University of New Mexico

UNM Digital Repository

Faculty and Staff Publications Mathematics

2006

SOME NEUTROSOPHIC ALGEBRAIC STRUCTURES AND
NEUTROSOPHIC N-ALGEBRAIC STRUCTURES

Florentin Smarandache
University of New Mexico, smarand@unm.edu

W.B. Vasantha Kandasamy
vasantha@iitm.ac.in

Follow this and additional works at: https://digitalrepository.unm.edu/math_fsp

0 Part of the Algebra Commons, Algebraic Geometry Commons, Analysis Commons, Applied

Mathematics Commons, and the Logic and Foundations Commons

Recommended Citation
W.B. Vasantha Kandasamy & F. Smarandache. SOME NEUTROSOPHIC ALGEBRAIC STRUCTURES AND
NEUTROSOPHIC N-ALGEBRAIC STRUCTURES. Phoenix: Hexis, 2006.

This Book is brought to you for free and open access by the Mathematics at UNM Digital Repository. It has been
accepted for inclusion in Faculty and Staff Publications by an authorized administrator of UNM Digital Repository.
For more information, please contact amywinter@unm.edu, Isloane@salud.unm.edu, sarahrk@unm.edu.


https://digitalrepository.unm.edu/
https://digitalrepository.unm.edu/math_fsp
https://digitalrepository.unm.edu/math
https://digitalrepository.unm.edu/math_fsp?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/176?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/182?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F151&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:amywinter@unm.edu,%20lsloane@salud.unm.edu,%20sarahrk@unm.edu




SOME NEUTROSOPHIC
ALGEBRAIC STRUCTURES
AND NEUTROSOPHIC
N-ALGEBRAIC STRUCTURES

W. B. Vasantha Kandasamy
e-mail: vasantha@iitm.ac.in
web: http:/mat.iitm.ac.in/~wbv

Florentin Smarandache
e-mail: smarand@unm.edu

HEXIS
Phoenix, Arizona
2006



This book can be ordered in a paper bound reprint from:

Books on Demand

ProQuest Information & Learning

(University of Microfilm International)

300 N. Zeeb Road

P.O. Box 1346, Ann Arbor

MI 48106-1346, USA

Tel.: 1-800-521-0600 (Customer Service)
http://wwwlib.umi.com/bod/

This book has been peer reviewed and recommended for publication by:

Victor Christianto, Merpati Building, 2nd Floor, J1. Angkasa Blok B15 kav 2-
3, Jakarta 10720, Indonesia

Dr. Larissa Borissova and Dmitri Rabounski, Sirenevi boulevard 69-1-65,
Moscow 105484, Russia.

Prof. G. Tica, M. Viteazu College, Bailesti, jud. Dolj, Romania.

Copyright 2006 by Hexis, W. B. Vasantha Kandasamy and Florentin

Smarandache

Cover Design and Layout by Kama Kandasamy

Many books can be downloaded from the following
Digital Library of Science:
http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm

ISBN: 1-931233-15-2

Standard Address Number: 297-5092
Printed in the United States of America



CONTENTS

Preface

Chapter One
INTRODUCTION

1.1 Groups, N-group and their basic Properties
1.2 Semigroups and N-semigroups

1.3 Loops and N-loops

1.4 Groupoids and N-groupoids

1.5 Mixed N-algebraic Structures

Chapter Two
NEUTROSOPHIC GROUPS AND
NEUTROSOPHIC N-GROUPS

2.1 Neutrosophic Groups and their Properties
2.2 Neutrosophic Bigroups and their Properties
2.3 Neutrosophic N-groups and their Properties

Chapter Three
NEUTROSOPHIC SEMIGROUPS AND
THEIR GENERALIZATIONS

3.1 Neutrosophic Semigroups
3.2 Neutrosophic Bisemigroups and their Properties
3.3 Neutrosophic N-Semigroup

Chapter Four
NEUTROSOPHIC LOOPS AND
THEIR GENERALIZATIONS

4.1 Neutrosophic loops and their Properties
4.2 Neutrosophic Biloops
4.3 Neutrosophic N-loop

11
12
25
32

40
52
68

81
88
98

113
133
152



Chapter five
NEUTROSOPHIC GROUPOIDS
AND THEIR GENERALIZATIONS

5.1 Neutrosophic Groupoids
5.2 Neutrosophic Bigroupoids and their generalizations

Chapter Six
MIXED NEUTROSOPHIC STRUCTURES

Chapter Seven
PROBLEMS

REFERENCE

INDEX

ABOUT THE AUTHORS

171
182

187

195

201

207

219



PREFACE

In this book, for the first time we introduce the notion of
neutrosophic algebraic structures for groups, loops, semigroups
and groupoids and also their neutrosophic N-algebraic structures.

One is fully aware of the fact that many classical theorems like
Lagrange, Sylow and Cauchy have been studied only in the
context of finite groups. Here we try to shift the paradigm by
studying and introducing these theorems to neutrosophic
semigroups, neutrosophic groupoids, and neutrosophic loops.
We have intentionally not given several theorems for
semigroups and groupoid but have given several results with
proof mainly in the case of neutrosophic loops, biloops and N-
loops.

One of the reasons for this is the fact that loops are
generalizations of groups and groupoids. Another feature of this
book is that only meager definitions and results are given about
groupoids. But over 25 problems are suggested as exercise in
the last chapter. For groupoids are generalizations of both
semigroups and loops.

This book has seven chapters. Chapter one provides several
basic notions to make this book self-contained. Chapter two
introduces neutrosophic groups and neutrosophic N-groups and
gives several examples. The third chapter deals with
neutrosophic semigroups and neutrosophic N-semigroups,
giving several interesting results. Chapter four introduces
neutrosophic loops and neutrosophic N-loops. We introduce
several new, related definitions. In fact we construct a new class
of neutrosophic loops using modulo integer Z,, n > 3, where n is



odd. Several properties of these structures are proved using
number theoretic techniques. Chapter five just introduces the
concept of neutrosophic groupoids and neutrosophic N-
groupoids. Sixth chapter innovatively gives mixed neutrosophic
structures and their duals. The final chapter gives problems for
the interested reader to solve. Our main motivation is to attract
more researchers towards algebra and its various applications.

We express our sincere thanks to Kama Kandasamy for her help
in the layout and Meena for cover-design of the book. The
authors  express their whole-hearted gratefulness to
Dr.K.Kandasamy whose invaluable support and help, and
patient proofreading contributed to a great extent to the making
of this book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE
2006



Chapter One

INTRODUCTION

In this chapter we introduce certain basic concepts to make this
book a self contained one. This chapter has 5 sections. In
section one the notion of groups and N-groups are introduced.
Section two just mentions about semigroups and N-semigroups.
In section 3 loops and N-loops are recalled. Section 4 gives a
brief description about groupoids and their properties. Section 5
recalls the mixed N algebraic structure.

1.1 Groups, N-group and their basic Properties

It is a well-known fact that groups are the only algebraic
structures with a single binary operation that is mathematically
so perfect that an introduction of a richer structure within it is
impossible. Now we proceed on to define a group.

DEFINITION 1.1.1: 4 non empty set of elements G is said to
form a group if in G there is defined a binary operation, called
the product and denoted by '»' such that

i a, b € Gimplies thata * b € G (closed).

ii. a, b, c € Gimplies a* (be*c)=(a-*b)ec (associative
law).

iii. There exists an element e € G such thata*e =¢*a =
aforall a € G (the existence of identity element in G).

iv. For every a € G there exists an element al e G such

thatasa' =a'~a=e (the existence of inverse in G).



DEFINITION 1.1.2: A subgroup N of a group G is said to be a
normal subgroup of G if for every g € Gandn € N, gn g'l eN.

Equivalently by gNg'1 we mean the set of all gng'l, neN
then N is a normal subgroup of G if and only if gNg'1 c N for
every g € G.

THEOREM 1.1.1: N is a normal subgroup of G if and only if
gNg'1 =N for every g € G.

DEFINITION 1.1.3: Let G be a group. Z(G) = {x € G | gx = xg
forall g € G}. Then Z(G) is called the center of the group G.

DEFINITION 1.1.4: Let G be a group, A, B be subgroups of G. If
x, ¥y € G define x ~y if y = axb for some a € Aand b € B. We
call the set AxB = {axb/a € A, b € B} a double coset of A, B in
G.

DEFINITION 1.1.5: Let G be a group. A and B subgroups of G,
we say A and B are conjugate with each other if for some g €
G A= ng_I.

Clearly if A and B are conjugate subgroups of G then o(4) =
o(B).

THEOREM: (LAGRANGE). If G is a finite group and H is a
subgroup of G then o(H) is a divisor of o(G).

COROLLARY 1.1.1: If G is a finite group and a € G, then o(a) /
o(G).

COROLLARY 1.1.2: If G is a finite group and a € G, then a (@
=e.

In this section we give the two Cauchy's theorems one for
abelian groups and the other for non-abelian groups. The main
result on finite groups is that if the order of the group is n (n <
oc) if p is a prime dividing n by Cauchy's theorem we will



always be able to pick up an element a € G such that a” = e. In
fact we can say Sylow's theorem is a partial extension of
Cauchy's theorem for he says this finite group G has a subgroup

of order p*(a > 1, p, a prime).

THEOREM: (CAUCHY'S THEOREM FOR ABELIAN GROUPS).
Suppose G is a finite abelian group and p / o(G), where p is a
prime number. Then there is an element a #e € G such that a”
=e.

THEOREM: (CAUCHY): If p is a prime number and p | o(G),
then G has an element of order p.

Though one may marvel at the number of groups of varying
types carrying many different properties, except for Cayley's we
would not have seen them to be imbedded in the class of groups
this was done by Cayley's in his famous theorem. Smarandache
semigroups also has a beautiful analog for Cayley's theorem
which is given by A(S) we mean the set of all one to one maps
of the set S into itself. Clearly A(S) is a group having n!
elements if o(S) = n < o, if S is an infinite set, A(S) has
infinitely many elements.

THEOREM: (CAYLEY) Every group is isomorphic to a
subgroup of A(S) for some appropriate S.

The Norwegian mathematician Peter Ludvig Mejdell Sylow was
the contributor of Sylow's theorems. Sylow's theorems serve
double purpose. One hand they form partial answers to the
converse of Lagrange's theorem and on the other hand they are
the complete extension of Cauchy's Theorem. Thus Sylow's
work interlinks the works of two great mathematicians
Lagrange and Cauchy. The following theorem is one, which
makes use of Cauchy's theorem. It gives a nice partial converse
to Lagrange's theorem and is easily understood.

THEOREM: (SYLOW'S THEOREM FOR ABELIAN GROUPS) If G
is an abelian group of order o(G), and if p is a prime number,



such that p® | o(G), paﬂ #0(G), then G has a subgroup of order

o
p .
COROLLARY 1.1.3: If G is an abelian group of finite order and
p%| o(G), paH to(G), then there is a unique subgroup of G of
order p°.

DEFINITION 1.1.6: Let G be a finite group. A subgroup G of
order p® where p®/ o(G) but p®+ o(G), is called a p-Sylow
subgroup of G. Thus we see that for any finite group G if p is
any prime which divides o(G); then G has a p-Sylow subgroup.

THEOREM (FIRST PART OF SYLOW'S THEOREM): If p is a
prime number and p®/ o(G) andpaﬂ t0(G), G is a finite group,
then G has a subgroup of order p°.

THEOREM: (SECOND PART OF SYLOW'S THEOREM): If G is a
finite group, p a prime and p" | o(G) but p"ﬂ to(G), then any
two subgroup of G of order p" are conjugate.

THEOREM: (THIRD PART OF SYLOW'S THEOREM): The
number of p-Sylow subgroups in G, for a given prime, is of the
form 1 + kp.

DEFINITION 1.1.7: Let {G, *, ..., *n} be a non empty set with N
binary operations. {G, *;, ..., *x} is called a N-group if there
exists N proper subsets Gy, ..., Gy of G such that

i G=G; UGy ...uGy.
ii. (Gj, *i)isagroup fori=1,2, ..., N.

We say proper subset of G if G; & Gjand G; & G; ifi #j for I <
i, ] <N. When N = 2 this definition reduces to the definition of
bigroup.

DEFINITION 1.1.8: Let {G, *,, ..., *n} be a N-group. A subset H
(# @) of a N-group (G, *;, ..., *y) is called a sub N-group if H

10



itself is a N-group under *;, *; ..., *yv, binary operations
defined on G.

THEOREM 1.1.2: Let (G, *}, ..., *n) be a N-group. The subset H
# @ of a N-group G is a sub N-group then (H, *;) in general are
not groups fori =1, 2, ..., N.

DEFINITION 1.1.9: Let (G, *,, ..., *n) be a N-group where G =
Gy UGy U... UGy Let (H, *;, ..., *n) be a sub N-group of (G,
*1, o) where H=H; OUH, U ... UHywe say (H, *,..., *n)
is a normal sub N-group of (G, *,, ..., *n) if each H; is a normal
subgroup of Gifori=1, 2,..., N.

Even if one of the subgroups H; happens to be non normal
subgroup of G; still we do not call H a normal sub-N-group of
the N-group G.

DEFINITION 1.1.10: Let (G = G; U Gy U... UGy, *1, *5,..., *N)
and (K =K; UKy U... UKy, *;,..., *N) be any two N- groups.
We say a map ¢ : G — K to be a N-group homomorphism if ¢ |
G; is a group homomorphism from G; to K; for i = 1, 2,..., N.
ie ¢ ‘Gi : G, =K, is a group homomorphism of the group G; to

the group K;; fori =1, 2, ..., N.

1.2 Semigroups and N-semigroups

In this section we just recall the notion of semigroup,
bisemigroup and N-semigroups. Also the notion of symmetric
semigroups. For more refer [49-50].

DEFINITION 1.2.1: Let (S, o) be a non empty set S with a closed,
associative binary operation ‘o’ on S. (S, o) is called the
semigroup i.e., fora, b €S, aob €8.

DEFINITION 1.2.2: Let S(n) denote the set of all mappings of (1,

2, ..., n) to itself S(n) under the composition of mappings is a
semigroup. We call S(n) the symmetric semigroup of order n".

11



DEFINITION 1.2.3: Let (S = S; U S5, * o) be a non empty set
with two binary operations * and o S is a bisemigroup if
i S =S8, US, S;and S, are proper subsets of S.
ii. (S;, *) is a semigroup.
iii. (S5, 0) is a semigroup.

More about bisemigroups can be had from [48-50]. Now we
proceed onto define N-semigroups.

DEFINITION 1.2.4: Let S = (S; US; U ... USy, *1, %, ..., ®y) be
a non empty set with N binary operations. S is a N-semigroup if
the following conditions are true.

i S=8;, U8, U... USyis such that each S; is a proper
subset of S.
il. (S, *;) is a semigroup for 1, 2, ..., N.

We just give an example.

Example 1.2.1: Let S = {S; U S, U S3 U Sy, *|, %5, *;5, *4}
where

S, = Z,, semigroup under multiplication modulo 12,

S, = S(4), symmetric semigroup,

S; = Z semigroup under multiplication and
a b

S, = {( (J a,b,c,de Zlo} under matrix multiplication.
c

S is a 4-semigroup.

1.3 Loops and N-loops

We at this juncture like to express that books solely on loops are
meager or absent as, R.H.Bruck deals with loops on his book "4
Survey of Binary Systems", that too published as early as 1958,
[3]. Other two books are on "Quasigroups and Loops" one by
H.O. Pflugfelder, 1990 which is introductory and the other book

12



co-edited by Orin Chein, H.O. Pflugfelder and J.D. Smith in
1990 [25]. So we felt it important to recall almost all the
properties and definitions related with loops [3, 47]. We just
recall a few of the properties about loops which will make this
book a self contained one.

DEFINITION 1.3.1: A non-empty set L is said to form a loop, if
on L is defined a binary operation called the product denoted by
‘o' such that

i Foralla, b € L we have a eb & L (closure property).

ii. There exists an element e € L such thata ee = ¢ ea =
aforall a € L (eis called the identity element of L).
iii. For every ordered pair (a, b) € L x L there exists a

unique pair (x, y) in L such that ax = b and ya = b.

DEFINITION 1.3.2: Let L be a loop. A non-empty subset H of L
is called a subloop of L if H itself is a loop under the operation

of L.

DEFINITION 1.3.3: Let L be a loop. A subloop H of L is said to
be a normal subloop of L, if

i xH = Hx.
ii. (Hx)y = H(xy).
iii. y(xH) = (yx)H

forallx,y € L.

DEFINITION 1.3.4: A loop L is said to be a simple loop if it does
not contain any non-trivial normal subloop.

DEFINITION 1.3.5: The commutator subloop of a loop L
denoted by L' is the subloop generated by all of its commutators,
that is, ({x e L /x = (y, z) for some y, z € L}) where for A L,
(4) denotes the subloop generated by A.

DEFINITION 1.3.6: If x, y and z are elements of a loop L an
associator (x, y, z) is defined by, (xy)z = (x(yz)) (x, y, z).

13



DEFINITION 1.3.7: The associator subloop of a loop L (denoted
by A(L)) is the subloop generated by all of its associators, that
is ({x eL/x=(a, b, c) for somea, b,c €L}).

DEFINITION 1.3.8: The centre Z(L) of a loop L is the
intersection of the nucleus and the Moufang centre, that is Z(L)
= C(L) N N(L).

DEFINITION [35]: A normal subloop of a loop L is any subloop
of L which is the kernel of some homomorphism from L to a
loop.

Further Pflugfelder [25] has proved the central subgroup Z(L) of
a loop L is normal in L.

DEFINITION [35]: Let L be a loop. The centrally derived
subloop (or normal commutator- associator subloop) of L is
defined to be the smallest normal subloop L' < L such that L /L'
is an abelian group.

Similarly nuclearly derived subloop (or normal associator
subloop) of L is defined to be the smallest normal subloop L; c
L such that L / L; is a group. Bruck proves L' and L; are well
defined.

DEFINITION [35]: The Frattini subloop @¢(L) of a loop L is
defined to be the set of all non-generators of L, that is the set of
all x € L such that for any subset S of L, L = (x, S) implies L =
(S) Bruck has proved as stated by Tim Hsu ¢(L) c L and L /
@(L) is isomorphic to a subgroup of the direct product of groups
of prime order.

DEFINITION [22]: Let L be a loop. The commutant of L is the set
(L) ={a e L/ax =xa Vx € L}). The centre of L is the set of all
a € C(L) such thata exy =ax ey =x eay =xa ey and xy ea
=x eya for all x, y € L. The centre is a normal subloop. The
commutant is also known as Moufang Centre in literature.

14



DEFINITION [23]: A left loop (B, ) is a set B together with a
binary operation 'e' such that (i) for each a € B, the mapping x
— a e x is a bijection and (ii) there exists a two sided identity
1 € B satisfying 1 ex =x e 1 =x for every x € B. A right loop is
defined similarly. A loop is both a right loop and a left loop.

DEFINITION [11] : A loop L is said to have the weak Lagrange
property if, for each subloop K of L, |K| divides |L|. It has the
strong Lagrange property if every subloop K of L has the weak
Lagrange property.

DEFINITION 1.3.9: 4 loop L is said to be power-associative in
the sense that every element of L generates an abelian group.

DEFINITION 1.3.10: 4 loop L is diassociative loop if every pair
of elements of L generates a subgroup.

DEFINITION 1.3.11: 4 loop L is said to be a Moufang loop if it
satisfies any one of the following identities:

L (xp) (zx) = (x(yz))x
i.  ((xp)z)y =x(¥(zy)
iii. x(y(xz) = ((xy)x)z
forallx,y, z € L.

DEFINITION 1.3.12: Let L be a loop, L is called a Bruck loop if
x(yx)z = x(y(xz)) and (xy)'l = x'jy'j forallx,y, z € L.

DEFINITION 1.3.13: 4 loop (L, ) is called a Bol loop if ((xy)z)y
=x((vz)y) forallx, y, z € L.

DEFINITION 1.3.14: A4 loop L is said to be right alternative if
(xy)y = x(yy) for all x, y € L and L is left alternative if (xx)y =
x(xy) for all x, y € L. L is said to be an alternative loop if it is
both a right and left alternative loop.

DEFINITION 1.3.15: A4 loop (L, e is called a weak inverse

property loop (WIP-loop) if (xy)z = e imply x(vz) = e for all x, y,
z e L.

15



DEFINITION 1.3.16: 4 loop L is said to be semi alternative if (x,
v, z) =0, z x) for all x, y, z € L, where (x, y, z) denotes the
associator of elements x, y, z € L.

THEOREM (MOUFANG'S THEOREM): Every Moufang loop G is
diassociative more generally, if a, b, ¢ are elements in a
Moufang loop G such that (ab)c = a(bc) then a, b, ¢ generate an
associative loop.

The proof is left for the reader; for assistance refer Bruck R.H.

[3].

DEFINITION 1.3.17: Let L be a loop, L is said to be a two
unique product loop (t.u.p) if given any two non-empty finite
subsets A and B of L with |A| + |B| > 2 there exist at least two
distinct elements x and y of L that have unique representation in
the from x = ab and y = cd witha, c € A and b, d € B.

A loop L is called a unique product (u.p) loop if, given A
and B two non-empty finite subsets of L, then there always exists
at least one x € L which has a unique representation in the from
x=ab,witha e Aand b €B.

DEFINITION 1.3.18: Let (L, ®) be a loop. The principal isotope
(L, #) of (L, & with respect to any predetermined a, b € L is
defined by x *y = XY, for all x, y € L, where Xa = x and bY =y
forsome X, Y € L.

DEFINITION 1.3.19: Let L be a loop, L is said to be a G-loop if
it is isomorphic to all of its principal isotopes.

The main objective of this section is the introduction of a new
class of loops with a natural simple operation. As to introduce
loops several functions or maps are defined satisfying some
desired conditions we felt that it would be nice if we can get a
natural class of loops built using integers.

Here we define the new class of loops of any even order,
they are distinctly different from the loops constructed by other

16



researchers. Here we enumerate several of the properties
enjoyed by these loops.

DEFINITION [41]: Let L,(m) = {e, 1, 2, ..., n} be a set where n
> 3, n is odd and m is a positive integer such that (m, n) = 1
and (m—1, n) = 1 withm < n.

Define on L,(m) a binary operation 'e' as follows:

i eei=iee=iforalli € L,(m)
i. i =iei=cforallieLy(m)
iii. i ®ej=twheret= (mj— (m-—1)i) (modn)

foralli, j € Ly(m); i #j, i #e and j # e, then Ly(m) is a loop
under the binary operation '®’.

Example 1.3.1: Consider the loop Ls(2) = {e, 1, 2, 3,4, 5}. The
composition table for L5(2) is given below:

On|hlWIND|—|o (e
Onh|W|IN|—|o (o
N|W[h[Wn|O |[—|—
Alo|—lo L NN
— (o | Blwn|w]|w
Wl n(—=IN|R|D>
O (=[N [W][A]|Wn|Wn

This loop is of order 6 which is both non-associative and non-
commutative.

Physical interpretation of the operation in the loop L,(m):

We give a physical interpretation of this class of loops as
follows: Let Ly(m)= {e, 1, 2, ..., n} be a loop in this identity
element of the loop are equidistantly placed on a circle with e as
its centre.

We assume the elements to move always in the clockwise
direction.

17



\4

Leti,j e Ly(m) i#]j,i#e,j#e). If]is the ™ element from i
counting in the clockwise direction the i o j will be the ¢
element from j in the clockwise direction where t = (m —1)r. We
see that in general i ® j need not be equal to j @ i. When i =j we
definei’=candiee=cei=iforallie Ly(m) and e acts as
the identity in Ly(m).

Example 1.3.2: Now the loop L7(4) is given by the following
table:

N[N ([WIN|—|o |e
NN |~ |IWIN|—=O O
QW IN (DN |O [—=]|—
— A |Q(W]|N|o [N
N[(=hIQ|o [N |W]|w
N~ QW N
Ao [—]|B[Q[w|n|wnv
Wlo I~ |IQ[N|D
[CHISEEo) N I\ SR LV, E g RN D BN |
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Let 2, 4 € L7(4). 4 is the 2" element from 2 in the clockwise
direction. So 2.4 will be (4 — 1)2 that is the 6™ element from 4
in the clockwise direction which is 3. Hence 2.4 = 3.

Notation: Let L, denote the class of loops. Ly(m) for fixed n
and various m's satisfying the conditions m < n, (m, n) = 1 and
(m-1,n) =1, thatis L, = {Ly(m) | n> 3, n odd, m <n, (m, n) =
1 and (m-1,n) = 1}.

Example 1.3.3: Let n = 5. The class Ls contains three loops; viz.
Ls(2), Ls(3) and Ls(4) given by the following tables:
Ls(2)

e|le |1 [|2]|3]|41]|5
el|lel|1|2]|3]|4]|S5
1|1 ]|e|3]|5]|2]|4
2 12| 5|e|4]1]3
313141 |e|5]2
4141352 ]e]l
515121413 ]e
Ls(3)
° € 1 2 3 4 5
e|le |1 [2]3]14]5
1|1 |ef|4]|2]5]3
21214 ]ef|5]13]1
3 13|12 |5|e|1]4
41415131 ]e]?2
5151311 [4[2]ce
Ls(4)
° € 1 2 3 4 5
el|le |1 [2]3]14]5
1 |1 |e|5]4]3]|2
21213 |e|1]|5])|4
313|514 |ef|2]1
414121 |5]e|3
5151413 [2([1]ce
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THEOREM [27]: Let L, be the class of loops for any n > 3, if
n=p"p?..p* (> 1, fori =1 2, ..., k), then |L,| =

k
(p, —2) pfi™" where |Ly| denotes the number of loops in L.

The proof is left for the reader as an exercise.

THEOREM [27]: L, contains one and only one commutative loop.
This happens when m = (n + 1) / 2. Clearly for this m, we have
(m,n)=1and (m—1,n) = 1.

It can be easily verified by using simple number theoretic
techniques.

THEOREM [27]: Let L, be the class of loops. If
n=pp? ... .pk*, then L, contains exactly F, loops which are

k
strictly non-commutative where Fy, = 11 (p,=3) pi.

The proof is left for the reader as an exercise.

Note: If n = p where p is a prime greater than or equal to 5 then
in L, a loop is either commutative or strictly non-commutative.
Further it is interesting to note if n = 3t then the class L, does
not contain any strictly non-commutative loop.

THEOREM [32]: The class of loops L, contains exactly one left
alternative loop and one right alternative loop but does not
contain any alternative loop.

Proof: We see Ly(2) is the only right alternative loop that is
when m = 2 (Left for the reader to prove using simple number
theoretic techniques). When m =n —1 that is Ly(n —1) is the only
left alternative loop in the class of loops L.

From this it is impossible to find a loop in L,, which is
simultaneously right alternative and left alternative. Further it is
clear from earlier result both the right alternative loop and the
left alternative loop is not commutative.
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THEOREM [27]: Let L, be the class of loops:

i. Ly does not contain any Moufang loop.
ii. Ly does not contain any Bol loop.
iii. Ly does not contain any Bruck loop.

The reader is requested to prove these results using number
theoretic techniques.

THEOREM [41]: Let L,(m) € L,. Then L,(m) is a weak inverse
property (WIP) loop if and only if(m2 —m + 1) =0(mod n).

Proof: 1t is easily checked that for a loop to be a WIP loop we
have "if (xy)z = e then x(yz) = e where X, y, z € L." Both way
conditions can be derived using the defining operation on the
loop Ly(m).

Example 1.3.4: L be the loop L7(3)={e, 1, 2,3, 4,5, 6,7} be
in L7 given by the following table:

[ [N n|[h~|WIN[(—|o (e
BNl Fo N LV, 3 NS HOS ] O Kl N o)
WON[Q[N]RR|N|O | —]—
A=Wl |o [~
N[N |—=]|O []|J|WwW|w
DN[QA[N[o |[N|—= W]~
— W o |[Q|IN |~ [N wn
RO |=| W ON[Q[D [N
[CHISEE N Fo g LN [US) KO3 BN R BN |

It is easily verified L7(3) is a WIP loop. One way is easy for (rn2
—m+1)=0(mod 7)thatis9—-3+1=9+4+1=0(mod 7). It
is interesting to note that no loop in the class L, contain any
associative loop.
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THEOREM [27]: Let L, be the class of loops. The number of
strictly non-right (left) alternative loops is P, where

k k
B, =H(p, =3)p"" and n=T p.

The proof is left for the reader to verify.
Now we proceed on to study the associator and the
commutator of the loops in L.

THEOREM [27]: Let L,(m) € L,. The associator A(L,(m)) =
Ln(m).

For more literature about the new class of loops refer [41, 47].

DEFINITION 1.3.20: Let (L, *;, ..., *n) be a non empty set with
N binary operations *;. L is said to be a N loop if L satisfies the
following conditions:

i L =1L; ULy U ..U Ly where each L; is a proper
subset of L; i.e., Ly ¢ Lior L; ¢ L;if i #j for 1 <i, j <
N.
ii. (Li, *;) is a loop for some i, 1 <i <N.
iii. (L;, %) is a loop or a group for some j, 1 <j <N.

For a N-loop we demand atleast one (L;, *;) to be a loop.

DEFINITION 1.3.21: Let (L =L; ULy U ... ULy, *1, ..., *n) be
a N-loop. L is said to be a commutative N-loop if each (L;, *;) is
commutative, i = 1, 2, ..., N. We say L is inner commutative if
each of its proper subset which is N-loop under the binary
operations of L are commutative.

DEFINITION 1.3.22: Let L = {L; ULy U ... ULy, *1, %5, ..., *}
be a N-loop. We say L is a Moufang N-loop if all the loops (L;
*; ) satisfy the following identities.

Lo () (zx) = (x(vz))x
i ((w)z)y =x((z)
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iil. x(y(xz)) = ((xy)x)z
forallx,y,zel,i=12 .., N
Now we proceed on to define a Bruck N-loop.

DEFINITION 1.3.23: Let L = (L; ULy, U ... ULy, *1, ..., *N) be
a N-loop. We call L a Bruck N-loop if all the loops (Li *;)
satisfy the identities

i (x(yz))z =x(y(xz))
ii. (xyf] = xflyfl

forallx,y elL,i=12, ..., N.

DEFINITION 1.3.24: Let L = (L; ULy, U ... ULy, ¥, ..., *y) be
a N-loop. A non empty subset P of L is said to be a sub N-loop,
if P is a N-loop under the operations of L i.e., P = {P; U P, U
P; ... UPN, *;, ..., *n} with each {P;, *;} is a loop or a group.

DEFINITION 1.3.25: Let L = {L; ULy U ... ULy, *, ..., *n} be
a N-loop. A proper subset P of L is said to be a normal sub N-

loop of L if

i P is a sub N-loop of L.
ii. x; P = Pixj forall x; € L;
iii. i (xi P;) = (vix;) Piforall x; y; € L;.

A N-loop is said to be a simple N-loop if L has no proper
normal sub N-loop.

Now we proceed on to define the notion of Moufang center.

DEFINITION 1.3.26: Let L = {L; ULy, U ... ULy, *}, ..., *N} be
a N-loop. We say Cn(L) is the Moufang N-centre of this N-loop
if Cn(L) = Ci(Ly) wCy(Ly) U ... U Cn(Ly) where Ci(Ly) = {x; €
Li/xiyi=yxiforally; e Li}, i =1, 2, ..., N.
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DEFINITION 1.3.27: Let L and P to two N-loops i.e. L = {L; U
L2 ... ULN, *1, veey *N} and P = {P] UPQ U ... UPN, oy, ...,
on}. We say a map 6 : L — P is a N-loop homomorphism if 6 =
O v 6, U... Uy ‘Uis just a symbol and 6; is a loop
homomorphism from L; to P; foreachi=1, 2, ..., N.

DEFINITION 1.3.28: Let L = {L; ULy U ... ULy, ¥, ..., *n} be
a N-loop. We say L is weak Moufang N-loop if there exists
atleast a loop (L;, *;) such that L; is a Moufang loop.

Note: L; should not be a group it should be only a loop.

DEFINITION 1.3.29: Let L = {L; ULy U ...U Ly, ¥, ..., *N} be
a N-loop. If x and y € L are elements of L; the N-commutator (X,
y) is defined as xy = (yx) (x, y), I <i <N.

DEFINITION 1.3.30: Let L = {L; UL, U...U Ly, *1,..., *n} be a
N-loop. If x, y, z are elements of the N-loop L, an associator (x,
¥, z) is defined only if x, y, z € L; for some i (I <i <N) and is
defined to be (xy) z = (x (v 2)) (%, ¥, z).

DEFINITION 1.3.31: Let L = {L; ULy U ... ULy, *1, %5, ..., *n}
be a N-loop of finite order. For o; € L; define R, as a
permutation of the loop L;, R, : x; — xic;. This is true for i = 1,
2,..., N we define the set
{R,UR,U..UR, |, €Lsi=12,..,N|
1 2 N
as the right regular N-representation of the N loop L.

DEFINITION 1.3.32: Let L = {L; ULy U ... ULy, ¥, ..., *n} be
a N-loop. For any pre determined pair a;, b; € L;, i € {1, 2, ...,
N} a principal isotope (L, oj, ..., on), of the N loop L is defined
byxiojyi=X; * Yiwhere X;+a;=x;and b + Y=y, i =1, 2,.,
N. L is called G-N-loop if it is isomorphic to all of its principal
isotopes.
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1.4 Groupoids and N-groupoids

In this section we just recall the notion of groupoids. We also
give some new classes of groupoids constructed using the set of
modulo integers. This book uses in several examples the
groupoids from these new classes of groupoids For more about
groupoids please refer [45].

DEFINITION 1.4.1: Given an arbitrary set P a mapping of P x P
into P is called a binary operation on P. Given such a mapping
o: P xP — P we use it to define a product *in P by declaring
a*b=cifo(a b) =c.

DEFINITION 1.4.2: A non empty set of elements G is said to
form a groupoid if in G is defined a binary operation called the
product denoted by *such thata *b € G forall a, b € G.

DEFINITION 1.4.3: A groupoid G is said to be a commutative
groupoid if for every a, b € G we have a *b =b *a.

DEFINITION 1.4.4: A groupoid G is said to have an identity
elementein Gifa *e=e *a=aforalla € G.

DEFINITION 1.4.5: Let (G, ®) be a groupoid a proper subset H
c G is a subgroupoid if (H, #) is itself a groupoid.

DEFINITION 1.4.6: A groupoid G is said to be a Moufang
groupoid if it satisfies the Moufang identity (xy) (zx) = (x(yz))x
forallx, y, zin G.

DEFINITION 1.4.7: A groupoid G is said to be a Bol groupoid if
G satisfies the Bol identity ((xy) z) y = x ((yz) y) for all x, y, z in
G.

DEFINITION 1.4.8: A groupoid G is said to be a P-groupoid if
(xy) x =x (yx) forallx, y € G.

DEFINITION 1.4.9: 4 groupoid G is said to be right alternative
if it satisfies the identity (xy) y = x (yy) for all x, y € G.
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Similarly we define G to be left alternative if (xx) y = x (xy) for
allx,y € G.

DEFINITION 1.4.10: 4 groupoid G is alternative if it is both
right and left alternative, simultaneously.

DEFINITION 1.4.11: Let (G, %) be a groupoid. A proper subset
H of G is said to be a subgroupoid of G if (H, # is itself a
groupoid.

DEFINITION 1.4.12: 4 groupoid G is said to be an idempotent
i 2
groupoid if x” = x for all x € G.

DEFINITION 1.4.13: Let G be a groupoid. P a non empty proper
subset of G, P is said to be a left ideal of the groupoid G if 1) P
is a subgroupoid of G and 2) For allx € Ganda € P, xa € P.
One can similarly define right ideal of the groupoid G. P is
called an ideal if P is simultaneously a left and a right ideal of
the groupoid G.

