simple for the
simple reason the sets P; are of cardinality two so we cannot
find proper subsets of cardinality two on P;,i=1, 2, 3.

THEOREM 4.2: Let V be a vector space with entries from Zs, (p
a prime) defined over the field F = {0, p, 2p} < Z3,. V has three
quasi set topological vector subspaces all of them pseudo
simple but not simple.

Proof is direct and exploits only simple number theoretic
techniques.

We leave the following problems as open conjectures.
Problem 4.1: Let V be a vector space with entries frame Z,,
where p and q are two distinct primes be defined over F = Z,, or

F=Z,

(i) Find the number of quasi set topological vector
subspaces defined over the field F = Z, (and F = Z,).

(i1)) When are these pseudo simple?
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(iii)) How many distinct such quasi set topological vector
subspaces exists?

Problem 4.2: Study the problems mentioned in problem 4.2 of
Z,, =Py, P2, ..., pr Where each p;’s are prime; 1 <i<t.

Example 4.18: Let V = Z3y x Z3 x Z3y be a vector space
defined over the field F = {0, 10, 20} = Z3o. Let P, = {0, 10}
F and T, = {Collection of all quasi set vector subspaces of V
over P,}be the quasi set topological vector subspace of V over
the set P;.

The basic set of T}; B, = {{(0, 0, 0), (10, 0, 0), (1, 0, 0)},

{(0, 0, 0), (2, 0, 0), (20, 0, 0)}, {(0, 0, 0), (3, 0, 0)}, {(0, 0, 0),
(4, 0, 0), (10, 0, 0)}, {(0, 0, 0), (5, 0, 0), (20, 0, 0)}, {(0, 0, 0),
(6, 0, 0)}, {(0, 0, 0), (7, 0, 0), (10, 0, 0)}, ..., {(0, 0, 0), (6, 9,
28), (0, 0, 10)}, ...}

In the same way we can find quasi set topological vector
subspaces over {0, 20} = P, and P; = {10, 20}.

Further we can take V to be a vector space defined over the
field F, = {0, 6, 12, 18, 24} = Zs; we see this V defined on F has
different set of quasi set topological vector subspaces. Further
the number of quasi set topological vector subspaces defined is
5C2+5C3+5C4: 10+ 10+ 5=25.

Of these only 10 quasi set topological vector subspaces are
pseudo simple rest of the 15 spaces are not pseudo simple.

Further all the 25 spaces are not simple, several quasi set
subtopological vector subspaces can be defined.

For take P, = {0, 6, 12} < F;. T, = {Collection of all quasi
set vector subspaces of V defined over P;} be the quasi set
topological vector subspaces of V over P;.
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The basic set of T is B, = {{(0, 0, 0), (1, 0, 0), (6, 0, 0),

(12, 0, 0), (24, 0, 0), (18, 0, 0)}, {(0, 0, 0), (0, 1, 0), (0, 12, 0),
(0, 24, 0), (0, 18, 0)}, ..., {(0, 0, 0), (2, 0, 0), (12, 0, 0), (24, 0,
0), (6, 0, 0), (18, 0, 0)}, {(0, 0, 0), (3, 0, 0), (18, 0, 0), (6, 0, 0),
(12, 0, 0), (24, 0, 0)}, {(0, 0, 0), (4, 0, 0), (24, 0, 0), (18, 0, 0)},
{(0, 0, 0), (5, 0, 0)}, {(0, 0, 0), (7, 0, 0), (12, 0, 0), (24, 0, 0),
(18,0,0),(6,0,0)}, ...}.

The basic set of T, is of finite order any element or a pair of
elements or a triple element will generate a quasi set
subtopological vector subspace of V.

Let P, = {0, 18} — F be a subset of F;. T, be the collection
of all quasi set vector subspaces of V over the set P,. Then T, is
a quasi set topological vector subspace of V over the set P,.

The basic set of T, be BT2 = {{(0, 0, 0), (1, 0, 0), (18, 0, 0),

(24, 0, 0), (12, 0, 0), (6, 0, 0)}, {(0, 0, 0), (2, 0, 0), (6, 0, 0), (18,
0,0), (24,0, 0), (12,0, 0)} and so on}.

Let P; = {0, 24} < F; if T; be the collection of all quasi set
vector subspaces of V defined over the set P;; then T; is the
quasi set topological vector subspaces of V over T;. We see T;
is pseudo simple but Tj is not simple for T; has several quasi set
subtopological vector subspaces defined over the set Ps.

Now thus using vector spaces we can build not subvector
spaces or vector subspaces but build quasi set vector subspaces
which are set vector subspaces of a vector space defined over
the field. Thus here only the set theory concept alone is
exploited we do not use the complete vector space notion alone.

Thus by using sets we have made these concepts simple and
we see some naturally defined algebraic structure can be
developed on them.
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Now we may have for the given vector space defined over a
field F the collection of all vector subspaces of V over F is a
topological space.

We will compare this by an example.

Example 4.19: Let V =75 x Z; be a vector space defined over
the field F = Z;. The vector subspaces of V over Z; are

W, = {Z; x {0}} < V is a vector subspace of V over F.
W, = {{0} x Z3} < V is again a vector subspace of V over F.
We see the topological space associated with the vector
subspaces is {(0, 0), Wy, W, and V = W; U W,}. Thus the
lattice associated with V is

V= Wlu W2

W] W2

(0,0)

Now we find the quasi set topological subspaces associated
with V.

Let us take P, = {0, 1} < Zs.
T, = {Collection of all quasi set vector subspaces of V over P}

be the quasi set topological vector subspace. The basic set of
T17

B; = {{(0, 0), (1, 0), {(0, 0), (0, D)}, {(0, 0), (2, 0)},

{(0,0), (0, 2)}, {(0, 0), (2, )}, {(0, 0), (1, 2)}, {(0, 0), (1, 1)},
{(0, 0), (2, 2)}}. The lattice associated with T, is a Boolean
algebra of order 2° with elements of B, as atoms.

Let us take P, = {0, 2} < Zs.
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T, = {Collection of all quasi set vector subspaces of V over P,}
be the quasi set topological vector subspace of V over P,. The
basic set of T, be B, = {{(0, 0), (1, 0), (2, 0)}, {(0, 0), (0, 1),

(0,2)}, {(0,0), (1, 1), (2, 2)}, {(0, 0), (1, 2), (2, 1)} }.

o( B, )= 4 and the associated lattice is a Boolean algebra of

order 2*.

Take P; = {1, 2} < Z; be the subset of Z;. T; be the
collection of all quasi set vector subspaces of V over P;. T;is a
quasi set topological vector subspace of V over the set P;. The
basic set of Ts denoted by B, = {{(0, 0)}, {(1, 0), (2, 0)}, {(0,

D, (0,2)}, {(1, 1), (2, 2)}, {(1, 2), 2, D}}.

The lattice associated with the quasi set topological vector
subspace T3 of V is of order 2°. We have three quasi set
topological vector subspaces associated with V.

Thus is the marked difference between the usual vector
subspace topological spaces and the quasi set topological vector
subspaces of V.

Example 4.20: Let V = {Zs x Zs} be a vector space over the
field Zs = F. The set of all vector subspaces of V over the field
Zsis T = {Zs x {0}, {0} x Zs}. Thus the lattice associated with
the topological vector subspace. T is a Boolean algebra of order

four.
Vv

{O} X Z5 Z5 x {0}

(0,0)

We see for the vector space V = Zs x Zs, we have 25 quasi
set topological vector subspaces of V defined over different
subsets of the field Zs.
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This is one of the fundamental advantages of studying and
defining the new notion of quasi set topological vector
subspaces of a vector space.

THEOREM 4.3: Let V be any vector space defined the field Z,
(p a prime). V has only one topological vector subspace
associated with V and ,C, + ,C; + ... + ,C,; quasi set
topological vector subspaces associated with V.

This is an advantage over the usual topological vector
subspaces. This using set theoretic methods in usual algebraic
structures happens to be an added advantage to the existing
structures.

Also we can have many quasi set subtopological vector
subspaces for this V.

Thus such study initiated by the authors pave way for
several substructures and the very “set structures”.

Also while using infinite dimensional vector spaces and
vector spaces of infinite cardinality; we see the following.

Example 4.21: Let V = Q x Q be a vector space over the field
Q. The vector subspaces of V are Q x {0} and {0} x Q. Thus
the topological vector subspace of V over Q is of cardinality
four and it is a Boolean algebra of order four.

However if we take any set of finite order say {0, 1} or
{0, -1}, {0, a} or {0, a, —a} or so on we get infinite number of
quasi set topological vector subspaces and the order of their
corresponding lattices represented by them in most cases is of
infinite order.

This is again an advantage of using quasi set topologies of
vector spaces. We can get several quasi set topologies in this
case infinite number where as in case of the topologies
constructed using only vector subspaces of a vector space we
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get only one topological space. Thus this study has lots of
applications as well of flexibility in using these notions.

Example 4.22: Let V = {Z,4} be a vector space defined over
the field F = {0, 2, 4, 6, 8, 10, 12}. {0} and V are the only
vector subspaces. So the topological vector subspaces gives a
discrete topology with two elements.

On the other hand if we take the quasi set topological vector
subspaces we have ;C, + ;C; + ;C4 + ,Cs + 7,C = 119 quasi set
topological vector subspaces over subsets of F apart from the
discrete topology.

We just give one or two examples of them.

Take P, = {0, 2} c Fand T, = ({{0, 1, 2, 4, 8} = vy, {0, 3,
6,12, 10} =v,, {0, 5,10, 6, 12} =3, {0, 7} = v4, {0, 9, 4, 8, 2}
=vs, {0, 11, 8, 2, 4} = ve, v; = {0, 13, 12, 10, 6}}) (T is
generated by these basic elements or B, ). Order of T} is 27,

It is also important to mention these 119 topologies include
only all quasi set topological vector subspaces and quasi subset
subtopological vector subspaces and not the quasi set
subtopological vector subspaces.

For it is clear the space T; alone has quasi set
subtopological vector subspaces given by S; = {(0), (0,1, 2, 4,
8)} = T1, S2={(0), (0, 3, 6, 12, 10} S5 = {(0), v}, ..., S7 = {0,

vz}, Sg = {(0), vi, V2, Vi U Va}, ..., So9 = {07, Vg, V7, V6 U V7§,
S30 = {0, vi, V2, V3, Vi U V2, V] U V3, V, U V3, V| U V, U v3} and
SO on.

All these quasi set subtopological vector subspaces are not
included in the collection of 119 + 1 spaces. These are only the
quasi set subtopological vector subspaces associated with Tj.

Thus with each quasi set topological vector subspace we
can built several quasi set subtopological vector subspaces.
Here we leave the problem as an open problem.
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Problem 4.3: Let V = {Z,} be a vector space defined over the
field F={0, 1, 2, ..., p—1} where n = 2p, p a prime.

(1) How many quasi set topological vector subspaces
can be built using V = {Z,} where n =2p over F?

(i1) Find the total number of quasi set subtopological
vector subspaces of the quasi set topological vector
subspaces mentioned in (i).

(iii))  Ifn=p; p2 ... ps where each p; is a distinct prime;
V = {Z,} a vector space over the field F; = {0, 1, 2,
Pl (1 L1 LY.

(1) How many quasi set topological vector subspaces of V
over F; exist; 1 <1<t?

(2) If V be a vector space of dimension n over a field Z,
(p a fixed prime);

(1)  Find the number of quasi set topological vector
subspaces over Z,,.

(ii)) Find the total number of quasi set
subtopological vector subspaces constructed
using V.

(ii1)) Characterize those pseudo simple quasi set
topological vector subspaces.

(iv) Does there exists super simple quasi set
topological vector subspaces?
(3) Let V be a vector space of dimension n over the field of
rationals Q.

Study the questions (i) to (iv); if Q is replaced by R that is
V is a n dimensional vector space over R study questions (i) to

@iv).
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Are those quasi set topological vector subspaces mentioned
in (3) and (2) second countable?

Now we have established that defining quasi set topological
vector subspaces beyond doubt yields several quasi set
topological vector subspaces and can be utilized appropriately
for any given vector space V defined over the field F.

Further we can have quasi set topological vector subspaces
using complex numbers and finite complex modulo integers.

We will only illustrate these situations by some examples.

Example 4.23: Let V = C(Zs) x C(Zs) be a complex modulo
integer vector space over the field F = Zs.

Let P = {0, 1} < Zs be a proper subset of F. We see if
T = {Collection of all quasi set vector subspaces of V over F}
then T is a quasi set topological vector subspace of V over Zs.
The basic set associated with T is Bt = {{(0, 0), (1, 0)}, {(0, 0),

(0, D}, {(0, 0), (ir, 0)} ... {(0, 0), (4, 4ip)}.
o(Br) =0o(V) - 1.

We see this complex modulo integer quasi set topological
vector subspace contains the quasi set subtopological vector
subspace which contains only the real part of C(Zs) that is the
quasi set topological vector subspace constructed using Zs.

We will also see this is impossible if P = {0, 1} is replaced
by Py = {0, ir}. Suppose
T, = {collection of all quasi set vector subspaces of V over P}
that is T; is a complex modulo integer quasi set topological
vector subspace of V over the set P;.

The basic set of T; is
B, = {{(0, 0), (1, 0), (ir, 0), (4, 0), (4ir, 0)}, {(0, 0), (0, 1),

(O, iF): (O’ 4), (O> 41F)}5 {(03 O)> (1a 1): (iFa iF)a (45 4)’ (4iF, 41F)}a
{(0, 0), (0, 2), (0, 2iF), (0, 3), (0, 3ir)} and so on}.
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Clearly T, cannot have a quasi set subtopological vector
subspace which is real.

That is if the set P has complex modulo integer then the
associated quasi set topological vector subspaces cannot have
quasi set subtopological vector subspaces which is real.

Example 4.24:. Let V = {C(Z;)} be a vector space over Z;. Let
P=1{0,1, 6} < Z;. T be the collection of all quasi set vector
subspaces of V over P.

T is complex modulo integer quasi set topological vector
subspace of V over P. T has both real and complex modulo
integer quasi set subtopological vector subspaces defined
over P.

Further T is not pseudo simple for T has three real quasi

subset subtopological vector subspaces defined over P; < P,
i=1,2,3; where P, = {0, 1}, P, = {0, 2} and P; = {1, 6}.

The basic set of Ty given by B, = {{0, 1, 6} =v,, {0, 2, 5}

=wv,, {0, 3, 4} = v3} where T, is a quasi set topological vector
subspace of V over P, = {0, 6}.

The lattice associated with T; is

ViU VU V3
ViUV, VoUVs
Vi Vs
(0)

T, is a Boolean algebra of order 8.
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LetP,={0,1} cP,
T, = {Collection of all quasi set vector subspaces of V over P,};
be the quasi set topological vector subspace of V over P,. The
basic set B, associated with

T, = {{0, 1}, {0, 2}, {0, 3}, {0, 4}, {0, 5}, {0, 6}}. The
Boolean algebra generated by B, is of order 26,

Let T; be the collection of all quasi set vector subspaces of
V over P; = {1, 6}. T; is a quasi set topological vector subspace
of V over the set Ps.

The basic set B, = {{0},{1,6},{2,5},{3,4}} and o(B; ) =4

and T; is a quasi set real topological vector subspace of order 2*.

The lattice Boolean algebra associated with T; is of order
2. Now we study the complex modulo integer quasi set
topological vector subspaces of V.

Take P, = {0, 1}; the collection all complex modulo integer
quasi set vector subspaces of V defined over P, be denoted by
T,.

T, is a complex modulo integer quasi set topological vector
subspace of V defined over the set P, = {0, 1} < Z;, =F. The
basic set of Ty be B, = {{0, 1}, {0, 2}, ..., {0, 6}, {0, i}, ...,

(0, 6ir}, {0, 1+ig}, ..., {0, 6+ig}, ..., {0, 6+6ir}.

Clearly o(B; ) =o(V) - L.

T, is pseudo simple but not simple. T; has several quasi set
subtopological vector subspaces.

Take P, = {0, 6} < F; let T, be the collection of all quasi set
complex modulo integer vector subspaces of V defined over the
set P,. T, is a complex modulo integer quasi set topological
vector subspace of V defined over the set P,.



Sets in Vector Spaces | 103

The basic set of T, is given by B; = {{0, 1, 6}, {0, 2, 5},

{0, 3, 4}, {0, i, 65}, {0, 2ir, Sig}, {0, 3ir, 4ig}, {0, 1+ie, 6+6ir},
(0, 142ip, 6+5ig}, ..., {0, 4+3ip, 3+4ip}}.

T, is pseudo simple but is not simple for T, has several real
and complex modulo integer quasi set subtopological vector
subspaces of V defined over the set P,.

P; = {1, 6} c F =7, LetT;= {Collection of all quasi set
vector subspaces of V defined over P;} be the complex modulo
integer quasi set vector subspace of V defined over the set Ps.
The basic set B, of Ts is {{0}, {1, 6}, {2, 5}, {3, 4}, ..., {3+

3if, 4+4ig}, ..., {5+6if, irt2}}. We see T; is also pseudo simple
but has several complex modulo integer (real) quasi set
topological vector subspaces of V defined over the set Ps.

Take P, = {0, 1, 2, i, 4ir} < F = Z;. Let T4, = {Collection
of all quasi set vector subspace of V over the set P4}, be the
complex modulo integer set vector subspace of V over P,. Let
BT4 be the basic set of Tj. BTA = {{0, 1, 2, ig, 4, 4ig, 3, 3ig, 6,

2if, Sif, 6ig, 5}, {0, 1+ig, 2+2if, 4+4ig, igt+6, 2ipt+5, 4ip+3, 5+5iF,
3+3ig, 6+6ig, 5ipt2, 4+3ig, 6ipt1}, {0, 14+2if, 2+4i, ipt5, 4ipt+6,
6it3, 6451k, 3+2ig, 3iptS, 4451k, 3iptl, ipt4, 2+6ir} {0, 2+ig,
2ipt6, 4+2i, ipt3, 3ipt6, 6iptd, 4igt5, S5ipt3, 3ipt2, 1+4ig,
6ipt+5, 1+5ik}}.

= (V1, V2, V3, v4) and o( By, ) = 4 we see o(Ts) = 2*. Thus the

lattice associated with T, is a Boolean algebra of order 16.

Example 4.25: Let V = C(Z,,) be a vector space defined over
the field Z,,. Let P = {0, 10, 5, 2} < Z;;. Let T = {Collection
of all quasi set vector subspaces of V defined over the set P} be
the quasi set topological vector subspace of V defined over the
set P.

The basic set of T is Br = {{0, 1, 10,9, 2, 5, 4, 8, 7, 3, 6},
{0, i, 2, 3ip, 4ip, Sip, 6if, 7ig, 8if, 9if, 10ig}, {0, 1+ig, 2+2i,
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343ip, ..., 949y, 10+10i}, {0, 142ir, 2+4i, 4+8ir, 8+5ip,
5+10ig, 10+9ir, 9+7ir, 7+3ir, 3+6ir, 6+ir} {0, 2+ir, 4+2ir, S-+4ir,
5+8i, 10+5ig, 9+10i, 7+9ir, 3+7ir, 6+3ir, 146}, {0, 1+3ip,
2+6ir, 4+ip, 8+2ir, S+4ir, 10+8ir, 9+5ir, 7+10if, 3+9if, 6+7if}
(0, 3+r 6+2ip, 1+4ir, 2+8ir, 4+5ir, 8+10ir, 5+9ir, 10+7ir,
9+3ip, 7+6ir}, {0, 1+5ir, 2+10if, 4+9i, 8+7ir, 5+3ir, 10+6ir,
Otip, 7+2if, 3+4ir, 6+8ir}, {0, S+ir, 104+2ir, 9+4ir, 7+8ir, 3+5ir,
6+10ig, 149ip, 2+7ir, 4+3ip, 8+6ig), {0, 1+7i, 2+3if, 4+6ig,
8+ip, 5+2ir, 10+4ir, 9+8ir, 7+5ir, 3+10ir, 6+9ir}, {0, 7+ir,
342ig, 6+4ip, 1+8ir, 2+5ir, 4+10ir, 8+9ir, 5+7ir, 10+3ir, 9+6ir},
{0, 1+10ip, 2+9i, 4+7ir, 8+3ir, 5+6ir, 10+ir, 9+2ir, 7-+4ir,
3+8i, 6+5ir} ).