DEFINITION 1.4.14: Let G be a groupoid A subgroupoid V of G
is said to be a normal subgroupoid of G if

I aV ="Va
ii. (Vx)y = V(xy)
iii. y(xV) = Ox)V
forallx, y,a V.

DEFINITION 1.4.15: A groupoid G is said to be simple if it has
no non trivial normal subgroupoids.

DEFINITION 1.4.16: 4 groupoid G is normal if
i. xG = Gx

ii. G(xy) = (Gx)y
iii. y(xG) = (yx)G for all x, y € G.
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DEFINITION 1.4.17: Let G be a groupoid H and K be two
proper subgroupoids of G, with H N K = ¢ We say H is
conjugate with K if there exists a x € H such that H = x K or Kx
(‘or' in the mutually exclusive sense).

DEFINITION 1.4.18: Let (G;, 6y), (G2, 65), ..., (G, 6,) be n
groupoids with 6; binary operations defined on each G, i = 1, 2,
3, ..., n. The direct product of Gy, ..., Gy denoted by G = G| x
. x Gy, = {(gn, ..., 2) | g € Gy} by component wise
multiplication on G, G becomes a groupoid.
Forifg = (g5, ..., gy and h = (hy, ..., hy) then g * h =
{(2161h;, g26hhy, ..., 2,60,h,)}. Clearly, gh € G. Hence G is a
groupoid.

DEFINITION 1.4.19: Let G be a groupoid we say an element e €
G is a left identity if ea = a for all a € G. Similarly we can
define right identity of the groupoid G, if e € G happens to be
simultaneously both right and left identity we say the groupoid
G has an identity.

DEFINITION 1.4.20: Let G be a groupoid. We say a in G has
right zero divisor if a *b = 0 for some b #0 in G and a in G has
left zero divisor if b *a = 0. We say G has zero divisors if a * b
=0andb *a=0fora b € G\ {0} A zero divisor in G can be
left or right divisor.

DEFINITION 1.4.21: Let G be a groupoid. The center of the
groupoid C (G) = {x €G | ax = xa for all a € G}.

DEFINITION 1.4.22: Let G be a groupoid. We say a, b € G is a
conjugate pair if a = bx (or xa for some x € G) and b = ay (or
ya for some y € G).

DEFINITION 1.4.23: Let G be a groupoid of order n. An element
a in G is said to be right conjugate with b in G if we can find x,
yeGsuchthata*x=bandbey=a(x *a=bandy *b =
a). Similarly, we define left conjugate.
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DEFINITION 1.4.24: Let Z' be the set of integers. Define an
. + +
operation *on Z byx *y =mx + ny wherem, n € Z , m <
and n < oc (m, n) = 1 and m # n. Clearly {Z+, * (m, n)} is a
groupoid denoted by A (m, n). We have for varying m and n get

infinite number of groupoids of infinite order denoted by Z.".

Here we define a new class of groupoids denoted by Z(n) using
Z, and study their various properties.

DEFINITION 1.4.25: Let Z, = {0, 1, 2, ... ,n—1}n >3. Fora, b
€ Z, \ {0} define a binary operation * on Z, as follows. a *b =
ta + ub (mod n) where t, u are 2 distinct elements in Z, \ {0}
and (t, u) =1 here ' + 'is the usual addition of 2 integers and '
ta ' means the product of the two integers t and a. We denote
this groupoid by {Z,, (t, u), *} or in short by Z, (t, u).

It is interesting to note that for varying t, u € Z,\ {0} with (t, u)
=1 we get a collection of groupoids for a fixed integer n. This
collection of groupoids is denoted by Z(n) that is Z(n) = {Z,, (t,
u), * | for integers t, u € Z, \ {0} such that (t, u) = 1}. Clearly
every groupoid in this class is of order n.

Example 1.4.1: Using Z; = {0, 1, 2}. The groupoid {Z;, (1, 2),
x} =(Z3 (1, 2)) is given by the following table:

N|— OO

—_ O =

| — || *
SN |[— (D

Clearly this groupoid is non associative and non commutative
and its order is 3.

THEOREM 1.4.1: Let Z,, = {0, 1, 2, ..., n}. A groupoid in Z (n) is

a semigroup if and only ift2 =t (mod n) and W’ =u (mod n) for t,
ueZ,\{0}and (t, u) = 1.
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THEOREM 1.4.2: The groupoid Z, (t, u) is an idempotent
groupoid if and only if t + u =1 (mod n).

THEOREM 1.4.3: No groupoid in Z (n) has {0} as an ideal.

THEOREM 1.4.4: P is a left ideal of Z, (t, ) if and only if P is a
right ideal of Z, (u, t).

THEOREM 1.4.5: Let Z, (¢, u) be a groupoid. If n =t + u where
both t and u are primes then Z, (t, u) is simple.

DEFINITION 1.4.26: Let Z, = {0, 1, 2, ..., n—1} n >3, n <
Define * a closed binary operation on Z, as follows. For any a,
b € Z, define a * b = at + bu (mod n) where (t, u) need not
always be relatively prime but t zu and t, u € Z, \ {0}.

THEOREM 1.4.6: The number of groupoids in Z'(n) is (n — 1) (n
—-2).

THEOREM 1.4.7: The number of groupoids in the class Z (n) is
bounded by (n—1) (n—2).

THEOREM 1.4.8: Let Z,, (1, u) be a groupoid in Z'(n) such that
(t ) =t n=2m t/2mandt+ u=2m. Then Z, (t, u) has
subgroupoids of order 2m /t or n /t.

Proof: Givennisevenandt+u=nsothatu=n-—t.
Thus Z, (t, u) = Z, (t, n — t). Now using the fact

t-Z, = {0, t, 2t, 3t, ... ,(%—l)t}that ist.Zyhasonlyn/t

elements and these n / t elements from a subgroupoid. Hence Z;
(t, n —t) where (t, n — t) =t has only subgroupoids of order n / t.

DEFINITION 1.4.27: Let Z, = {0, 1, 2, ... ,.n—1} n 23, n < «

Define *on Z, as a *b = ta + ub (mod n) where t and u € Z,, \
{0} and t can also equal u. For a fixed n and for varying t and u
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we get a class of groupoids of order n which we denote by
Z" ).

DEFINITION 1.4.28: Let Z, = {0, 1, 2, ... ,. n— 1} n 23, n < «
Define #on Z, as follows. a *b = ta + ub (mod n) where t, u €
Z,. Here t or u can also be zero.

DEFINITION 1.4.29: Let G = (G; v Gy U ... UGy *p, ..., *y)
be a non empty set with N-binary operations. G is called the N-
groupoid if some of the G;’s are groupoids and some of the G;’s
are semigroups, i #j and G = G; U G, U ... U Gy is the union
of proper subsets of G.

DEFINITION 1.4.30: Let G = (G; U Gy U ... UGy, *1, %5, ...,
*N) be a N-groupoid. The order of the N-groupoid G is the
number of distinct elements in G. If the number of elements in G
is finite we call G a finite N-groupoid. If the number of distinct
elements in G is infinite we call G an infinite N-groupoid.

DEFINITION 1.4.31: Let G = {G; v Gy U ... UGy, *1, %5, ...,
*n! be a N-groupoid. We say a proper subset H ={H; U H, v
. UHN, *1, %5, ..., *n} of G is said to be a sub N-groupoid of
G if H itself'is a N-groupoid of G.

DEFINITION 1.4.32: Let G = (G; v Gy U ... UGy, *1, %, ...,
*n) be a finite N-groupoid. If the order of every sub N-groupoid
H divides the order of the N-groupoid, then we say G is a
Lagrange N-groupoid.

It is very important to mention here that in general every N-
groupoid need not be a Lagrange N-groupoid.
Now we define still a weaker notion of a Lagrange N-groupoid.

DEFINITION 1.4.33: Let G = (G; v Gy U ... UGy, ¥4, ..., *n)
be a finite N-groupoid. If G has atleast one nontrivial sub N-
groupoid H such that o(H) / o(G) then we call G a weakly
Lagrange N-groupoid.
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DEFINITION 1.4.34: Let G = (G; v Gy, U ... UGy, ¥, %, ...,
*n) be a N groupoid. A sub N groupoid V=V; UV U ... UVy
of G is said to be a normal sub N-groupoid of G, if

i aVi=Via i=1, 2, ..., Nwhenevera €V;
ii. Vixy)=(Vix)y,i=1,2, ..., Nforx,y € V;
1il. yxVi)=@yVi,i=12 .., Nforx,y €V,

Now we say a N-groupoid G is simple if G has no nontrivial
normal sub N-groupoids.

Now we proceed on to define the notion of N-conjugate
groupoids.

DEFINITION 1.4.35: Let G = (G; v Gy U ... UGy, *4, ..., *n)
be a N-groupoid. Let H={H; U ... UHy; ¥, ..., "y} and K =
{K; UKy U... UKy, *p, ..., *N} be sub N-groupoids of G = G
UGy U... UGN, where H;, K; are subgroupoids of G; (i = 1, 2,

Let K 7 H = ¢ We say H is N-conjugate with K if there
exists x; € H; such that x; K; = H; (or K; x; = Hy) fori =1, 2, ...,
N ‘or’ in the mutually exclusive sense.

DEFINITION 1.4.36: Let G = (G; U Gy U ... UGy, *1, %, ..,
*N) be a N-groupoid. An element x in G is said to be a zero
divisor if their exists a y in G such that x * y =y * x = 0 for
someiin{l, 2, ..., N}

We define N-centre of a N-groupoid G.

DEFINITION 1.4.37: Let G = (G; v Gy, U ... UGy, *1, %, ...,
*y) be a N-groupoid. The N-centre of (G; U Gy U ... U Gy,
*1, v, *n) denoted by NC (G) = {x; € G; | x; a; = aj xj for all
aj e Gl Ufx, e Gyl xpay=azxyforallay; e Gop U ... U
Ixn € Gy | xv av = an xy for all ayv € Gy} =
N

U{xieG|xial=a,.x[ for all a[eG,.} =NC (G).

i=1
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1.5 Mixed N-algebraic Structures

In this section we proceed onto define the notion of N-group-
semigroup algebraic structure and other mixed substructures and
enumerate some of its properties.

DEFINITION 1.5.1: Let G = {G; U Gy U ... UGy, ¥, ..., *N)}
where some of the Gj's are groups and the rest of them are
semigroups. G;’s are such that G; & Gjor G; € Gifi #], i.e.
G;’s are proper subsets of G. *;, ..., *y are N binary operations
which are obviously are associative then we call G a N-group
semigroup.

We can also redefine this concept as follows:

DEFINITION 1.5.2: Let G be a non empty set with N-binary
operations *;, ..., *n. We call G a N-group semigroup if G
satisfies the following conditions:

i G = G; UGy U ... UGy such that each G is a proper
subset of G (By proper subset G; of G we mean G; & G;
or G; & G;ifi #j. This does not necessarily imply G; N
Gj = ¢)
ii. (G, *) is either a group or a semigroup, i = 1, 2,..., N.
iii. At least one of the (G;, *;) is a group.
iv. At least one of the (G, *;) is semigroup i #].

Then we call G = {G; UGy U ... UGy, ¥, ..., *n} to be a N-
group semigroup (1 <i, j < N).

DEFINITION 1.5.3: Let G = {G; v Gy U ... UGN, *4, ..., *n/} be
a N-group-semigroup. We say G is a commutative N-group
semigroup if each (G;, *;) is a commutative structure, i = 1, 2,
vy N
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DEFINITION 1.5.4: Let G = {G; UG, U ... UGy, *, ..., *n} be
a N-group. A proper subset P of G where (P; U P, U ... U Py,
*1, .., *n) is said to be a N-subgroup of the N-group semigroup
G if each (P;, *;) is a subgroup of (G;, *;);i=1, 2, ..., N.

DEFINITION 1.5.5: Let G = {G; Gy U ... UGy, ¥, ..., *N} be
a N-group semigroup where some of the (G;, *;) are groups and
rest are (Gj, *;) are semigroups, 1 <i, j <N. A proper subset P
of G is said to be a N-subsemigroup if P = {P; UP, U ... UPy,
*1, ., *Nt where each (P, *;) is only a semigroup under the
operation *;.

Now we proceed on to define the notion of N-subgroup
semigroup of a N-group semigroup.

DEFINITION 1.5.6: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a N-group semigroup. Let P be a proper subset of G. We say P
is a N-subgroup semigroup of G if P = {P; UPy U ... UPy, ¥,
v, *n} and each (P;, *;) is a group or a semigroup.

DEFINITION 1.5.7: Let G = {G; UG, U ... UGN, *, ..., *N} be
a N-group semigroup. We call a proper subset P of G where P
={P; UP, U .. UPN, ¥ ..., N} to be a normal N-subgroup
semigroup of G if (G;, *;) is a group then (P, *;) is a normal
subgroup of G; and if (G}, *;) is a semigroup then (P;, *;) is an
ideal of the semigroup Gj. If G has no normal N-subgroup
semigroup then we say N-group semigroup is simple.

DEFINITION 1.5.8: Let L = {L; ULy U ... ULy, *j,..., *n} be a
non empty set with N-binary operations defined on it. We call L
a N-loop groupoid if the following conditions are satisfied:

i L=L; ULy .. ULywhereeach L;is a proper subset
ofLie. Ly & LiorL; & L;ifi=j, for 1 <i,j <N.
ii. (Li, *;) is either a loop or a groupoid.
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iii. There are some loops and some groupoids in the
collection {L, ..., Ly}.

Clearly L is a non associative mixed N-structure.

DEFINITION 1.5.9: Let L = {L; ULy, U ... ULy, ¥}, ..., ¥yt be a
N-loop groupoid. L is said to be a commutative N-loop
groupoid if each of {L;, *;} is commutative.

Now we give an example of a commutative N-loop groupoid.

DEFINITION 1.5.10: Let L = {L; ULy U ... ULy, ¥, ..., *N} be
a N-loop groupoid. A proper subset P of L is said to be a sub N-
loop groupoid if P = {P; U P, U ... UPy, *, ..., *n} be a N-
loop groupoid. A proper subset P = {P; U Py U ... UPn, *j, ...,
*N4 is such that if P itself is a N-loop groupoid then we call P
the sub N-loop groupoid of L.

DEFINITION 1.5.11: Let L = {L; UL, U ... ULy, *;, ..., *n} be
a N-loop groupoid. A proper subset G = {G; UG, U ... UGy,
*1, ..., *n}is called a sub N-group if each (G;, *;) is a group.

DEFINITION 1.5.12: Let L = {L; ULy U ... ULy, *, ..., *n} be
a N-loop groupoid. A proper subset T={T; T, U ... UTy, *,

., *n} is said to be a sub N-groupoid of the N-loop groupoid if
each (T;, *;) is a groupoid.

DEFINITION 1.5.13: Let L = {L; ULy U ... ULy, ¥, ..., *N} be
a N-loop groupoid. A non empty subset S = {S; US> U...U Sy,
*1, v, N} is said to be a sub N-loop if each {S;, *i} is a loop.

DEFINITION 1.5.14: Let L = {L; ULy U ... ULy, ¥, ..., *n} be
a N-loop groupoid. A non empty subset W ={W; UW, U ... U
Wy, *1, ..., *n} of L said to be a sub N-semigroup if each {W,
*}is a semigroup.
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DEFINITION 1.5.15: Let L = {L; ULy U ... ULy, ¥, ..., *n} be
a N-loop groupoid. Let R = {R; URy; U ... URp, */, ..., *n}be a
proper subset of L. We call R a sub N-group groupoid of the N-
loop groupoid L if each {R;, *;} is either a group or a groupoid.

DEFINITION 1.5.16: Let L = {L; ULy U ... ULy, *;, ..., *N} be
a N-loop groupoid of finite order. K = {K; UK, UK3, *;, ...,
*N¢ be a sub N-loop groupoid of L. If every sub N-loop
groupoid divides the order of the N-loop groupoid L then we
call L a Lagrange N-loop groupoid. If no sub N-loop groupoid
of L divides the order of L then we say L is a Lagrange free N-
loop groupoid.

DEFINITION 1.5.17: Let L = {L; UL, U ... ULy, *}, ..., *N} be
a N-loop groupoid. We call L a Moufang N-loop groupoid if
each (L;, *;) satisfies the following identities:

i () (%) = (x ()
i.  ((xy)z)y=x((2y).
iii. x( (xz)) = (xy)x)zforx, y,z elL;, I <i<N.

Thus for a N-loop groupoid to be Moufang both the loops and
the groupoids must satisfy the Moufang identity.

DEFINITION 1.5.18: Let L = {L; UL, ... Ly, *, ..., *n} be a
N-loop groupoid. A proper subset P (P = P; U Py U ... U Py,
*1, ., *n) of L is a normal sub N-loop groupoid of L if

i If P is a sub N-loop groupoid of L.
i. x; P; = P; x;j (Where P; =P NL;).
111, Vi (xiP,-) = (y,-x,-) Piforallxi,yi EL,'.

This is true for each P; , i.e., fori=1, 2, ..., N.
DEFINITION 1.5.19: Let L = {L; ULy, U ... ULy, *1, ..., *}
and K = {K; UKy, U ... UKy, *, ..., *nt be two N-loop

groupoids such that if (L;, *;) is a groupoid then {K;, *;} is also
a groupoid. Likewise if (L;, *;) is a loop then (K}, *;) is also a
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loop true for 1 <i,j <N. Amap 0= 6; U 0, U... U Oy fromL
to K is a N-loop groupoid homomorphism if each 6;: L; — K; is
a groupoid homomorphism and 6 : L; — K; is a loop
homomorphism 1 < i, j < N.

DEFINITION 1.5.20: Let L = {L; ULy, U ... ULy, ¥, ..., *n} be
a N-loop groupoid and K = {K; UK, U ... UKy, *;, ..., ¥t be
a M-loop groupoid. Amap ¢ = ¢; U ¢ U ... U @y from L to K
is called a pseudo N-M-loop groupoid homomorphism if each
@i: Ly — Ky is either a loop homomorphism or a groupoid
homomorphism, 1 <t < N and 1 <s <M, according as L; and
K are loops or groupoids respectively (we demand N < M for if
M > N we have to map two or more L; onto a single K; which
can not be achieved easily).

DEFINITION 1.5.21: Let L = {L; ULy U ... ULN, *1, ..., *ntbe
a N-loop groupoid. We call L a Smarandache loop N-loop
groupoid (S-loop N-loop groupoid) if L has a proper subset P =
{P; UPy, U... UPy, ¥, ..., *n} such that each P;is a loop i.e. P
is a N-loop.

Now we proceed on to define the mixed N-algebraic structures,
which include both associative and non associative structures.
Here we define them and give their substructures and a few of
their properties.

DEFINITION 1.5.22: Let A be a non empty set on which is
defined N-binary closed operations *;, ..., *n. A is called as the
N-group-loop-semigroup-groupoid (N-glsg) if the following
conditions, hold good.

i A=A; UAy U... U Ay where each A; is a proper subset
of A (i.e. A; & Aj o OI”Aj & A; if (i #j).
ii. (4;, *i ) is a group or a loop or a groupoid or a

semigroup (or used not in the mutually exclusive sense)
1<i <N. Ais a N —glsg only if the collection {4, ...,
An} contains groups, loops, semigroups and groupoids.
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DEFINITION 1.5.23: Let A = {A; U ... UApn, ¥}, ..., *n} where
A; are groups, loops, semigroups and groupoids. We call a non
empty subset P = {P; UP; U ... UPp, ¥, ..., *n} of A, where P;
= P »n A; is a group or loop or semigroup or groupoid
according as A; is a group or loop or semigroup or groupoid.
Then we call P to be a sub N-glsg.

DEFINITION 1.5.24: Let A = {A; UA; U ... UAN; *5, ..., *n} be
a N-glsg. A proper subset T = {T. U.LUT* ,...,*[K} of A is

i ig 2 g
called the sub K-group of N-glsg if each T, is a group from A,

where A, can be a group or a loop or a semigroup of a groupoid
but has a proper subset which is a group.

DEFINITION 1.5.25: Let A = {A; Ay U ... AN, *5, ..., *n} be
a N-glsg. A proper subset T = {T.1 ... uﬂr} is said to be sub

r-loop of A if each 7}/ is a loop and 7}1 is a proper subset of

some Ap. As in case of sub K-group r need not be the maximum
number of loops in the collection Ay, ..., Ap.

DEFINITION 1.5.26: Let A = {A; U Ay U ... AN, ¥, ..., *n} be
a N-glsg. Let P = {P; U P, U ... UPpn} be a proper subset of A
where each P; is a semigroup then we call P the sub u-
semigroup of the N-glsg.

DEFINITION 1.5.27: Let A = {A; VA, U ...UANn; *1, ..., *N} be
a N-glsg. A proper subset C = {C; 0 Cy U ... UCy} of A is said
to be a sub-t-groupoid of A if each C; is a groupoid.

DEFINITION 1.5.28: Let A = {A; Ay U ... VAN, *1, ..., *n} be
a N-glsg. Suppose A contains a subset P = F, U ..UF, of 4

such that P is a sub K-group of A. If every P-sub K-group of A
is commutative we call A to be a sub-K-group commutative N-

glsg.
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If atleast one of the sub-K-group P is commutative we call
A to be a weakly sub K-group-commutative N-glsg. If no sub K-
group of A is commutative we call A to be a non commutative
sub-K-group of N-glsg.

For more about these notions please refer [50].
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Chapter Two

NEUTROSOPHIC GROUPS AND
NEUTROSOPHIC N-GROUPS

This chapter has three sections; first section deals with
neutrosophic groups and their properties. In section two
neutrosophic bigroups are introduced for the first time and
analyzed. Section three defines the notion of neutrosophic N-
groups.

The notion of neutrosophic structures are defined for the
first time. As in general case we, define the neutrosophic N-
structure. Also when we define neutrosophic algebraic structure
it need not be having all the properties. For we define the
neutrosophic element as I where I is an indeterminate and I is
such that I =1.

This equation I* = I does not imply I (I — 1) = 0 or any such
relations. It is just like saying 1> = L. So it is not an easy task to
talk of inverse for we add or multiply I by a scalar ¢ and call it
as ¢ + I or as cI which is a neutrosophic element.

For instance when we say, let G = (Z, U I) generate a
neutrosophic group under ‘+’, we have N(G) = {[, 1, 1 + 1, 0}
where 1.I=11=Talso(I+1)=0forI+1=2.1=0I,as2=0
(mod 2). We call {0, 1, I, 1 + I} to be the neutrosophic group
generated by Z, U 1. Here N(G) is a group under ‘+’.

Note: We do not demand a neutrosophic group to be a group.
But clearly it contains a group. For if (Z, \ {0} U I) generates
the neutrosophic group under multiplication modulo 2{{(Z,
\ {0} U I), x} is not a group under multiplication modulo 2.
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2.1 Neutrosophic Groups and their Properties

In this section for the first time the notion of neutrosophic
groups are introduced, neutrosophic groups in general do not
have group structure. We also define yet another notion called
pseudo neutrosophic groups which have group structure. As
neutrosophic groups do not have group structure the classical
theorems viz. Sylow, Lagrange or Cauchy are not true in
general which forces us to define notions like Lagrange
neutrosophic groups, Sylow neutrosophic groups and Cauchy
elements. Examples are given for the understanding of these
new concepts.

DEFINITION 2.1.1: Let (G, *) be any group, the neutrosophic
group is generated by I and G under * denoted by N(G) = {(G
ul) ¥

Example 2.1.1: Let Z; = {0, 1, 2, ..., 6} be a group under
addition modulo 7. N(G) = {{(Z; U I), ‘+’ modulo 7} is a
neutrosophic group which is in fact a group. For N(G) = {a + bl
/ a, b € Z;} is a group under ‘+’ modulo 7. Thus this
neutrosophic group is also a group.

Example 2.1.2: Consider the set G = Zs \ {0}, G is a group
under multiplication modulo 5. Consider N(G) = {(G U D),
multiplication modulo 5}. N(G) is called the neutrosophic group
generated by G U I. Clearly N(G) is not a group for I =1 and I
is not the identity but only an indeterminate, but N(G) is defined
as the neutrosophic group.

Thus based on this we have the following theorem:

THEOREM 2.1.1: Let (G, *) be a group, N(G) = {({G U 1), *}! be
the neutrosophic group.

i N(G) in general is not a group.
ii. N(G) always contains a group.
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Proof: To prove N(G) in general is not a group it is sufficient
we give an example; consider (Zs\ {0} W) =G ={1,2,4,3, 1,
21,41 31}; Gis not a group under multiplication modulo 5. In
fact {1, 2, 3, 4} is a group under multiplication modulo 5.

N(G) the neutrosophic group will always contain a group
because we generate the neutrosophic group N(G) using G and L.

So G < N(G) hence N(G) will always contain a group.
#*

Now we proceed onto define the notion of neutrosophic
subgroup of a neutrosophic group.

DEFINITION 2.1.2: Let N(G) = (G U 1) be a neutrosophic group
generated by G and 1. A proper subset P(G) is said to be a
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G)
must contain a (sub) group.

Example 2.1.3: Let N(Z,) = (Z, U I) be a neutrosophic group
under addition. N(Z,) = {0, 1, I, 1 + I}. Now we see {0, I} is a
group under + in fact a neutrosophic group {0, 1 + I} is a group
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo
neutrosophic groups for they do not have a proper subset which
is a group. So {0, [} and {0, 1 + I} will be only called as pseudo
neutrosophic groups (subgroups).

We can thus define a pseudo neutrosophic group as a
neutrosophic group, which does not contain a proper subset
which is a group. Pseudo neutrosophic subgroups can be found
as a substructure of neutrosophic groups. Thus a Pseudo
neutrosophic group though has a group structure is not a
neutrosophic group and a neutrosophic group cannot be a
pseudo neutrosophic group. Both the concepts are different.

Now we see a neutrosophic group can have substructures
which are pseudo neutrosophic groups which is evident from
the example.

Example 2.1.4: Let N(Zs) = (Z4 U I) be a neutrosophic group
under addition modulo 4. (Z, U 1) ={0,1,2,3, 1,1 +1, 2, 31, 1
+2[1+3L2+L2+2L2+3L3+1,3+2l 3 +3I}. o({(Zs U
D) =4
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Thus neutrosophic group has both neutrosophic subgroups and
pseudo neutrosophic subgroups. For T = {0, 2, 2 + 21, 2I} is a
neutrosophic subgroup as {0 2} is a subgroup of Z, under
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group
under ‘+’ modulo 4.

Now we are not sure that general properties which are true
of groups are true in case of neutrosophic groups for
neutrosophic groups are not in general groups. We see that in
case of finite neutrosophic groups the order of both
neutrosophic subgroups and pseudo neutrosophic subgroups do
not divide the order of the neutrosophic group. Thus we give
some problems in the chapter 7.

THEOREM 2.1.2: Neutrosophic groups can have non trivial
idempotents.

Proof: Forl e N(G)and I’ =1 .

Note: We cannot claim from this that N(G) can have zero
divisors because of the idempotent as our neutrosophic
structures are algebraic structures with only one binary
operation multiplication in case I =1 .

We illustrate these by examples.

Example 2.1.5: Let N(G) = {1, 2, I, 2I} a neutrosophic group
under multiplication modulo three. We see (2I)* = I (mod 3), I’
=1. 20 1=21,2"=1 (mod 3). So P = {1, I, 21} is a pseudo
neutrosophic subgroup. Also o(P) X o(N (G)).

Thus we see order of a pseudo neutrosophic group need not
divide the order of the neutrosophic group.

We give yet another example which will help us to see that
Lagrange’s theorem of finite groups in case of finite

neutrosophic groups is not true.

Example 2.1.6: Let N(G) = {1, 2, 3, 4, I, 21, 31, 41} be a
neutrosophic group under multiplication modulo 5. Now
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consider P = {1, 4, I, 21, 31, 41} < N(G). P is a neutrosophic
subgroup. o(N(G)) = 8 but o(P) = 6, 6 X 8. So clearly
neutrosophic groups in general do not satisfy the Lagrange
theorem for finite groups.

So we define or characterize those neutrosophic groups,
which satisfy Lagrange theorem as follows:

DEFINITION 2.1.3: Let N(G) be a neutrosophic group. The
number of distinct elements in N(G) is called the order of N(G).
If the number of elements in N(G) is finite we call N(G) a finite
neutrosophic group, otherwise we call N(G) an infinite
neutrosophic group, we denote the order of N(G) by o(N(G)) or
NG|

DEFINITION 2.1.4: Let N(G) be a finite neutrosophic group. Let
P be a proper subset of N(G) which under the operations of
N(G) is a neutrosophic group. If o(P) / o(N(G)) then we call P
to be a Lagrange neutrosophic subgroup. If in a finite
neutrosophic group all its neutrosophic subgroups are
Lagrange then we call N(G) to be a Lagrange neutrosophic
group.

If N(G) has atleast one Lagrange neutrosophic subgroup
then we call N(G) to be a weakly Lagrange neutrosophic group.
If N(G) has no Lagrange neutrosophic subgroup then we call
N(G) to be a Lagrange free neutrosophic group.

We have already given examples of these. Now we proceed on
to define the notion called pseudo Lagrange neutrosophic group.

DEFINITION 2.1.5: Let N(G) be a finite neutrosophic group.
Suppose L is a pseudo neutrosophic subgroup of N(G) and if
o(L) / o(N(G)) then we call L to be a pseudo Lagrange
neutrosophic subgroup. If all pseudo neutrosophic subgroups of
N(G) are pseudo Lagrange neutrosophic subgroups then we call
N(G) to be a pseudo Lagrange neutrosophic group.

If N(G) has atleast one pseudo Lagrange neutrosophic
subgroup then we call N(G) to be a weakly pseudo Lagrange
neutrosophic group. If N(G) has no pseudo Lagrange
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neutrosophic subgroup then we call N(G) to be pseudo
Lagrange free neutrosophic group.

Now we illustrate by some example some more properties of
neutrosophic groups, which paves way for more definitions. We
have heard about torsion elements and torsion free elements of a
group.

We in this book define neutrosophic element and
neutrosophic free element of a neutrosophic group.

DEFINITION 2.1.6: Let N(G) be a neutrosophic group. An
element x € N(G) is said to be a neutrosophic element if there
exists a positive integer n such that x" = I if for any y a
neutrosophic element no such n exists then we call y to be a
neutrosophic free element.

We illustrate these by the following examples.

Example 2.1.7: Let N(G) = {1, 2, 3,4, 5, 6, 1, 21, 31, 41, 51, 61}
be a neutrosophic group under multiplication modulo 7. We
have 3I)° =1, 41 =1 (61> =L I*=1, (21)° =L, (51)° = L. In this
neutrosophic group all elements are either torsion elements or
neutrosophic elements.

Example 2.1.8: Let us now consider the set {1, 2, 3, 4, I, 21, 31,
AL1+L2+L3+10L4+1,1+21,1+31,1+412+21 2+ 31,
2+4L,3+2[,3+3[,3+41,4+2[,4+31,4+41}. Thisisa
neutrosophic group under multiplication modulo 5. For {1, 2, 3,
4} = Zs \ {0} is group under multiplication modulo 5. (1 + I)* =
1 (mod 5) we ask “Is it a neutrosophic element of N(G)?” (2 +
D' =1 (mod 5). (1 + 4I)> = 1 + 4I this will be called as
neutrosophic idempotent and (1 + 3I)*= 1 (mod 5) neutrosophic
unit.

In view of the above example we define the following:
DEFINITION 2.1.7: Let N(G) be a neutrosophic group. Let x €

N(G) be a neutrosophic element such that x" = 1 then x is called
the pseudo neutrosophic torsion element of N(G).
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In the above example we have given several pseudo
neutrosophic torsion elements of N(G).

Now we proceed on to define Cauchy neutrosophic
elements of a neutrosophic group N(G).

DEFINITION 2.1.8: Let N(G) be a finite neutrosophic group. Let
x € N(G), if x is a torsion element say X" = 1 and if m/o N(G))
we call x a Cauchy element of N(G), if x is a neutrosophic
element and x' = I with t / o(N(G)), we call x a Cauchy
neutrosophic element of N(G). If all torsion elements of N(G)
are Cauchy we call N(G) as a Cauchy neutrosophic group. If
every neutrosophic element is a neutrosophic Cauchy element
then we call the neutrosophic group to be a Cauchy
neutrosophic, neutrosophic group.

We now illustrate these concepts by the following examples:

Example 2.1.9: Let N(G) = {0, 1, 2, 3, 4, 1, 21, 31, 41} be a
neutrosophic group under multiplication modulo 5. {1, 2, 3, 4}
is a group under multiplication modulo 5. Now we see o (N (G))
=9,4* =1 (mod 5) 2 X 9 similarly (31)* =1 but 4 X 9. Thus
none of these elements are Cauchy elements or Cauchy
neutrosophic Cauchy elements of N(G).

Now we give yet another example.

Example 2.1.10: Let N(G) be a neutrosophic group of finite
order 4 where N(G) = {1, 2, I, 2I} group under multiplication
modulo 3. Clearly every element in N(G) is either a Cauchy
neutrosophic element or a Cauchy element.

Thus we give yet another definition.
DEFINITION 2.1.9: Let N(G) be a neutrosophic group. If every
element in N(G) is either a Cauchy neutrosophic element of

N(G) or a Cauchy element of N(G) then we call N(G) a strong
Cauchy neutrosophic group.
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The above example is an instance of a strong Cauchy
neutrosophic group. Now we proceed on to define the notion of
p-Sylow neutrosophic subgroup, Sylow neutrosophic group,
weak Sylow neutrosophic group and Sylow free neutrosophic

group.

DEFINITION 2.1.10: Let N(G) be a finite neutrosophic group. If
for a prime p® / o(N(G)) and p“™ X o(N(G)), N(G) has a
neutrosophic subgroup P of order p” then we call P a p-Sylow
neutrosophic subgroup of N(G).

Now if for every prime p such that p” / o(N(G)) and p
o(N(G)) we have an associated p-Sylow neutrosophic subgroup
then we call N(G) a Sylow neutrosophic group.

If N(G) has atleast one p-Sylow neutrosophic subgroup then
we call N(G) a weakly Sylow neutrosophic group. If N(G) has
no p-Sylow neutrosophic subgroup then we call N(G) a Sylow
free neutrosophic group.

a+l x

Now unlike in groups we have to speak about Sylow notion
associated with pseudo neutrosophic groups.

DEFINITION 2.1.11: Let N(G) be a finite neutrosophic group.
Let P be a pseudo neutrosophic subgroup of N (G) such that o
(P) = p® where p®/ o (N(G)) and p™™" X o(N(G)), for p a prime,
then we call P to be a p-Sylow pseudo neutrosophic subgroup of
N(G).

If for a prime p we have a pseudo neutrosophic subgroup P
such that o(P) = p* where p® / o(N(G)) and p*"' X o(N(G)),
then we call P to be p-Sylow pseudo neutrosophic subgroup of
N(G). If for every prime p such that p® / o(N(G)) and p*™" X
o(N(G)), we have a p-Sylow pseudo neutrosophic subgroup then
we call N(G) a Sylow pseudo neutrosophic group.

If on the other hand N(G) has atleast one p-Sylow pseudo
neutrosophic subgroup then we call N(G) a weak Sylow pseudo
neutrosophic group. If N(G) has no p-Sylow pseudo
neutrosophic subgroup then we call N(G) a free Sylow pseudo
neutrosophic group.

Now we proceed on to define neutrosophic normal subgroup.
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DEFINITION 2.1.12: Let N(G) be a neutrosophic group. Let P
and K be any two neutrosophic subgroups of N(G). We say P

and K are neutrosophic conjugate if we can find x, y € N(G)
withx P =K y.