Clearly o(By) =12 =(11>-1) / 10.

The lattice associated with T is a Boolean algebra of order
2!, Take P, = {0, 3, 6} = Zy;. Let T, = {Collection of all quasi
set vector subspaces of V over the set P;} be the quasi set
topological vector subspace of V over the set P. Let B, be the

basic set of T, associated with P;.

BT1 = {{0: 17 3: 9: 67 27 77 57 4, 105 8}5 {0: iFa 2iF7 3iF7 4iF, SiF>

6ir, 7ir, 8ir, 9ir, 10ig}, ..., {0, 1+10ir, 3+8ir, 9+2ir, 5+6ir, 4+7ir,
249, 6+5ir, 7+4ir, 10+ir} ).

Thus we see for the two different sets P = {0, 2, 5, 10} and
P, = {0, 3, 6} the quasi set topological vector subspaces T and
T, are identical or one and the same.

Let us take P, = {0, 4, 7} < Z,;. The collection of quasi set
vector subspaces of V over the set P; be denoted by T,. T, is a
quasi set topological vector subspace of V over the set P;. Let
BTz denote the basic set of T,. BT2 ={{0,1,4,5,9,3,7,6, 2,
8, 10}, {0, ig, 2ig, 3if, ..., 10ig}, ..., {I1+10iF, 0, 10+ip, 2+49i,
O+2ig, 7+4ig, Tigt4, 6+5ip, 5+6ig, 3+8ir, 8+3ip}}. We see
o(B; )=12.
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We see the quasi set topological vector subspace T, of V
over Pp; T, is also the identical quasi set topological vector
subspaces of V viz. T; and T. Thus for sets P = {0, 2, 5, 10},
P, ={0, 3, 6} and P, = {0, 4, 7} the quasi set topological vector
subspaces are identical with T that is T, T, and T, are the same.

Suppose we take P; = {0, 1, 10} < Z;;.

Let T3 = {Collection of all quasi set vector subspace of V
over the set P;} be the quasi set topological vector subspace of
V over the set P;. The basic set of T be B, = {{0, 1, 10}, {0,

2,9}, {0, 3, 8}, {0,4, 7}, {0, 5, 6}}, {{0, i, 101}, {0, 2if, 9if},
{03 3iF9 8iF}9 {03 4iF3 7iF}9 {03 SiFa 6iF}9 {09 1+iF9 10+101F}’ {0’
242ip, 9+9ir}, ..., {0, 1049y, 1+2ip}}.

We see o(B, ) = 60 = (11> — 1) / 2. However T; is a

different quasi set topological vector subspace from T, T, and
T,.

Let P,={0, 2,9} < Z,;, T4 = {Collection of quasi set vector
subspaces of V over the set P,} be the quasi set topological
vector subspace of V over P,.

Let BT4 denote the basic set of Ty, BT4 =1{{0,1,2,9,4,8,7,

3,6,5,10}, {0, ir, ..., 10ig}, ..., {0, 1+10if, 2+9i, 4+7if, 8+3ir,
5+6ir, 10+if, 9+2ir, 7-+4ir, 5+6ir, 3+8ix} ).

We see T, Ty, T, and T, are identical quasi set topological
vector subspaces. However T; is the different from T, T;, T, and
Ty

Example 4.26: Let V = C(Z;) x C(Z7) be a vector space defined
over the complex modulo integer field C(Z;). Let P, = {0, 1, i}
c C(Z7) and Ty = {Collection of all quasi set vector subspaces
of V over the set P;} be the quasi set topological vector
subspace of V over P;.
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Let B, be the basic set associated with T;. B, = {{(0, 0),

(1, 1), (ir, ir), (6, 6), (6iF, 6ir)}, {(0, 0), (2, 2), (2ir, 2iF), (5, 5),
(SiFa SIF)}’ {(03 0)9 (3’ 3)5 (3iF9 3iF)a (47 4)5 (4iFa 41F)}9 {(0’ 0)5 (O,
1), (0, i), (0, 6), (0, 6iF)}, ..., {(0, 0), (2+3iF, 6+5if), (2iFt+4,
6ipt2), (4ipt5, 2ipt1), (5ipt3, ig+5)} }.

We see o( B, ) =600 = (7' — 1) / 4. Let P, = {0, 1, 6, i,

6ir} < C(Z;). T, = {Collection of all quasi set vector subspaces
of V over the set P,} be the quasi set topological vector
subspace of V over the set P.

Suppose B, be the basic set of T, then B, = {{(0, 0), (1,
0)7 (6a 0)9 (iFa 0)7 (6iF’ O)}: {(07 0), (19 1)9 (69 6)9 (iFa iF)a (6iF9
6ip)}, ..., {(0, 0), (2+3if, 6+5if), (2if + 4, 6igt+2), (4ipt5, 2ipt+1),
(5ist3, irt5)}}. o( B, )=600=7"~1/4.

We see T, and T, are identical. Let P; = {0, 1} < C(Z;) be
a set and T5 = {Collection of all quasi set vector subspaces of V
over P;} be the quasi set topological vector subspaces of V over
the set P;.

B = {{(0, 0), (1, 0)}, {(0, 0), (ir, 0)}, ..... {(0, 0), (5+6iF,
0)} is the basic set associated with Ts.

o(B;, ) =2401 — 1 = o(V) - 1 = 2400.

T; is different from T, and T,. Let P4 = {0, i, 2+3if} <
C(Z;). T4 = {Collection of all quasi set vector subspaces of V
over the set P,} be the quasi set topological vector subspace of
V defined over the set P4. The basic set of T, be BT4 ;

BT4 = {{(Oa O)a (17 1): (37 3)7 (27 2)7 (4a 4)3 (2iF, 2iF), (iF, iF)a

(4iF, 4ir), (3, 3ir), (6iF, 6iF), (5, 5), (5iF, Sip), (6, 6)}, {(0, 0), (1,
0)’ (27 0)9 (iFa 0)9 (3iFa O)a (6’ 0)9 (2i1:, O)a (4a 0)7 (6iFa O)a (37 0)’ (5,
0), (Sir, 0), (4ir, 0)}, ..., £(0, 0), (3 + Sir, 6 + 4if), (6 + 3ir, 5 +
ir), i + 2, 6ip + 3), (6ip + 4, Siz + 6), Q2ir + 6, 4ir + 2), (4ir +
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5,1 +4), (ip + 3, 2ig + 1), (4 + 2ip, 1 + 3ig), (1 + 4if, 2 + 6if),
(5ig+ 1, 3ip +5), (2 + i, 4 + Sip), (2ip+ 3, 2ip+ 1)}.

Clearly o(B; ) = 200 = (2401 — 1)/12.  Clearly Ty is
different from T, T, and Tj;.

Next we proceed on to describe how set vector spaces are
defined and the use of them in the construction of New Set

Topological vector subspaces. For more refer [14, 17].

DEFINITION 4.2: Let V be a set and S another set we say V' is a
set vector space defined over the set S'if for allv € Vands € S
vs and sv € V.

We give one to two examples of them.

Example 4.27: Let

a b
V={Z7><Z7,{ d} a,b,c,d e Z;}
c

be a set vector space over the set S= {0, 1, 2,4} < Z.

Example 4.28: Let

a,[|b b, .. b,
V= > s Ly xZinx 2y | a;, bj € Zy;
b, b, .. by,

1<i<4,1<j<14)

be a set vector space over the set S={0, 1,6, 7, 11} < Z)5.
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Example 4.29: Let

al a2 al a2 a'3
V=1{2745%x2374s, | : : |,|a, a, a,
a, a,|la, a, a

a; €Z46,1Sig9}
be a set vector space over the set S = {1, 0, 23, 41} < Zy.

Example 4.30: Let

al
a a3, & 4
2 .
V={ZxZ,| " ||a, a, a; .. a,||laecZ;1<1<30}
a21 a22 a23 a30
a

be a set vector space defined over the set S=3Z" U 5Z U 17Z".

Example 4.31: Let

a, a, .. a, .
V={RxRxRxR, 3, e R;1<i<14}

aS a‘9 a'l4

be a set vector space over the set S=3Z"U 7Z U 19Z".

We can have several such set vector spaces for more about
these concepts please refer [set lin. Alg.].

Now we just indicate how this notion has been used in the
construction of New Set Topological vector subspaces (NS-
topological vector subspaces). For information about these refer
[14].

However we give some examples so that the reader can
realize how this can increase the types of set topologies; further
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the sets of this topological space need has always enjoy the
common form or structure. We see even the set vector spaces
all the elements do not enjoy the same proper type of properties.

We see if V is a set vector space whose elements of row
matrices, column matrices and matrices of order say (m x n) all
these three types of matrices together will form a set vector
space but however no interrelation may exists between all pairs.
This is the marked difference between the usual vector spaces
and the set vector spaces.

Similar difference exists between the topological spaces
built on sets and NS-topological vector subspaces.

These claims would be easily understood from the
following examples.

Example 4.32: Let

418 & )
V =1{Z x Zy, , a € ”Zy; 1<i<4}
a a, a,

be a set vector space defined over the set S = {0, 2, 1, 3} < Z,.
Let P, = {0, 3} < Zj. T; = {Collection of all set vector
subspaces of V defined over the set P;} be the NS-topological
vector subspace of V defined over P;.

The basic set of T; is

B;, = {{(0, 0), (1, 0), (3, 0), (9, 0), (7, 0)}, {(0, 0), (0, 1), (0, 3),

(0,9), (0,7}, {(0, 0), (2, 0), (6, 0), (8, 0), (4, 0)}, {(0, 0), (0, 2),
(0, 6), (0, 8), (0, 4)}, {(0, 0), (5, 0), {(0, 0), (0, 5)}, {(0, 0),
(5, 5)}, 10, 0), (1, 1), (3, 3), (9, 9), (7, N}, {(0, 0), (2, 2), (6, 6),
(8,8),(4,4)}, {(0,0), (1, 2), (3, 6), (9, 8), (7, 4)}, {(0, 0), (2, 1),
(8,9), (4, D}, ..., {(0,0), (8, 1), (4,3),(2,9), (6, D},
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ol[1][3][9][7 o][1][3][9][7
oj|o|[o[|0]]|O o||2|]|6]|8]]4
o’fol’lollol|’|o 0'ls’|s|5]|s
oj(ollo]|o]]|0O o|7[]11]]3]]|9

96 36 6 o)
(6 36 D6 26 36 3)

Thus is a basic set and all these elements in B, forms the

generating set of T;. They are such that in some cases
intersection is empty in some cases intersection is

00
or .
00

Suppose B, = { B} ,B} ,B; } where

B} = {{(0, 0), (1, 0), (3, 0, (9, 0), (7, 0)}, {(0, 0), (0, 1), (0, 3),

(0,9), (0,73}, {(0, 0), (1, 1), 3, 3), (9, 9), (7, N}, {(0, 0), (2, 0),
(6,0), (8,0), (4, 0)}, {(0, 0), (0, 2), (0, 6), (0, 8), (0, 4)}, {(0, 0),
(2,2),(6,6), (8, 8),(4,4)5, {(0, 0), (1, 2), 3, 6), (9, 8), (7, 4)},
{(0, 0), (2, 1), (6, 3), (8, 9), (4, N}, {(0, 0), (2, 1), (3,9), 0, D),
(7, D}, {(0, 0), (3, 1), (9, 3), (7, 9), (1, N}, {(0, 0), (1, 4), (3, 2),
(9, 6), (7, 8)}, {(0, 0), (4, 1), (2, 3), (6, 9), (8, 7}, {(0, 0), (1, 5),
(3,5), 9,5, (7,5)}, {0, 0), (5, 1), (5, 3), (5,9), (5, N}, {(0, 0),
(1, 6), (3, 8), (9, 4), (7, 2)}, {(0, 0), (6, 1), (8, 3), (4, 9), (2, 7)},
{(0,0), (1, 8), (3, 4), (9, 2), (7, 6)}, {(0, 0), (8, 1), (4, 3), (2, 9),
(6, 7)}, {(0, 0), (1, 9), 3, 7), (9, 1), (7, 3)}, (0, 0), (0, 5)5, {(0,
0), (5, 0)}, {(0, 0), (5, 5)}, ...}.

(0, 0) or

S O O O
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Clearly o BlTl )=27

We see the lattice associated with T; is a Boolean algebra of
order 2%

The least element is {(0, 0)} and the largest element is Z;o x
ZlO'

Let B% denote basic set associated with the set

a,b,c,d € Z}

o o o ®

set vector subspaces over the set P, = {0, 3}.

O[[1|[3][9]]|7 81(0[|4]|2]]|6
B2 — 0[10|{0]|0]]0O 9110|({7(|1]|3
E oftolloflofloll” " |{s]lof|5]|5]]5
0]10][0]|0]]O 7110 [1][3]]|9
0
2 : 0
We see B is also a Boolean algebra with 0 as the
0

least element and a, b, c, d € Zj} as the greatest

o o o e

element.
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Now consider the set vector space

.

Let B% be the basic set associated with this NS-topological

a; € Zyp, 1 £1<4} over the set P, = {0, 3}.

vector subspace. The elements from the set vector subspace are
a b
c d
3 0 O0)Y(1 O0)(3 0)(9 0)(7 O
B:
"o oSlo 0)lo o)lo 0)(o 0)]”
0 0)(O 1)(0 3)(0 9)(0 7
0 0)lo 0)00 o)lo 0)lo o)~
0 0)(8 7)(4 1)(2 3)(6 9
0 014 3)(2 9)l6 7)18 1

We see for this basic set of the NS-topological vector

a,b,c,d e Z} over the set P, = {0, 3}.

00
subspace; {[0 0]} 1s the least element and

w {0

is the largest element.

a,b,c,d e Zio}
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Thus the lattice associated with B% is a Boolean algebra.
However if we take the lattice L associated with
B, = {BlTl ,Bi ,B3TI} we see the lattice L is not a Boolean

algebra.
A"

{0}

We see for this lattice we cannot define the atoms as atoms
which cover the least element {¢} cannot generate the lattice.

0 0 ,
, are considered as
0 0
0

second layer atoms they generate the lattice. In view of this we
define the following.

Only if {(0, 0)},

[ -

DEFINITION 4.3: Let L be a lattice. If L has {@} to be the first
layer and if the second layer which covers {@} cannot generate
the lattice say some ay, ..., a, and if the next layer which cover
a, ..., a, can generate the lattice L then we call the second
layer as second layer atoms and the lattice is defined as the
special second layered lattice.

We will illustrate this by some examples.
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Example 4.33: Let L be the lattice given by the following
Hasse diagram.

{0} is the least element and V is the largest element.

\%
a; a a3 a4
as
{0}

Example 4.34: Let L be the following lattice given by the
Hasse diagram.
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Example 4.35: Let L be the lattice given by the figure.

We can get NS topological spaces corresponding to this
type of lattices.

We leave it as an open problem.

Problem 4.4: Can we find for every lattice L which is
generated by second layer of atoms a corresponding NS-
topological vector subspace T whose lattice is identical with L?

Now we proceed onto give more examples of such lattices
which are associated with NS-topological vector subspaces.

Example 4.36: Let

a
V={ZyxZs;, |b||ab,ce’Zs}

C

be a set vector space defined over the set S = {0, 1, 2}. Let
T = {Collection of all subset vector subspaces of V over the set
{0, 2} < S} be the NS-topological vector subspace of V over
the set S. The basic set of T is

Br={vi={(0,0), (1,0),(2,0)}, v2={(0, 0), (0, 1), (0, 2)},
V3= {(O, 0)5 (15 l)a (2a 2)}: {(Oa 0)7 (17 2): (2’3 1)a} = Vg,
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S O O
—_

o
o

oS O
— O

Vg =

Vi =

Vi3 =

—

Vis =

—

=

viz7=14101,

o(By) = 17.

= Vs,

=V7, Vg = 0,1:2 3

S O
—_ O
N O

= Vs,

» Vo= 0
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If L is a lattice associated with T then we have the following
diagram for L

0
{0} 0

Example 4.37: Let V = {Zs, Zs x Zs} be set vector space
defined over the set {0, 2, 3, 4} < Zs.

LetP={0,2,3} < Zsand

T = {Collection of all subset vector subspaces of V over P} be
the NS topological vector subspace of V over P.

Let Bt denote the basic set associated with T.
Br={{0, 1, 2, 4, 3} = vy, {(0,0), (1,0), (2, 0), (3,0), (4, 0)}

= vy, {(0,0), (0, 1), (0, 2), (0, 3), (0, 4)} = vs.,...,
v1=1(0,0), (1, 4),(2,3), (4, 1), 3, 2)} }.
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The lattice L of T is as follows:

Now we proceed onto define two more types of set
topological vector spaces using the group topological vector
space and the semigroup topological vector space.

Let us recall the definition of semigroup vector space.

DEFINITION 4.4: Let V be a set S an additive semigroup with 0.
Ifforalls € Sandv € Vwe have svand vs € V; 0.v = 0 for all
veVand0 €S.

(s; +s2) v =sv+svwe call V a semigroup vector space
over the semigroup S.

For more please refer [19]. We define New Set semigroup
vector subspace of V over a set P < S (S the semigroup over
which V is defined) or just set semigroup vector subspace of V
over a set P in S.

DEFINITION 4.5: Let V be a semigroup vector space defined
over the semigroup S. Let W < V (W a proper subset of V) and
P < S (P only a subset of S). If W is a set vector space over P
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then we define W to be a set semigroup vector subspace of V
over the set P.

If T = {Collection of all set semigroup vector subspaces of
V over the set P < S} then we define T to be a set semigroup
topological vector subspace of V over the set P < S.

We will illustrate this situation by some simple examples.

Example 4.38: Let

a,

V=A{ZuxZn, |a, || a€Zp 1 <i<3}

a3

be a semigroup vector space defined over the semigroup
S = {0, 4, 8} under +.

Let M = {all set semigroup vector subspaces of V defined
over the set P = {0, 8} < S} be the set semigroup topological

vector subspace of V over the set P.

The basic set of M be

By = {(0, 0), (1, 0), (8, 0), (4, 0)}, {(0, 0), (0, 1), (0, B),
(0,4}, ..., {(0,0), (5, 7), (4, 8), (8, D},

011118 0110{10]1]0
O b 0 b 0 b 0 b 0 b 0 b O b 0 b b
0110(]0]|0 0 4118
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Example 4.39: Let

a,€”Z,1<i<8}

V= {(al, dyp, 8.3), |:

a, a, a, aﬂ a,
b

a; a, a, a,

be a semigroup vector space over the semigroup S =Z" U {0}.
LetP=5Z"U9Z" U {0} S be a subset.

T = {Collection of all set semigroup vector subspaces of V
over the set P < S}; be the set semigroup topological vector

subspace of V over P. The basic set of T is of infinite order.