We illustrate this by the following example:

Example 2.1.11: Let N(G) = {0, 1,2,3,4,5, 1, 21, 31, 41, 51, 1 +
L2+13+1 .. 5+ 51} be a neutrosophic group under
addition modulo 6. P = {0, 3, 31, 3+3I} is a neutrosophic
subgroup of N(G). K = {0, 2, 4, 2 + 21, 4 + 41, 21, 41} is a
neutrosophic subgroup of N(G). For 2, 3 in N(G) we have 2P =
3K = {0}. So P and K are neutrosophic conjugate.

Thus in case of neutrosophic conjugate subgroups K and P
we do not demand o(K) = o(P).

Now we proceed on to define neutrosophic normal
subgroup.

DEFINITION 2.1.13: Let N(G) be a neutrosophic group. We say
a neutrosophic subgroup H of N(G) is normal if we can find x
and y in N(G) such that H =xHy for all x, y € N (G) (Note x =y
ory =x" can also occur).

Example 2.1.12: Let N (G) be a neutrosophic group given by N
G =1{0,1,2, 2,1 +1,2+1 2l + 1, 21 + 2} under
multiplication modulo 3.

H= {1, 2, 1, 21} is a neutrosophic subgroup such that for no
element in N (G) \ {0}; xHy = H so H is not normal. Take K =
{1,2,1+1, 2+ 2I} is a neutrosophic subgroup. K is not normal.

DEFINITION 2.1.14: A neutrosophic group N(G) which has no
nontrivial neutrosophic normal subgroup is called a simple
neutrosophic group.

Now we define pseudo simple neutrosophic groups.

DEFINITION 2.1.15: Let N(G) be a neutrosophic group. A
proper pseudo neutrosophic subgroup P of N(G) is said to be
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normal if we have P = xPy for all x, y € N(G). A neutrosophic
group is said to be pseudo simple neutrosophic group if N(G)
has no nontrivial pseudo normal subgroups.

We do not know whether there exists any relation between
pseudo simple neutrosophic groups and simple neutrosophic
groups.

Now we proceed on to define the notion of right (left) coset
for both the types of subgroups.

DEFINITION 2.1.16: Let L (G) be a neutrosophic group. H be a
neutrosophic subgroup of N(G) for n € N(G), then Hn = {hn/ h
€ H} is called a right coset of H in G.

Similarly we can define left coset of the neutrosophic subgroup
Hin G.

It is important to note that as in case of groups we cannot
speak of the properties of neutrosophic groups as we cannot find
inverse for every x € N (G).

So we make some modification before which we illustrate
these concepts by the following examples.

Example 2.1.13: Let N(G) = {1, 2, 3, 4, 1, 21, 31, 41} be a
neutrosophic group under multiplication modulo 5. Let H = {1,
4,1, 4 I} be a neutrosophic subgroup of N(G). The right cosets
of H are as follows:

H.2 = {2,3,21, 31}

H.3 = {3,2,3L2I}

H.1 = H4 = {1,4,1,41}

H1 = ({141} = H.4I

H21 = {231} = H3I= {31, 2I}.
Therefore the classes are

[2] = [3] = {2,3,2L 3I}

[1] = [4] = H={1,4,14I}

[1] = [41] = R {L4I}

[21] = [31] = {31, 2I}.
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Now we are yet to know whether they will partition N(G) for

we see here the cosets do not partition the neutrosophic group.
That is why we had problems with Lagrange theorem so

only we defined the notion of Lagrange neutrosophic group.

We give yet another example before which we define the
concept of commutative neutrosophic group.

DEFINITION 2.1.17: Let N(G) be a neutrosophic group. We say
N(G) is a commutative neutrosophic group if for every pair a, b
eNG),ab=ba.

We have seen several examples of commutative neutrosophic
groups. So now we give an example of a non-commutative
neutrosophic group.

Example 2.1.14: Let
a b
N(G) = {( d] |a,b,c,d, {0, 1,2, 1, 21}}.
c

N(G) under matrix multiplication modulo 3 is a neutrosophic
group which is non commutative.

We now give yet another example of cosets in neutrosophic
groups.

Example 2.1.15: Let N(G)= {0, 1,2, L2, 1+ [ 1 + 2,2+ 1, 2
+ 21} be a neutrosophic group under multiplication modulo 3.

Consider P = {1, 2, I, 2I}. < N(G); P is a neutrosophic
subgroup.

P.0 = {0}
P.1 = {1,2,12D}
= P2
P.1 = {120
= P.2I
P(1+1) = {1+L2+2L2L1}
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PQ+D) = {2+1,1+2L0

P(1+2I) = {1+2L2+10!
= PQ+])

PQ+2l) = {2+2L1+L1 20
= PA+D.

We see the coset does not partition the neutrosophic group. Now
using the concept of pseudo neutrosophic subgroup we define
pseudo coset.

DEFINITION 2.1.18: Let N(G) be a neutrosophic group. K be a
pseudo neutrosophic subgroup of N(G). Then for a € N(G), Ka
=tka | k € K} is called the pseudo right coset of K in N(G).

On similar lines we define the notion of pseudo left coset of a
pseudo neutrosophic subgroup K of N (G). We illustrate this by
the following example.

Example 2.1.16: Let N (G)={0, 1, 1,2,2 1 + [, 1 +2[,2+ 1,2
+ 21} be a neutrosophic group under multiplication modulo 3.
Take K = {1, 1 + I}, a pseudo neutrosophic group.

Now we will study the cosets of K. K. 0 = {0}.

K1 = {1,1+1}
Ka+p = {1+1}
K2 = {2,2+2I}
K. I = {L2I}
K21 = {2L 1}

= K. L
Kd+2) = {1+2I}
K2+I) = {2+1}
K@+2)) = {2+21,2}

K.2.

We see even the pseudo neutrosophic subgroups do not in
general partition the neutrosophic group which is evident from
the example.
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Now we proceed on to define the concept of center of a
neutrosophic group.

DEFINITION 2.1.19: Let N(G) be a neutrosophic group, the
center of N(G) denoted by C(N(G)) = {x € N(G) | ax = xa for
all a € N(G)}.

Note: Clearly C(N(G)) # ¢ for the identity of the neutrosophic
group belongs to C(N(G)). Also if N(G) is a commutative
neutrosophic group then C(N(G)) = N(G). As in case of groups
we can define in case of neutrosophic groups also direct product
of neutrosophic groups N(G).

DEFINITION 2.1.20: Let N(G;), N(G,), .., N(G, be n
neutrosophic groups the direct product of the n-neutrosophic
groups is denoted by N(G) = N(G;) x ... x N(G,) = {(g1, &, ...,
g) g eNGy);i=12,.., nk.

N(G) is a neutrosophic group for the binary operation defined is
component wise; for if *;, *,, ..., *, are the binary operations on
N(Gy), ..., N(G,) respectively then for X = (xy, ..., X,) and Y =
(Y15 Y25 s Yu) IDN(G), X *Y = (X1, ooy Xa) * (Y15 oo0s Yn) =
X1*Y1, ovny X0y = (b, ..., tn) € N(G) thus closure axiom is
satisfied. We see if e = (ey, ..., €,) is identity element where
each ¢; is the identity element of N(G;); 1 £i<nthen X * e =
e* X=X

It is left as a matter of routine for the reader to check that N
(G) is a neutrosophic group. Thus we see that the concept of
direct product of neutrosophic group helps us in obtaining more
and more neutrosophic groups.

Note: 1t is important and interesting to note that if we take in
N(G)), 1 £1 < n. some N(G;) to be just groups still we continue
to obtain neutrosophic groups.

We now give some examples as illustrations.

Example 2.1.17: Let N(G))= {0, I, L 1 + I} and G, = {g | g’ =
1}. N(G) = N(G1) x G2 = {(0, g) (0, 1) (0, g*) (1, @) (1, 1) (1, &)
LgAHOLDHA+LDHA+L g (1+1¢g)isa
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neutrosophic group of order 12. Clearly {(1, 1), (1, g), (1, g} is
the group in N(G).

Now several other properties which we have left out can be
defined appropriately.

Note: We can also define independently the notion of pseudo
neutrosophic group as a neutrosophic group which has no
proper subset which is a group but the pseudo neutrosophic
group itself is a group. We can give examples of them, the main
difference between a pseudo neutrosophic group and a
neutrosophic group is that a pseudo neutrosophic group is a
group but a neutrosophic group is not a group in general but
only contains a proper subset which is a group. Now we give an
example of a pseudo neutrosophic group.

Example 2.1.18: Consider the set N(G) = {1, 1 + I} under the
operation multiplication modulo 3. {1, 1 + I} is a group called
the pseudo neutrosophic group for this is evident from the table.

* 1 1+1
1 1 1+1
1+1 | 1+1 1

Clearly {1, 1 + I} is group but has no proper subset which is a
group. Also this pseudo neutrosophic group can be realized as a
cyclic group of order 2.

2.2 Neutrosophic Bigroups and their Properties

Now we proceed onto define the notion of neutrosophic
bigroups. However the notion of bigroups have been defined
and dealt in [48]. The neutrosophic bigroups also enjoy special
properties and do not satisfy most of the classical results. So
substructures  like neutrosophic  subbigroups, Lagrange
neutrosophic subbigroups, p-Sylow neutrosophic subbigroups
are defined, leading to the definition of Lagrange neutrosophic
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bigroups, Sylow neutrosophic bigroups and super Sylow
neutrosophic bigroups.
For more about bigroups refer [48].

DEFINITION 2.2.1: Let By (G) = {B(G,) U B(G,), *;, ¥} be a
non empty subset with two binary operation on By (G) satisfying
the following conditions:

i By (G) = {B(G;) U B(Gy)} where B(G,) and B(G») are
proper subsets of By (G).
ii. (B(G}), *1) is a neutrosophic group.
iii. (B(G,), *5) is a group.

Then we define (By(G), *;, *,) to be a neutrosophic bigroup. If
both B(G;) and B(G») are neutrosophic groups we say By(G) is
a strong neutrosophic bigroup. If both the groups are not
neutrosophic group we see By(G) is just a bigroup.

We first illustrate this with some examples before we proceed
on to analyze their properties.

Example 2.2.1: Let By(G) = {B(G)) U B(G)} where B(Gy) =
{g| g’ =1} be a cyclic group of order 9 and B(G,) = {1, 2, I, 2I}
neutrosophic group under multiplication modulo 3. We call
Bn(G) a neutrosophic bigroup.

Example 2.2.2: Let By(G) = {B(G)) U B(G)} where B(Gy) =
{1, 2, 3, 4, 1, 41, 31, 2I} a neutrosophic group under
multiplication modulo 5. B(G;) = {0, 1,2, L2 1 + 2+ 1, 1 +
21, 2 + 21} is a neutrosophic group under multiplication modulo
3. Clearly Bx(G) is a strong neutrosophic bigroup.

We now define the notion of finite neutrosophic bigroup.

DEFINITION 2.2.2: Let By (G) = {B (G;) UB (G), *;, *)} be a
neutrosophic bigroup. The number of distinct elements in By(G)
gives the order of the neutrosophic bigroup. If the number of
elements in By (G) is finite we call By (G) a finite neutrosophic
bigroup. If it has infinite number of elements then we call
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By (G) an infinite neutrosophic bigroup. We denote the order of
By (G) by o (By (G)).

We now proceed on to define the notion of neutrosophic
bisubgroup / subbigroup (we can use both to mean the same
structure).

DEFINITION 2.2.3: Let By(G) = {B(G,) U B(G,), *;, *3} be a
neutrosophic bigroup. A proper subset P = {P; U P, *;, %)} is a
neutrosophic subbigroup of By(G) if the following conditions
are satisfied P = {P; U P, *;, *)} is a neutrosophic bigroup
under the operations *;, *, ie. (P, *;) is a neutrosophic
subgroup of (B;, *;) and (P,, *;) is a subgroup of (B,, *;). P; =
P »n By and P, = P N B, are subgroups of B; and B,
respectively. If both of P; and P, are not neutrosophic then we
call P = P; U P; to be just a bigroup.

We illustrate this by an example.

Example 2.2.3: Let B(G) = {B(G)) v B(Gy), *|, *»} be a
neutrosophic bigroup, where

B(G)) = {0,1,2,3,4,1, 41 21, 31} is a neutrosophic group
under multiplication modulo 5.
B(Gy) = {g]|g' =1} isacyclic group of order 12.

Let P(G) = {P(G)) U P(Gy), *|, *,} where

P(G)) = {1,1,4, 41} < B(G)) is a neutrosophic group.
P(Gz) {gza g4a g65 gga gloa 1} - B(Gz)

P(G)) U P(G;) = P(G) is a neutrosophic subbigroup of the
neutrosophic bigroup.

Let us consider M = M; U M, where M; = {1, 4} < B(G))
and M, = {1, g°}. M is just a subbigroup of the neutrosophic
bigroup By (G) = B(G; ) U B(Gy).
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Note: 1f both B(G,) and B(G,) are commutative groups then we
call By (G) = {B(G)) U B(Gy) to be a commutative bigroup. If
both B(G;) and B(G,) are cyclic, we call By(G) a cyclic bigroup.
We wish to state the notion of normal bigroup.

DEFINITION 2.2.4: Let By (G) = {B(G;) U B(G,), *;, ¥} be a
neutrosophic bigroup. P(G) = {P(G;) U P(G,), *;, *;} be a
neutrosophic bigroup. P(G) = {P(G;) U P(G,), *;, *3} is said to
be a neutrosophic normal subbigroup of By(G) if P(G) is a
neutrosophic subbigroup and both P(G) and P(G,) are normal
subgroups of B(G,) and B(G») respectively.

We just illustrate this by the following example.

Example 2.2.4: B\(G) = {B(G)) U B(Gy), *1, *,}; where B(Gy)
= {1, 4, 2, 3, I, 21 31, 4I} and B(G;) = S;. Bn(G) is a
neutrosophic bigroup. This has no neutrosophic normal
subbigroup.

Now we give some examples, which show that the order of
neutrosophic subbigroup does not divide the order of the
neutrosophic bigroup in general.

Example 2.2.5: Let By(G) = {B(G)) U B(Gy), *1, *,}; where
B(G) = {1,2,3,4,1, 21, 3I, 41} a neutrosophic group under

multiplication modulo 5 and
{g| g’ =1}, acyclic group of order 9,

B(Gy)

o(Bn(G)) = 17 a prime. But this neutrosophic bigroup has
neutrosophic subbigroups.

Take P = P(G;) U P(G) where P(G)) = {1, 4, 1, 41} and
P(Gy) = {1, g’, g°}. P is a neutrosophic subbigroup. o(P) = 7 and
(7,17)=1.

In fact order of none of the neutrosophic subbigroups will
divide the order of the neutrosophic bigroup as o(Bn(G)) =17, a
prime.

Example 2.2.6: Let By(G) = {B(Gy) U B(Gy), *1, *,} where
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B(G) = {0,1,2,3,4 L2L3L4L1+L2+L3+L4+11
+21,2+2,3+2[,4+21,1 +31,2+31,3+3[,4+
3,4 +41,3 + 41,2 +4l, 1 + 41 } be a neutrosophic
group under multiplication modulo 5.

B(Gy) = {g]|g'"=1} acyclic group of order 10.

o(Bn(G)) = 35. P(G) = P(Gy) U P(G,) where P(G)) = {0, 1, L, 41,
4} < B(G)) and P(G,) = {g%, g*, 2°, ¢°, 1} < B(Gy). o(P(G)) = 10,
10 X 35.

Take T = T(G)) v T(G,) where T(G)) = {0, 1, 1, 41, 4}
B(G)), T(Gy) = {1, g’} < B (Gy), o(T) = 7. 7/35. So this
neutrosophic subbigroup is such that the order divides the order
of the neutrosophic bigroup.

Seeing these examples we venture to make the following
definitions.

DEFINITION 2.2.5: Let By(G) = {B(G;) U B(Gy), *;, *)} be a
neutrosophic bigroup of finite order. Let P(G) = {P(G;)) U
P(G,), *;, %} be a neutrosophic subbigroup of By(G). If o(P(G))
/ o(By(G)) then we call P(G) a Lagrange neutrosophic
subbigroup, if every neutrosophic subbigroup P is such that
o(P) / o(Bw(G)) then we call By(G) to be a Lagrange
neutrosophic bigroup. That is if every proper neutrosophic
subbigroup is Lagrange then we call By(G) to be a Lagrange
neutrosophic bigroup. If By (G) has atleast one Lagrange
neutrosophic subbigroup then we call By (G) to be a weak
Lagrange neutrosophic bigroup. If By (G) has no Lagrange
neutrosophic subbigroup then By(G) is called Lagrange free
neutrosophic bigroup.

Now we proceed on to give some examples and results which
guarantee the existence of Lagrange free neutrosophic bigroup.

THEOREM 2.2.1: Let By(G) = {B(G;) U B(Gy), *, *)} be a

neutrosophic bigroup of prime order p, then By(G) is a
Lagrange free neutrosophic bigroup.
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Proof: Given Bn(G) is a neutrosophic bigroup of order p, p a
prime. So if {Pn(Gy) U P(Gy), *|, *} is any neutrosophic
subbigroup of By(G) clearly (o(Pn(G), o(Bn(G))) = 1. Hence the
claim.

Now we proceed on to define the notion of Sylow property on
the neutrosophic bigroup.

DEFINITION 2.2.6: Let By(G) = {B(G,) U B(G,), *;, *3} be a
neutrosophic bigroup of finite order. Let p be a prime, such that
p®/ o(By(G)) and p™' X o(BN(G)), if B\(G) has a neutrosophic
subbigroup P of order p® then we call P a p-Sylow neutrosophic
subbigroup.

If for every prime p such that p® / o(By(G)) and p™ )
o(Bn(G)) we have a p-Sylow neutrosophic subbigroup,; then we
call By(G) a Sylow- neutrosophic bigroup. If By(G) has atleast
one p-Sylow neutrosophic subbigroup then we call By(G) a
weakly Sylow neutrosophic bigroup. If By(G) has no p-Sylow
neutrosophic subbigroup then we call By(G) a free Sylow
neutrosophic bigroup.

We know the collection of all neutrosophic bigroups which are
of order p, p a prime then we call By(G) a Sylow free
neutrosophic bigroup.

Now we proceed on to define the notion of Cauchy
neutrosophic element and Cauchy element of a neutrosophic
bigroup.

DEFINITION 2.2.7: Let By(G) be a neutrosophic bigroup of
finite order, x in By(G) is a Cauchy element if x" = 1 and m /
o(Bn(G)), y in Bn(G) is a Cauchy neutrosophic element if y' = I
and t / o(By(G)). If every element in By(G) is either a Cauchy
element or a Cauchy neutrosophic element then we call By(G)
to be a Cauchy neutrosophic bigroup. If By(G) has atleast a
Cauchy element or a Cauchy neutrosophic element then we call
Bn(G) a weakly Cauchy neutrosophic bigroup.

If no element in By(G) is a Cauchy element or a Cauchy
neutrosophic element then we call By(G) a Cauchy free
neutrosophic bigroup.
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Now we define the notion of conjugate neutrosophic subbigroup.

DEFINITION 2.2.8: Let By(G) = {B(G,) U B(G)), *;, *3} be a
neutrosophic bigroup. Suppose P = {P(G;) U P(G»), *;, *;} and
K = {K(G) v K(Gy), *, *} be any two neutrosophic
subbigroups we say P and K are conjugate if each P(G,) is
conjugate with K(Gy), i = 1, 2, then we say P and K are
neutrosophic conjugate subbigroups of By (G).

It is interesting to note that even if P and K are neutrosophic
conjugate subbigroups o(P) need not be equal to o(K) which is a
marked difference from the usual groups.

Now we proceed on to define the notion the neutrosophic
bicentre of a neutrosophic bigroup.

DEFINITION 2.2.9: Let By(G) = {B(G;) U B(G,), *;, *;} be any
neutrosophic bigroup. The neutrosophic bicentre of the bigroup
Bn(G) denoted Cy(G) = C(G;) v C(G,) where C(G)) is the
centre of B(G;) and C(G,) is the centre of B(G,). If the
neutrosophic bigroup is commutative then Cy (G) = By (G).

It is important to note that Cy(G) is non-empty for, atleast they
have identity element in them.

Example 2.2.7: Let By(G) = {B(Gy) v B(Gy) *,, *,} where
B(G)) = {1, 2, I, 21} a neutrosophic group under multiplication
modulo 3 and B(G) = Ss. The centre of By(G) which is Cy(G) =

1 2 3
B(G)) v {[1 5 3]} c Bxn (G). We see Cn(G) is a
neutrosophic bigroup of order 5 and o(Cx(G)) / o(By (G)).

Now we proceed on to define strong neutrosophic bigroups and
enumerate some of its properties.
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DEFINITION 2.2.10: 4 set ((G v I) +, o) with two binary
operations ‘+’ and ‘0’ is called a strong neutrosophic bigroup
if
i Gul)= G, vl)u G, ul),
ii. ((G; v1) +) is a neutrosophic group and
iii. ((G, U1) o) is a neutrosophic group.

Example 2.2.8: Let {(G U I), *|, *;} be a neutrosophic strong
bigroup where (GU ) ={(Z U ) U {0, 1, 2, 3, 4, 1, 21, 31, 41}.
(Z v 1) under ‘+’ is a neutrosophic group and {0, 1, 2, 3,4, 1, 2,
31, 41} under multiplication modulo 5 is a neutrosophic group.

Now we proceed on to define neutrosophic subbigroup of a
strong neutrosophic bigroup.

DEFINITION 2.2.11: A subset H = ¢ of a strong neutrosophic
bigroup (G v I ) * o) is called a strong neutrosophic
subbigroup if H itself is a strong neutrosophic bigroup under
“*”and ‘o’ operations defined on (G U 1)

We have a interesting theorem based on this definition.

THEOREM 2.2.2: Let ((G U 1) +, o) be a strong neutrosophic
bigroup. A subset H = ¢ of a strong neutrosophic bigroup (G v
1) is a neutrosophic subbigroup then (H, +) and (H, o) in
general are not neutrosophic groups.

Proof: Given ((G v I), +, 0) is a strong neutrosophic bigroup
and H # ¢ of G is a neutrosophic subbigroup of G to show (H,
+) and (H, o) are not neutrosophic bigroups. We give an
example, to prove this consider the strong neutrosophic bigroup;
Guh=Zulvu{-1,1,i, -1, I, — 1, il, — il} under the
operations + and ‘o’.

((Z v I), +) is a neutrosophic group under ‘+’” and {— 1, 1, i, —1i,

I, — I, il, — il} is a neutrosophic group under multiplication ‘o’.
H={0,1,-1,{2Z v 2I), i, -}, H = proper subset of (G U I) and
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H=H uH,={1-11i-1} U {2Z U 2I)} is a neutrosophic
subbigroup but H is not a group under ‘+’ or ‘o’.

Thus we give a nice characterization theorem about the strong
neutrosophic subbigroup.

THEOREM 2.2.3: Let {(G 1), +, o} be a strong neutrosophic
bigroup. Then the subset H (# @) is a strong neutrosophic
subbigroup of (G U 1) if and only if there exists two proper
subsets (G; V1), (G, 1) of (G U1)such that

i G ul)= G, vl) v @G, v with (G, v1) +) is a
neutrosophic group and ((G, U 1) o) a neutrosophic

group.
ii. (H N (G; 1) +) is a neutrosophic subbigroup of (G;
vil)fori=1,2.

Proof: Let H # ¢ be a strong neutrosophic subbigroup of (G U I).
Therefore there exists two proper subsets, H;, H, of H such that

(1) H= H1 Y Hz.
(2) (H,, +) is a neutrosophic group.
(3) (Hy, 0) is a neutrosophic group.

Now we choose H; as H n (G; w I) then we see H; is a
subset of (G; U I) and by (2) (H;, +) is a neutrosophic subgroup
of (G; U I). Similarly choose H, = H n (G, U I) and we see H,
as H n (G, U I ) which is clearly a neutrosophic subgroup of

Conversely suppose (1) and (2) of the statements of the
theorem be true. To prove, (H, +, o) is a strong neutrosophic
bigroup it is enough to prove (HN (G, U ) u (HN (G, U ) =
H.

By using set theoretic methods the relation is true. It is
important to note that in the above theorem the condition (1) can
be removed, we have included it only for easy working.

Now we proceed on to define the notion of strong
neutrosophic commutative bigroup.
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DEFINITION 2.2.12: Let ((G v I ) *, *) be a strong
neutrosophic bigroup. (G U1 )= (G, I ) U (G, U1 )is said to
be a commutative neutrosophic bigroup if both (G, U1 ) *))
and ((G, U1 ), *;) are commutative.

Now as in case of bigroups even in case of strong neutrosophic
bigroups by the order of the strong neutrosophic bigroup we
mean the number of distinct elements in it. If the number of
distinct elements is finite we say the neutrosophic bigroup is of
finite order, otherwise of infinite order.

THEOREM 2.2.4: Let (G v I ) +, o) be a strong finite
neutrosophic bigroup. Let H # ¢ be a proper neutrosophic
subbigroups of (G w1 ) Then the order of H in general does not
divide the order of (G U1).

Proof: This is evident from the following example. Take (G U
I) = (G, U I) U (G, UI)) where

(Guly = {1, 2, 3,4, 1 21, 31, 41} a neutrosophic group
under multiplication modulo 5.

Gyul) =40, 1,2, L2 1 + 1,1 +21,1+2 2+ 2I}
multiplication modulo 3.

o(Gul))=17.

Take {1, 1, 41,4} < {1, 2, 3,4, 1, 21, 31, 41} and {0, 1, 1, 2,
21} c(Go,u ). H=H, UH,={1,1,4,41} U {0,1,2,1, 2]} isa
neutrosophic subbigroup. o(H) =9.9 X 17.

So it is not easy to derive Lagrange Theorem for neutrosophic
bigroups. Now we proceed on to define neutrosophic normal
subbigroup.

DEFINITION 2.2.13: Let ((G 1) +, 0) be a strong neutrosophic
bigroup with (G v 1) = (G, v1) v (G, UI) Let (H, + o) be a
neutrosophic subbigroup where H = H, U H,. We say H is a
neutrosophic normal subbigroup of G if both H; and H, are
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neutrosophic normal subgroups of (G; v I) and (G, v I)
respectively.

Example 2.2.9: Let (G U I), +, 0) be a neutrosophic bigroup
where (G U I) =(G, U I) U (G, U I) with

(Gyul)y = (Zul)the neutrosophic group under addition and
(G,ul) {0, 1, 2, 3, 4, 1, 21, 31, 41} a neutrosophic group
under multiplication modulo 5.

Take H = H; U H, where

H = {2Z u ), +} ¢ {{Z u I), +} is a neutrosophic
subgroup and
H, = {0,1,]1,4,4l} is a neutrosophic subgroup.

Thus H is a strong neutrosophic normal subbigroup of (G U I).

As in case of strong neutrosophic subbigroup we see, the
strong neutrosophic normal subbigroup of a finite neutrosophic
bigroup does not in general divide the order of the neutrosophic
bigroup.

Now we proceed on to define strong neutrosophic
homomorphism of strong neutrosophic bigroups.

DEFINITION 2.2.14: Let ((G 1), +, 0) and (K U 1), 0’, @) be
any two strong neutrosophic bigroups where (G 1) = (G; U 1)
(G, vDand K UI)=(K; V1) (K, U1) We say a bimap ¢
=¢ Vg (GUI)—> K 1) (Here ¢ (I) =1and ¢ () = 1) is
said to be a strong neutrosophic bigroup bihomomorphism if ¢,
=¢/ G, vl)and ¢ = ¢/ (G, U I) where ¢ and ¢, are
neutrosophic group homomorphism from (G, U 1) to K; U 1)
and (G, v to (K, Ul)respectively.

THEOREM 2.2.5: Let ((G v 1)= (G, v1I) U (G, UI) o, +) be a
strong neutrosophic bigroup of finite order n. If p/n then the
neutrosophic bigroup may not in general have neutrosophic
bigroup of order p.(p need not necessarily be a prime).
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Proof: We prove this by the following example. Let (G U I), +,
*) be a strong neutrosophic bigroup where (G U I) ={(G, U I) U
(G, U I) with

Guly =4{0,1,2,1+LL2L2+L2[+2,1+2[}a
neutrosophic group under multiplication modulo
3.

{0, 1, 2, 3, 4, I, 21, 31, 41} a neutrosophic group
under multiplication modulo 5.

<G2 o I>

o({G v I)) = 18. Take H = H, U H, where H, = {1, 2, [, 2I} and
H, = {1, 4, 1, 41}. o(H) = 8, H is a neutrosophic subbigroup of
(GUT). o(H) X o(GuT))ie. 8 X 18. Hence the claim.

One can develop the notion of biorder and the notion of pseudo
divisor to strong neutrosophic bigroup from bigroups. Interested
reader can refer [48, 50].

Here we define a new notion called Lagrange strong
neutrosophic subbigroup and Lagrange strong neutrosophic
bigroup.

DEFINITION 2.2.15: Let ((G U 1), * o) be a strong neutrosophic
bigroup of finite order. Let H # ¢ be a strong neutrosophic
subbigroup of (G 1) * o). If o (H) /o ((G U 1)) then we call
H a Lagrange strong neutrosophic subbigroup of (G v 1) If
every strong neutrosophic subbigroup of (G U 1) is a Lagrange
strong neutrosophic subbigroup then we call (G U I) a
Lagrange strong neutrosophic bigroup.

If the strong neutrosophic bigroup has atleast one Lagrange
strong neutrosophic subbigroup then we call (G U 1) a weakly
Lagrange strong neutrosophic bigroup.

If (G U 1) has no Lagrange strong neutrosophic subbigroup
then we call (G v 1) a Lagrange free strong neutrosophic
bigroup.

The following result is important for it gives us a class of
Lagrange free strong neutrosophic bigroup.
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THEOREM 2.2.6: All strong neutrosophic bigroups of a prime
order are Lagrange free strong neutrosophic bigroups.

The proof of the above theorem is left as an exercise.

Now it may happen for a finite strong neutrosophic bigroup of
order n, we may find a prime p such that p*/n and p*"' ¥ n and
the strong neutrosophic bigroup having strong neutrosophic
subbigroups of order p“ how to define such neutrosophic
subbigroup?

DEFINITION 2.2.16: Let ((G U 1), o, *) be a strong neutrosophic
bigroup of finite order n. If for a prime p such that p*/ o(G U 1)
and p™ X o(G U 1) we have strong neutrosophic subbigroup H
of order p” then we call H a p-Sylow strong neutrosophic
subbigroup. If for each prime p, such that p® / ((G v 1)) and
P X 0o ((G U I) we have a p-Sylow strong neutrosophic
subbigroup then we call (G U I) to be a Sylow strong
neutrosophic bigroup. If (G U 1) has atleast one p-Sylow strong
neutrosophic subbigroup then we call (G U 1) a weakly Sylow
strong neutrosophic bigroup. If (G U 1) has no p-Sylow strong
neutrosophic subbigroup then we say (G U 1) is a Sylow free
strong neutrosophic bigroup.

Next we proceed on to define the notion of Cauchy element and
Cauchy neutrosophic element.

DEFINITION 2.2.17: Let ((G U 1), * o) be a strong neutrosophic
bigroup of finite order. x € (G U 1)is a Cauchy element if x" =
e (e the identity element of G;) and n /o ((G U1)). An element y
e (G v I)is a Cauchy neutrosophic element if y" = I and m /
o((G v 1)). If in a neutrosophic bigroup every element x
is such that x" = 1 is a Cauchy element or every y such that
V" = I is a Cauchy neutrosophic element then we call the
strong neutrosophic bigroup to be a Cauchy strong
neutrosophic bigroup.
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If (G U I) has atleast a Cauchy element and a Cauchy
neutrosophic element then we call (G U 1) a weakly Cauchy
strong neutrosophic bigroup. If (G U 1) has no Cauchy element
and no Cauchy strong neutrosophic element then we say (G U 1)
is a Cauchy free strong neutrosophic bigroup. If the
neutrosophic bigroup has only Cauchy elements or Cauchy
neutrosophic elements then we call (G U 1) to be a semi Cauchy
strong neutrosophic bigroup.(‘or’ not used in the mutually
exclusive sense).

It is an easy task to verify all Cauchy strong neutrosophic
bigroups are semi Cauchy neutrosophic bigroups.

We can also develop a new type of Sylow substructures of finite
strong neutrosophic bigroups. Throughout this section we mean
the neutrosophic bigroup is a strong neutrosophic bigroup.

DEFINITION 2.2.18: Let ((G v 1) o, *) be a neutrosophic
bigroup with (G v1)= (G, v1) v (G, vI) Let H=H, UH,
be a neutrosophic subbigroup of (G w1) We say H is a (p;, p2)
Sylow strong neutrosophic subbigroup of (G U 1)if H, is a p,-
Sylow neutrosophic subgroup of (G, U 1) and H; is a p; -Sylow
neutrosophic subgroup of (G, U1)

We have the following theorem:

THEOREM 2.2.7: Let ((G U 1), * o) be a finite neutrosophic
bigroup with (G v1)= (G, 1) v (G, v1) Let (p;, p;) be any
pair of primes such that p|o(G, U I) and p! / o(G, U I
Then ((G U 1) o, *) has (p;, ps) Sylow strong neutrosophic
subbigroup with biorder p{ + p?.

Proof: Given (G U I), 0, *)=(Giu ), 0) U (G, UI), *)isa
neutrosophic bigroup of finite order. Given (p;, py) are a pair of
primes such that p?'| ((G, U I)) and p%/ o ((G, U I)) and H, is
a p;-Sylow neutrosophic subgroup of (G, U I), and H; is a p,-
Sylow neutrosophic subgroup of (G, U I). Thus H=H; U H, is
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the required (p;, p2)- Sylow neutrosophic subbigroup of (G U I),
0, ¥). We see biorder is p{" + p5.

Now we proceed on to define conjugate neutrosophic sub-
bigroups.

DEFINITION 2.2.19: Let G = (G; U1, * @) be a neutrosophic
bigroup. We say two neutrosophic strong subbigroups H = H,
U H,and K = K; UK, are conjugate neutrosophic subbigroups
of (G ul)= (G, vl) (G, v1)if H; is conjugate to K; and
H, is conjugate to K, as neutrosophic subgroups of (G; U1) and
(G, U 1) respectively.

Now we proceed on to define normalizer of an element a of the
neutrosophic bigroup (G U I).

DEFINITION 2.2.20: Let ((G v 1) * 0) = ((G UI) *) v (G v
1) o) be a neutrosophic bigroup. The normalizer of a in (G U 1)
isthe set N (a) = {x € (G Ul)|xa=ax} = N;(a) UNxa) = {x,
e (G, VD | xja=ax;} Uix; € (G, UID) | x;a =ax,} ifa € (G
v N (Gy D ifa e ((Gy vl) and a # ((G, UI), N> (@) = ¢
like wise if a & (G, v 1)and a € ((G, U 1)) then N,(a) = ¢ and
Ny(a) = N(a) is a neutrosophic subbigroup of (G U 1), clearly
N(a) = ¢ forl € N(a).

Now we proceed on to define the notion of right bicoset of a
neutrosophic subbigroup.

DEFINITION 2.2.21: Let ((G V1), 0, *) = ((G, V1) o) U ((G, U
1) *) be a neutrosophic bigroup. Let H = H; U H, be a strong
neutrosophic subbigroup of (G « 1) The right bicoset of H in
(G U 1) for some a in (G U1)is defined to be Ha = {h;a | h; €
Hyanda e Gy NGy} Uthya| hy e Hyanda € Gy N Gylifa €
G, and a £ G, then Ha = {hja| h; € H)}) VH, and a £ G, then
Ha = {h,a| h, e H;}) VH;and a € G,
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Thus we have bicosets depends mainly on the way we choose a.
If G; » G, = ¢ then the bicoset is either Hja U H, or H; U Hsa.