Example 4.40: Let

a € Zg 1 <1<6}
be a semigroup vector space defined over the semigroup (Zg, +).
Let P, = {0, 1, 4, 3, 5} < Zs. T, = {Collection of all set
semigroup vector subspaces of V defined over the set P} be the

set semigroup topological vector subspace of V over the set P;.
We see if B, is the basic set of T over P, then,

B 0 0 0Y(1 0 0Y(3 0 O
=\, = 9 5 5
K "1lo o 0)lo 0 0)lo 0 0
4 0 0Y(5 0 0Y(2 0 O
0 0 0)lo o 0)lo 0 0/’
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_Jfo 0 0)y(0o 0 0)(0 0 O
Y2710 0 oSlo o 1/lo 0 2/
0 0 0(0O 0 0Y(0O O O
0 0 4o o 3)lo 0 5)|"°7"
0 0 0Y(2 4 3Y(0 0 3\(4 2 3
00 0)l5 1 0)\3 3 0)l1 5 0)
0 0Y(2 0Y(3 0)Y(5 0\(4 0
0 0)lo 0)lo o)lo o)lo o/
0 0Y(1 2\(4 2\(6 0)(5 4\(2 4
0 0)\3 4)lo 4)\3 o)(3 2)lo 2)°7"
{(000000),(100000),(400000),(300000),(5000

00),(200000),....,{(243051),(000000),(240024),
(003033),(420042),(423025)},

and so on}

is a basic set of T over P;. We see the lattice associated with T,
has only second layer of atoms.

The elements which are elements of the lattices are
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0

g J[0 0 000 0(000000)}
T] 0003003;5 9 MYy Yy Vs Vs .

0

Thus we have the following to be the lattice L of Tj.

A%

Example 4.41: Let

al aZ
V= s L3 x 73, 73}
a, a,

be a semigroup vector space defined over the semigroup S = Z.

Let T; = {Collection of all set semigroup vector subspaces
of V over the set P, = {0, 2}} be the set semigroup topological
vector subspaces of V over the set P, = {0, 2}.
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The basic set of T be

s {fle oo oo G 6 oo o)
U N e
3 8 S
o oSG ot {6 o6 DG 2

{(0, 0), (1, 0), (2, 0)}, {(0, 0), (0, 1), (0, 2)}, {(0, 0), (1, 1), (2,
2);, (0, 0), (1, 2), (2, D}, {0, 1, 2} .

N O

S N

The lattice associated with T is as follows:

A%

O 10 : . T,
{(0.0)}.(0.1.2)} {(o 0)’{1’2’0}} {(0,0),(8 8)}
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This is also a very different situation than the lattice of
usual quasi set topological vector subspaces or New set
topological vector subspaces defined over the set.

Example 4.42: Let

a,

a4
V = {259 az 5 (ala aZ),
a, a

4
a;

a,e”Zs,1<i<4}

be a semigroup vector space defined over the semigroup S = Zs.

Let P, = {0, 1, 2} < Zs and T; = {Collection of set
semigroup vector subspaces of V over the set P;} be the set
semigroup topological vector subspace of V over P;.

Let B, be the basic set of Ty,

B; =110, 1,2, 4,3}, {(0, 0), (1, 0), (2, 0), (4, 0), (3, 0)},

{(0, 0), (0, 1), (0, 2), (0, 3), (0, H}, {(0, 0), (1, 1), (2, 2), 3, 3),
(4,4)}, {(0,0), (1, 2), (2, 4), (4, 3), 3, D}, {(0,0), (1, 3), (2, 1),
(4,2), (3,4}, 1(0,0), (1, 4), (2, 3), 4, 1), 3, 2)},

Of[1]]2]]4]]|3
3L,

[e)
NN S

(2906 96 e 96 -
(6636 3636 )

The lattice L associated with T is as follows:

-
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{(0,0)}

{0,1,2,3, 00
00
{0}
Example 4.43: Let
a
a
V={Z,ZxZ, L}, ZxZxZ,|b||ab,ceZ}
c

be a semigroup vector space defined over the semigroup
S=Z"U {0}. LetP= {0, 1} = S be a subset of S.

T = {Collection of all set semigroup vector subspaces of V over
the set P = {0, 1}} be the set semigroup topological vector
subspace of V over P. Let Bt be the basic set of T.

Br= {{0, 1}, {0, 2}, {0,-1}, {0,-2}, ..., {0, n}, {0, —n},
-+ {(0,0), (1, 0)}, {(-1, 0), (0, 0)}, {(0, 0), (0, 1)}, {(0, 1),
(0,0)}, ... {(1, 1), (0, 0)}, {(1, 1), (0, 0)},

{(711 1)3 (05 O)}a {(715 71)5 (05 O)}a (R {(1’1, Il), (09 0)}, (RS}
{(1’1, Il’l), (Ov 0)}5 {(09 0)7 (—1’1, _m)}’ {(1’1, —Il’l), (Ov 0)}5

commmon- [ 5E)-BE)
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{SM} {mrﬂ} > {(0,0,0), (1,0,0)},

{(0,0,0), (0, 1, 0)}, {(0, 0, 0), (0, 0, 1)}, {(0, 0, 0), (1, 1, D)},
..., {00, 0, 0), (m, m, m)}, {(0,0,0), (m, n, t)}, ...,

0|1 Of|n 0 |m
OLIOfF,3101(,0O01p,..., 3|01, n[p,...}.
0|0 011]0 0Ot

We see o(Br) = .

The lattice associated with T is as follows:

v

{0}

Example 4.44: Let
a, a a, a a
V:{ZUXZUXZU,[ 1 ’ 3], 2o ) ’
a, a; ag)|a; ag||a,

ae”Z;1<i1L8}
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be the semigroup set vector space defined over the semigroup
le. LetP = {0, 1, 2} gZ“.

Let T = {Collection of all set semigroup vector subspace of
V over the set P}; be the set semigroup topological vector
subspace of V over P. Let Bt be the basic set of T over P.

Br={{0,1,2,4,8,5,10,9,7, 3, 6}, {(0,0), (1, 0), ..., (10,

0)}, ..., {(0,0), (1, 4), (2, 8), (4, 5), (8, 10), (5, 9), (10, 7), (9,
3), (7, 6), 3, 1), (6, 2)5,

(0006 o 0 oL ¢ D)
I
TN
G0

0 ol[1 0][2 o 10 0

0 0[|0 O[O0 O 0 0

0 olo o['lo oo off "

0 0/|0 0/[0 O 0 0
0 0][4 5][8 10][5 9][10 7
0 0|3 2||6 4|1 8||2 5
0 0l7 613 116 2|1 4]
0 0/|9 10]|7 9|3 7/|6 3
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9 31[7 9 8
4 1008 9|5 7|7 1
2 814 5/'|8 10/ 3
1 6|2 1||4 2]||10 5

The lattice associated with T is not a Boolean algebra it is as
follows:

{0,1,2,...,10}

We see in case of set semigroup topological vector subspaces
the lattice may or may not be a Boolean algebra.

However we have set semigroup subtopological vector
subspaces of a set semigroup topological space’s sublattice can

be Boolean algebra.

To this end we give some examples.
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Example 4.45: Let

V:{26X26926,26X26X26X269

a b|(a a, a; a,
b
c djla; a, a, a,

be a set semigroup vector space over the semigroup S = Zs.

a,b,c,d,a€Zs 1<1<8}

Let T = {Collection of all set semigroup vector subspaces of
V over the set P = {0, 2, 5, 3} < S} be the New set semigroup
topological vector subspace of V over P.

Let Bt be the basic set of T.

Br = {{0, 1, 2, 3,5, 4}, {(0, 0), (1, 0), (2, 0), (3, 0), (5, 0),
4,0)}, ..., {(0,0), (4,5),(2,4), (4,2), (0, 3), (2, 1)}, {(0000),

(1000),(3000),(2000),(4000),(5000)}, ..., {(000 0),
(2431),(4202),(0033),(4235),(2404),

o o6 hG o)
o oo oo oll-{C oG THE )
BICAC
N R
N O [N
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0 0 0Y(1 2 3 4\(2 4 0 2
1o 0 0)l2 3 4 1/)\4 2 2)
30 3 0Y(4 2 0 4\(5 4 3 2
0 3 03204 4)\4 3 2 5)|°

We see M, = ((0, 1, 2, 3, 4, 5)) generates the topology of

order two. M, is a set semigroup subtopological vector subspace
of T over P.

=

[e)
[e)

M; = {{{(0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0)}, ..., {(O,
0), (4, 5), (2, 4), (4, 2), (0, 3)}) generates a set semigroup
subtopological vector subspace of T over P. The sublattice
associated with M, is a Boolean algebra of order 2’. We had the
seven atoms which generate M,.

M;=¢{(0000),(1000),(2000),(3000),(5000), (4
0 0 0)}...}) generates a set semigroup subtopological vector

subspace of T.

The sublattice associated with M3 is also a Boolean algebra
with {(0, 0, 0, 0)} as its least element and Z¢ x Z¢ X Zg x Zg acts
as the greatest element.

we ([0 G 6 Ko 26 o)
(6301 O A O

generates a set semigroup subtopological vector subspace of T
over P.
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The sublattice generated M, is Boolean algebra with

0 0 )
as its least element and
a b
c d

We see however the lattice associated with T is not a
Boolean algebra.

a, b, c,d e Zg} as its greatest element.

Further T has set semigroup subtopological vector
subspaces which are not Boolean algebras. For M; U M, and
M, U M; are also set semigroup subtopological vector
subspaces of T and the lattices associated with M; U M, and M,
U M;j are not Boolean algebras and {¢} is the least element of
both M; U M, and M, U M;.

We see the lattice L of a set semigroup topological vector
subspace, T of V over P is not a Boolean algebra. However the
lattice L has sublattices which are Boolean algebras. L has also
sublattices which are not Boolean algebras.

Example 4.46: Let

a,

a1 a2 .
V:{Z4XZ4, a, |, aieZ4,1S1£4}
a; a,
a,

be a semigroup vector space over the semigroup Z,. Let P = {0,
2} < Z4. T = {Collection of all set semigroup vector subspaces
of V over the set P = {0, 2}} be the set semigroup topological
vector subspace of V over P.

Let Br be the basic set of the set semigroup topological
vector subspace of V over P.
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Br={{(0,0), (1, 0), (2, 0)}, {(0, 0), (0, 1), (0, 2)}, {(0, 0),
(0, 3), (0, 2)}, {(0, 0), (3, 0), (2, 0)}, {(0, 0), (1, 1), (2, 2)},
{0, 0), (3, 3), (2, 2)}, (0, 0), (1, 2), (2, 0)}, {(0, 0), (2, 1),
(0, 2)}, {0, 0), (1, 3), (2, 2)}, {(0, 0), 3, 1), (2, 2)}, {(0,0),
(2,3),(0,2)}, {(0,0), (3, 0), (2, 0)}, {(0, 0), (3, 2), (2, 0)},

Bl

-

Lo allo olfo oo all3 o[z o)
[ ol 6 2

Suppose L is the lattice associated T. L is not a Boolean
algebra. The lattice associated with T is as follows:

S = O
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However this lattice associated with T has sublattices which
are Boolean algebras. Further these sublattices give way to the
set semigroup subtopological vector subspaces of T.

Now we proceed onto describe set group topological vector
subspaces.

Let V be the group vector space over the group G under ‘+’.
Let P = G be a proper subset of G. Let S < V be again a proper
subset of V. If for all g € P and and s € S, sg and gs is in S.
We define S to be a set group vector subspace of V over the set
P of the group G.

We will illustrate this by some examples.

Example 4.47: Let

yolfo 0 0yfa 0 00 b 0)(0 0 d
0 g 0)0lo 0 0/lo o cf/le fo

a, ba C, d5 eafag € ZIZ}

be the group vector space over group G = (Z,, +).

Let P = {0, 2, 3} and

g_J(0 0 0)fa 0 0)(0 b 0
00 0)l0 0 0)10 0 ¢

a,b,c,e{0,2,4,6,8,10,3,9} cZ;,} cV

is a set group vector subspace of V over the set P={0, 2, 3} c G.
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It is interesting to note we can have several such set group
vector subspaces of V for a given set P of G.

Example 4.48: Let V = {(a, 0), (b, 0) | a, b € Zs} be a group
vector space over the group G = (Zs, +). Let P = {0, 1} < G be
a subset of G.

S; ={(0, 0), (1, 0)} < V is a set group vector subspace of V
over the set P. S, = {(0, 0), (0, 1)} < V is a set group vector
subspace of V over the set P < G. S; = {(0, 0), (2, 0)} = Vis
also a set group vector subspace of V over the set P < G.

S, = {0, 0), (0, 2)} < V is again a set group vector
subspace of V over the set P < G. Ss={(0,0),(0,3)} c Visa
set group vector subspace of V over the set P < G, S¢ = {(0, 0),
(3, 0)} < V is a set group vector subspace of V over the set
P < G and so on.

We see in S; we cannot have any subset to be a set group
vector subspace of Vover Pc G, 1 <i<6.

Example 4.49: Let M = {(0, 0, 0), (a, 0, 0), (0, b, 0), (0, 0, ¢)| a,
b, ¢ € Z3;} be a group vector space over the group G = (Z3, +).
LetP=1{0,1} cGbeasetinG. S;={(0,0,0),(1,0,0)} =M
is a set group vector subspace of M over the set P < G.

S2 = {(O’ 0’ O)a (25 0’ O)} < M,
S3 = {(09 Oa 0)7 (07 17 0)} < M,
S4=1{(0,0,0),(0,2,0)} c M,
Ss=1{(0,0,0),(0,0,1)} =M and
Se=1(0,0,0),(0,0,2)} cM

are set group vector subspaces of V which has no subsets which
are again set group vector subspaces of V over P.

We have a collection of them.



Sets in Vector Spaces | 135

Let V be a group vector space over the group (G, +). Let
P < G be a proper subset of G. S =V be a proper subset of V.
T = {Collection of all set group vector subspaces of V over the
set P of G}.

T can be given a topology and T with the topology; the
whole set and the empty set or zero set is in T. Union of sets in
TareinT.

Intersection of sets in T are in T. T with this topology will
be defined as the set group topological vector subspace.

We will illustrate this situation by some examples.

Example 4.50: Let V = {(0, 0, 0), (a, 0, 0), (0,b,b) |a,b € Z4}
be the group vector space over the group G = (Z4, 1).

V = {(0,0,0),(1,1,0), (0, 1, 1), 2,2, 0, (0, 2, 2), (3, 3, 0),
(0,3,3)}. LetP= {0, 1} = G.

The set group vector subspaces of V over P are as follows:

Sl = {(0, 0’ O)a (1’ 17 0)}, SZ = {(0, 0’ O)a (2’ 27 0)}, S3 = {(O,
0, 0), (3, 3, 0)}, S+ = {(0, 0, 0), (0, 1, 1)}, Ss = {(0, 0, 0), (0, 2,
2)}> S6 = {(Oa 05 0)’ (0’ 3> 3)}, S7 = {(0’ 09 O)a (0’ 1’ 1)’ (0’ 2’ 2)},
Sg={(0, 0, 0), (0, 1, 1), (0, 3, 3)}, So = {(0, 0, 0), (0, 3, 3), (0, 2,
2)} and so on.

T = {Collection of all set group vector subspaces of V over
the set P= {0, 1}}. T is a set group topological vector subspace
of V associated with P.

We see the lattice associated with this topological space T is
as follows.
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{(0,0,0)}

The lattice is a Boolean algebra of order 2° with {(0, 0, 0)}
as the least element and V is the largest element in the lattice of
T. We can have set group subtopological vector subspaces of T
also.

For instance take T, = ({(0, 0, 0), (0, 1, 1)}, {(0, 0, 0), (0, 2,
2)}, {(0, 0, 0), (1, 0, 0)}). T, is a subtopological set group
vector subspace of T. The lattice associated with T is as
follows:

{ShSZ:S:’)}

{81382}

S1={(0,0,0),(0,1,1)}

The lattice is a Boolean algebra of order 8.

We can have several such set group subtopological vector
subspaces of T.
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Example 4.51: Let

0112110110
V=<0,|0L0,|1],2][1,2,0 € Z;}
0112110110

be a group vector space over the group Z; under addition.
Take P = {0, 2} € Z; a proper subset of Z;.
Let

T = {Collection of all set group vector subspaces of V over
P}.

1|2 011010
S;=32101¢,4(0[]0],]0|p and S;=4|0,] 1], 2
1(]2 0110(10

be the set group topological vector subspaces of V over the set
P.

The lattice associated with T is as follows:

{81USZZV}

S, s,

i

SO O
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The set group subtopological spaces are 1|0 |+, V,

0[{0]]|0 O||1]]2
OL{1[,]2]and {|0[,|0],| O
0/{0]]0 O||1]]2

It is important to observe that if we change the underlying
set P < G then their will change in T.

For instance if we take P, = {0, 1} < Z; to find T, the set
group topological vector subspace associated with P;.

0 0|10 010 0

0][2] olfo][1 olfo][2
0505 05 ,0 > 091’03
0]]2] 0]]0] |1 0][0]]2

olfo]fo olfo][o][1

OLI 124,910 1]|20|0],

0]0]]0 0][0]]|0]]1
olfo]fo ol[o][2]]0][1
oLl1,21,0(%, ...,¢0[,l1],l0[,/2],]0
ollol|o]]2 0]10]|2]]0]]|1

We now give the lattice associated with T;.
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We see the resultant lattice is a Boolean algebra of order 2°.
We have set group subtoplogical vectors subspaces of T given

B

The lattice associated with S; is as follows:

LaHoHE)
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0 olfo][o 0 2
S,=2<10:4l0Ll1],[21(8, 4(0L|0b, 2l0,l0]},
0 0]|0]|0 0 [1] 2
ol[1][2] ol[1][o][0]

,O, 9 0,031,2 2
1] (2] 0][1]]0][0]
ol[27[o]]o
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We see the lattice related with S, is a Boolean algebra of
order 8. We can have several such set group subtopological
vector subspaces of T.

0 0|1
Take S, = 0(+,4/01,]0 c T, is also a set group
0 01

0
subtopological vector subspace of T| given by </ 0 [,/ 0
0

Example 4.52: Let

v J[a 0 0]fo b ojfo o o]fo 0 d
00 00 0 0]J0 0 0[]0 d 0

a,b,d e Zg}

be a group vector space over the group G = (Zg, +).

Let P= {0, 2, 5} < Z¢ be a proper subset of V.
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The set group vector subspace of V over the set P are as

follows:
00 0
SIZ s
g _J[0 0 ][4 0 o]t 0 0
o o oo o 4o o 1]
20 0][5 0 0
0 0 2/lo 0 5([°
30 0][0 0 0
S3: D )
00 370 0 0
o _J[0 0 0]fo 1 0][0 2 0
““Yo o ot o o2 0 o
0 4 01[0 5 0
4 0 05 0 ofl’
0 0 0][0 3 0
86: P} )
o _J[0 0 0]fo 0 10 0 2
““No o oo 1 olo 2 of
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0 0 0{|0 O 3
Sg= s .
0 0 0]]0 3 0
We see S,, ..., Sg generate the set group topological vector

subspace T of V over the set P = {0, 2, 5} < Z.

The lattice associated with the set group topological vector
subspace T of V over P is as follows:

A%

We see the lattice assocated with T is only a Boolean
algebra of order 2.

Thus T is a finite set group topological vector subspace of V
over P.

Suppose we change P to P, say P, = {0, 1, 2, 5} we see the
set group topological vector subspace associated with the set P,
is identical with that of P and both the sets give the same
topological space.

However if P, = {0, 2, 5, 3} < Zs, we see the set group
topological vector subspace of V associated with T, is different
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from that of the set group topological vector subspace
associated with the set P;.