Similarly we define left bicoset of a neutrosophic
subbigroup H of (G U I).

The next natural question would be if H=H; U H, and K =
K; U K, be any two strong neutrosophic subbigroups of (G U I)
=(G; U I) U (G, U I) how to define HK.

{ h, eH, h, eH, }
We define HK = 1h/k,, h,k, | .
k,eK, and K, eK,

The following theorem is left as an exercise for the reader to
prove.

THEOREM 2.2.8: Let (G v 1) = (G, v 1) U (G, U 1) be a
neutrosophic bigroup H=H; U H, and K = K; UK, by any two
neutrosophic subbigroups of (G U 1). HK will be a neutrosophic
subbigroup if and only if HK; = K;H; and H,K, = K;H, are
neutrosophic subgroups of (G, U 1) and (G, U 1) respectively.

We define strong neutrosophic quotient bigroup.

DEFINITION 2.2.22: Let (G v 1) = (G, v 1) v (G, U 1) be a
neutrosophic bigroup we say N = N; U N, is a neutrosophic
normal subbigroup if and only if N, is a neutrosophic normal
subgroup of (G; U 1)and N, is a neutrosophic normal subgroup

Of(Gg U[)

We define the strong neutrosophic quotient bigroup

avn, o)

Nl N2

as

(GUI)
N

} which is also a neutrosophic bigroup.

It is important to note only strong neutrosophic bigroups of (G
w I) can have just neutrosophic subbigroups of (G U I). All
properties and definitions can be easily carried out for these
neutrosophic subbigroups also. Infact we can have for strong
neutrosophic bigroups just subbigroups also. Infact we can have
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for strong neutrosophic bigroups just subbigroups which are
neither neutrosophic nor strong neutrosophic.

2.3 Neutrosophic N-groups and their properties

Now we proceed on to define the notion of neutrosophic N-
group and give some of its basic properties, such that when they
satisfy classical theorem like Lagrange theorem and Sylow
theorem.

DEFINITION 2.3.1: Let ((G v 1) *,..., *\) be a nonempty set
with N-binary operations defined on it. We say (G U 1) is a
strong neutrosophic N-group if the following conditions are true.

i Gul)=@G, vD)u G, v)u... v Gy UI)where
(G; U 1) are proper subsets of (G 1)
ii. ((G: v 1) *) is a neutrosophic group, i =1, 2,..., N. If
in the above definition we have
a. GulD=G uG,ul)uGs; ul).. 0oGg U
GK+1 ... L/GN.
b. (G, *) is a group for some i or
iii. ((G; w1) %) is a neutrosophic group for some j.

then we call (G U 1) to be a neutrosophic N-group.
We now illustrate this by examples.

Example 2.3.1: Let (GUD=(G U U({G U UG Ul
U (Gy U I, *, *,, *3, *4) be a neutrosophic 4 group where

Guly = {1,2,3,4,]1, 21, 31, 41} neutrosophic group under
multiplication modulo 5.

(Gyuly = {0, 1,2, 1+L2+1L2[+2, 21+ 1,1, 2I} a
neutrosophic group under multiplication modulo
3,

(G ul) = (Zwul)aneutrosophic group under addition and
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(Gsul) = {(a, b)| a, b € {1, I, 4, 41} component-wise
multiplication modulo 5};

(G U I) is a strong neutrosophic 4-group.
Now we give an example of a neutrosophic N-group.

Example 2.3.2: Let (GU D) =(G U DU (G, Ul)UG; U Gy,
*1, ¥, *3, *4) be a neutrosophic 4-group, where

Guly = {1, 2, 3,4, 1, 21, 31, 41} a neutrosophic group
under multiplication modulo 5.

(Gauly = {0, 1, I, 1+I} a neutrosophic group under
multiplication modulo 2.

G3 = S3 and

Gy = A; the alternating group.

(G U I) is a neutrosophic N-group (N = 4).

Now as in case of other algebraic structures we define the order
of a neutrosophic N-group.

DEFINITION 2.3.2: Let (G v 1)= (G, vI) v G, vI) U... U
Gy UI) *,,...., *y) be a strong neutrosophic N-group. By order
of (G 1) we mean the number of distinct elements in (G U 1)
If the number of elements in (G U 1) is finite we say (G 1) is a
finite neutrosophic N-group, otherwise infinite and we denote it

by o((G UI).

It is interesting to note that even if one of the ((G; U I), *)) is
infinite then (G U I) is an infinite neutrosophic N-group. If all
the groups ((G; U 1), *;) are finite then the neutrosophic N-group
is finite.

Now we proceed on to define neutrosophic sub N-group of
a neutrosophic N-group.

DEFINITION 2.3.3: Let (G v 1)= (G, vI) v G, v .. v
Gy V1) %, ..., *y) be a neutrosophic N-group. A proper subset
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(P, *,,..., *\) is said to be a neutrosophic sub N-group of (G v
D if P= (P, U ..U Py and each (P;, *) is a neutrosophic
subgroup (subgroup) of (G,, *), 1 <i <N.

It is important to note (P, *;) for no i is a neutrosophic group.
We first illustrate this by the following example.

Example 2.3.3: Let (GU D =(G U U (G U UG UI),
*1, ¥2, ¥3) be a neutrosophic 3 group, where

(G uI) = (QuI) aneutrosophic group under multiplication,

(G,ul) {0, 1, 2, 3, 4, 1, 21, 31, 41} neutrosophic group
under multiplication modulo 5 and

Gyul)y = {0,1,2, 1 +L2+L L2 1+2I,2+2I} a
neutrosophic group under multiplication modulo
3.

(G U I) is a neutrosophic 3 group.
Take

1 1
P= PR 211’_,(21)11,1’1 5(134’ I: 41), 1525 L 21}5
w7 ery

P is a neutrosophic sub 3-group where
P, = <L, 2", ! @2nt, 1, 1>
2n 2n"
neutrosophic group under multiplication, (1, 4, I, 4I) a
neutrosophic subgroup under multiplication modulo 5 and {1, 2,
I, 21} a neutrosophic subgroup under multiplication modulo 3. P
is a strong neutrosophic sub 3-group.

Now consider T = {Q \ {0}, 1234, 1, 2}. T is also sub 3-
group but T is not a neutrosophic sub 3-group of (G U I). Also
consider X = {Q\ {0}, (I, 2L, 1, 2), (1, 4, 1, 4I)}, we see X is a
neutrosophic sub 3-group. Thus we see a strong neutrosophic N-
group can have 3 types of subgroups viz.

1. Strong neutrosophic sub N-groups.
2. Neutrosophic sub N-groups.
3. Sub N-groups.
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Also a neutrosophic N-group can have two types of sub N-
groups.

1. Neutrosophic sub N-groups.

2. Sub N-groups.

Now having defined sub N-groups of several types we do not
know when the order of the sub N-group will divide the order of
the neutrosophic N-group, to this end we make the following
definitions:

DEFINITION 2.3.4: Let ((G v 1)= (G, vI) v (G, v) v.. .U
Gy 1) *, ..., *y) be a strong neutrosophic N-group of finite
order. Suppose (P, *;, ..., *\) is a strong neutrosophic sub N-
group of (G U 1) such that o(P) /o ((G U 1)) then we call P to be
a Lagrange strong neutrosophic sub N-group of (G v 1) If
every strong neutrosophic sub N-group is a Lagrange strong
neutrosophic sub N-group then we call (G U 1) to be a strong
Lagrange strong neutrosophic N-group.

If (G U 1) has atleast one Lagrange strong neutrosophic sub
N-group then we call (G U I) a weakly Lagrange strong
neutrosophic N-group. If (G « I) has no Lagrange strong
neutrosophic sub N-group then we call (G U 1) a Lagrange free
strong neutrosophic N-group.

If (G U 1) is a strong neutrosophic N-group and if (G U 1)
has a proper subset T such that T is a neutrosophic sub N-group
and not a strong neutrosophic sub N-group and o(T) / o(G U 1)
then we call T a Lagrange neutrosophic sub N-group.

If every neutrosophic sub N-group of (G U 1)is a Lagrange
neutrosophic sub N-group then we call (G U I) a Lagrange
neutrosophic N-group. If (G U 1) has atleast one Lagrange
neutrosophic sub N-group then we call (G v I) a weakly
Lagrange neutrosophic N-group.

If the strong neutrosophic N-group has no Lagrange
neutrosophic sub N-group then we call (G U I) to be a
Lagrange free neutrosophic N-group.

Similarly we define for a strong neutrosophic N-group
(G U 1) sub N-groups; we say a proper subset V ={V;, U ..U
Vi *1, ..., *n} of a sub N-group of (G U 1) to be a Lagrange sub
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N-group if o(V) / o((G v 1). If (G U I) has atleast one
Lagrange sub N-group then we call (G U 1) to be a weak
Lagrange N-group.

If every sub N-group of (G U 1) is Lagrange then we call
(G Ul)to be a Lagrange N-group. If (G U 1) has no Lagrange
sub N-group then we call (G U 1) to be a Lagrange free N-
group.

It is easily verified. All strong neutrosophic N-group of order p,
p a prime are Lagrange free strong neutrosophic N-group,
Lagrange free neutrosophic N-group and Lagrange free N-group.

Does their exists any relation between Lagrange
neutrosophic N-group and Lagrange strong neutrosophic N-
group? Give examples of a Lagrange strong neutrosophic N-
group which is Lagrange free neutrosophic N-group? Does their
exist a strong neutrosophic N-group which is Lagrange free
strong neutrosophic N-group and a Lagrange neutrosophic N-
group?

On similar lines we can define these substructures in case of
neutrosophic N-groups which are not strong neutrosophic N-
groups.

We just give some examples.

Example 2.3.4: Let (GU )= (Gu D u({GuDu{(GuUl),
*1, ¥y, *3), where (G; U I) = {{Z¢ U I)} group under addition
modulo 6, G, = A4 and G; = (g | g'* = 1) a cyclic group of order
12, o({G U I)) = 60.

Take P = ((P; U I) U P, U Py, *{, *,, *3), a neutrosophic sub
3-group where {(P;, U I)} = {0, 3, 31, 3 + 3I}, P, =

1 2 3 4Y(1 2 3 4Y(1 2 3 4\ (1 2 3 4
1 2 3 421 4 343 2 1)3 41 2

,Py= {1, g%, o(P)=10, 10/ 60 so P is a Lagrange neutrosophic
sub 3-group.

Take T = (<T1 ) I> o T2 o T3, *1, *2, *3) where <T1 ) I> =
{0, 3,3, 3+31}, T,=P,and T5 = {g*, ¢°, 1}, o(T) = 11 and 11
X 60 so T is not a Lagrange neutrosophic sub 3-group.
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. 1 2 3 4)(1 2 3 4
Consider {0, 2,4} U , v {1,
2 1 4 3){1 2 3 4

g3, gé, gg} =W=W, UW,uU W3 0oW)=9,9 X 60. Thus this
sub 3-group is not a Lagrange sub 3-group. Take V = {0, 2, 4}

1 2 3 4)(1 23 4)(1 2 3 4 s e
o s > U{l’gﬂg’
1 3 42){1 4 2 3,123 4

g’} =V, U V,U V3 0(V) =10, 10 / 60. V is a Lagrange sub 3
group.

DEFINITION 2.3.5: Let (G v 1)= (G, vI) oG, v v... v
Gy V1) %, ..., *y) be a strong neutrosophic N-group of finite
order. Let p be a prime such that p®/ o (G U 1)) and p*" X o
((G v1) and if (G U 1) has a strong neutrosophic sub N-group
P of order p® then we call P a p-Sylow strong neutrosophic sub
N-group.

If for every prime p such that p* / o((G U 1) and p*” X o
((G U 1) we have a strong neutrosophic sub N-group then we
call (G U1)a Sylow strong neutrosophic N-group. Now if (G v
1) has for a prime p, p*/ o((G U 1) and p®" X o((G U 1)) a
neutrosophic sub N-group P, of order p” then we call P, a p-
Sylow neutrosophic sub N-group.

If for every prime p we have a p-Sylow neutrosophic sub N-
group then we call (G U 1) a Sylow neutrosophic N-group. If (G
U 1) has atleast one p-Sylow strong neutrosophic sub N-group
then we call (G U 1) a weak Sylow strong neutrosophic N-group.
If (G U 1) has atleast one p-Sylow neutrosophic sub N-group
then we call (G U 1) a weak Sylow neutrosophic N-group. If (G
U 1) has p-Sylow strong neutrosophic sub N-group then we call
(G U 1) a Sylow firee strong neutrosophic N-group. If (G v 1)
has no p Sylow neutrosophic sub N-group we call (G U 1) a
Sylow free neutrosophic N-group.

Inter relations connecting them will give many interesting
results.

Can one say or prove the existence of a Sylow strong
neutrosophic N-group which is not a Sylow neutrosophic N-
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group or can one give an example of a Sylow neutrosophic N-
group which is not a Sylow strong neutrosophic N-group? Does
there exists any special criteria for a strong neutrosophic N-
group to be both Sylow strong neutrosophic N-group and Sylow
neutrosophic N-group?

We have enlisted a few problems and can be tacked by any
interested reader.

Now we give nice example before we proceed on to define
Cauchy neutrosophic N-group.

Example 2.3.5: Let (GU D =(GuDhu(GuDhu(GuUl),
*1, %2, *3) where

Guly = {1,2,3,4,5,6,7,8,9, 10, 1, 21, 31, 41 51, 61, 71,
8I, 91, 10I}, be a neutrosophic group under
multiplication modulo 11.

(Gaul) = {(a,b)]a,be {1, 2,1 21}, neutrosophic group
under component wise multiplication modulo 3,

(Gsul)y = {0, 1,2, L2 1 +1, 1 +2[,2+1 2+ 2I},
neutrosophic group under multiplication modulo
3,

o(GuUT)=45,5/45and 5% X 45,3%/45and 3° X 45.

Consider T = (T; U T, U T;, *, *,, *3) a proper subset of (G
v Iy where T, = (1, 10, I, 10I), T, = {(1, 1), (I, )} and T; = (1,
2L, 1), o(T) = 9. So T is a 3-Sylow strong neutrosophic sub 3-
group. We see (G U I) has no 5-Sylow strong neutrosophic sub
3-group, so (G U I) is only a weakly Sylow strong neutrosophic
3-group.

Take S = (S; U S, U S;, *| *, *3) proper subset in (G U I)
where S; = (1, 10), S, = (1, 1) and S; = (1, I). Sis a 5 Sylow
neutrosophic sub 3-group.

U= {Ul v U, u Us, *1, *2, *3} where U, = {1, I, 10, 101},
U, = {(1,1),(2,2),(1,2),(2, 1)} and U3 = {1, I}. U is a 3-Sylow
neutrosophic sub 3-group. Thus (G U I) is a Sylow neutrosophic
sub 3-group but only a weak Sylow neutrosophic sub 3-group.

Now consider the set W = {W; U W, U W3, *, *, *;}
where W, = {1, 1, 10, 101}, W, = (G, u I) and W; = {0, 2, 1, 21,
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I}. Clearly o(W) = 25 = 5°. Let B = {B, U B, U B, *, *, *;}
where B; = {1, 10}, B, = {G, U I} and B; = {G; U I}, o(B) =27
and B is a neutrosophic sub N-group of order 3°.

Now these sub N-groups leads us to define some more new
concepts.

DEFINITION 2.3.6: Let (G v 1)= (G, vI) v G, vl U... v
Gy ) *, ..., *\) be a strong neutrosophic N-group. If (G v
1) is a Sylow strong neutrosophic N-group and if for every
prime p such that p“/ o((G 1)) and p**' X o((G U1) we have
a strong neutrosophic sub N-group of order p®"' (t > 1) then we
call (G U1)a super Sylow strong neutrosophic N-group.

We define in the same way super Sylow neutrosophic N-group.

DEFINITION 2.3.7: Let (G 1) = (G, vI) v ... v Gy 1) *,

*v) be a strong neutrosophic N-group of finite order.
Suppose (G U 1) is a Sylow neutrosophic N-group. If in addition
to this for every prime p, p®/ o((G U 1)) and p™ X o ((G U1)
we have a neutrosophic sub N-group of order p®"' (t > 1) then
we call (G U 1) a super Sylow neutrosophic N-group.

It is very clear from the definition that every super Sylow
strong neutrosophic N-group is always a Sylow strong
neutrosophic N-group. However a Sylow strong neutrosophic
N-group in general is not always super Sylow strong
neutrosophic  N-groups. Interested reader can construct
examples of these.

Now we can as in case of other structures define the notion
of super weakly Sylow strong neutrosophic N-group. Let (G U
D=(Gul) u...u{Gyul,*, ..., *\) be such that (G U I)
is a Sylow strong neutrosophic N-group and it has atleast for
one prime p such that p* / o((G U I)) and p**' X o((G U I)) we
have a strong neutrosophic sub N-group of order p*"* where (t >
1); then we call (G w I) a super weakly Sylow strong
neutrosophic N-group.
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It is once again left as an exercise for the interested reader
to verify that all weakly super Sylow strong neutrosophic N-
groups are not super Sylow strong neutrosophic N-group.
Further we see all super Sylow strong neutrosophic N-groups
are always weakly super Sylow strong neutrosophic N-group,
but the converse in general is not true. Thus we have the
following containment relation. Sylow strong neutrosophic N-
group < Super Sylow strong neutrosophic N-group. Clearly the
containment relation is strict.

These results can be defined and analyzed / extended in case
of neutrosophic N-groups.

Now we proceed on to define the notion of Cauchy elements
and Cauchy neutrosophic elements of a strong neutrosophic N-
group or just a neutrosophic N-group.

DEFINITION 2.3.8: Consider a strong neutrosophic N-group ((G
vlD)=(G vl u(G,ul)u..u(GyUul) *, * .., *)
where o((G U 1)) is finite. An element x € ((G U 1)) such that x"
= ¢; = 1 — identity element of ( G; U 1)) is said to be a Cauchy
element of the neutrosophic N-group (G v 1)ifm /o (G UI). If
m X o ((G Ul)), we say x is not a Cauchy element or x is called
as an anti Cauchy element of (G U 1), similarly ify € (G U1)is
such that y" = I and if n / o((G W 1)) then we call y the Cauchy
neutrosophic element of (G U 1). If we have a y; € (G U 1) with
v =1Tand n; X o ((G U 1) then we call y; an anti Cauchy

neutrosophic element of (G U 1),

If (G U 1) has no anti Cauchy elements and no anti Cauchy
neutrosophic elements then we call (G U I) to be a Cauchy
strong neutrosophic N-group. If (G U 1) has no anti Cauchy
element or (‘or’ in the mutually exclusive sense) has no anti
Cauchy neutrosophic elements then we call (G v 1) a semi
Cauchy strong neutrosophic N-group. If (G 1) has no Cauchy
elements and no Cauchy neutrosophic elements then we call (G
1) a Cauchy free strong neutrosophic N-group.

Thus we see all Cauchy strong neutrosophic N-groups are
semi Cauchy strong neutrosophic N-groups. However a semi
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Cauchy strong neutrosophic N-group in general need not be a
Cauchy strong neutrosophic N-group.

We illustrate these situations by the following example:

Example 2.3.6: Let (GU D) =(G ) U(G U U(GUI),
*1, %3, *3) where (G U I) = Ay. Gy = {1, 2, 3, 4,1, 21, 31, 41} and
Gs={g|g?=e}.o((GUI)=32=2".

) 1 2 3 4 ;
Now consider x = €d, . Clearly x =
1 3 42

1 2 3 4

Cauchy element of (G U I). Take 41 € (G, U I), (41> =1.2/
o{G U I) so 4l is a Cauchy neutrosophic element of (G U I).
Consider (31) € (G, U I) (31)* =1 and 4/0 (G U I) so 31 is also a
Cauchy neutrosophic element. Also 2I € (G, U I) and (2)* =1
so 2l is also a Cauchy neutrosophic element of (G U I).
Similarly I € (G, U I) is such that I = I so I is a Cauchy
neutrosophic element of (G U I).

Take g* € G3, (g'Y =ebut 3 X o0 (GuUTI)sogisnota
Cauchy element of (G U I). We see (G U I) is semi Cauchy
neutrosophic N-group for all Cauchy neutrosophic element.
However (G U I) has anti Cauchy elements and no anti Cauchy
neutrosophic elements. But (G U I) also has Cauchy elements.

1 2 3 4 ) .
( ]but3Xo(<GuI>) ie.(3,32)=1,s0x innot a

So we make yet another definition.

DEFINITION 2.3.9: Let (G v 1) ={({G, vI) v (G, 1) U..U
Gy 1) *, ..., *y) be a strong neutrosophic N-group of finite
order. If (G U 1) has atleast a Cauchy element and a Cauchy
neutrosophic element then we call (G U 1) a weakly Cauchy
strong neutrosophic N-group.

However we cannot in general interrelate semi Cauchy
neutrosophic N-group and a weakly Cauchy neutrosophic N-
group. But we have Cauchy neutrosophic N-groups to be
weakly Cauchy neutrosophic N-groups and a weakly Cauchy
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neutrosophic N-group in general is not a Cauchy neutrosophic
N-group. Also all Cauchy neutrosophic N-groups are semi
Cauchy neutrosophic N-groups.

But a semi Cauchy neutrosophic N-group in general is not a
Cauchy neutrosophic N-group. But it is important to observe
that in general a neutrosophic N-group can be both a semi
Cauchy neutrosophic N-group (say) with respect to Cauchy
neutrosophic elements and a weakly Cauchy neutrosophic N-
group with respect to Cauchy elements. It is up to the interested
reader to study these properties.

But one result of importance is that a common class of
neutrosophic N-groups enjoy it.

THEOREM 2.3.1: Suppose ((G v1)= (G, V1) U... v Gy 1)
*, ..., Ty be a neutrosophic N-group of order p, p a prime.
Then the following are true.

i (G U 1) is not a Cauchy neutrosophic N-group.
ii. (G U 1)is not a semi Cauchy neutrosophic N group.
iii. (G 1) is not a weakly Cauchy neutrosophic N-group.

All elements of finite order are anti Cauchy elements and anti
Cauchy neutrosophic elements.

Example 2.3.7: Consider the neutrosophic N-group (G v I) =
(GiuDuG,UGs;, * % *5) where (G U I) = {1, 2, 3,4, 1, 2],
31,41}, G,=S;and Gs = (g | g’ =¢). o({G L I)) = 19.

It is easily verified no element is a Cauchy element or a
Cauchy neutrosophic element. Every element is anti Cauchy and
anti Cauchy neutrosophic element as (g7)’ =e, (g°)’ =e, (41’ =1,

) 12 3O (123
3B =1, = .
1 3 2 1 2 3
Hence the claim.
Now we can define homomorphism between neutrosophic N-

groups which we call as N-homomorphisms or N-neutrosophic
homomorphisms.
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DEFINITION 2.3.10: Let {(G v1)={G, vI) v (G, vI)U.. v
Gy D) *, ..., *Nand {HUl)=H, vI)vH, vI)U... U
Hy U 1) *, *, *;,..., ¥} be any two neutrosophic N-group
such that if ((G; V1), *;) is a neutrosophic group then ((H; 1),
*) is also a neutrosophic group. If (G, *) is a group then (H,
*) is a group.

Amap ¢: (G vl to (H 1) satisfying ¢ (1) = 1 is defined to
be a N homomorphism if ¢ = ¢ | (G; V1) (or ¢ | G)) then each ¢
is either a group homomorphism or a neutrosophic group
homomorphism, we denote the N-homomorphism by ¢ = ¢; U ¢,
U.. Uy (Gul)—> HUI)

One can define ¢ to be an isomorphism if each ¢; is an
isomorphism i.e. ¢; is one to one and onto. Similarly one can
also define the concept of N-automorphisms.

Now as in case of usual homomorphism kernel ¢; = {x; €
Gul)|di(x)=0},i=1,2,...,N.

So ker ¢ = ker¢; U ... U ker ¢n. Clearly ker ¢ is never a
neutrosophic sub N-group only a sub N-group as ¢; (I) = 1. The
study of kernel ¢ is more interesting for ker ¢ is not a normal
sub N-group of (G U I).

Does their exist neutrosophic N-groups so that ker ¢ =
normal sub N-group?

Now we proceed on to define the notion of (pi, p2, ..., Pn)-
Sylow neutrosophic sub N-group of a neutrosophic N-group.

DEFINITION 2.3.11: Let (G v1)={(G, v I) v (G, V) U ... U
Gy 1) %, ..., *} be a neutrosophic N-group. Let H = {H; U
H, v .. v Hy} be a neutrosophic sub N-group of
(G vl) Wesay His a (p;, pa, ..., pn) Sylow neutrosophic sub N-
group of (G U 1) if H; is a p; - Sylow neutrosophic subgroup of
G,. If none of the H;’s are neutrosophic subgroups of G; we call
Ha (p, pa ..., py) Sylow free sub N-group.

Now we illustrate this by the following example:
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Example 2.3.8: Let (G U I) = {A, U Dy, ;U {l,2,3,4, 1,
21, 31, 4I}} be a neutrosophic 3-group H =

1 2 3 4)(1 2 3 4\ (1 2 3 4) (1 2 3 4
1 23 4021 4 3432 1)13 412
U b, b .., b0 b =e} U {1, L4 41}]isa (2, 7,2) - Sylow
neutrosophic sub 3-group.

1 2 3 4\(1 2 3 4 1 2 3 4
Also K = R >
1 34 2)(1 4 2 3 1 2 3 4

U {l, 1, 4, 41}} is a (3, 2, 2) Sylow neutrosophic 3-group. The
order of Kis3+2+4=9. The 3-orderof His4 + 7+ 4 =15.

Now we proceed on to define the notion of conjugate
neutrosophic sub N-groups and sub N-groups of a neutrosophic
N-group.

DEFINITION 2.3.12: Let (G v1)= (G, v ) v (G, vI) U... U
Gy V1) *, ..., *y) be a strong neutrosophic N-group. Suppose
H = {H] L/Hz L/L/HN, *],..., *N} and K = {K] L/Kg ov...Y
Ky, *5, ..., *\} are two neutrosophic sub N-groups of (G U 1),
we say K is a strong conjugate to H or H is conjugate to K if
each H; is conjugate to K; (i = 1, 2,...,N) as subgroups of G..

In the same way we can define conjugate sub N-groups when (G
U I) is just a neutrosophic N-group.
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Chapter Three

NEUTROSOPHIC SEMIGROUPS AND
THEIR GENERALIZATIONS

The study of classical theorems like Lagrange, Sylow and
Cauchy were always associated only with groups, and groups
happen to be a prefect structure with no shortcomings. So
Lagrange’s theorem for finite groups worked well. So also the
Sylow and Cauchy theorems. But we are at a loss to know why
such theorems were not adopted for semigroups. In this chapter
we initiate to adapt to neutrosophic semigroups, neutrosophic
bisemigroups and Neutrosophic N-semigroups. We call
semigroups, which satisfy Lagrange theorem as Lagrange
semigroups and so on. The chapter has three sections. In section
1 we introduce neutrosophic semigroups and study their special
properties. In section two neutrosophic bisemigroups are
introduced and analyzed. Section three newly defines the
concept of neutrosophic N-semigroups and gives some of their
properties.

3.1 Neutrosophic Semigroups

In this section for the first time we define the notion of
neutrosophic  semigroups. The notion of neutrosophic
subsemigroups, neutrosophic ideals, neutrosophic Lagrange
semigroups etc. are introduced for the first time and analyzed.
We illustrate them with examples and give some of its
properties
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DEFINITION 3.1.1: Let S be a semigroup, the semigroup
generated by S and I i.e. S U I denoted by (S U 1) is defined to
be a neutrosophic semigroup.

It is interesting to note that all neutrosophic semigroups contain
a proper subset which is a semigroup.

Example 3.1.1: Let Z,, =40, 1, 2, ..., 11} be a semigroup under
multiplication modulo 12. Let N(S) = (Z;; U I) be the
neutrosophic semigroup. Clearly Z;, < (Z1, U I) and Z;, is a
semigroup under multiplication modulo 12.

Example 3.1.2: Let Z = {the set of positive and negative
integers with zero}, Z is only a semigroup under multiplication.
Let N(S) = {{(Z U D)} be the neutrosophic semigroup under
multiplication. Clearly Z < N(S) is a semigroup.

Now we proceed on to define the notion of the order of a
neutrosophic semigroup.

DEFINITION 3.1.2: Let N(S) be a neutrosophic semigroup. The
number of distinct elements in N(S) is called the order of N(S),
denoted by o(N(S)).

If number of elements in N(S) is finite we call the neutrosophic
semigroup to be finite otherwise infinite. The neutrosophic
semigroup given in example 3.1.1 is finite where as the
neutrosophic semigroup given in example 3.1.2 is of infinite
order.

Now we proceed on to define the notion of neutrosophic
subsemigroup of a neutrosophic semigroup N(S).

DEFINITION 3.1.3: Let N(S) be a neutrosophic semigroup. A
proper subset P of N(S) is said to be a neutrosophic
subsemigroup, if P is a neutrosophic semigroup under the
operations of N (S). A neutrosophic semigroup N(S) is said to
have a subsemigroup if N(S) has a proper subset which is a
semigroup under the operations of N(S).
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It is interesting to note a neutrosophic semigroup may or may
not have a neutrosophic subsemigroup but it will always have a
subsemigroup.

Now we proceed on to illustrate these by the following
examples.

Example 3.1.3: Let Z" U {0} denote the set of positive integers
together with zero. {Z" U {0}, +} is a semigroup under the
binary operation ‘+’. Now let N(S) = (Z" U {0} U
{I}). N(S) is a neutrosophic semigroup under ‘+. Consider (2Z"
v I) = P, P is a neutrosophic subsemigroup of N(S). Take R =
(3Z" U I); R is also a neutrosophic subsemigroup of N(S).

Now we have the following interesting theorem.

THEOREM 3.1.1: Let N(S) be a neutrosophic semigroup.
Suppose P; and P, be any two neutrosophic subsemigroups of
N(S) then P; U P, (i.e. the union) the union of two neutrosophic
subsemigroups in general need not be a neutrosophic
subsemigroup.

Proof: We prove this by using the following example. Let Z" be
the set of positive integers; Z" under ‘+’ is a semigroup.

Let N(S) = (Z" U I) be the neutrosophic semigroup under
‘+’. Take Py = {(2Z U I)} and P, = {(5Z U 1 )} to be any two
neutrosophic subsemigroups of N(S). Consider P; U P, we see
P, U P, is only a subset of N (S) for P, U P, is not closed under
the binary operation ‘+’. For take 2 + 41 € P, and 5 + 51 € P,.
Clearly (2 +5) + (41 + 5I) =7 + 91 ¢ P, U P,. Hence the claim.

We proved the theorem 3.1.1 mainly to show that we can
give a nice algebraic structure to P1 w P2 viz. neutrosophic
bisemigroups defined in section 3.2. Now we proceed on to
define the notion of neutrosophic monoid.

DEFINITION 3.1.4: A neutrosophic semigroup N(S) which has

an element e in N(S) such thate *s =s *e = s for all s € N(S),
is called as a neutrosophic monoid.
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It is interesting to note that in general all neutrosophic
semigroups need not be neutrosophic monoids.

We illustrate this by an example.

Example 3.1.4: Let N (S) = (Z" U Iy be the neutrosophic
semigroup under ‘+’. Clearly N(S) contains no e such that s + e
=e+s=sforall s € N (S). So N (S) is just a neutrosophic
semigroup and not a neutrosophic monoid.

Now we give an example of a neutrosophic monoid.

Example 3.1.5: Let N (S) = (Z" U I) be a neutrosophic
semigroup generated under ‘x’. Clearly 1 in N (S) is such that 1
x s=sforall s € N (S). So N (S) is a neutrosophic monoid.

It is still interesting to note the following:

1. From the examples 3.1.3 and 3.1.4 we have taken the
same set (Z" U I) with respect the binary operation ‘+’,
(Z" U 1 is only a neutrosophic semigroup but ( Z" U I)
under the binary operation x is a neutrosophic monoid.

2. In general all neutrosophic monoids need not have its
neutrosophic  subsemigroups to be neutrosophic
submonoids. First to this end we define the notion of
neutrosophic submonoid.

DEFINITION 3.1.5: Let N(S) be a neutrosophic monoid under
the binary operation *. Suppose e is the identity in N(S), that is
s*¥e=e*s=sforalls € N(S). We call a proper subset P of
N(S) to be a neutrosophic submonoid if

i P is a neutrosophic semigroup under “*’.
ii. e € P, i.e, Pis a monoid under ‘*’.

Example 3.1.6: Let N(S) = (Z U I) be a neutrosophic semigroup

under ‘+’. N(S) is a monoid. P = (2Z" U 1) is just a neutrosophic
subsemigroup whereas T = (2Z U 1) is a neutrosophic
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submonoid. Thus a neutrosophic monoid can have both
neutrosophic subsemigroups which are different from the
neutrosophic submonoids.

Now we proceed on to define the notion of neutrosophic ideals
of a neutrosophic semigroup.

DEFINITION 3.1.6: Let N(S) be a neutrosophic semigroup under
a binary operation *. P be a proper subset of N(S). P is said to
be a neutrosophic ideal of N(S) if the following conditions are
satisfied.

I P is a neutrosophic semigroup.
ii. forallp € Pand for all s € N(S) we have p *s and s *
pareinP.

Note: One can as in case of semigroups define the notion of
neutrosophic right ideal and neutrosophic left ideal. A
neutrosophic ideal is one which is both a neutrosophic right
ideal and a neutrosophic left ideal. In general a neutrosophic
right ideal need not be a neutrosophic left ideal.

Now we proceed on to give example to illustrate these notions.

Example 3.1.7: Let N(S) = (Z u I) be the neutrosophic
semigroup under multiplication.

Take P to be a proper subset of N(S) where P = (2Z U I).
Clearly P is a neutrosophic ideal of N(S). Since N(S) is a
commutative neutrosophic semigroup we have P to be a
neutrosophic ideal.

Note: A neutrosophic semigroup N(S) under the binary

operation * is said to be a neutrosophic commutative semigroup
ifa*b=>b*aforalla,b € N(S).

b
Example 3.1.8: Let N(S) = {(a dj Ja,b,c,d, e (Z U bea
C

neutrosophic semigroup under matrix multiplication.
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TakeP=1|~ Y1/ Zul
ake P = 0 0 X,y € (ZUI)}.

a b)(x vy X y)(a b
Clearly ¢ P;but e P.
c dJ\0 0 0 0)\c d

Thus P is only a neutrosophic right ideal and not a neutrosophic
left ideal of N (S).

Now we proceed on to define the notion of neutrosophic
maximal ideal and neutrosophic minimal ideal of a neutrosophic
semigroup N(S).

DEFINITION 3.1.7: Let N(S) be a neutrosophic semigroup. A
neutrosophic ideal P of N(S) is said to be maximal if P cJ c
N(S), J a neutrosophic ideal then either J = P or J = N(S). A
neutrosophic ideal M of N(S) is said to be minimal if ¢ #T <M
CN(S)thenT=MorT= ¢

We cannot always define the notion of neutrosophic cyclic
semigroup but we can always define the notion of neutrosophic
cyclic ideal of a neutrosophic semigroup N(S).

DEFINITION 3.1.8: Let N(S) be a neutrosophic semigroup. P be
a neutrosophic ideal of N (S), P is said to be a neutrosophic
cyclic ideal or neutrosophic principal ideal if P can be
generated by a single element.

We proceed on to define the notion of neutrosophic symmetric
semigroup.