Another interesting observations from our study is that if we
increase the cardinality of the set over which the set group
topological vector subspace is defined than in general the
number of elements in the topological space becomes less (Here
the number of elements in V is assumed to be finite).

We complete this chapter with the following example where
the number of elements in V is infinite.

Example 4.53: Let V = {(0, 0), (a, 0), (0, b) | a,b € Z} be a
group vector space over the group G =Z.

Now we find the set group topological vector subspace
associated with the set P = {0, 1}. Let T = {collection of all set
group topological vector subspaces of V over the set
P={0,1}}.

The basic set of T is infinite. For {(0, 0)} is the least
element and the basic set {{0, 0}, {(0, 0), (1, 0)}, {(0, 0), (-1,
0)}, {(0, 0), (2, 0)}, {(0, 0), (=2, 0)}, ..., {(0, 0), (n, 0)}, {(0, 0),
(n, 0)}, ..., {(0, 0), (0, D}, {(0, 0), (0, =)}, {(0, 0), (0, 2)},
{(05 O)a (Oa _2)}: ] {(0: O): (05 1'1)}, {(0’ 0)’ (Oa _n)}a }

Thus the lattice associated with T will be an infinite
Boolean algebra.

\Y%

{(0,0),(0m)}...

{(0,0),(0,1)}

(0,0)



Chapter Five

APPLICATIONS OF SETS TO SET CODES

In this chapter we for the first time introduce a special class of
set codes and give a few properties enjoyed by them.
Throughout this chapter we assume the set codes are defined
over the set S = {0, 1} = Z,, i.e., all code words have only
binary symbols. We now proceed on to define the notion of set
codes.

DEFINITION 5.1 : Let C = {(x; ... x,), (X1 ... X, ), ooy (X1 X, )}

be a set of (ry, ..., 1) tuples with entries from the set S = {0, 1}
where each ri-tuple (x;, ..., X, ) has some k; message symbols

and r; — k; check symbols 1 <i <n. We call C the set code if C is
a set vector space over the set S = {0, 1}.

The following will help the reader to understand more about
these set codes.



146 | Set Theoretic Approach to Algebraic Structures ...

l. ri=rjevenifi#j;1<1j<n
2. ki=kjevenifi#j;1<i,j<n
3. Atleastsomer;#r;wheni#t; 1 <i,t<n.

We first illustrate this by some examples before we proceed
onto give more properties about the set codes.

Example 5.1: LetC={(0110),0001),(1101),(11111
1),(000000),(101010),(010101),(0000)}.Cis also
a set code over the set S = {0, 1}.

We see the set codes will have code words of varying
lengths. We call the elements of the set code as set code words.
In general for any set code C we can have set code words of
varying lengths. As in case of usual binary codes we do not
demand the length of every code word to be of same length.

Further as in case of usual codes we do not demand the
elements of the set codes to form a subgroup i.c., they do not
form a group or a subspace of a finite dimensional vector space.
They are just collection of (1, ..., 1) tuples with no proper usual
algebraic structure.

Example 5.2: 1etC={(111),(000),(111111),(00000
0,(1111111),(0000000)} bea set code over the set
S={0, 1}.

Now we give a special algebraic structure enjoyed by these
set codes.

DEFINITION 5.2: Let C = {(x; ... X.), ..., (x; ...x, )} be a set

code over the set S = {0, 1} where x; € {0, 1}; 1 <i <r;, ..., I'n.
We demand a set of matrices H = {H,, ..., H, | H; takes its
entries from the set {0,1}} and each set code word x € C is such
that there is some matrix H; € Hwith H;x' =0, 1 <i < t. We do

not demand the same H; to satisfy this relation for every set code
word from C.
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Further the set H = {H,,..., H,} will not form a set vector
space over the set {0,1}. This set H is defined as the set parity
check matrices for the set code C.

We illustrate this by an example.

Example 5.3: LetV={111000),(101101),(000000),
011011),(1011),(0000),(1110)} be asetcode. The

set parity check matrix associated with V is given by

H={H; Hy} =

01 1
M=|1 0 1
110

H_1010}
110 1)"

The following facts are important to be recorded.

S O =
S = O
- o O

and

(n As in case of the ordinary code we don’t use parity
check matrix to get all the code words using the
message symbols. Infact the set parity check matrix is
used only to find whether the received code word is
correct or error is present.

2) Clearly V, the set code does not contain in general all
the code words associated with the set parity check
matrix H.

3) The set codes are just set, it is not compatible even

under addition of code words. They are just codes as
they cannot be added for one set code word may be of
length r; and another of length rp; 1y # 5.

4) The set codes are handy when one intends to send
messages of varying lengths simultaneously.
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Example 5.4: LetV={0000000),(1111111),1111
1),(00000),(1111),(0000)} be aset code with set parity

check matrix
11000000
1 01 00 O0O0O
1 001 00O0O

H=4/1 0 0 0 1 0 0 0},

1 00 0O0T1O0O
1 00 00OT1O
1 0000 O0O0°1
1 1.0 0 00
1 01 000
1 001 00
1 00 010
1 00 001

and
11000
1 0100
1 0010
1 00 01

Now having defined set codes we make the definition of special
classes of set codes.

DEFINITION 5.3: Let V = {(v;,..., ¥, ), (x1,.... x)|yi=0,1<i

<ryxi=1,1<i<riandt=1, 2, ..., n} be a set code where
either each of the tuples are zeros or ones. The set parity check
matrix H = {H,, ..., H,} where H; is a (v; — 1) x r; matrix of the
form;
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0 0
1 1 0
1 0 0 1

where first column has only ones and the rest is a (r; — 1) x
(ri — 1) identity matrix; i = 1, 2, ..., n. We call this set code as
the repetition set code.

We illustrate this by some examples.
Example 5.5: Let V={0000),(1111),(111111),(000
000),(111111111),(000000000),(1111111),(0

000000)} be aset code with set parity check matrix H = {H;,
Hz, H3, H4} where

le

—_— e =
S o O =
S O = O
S = O O
- O O O

H2:

—_ e = = e
S O O O O =
S O O o = O
S O O = O O
S O = O O O
o = O O O O
-0 O O O O
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1 100 00O0O0O0O
1 0100O0O0O0O0OO
1 001 0O0O0O0TO0DO
1 00010O0O0O0OTO
Hy;={1 0 0 0 01 0 0 0O
1 00 0O0O0OT1O0TO0ODUO
1 000O0O0OO0T1O0TO0
1 000O0O0OO0O0OT1O
1 00 00O0O0O0OO1
and
1 1000000
101 00O0O0TO
1 001 0O0O0O
Hs=/1 0 0 0 1 0 0 O
1 0000100
1 00 0O0O0T1O
1 0000 O0O0 1

V is a repetition set code.

DEFINITION 5.4: Let V = {Some set of code words from the
binary (n, n; — 1) code; i = 1, 2, ..., t} with set parity check
matrix

H = {H, .. H}
(111 D), (L1 1), (1. 1))

t set of some n; tuples with ones; i = 1, 2, ..., t. We call V the
parity check set code.

We illustrate this by some examples.
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Example 5.6: LetV={1111110),(1100011),(10000
01),(0000000),(111100000),(111111000),(00
0000000),(110011011),(111100),(110011),(1
00001),(000000)} be the set code with set parity check
matrix H= {H;, Hp, H;} where H;=(1111111),H,=(111
I111111)andH;(111111).V isclearly a parity check set
code.

Now we proceed onto define the notion of Hamming
distance in set codes.

DEFINITION 5.5: Let V = {X}, ..., X,} be a set code. The set
Hamming distance between two vectors X; and X; in V is defined
if and only if both X; and X; have same number of entries and
d(X;, X)) is the number of coordinates in which X; and X; differ.

The set Hamming weight a(X;) of a set vector X; is the
number of non zero coordinates in X, In short o(X;) = d(X, 0).

Thus it is important to note that as in case of codes in set
codes we cannot find the distance between any set codes. The
distance between any two set code words is defined if and only
if the length of both the set codes is the same.

We first illustrate this situation by the following example.

DEFINITION 5.6: Let V = {X,, ..., X,} be a set code with set
parity check matrix H = {H,, ..., H,} where each H, is a m,
x (2™ —=1) parity check matrix whose columns consists of all
non zero binary vectors of length m.. We don’t demand all code
words associated with each H, to be present in V, only a
choosen few alone are present in V; 1 <t <p. We call this V as
the binary Hamming set code.

We illustrate this by some simple examples.

Example 5.7: Let V={(0000000),(1001101),(01010
11),(000000000000000),(10001001101011
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1), 0010011010111 1)} bea setcode with set parity
check matrix H = (H;, H,) where

1 001 1 01

H=(0 1 01 0 1 1

001 0111

and

1 0001 0O01T1TO0OT1O0T1T1'1
HZ:OIOOllOlOllllOO‘
001 001101011110
00010O01T1O0T1011T11

Clearly V is a Hamming set code.

Now we proceed on to define the new class of codes called
m — weight set code (m > 2).

DEFINITION 5.7: Let V = {X, ..., X,} be a set code with a set
parity check matrix H = {H,, ..., H,}; t < n. If the set Hamming
weight of each and every X; in V is m, m < n and m is less than
the least length of set code words in V. i.e., a(X;) = m fori =1,
2, ..., nand X; #(0). Then we call V to be a m-weight set code.

These set codes will be useful in cryptology, in computers
and in channels in which a minimum number of messages is to
be preserved.

We will illustrate them by some examples.

Example 5.8: LetV={(111101),(11111000),(00000
000),(000000),(10101011),(11001110),(0111
11),(111011),(1111100),(0011111),(0000060
0)}. V is a set code which is a 5-weight set code.

Another usefulness of this m-weight set code is that these
codes are such that the error is very quickly detected; they can
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be used in places where several time transmission is possible. In
places like passwords in e-mails, etc; these codes is best suited.