DEFINITION 3.1.9: Let S(N) be the neutrosophic semigroup. If
S(N) contains a subsemigroup isomorphic to S(n) i.e. the
semigroup of all mappings of the set (I, 2, 3, ..., n) to itself
under the composition of mappings, for a suitable n then we call
S (N) the neutrosophic symmetric semigroup.
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Remark: We cannot demand the subsemigroup to be
neutrosophic, it is only a subsemigroup.

DEFINITION 3.1.10: Let N(S) be a neutrosophic semigroup.
N(S) is said to be a neutrosophic idempotent semigroup if every
element in N (S) is an idempotent.

Example 3.1.9: Consider the neutrosophic semigroup under
multiplication modulo 2, where N (S) = {0, 1, I, 1 + I}. We see
every element is an idempotent so N (S) is a neutrosophic
idempotent semigroup.

Next we proceed on to define the notion of weakly neutrosophic
idempotent semigroup.

DEFINITION 3.1.11: Let N(S) be a neutrosophic semigroup. If
N(S) has a proper subset P where P is a neutrosophic
subsemigroup in which every element is an idempotent then we
call P a neutrosophic idempotent subsemigroup.

If N(S) has at least one neutrosophic idempotent
subsemigroup then we call N(S) a weakly neutrosophic
idempotent semigroup.

We illustrate this by the following example:

Example 3.1.10: Let N(S)={0,2, 1, L2 1+ L2+ 21,1+ 2l
2 + I} be the neutrosophic semigroup under multiplication
modulo 3.

Take P = {1, I, 1 + 21, 0}; P is a neutrosophic idempotent
subsemigroup. So N(S) is only a weakly neutrosophic
idempotent semigroup. Clearly N(S) is not a neutrosophic
idempotent semigroup as (1 + I)? = 1 which is not an idempotent
of N(S).

DEFINITION 3.1.12: Let N(S) be a neutrosophic semigroup
(monoid). An element x € N(S) is called an element of finite
order if X" = e where e is the identity element in N(S) i.e. (se =
es =sforalls €S ) (m the smallest such integer).
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DEFINITION 3.1.13: Let N (S) be a neutrosophic semigroup
(monoid) with zero. An element 0 #x € N(S) of a neutrosophic
semigroup is said to be a zero divisor if there exist 0 = y € N(S)
with x . y = 0. An element x € N(S) is said to be invertible if
there exist y € N(S) such that xy = yx = e (e € N(S), is such that
se =es =sforalls € N(S)).

Example 3.1.11: Let N (S)=1{0, 1,2, L2, 1 + 2+ 1,1+ 2,2
+ 21} be a neutrosophic semigroup under multiplication modulo
3. Clearly (1 + 1) € N (S) is invertible for (1 + ) (1 + 1) =1
(mod 3). (2 + 2I) is invertible for (2 + 2I)* = 1 (mod 3). N(S)
also has zero divisors for (2 +I) [ =21 + I = 0(mod 3). Also (2 +
1)21=0(mod 3) is a zero divisor.

Thus this neutrosophic semigroup has idempotents, units and
zero divisors. One can define several other properties of
semigroups to neutrosophic semigroups as a matter of routine.

3.2 Neutrosophic Bisemigroups and their Properties

In this section Neutrosophic bisemigroups are defined
analogous to bisemigroups by taking atleast one of the
semigroups to be neutrosophic. A stronger version of this viz.
strong neutrosophic bisemigroups are defined. Substructures
like neutrosophic subbisemigroups neutrosophic biideals are
introduced. Condition for a finite neutrosophic bisemigroup to
be Lagrange free is also obtained.

Now we proceed on to define the notion of neutrosophic
bisemigroup.

DEFINITION 3.2.1: Let (BN(S), * o) be a nonempty set with two
binary operations * and o. (BN(S), * o) is said to be a
neutrosophic bisemigroup if BN(S) = P; U P, where atleast one
of (P;, *) or (P, o) is a neutrosophic semigroup and other is
Jjust a semigroup. P; and P, are proper subsets of BN(S), i.e. P;
& P,
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Example 3.2.1: Let (BN(S), *, 0) = {0, 1, 2, 3, 1, 21, 31, S(3), *,
o} = (P, ¥) U (P, 0) where (P, ¥)= {0, 1, 2, 3, 1, 21, 31, *} and
(P», 0) = (8(3), 0). Clearly (P;, *) is a neutrosophic semigroup
under multiplication modulo 4. (P,, 0) is just a semigroup. Thus
(BN(S), *, o) is a neutrosophic bisemigroup.

If both (P, *) and (P,, o) in the above definition are
neutrosophic semigroups then we call (BN (S), *, o) a strong
neutrosophic ~ bisemigroup.  All  strong  neutrosophic
bisemigroups are trivially neutrosophic bisemigroups.

We now give an example of a strong neutrosophic bisemigroup.

Example 3.2.2: Let (BN (S), *, 0) be a nonempty set such that
BN(S)={0,1, L 1 +1,{Z UI),* o} where P, = {0, 1,1, 1 + 1}
and P, = {{ Z U 1), o}; BN(S) is a strong neutrosophic
bisemigroup.

We now proceed on to define the notion of neutrosophic
subbisemigroup and neutrosophic strong subbisemigroup of a
neutrosophic bisemigroup and neutrosophic strong bisemigroup.

DEFINITION 3.2.2: Let (BN (S) = P, U Py o, *) be a
neutrosophic bisemigroup. A proper subset (T, o, *) is said to be
a neutrosophic subbisemigroup of BN (S) if

i T=T, T, whereT;,=P;"Tand T, = P, N T and
ii. At least one of (T, o) or (T, *) is a neutrosophic
semigroup.

Note: We can define for a neutrosophic bisemigroup just a
subbisemigroup which need not be a neutrosophic
subbisemigroup. But a neutrosophic bisemigroup cannot have a
proper neutrosophic strong subbisemigroup.

Now we proceed on to define substructures of the strong
neutrosophic bisemigroup.

DEFINITION 3.2.3: Let (BN(S) = P; U Py o, * be a

neutrosophic strong bisemigroup. A proper subset T of BN (S) is
called the strong neutrosophic subbisemigroup if T = T; U T,
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with T) = Py N Tand T, = P, N T, and if both (T, *) and (T>, 0)
are neutrosophic subsemigroups of (P, *) and (P) o)
respectively. We call T = T, U T, to be a neutrosophic strong
subbisemigroup, if atleast one of (T, *) or (T, o) is a
semigroup then T = T, v T, is only a neutrosophic
subsemigroup.

We illustrate this by the following:

Example 3.2.3: Let BN(S) = {0, 1,2, [, 2, (Z U I), x, +} be a
neutrosophic strong bisemigroup. Take T = {0, I, 21, (2Z U I}, %,
+} < BN(S), T is a neutrosophic strong subbisemigroup. Now
consider P= {0, 1,2,(5Z U 1), x,+} =P;={0, 1,2, x} UP, =
{(5Z U 1), +} is only a neutrosophic subbisemigroup of BN(S).
IfweletL=1{0,1,2,Z,x,+} =L ={0, 1,2, x} U(Z, V) =1L,
=L, is only just a subbisemigroup.

THEOREM 3.2.1: Let (BN(S), * o) be a neutrosophic
bisemigroup, then B(N(S)) cannot have a neutrosophic strong
subbisemigroup.

Proof: Now we are given B(N(S)) = P; U P, where only one of
(P, *) or (P, 0) is a neutrosophic semigroup so if they have
subsemigroup only one of them will be neutrosophic semigroup
so it is impossible to have both of them to be neutrosophic
semigroups. Hence a neutrosophic bisemigroup cannot have
strong neutrosophic subbisemigroup. Hence the claim.

Now we proceed on to define the notion of neutrosophic strong
biideal and neutrosophic biideal of a neutrosophic strong
bisemigroups and neutrosophic bisemigroups respectively.

DEFINITION 3.2.4: Let (BN (S), * o) be a strong neutrosophic
bisemigroup where BN(S) = P; U P, with (P;, *) and (P,, o) be
any two neutrosophic semigroups. Let J be a proper subset of
BN(S) where I = 1; oL withl; =J N Pyand I, =J N P, are
neutrosophic ideals of the neutrosophic semigroups P; and P,
respectively. Then [ is called or defined as the strong
neutrosophic biideal of B(N(S)).
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DEFINITION 3.2.5: Let (BN(S) = P, v P, * o) be any
neutrosophic bisemigroup. Let J be a proper subset of B(NS)
such that J; = J N P;and J, = J N P, are ideals of P; and P,
respectively. Then J is called the neutrosophic biideal of BN(S).

It is important and interesting to note that as in case of
neutrosophic subbisemigroups we cannot in general have a
biideal for these neutrosophic bisemigroups. Also a
neutrosophic strong bisemigroup can never have a nontrivial
neutrosophic biideal or a neutrosophic bisemigroup cannot have
a biideal Thus this property distinguishes both subbisemigroup
and biideal structures.

The concept of maximality, minimality, quasi maximality
and quasi minimality will be now introduced.

DEFINITION 3.2.6: Let (BN(S) P; U P, * o) be a neutrosophic
strong bisemigroup. Suppose 1 is a neutrosophic strong biideal
of BN(S) ie. I, = Pr n1land I, = P, NI we say I is a
neutrosophic strong maximal biideal of B (N(S)) if I, is the
maximal ideal of P; and I, is the maximal ideal of P,.

If only one of 1; or I, alone is maximal then we call I to be a
neutrosophic strong quasi maximal biideal of BN (S).

We now illustrate this by the following example.

Example 3.2.4: Let BN(S) = ({Zu 1), 0, 1, 2, I, 21}, +, x (x
under multiplication modulo 3)) be a neutrosophic strong
bisemigroup. Take T = {(2Z U 1), 0, [, 1, 21, +, x} =1, U |,
where I, = {(2Z U I), +} and I, = {0, I, 1, 21, x, multiplication
modulo 3}, T is a neutrosophic strong biideal which is maximal.
Take J={(8Z LU I), {0, 1, I, 21}, + x} =J, U J, where J; = {{8Z
v I), +} and J, = {0, 1, 1, 2I, x}. Clearly J, is not a maximal
ideal of Py only J, is a maximal ideal. So J is a neutrosophic
strong quasi maximal biideal of BN (S).

Now we proceed on to define these concepts in the case of
neutrosophic bisemigroup.
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DEFINITION 3.2.7: Let (BN(S) = P, U P, * o) be a
neutrosophic semigroup. A neutrosophic biideal I = I; U I, of
BN(S) is said to be a neutrosophic maximal biideal of B(N(S)) if
I, =1 N P;is a maximal ideal of P, and I, = 1 N P, is a
maximal ideal of P,.

Now if only one of I, or I, alone is maximal and other not

maximal then we call I to be only a neutrosophic quasi maximal
biideal of B N(S).

Now we illustrate this by the following example.

Example 3.2.5: Let BN(S)={(Z U 1),0,1,2,3,4,5,6, ..., 11,
+,x}=PbuP,={Zulh}u{0,1,2, ..., 11} where P, is a
semigroup under ‘+’ and P, is just a semigroup under
multiplication modulo 12. Take U = {2I U I), +} U {0, 2, 4, 6,
8,10, x} =1, U I, P; U P,, U is neutrosophic maximal biideal
of BN(S), for I, and I, are maximal ideals of P, and P,
respectively. Now consider U =T, U T,= {31 U I), +} U {0, 6,
x} U is only a neutrosophic quasi maximal biideal of BN(S) as
{0, 6, x} is not a maximal ideal of P,.

The definition of minimal biideal is left as an exercise for the
reader.

Note: Union of any two neutrosophic biideals in general is not a
neutrosophic biideal. This is true of neutrosophic strong biideals.

DEFINITION 3.2.8: Let (B, + 0) be a non empty set with two
binary operations we call B a strong neutrosophic bimonoid if
the following conditions are satisfied

i B = B; UB; where B; and B, are proper subsets of B.
i. (B;, +) is a neutrosophic monoid.
iii. (B>, 0) is a neutrosophic monoid.

Example 3.2.6: Let (B=B; U B, , x, 0) be a non empty set with

two binary operations, where B, = {Z; semigroup under
multiplication modulo 6}, B, = {0, 1,2, ..., 7, L, 2L, 31, ..., 71}
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be a neutrosophic semigroup under multiplication modulo 8. B
is a neutrosophic bisemigroup.

Example 3.2.7: Let B = {B; U B, , x, +} be a strong
neutrosophic bisemigroup where B, = (Z U I) semigroup under
multiplication and B, = {0, 1, 2, 3, I, 2I, 31} a neutrosophic
semigroup under multiplication modulo 4.

Remark: All strong neutrosophic bisemigroups are neutrosophic
bisemigroups, but clearly from the above example the converse
is not true.

Example 3.2.8: 1Let B = B, U B, , * 0) be a strong
neutrosophic bisemigroup where B, = {{(Z, U I) = {0, 1, 2, 3, I,
21, 31}} a neutrosophic semigroup under multiplication modulo
4 and B, = (Z U 1) a neutrosophic semigroup under
multiplication. P = P; U P, where P, = {0, 1, 2, I, 21} is a
neutrosophic subsemigroup of B; and P, = 3Z U I) is a
neutrosophic subsemigroup of B,. Hence B is a strong
neutrosophic subbisemigroup of B.

(2) Let T =T, U T, where T; = {0, 1, 2, 3} semigroup under
multiplication modulo 4 and T, = (2Z U 1) neutrosophic
semigroup under multiplication. T is a neutrosophic sub
bisemigroup of B.

(3) Let R = R; U R, where R; = {0, 1, 2} semigroup under
multiplication modulo 4 and R, = 2Z semigroup under
multiplication, R is a subbisemigroup of B.

Thus we see in general a strong neutrosophic bisemigroup can
have all 3 types of substructures but a neutrosophic bisemigroup
can have only a neutrosophic sub bisemigroup and
subbisemigroup. Now we proceed on to define ideals in
neutrosophic bisemigroups.

Now we illustrate these by the following examples.
Example 3.2.9: Let (B =B, U B,, 0, *) be a strong neutrosophic

bisemigroup where B, = (Z U I) neutrosophic semigroup under
multiplication and B, = {0, 1, 2, 3, 4, 5, I, 21, 31, 41, 51} be a
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neutrosophic semigroup under multiplication modulo 6. P = P,
U P, where P, = (27 U 1) is a neutrosophic ideal of B, and P, =
{0, 2, 21, 4, 41} is a neutrosophic ideal of B,. Thus P is a strong
neutrosophic biideal of B.

Example 3.2.10: Let (B = B, U B,, *, 0) be a neutrosophic
bisemigroup where B; = Z, a semigroup under multiplication
and B, = {0, 1, 2, 3, I, 21, 31} a neutrosophic semigroup under
multiplication modulo 4. Take J =J; U J, where J; = {3Z} is an
ideal of By and J, = {0, 2, 21} is a neutrosophic ideal of B,. Thus
J is a neutrosophic biideal.

We can define several other properties we restrain our selves to
only a few of them.

DEFINITION 3.2.9: Let B = (B; U By, * 0) be a neutrosophic
bisemigroup. The number of distinct elements of B is called the
order of B denoted by o(B). If o(B) is finite we call B a finite
neutrosophic bisemigroup. If the order of B is infinite we define
B to be a infinite neutrosophic bisemigroup.

The neutrosophic bisemigroup given in example is an infinite
neutrosophic bisemigroup where as the one given below is a
finite neutrosophic bisemigroup.

Example 3.2.11: Let B = (B; U B,, 0, *) be a neutrosophic
bisemigroup. Here B; = {0, 1, 2, 3, 4, 5} is a semigroup under
multiplication modulo 6. B, = {0, 1, 2, 3, I, 21, 3I} is a
neutrosophic semigroup under multiplication modulo 4. Thus B
is a finite neutrosophic bisemigroup. o(B) = 13.

Now proceed on to define the notion of neutrosophic Lagrange
bisemigroup.

DEFINITION 3.2.10: Let (B = B; U B, * 0) be a neutrosophic
bisemigroup of finite order. If the order of every neutrosophic
subbisemigroups P = P; U P, divides the order of B then we
call B to be a Lagrange neutrosophic bisemigroup. If at least
one neutrosophic subbisemigroup exists such that its order
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divides the order of B we call B to be a weak Lagrange
neutrosophic  bisemigroup. We call the neutrosophic
subbisemigroup whose order divides the order of B to be a
Lagrange neutrosophic subbisemigroup.

If B has proper neutrosophic subbisemigroups but the order
of none of them divide the order of B then we call B to be a
Lagrange free neutrosophic bisemigroup.

We illustrate these by the following example.

Example 3.2.12: let B = (B, U By, o, *) be a finite
neutrosophic bisemigroup, where B, = {Z;,, the semigroup
under multiplication modulo 12} and B, = {0, 1, 2, 3, 4, 1, 21, 2I,
31, 41} a neutrosophic semigroup under multiplication modulo 5.
o(B)=21.

Take P =P, U P, where P, = {0, 6} and P, = {0, 1, 4, I, 41}.
Clearly o(P) = 7. P is a neutrosophic bisemigroup and 7 / 21.
Consider T =T, U T, where T, = {0, 2, 4, 6, 8, 10} and T, = {0,
1, 4, 1, 41}. T is a neutrosophic bisemigroup and o(T) = 11 but
o(T) X o(B). Thus B is only a weakly Lagrange neutrosophic
bisemigroup.

We give an example of a Lagrange free neutrosophic
bisemigroup.

Example 3.2.13: Let (B = B, U B,, *, 0) be a neutrosophic
bisemigroup where B, = {0, 1, 2, 3, 4, 5, I, 21, 31, 41, 51} a
neutrosophic semigroup under multiplication modulo 6. Take B,
= {Z,,} semigroup under multiplication modulo 12. o(B) =23 a
prime.

Take T =T, U T, where T; = {0, 1, 5, I, 51} and T, = {0, 2,
4,6, 8, 10}. T is a neutrosophic subbisemigroup and o(T) = 11,
o(T) X o(B)i.e. 11 X 23.1In fact since the order of B is a prime
the order of none of the neutrosophic subbisemigroup will
divide the order of B.

In view of this we have the following result.
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THEOREM 3.2.2: Let B = (B; U B,, * 0) be a neutrosophic
bisemigroup of finite order say p, p a prime. Then B is a
Lagrange free bisemigroup.

Proof: Given B is a finite neutrosophic bisemigroup of order p,
p a prime. If P = P; U P, is any neutrosophic subbisemigroup
then clearly (o (P), p) = 1. Hence B is a Lagrange free
neutrosophic bisemigroup.

Now we proceed on to define Cauchy neutrosophic bisemigroup.

DEFINITION 3.2.11: Let B = B, U B, be a neutrosophic
bimonoid of finite order n. If for all those x; € B such that x, =
e; we have t / n (i = 1 or 2). Then we call B to be a Cauchy
neutrosophic bisemigroup. (It is to be noted we can have x in B
such that X’ = x or X = 0 that is why we take only those x; in B
where e; is the identity in B,). If there is atleast one element x;

such that x; = e; and r / n then we call B to be a weakly Cauchy

neutrosophic bisemigroup. If no x exist satisfying this condition
we call B to be a Cauchy free neutrosophic bisemigroup.

Now we proceed to define the concept of Sylow neutrosophic
bisemigroups.

DEFINITION 3.2.12: Let (B = B; U B>, 0, *) be a neutrosophic
bisemigroup of finite order n. If for every prime p such that p°/n
and p®™" X n we have a neutrosophic subbisemigroup of order
p® we call B a Sylow neutrosophic bisemigroup. If we have
atleast one p such that p® / n and p®"' X n and B has a

neutrosophic subbisemigroup of order p® we call B a weak
Sylow neutrosophic bisemigroup.

Suppose for no prime p such that p®/ n and p®” X n we

have no neutrosophic subsemigroup of order p“ we call B a
Sylow free neutrosophic bisemigroup. We call the neutrosophic

subbisemigroup P of order p* where p“/ o(B) and p“*" X o(B)
to be the p-Sylow neutrosophic subbisemigroup.
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Example 3.2.14: Let B = (B; U B,, *, 0) where B; = {Z, a
semigroup under multiplication modulo 18} and B, = {0, 1, 2,
..., 7,1, 21, ..., 71} semigroup under multiplication modulo 8. B
is a neutrosophic bisemigroup of order 33. 3/33 but 3* X 33
also 11/33 and 11> X 33.

Clearly B cannot have a nontrivial neutrosophic
bisemigroup of order 3. Let P = P, U P, where P, = {0, 3, 6, 9,
12, 15} and P, = {0, 41, 4, 1, I}, P is a neutrosophic sub
bisemigroup of order 6 + 5=11. Thus 11/33 but 11* X 33.So B
is only a weak Sylow neutrosophic bisemigroup.

Now we see the set T =T, U T, where T, = {0, 3, 6, 9, 12,
15} and T, = {0, 1, I} is a neutrosophic subsemigroup of order 9.
3/33 and 3* X 33 but B has a neutrosophic subsemigroup of
order 9.

Next we construct the following example.

Example 3.2.15: Let B=B, U B, where B; = {0, 1,2,3,4, 5,6,
I, 21, 31, 41, 51, 61} a semigroup under multiplication modulo 7.
Take B, = {0, 1, 2, 3, 4, 5, 1, 21, 31, 41, 51} a neutrosophic
semigroup under multiplication modulo 6. o(B) = 13 + 11 =24,
2/24,2%/24,2°/24 and 2* X 24; 3/24 and 3* ) 24.

Clearly B has no neutrosophic subsemigroup of order 3.
Now take V=V, U V, where V; = {0, 1,1} and V,={0, 1, 1, 4,
41}. o(V) = 8. Thus B is only a weak Sylow neutrosophic
bisemigroup.

Example 3.2.16: Let B = B, U B, where B, = {0, 1, 2}
semigroup under multiplication modulo 3. B, = {0, 1, 2, I, 2I,
1+, 2+I, 2I+1, 2 + 2I} a semigroup under multiplication

modulo 4, o(B) = 12. Clearly 2/12, 2%/ 12 but 2° X 12. Also

3/12 and 3° X 12. B has no neutrosophic subbisemigroup of
order 3 or 4 so B is Sylow free neutrosophic bisemigroup.

We now proceed on to define when are two neutrosophic
subbisemigroups conjugate.

97



DEFINITION 3.2.13: Let B = (B; U B, * 0) be a neutrosophic
bisemigroup. T = T; U T, and S = S; U S, be two neutrosophic
subbisemigroups. We say T is conjugate to S if we can find x;
andy; (1 <i,j <2) such T; x; =x; S;0r S;x;) and T> x; = X, S>
(or S; x;) We cannot say about the order of S;and T, i = 1, 2.

Example 3.2.17: Let B = B; U B, be a neutrosophic
bisemigroup where B, = Z;,, the semigroup under multiplication
modulo 12. B, = {0, 1, 2, ..., 5, I, 21, ..., 51} a neutrosophic
semigroup under multiplication modulo 6. Take T =T, U T,
and S = S; U S, any two neutrosophic subbisemigroups, where
T,=1{0,2,4,6,8,10} and T, = {0, 2, 4, 21, 41} and S, = {0, 3,
6, 9} and S, = {0, 3, 31}, 3T, =28, = {0, 6} and 6T, = 2S, =
{0}.

Thus the neutrosophic subbisemigroups T and S are
conjugate.

Note: For two neutrosophic subbisemigroups T and S to be
conjugate we do not demand o(T) = o(S).

On similar lines as in case of neutrosophic semigroups we can
also define when are two elements in a neutrosophic
bisemigroup conjugate. These definitions about substructures
and other properties given for neutrosophic bisemigroups can be
defined with appropriate modifications in case of strong
neutrosophic bisemigroups.

3.3 Neutrosophic N-Semigroup

In this section for the first time the notion of neutrosophic N-
semigroups are introduced. Substructures like strong
neutrosophic sub N-semigroup, neutrosophic sub N semigroup,
strong neutrosophic N-ideals, neutrosophic N-ideals, strong
Lagrange neutrosophic sub N semigroup, p-Sylow neutrosophic
sub N semigroup are introduced and examples are given.

Also some special elements like neutrosophic elements viz.
neutrosophic N-ary idempotents, neutrosophic N-ary zero
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divisors, and neutrosophic Cauchy elements, Cauchy elements
are introduced in neutrosophic N-semigroups and studied.

Now we proceed on to define the notion of neutrosophic N-
semigroups and their generalizations and particularizations.

DEFINITION 3.3.1: Let {S(N), *, ..., *x} be a non empty set with
N-binary operations defined on it. We call S(N) a neutrosophic
N-semigroup (N a positive integer) if the following conditions
are satisfied.
i S(N) =8; U ...uSywhere each S; is a proper subset of
S(N)i.e. S; & SjorS; € S;ifi #j.
ii. (S, *) is either a neutrosophic semigroup or a
semigroup fori =1, 2, ..., N.

Note: When N = 2, we call S(N) to be a neutrosophic
bisemigroup. If all the N-semigroups (S;, *;) are neutrosophic
semigroups (i.e. for i = 1, 2, ..., N) then we call S(N) to be a
neutrosophic strong N-semigroup.

Now we will give examples of both neutrosophic N-semigroups
and neutrosophic strong N-semigroups.

Example 3.3.1: Let S(N) = {81 o Sz o S3 o S4 o Ss, *1, ceey *5}
be a neutrosophic 5-semigroup where
S; = (Zvul)under ‘“+’, is a neutrosophic semigroup,

b
{(a d] la, b,c,d e <QUI>} under matrix
c

S>

multiplication is a neutrosophic semigroup.

S; = {0, 1, 2, I, 2I} a neutrosophic semigroup under
multiplication modulo 3,

S, = S(3), the set of all mappings of the set (a, b, ¢) to itself
under the composition of maps and

Ss = {Z;s, the semigroup under multiplication modulo 15}.

S(N) is only a neutrosophic 5-semigroup and not a neutrosophic
strong 5 semigroup.
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Now we proceed on to give an example of a neutrosophic strong
N-semigroup.

Example 3.3.2: Let S(N) = {Sl U Sz ) S3 U S4, *1, *2, *3, *4} be
such that

S; = {{Z u1I), semigroup under multiplication},

S, = {(Q" U I), semigroup under ‘+’, Q" is the set of all
positive rationals},

S; = {0, 1, 2, 3, I, 21, 3I; semigroup under multiplication
modulo 4} and

b
{(a dj /a,b,c,de{(Q v I)} semigroup  under

S4
c
matrix multiplication.
It is clearly seen that all the four semigroups are neutrosophic so
S(N) is a neutrosophic strong 4-semigroup.

Now we proceed on to define substructures in these two types of
neutrosophic N-semigroups.

DEFINITION 3.3.2: Let S(N) = {S; US; U ... USy, ¥, ..., "} be
a neutrosophic N-semigroup. A proper subset P = {P; U P, U

. UPy FL L, B of S(N) is said to be a neutrosophic N-
subsemigroup if (1) P. = P n S, i = 1, 2,..., N are
subsemigroups of'S; in which atleast some of the subsemigroups
are neutrosophic subsemigroups.

Example 3.3.3: Let S(N) = {Sl U Sz o S3 o S4, *1, *2, *3, *4} be
a neutrosophic 4-semigroup where

S; = {Z;,, semigroup under multiplication modulo 12},
S, = {0, 1, 2, 3, I, 2I, 31, semigroup under multiplication
modulo 4}, a neutrosophic semigroup.

b
S - {[a dj /a,b,c,de (Qul)}, neutrosophic semigroup
c

under matrix multiplication and
S, = (Zul), neutrosophic semigroup under multiplication.
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S(N) is only a neutrosophic 4-semigroup and not a neutrosophic
strong 4-semigroup.
Take T = {Tl uT,uT;uU T4, *1, *2, *3, *4} where

Tl = {07 27 47 6a 87 10} c Zl2a
T, = {0,121, 31} cS,,

a b
T; = {[ dj/a,b,c,de(ZuI)} and

c
T, = {{(5Z v 1)} the neutrosophic semigroup under
multiplication.

Clearly T is a neutrosophic sub 4-semigroup of S(N) and not a
neutrosophic strong sub 4-semigroup for a neutrosophic N-
semigroup cannot have neutrosophic strong sub N-semigroup.

Now we proceed on to illustrate by examples and define
neutrosophic strong sub N-semigroup.

DEFINITION 3.3.3: Let S(N) = {S; US, U... USy, ¥, ..., *\}! be
a neutrosophic strong N-semigroup. A proper subset T = {T; U
T, U.. UTy *, ..., *} of S(N) is said to be a neutrosophic
strong sub N-semigroup if each (T, *) is a neutrosophic
subsemigroup of (S, *) fori=1,2,..., Nwhere T; =T NS,

If only a few of the (T;, *;) in T are just subsemigroups of (S;, *;)
(i.e. (T;, *;) are not neutrosophic subsemigroups then we call T
to be a sub N-semigroup of S(N). a neutrosophic strong N-

semigroup can have all the 3 types of subsemigroups which we
illustrate by the following example.

Example 3.3.4: Let S(N) = {S; U S, U S; U S; U Ss, *, %5,
...,*s} be a neutrosophic strong 5-semigroup where

b
S = {a d]|a, b, c, d6<QuI>} neutrosophic semigroup
C

under matrix multiplication,
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S>
Ss

S4

Ss

{0, 1, 2, 3, 4, 1, 2I, 31, 41} be the neutrosophic
semigroup under multiplication modulo 5,

(Z v 1) the neutrosophic semigroup under
multiplication,

(Q" U 1) the neutrosophic semigroup under addition
and

b
{(3 ;] |a,b,c,d,e,f are in (Qul)} neutrosophic
e

semigroup under matrix addition.

S(N) is a neutrosophic strong 5-semigroup.

Now consider the proper subset T = {T; U T, U T3 U T4, U Ts,
*1, %5, ..., *s) of S (N) where

T,

T,
T;

T,

Ts

d

subsemigroup of S,

{0, 1, I, 2L, 31, 41} S; is a neutrosophic subsemigroup
under multiplication modulo 5;

(3Z v I) c S5 is a neutrosophic subsemigroup under
multiplication,

(Z" U 1) neutrosophic subsemigroup of S, under
addition and

a b
{[ j|a,b, c,de (Zul)} c S, is a neutrosophic
c

b
{3 ;j |a,b,c,d,e,fe (ZuI)} is a neutrosophic
e

subsemigroup under matrix addition of Ss.

T is a neutrosophic strong 5-subsemigroup of S (N). Now

consider the proper subset B = {B; U B, U ... UBs, *, ..., *5}
of S(N) where

B,

B,

b
{[a dj la,b,c,d € Q} is just a subsemigroup of S,
c

under matrix multiplication,
{0, I, 21, 31, 41}, is a neutrosophic subsemigroup of S,,
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B; = (2Z v 1), the neutrosophic subsemigroup under
multiplication
By = {Q"} subsemigroup under addition and
a b c
Bs = {(d f}|a,b,c,d,e,fe(ZuI)} is a neutrosophic
e

subsemigroup under matrix addition.
Thus B is only a neutrosophic 5-subsemigroup of S(N).
Now consider A = {A; U Ay U A; U Ay U As, ¥, ..., *5s} a

proper subset of S(N) which is not a neutrosophic strong 5-sub
semigroup or a neutrosophic 5-subsemigroup. For consider

a b
A = {( d)' a,b,c,d e Q} is a subsemigroup under
c
matrix multiplication of S,
A, = {0, 1,2, 3, 4} is a subsemigroup under multiplication
modulo 5 of S5,
A; = (2 Z)is the subsemigroup of S; under multiplication,

A, = {Z'} is the subsemigroup of S, under addition and

b
As = {[3 0 (C)j|a,b,c eQ} is a subsemigroup of Ss

under matrix addition.

Thus A is a 5-subsemigroup which is not neutrosophic. Hence
the claim.

Now we proceed on to define the notion neutrosophic strong N-
ideal and neutrosophic N-ideal of a neutrosophic strong N-
semigroup and neutrosophic N-semigroup respectively.

DEFINITION 3.3.4: Let S(N) = {S; US; U ... USy, ¥, ..., "} be
a neutrosophic strong N-semigroup. A proper subset J = {I; U
L u.. uly)wherel,=J NS fort=1,2, ..., Nis said to be a
neutrosophic strong N-ideal of S(N) if the following conditions
are satisfied.
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i.  Each I, is a neutrosophic subsemigroup of S, t=1, 2, ..., N
i.e. I, is a neutrosophic strong N-subsemigroup of S(N).

ii. Each I, is a two sided ideal of S, for t = 1, 2, ..., N.
Similarly one can define neutrosophic strong N-left ideal
or neutrosophic strong right ideal of S(N).

A neutrosophic strong N-ideal is one which is both a
neutrosophic strong N-left ideal and N-right ideal of S(N).

Note: 1t is important and interesting to note that a neutrosophic
strong N-semigroup can never have a neutrosophic N-ideal or
just a N-ideal it can only have a neutrosophic strong N-ideal.

DEFINITION 3.3.5: Let S(N) = {S; US; U ... USy, *1, ..., "y} be

a neutrosophic N-semigroup. A proper subset P = {P; U P, U
. UPy L L, BN of S (N) is said to be a neutrosophic N-

subsemigroup, if the following conditions are true

i P is a neutrosophic sub N-semigroup of S(N).
il. Each P;=P NS, i=1, 2, .., Nis an ideal of S;.

Then P is called or defined as the neutrosophic N ideal of the
neutrosophic N-semigroup S(N).

Now we can as in case of bisemigroups or neutrosophic
bisemigroups define the notion of maximal ideal.

DEFINITION 3.3.6: Let S(N) = {S; US, U ... USy, ¥, ..., "/} be
a neutrosophic strong N-semigroup. Let J = {I, U1, U ... Uly,
*, ..., %} be a proper subset of S(N) which is a neutrosophic
strong N-ideal of S(N). J is said to be a neutrosophic strong
maximal N-ideal of S(N) if each I, c S, (t =1, 2, ..., N) is a
maximal ideal of'S,.

1t may so happen that at times only some of the ideals I, in S,
may be maximal and some may not be in that case we call the
ideal J to be a neutrosophic quasi maximal N-ideal of S(N).
Suppose S(N) = {S; v S, v ... U Sy ¥, ..., ¥ is a
neutrosophic strong N-semigroup, J' = {J; UJ, U ... UJy, ¥,
v, *n} be a neutrosophic strong N-ideal of S(N).
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J' is said to be a neutrosophic strong minimal N-ideal of S
(N) if each J; c S; is a minimal ideal of S; fori =1, 2, ..., N. It
may so happen that some of the ideals J; < S; be minimal and
some may not be minimal in this case we call J' the
neutrosophic strong quasi minimal N-ideal of S(N).

Now we proceed on to define the notion of neutrosophic
maximal N-ideal, neutrosophic minimal N-ideal and their
related quasi structures.

Suppose S(N) = {S; v S, U ... U Sy *, ..*} be a
neutrosophic N-semigroup. B = {B; UB, U ... UBy, *;, ..., %\}
is called the neutrosophic N-ideal of S(N) if

(1) Each B;=B N S;is anideal of S;, i =1, 2, ..., N.

If each of these ideals B; are maximal ideals of S; we call B
the neutrosophic maximal N-ideal of S(N).

If each of these ideals B; are minimal ideals of S; then we
call B the neutrosophic minimal N-ideal of S(N).

If some of the ideals B; of S; are maximal and some ideals
are not we call B as the neutrosophic quasi maximal N-ideal. If
some of the ideals B; of S; are minimal then B is called the
neutrosophic minimal N-ideal.

We just give an example.

Example 3.3.5: Let S(N) = {Sl o Sz U S3 o S4, *1, *2, *3, *4}
where

S, = (Z v 1) the neutrosophic semigroup under
multiplication,

S, = {0, 1, 2, 1, 2I} the neutrosophic semigroup under
multiplication modulo 3,

S; = {(a,b)|]aeZ uland b € Q} component wise
multiplication is a neutrosophic semigroup and

S, = {0, 1, 2, ..., 11} semigroup under multiplication
modulo 12.

S(N) is a neutrosophic 5 semigroup.
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Take T = {T, U T, U T3 U Ty, *, *,, *3, *4} a proper subset
of S(N) where

T, = {{(5Z v 1)} neutrosophic subsemigroup under
multiplication.

T, = {0,1,L2I} cS,.

T; = {0, x)|x € Q} is a semigroup under component wise
multiplication and

T, = {0, 6} is a semigroup under multiplication modulo 12.

T is a neutrosophic sub 4-semigroup of S(N).

Having just studied the substructure properties now we
proceed on to study the order of the neutrosophic N-semigroup.

Let S(N) = {Sl U Sz v ... U SN, >X<1, ...,*N} be a
neutrosophic N-semigroup. The order of the neutrosophic N-
semigroup S(N) is the number of distinct elements in S(N). If
the number of elements in S(N) is finite we call S(N) a finite
neutrosophic N-semigroup; if otherwise S(N) is called as an
infinite neutrosophic N-semigroup.

Example 3.3.6: Let S(N) = {S; U S, U S5 U Sy, *1, *,, *3, *4} be
a neutrosophic 4-semigroup where

S, = (Z v, neutrosophic semigroup under multiplication,
S, = {0, 1, I, 1 + I}, neutrosophic semigroup under
multiplication modulo 2,

a b
S; = {( dj la,b,c,de{QuU I)} is a neutrosophic
c
semigroup under matrix multiplication and

S, = {0,1,2,3,4,...,9} is a semigroup under multiplication
modulo 10.

Clearly S(N) has infinite number of elements so S(N) is an
infinite neutrosophic N-semigroup or S(N) is of infinite order or

0o(S(N)) = o0, or [ S(N)| = co.

Example 3.3.7: Let S(N) = {S] US,US;s , *1, *2, *3} where
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S {0, 1, 2, I, 2I}, a neutrosophic semigroup under

multiplication modulo 3.

S, = S(2) the semigroup of mappings of the set (1, 2) to itself
under the composition of mappings and

S; = {0, 1,2, 3, 4} semigroup under multiplication modulo 5.

o(S(N)) = 5+ 4 + 5 = 14. Thus S(N) is a neutrosophic 3-
semigroup of order 14.

It is important to note that in general even if S(N) is a
neutrosophic N-semigroup of finite order still the order of
neutrosophic sub N semigroups need not in general divide the
order of S(N).

Suppose S(N) is of order n, n a prime then S(N) can have
proper neutrosophic sub N-semigroups.

We illustrate this by the following example.

Example 3.3.8: Let S(N) = {Sl U Sz U S3 U S4, *1, *2, *3, *4}
where

S, = {0, 1, 2, ..., 11} a semigroup under multiplication
modulo 12.
S, = {0, 1, 2, I, 2I} neutrosophic semigroup under

multiplication modulo 5.

S; = {(S(2)}, semigroup of order 4 and

S, = {0,1,2, ..., 7} semigroup under multiplication modulo
8.

S(N) is a neutrosophic 4-semigroup of finite order. o(S(N)) = 12
+5+4+8=29.

T={T, U T, U TsuU Ty *, *,, *3, ¥4} is a neutrosophic sub
4-semigroup of S(N) where

T, = {0,2,4,6,8,10} cZy,,
T2 = {O, 1, I, 2I}C Sz,
I 23\(1 2
T; = c S;3, and
1 2)\2 1
T4 = {0, 4} c S4.
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T is a finite and o(T) =6 +4 + 2 + 2 = 14. (14, 29) = 1. Thus we
see several interesting things happen in case of neutrosophic N-
semigroup. One such is illustrated by the above example.

We can now define some special elements in case of
neutrosophic N-semigroups.

DEFINITION 3.3.7: Let S(N) = {S; US; U ... USy, ¥, ..., "} be
a neutrosophic N semigroup. An element x € S(N) is an
idempotent if x € S; and X’ = x. An element 0 #x € S(N) i.e. x €

S; is said to be a zero divisor if there exists 0 # y € S; withx y =
0.

Note: If in a neutrosophic N-semigroup S(N) = {S;u S, U ... U
Sn, *1, ..., *N} every (S;, *)) is a monoid fori=1, 2, ..., N, then
we define S(N) to be a neutrosophic N-monoid.

In general every neutrosophic N-semigroup need not be a
neutrosophic N-monoid but every neutrosophic N-monoid is a
neutrosophic N-semigroup. Now we proceed on to define the
notion of N-ary idempotents, N-ary zero divisors and N-units of
a neutrosophic N-semigroup N(S).

DEFINITION 3.3.8: Let N(S) = {S; US; U ... USy, ¥, ..., "/} be

a neutrosophic N-semigroup. An element X = (x;, X3, ..., Xy) €
S(N) where each x; € S; is called a N-ary idempotent if X =
(xlz, xj,..., xi,) = (X5, X3 ..., Xy) = X e each x; € S; is an

idempotent of S; if one or many of these x; are neutrosophic
elements then X is called as the neutrosophic N-ary-idempotent

of S(N).
First we illustrate this by the following example.

Example 3.3.9: Let S(N) = {S; U S, U S; US,, *1,....,%} be a
neutrosophic 4-semigroup. where

S, = {0, 1, 2, 3, I, 21, 31}, neutrosophic semigroup under
multiplication modulo 4.
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S, = {0, 1, 2, 3, ..., 11} semigroup under multiplication
modulo 12,

S; = {0,1,2,1+1,2,2+ 1 1+ 2L 1, 2 + 2I} neutrosophic
semigroup under multiplication modulo 3 and

S; = {(a,b)|a,be {0,1,],1+1I}} neutrosophic semigroup
under component-wise multiplication modulo 2.

Take X = (I, 4, 1+21, 1+I), X is a neutrosophic 4-ary idempotent
of S(N).

Now we proceed on to define N-ary zero divisors and N-ary
units.

DEFINITION 3.3.9: Let S(N) = {S; S, U ... USy ¥, ..., ¥} be
a neutrosophic N-semigroup such that each semigroup has the
zeroie x;0=0x; =0forallx; €S,i=12, ..., N. An element
X=((;, %3 ....xp), #0000 ...0), x; €S:(i=1,2, ..., N in§S
(N) is said to be a N-ary zero divisor if there exists an element Y
=0n Y2 oy Z(0,0, ...,0) in S(N); y; € S; such that

XY = (X191, X203 oo, XN YN
0,0, ..., 0)
Y.X.

If in the N-ary of X one or more of elements x; are neutrosophic
then we call X to be a neutrosophic N-ary zero divisor of S(N).

Note: It is important to note that if in S(N) = {S; U ... U Sy, *1,
...,*n} each of the S; has 0 such that x; *; 0 =0 *; x; = 0 we
would not be in a position to define N-ary zero divisors.

Example 3.3.10: Let us consider the neutrosophic N-semigroup,
S(N) = {Sl uS,u S3 *1, *2, *3} where

S; = (Z" U 1), is the neutrosophic semigroup under
multiplication;

S, = Z,, semigroup under multiplication modulo 12 and

S; = S(3) semigroup of all mappings of the set (1 2 3) to
itself.
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Clearly S(N) cannot have 3-ary zero divisors for S;, and S; have
no zero divisors more so S(N) cannot have 3 neutrosophic 3-ary
zero divisors. Thus the condition every semigroup must have 0
is essential for us to define N-ary zero divisors or neutrosophic
N-ary zero divisors.

Example 3.3.11: Let S(N) = {Sl uSuUS3u S4, *1, *2, *3, *4}
be a neutrosophic 4-semigroup where

S, = {0, 1, 2, 3, I, 2I, 31} neutrosophic semigroup under
multiplication modulo 4,
S, = {Z),, the semigroup under multiplication modulo 12};

S; = {(a,b)|a be {0, 1,1 2I}} neutrosophic semigroup
under component wise multiplication and

a0 bed
e d a,b,c,d, e€Q;.

Clearly S(N) is a neutrosophic 4-semigroup.

S4

Consider X = (x1, X2, X3 X4), (X; € S;) in S(N), i.e., X = (2L, 6, (0,
11
D), )#(0,0,0,0).
11
a -a
-a a

Let Y = (21, 6, (21, 0), ( j) in S(N). Clearly XY = (0, 0,
a

0, 0). We can see YX = (0, 0, 0, 0). X is called as the
neutrosophic 4-zero divisor.

Note: It may happen we have only XY =0 and YX # 0 in such
cases we say X is a N-ary of left or right zero divisor. For in the
same example if we take

X = (21, 6, (0, T), G D ) but
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1 a —a
Y = (21,6,(2L,0), )
—-a b
Xy' = (0,0,0,0)but Y' X # 0 for
| a-b -a+b
YX = (0, 0,0, )#(0, 0,0, 0)
a—-b -a+b

Hence the claim.
Next we need to define N-ary of invertible elements in S (N).

DEFINITION 3.3.10: Let S(N) = (S; oS> U ... USy, ¥, ., ¥y
be a neutrosophic N-monoid. An element X = (x;, ..., xy) of S(N)
where x; € S; is said to be N-ary invertible if there exists a Y =
01, ..., yn) in S(N) such that XY = YX = (ey, ..., ey) where each
e; € S;is such that e; x; = x; e; = x; for all x; € S;. If in X or Y we
have neutrosophic elements then we call X to be a neutrosophic
N-ary invertible element of S(N).

Now we illustrate this by the following example.

Example 3.3.12: Let S(N) = {Sl & Sz & S3 & S4, *1, *2, *3, *4}
be a neutrosophic 4-monoid where

S, = {0, 1, 2, 1+, 2+I, 21 + 1, 2I + 2, I, 2I}, neutrosophic
semigroup under multiplication modulo 3.

S, = {Q", semigroup under multiplication},

S; = {0,1,2,...,10, semigroup under multiplication modulo
11} and

S, = {S(3), semigroup}.

1 3)..

Take X = (21 + 2, 5, 10, 5 { ) in S(N), now Y = (21 + 2,

1 1 2 3 1 3

—, 10, ). Now XY =(1,1,1, )=YX.

5 31 2 1 2 3

Clearly X is a neutrosophic 4-ary unit.
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Several other properties regarding semigroups can be defined
for N-semigroups and neutrosophic N-semigroups.

We just give a brief description of conjugate neutrosophic
sub N-semigroups.

DEFINITION 3.3.11: Let S(N) = (S; U S, U ... USy *1, oo, )
be a neutrosophic N-semigroup. Let P = { P; U P, U ... UPy,
* e, Spand T(N) = (T, 0T, U....U Ty, ¥, *5,..., *y) be any
two neutrosophic sub N-semigroups. We say P and T are
conjugate neutrosophic sub N-semigroups if we have for each
pair (P, T;), x, P, =T, x, ; xi € S; (P;and T; are subsemigroups
of S, i=123, ..., N).

Example 3.3.13: Let S(N) = (Sl U Sz ) S3, *1, *2,*3) be a
neutrosophic 3-semigroup where

S; = {Zy,, semigroup under multiplication modulo 12},

S, = {0,1,2,3,4,5,1,2l, 31, 41, 51} neutrosophic semigroup
under multiplication modulo 6 and

S; = {Z4y x Zy | ((a, b) | a, b € Z4), semigroup under
component wise multiplication modulo 4}.

Take T = {T, U T, U T3, *|, *,, *3}, a neutrosophic sub 3-
semigroup where T, = {0, 2,4, 6, 8, 10} < Z,, T, = {0, 2, 4, 21,
41} is a neutrosophic semigroup. Tz = {(0, 1) (1, 0) (0, 0)}. P =
(P U Py U P3, *, *5, *3) be a neutrosophic sub 3-semigroup
where P, = {0, 3, 6, 9}, P, = {0, 3, 31} is a neutrosophic
semigroup and P; = {(0, 2) (2, 0) (0, 0)} is a subsemigroup of S;.
3{0,2,6,4,8,10} = {0, 6} and 2{0,3,6,9} = {0,6}1.e. 3T, =
2P, = {0, 6}. 3{0, 2, 4, 21, 41} = {0}; {0, 3, 31}2 = {0}. So 3T,
:2P2: {0}2T3:P3 1.

Thus we see T and P are neutrosophic sub 3-semigroups.
The following observations are very interesting.

It P and T are conjugate neutrosophic sub N-semigroups say
of finite order.

(1) o(P) # o(T) in general.

(2) o(x; Py) = o(T; x;) # o(P;) or # o(T;) in general.
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Chapter Four

NEUTROSOPHIC LOOPS AND
THEIR GENERALIZATIONS

In this chapter for the first time we introduce the notion of
neutrosophic loops and their generalization. A new class of
neutrosophic loops of order 4t is introduced. Several interesting
properties about them are derived. In this class of neutrosophic
loops we have only one neutrosophic loop to be commutative
for a given t. Likewise only one neutrosophic loop to be right or
left alternative for a given t and no alternative neutrosophic loop.
Also these class of neutrosophic loops are simple for they do
not have normal neutrosophic subloop. Some of the
neutrosophic loops are WIP-loops.

This chapter has three sections. In section 1 we derive and
define the neutrosophic loops and give some of its properties.
Section 2 defines neutrosophic biloops and section three defines
neutrosophic N-loops and gives several interesting properties
about them.

4.1 Neutrosophic loops and their properties

In this section we introduce the notion of neutrosophic loop. We
define several interesting properties about them illustrate them
with examples. In this section the new class of neutrosophic

loops of order 2(n + 1); n odd is introduced and analyzed.

DEFINITION 4.1.1: A neutrosophic loop is generated by a loop
L and I denoted by (L U 1). A neutrosophic loop in general need
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not be a loop for I’ = I and I may not have an inverse but every
element in a loop has an inverse.

Further a neutrosophic loop will always contain a loop.
Throughout this book we will denote a neutrosophic loop by (L
v D).

Example 4.1.1: Let Ls (3) be the loop; {e, 1, 2, 3, 4, 5} a loop
of order 6. {Ls Q) w1} ={e, 1,2, 3,4,5,el 11, 21, 31, 41, 51}
under the table; 2.12I=e¢l, rl.rI=¢el,r=1, 2, 3, 4, 5.

The table of the loop Ls (3) is given below.

*®

— W n|o |
A=l [ [W]|W
N |—=|Wln|~|D>
O N[ |W[n|n

WAoo |[—=—

DNV~
DN |WIN|[—|lo (o

(Ls (3) U I) is a neutrosophic loop of order 12.

We as in case of other neutrosophic structures define order
of a neutrosophic loop. The number of distinct elements in (L v
I) is called the order of (L w I). If the number of elements is
finite we call (L U I) a finite loop. If the number of elements in
(L U 1) is infinite then (L W I) is an infinite neutrosophic loop.

Now we proceed on to define the neutrosophic subloop.

DEFINITION 4.1.2: Let (L 1) be a neutrosophic loop. A proper
subset (P U 1) of (L 1) is called the neutrosophic subloop, if
(P U 1) is itself a neutrosophic loop under the operations of (L
vl

We now illustrate by an example.

Example 4.1.2: Let (L U I) = (L,(4) U I) be a neutrosophic loop
where L,(4) is a loop. (e, el, 2, 2I) is a neutrosophic subloop
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where (L; () u ) ={e, 1,2,3,4,5,6,7,¢el, 11, 21, 31, 41, 51, 6l,
71}. o(L7 (4) U I) = 16 and L,(4) is given by the following table.

N[N N | |WIN|—~|o

(N[~ |lWIN|I—=|O |O
E-NIENEEVSE ko N § (SR RV, B NI L o
— R IQ([W]|N|[O [N
N|—=|h[Q(o || ]|Ww|[w
NDfn|—=lo QW]
AN [No [—=R]|Q[w]un]w
(OSE N RN N \O N RV, § E g I AN BN | Ko ) Ko N
O | WA |ND[n|—h~[Q|

andel.el=el,31.31=el,21.2 . I1=cl=41.4I=51.51=6I.
61=71.7I=11.11=¢l

We now proceed on to define a new class of neutrosophic
loops. These loops are also even order built using {e, 1, 2, ..., n

| n an odd number} and the number of elements in them is 2 (n
+1); (n>3).

DEFINITION 4.1.3: Let (L,(m) U 1)={e 1, 2, ..., n el 1I, ..,
nl}, where n > 3, n is odd and m is a positive integer such that
(m, n) =1 and (m— 1, n) = 1 with m <n. Define on (L,(m) U1)
a binary operation ‘.’ as follows.

i el =ie =iforalli € L,(m).
ii. P =eforalli €L,(m).
iii. il. il =elforalli eL,(m).
iv. i.j=twheret = (mj— (m-— 1)i) (modn) foralli,j €
L,(m), i#j,i#eandj #e.
V. il. jI = tI where t = (mj — (m — 1) i) (mod n) for all i I,
jl € (L,(m) v 1) (L,(m) U 1)is a neutrosophic loop of
order 2 (n + 1).

For varying m we get different neutrosophic loops, which we
denote by (L, U I). This new class of neutrosophic loops are of
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order 4t; t a positive integer. There are only 3 neutrosophic
loops of order 12 in {Ls U I).

Example 4.1.3: We give the table for (Ls(2) U ).

o e |1 |23 |45 |el|ll|21[31|41]S5I
ele| 112134 |5 |el|II[21[31[4I]SI
1 [1]e[3 |52 4|1 el|3I]2[]21]4]
22 [S5[e |41 |3 ]2I|S5I|el|4l]11]3I
3 (3[4 [1]e|[S |2 |34 |1I]|el]|SI]2I
4141352 ]e |1 [4|3I[SI|2@]el|ll
S5 2 (4|1 [3[e|[ST|2I[4I|1I|3I]el
el el | 11|21 )31 |41 |51 el [IT|21|31[4I]SI
1T T [ el [31[ST[21 (41| 1I[el [3I[SI]2I]4]
20 (21 [ ST [el [4I [ 11|31 |21 |5 |el 41| 11]3I
31|31 |41 | 1T | el [ ST |21 |31 (41| 1I|el [SI[2I
41 |41 |31 (ST |21 el [ 11|41 |31 |51 |2 |el| 1l
SIS 21 [ 41 | 1T [ 3T [el [SI[21[41 | 11|31 el

This loop is a non commutative and non associative
neutrosophic loop of order 12. Thus for all our examples to have
non abstract neutrosophic loops we take loops from the new
class of neutrosophic loop which are also or order 2(n + 1) or 4t,

t=2 (HTHJ asn + 1 is also even as n is odd.

Now we define when is a neutrosophic loop commutative.

DEFINITION 4.1.4: Let ((L « 1) o) be a neutrosophic loop, we
say (L U1)is commutative if a.b = b.a for all a, b € (L U1). In
the new class of neutrosophic loops only the loop

+1
(L, (nz j w I) is a commutative neutrosophic loop.

Now we define a notion called strictly non commutative loop.
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DEFINITION 4.1.5: 4 neutrosophic loop ((L U 1) o) is strictly
non commutative if x oy 2y ox forany x,y € (L V1) x 2y, x #
ey #e).

The loop (Ls(2) U I) given in example 4.1.3 is a strictly non
commutative neutrosophic loop.

Now we, as in case of other algebraic structures define the
notion of Lagrange neutrosophic subloop and their
generalizations.

DEFINITION 4.1.6: Let ((L 1) o) be a neutrosophic loop of
finite order. A proper subset P of (L U 1) is said to be Lagrange
neutrosophic subloop, if P is a neutrosophic subloop under the
operation ‘o’ and o(P) / oL U 1). If every neutrosophic subloop
of (L w1)is Lagrange then we call (L. U 1) to be a Lagrange
neutrosophic loop.

If (L v 1) has no Lagrange neutrosophic subloop then we
call (L V1) to be a Lagrange free neutrosophic loop. If (L 1)
has atleast one Lagrange neutrosophic subloop then we call
(L w1)a weakly Lagrange neutrosophic loop.

Now we will illustrate these by the following examples.

Example 4.1.4: Let (L, (m) U I) be a new class of neutrosophic
loops of order 2 (n + 1) where n is a prime.

Then we see all neutrosophic subloops are Lagrange i.e.
(Ly(m) U I) is a Lagrange neutrosophic loop.

Example 4.1.5: Consider the neutrosophic loop (L;5(2) U I) =
{el,2,3,4,..,15 ¢l 11, 21, ..., 141, 151} of order 32. It is
easily verified P = {e, 2, 5, §, 11, 14, el, 21, 51, 8I, 111, 141} is a
neutrosophic subloop and, order of P is 12 and 12 X 32. Hence
the claim. Thus P is not a Lagrange neutrosophic subloop of
(Li5s(2) U ).

Consider T = {el, 31, e, 3} < (L;5(2) u I); T is a Lagrange
neutrosophic subloop of (L5 (2) W I) as 4 / 32. Thus (L;5(2)
I) is a weakly Lagrange neutrosophic loop.
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Now we can define Cauchy element and Cauchy neutrosophic
element of a neutrosophic loop (L U I).

DEFINITION 4.1.7: Let ((L « 1) o) be a neutrosophic loop of
finite order. An element x € (L U 1) is said to be a Cauchy

element if X" = e and r / oL U 1). An element X' =e which is
not a Cauchy element is called as an anti Cauchy element of (L
vl

A Cauchy neutrosophic element y of (L U 1) is one such that
Vi =elandt/od UI) If (L UI) has its elements to be either
Cauchy element or Cauchy neutrosophic element (i.e. (L U 1)
has no anti Cauchy element or anti Cauchy neutrosophic
element) then we call (L 1) to be a Cauchy neutrosophic loop.
If all elements are anti Cauchy elements then we call (L 1) a
Cauchy free neutrosophic loop.

If (L U 1) has atleast one Cauchy element and one Cauchy
neutrosophic element then we call (L U I) to be a weakly
Cauchy neutrosophic loop.

We illustrate these by the following example.

Example 4.1.6: Let (L;1(3) U I) be a neutrosophic loop of order
24 =4.6=4.23.In(L,3) UI) every element is such that x> = ¢
or (Ix)* = el so (L U I) is a Cauchy neutrosophic loop. Now we
leave it as an exercise for the reader to prove all neutrosophic
loops (L,(m) W I) are Cauchy neutrosophic loops.

Next we speak about the Sylow theorems for neutrosophic loops.
First we give our observations about the new class of
neutrosophic loops (L, U I).

DEFINITION 4.1.8: A neutrosophic subloop H of the
neutrosophic loop (L U 1) is called a p-Sylow neutrosophic
subloop of order p*, if p* /oL U I) but ' X oL 1) for some
prime p.
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Now before we prove the existence of p-Sylow neutrosophic
subloop we prove the following for the new class of
neutrosophic loop.

The new class of neutrosophic loop (L, W I) will have all its
loops to be of order 2 (n + 1) where as n is odd, n + 1 is even.
We prove the following result.

THEOREM 4.1.1: Let (L,(m) U 1) be the neutrosophic loop from
(L, 1) For every t/n there exists t subloops of order 2 (k + 1)
where k /t.

Proof: Let (Ly(m)w )= {e, 1,2, ...,n,el, 11, ..., nl} Fori<t
consider the subset (Hi(t) ) ={e, i, i+t i+2t ...,i+t(k—
D,el,b i, G+t L ..., [i +t(k—1)]I} of (Ly(m) U ). Clearly e €
(Hi(t) v I) and so (H;(t) L I) is itself a neutrosophic loop as H;(t)
is a proper subloop of L,(m). So (Hj(t) U I) is a neutrosophic
subloop of {L,(m) w I); for if we take (i + rt), (i + st), (i + rt) I,
(1+st)Ie (Hij(t) u I). If (i + rt)(i + st) = q then (i + rt)I(i + st) =
ql and q and gl satisfy g =[m (i + st) — (m — 1) (i + rt)] (mod n)
and gl = [m (i + st)l - (m —1) (i + rt)[] (mod n) or q =1+ ut or ql
= (i +ut) I, where

u = (ms—(m-1)r) (mod k) and

ul = (msl—(m-1)rl) (mod k).

Since q and gl is of the form, i + ut and (i + ut) I, respectively, q,
ql € (Hi(t) u I). Thus (Hi(t) U I) is a neutrosophic subloop of
(Ly(m) U I) of order 2 (k + 1) As i can vary from 1 to t there
exists t such neutrosophic subloops.

Also we have the following interesting corollary.

COROLLARY 4.1.1: Let (H(t) v 1) and (H(t) v 1) be two
neutrosophic subloops of (L,(m) U 1) then (Hy(t) 1) N (Hi(t) v
1) ={e, el} where i #].

Proof: We shall assume that suppose (Hi(t) U I) n (Hj(t) U I) #

{e, el}, then there exists a x € (Hj(t) U I) n (H;(t) U I) that is x
e Hit) ul)andx € (Hj(t) 1), x#eorelso
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X = i+r1t
= j+r,t for some
1 <r,r<n/t, sowemusthavei+r t=j+r,t which implies i
—j=(m-r)t;ie. t/(i—]). Hencei=jasiand j <t.

COROLLARY 4.1.2: Let the neutrosophic subloops ((Hi(t) v 1))

t

of (L,(m) 1) be as in theorem. Then U Ht) 1) = (Ly(m)

1) for every t dividing n.

Proof: Since (Hi(t) U I) are neutrosophic subloops of (L,(m) U

I) we have U (Hi(t) u I) < (Ly(m) U I). To prove the equality

i=1

we have to show (L,(m) U I) ¢ U (Hi(t) v I) that is to show
i=1

t
that for x € (L,(m) U I), x € U (Hi(t) v D). If x = e or el then
i=1
nothing to prove. Let x # e or el. Then for this x and given t we
can find integers r and s such that x = rt + s (if xI then xI = (1t +

t

s)I). Then clearly x € (Hi(t) U I) that is x € U (Hi(t) v D).
i=1

Hence the claim

COROLLARY 4.1.3: The neutrosophic subloops (Hy(t) v 1) and
(H(t) v 1) in the above theorem are always isomorphic for
every t dividing n.

Proof: Given (L, (m) U I) is the neutrosophic loop having (H;(t)
v I) and (Hj(t) U I) as given distinct neutrosophic subloops.
Define mapping f from (H;(t) U I) to (Hj(t) L I) as follows f (xI)
=f(x) I for f (I) =1 1i.e. I is left invariant under the map. Clearly
fle)=e, flel)=eland f(i +rt)=j +rtfor | <r<n/t. Thusfisa
natural neutrosophic isomorphism between (H;(t) U I) and (Hj(t)
w I). Hence the result.
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Notation: Let (L(m) U I) € (L, U I). For t / n (say n = kt) we
have (Hi(t) )= {e,1i,i+t,1+2t,...,1+ (k- Dt el il, i+ )],
A+20L ..., 1+ k-DpI} fori=1, 2, ..., t which denotes the
neutrosophic subloop of (L,(m) U I) and its order is 2 [(n/t) + 1].

Now we proceed on to give yet another interesting property.

THEOREM 4.1.2: Let (L,(m) v 1) e (L, V1) If (H Ul is a
neutrosophic subloop of (L,(m) 1) of order 2 (t + 1) then t /n.

Proof: Leti,je (HuUl),(i=]j,i#e, j=#e,i=el j=el). Then
ij = k where k is given by k = [mj — (m — 1)i | (mod n). Now
(m-(m-1i)=j+(m-1)§—-1thatisk—j=m-1)(G—1).
Clearly k — j = (m — 1) (j — i) which implies by basic number
theory difference between k and j is a multiple of the difference
between i and j.

Since (H U I) is a neutrosophic subloop, (H U I) is closed,
hence the difference between any two elements will also be a
multiple of some number (say d). So (H U I) contains {e, s, s +
d,s+2d,...,s+[n/(d-=1]d,el,s, (st dI(s+2d)L..,(s+[n
/(d—=1)] d) I} (e and el belongs to (Huw I)) as (HuU I) is a
neutrosophic subloop.

This is true for some s such that (1 < s < d). But the set of
these elements is nothing but (H; (d) W I) whose order is 2 (d +
1) and d/n. Hence the claim.

Now we give a nice characterization theorem about these new
class of neutrosophic loops in (L, U I).

THEOREM 4.1.3: (L,m) v I) € (L, v 1) contains a
neutrosophic subloop of order 2 (k + 1) if and only if k/n.

Proof: Let k/n say n = kt to show that there exists a
neutrosophic subloop of order k + 1. Since n = kt so t/n, by the
theorem just proved there exists a neutrosophic subloop of order
2 (k+1).
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Conversely if there exists a neutrosophic subloop of order 2 (k +
1) then k/n.

THEOREM 4.1.4: For this new class of neutrosophic loops the
Lagrange theorem for groups is satisfied by every neutrosophic
subloop of (L,(m) U 1)if and only if n is an odd prime.

Proof: Let n be an odd prime say p. There exists neutrosophic
subloops of order 4 and 2 (p + 1) only by earlier theorem. Since,
if the order of the neutrosophic subloop is 2 (p + 1) it is trivially
(Lp(m) W I) as order of (L,(m) W I) is 2 (p + 1). Now clearly for
the neutrosophic subloop of order 4 we have 4 /2 (p + 1) since
p is odd. Hence the Lagrange theorem for groups is satisfied.
Conversely let n be not a prime number sayn=rs, 1 <1, s <
n. To show that Lagrange theorem for groups is not satisfied by
all neutrosophic subloops of (L,(m) U I) we have to show that
there always exists a neutrosophic subloop of (L,(m) U I) which
does not satisfy Lagrange theorem for groups. We have n = rs,

(1<r,s<n).
Now for this integer r we can have either
(1) > >nor
(i) r<n.

We make use of this two mutually exclusive conditions to prove
the result.

Case i: If I > n, consider the neutrosophic subloop (Hi(s) U I)
(as s/n). Clearly o((Hi(s) w I)) = 2 (r + 1). Now if the
Lagrange’s Theorem for groups is satisfied by (Hi(s) U I) then it
impliesr+1/n+ 1. Since r / n impliesr + 1/ n+ 1. We must
have r* < n, which is a contradiction to our assumption. So
(Hi(s) v I) does not satisfy the Lagrange’s theorem for finite
groups.

Case ii: If r* < n then s > n (as n = rs). So the neutrosophic

subloop (Hj(r) U I) for any j € {1, 2, ..., r} does not satisfy the
Lagrange theorem. Hence the claim.
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We shall prove the new class of neutrosophic loops, (L, U I) has
only 2-Sylow neutrosophic subloops of minimal order 4.

THEOREM 4.1.5: Let (L, (m) «1) € (L, v 1) (order of (L,(m) v
Dis2m+1). Let n + 1 = p* r where (p, r) = 1, p a prime.
Then there exists a p-Sylow neutrosophic subloop of order 2 (p*)
ifand only if p*—1/r— 1.

Proof: Suppose there exists a p-Sylow neutrosophic subloop of
order p* then p*— 1 / (p“r — 1). But this implies p* — 1/ 1 — 1.

Conversely if p* — 1/r — 1 then p* — 1 / p*r — 1 using the
theorem there exist a neutrosophic subloop of 2p*.

Now we see that our above theorem is perfectly valid for we
prove for any odd prime p we cannot have p-Sylow
neutrosophic subloops.

THEOREM 4.1.6: For any neutrosophic loop in the class of
neutrosophic loops(L, U 1) i.e. for (L,(m) UI)of (L, UI)there
exists only 2-Sylow neutrosophic subloops.

Proof: Just above we have proved if there exists a p-Sylow
neutrosophic subloop of order 2p* then (p* —1) / (r — 1) where r
is given by p*r=n+ 1 and (p, r) = 1. Suppose p = 2 i.e. p is an
odd prime. Since (n + 1) is even r is even as p* r =n + 1. Since
(p“—1)iseven and r — 1 is odd as r is even so (p*— 1) X (r— 1).
Thus if p is an odd prime there cannot exists any p-Sylow
neutrosophic subloops. Hence the result.

Remark: 1t is intentionally used in the theorem a p-Sylow
neutrosophic subloop of order 2p*. This is mainly to show later
on p is an even prime.

Now we can give the p-Sylow neutrosophic subloops of (Ls(3)
ul)y={e, 1,2,3,4,5 el, L, 21, 31, 41}. Clearly P, = {e, el, 1,
11}, P, = {e, el, 2, 21}, Ps = {e, el, 3, 31} P, = {e, el, 4, 41}, Ps =
{e, el, 5, 51} are 2-Sylow neutrosophic subloops of Ls (3).
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Now we proceed on to define the notion of normal neutrosophic
subloop of a neutrosophic loop.

DEFINITION 4.1.9: Let (L v 1) be a neutrosophic loop. A
neutrosophic subloop (H U 1) of (L W 1) is said to be a normal
neutrosophic subloop of (L U 1)if

i HUDx=xHUI)
i.  (HuDx)y=HUI)(xy)
iii. y(x(HUL)=0(x) (HUIL)forallx,y € (L UI)

A neutrosophic loop (L U 1) is simple if it does not contain any
non trivial normal neutrosophic subloop.

Now we prove some interesting results about the new class of
neutrosophic loops (L, U I).

THEOREM 4.1.7: Let (L,(m) v 1) € (L, 1) Then (L,(m) U 1)
does not contain any non trivial normal neutrosophic subloop.

Proof: Let (Hj(t) U I) be a neutrosophic subloop of (L,(m) U I)
e(L,ul.

Case i: If t = n then {Hy(t) U I} = {e, i, el, i I} be a
neutrosophic subloop. For this i we can find j, k € (L,(m) U I)
such that (i, j) k # i (j. k). Then ((H;(t) W I) j) k = ((Hi(t) v DI)(j
k). So (H;(t) w I) is not a normal neutrosophic subloop.

Case ii: If t #n thatis t <n then (Hi(t) W )= {e, 1,1+t 1+
2t,..,i+t(m/t—DteLiIG+t) LG +20) L ..., [i+@/t—1)t]
I}. Take j ¢ ( Hi(t) U I) then ((Hi(t) U I)). j = (H«(t) v ) \ ({e,
el} U {j, jI}) where r is given by r = (mj — (m —1) i ) mod t.
Now take k € (Hy(t) U I) then (((Hi(t) U I)). j), k = ((H(t) U I))
\ (k, kD) U (j, jL, k, kI) = (A U I) say.

Now if j, k, jI, kI € (H;(t) v I) then ((Hi(t) U I)) j k) =
HuD)=Aul)andifj, k, jI, kI ¢ (Hi(t) U I), thene, el ¢
(Hi(t) v 1)) (. k) and so (Hj(t) U I) (.k) # (A U I), so in
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case ii also we get that (H;(t) U I) is not a normal neutrosophic
subloop.

Then we have very important result regarding the new class of
neutrosophic loops (L, U I).

THEOREM 4.1.8: Each neutrosophic loop in (L, U 1) is simple.

Now we proceed on to define Moufang Bruck, Bol, WIP, right
alternative, left alternative neutrosophic loops.

DEFINITION 4.1.10: A neutrosophic loop (L < I) where L is a
loop is said to be neutrosophic Moufang loop if its satisfies
anyone of the following identities.

L () ()= (x (v2) Y.
i ((xy)z)y=x((zy).
iii. x (v (xz)) = ((xy) x)z forallx, y,z € (L UI).

It is left as an exercise for the reader to prove that (L, U I) does
not contain any neutrosophic Moufang loops.

Hint: Use the property Moufang loops are diassociative.
Next we define neutrosophic Bruck loop.

DEFINITION 4.1.11: Let (L 1) be a neutrosophic loop (L w 1)
is said to be a neutrosophic. Bruck loop if

i (x(yx))z=x(y(xz)and

ii. oy)! = x vy for all x, y, z € (L U 1) whenever a
neutrosophic element has no inverse we do expect x, y,
e (L 1) to satisfy condition (ii).