Now having defined m-weight set codes we now proceed on
to define cyclic set codes.

DEFINITION 5.8: Let V = {x,;, ..., x,} be n-set code word of
varying length, if x; = (x,,...,x, )€ V then (x, ,x ,..x, ) €V

for I <i <n. Such set codes V are defined as cyclic set codes.

For cyclic set codes if H= {H,, ..., H};, t < n is the set
parity check matrix then we can also detect errors.

Now if in a set cyclic code we have weight of each set code
word is m then we call such set codes as m weight cyclic set
codes.

We now illustrate this by the following example.

DEFINITION 5.9: Let V = {X;, ..., X} be a set code with
associated set parity check matrix H = {H,, ..., H, | t < n}. The

L
dual set code (or the orthogonal set code) V = {Y;/ Y. X; = (0)
for all those X; € V; such that both X; and Y; are of same length
inV}.

Now it is important to see as in case of usual codes we can
define orthogonality only between two vectors of same length
alone.

We just illustrate this by an example.

DEFINITION 5.10: Let V = {X}, ..., X,} be a set code with a set
parity check matrix H = {H;, H,, ..., H | t < n}. We call a
proper subset S cV* for which the weight of each set code
word in S to be only m, as the m-weight dual set code of V. For
this set code for error detection we do not require the set parity
check matrix.
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We illustrate this by some simple examples.

Example 5.9: Let V.={(00000),(11100),(00111),(11
1000),(000000),(000111),(010101)} bea set code.

The dual set code of weight 3 is given by V- = {(0 0 0 0 0),
000000),(01110),(01101),(10101),(1010 1)}.
The advantage of using m-weight set code or m-weight dual set
code is that they are set codes for which error can be detected
very easily.

Because these codes do not involve high abstract concepts,
they can be used by non-mathematicians. Further these codes
can be used when retransmission is not a problem as well as one
wants to do work at a very fast phase so that once a error is
detected retransmission is requested. These set codes are such
that only error detection is possible.

Error correction is not easy for all set codes, m-weight set
codes are very simple class of set codes for which error
detection is very easy. For in this case one need not even go to
work with the set parity check matrix for error detection.

Yet another important use of these set codes is these can be
used when one needs to use many different lengths of codes
with varying number of message symbols and check symbols.

These set codes are best suited for cryptologists for they can
easily mislead the intruder as well as each customer can have
different length of code words. So it is not easy for the
introducer to break the message for even gussing the very length
of the set code word is very difficult.

Thus these set codes can find their use in cryptology or in
places where extreme security is to be maintained or needed.

The only problem with these codes is error detection is
possible but correction is not possible and in channels where
retransmission is possible it is best suited. At a very short span
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of time the error detection is made and retransmission is
requested.

Now we proceed on to define yet another new class of set
codes which we call as semigroup codes.

DEFINITION 5.11: Let V = {X,, ..., X,} be a set code over the
semigroup S = {0, 1}. If the set of codes of same length form
semigroups under addition with identity i.e., monoid, then V =
IS, ..., S)| r < n} is a semigroup code, here each S; is a
semigroup having elements as set code words of same length,
1 <i <r. The elements of V are called semigroup code words.

We illustrate this by some examples.

Example 5.10: LetV={111111),(000000),(11000),
(00000),00111),(11111),1111111),(000000
0),0011001),(1100110)} be asemigroup code over Z,
={0,1}. V={Sy,S,, S;} where S;={(111111),(00000
0},S={11000),(00000),(00111),(11111)} andS;
={(1111111),(0000000),0011001),(1100T11
0)} are monoids under addition.

THEOREM 5.1: Every set repetition code V is a semigroup code.

THEOREM 5.2: Every semigroup code is a set code and a set
code in general is not a semigroup code.

Example 5.10: Let V={(11110),(00000),(11001),(10
001),(1111111),(0000000),(11000000),(0000
0 1 1)} be a set code over the set {0, 1}. Clearly V is not a
semigroup code for (11001),(10001)eVbut(11001)+
(10001)=(01000) ¢ V. Hence the claim.

We can with a semigroup code V = {Xi, ..., X,}, associate
a set parity check matrix H= {H,, H,, ..., H; | r <n}. Here also
the set parity check matrix only serves the purpose for error
detection we do not use it to get all set code words for we do not
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use the group of code words. We use only a section of them
which forms a semigroup.

Now as in case of set codes even in case of semigroup codes
we can define m-weight semigroup code.

DEFINITION 5.12: Let V = {X;, ..., X,)} ={S;, ..., S, | r <n} bea
semigroup code if Hamming weight of each semigroup code is
Jjust only m then we call V to be a m-weight semigroup code.

We illustrate this by some examples.

THEOREM 5.3: Let V = {X;, ..., X, = {51, S5, ..., S, | r < n} be
a semigroup code. If 'V is a semigroup repetition code then V is
not a m-weight semigroup code for any positive integer m.

DEFINITION 5.13:  Let V ={X,, ..., X,} ={S;, ..., S, | r <n} be
a semigroup code where each S; is a semigroup of the parity
check binary (n, n;— 1) code, i = 1, 2, ..., r. Then we call V to
be a semigroup parity check code and the set parity check
matrix H= {H,, ..., H.} is such that

H,-=(1 ] ... ]);i=1,2,...,r.

| S

n; —times

We illustrate this by the following example.

DEFINITION 5.14: Let S = {X;, ..., X,} ={S,, ..., S, | r<n} bea
semigroup code over {0, 1}. The dual or orthogonal semigroup

code S* of S is defined by S* = {Sﬁ, s S5 r<n} St =1{s]s.
s =0 forall s; €S;}; 1 <i <r. The first fact to study about is
will $* also be a semigroup code. Clearly S* is a set code. Ifx, y
e S,.L then x.s; = 0 for all s; € S; and y.s; = 0 for all s; € S;. To
prove (x +y)s; = 0ie., (x +y) € S;". At this point one cannot
always predict that the closure axiom will be satisfied by S;",
1 <i<r
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We first atleast study some examples.

DEFINITION 5.15: Let S = {X;, ..., X} ={S1, .... S, | r<n}bea
semigroup code if each of code words in S; are cyclic where S; is
a semigroup under addition with identity, for each i; 1 < i <r,
then we call S to be a semigroup cyclic code.

We now try to find some examples to show the class of
semigroup cyclic codes is non empty.

THEOREM 5.4: Let V = {X;, ..., X,} = {5, ..., Sy} be the
2

semigroup repetition code, V is a semigroup cyclic code.

DEFINITION 5.16: Let V = {X;, ..., X} be a set code if V = {G,,
wo, Gr | k < n}! where each G; is a collection of code words
which forms a group under addition then we call V to be a
group code over the group Z, = {0,1}.

We illustrate this situation by the following examples.

Example 5.11: LetV={1111111),(0000000),(1100
00),(100000),(010000),(000000),(11001),(001
10),(11111),(00000)} bea group code over Z,.

Clearly V = {G;, G, G5} where G;={(1111111),(000
0000)}cZ].G,={110000),(100000),(010000),

(000000)} c ZSandG;={(11111),(00000),(1100
1),(00 1 10)} < Z; are groups and the respective subgroups of
7], Z5 and Z) respectively.

This subgroup property helps the user to adopt coset leader
method to correct the errors. However the errors are detected
using set parity check matrices.
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All group codes are semigroup codes and semigroup codes
are set codes.

But in general all the set codes need not be a semigroup
code or a group code. In view of this we prove the following
theorem.

THEOREM 5.5: Let V be a set code V in general need not be a
group code.

THEOREM 5.6: Let V be a set repetition code then V is a group
code.

DEFINITION 5.17: Let V = {X, ..., X,} = {Gy, ..., Gn/} where V
2

is a set repetition code. Clearly V is a group code. We call V to
be the group repetition code.

The following facts are interesting about these group
repetition code.

1. Every set repetition code is a group repetition code.

2. Every group repetition code is of only even order.

3. The error detection and correction is very easily carried
out.

If X; € V is a length n;, if the number of ones in X; is less than

n% then we accept X; = (00 ... 0 0).

If the number of ones in X is greater than n% then we
accept X; = (1 1 ... 1). Thus the easy way for both error
correction and error detection is possible.

Now we proceed on to describe group parity check code and
group Hamming code.
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DEFINITION 5.18: Let V = {X;, ..., X,} be a group code if H =
{H,, ..., H. | r < n} be the associated set parity check matrix
where each H; is of the form

(1 1 - 1)

n;—times

1 <i<vrie,V={G,), .. G.|r<n}andeach G;is a set of
code words of same length n; and forms a group under addition
modulo 2; then V is defined as the group parity check code.

We now illustrate this by the following example.

DEFINITION 5.19: Let V = {X;, ..., X,} = {G}, ..., G, | r <n} be
a group code. If each G; is a Hamming code with parity check
matrix H, i = 1, 2, ..., r i.e., of the set parity check matrix H =
{H;, H,, ..., H,}, then we call V to be a group Hamming code or
Hamming group code.

We now illustrate this situation by few examples.

Example 5.12: Let V={000000000000000),(1000
10011010111),(010011010111100),(110000
1001101011),(0000000),(1001101),(010101
1),(1100110),(0010111),(0111100),(111000 1),
(101101 0)} bea Hamming group code with set parity check
matrix H = {H;, H,} where

1 0001001 1010T1T1:1
Hl:OlOOllOlOllllOO
001 0O0T1T1O0OTI1O0T1T1T1T1FPO
00010O0OT1T1TO0OT1HWO0OT1T1T1:1
and
1 001 1 011
H,={0 1 0 1 0 1 1
001 0111
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Thus V = {G;, G} where G, and G, are groups given by G
={000000000000000),(100010011010111),
010011010111100),(11000100110101 1)}
and G, ={(0000000),(1001101),(0101011),(110
0110),0010111),(0111100),(1110001),(1011
010)}.

Now having seen few examples of Hamming group code we
now proceed on to define cyclic group code or group cyclic
code.
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