It is important to note that none of the neutrosophic loops in the
new class of loops (L, U I) are Bruck neutrosophic loops.

Now we proceed on to define neutrosophic Bol loops.
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DEFINITION 4.1.12: A neutrosophic loop (L 1) is called a Bol

neutrosophic loop if (x y) z) y =x (y z) y) for all x, y, z, €
L I

DEFINITION 4.1.13: A neutrosophic loop (L U 1) is said to be
right alternative if (x y) y =x (vy) for all x, y € (L U 1) and left
alternative if (x x) y =x (x y) for all x, y € (L 1) and is an
alternative neutrosophic loop if both it is a right and left
neutrosophic alternative loop.

DEFINITION 4.1.14: A neutrosophic loop (L U 1) is called a
weak inverse property loop (WIP — neutrosophic loop) if (x y) z
=eimply x (yz) = e and (xI yl) zI = el and xI(yl zI) = el for all
x, v, z € (L V1) (e the identity element of L).

We mainly prove which are the identities satisfied by the new
class of neutrosophic loops.

THEOREM 4.1.9: The class of neutrosophic loops (L, U 1)
contains exactly one left alternative neutrosophic loop and one
right alternative neutrosophic loop and does not contain any
alternative neutrosophic loop.

Proof: Suppose (L,(m) U I) e (L, U I) be right alternative then
(1.7).7=1(.), GI DT =1l GI;I) for all i, j, il, jT in (L,(m) U I).
Ifi=joril=jlore,el € {i, ]} then above equality holds good
trivially so take i # j, il #jl, e # ], el #jl, e # 1, el # il. Now
(i.j)j=twhere t=(mj— (m— 1) (mj — (m — 1)i) mod n and
1(Gj)=1(asjj=e). So we must have t =i (mod n) or (mj — (m —
1) (mj — (m-1)i ) = i(mod n) or (m* — 2m) (i — j) = 0 (mod n). If
(Ly(m) U I) is to be right alternative we have this equation for
all i, j (il, jI) e (Ly(m) W I); 1, j € {1, 2,..., n} i#j. Hence (m2 -
2m) = 0 or = m = 2 is the only solution. Thus (L,(2) U I) is the
only neutrosophic loop in (L, U I) which is right alternative.
Suppose (L,(m) U I) is left alternative then i (ij) = (i.i) j for
alli,j e (Ly(m) U I). Takei,j e (Lym) U ) (i#j,j#eandi=#
e)j#el, i#eltheni(ij) =t where t is given by, t (m(mj — (m —
1)i) — (m — 1)i)(mod n) and (i.i)j = j(i.i = e). Thus we have t = j
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(mod n) that is (m”> — 1) (i —j) = 0 (mod n) this must be true for
al i and j. Hence m” — 1= 0 (mod n). Now m = n — 1 is the
unique solution for this equation since, m # n and (m — 1, n) =
1) Thus (L,(n —1) U I) is the only left alternative neutrosophic
loop in (L, U I).

If the neutrosophic loop is to be alternative we must have
the loop to be both left and right alternative hence both
conditions must be satisfied i.e., a common solutions to both the
equations (m* — 1) = 0 (mod n) and (m® — 2m) = O(mod n)
simultaneously is impossible an n > 3. Thus the new class of
neutrosophic loops has no alternative neutrosophic loop.

It is important to observe that right alternative and left
alternative loops in (L, U I) are not commutative.

Next we prove none of the loops in the class (L, U I) are
Moufang neutrosophic loops.

THEOREM 4.1.10: The new class of neutrosophic loops (L, U1)
does not contain any Moufang neutrosophic loop.

Proof: Let (L, U I) be the new class of neutrosophic loops. We
prove the result under two cases

i (Ly(m) U I) € (L, u I) is commutative
ii. (L, (m) U I) the neutrosophic loop of (L, U I) is non
commutative.

Case i: Let (L,(m) U I) be a commutative neutrosophic loop. To
prove (L,(m) U I) is not Moufang, it is enough to show that (x
y) (zx) # x ((y z ) x) for atleast one triple x, y, z € (L,(m) U I)
(Note what we prove for x, y, z holds good verbatim for xI, yI,
zI so we discuss only for x, y, z to avoid repetition).

Take z=x (x #e or el and y # e, or el). Then (xy) (zx) =
(xy) (xx) =xy (as xx = e in (Ly(m) U I)) and x ((y z ) x) = (x
(yx)) x.

If (L,(m) U I) is Moufang we must have (xy) (zx) =x ((y z)
x) forall x, y, z € (L,(m) U I). So x y =x ((yx)x). That is y = ye
=y (xx)=(yx)x (as xx = e for all x € (Ly(m) U I) hence
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(Ly(m) U I) must be right alternative which is not possible.
Hence if the loop is commutative then it is not a Moufang loop.

Case ii: Let the neutrosophic loop (L,(m) w I) be non
commutative that is we have atleast a pair (x, y) of distinct
elements different from identity such that yx # xy. So (x y) (Y X)
# e. Putting z = y in the Moufang identity we get (xy) (zx) =
(xy) (yx) # e but x ((yz) X) = x ((yy)x) = x.Xx. = €. Hence claim.

Now we prove the new class of neutrosophic loop (L, U I) does
not contain any Bol loop.

THEOREM 4.1.11: The new class of neutrosophic loops (L, “ 1)
does not contain any Bol loop.

Proof: Recall that a neutrosophic loop (L U I) is Bol if it
satisfies (x y)z) y=x ((y 2)y) forall x, y, z, e (L U I).
We prove the results under 2 cases

1. When L,(m) is not right alternative.
ii. When L,(m) is right alternative.

Case i: If (L,(m) U I) is not right alternative then there exists x,
yelimul)(x#y,x#eorelandy=#eorel)such that

x(yy) # (Xy)y.-
Take z=y in
(xy)z)y = x((yz)y) then
(xy)y)y = x((yy)y)
(xy)y)y # xy.
But
Xy2)y) = x((yn)y)
= Xy.

So when (L,(m) U I) is not right alternative, it is not a Bol loop.

Case ii: Let (L,(m) U I) be a neutrosophic right alternative loop.
We know (L,(2) U I) is the only right alternative loop in (L, U
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I). If we take x =y =k + 1 and z =k, k < n then we get (x y) z)
y =zy =t where t = (k + 2) (mod n). Now x (yz) y) = r (say)
where r =k + 5 (mod n).

If (L,(2) w I) is a neutrosophic Bol loop then k + 5=k + 2
(mod 5) that is n/3 which is not possible as n > 3. So even when
(Ly(2) U I) is right alternative the neutrosophic loop (L,(2) U I)
is not a Bol loop.

Now we prove the new class of neutrosophic loops do not
contain any neutrosophic Bruck loop.

THEOREM 4.1.12: The new class of neutrosophic loops (L, U 1)
does not contain a neutrosophic Bruck loop.

Proof: Recall that a neutrosophic loop L is Bruck if it satisfies
x(yx)z=x(y (x2) (1) forx,y,ze (LUD. xy)' =x"'y"
(2) for x, y € L whenever xy have inverse. We will show that
for any neutrosophic loop (L,(m) U I) € (L, U I) there exist X, y,
z € (Ly(m) U I for which (1) is not true. Let (L, (m) U I) = {e, 1,
2,..,nel, 11,21, ..., nl} e (L, U D).

Case i: If (L,(m) U I) is not right alternative take x =z =y + 1
with y < n, then X (y (x z)) = x (y ( x X)) = xy =t where t is
given by t = (my — (m — 1)x) (mod n) and (x (y X)) z = (x (y X))
x =r where r is given by r = (- m® + 2m’> - m + 1) x + (m’ —
2m’ + m) y) (mod n). If (L,(m) U I) is to be neutrosophic Bruck
loop we must have t = r (mod n) so we get (m’ — 2m?%) (x —y) =
0 (modn) or (m—2)=0(modn)as (m>, n)=1andx =y + 1)
or m = 2 which is a contradiction as {L,(m) U I) is not right
alternative. So (L,(m) U I) is not a neutrosophic Bruck loop in
this case.

Case ii: Let (L,(m) U I) be a right alternative neutrosophic loop.
Then it is not left alternative. So there exists x, z € (Ly(m) U I)
(x#e,x#zand z # e) such that (x X) z# X (x z) that is z #
x(xz). Now take y = x in (X (y X)) z =X (y (xz)). Then (x (y X))z
=(x (xx)) z=xz but X (y (x2)) = x (x (x2)) # xz. So (Ly(m) U I)
is not a neutrosophic Bruck loop.
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Now we obtain a necessary and sufficient condition for a
neutrosophic loop in the class of loop (L, U I) to be a WIP-
neutrosophic loop.

THEOREM 4.1.13: Let (L,(m) v 1) € (L, v 1) Then the
neutrosophic loop (L,(m) U 1)is a weak inverse property (WIP)
loop if and only if (m* —m + 1) =0 (mod n).

Proof: We know (L w I) is a WIP neutrosophic loop with
identity e; if (x y) z = e implies x (y z) = e then obviously (xI yI)
zI = el and xI (yI zI) = el where x, y, z, xI, yI, zI € (L U I). We
show the working for X, y, z on similar lines the result holds
good for xI, yI, zI.

Suppose (L,(m) U I) e (L, U I) is a WIP loop. Choose x, y,
z € {Ly(m) U I) such that (x — y, n) = 1 and z = xy. Now z = xy
implies z = [my — (m — 1) x] mod n. Since (L,(m) U I) is a
neutrosophic WIP loop and (xy) z = e, we must have x (yz) = ¢
or yz=X. That is x = [mz — (m — 1)y] mod n.

Putting the value of z from z = (my — (m — 1)x) (mod n) in x
= (mz — (m — 1)y) mod n we get (m* —m + 1) (x — y) = 0 (mod
n)orm’—m+ 1 =0 (mod n).

Conversely if (m* —m + 1) = 0 (mod n) then it is easy to see
that x = (mz — (m — 1) y) (mod n) holds good whenever z = (my
— (m — 1) xX) (mod n) hold good i.e. (X y) z= ¢ implies X (y z) =
e and x, y and z are distinct elements of {{L,(m) U I} \ (e, el)}.
However if any one x or y or z is equal to e or x =y then WIP
identity holds trivially.

Hence (L,(m) U I) is a WIP neutrosophic loop. It is
interesting to not left or right alternative neutrosophic loop of
(L, W I) is not a WIP loop.

We leave it for the reader to check (L,(3) U I) € (L; U I) is
a WIP neutrosophic loop. It is still interesting to note that the
new class of neutrosophic loops (L, W I) does not contain any
associative neutrosophic loop.
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THEOREM 4.1.14: The new class of neutrosophic loops (L, U1)
does not contain any associative neutrosophic loop i.e. a
neutrosophic group.

Proof: Let (Ly(m) U I) € (L, U I). To prove (L,(m) U I) is not
an associative neutrosophic loop it is sufficient to find a triple (x,
y, z) in (Ly,(m) U I) such that (x y) z # x (y z). Take three
distinct non identity elements i, j, k in {(L,(m) U I) such that (i.j)
# k and i # (j. k). Now (i,j) k = r where r is given by r = [mk —
(m — 1) (mj — (m — 1)i] [mod n] and i(jk) = t where t is given by
t=(m(mk — (m—1))— (m— 1) i] (mod n).

If (ij) k =1 (jk) then we must have r =t (mod n ) or (m*> —m)
(k — i) = 0 (mod n) but (m* — m, n) = 1. So the above equation
gives k — i = 0 (mod n) or k = i a contradiction to our
assumption. Hence the result.

Having seen all these properties for this new class of
neutrosophic loops (L,(m) U I) we now define the results in
general for neutrosophic loops. It has become pertinent to
mention here that we do not have a class of loop which is
naturally obtained so we are in a difficult position to see these
loops or their neutrosophic analogue.

DEFINITION 4.1.15: Let (L U 1) be a neutrosophic loop of finite
order. If P is a neutrosophic subloop of (L v 1) and if o(P) /
o((L v 1)) then we call P a Lagrange neutrosophic subloop. If
every neutrosophic subloop is a Lagrange neutrosophic subloop
then we call the neutrosophic loop (L U I) to be a Lagrange
neutrosophic loop. If (L U 1) has no Lagrange neutrosophic
subloop we call (L 1) to be a Lagrange free neutrosophic loop.
If (L U 1) has atleast one Lagrange neutrosophic subloop then
we call (L V1) to be a weakly Lagrange neutrosophic loop.

Next we define the notion of p-Sylow neutrosophic subloops.

DEFINITION 4.1.16: Let (L U 1) be a neutrosophic loop of finite
order. Let p be a prime such that p “/ o((L U 1)) and p*™ X

o((L 1) andif (L 1) has a proper neutrosophic subloop P of
order p “ then we call P a p-Sylow neutrosophic subloop. If
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(L 1) has atleast one p-Sylow neutrosophic subloop then we
call (L v 1)a weakly Sylow neutrosophic loop. If (L U 1) has no
p-Sylow neutrosophic subloop then we call (L. U 1) a Sylow free
neutrosophic loop.

If for every prime p such that p “/ o((L 1) and p
o((L 1)) we have a p-Sylow neutrosophic subloop then we call
(L 1) a Sylow neutrosophic loop. If in addition (L U 1) being a
Sylow neutrosophic loop we have for every prime p, p “/ o((L v
1) and p®"' X o((L U 1)) we have a neutrosophic subloop of
order p*" (t > 1) then we call (L U I) a super Sylow
neutrosophic loop.

atl X

It is important and interesting to make note of the following

(1) Every super Sylow neutrosophic loop is a Sylow
neutrosophic loop but a Sylow neutrosophic loop in
general is not a super Sylow neutrosophic loop. The
reader is requested to construct a non abstract example
for the same.

(2) Every Sylow neutrosophic loop is a weakly Sylow
neutrosophic loop, however a weakly Sylow
neutrosophic loop in general is not a Sylow
neutrosophic loop.

Here also a innovative reader can construct a non abstract
example of the same. Now we can say only one thing. All
neutrosophic loops of order 2" (n > 1) cannot have p-Sylow
neutrosophic subloop p a prime.

We had talked about Cauchy elements in the new class of
neutrosophic loops now we proceed on to study Cauchy element
in general neutrosophic loops.

DEFINITION 4.1.17: Let (L 1) be a neutrosophic loop of finite
order. An element x € (L U 1) is said to be a Cauchy element of
L uoDifx"=1andn/o(L U1));y e (L UI)is said to be a
Cauchy neutrosophic element of (L V1)if y" =Tand m /o(({L v
L). If y" =1but m; X o((L w1)) then we call y; a anti Cauchy

neutrosophic element of (L 1) If X{' =1 and n; X o((L V1),
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x; is called the anti Cauchy element of (L U 1). If (L 1) has no
anti Cauchy element and no anti neutrosophic Cauchy element
then we call (L U 1) to be a Cauchy neutrosophic loop.

If (L U I) has atleast one Cauchy neutrosophic element and
one Cauchy element then we call (L U I) to be a weakly Cauchy
neutrosophic loop. If (L U I) has no anti Cauchy element (or no
anti Cauchy neutrosophic element) then (L. U I) is called semi
Cauchy neutrosophic loop ‘or’ is used in the strictly mutually
exclusive sense.

1t is interesting to see that all Cauchy neutrosophic loops are
weakly Cauchy neutrosophic loops but clearly Cauchy
neutrosophic loops are in general not a weakly Cauchy
neutrosophic loop.

Also we see every Cauchy neutrosophic loop is semi
Cauchy neutrosophic loop and semi Cauchy neutrosophic loop
is never a Cauchy neutrosophic loop. However we see we do
not have any relation between weakly Cauchy neutrosophic
loop or semi Cauchy neutrosophic loop. Interested reader is
expected construct examples and counter examples for these
types of Cauchy neutrosophic loops. Several more properties
can be derived about these neutrosophic loops.

4.2 Neutrosophic Biloops

Now we proceed on to define the notion of neutrosophic
biloops. The study of biloop have been carried out in [48]. Here
we define the several interesting properties about neutrosophic
biloops.

DEFINITION 4.2.1: Let (B v I) *, *) be a non empty
neutrosophic set with two binary operations *;, *;,, B U1)is a

neutrosophic biloop if the following conditions are satisfied.

i (B v I)=P; UP;where P; and P, are proper subsets

of B UI).
i. (P1, *1) is a neutrosophic loop.
iii. (P2, *5) is a group or a loop.
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We now illustrate this by the following example.

Example 4.2.1: Let (B U ), *, %)) =({e, 1,2, 3,4, 5, el, 11, 21,
31,41 51} U {g| g =¢’}, *|, *,). Clearly (B U I) = P, U P,
where P, = ({e, 1, 2, 3, 4, 5, ¢l, 1L, 21, 31, 41, 5I}) U {g | g’ =
e’} = P,. (B U ) is a neutrosophic biloop. All biloops are not in
general neutrosophic biloops.

We can say the order of the neutrosophic biloop is the
number of distinct elements of (B w I). If the number of
elements in (B U I) is finite we call the neutrosophic biloop to
be finite. If the number of elements in (B U I) is infinite we call
the neutrosophic biloop to be infinite. The neutrosophic biloop
given in the example 4.2.1 is finite. Infact order of a
neutrosophic biloop is denoted by o((B U I)) and o({B U 1)) in
the above example is 17.

Now we give yet another example of a neutrosophic biloop.

Example 4.2.2: Let (B U I) = {{L;(3) u I) U {Z, group under
addition} }. (B U I) is an infinite neutrosophic biloop.

Now we proceed in to define the notion of neutrosophic
subbiloops.

DEFINITION 4.2.2: Let (B v 1) *, *)) be a neutrosophic
biloop. A proper subset P of (B U 1) is said to be a neutrosophic
subbiloop of (B U 1)if (P, *;, *,) is itself a neutrosophic biloop
under the operations of (B U1).

We make the following observations.

THEOREM 4.2.1: (P, *)) or (P, *)) taken from definition 4.2.2 is
not a neutrosophic loop or group.

Proof: We can prove this by example for take ((B U ) *, *;) =
{LsG)ul),1,g g g}.P={e, 1,g° el 11,1} is not a loop or
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group under the operation *; or *, but P =P, U P,= {e, 1, el,
11} U {1, g°} is a neutrosophic subbiloop of P.

We prove the following Theorem.

THEOREM 4.2.2: Let (B U I) = B; U By, *, *) be a
neutrosophic biloop. (P, *;, *;) a proper subset of (B U 1)is a
neutrosophic biloop if and only if P, =P N B, i =1, 2 and P, is
a neutrosophic subloop and P, is a subgroup.

Proof: If (P, *, *,) is a neutrosophic biloop then we can say P =
(P U Py, *1, *;) where (P, *) is a neutrosophic loop and (P,
*,) is a group. Thus P; = P m B, is a neutrosophic subloop of B,
and P, = P n B, is a subgroup of B,. Hence the claim.

Suppose P =P, U P, with P, =P N B, and P, =P n B, are
neutrosophic subloop and a subgroup, obviously P is a
neutrosophic subbiloop.

Now we illustrate this by the following example.

Example 4.2.3: Let (B = B, U B,, *|, *) be a neutrosophic
biloop where By = {(L;(2) U I)} and B, = D,. Take P = ({e, el,
4,41} U {b, b b, b*, b°, b° = 1} *,, *,), P is a neutrosophic
biloop of B but P as a set is neither a neutrosophic loop under *,
nor a group under the binary operation *,.

Now we see o(B) = 24 and o(P) = 10 but 10 X 24 so we see
the Lagrange theorem for finite groups is not satisfied. Take V =
(V1 U Vy, ¥, %) where V= {e, el, 2, 21} and V, = {g3, 1}.Vis
a neutrosophic subbiloop and o(V) / o(B) i.e. 6/24.

Now we make some more definitions in this direction.

DEFINITION 4.2.3: Let (B = B; U B, *, *) be a finite
neutrosophic biloop. Let P = (P; U P, *;, *,) be a neutrosophic
biloop. If o(P) / o(B) then we call P a Lagrange neutrosophic
subbiloop of B.

If every neutrosophic subbiloop of B is Lagrange then we
call B to be a Lagrange neutrosophic biloop. If B has atleast
one Lagrange neutrosophic subbiloop then we call B to be a
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weakly Lagrange neutrosophic biloop. If B has no Lagrange
neutrosophic subbiloops then we call B to be a Lagrange free
neutrosophic biloop.

It is easy to verify all Lagrange neutrosophic biloops are weakly
Lagrange neutrosophic biloops.

However the converse is not true. It is left as an exercise for the
reader to find or characterize those neutrosophic biloops which
are (1) Lagrange (2) weakly Lagrange.

Now we proceed on to prove some interesting theorem.

THEOREM 4.2.3: All neutrosophic biloops of prime order are
Lagrange free.

Proof: Let B = (B; U By, *{, *,) be a finite neutrosophic biloop
of order p, p a prime. Suppose P is any neutrosophic subbiloop
of B then clearly o(P) X o(B). Thus (B = B; U B,, *|, *,) is a
Lagrange free neutrosophic biloop.

Now we give another example.

Example 4.2.4: Let (B = (B, U By), *, *,) where B; = {{(L,(3)
U D) *} and B, = {g | g’ = 1}; B is a neutrosophic biloop of
order 23.

Take P=P, UP,={e,el, 33} U {g|g' =1},Pisa
neutrosophic subbiloop of B and o(P) = 11 and 11/ 23. Thus
what ever be the neutrosophic subbiloops we see B is a
Lagrange free neutrosophic biloop.

Yet we give another example.

Example 4.2.5: Let B = (B, U B,, *|, *;) where B, = {(Ls(3) v
D), *;} and B, = {g | g* = 1}, o(B) = 20. Take (P = P, U P, *,,
*,) where P, = {e, el, 3, 31} < By and P, = {1, g4} cB,.Pisa
neutrosophic subbiloop and o(P) =6 and 6 X 20.

Take T =T, U T, where T, = {e, el, 2, 21} < B, and T, =
{g% g g° 1}; o(T) = 8 and 8 X 20. So T is not a Lagrange
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neutrosophic subbiloop. P is also not a Lagrange neutrosophic
subbiloop.

Take S = {S, U S,, *1, *»} where S; = {e, el, 3, 31} and S, =
{1} < B, we see S is a neutrosophic subbiloop of order 5 and 5
/ 20. So S is a Lagrange neutrosophic subbiloop. We see the
neutrosophic loop (Ls(3) U I), can have neutrosophic biloops of
order only 4 and (g | g* = 1) can have subloops of order 1, 2 and
4. Thus we see B is a weakly Lagrange neutrosophic biloop.

We see in the above example the neutrosophic loop and the
group satisfy the Lagrange theorem separately but as a
neutrosophic biloop, they do not satisfy the Lagrange theorem
for finite groups.

Now we as in case of other neutrosophic bistructures here
we define Cauchy element and Cauchy neutrosophic element of
a neutrosophic bigroup.

DEFINITION 4.2.4: Let B = (B; U B>, *;, *;) be a neutrosophic
biloop of finite order. An element x € B such that x" = 1 is
called a Cauchy element if n / o(B) otherwise x is an anti
Cauchy element of B.

We call an element y of B with y" = I to be a Cauchy
neutrosophic element if m / o(B); otherwise y is a anti Cauchy
neutrosophic element of B. If every element in B is either a
Cauchy element or a Cauchy neutrosophic element then we call
B to be a Cauchy neutrosophic biloop.

We now illustrate this with some examples.

Example 4.2.6: Let B = (B, U B,, *, *;) where B, =(L,(3) U I,
a neutrosophic loop and B, = {g | g'°= 1} cyclic group of order
16. Clearly o(B) = 32.

It is easily verified that B is a Cauchy neutrosophic biloop.

We give get another example of a Cauchy neutrosophic biloop.
Example 4.2.7: Let (B = B, U B,, *|, *;) be a neutrosophic

biloop where B; = (Ls(3) U I) and B, = (g | g* = 1). Bis a
Cauchy neutrosophic biloop.
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We give another example.

Example 4.2.8: Let (B = B, U B,, *|, *) be a neutrosophic
biloop when B; = (Ls(3) U I) and B, = (g | g’= 1), o(B) = 19. No
element in B is a Cauchy element. So B is a Cauchy free
neutrosophic biloop.

Now we can give a characterization theorem for a neutrosophic
biloop for which the neutrosophic loop is taken from the new
class of neutrosophic loops to be Cauchy neutrosophic biloops
by choosing a proper group.

THEOREM 4.2.4: Let B = (B; U By, *;, *)) where B; is a new
class neutrosophic loop of order 2 (n + 1) and choose group, B,
so that 2 (n + 1) + 2" = 2" where 2" = o(B,). B is a Cauchy
neutrosophic loop, only when n + 1 = 2" for some w.

Proof: Let (L,(m) U I) be a neutrosophic loop from the new
class of neutrosophic loops. Order of (L, (m) U ) =4t=2 (n +
1). It t = 2° then choose B, to be a group of order 2" then ({L,(m)
v I) U B, ) will be a Cauchy neutrosophic biloop.

It t is not of the form 2° then choose the order of B; to a
number m such that 4t + m = 2. This is always possible but we
cannot in general say the elements in B,, will be Cauchy with
respect to B = ((L,(m) U I) U B,).

Thus is very clear from the following example. For choose
B = ((Ln(m) U I) U B,) a neutrosophic biloop.

The order of (L,s(m) U I) = 52, choose order of B, to be 12
a cyclic group of order 12 or A4 or Dys. Now o(B) = 64 = 2°. But
we have x € B such that x* = 1, so x is not Cauchy. Hence our
claim.

One of the most important question is that if (B = B; U By,
*1, ¥,) is a finite neutrosophic biloop say order of B is n. Can we
say for every t / n as in case of finite groups say B has a Cauchy
element x such that x' = 1 and Cauchy neutrosophic element

such that y" =1. We say this is impossible in general in case
of bistructures so even in case of neutrosophic biloops.
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We illustrate this by the following example.

Example 4.2.9: Let B = ((L,7(3) U I) U B,) where B, = (g | g°=
1) be a finite neutrosophic biloop of order 42. Clearly 7/42 but
B has no element x such that x’ = 1 or no element y such that y’
=1, for every element in (L;7(3) U I) is such that x* = 1 or (xI)*
= | and of course B, is a cyclic group of order 6 so every
element in B, is of order 2 or 3 only.

Hence the claim. That is we redo the definition and call a
finite neutrosophic biloop to be Cauchy as Cauchy condition is
not true in case of biloop.

Now we have already talked about Sylow property for the new
class of neutrosophic loops. We will define and discuss about
Sylow property in case of finite neutrosophic biloop. Before this
we will define a new class of neutrosophic loops.

DEFINITION 4.2.5: Let B = (B; U B>, *;, *;) be a neutrosophic
biloop. We say B is a new class of neutrosophic biloops if
B, e (L, v1) and By is any group. i.e. B = ((L,(m) 1) UB,, *,,
*2).

Now we proceed on to define Sylow structure on the
neutrosophic biloops.

DEFINITION 4.2.6: Let (B = B; U B,, *;, *;) be a neutrosophic
biloop of finite order. Let p be a prime such that p®/ o((B)) and
p“" X o(B). If B = B, U B, has a neutrosophic subbiloop
P of order p® then we call P the p-Sylow neutrosophic subbiloop
of B.

If (B = B, U B, *, *) has atleast one p-Sylow
neutrosophic subbiloop then we call B a weakly Sylow
neutrosophic biloop. If B has no p-Sylow neutrosophic
subbiloop then we call B a Sylow free neutrosophic biloop.

If for every prime p such that p®/ o(B; U B;) and p®™" X
o(B; U B3) we have a p-Sylow neutrosophic subbiloop then we
call (B =B, UB,, *;, ¥ to be a Sylow-neutrosophic biloop.
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We first give some examples before we proceed to prove some
of its properties.

Example 4.2.10: Let (B = B; U B,, *|, *,) be a neutrosophic
biloop where B, = (Ls(4) U I) and B, = (g | g* = 1). Clearly o(B)
=20. Now 2*/20 and 2° X 20. Also 5/20 and 5° X 20.

This neutrosophic biloop has no 2-Sylow neutrosophic
subbiloop but has a 5-Sylow neutrosophic subbiloop given by P
= (P, U Py, *|, *;) where P, = {el, ¢, 3, 31}; P, = {1}.

Thus B is only a weakly Sylow neutrosophic biloop.

We have the following interesting observations. We see all
Sylow neutrosophic biloops are weakly Sylow neutrosophic
biloop. Clearly a weakly Sylow neutrosophic biloop is not a
Sylow neutrosophic biloop.

Now we also prove we have a non trivial class of Sylow
free neutrosophic biloops.

Example 4.2.11: Let (B U I) = B, U B,, *|, *;) be a finite
neutrosophic biloop where B; = (Ly(8) U I) and B, = {S;}, the
symmetric group of degree 3. o(B) = 26, 2 / 26 and 2* X 26 also
13/26 but 13” X 26. B has no 2-Sylow neutrosophic subloop or

13-Sylow neutrosophic subloop. Thus B is a Sylow free
neutrosophic biloop.

We define neutrosophic Moufang biloop, neutrosophic Bol
biloop, neutrosophic Bruck biloop, neutrosophic WIP-biloop
and so on.

DEFINITION 4.2.7: Let (B = B; U B,, *;, *;) be a neutrosophic
biloop. We say B is a neutrosophic Moufang biloop if B for all
proper subsets (P = P; U P, *;, *,) where P is a neutrosophic
subbiloop of B in which P; is a proper neutrosophic Moufang
subloop of B.

Thus we do not demand the whole neutrosophic loop to satisfy

the Moufang identity but every neutrosophic subloop satisfies
the Moufang identity for we can have several such neutrosophic
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biloop by varying the subgroups. We have a class of
neutrosophic biloops to satisfy the Moufang identity.

Example 4.2.12: Let (B = (B, U B,), *|, *,) be a neutrosophic
biloop where B, = (Ls(3) w I) and B, = A4, B is a neutrosophic
Moufang biloop.

For take any neutrosophic subloop of (Ls(3) w I). It will be
of the form (e, el, 31, 3). It is easily verified (e, el, 3, 3I)
satisfies the Moufang identify.
Thus (P = P1 o Pz, *1, *2) where

P, = {e,el, 31,3} and

Lt il

is clearly a neutrosophic subbiloop.

P,

So B is a Moufang neutrosophic biloop. Thus we have the
following interesting result. We saw the new class of
neutrosophic loops was not Moufang but by defining Moufang
neutrosophic biloop we see this new class of neutrosophic
biloops (L, U I) are Moufang provided n is a prime.

THEOREM 4.2.5: Let (B = (B, U By), *, *;) be the new class
neutrosophic biloops B is a neutrosophic Moufang biloop if B,
€ (L, v1)where n is a prime and B, any group.

Proof: Given B = (B, U B;), *;, *,) is a neutrosophic biloop
from the new class of neutrosophic biloops i.e. B; € (L, U I).
To show if n is a prime B is a Moufang neutrosophic biloop.

We know if n is a prime then every loop in the class of
loops (L, W I) has only 2 types of neutrosophic subbiloop (1)
the whole neutrosophic loop L,(m) (2) {e, eI, tI, t} where 1 <t <
n a neutrosophic subloop of order 4 and it has no other subloop.

We have just proved all neutrosophic loops given by the
following table.
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*

el

t

tl

€

€

el

t

tl

el

el

el

tl

tl

t

t

tl

(S

el

tl

tl

tl

el

el

satisfies the Moufang identity. Hence {B = (B, U B,), *|, *,}
where B; = (L,(m) U I) € (L, U I) is a neutrosophic Moufang
biloop whatever be B,, we show n is a prime is essential for n is
a prime we show the neutrosophic biloop is not Moufang for the
neutrosophic loop (L,(m) U I) (n-not a prime) may have
neutrosophic subloops which do not satisfy the Moufang
identity.

We illustrate this by the following example.

Example 4.2.13: Take (B = (B, U By), *|, *;) where B, = (L;s
(2) u I) and B, = (Ay4). B is a neutrosophic biloop. Take P = (P,
v Py, *|, *;) where P, = {e, 2, 5, 8, 11, 14, el, 21, 51, 81, 111,
141}; P, is a not Moufang subloop given by the table.

8

11

el

21

51

81

111

141

11

el

21

51

81

111

141

o [N

5

21

el

81

141

51

111

2

51

141

el

111

21

81

oo o

— | —
—_

14

81

111

21

el

141

51

11

._
o
(o)

(&

111

81

141

51

el

21

14

W [o0

8

141

51

111

21

81

el

el

21

5T | 8

111

el

21

51

81

111

141

21

el

81 [ 141

51

21

el

81

141

51

111

51

141

el | 111

21

51

141

el

111

21

81

81

81

111

21 | el

141

81

111

21

el

141

51

111

111

81

141 51

el

111

81

141

51

el

21

141

141

51

111} 21

81

141

51

111

21

31

el

For take in the identity (xy) (zx) = (x(yz)) x
x=2 y=5

andz=28
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Now (xy) (zx) = (25) (82) =8.11 = 14.

x(yz)x = (2(58))2
(2.11)2
52=14

satisfies Moufang identity.

Now in the identity

(xy) (zx) = (z (y2)) x
takex=8,y=14and z= 2.

Now
xy)(zx) = (8.14)(2.8)
= 5.14=8.
x(yz)x = [8(14.2)].8
= (8.5).8
= 28
= 14

Thus (xy)(zx) # (x(yz)) X, when x =8, y = 14 and z = 2. So this
neutrosophic subloop is not a neutrosophic Moufang subloop.
Hence by taking {T =T, U T, *|, *,} where Ty =P, and P, =

1 2 3 4 1 2 3 4 )
R we see T 1S not a
21 4 3 1 2 3 4

neutrosophic Moufang subbiloop. So {(L5(2) U I) U A4} is not
a neutrosophic Moufang biloop as it has neutrosophic subbiloop
which are not Moufang.

Now we proceed on to define the notion of neutrosophic Bol
biloop.

DEFINITION 4.2.8: Let (B = B; U B,, *;, *;) be a neutrosophic
biloop, we say B is a neutrosophic Bol biloop if every proper
subset P = (P; U P, *;, *) of B which is a neutrosophic
subbiloop of B is such that (P, *;) is a Bol loop. i.e. every
proper neutrosophic subloop of the neutrosophic loop (B;, *)
must be a Bol loop.
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Example 4.2.14: Let B = {B, U B,, *, *,} be a neutrosophic
biloop where B, = (Ls(3) U I) and B, = A;. B, is a neutrosophic
Bol biloop. For the proper neutrosophic subloops of (Ls(3) u I)
are only of the form {e, el, t, tI} given by the table.

el [ t | tI
e e [el | t | tI
el [ el | el [ tI | tI
t t tl | e | el
th | tI | tI | el | el

It is easily verified the neutrosophic subloop satisfies the Bol
identity. Thus we have the following interesting theorem.

THEOREM 4.2.6: Let (B = B; U B,, *, *;) be a neutrosophic
biloop from the new class of neutrosophic biloops i.e. (B; € (L,
1)), B is a Bol neutrosophic biloop when n is a prime.

Proof: Given (B = B, U B,, *, *,) is a neutrosophic biloop from
the new class of neutrosophic biloops. So B, € (L, U I)) and B,
is any group.

It is given n is a prime. Let B; = (L,(m) U I) where n is a
prime say p. When n is a prime the only neutrosophic subloops
of (L,(m) U I) are (L,(m) U I) and neutrosophic subloops of
order 4 given by P; = {e, el, t, tI}, 1 <t < n; P; given by the
table.

e el | t | tI
e | e |el]|] t | tI
el [el | el | tI | tI
t t tl € el
th | tI | tI [el | el

Now we have to verify the neutrosophic subloops {e, el, t, tI}
satisfies the Bol identity ((xy)z)y = (x ((yz)y) for x, y, z, € {e,
el, t, tI}. Clearly Bol identity is satisfied by {e, el, t, tI}. So
when n is a prime ((L,(m) U I) U B,) is a neutrosophic Bol
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biloop when n is not a prime we will show (L,(m) U I) need not
have all of its neutrosophic subloops to satisfy Bol identity.

We illustrate this by the following example.

Example 4.2.15: Let B = (B, U B,, *|, *,) be a neutrosophic
biloop where B; = (L;5(2) U I), n is not a prime n = 15. To show
all its neutrosophic subloops are not Bol neutrosophic loops.
Consider a neutrosophic subloop given by P, = {e, 1, 4, 7,

10, 13, el, 1.1, 41, 71, 10I, 131}. Let P, be a subgroup of B,. To
prove B is not a Bol neutrosophic biloop, it is sufficient if we
show B; = (L;5(2) U I) has a neutrosophic subloop which does
not satisfy the Bol identity ((xy)z) y = (z ((yz)y) Letx =7,y =
10 and z = 13.
[(xy)zy = [(7.10)13] 10

= {[2x10-1.7] (mod 15)] 13} 10

= (13.13).10=e.10=10.

x[(yz)y] = 7[(10.13).10]
= 7{[(2x 13 -1.10) mod 15]. 10}
= 741.0)=7[{2x 10— 1} (mod 15)]
= 74(@4x2-17) (mod 15)= 1.

Since the neutrosophic subloop is not Bol we see (P = P; U P,,
*,, *,) does not satisfy the Bol identity so (B = B, U B,, *;, *;)
= ((Ly5(2) U I) U By, *y, *,) is not a neutrosophic Bol loop.

Now we proceed on to define the notion of neutrosophic
alternative biloops.

DEFINITION 4.2.9: Let B = (B; U B>, *;, *;) be a neutrosophic
biloop. B is said to be a neutrosophic right (left) alternative
biloop if every proper neutrosophic subbiloop of B is
neutrosophic right (left) alternative biloop of B.

Example 4.2.16: Let (B = B; U B,, *|, *,) be a neutrosophic
biloop where B; = (Ls(3) v I) and B, any group. Any
neutrosophic subloop of B; = (Ls(3) U I) satisfies the right (left)
alternative identity. For the only type of neutrosophic subloops
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are Py = {e, el, t, tI}; 1 <t < 5. Clearly P, satisfies the right (left)
alternative identity. So B = (B; U B,, *, *,) is a neutrosophic
right (left) alternative biloop.

We prove the following theorem.

THEOREM 4.2.7: Let (B = B; U B,, *, *;) be a neutrosophic
biloop where B; € (L, v 1) B is a neutrosophic right (left)
alternative biloop only when n is a prime.

Proof: Given (B = B; U B,, *|, *;) is a neutrosophic biloop
taken from the new class of neutrosophic biloops i.e. B; € (L, U
I). It is assumed from the theorem that n is a prime. To show B,
is a neutrosophic right (left) alternative loop. Since when n is
prime the only subloops of (L,(m) U I) € (L, U I) are the
neutrosophic subloops of order 4 and the loop (L,(m) W I). The
subloops take only the form {e, el, t, tI} so every neutrosophic
subbiloop of B = (B; U B,) are (left) right alternative. Hence the
claim.

It is important mention if n is not a prime B = (B; U B,)
where B, = (L,(m) U I), when m = 2 we get the right alternative
neutrosophic biloop (L,(2) U I),. If m = n — 1 then we get the
left alternative neutrosophic biloop as the loops of (L,(2) U I)
and (L,(n — 1) U I),are right and left alternative respectively.

We prove this by the following example.

Example 4.2.17: Let (B = B, U B,, *, *;) be a neutrosophic
biloop where B; = (L4s5(8) U I); n = 45 a non prime and B; is
any group. We will show a neutrosophic subbiloop of B, which
does not satisfy right (left) alternative identity.

Take P = (P; U Py, *|, *;) where P, = {e, 1, 6, 11, 16, 21, 26,
31,36, 41, ¢l, 1.1, 61, 111, 161, 211, 261, 311, 361 and 411} and P,
any subgroup of B,. Clearly P; is a neutrosophic subloop of
L4s(8).

Consider the identity (xy) y = X (yy). Take x = 16 and y =
41
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xyy =

X (yy)

[16.41] 41

[(41 x 8 — 16 x 7) (mod 45)] 41
36.41 = (41 x 8 — 36 x 7) (mod 45)
31.

16 (41.41) = 16¢

16.

So x(yy) # (xy)y hence (P = P; U P,) does not satisfy the right
alternative identity. Thus ((L,(m) U I) U B,, *;, *;) is not a
neutrosophic right alternative biloop. Take the left alternative

identity.

(xx)y

X =

y
(xx)y

X(xy)

X (Xy)

16

41

(16.16) 41

41.

16 (16.41)

16 [[41 x 8 — 16 x 7] (mod 45)]
16 [36]

36x8—16x7

41.

So this set satisfies the left alternative identity. Take x = 36

andy =06

(xx)y
X (xy)

(36.36).6 = 6(mod 45)

36 (36.6) (mod 45)

36 [6x 8 —36 x 7] (mod 45)
36.21 (mod 45)

21 x 8 =36 x 7 (mod 45)

6 (mod 45).

satisfies left alternative identity.

Thus the neutrosophic biloop {{L4s5(8) W I) U B,} is not a
neutrosophic right alternative biloop. The reader is advised to
check whether the biloop is left alternative.
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How ever we show that we have a class of neutrosophic left
alternative biloops and neutrosophic right alternative biloops
even when n is not a prime.

THEOREM 4.2.8: Let (B = B, U B,, *, *;) be a neutrosophic
biloop. If B; = (L,(n— 1) v 1)and B, any group (n >3 any odd
number) B is always a neutrosophic left alternative biloop.

Proof: By =(Ly(n—1)Ul) (n>3,nany odd) is always a left
alternative neutrosophic loop is the new class of neutrosophic
loop of (L, U I ). So all neutrosophic subloops of L,(n — 1) are
left alternative. Hence every proper neutrosophic subbiloop of
(Lu(n = 1) U I) U By, *, *;) for any group B, = G is left
alternative. Thus ((L,(n — 1) U I) U B,) is a neutrosophic left
alternative biloop. Hence the claim.

THEOREM 4.2.9: Let (B = B; U By, *;, *,) be a neutrosophic
biloop where B, = L,(2) v 1) € (L, v 1) is always a
neutrosophic right alternative biloop for all n (n > 3 and n an
odd number) and B, any group.

Proof: Given (B = B; U B,, *|, *,) is a neutrosophic biloop with
B, =(L,(2) U I) (n > 3 and n an odd number). We know (L,(2)
v I) is a neutrosophic right alternative loop. So all its
neutrosophic subloops are also right alternative. Thus every
proper neutrosophic subbiloop of ((L,(2) U I) U B,) is a
neutrosophic right alternative subbiloop. Hence ((L,(2) u I) U
B,) is a neutrosophic right alternative biloop.

Now we proceed on to define neutrosophic normal subbiloop of
a neutrosophic biloop.

DEFINITION 4.2.10: Let (B = B; UB,, *;, *;) be a neutrosophic
biloop. A neutrosophic subbiloop H = (H; U H>, *;, *;) is said
to be a neutrosophic normal subbiloop of B if

i xH1=H1x
i. (Hix)y=H; (xy)
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iii. yv(xH)=(x)H forallx, y € B,
iv. H, is a normal subgroup of B..

We call a neutrosophic biloop to be a simple neutrosophic
biloop if it has no nontrivial neutrosophic normal subbiloops.

We now give an example of a neutrosophic biloop.

Example 4.2.18: Let (B = B, U B,, *|, *,) be a neutrosophic
biloop where B; = (L;1(2) U I) and B, = As. (The alternating
subgroup of the symmetric group of Ss). B has no neutrosophic
normal subloop. So B = B, U B, is a simple neutrosophic biloop.

Now it may happen that one of the neutrosophic loop or the
group has normal subloop or normal subgroup. How to
differentiate this for this we define the notion of seminormal
and semisimple.

DEFINITION 4.2.11: Let (B = B; U B,, *;, *)) be a neutrosophic
biloop if only one of the neutrosophic loop or the group is
simple then we call the neutrosophic biloop to be a semi-simple
neutrosophic biloop.

Here it is important to note that the term ‘or’ is used in the
mutually exclusive sense.
Now we give an example of the same.

Example 4.2.19: Let B = (B; U B,, *|, *,) be a neutrosophic
biloop. Suppose B; = (L,(3) u I) is simple and B, = S, (n > 5)
the symmetric group of degree n then B is a neutrosophic
semisimple biloop and the neutrosophic subbiloop P = P; U P,
where P, = {e, el, t, tI} U {A,} is a neutrosophic seminormal
biloop of B (n > 5).

Now proceed on to define the notion of strong neutrosophic
biloop.
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DEFINITION 4.2.12: Let (B = B; U B,, *;, *;) be non empty set
with two binary operations. B is said to be strong neutrosophic
biloop.

i B = B; UB; is a union of proper subsets of B.
i. (B1, *1) is a neutrosophic loop.
iii. (B2, *3) is a neutrosophic group.

Now we just illustrate this by the following example.

Example 4.2.20: Let (B = B, U B,, *|, *,) where B, = (Ls(2) v
I') is a neutrosophic loop and B, = {1, 2, 3, 4, I, 21, 31, 41} under
multiplication modulo 5 is a neutrosophic group. Thus B is a
strong neutrosophic biloop.

All strong neutrosophic biloops are neutrosophic biloops
but clearly a neutrosophic biloop in general is not a strong
neutrosophic biloop.

All results derived and definitions given in case of
neutrosophic biloops can be derived with appropriate
modification. Thus we don’t derive or define any of them but
leave it as an exercise for the reader to prove.

Now we define a neutrosophic biloop of type II as follows.

DEFINITION 4.2.13: Let B = (B; UB,, *;, *;) be a proper set on
which is defined two binary operations *; and *;. We call B a
neutrosophic biloop of type Il if the following conditions are
satisfied

i B = B; UB, where B; and B, are proper subsets of B.
ii. (B1, *1) is a neutrosophic loop.

1. (B2, *5) is a loop.

(Clearly we call a neutrosophic biloop of type I is one in which
B is a neutrosophic loop and B, is a group).

Now type II neutrosophic biloop enjoy some more extra
properties. First we give some examples.
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Examples 4.2.21: Let B = (B, U B,, *, *;) where B, =(L;(3) u
I') and B, = Ls(2) then B is a neutrosophic biloop of type II. All
properties defined in case of neutrosophic biloops of type I can
be easily extended to type II neutrosophic biloops.

Now we define a new class of neutrosophic biloops of type II as
follows.

DEFINITION 4.2.14: Let B = (B; U B, *;, *;) be a neutrosophic
biloop of type II. We say B is a new class of neutrosophic biloop
of type IL'if (B), *)) = (Lu(m) V1) i.e. B; € (L, V1) and (B;, *)
~ L, (m)el,.

Note: 1t is very important to note that n # n; for if n = n; then
the sets B; and B, will not be proper subsets of B. These new
class of neutrosophic biloops of type Il enjoy several properties.

So we mention some of the properties enjoyed only by this
new class of neutrosophic biloops of type II. The definitions
given for type I neutrosophic biloop hold good with simple
modifications.

THEOREM 4.2.10: The new class of neutrosophic biloops of
type Il are simple neutrosophic biloops.

Proof: Given (B = B, U B,, *, *) is a new class of
neutrosophic biloop of type Il i.e. By e (L, W 1) and B, € L, .

(n # n;). We know all loops in L, are simple. Also we have

proved all neutrosophic loops in (L, U I) are simple i.e. they
have no nontrivial normal subloops. Thus B is a simple
neutrosophic biloop of type II.

THEOREM 4.2.11: The order of all neutrosophic biloops of type
11 are of even order.

Proof: Given (B = B, U B,, *|, *,) is a neutrosophic biloop of

type Il so By = (L,(m) U T)) =2 (n +1) (where n + 1 is even) and
o(L, )=n; +1landn; +1iseven Thuso(B)=2(n+1)+n; +
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1 = even number + even number = a even number. Hence the
claim.

THEOREM 4.2.12: Let (B = B; U B,, *;, *;) be a new class of
neutrosophic biloops of type II. If B; = (L,(2) v 1) and B, =
L, (2) then B is a right alternative neutrosophic biloop of type

I (n #n,y).

Proof: Clearly B; = (Ly2) v I) is a right alternative
neutrosophic loop and B, = L, (2) is a right alternative loop so

B is a neutrosophic biloop of type II (n #n,).

THEOREM 4.2.13: Let (B = B; UB,, *;, %)) where B; = (L,(n —
1) vI)and B, = (Ly(n — 1)) are left alternative neutrosophic
loop and left alternative loop. Then B is a left alternative
neutrosophic biloop of type II.

Proof: Clearly B=(L,(n - 1) UI) U L, (n; - 1), *, ) is a left

alternative neutrosophic biloop of type II by the fact both (L,(n
—l)uland L, (n, - 1) satisfy left alternative identity (n # n;).

Several other properties enjoyed by these classes of
neutrosophic biloops can be derived. This task is left for the
reader.

4.3 Neutrosophic N-loop

Now we proceed onto define the notion of N-loop where N > 2
when N = 2 we get the biloop. In this section we introduce
several new definitions and new properties, enjoyed by the
neutrosophic N-loop.

DEFINITION 4.3.1: Let S(B) = {S(B;) U ... US(By), *,..., *}

be a non empty neutrosophic set with N binary operations. S(B)
is a neutrosophic N-loop if S(B) = S(B;) v ... US(By), S(B;) are
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proper subsets of S(B) for 1 <i < N) and some of S(B;) are
neutrosophic loops and some of the S(B;) are groups.

The order of the neutrosophic N-loop is the number of
elements in S(B). If the number of elements in S(B) is in finite
then we say S(B) is an infinite neutrosophic N-loop of infinite
order. Thus even if one of the S(B; ) is infinite we see the
neutrosophic N-loop S(B) is infinite.

Example 4.3.1: Let S(B) = {S(B;) U S(B,) U S(B;) U S(By), *,
*), *3, ¥4} be a neutrosophic 4-loop, where S(B;) = {(Ls(3) v
D}, S(B2) = {S4}, S(Bs) = {{L1(8) W )} and S(B4) = {Q\ {0};
group under multiplication}. Clearly S(B) is a neutrosophic 4
loop of infinite order since o(S(B4)) = .

Example 4.3.2: Let S(B) = {S(B) U S(B,) U S(B5), *, *», *3}
where S(B) = {(Ls(3) U )}, S(B,) = {g | g"*= 1} and S(B;) =
S;. S(B) is a neutrosophic 3-loop and o(S(B)) = 30.

Now we just define the substructure of the neutrosophic N-loop.

DEFINITION 4.3.2: Let S(B) = {S(B;) v S(By)) U ... US(By), *,,
.., ¥y} be a neutrosophic N-loop. A proper subset (P, *,, ..., *y)
of S(B) is said to be a neutrosophic sub N loop of S (B) if P itself
is a neutrosophic N-loop under the operations of S (B).

Note: It is interesting and important to note that (P, *;) need not
have any structure. This is evident from the following example.

Example 4.3.3: Let S(B) = {S(B; U S(B,) U S(Bs), *1, *», *3}
where S(B)) = {(Ls(3) U D)}, S(By) = (g| g = 1) and S(B3) = S,
is a neutrosophic 3-loop. Take

e (1 2 3 1 2 3
P={eel,2,2I,1,¢g, , ’.
1 2 3 21 3

P is a neutrosophic sub 3-loop but (P, *;) or (P, *,) or (P, *3) do
not have any algebraic structure. They are not even closed under
these binary operations. But P = (P, U P, U P3, *|, *,, *;) where
P, = {e, e, 2,21}, P, = {1, g’ and
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b 12 3) (123
Sy g 3l 1 3

is a neutrosophic sub 3-loop of S(B).
In view of this we give the following theorem.

THEOREM 4.3.1: Let S(B) = {S(B;) US(By) U ... US(By), *1, *,,
*s v, ¥} be a neutrosophic N-loop. Let (P, *,, ..., *\) be a
proper subset of S(B), P is a neutrosophic sub N-loop of S(B) if
and only if P, =P N SBy), i =1, 2, ... Nand P =P, U P, U
w. UPyand (P, *) is a substructure of (S(B), *) (i =1, 2, ...,
N).

Proof: 1f (P;, *)) is a substructure of (S(B;), *;), clearly (P =P, U
P, U ... U Py, *1, ..., *\) is a neutrosophic sub N-loop of S(B).
Conversely if given (P, *, ..., *\) is a sub-N-loop of S(B) then
take P,=Pn S(Bl), we have P = (P1 uPu...uU PN, *1, ceey >kN)
is given to be a neutrosophic sub N-loop, so each of (P;, *)) is
either a neutrosophic loop or a group. Hence the claim.

Next we can define neutrosophic N-loops of level I1.

DEFINITION 4.3.3: Let S(L) = {L;, UL, U ... ULy, *, ..., ¥}
where

i L =1L, .. ULyis such that each L; is a proper
subset of L, 1 <i <N.
ii. Some of (L, *;) are a Neutrosophic loops.
iil. Some of (L;, *;) are just loops.
iv. Some of (Lx, *x) are groups and rest of
V. (L, *,) are neutrosophic groups.
Then we call L = L; UL, U ... ULy, *, ..., ¥} to be a

neutrosophic N-loop of level II.

The interested reader can analyze the relation between the
neutrosophic N-loops and neutrosophic N-loops of level II.
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Now what all we define for neutrosophic N-loops will be
carried out to neutrosophic N-loops of level II with appropriate
modifications.

DEFINITION 4.3.4: Let (L =L; UL, U... ULy, *, %, ..., ¥}
be a neutrosophic N-loop of finite order. Suppose P is a proper
subset of L, which is a neutrosophic sub N-loop. If o(P) / o(L)
then we call P a Lagrange neutrosophic sub N-loop. If every
neutrosophic sub N-loop is Lagrange then we call L to be a
Lagrange neutrosophic N-loop. If L has atleast one Lagrange
neutrosophic sub N-loop then we call L to be a weakly
Lagrange neutrosophic N-loop. If L has no Lagrange
neutrosophic sub N-loop then we call L to be a Lagrange free
neutrosophic N-loop.

Now we know as in case of other algebraic structures every
Lagrange neutrosophic N-loop is weakly Lagrange neutrosophic
N-loop.

Now we proceed on to give some examples of them.

Example 4.3.4: Let L = (L U L, U L;, *, *, *;) be a
neutrosophic 3 loop. Ly = {(Ls(3) U I), *|}, L, =(g | g* = ¢) and
L; = {D,gsi.c. a, b € Dy with a>=b*=1landbab= a}.o(L) =
28. Take {P =PLuUP,uU P3, *1, *2, *3} where
P, = {e,el, 2,21}, P, = {g°, 1} and

P; = {b, b% b3, bY b, b = 1} is a neutrosophic sub-3 loop of L,
o(P) = 12, o(P) X o(L) i.e. 12 X 28 so P is not a Lagrange
neutrosophic sub 3-loop of L.

Take {T =T, U T, U T;, *, *5, *3} where T = {e, el, 3, 31},
T,={e, g, gz, g3} and T; = {1, b, b% b, b, b5} is a neutrosophic
sub 3-loop. o(T) = 14, o(T) / o(L) so T is a Lagrange
neutrosophic sub 3-loop of L. Thus L is only a weakly Lagrange
neutrosophic 3-loop.

Example 4.3.5: Let L = (L, U L, U L3, U Ly, *, *5, *5, *,) be a

neutrosophic 4-loop of finite order; where L; = {{Ls (2), U I )},
Ly={Dysla’=b*=1,bab=a},L;={S;} and Ly = {g | g'° =
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e}, O(L) = 36. Take P = {Pl ) P2 U P3 U P4, *1, *2, *3, *4}
where P, = {e, el, 4, 41}, P, = {1 a},

1 2 3 1 2 3 1 2 3
P; = , , and
1 2 3 2 3 1 31 2

P, = {g% ¢, ¢° &% 1}. o(P) = 14. o(P) X o(L). So P is not a
Lagrange neutrosophic sub 4-loop.

Take T = {T, U T, U T3 U Ty *y, *,, *3, *4}, a proper subset
of L where T| = {e, ¢l, 3, 31},

{6 T30

T, = {1, b, b>, b’} and T, = {e, g°}. T is a Lagrange
neutrosophic sub N-loop, o(T) / o(L) i.e. 12/36.

Thus L is only a weakly Lagrange neutrosophic N-loop. The
following theorem establishes that there exists a non trivial class
of Lagrange free neutrosophic N-loop.

THEOREM 4.3.2: Let L = {L] UL, U... ULy ¥, % o, *N} fo
be a neutrosophic N-loop of finite order n, where n is a prime.
Then L is a Lagrange free neutrosophic N-loop.

PI"OOf’ Given L = {L] o L2 v ... YU LN, *1, *2, ...,*N} be a
neutrosophic N-loop of order n, n a prime. Now whatever
neutrosophic sub N-loop P exist we see o(P) X o(L) for any
neutrosophic sub N-loop. Thus if o(L) is a prime; L is a
Lagrange free neutrosophic N-loop.

We illustrate this by an example.

Example 4.3.6: Let L= (L1 o L2 o L3, o L4, *1, *2, *3, *4), be a
neutrosophic 4-loop where L, = {(Ls (3), U )}, L, = {g | &’ =e},
L; = {D,s} and Ly = A4, o(L) = 37 a prime. Now we see P = {P,
o P2 o P3 o P4, *1, *2, *3, *4} where P1 = {e, eI, 3, 31}, P2 = Lz,
P;={1,a} and
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p.— 1 2 3 4 1 2 3 4 1 2 3 4
YUt 23 4003 420004 203
is a neutrosophic sub 4-loop of L. o(P) = 12, (12, 37) = 1. Thus

even if neutrosophic sub N-loop P exists clearly o(P) )( o(L) as
o(L) is a prime. Hence the claim.

Now we can proceed on to define the notion of p-Sylow
neutrosophic sub N-loop.

DEFINITION 4.3.5: Let L = {L; UL, U....U Ly, *;, *5,..., %} be
a neutrosophic N-loop of finite order. Let p be a prime if p® /
o(L) and p® X o(L). IfP = {P, UP, U ... UPy, *,, ..., *y} be
a neutrosophic sub N-loop of order p® then we call P a p-Sylow
neutrosophic sub N-loop of L. If for every prime p such that p”/
o(L) and p®"' X o(L) we have a p-Sylow neutrosophic sub N-
loop then we call L a Sylow neutrosophic N-loop. If L has
atleast one p-Sylow neutrosophic sub N-loop then we call L a
weakly Sylow neutrosophic N-loop. If L has no p-Sylow
neutrosophic sub N-loop then we call L to be a Sylow free
neutrosophic N-loop.

Clearly every Sylow neutrosophic N-loop is a weakly Sylow
neutrosophic N-loop. It is left as an exercise for the reader to
prove that all neutrosophic N-loops of order p, p a prime are
Sylow free neutrosophic N-loops.

We know when G is any finite group of order n we have for
every divisor t of n we have an element x in G such that x' = 1.

DEFINITION 4.3.6: Let {L =L, UL, U...ULy, ¥, %, ..., %/} be
a neutrosophic N-loop of finite order n. An element x € L is
called a Cauchy element if x' = 1 and t/n. An element y € L is
called a Cauchy neutrosophic element if y" = I and m/n. If t X
n, x is called as anti Cauchy element.

If m X n, y is called as an anti Cauchy neutrosophic
element of L. We call a neutrosophic N-loop to be Cauchy if
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every element is either a Cauchy element of L or a Cauchy
neutrosophic element of L.

If L has no Cauchy neutrosophic element and no Cauchy
element then L is a Cauchy free neutrosophic N-loop.

Example 4.3.7: Let L = (L) U L, U L3, U Ly, *|, %5, *3, %)
where L; = {(Ls Bu ) )}; Ly=(g|g'=1), Ly =S;and L, =
{D,4 = a, b, a> =b" =1, bab = a} is a neutrosophic 4-loop of
order 30,2 /30,4 X 30,5/30,6/30and 3/ 30. Clearly L has
Cauchy neutrosophic elements and Cauchy elements of order 2.
i.e. x € L, is such that x> = ¢ and xI € L, is such that (xI)* = 1.
2 3

1
b € L, is such that b* = 1 and {2 |

12 ) (123
Gal-6ed)
We have no Cauchy element or Cauchy neutrosophic element of
order 5. Still we see L is not a Cauchy neutrosophic 4-loop for
b*=1and 4 X 30. Thus it is interesting to note that the Cauchy
neutrosophic N-loops are different from usual Cauchy theorem

for groups of finite order. Now we give an example of Cauchy
free neutrosophic N-loop.

] e L; is such that

Example 4.3.8: Let L = (Ll U LZ o L3, U L4, *1, *2, *3, *4)
where L; = {(Ls 3 U )}, L= (g | g’ = 1), Ly = {S3} and Ly =
{Dy|a,b e Dy;a’=b*=1,bab=a} is a neutrosophic 4-loop
of finite order, o(L) = 29.

Now L has x e L, such that x* = e and xI € L, with (XI)2 =1
Also g € L, is such that g3 =¢’, b € Dy, is such that b*=1.
Thus no element is a Cauchy element or a Cauchy neutrosophic
element of L. Thus L is a Cauchy free neutrosophic 4-loop.
Now we see all properties and results defined in case of
neutrosophic N-groups can be easily extended to the case of
neutrosophic N-loop.

We make a fast recollection of the definitions of neutrosophic
Moufang N-loops, neutrosophic Bol N-loops, neutrosophic
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Bruck N-loops, neutrosophic WIP N-loops and neutrosophic
alternative N-loops.

DEFINITION 4.3.7: Let L = {L; UL, U ... ULy, *, %5, ..., *\} be
a neutrosophic N-loop. L is said to be a Moufang neutrosophic
N-loop if L satisfies any one of three identities

L (xy)(zx)=(x(z)x
i.  (xy)2)y=x(()
iii. x(y(xz) =((xy) x) z

for all x, y, z in L. A neutrosophic N-loop L is called a Bruck
neutrosophic N-loop if (x (v x)) z = x (v (xz)) and (x y)" =
x'y " forallx, y, z € L whenever x™', y! exist.

A neutrosophic N-loop L is called a Bol loop if ((xy)z)y =
x((yz)y) for all z, x, y € L. A neutrosophic N-loop is right
alternative if (xy)y = x(yy) for all x, y € L and left alternative if
(xx) y = x (xy) for all x,y € L. L is said to be a neutrosophic
alternative N-loop if L is both a neutrosophic left alternative N-
loop and neutrosophic right alternative N-loop.

A neutrosophic N-loop is said to be a weak inverse property
WIP-N-loop if (xy) z=¢ impliesx (yz) =e forall x,y,z e L; e
is the identity element of L.

We just give examples of neutrosophic left alternative N-loops,
neutrosophic right alternative N-loops and neutrosophic WIP-
N-loops.

Example 4.3.9: Let L = (L1 U L2 ) L3, U L4, *1, *2, *3, *4)
where L; = {(Ls (4) U I)}, L, = {S3}, Ly =Dysand L, = {g | g"
=e'}. Clearly L is a neutrosophic left alternative N-loop.

Example 4.3.10: Let L = (L1 U L2 o L3, U L4 o L5, *1,..., *5}
where L) =(L; (2) U I), Ly = (L3 (2) U I), L3y = A4, Ly = Dy
and Ls = S;. L is a neutrosophic 5-loop which is a neutrosophic
right alternative 5-loop.
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The interested reader can take the task of proving L in the above
example is a neutrosophic right alternative 5-loop.

Example 4.3.11: Consider the neutrosophic N-loop, L = (L; U
L, v L3, |\ L4, *1, *2, *3, >k4) with L, = <L7(3) |\ I> where L7(3) 18
given by the following table,

L7 (3) = {ea 17 29 35 4’ 5’ 6’ 7}a

*

Wl ||~ |N|O [—]|—

A= |Rn[Q|o |

NI [N |—= W[k~

—(Wlo |[Q( |~ |N[n|n

Al |[—m|WLWwQ(o|N|N
O I ||| —=|W |

N[N [WIN|—=|o
NN N Bh|WIN[—=|lo (o
[\ RSN Fo N el KON RO, N BN RUS J RO8)

Now operation of elements in {(L;(3) U )= {e, 1,2,3,4,5,6,7,
el, 11, 21, 31, 41, 51, 61, 71} is as follows. Now el. el =el 11 11 =
eLkl.ki=el,1<k<7forr=s,rl.sl=(rs)L,rs € L;(3) and
rs. € {1,2,3,3,4,5,6,7}. So(L; (3) ul)isa WIP loop.

Take L,=S;, Ly=A,and L, = {D,;|a,b,a’>=b"=1,bab
=a} Clearly L is a WIP neutrosophic 4-loop of finite order.

Now we proceed on to define neutrosophic normal sub N-loop
of a neutrosophic N-loop.

DEFINITION 4.3.8: Let L = {L; UL, U... ULy, *, %5, ..., *\} be
a neutrosophic N-loop. A proper subset H of L is said to be a
neutrosophic normal sub N-loop of L if the following conditions
are satisfied.

i H is a neutrosophic sub N-loop of L
ii. xH=Hx

(Hx)y =H (xy)

y(xH) =(yx)H
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forallx,y € L.
If the neutrosophic N-loop L has no trivial normal sub-N-
loop, we call L to be a simple neutrosophic N-loop.

We first give example of them.

Example 4.3.12: LetL = (L1 ul,u L3, |\ L4, *1, *2, *3, >!<4) be a
neutrosophic 4-loop, where L1 =(L; Q) U l), L, =S;3 L; = {g|
g’ =1} and Ly = {A,}. L is a simple neutrosophic 4-loop, for L,
is a simple neutrosophic loop as it has no normal subloops.

Several other properties enjoyed by loops and N-loops can
be by appropriate methods transformed and studied for
neutrosophic N-loops.

Now we proceed on to define the notion of strong neutrosophic
N-loop.

DEFINITION 4.3.9: Let {(L wI)=L; UL, U... ULy, *, %, ...,
*n4, be a nonempty set with N-binary operations where

i (Lul)=L; UL, U... ULywhere each L; is a proper
subsetof (L UI); 1 <i<N
ii. (L;, *;) is a neutrosophic loop, at least for some i.
iii. (L;, *;) is a neutrosophic group.

Then we call {{L V1) *,, ..., *\} to be a strong neutrosophic N-
loop.

Now we give some examples to illustrate our definition.

Example 4.3.13: Let {LUI)=L, UL, UL *, *, *;} where
L =<({Ls2) u D)L, =C,2) vl and Ly = {1, 2, 1, 2I}.
{{L v I)} is a strong neutrosophic 3-loop.

Example 4.3.14: Let {LUl)=1, UL, UL, *, *, *;} be a

neutrosophic 3-loop where L; = (Ls(3) v D), L, = (L,(2) v I)
and L; =(Z U I). (L U I) is a strong neutrosophic 3-loop.
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We say a strong neutrosophic N-loop is commutative if
each (L;, *;) is a commutative structure. A strong neutrosophic
N-loop is said to be finite if the number of elements in (L U I) =
{Liv LU ...u Ly, *, ..., *\} has only a finite number of
distinct elements, otherwise (L U I) is said to be an infinite
neutrosophic N-loop. The above examples give both finite
strong neutrosophic N-loops and an infinite strong neutrosophic
N-loop.

We now give an example of a commutative strong neutrosophic
N-loop.

Example 4.3.15: Let {{L U )=L, UL, U L;, *, *,, *3} where
Li=L;s3) v, L=1,2 3,1 2L 3I) and L; = (L;(4) U ).
Clearly (L U I) is a commutative neutrosophic 3-loop of finite
order.

Now we proceed on to define neutrosophic strong or strong
neutrosophic sub N-loop.

DEFINITION 4.3.10: Let {(L v 1)={L, VL, U ... UL; *, ...,
*v} be a strong neutrosophic N-loop. Let P be a proper subset
of (L v l) We say P is a strong neutrosophic sub N-loop of
L D if (P, *, .., *y is a strong neutrosophic N-loop under
the binary operations *, ..., *y..

The following are as a matter of routine.

i (P, *1, ..., *y) is not a loop or group under any of the
operations *;, ..., *y.
il. P =P, UP,U .. U Py where each P; is a proper

subset of P; 1 <i<Nand P;=P NL;, 1 <i<N. (each
P; is a neutrosophic subloop or a neutrosophic
subgroup)

Otherwise P cannot in general be a strong neutrosophic sub N-
loop of (L U1).

We illustrate this by the following example.
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Example 4.3.16: Let (L Ul)=1, UL, UL, *,*, *;} be a
strong neutrosophic 3 loop where L, = (Ls(3) v I), L, =
Lis(7)yu D, and Ly = {1, 2, 3, 4, 1, 21, 31, 41}. Take P = {e, el, 3,
31, 14, 141, 11, 4, 41}. Clearly P < (L u I) but P is not closed
under any of the 3 binary operations.

Take P,=PnL;={e,el, 3,3}, P, =P L,= {e, el 14,
141} and Ps =P N Ly = {1, 1, 4, 41}. (P =P, U P, U P3, *|, %,
*3) is a neutrosophic 3-subloop. o({L U I)) =30, o(P) =12, o(P)
K oL uD)).

Thus we are interested in characterizing those neutrosophic
N-subloops whose order divides the order of the strong
neutrosophic N-loop.

To this end we make the following definition. Throughout this
section we assume (L. U I) to be a strong neutrosophic N-loop.

DEFINITION 4.3.11: Let {(L wI)=L; UL, U ... ULy, *, %, ...,
*¢ be a strong neutrosophic N-loop of finite order. Suppose (P
=P, UP, U.. UPy *, .., *) be any proper subset of
(L U I) such that P is a neutrosophic strong sub N-loop of
@ 1) If o(P) / o((L 1)) then we call P a Lagrange strong
neutrosophic sub N-loop of (L U 1). If every neutrosophic strong
sub N-loop P of (L v I) divides the o((L U 1)) i.e. o(P) /
o((L v 1) then we call (L U 1) itself to be a Lagrange strong
neutrosophic N-loop.

If (L U1) has atleast one Lagrange strong neutrosophic sub
N-loop we call (L U I) to be a weak Lagrange strong
neutrosophic N-loop. If (L « I) has no Lagrange strong
neutrosophic sub N-loop then we call (L U 1) to be a Lagrange
free strong neutrosophic N-loop.

Interrelations existing between these definitions can be obtained
as a matter of routine. Now we illustrate this with some

examples.

Example 4.3.17: Let {LUl)=1, UL, UL, *, *, *;} be a
finite neutrosophic 3-loop, where L, = (Ls(3) U I), L, = (L5(3)
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U I) and L = {(Zs U I) group under ‘+’ modulo 6}. Is(L U )a
Lagrange strong neutrosophic loop?

THEOREM 4.3.3: Let {d, L/]) =L, UL, U... ULy *, ..., *N}
be a strong neutrosophic N-loop of order n, n a prime. Then
(L 1) is a Lagrange free strong neutrosophic N-loop.

Proof: Given o((L U I)) =n, n a prime. So any proper subset P
which is a neutrosophic strong N-subloop is such that (o(P),
oL v I)) = 1 So no strong neutrosophic sub N-loop is
Lagrange hence (L U I) is a Lagrange free strong neutrosophic
N-loop.

It is easily verified whatever be the number of neutrosophic
sub N-loop in (L W I) still none of them can be a Lagrange
neutrosophic sub N-loop. Hence the claim.

On similar line’s we define Sylow neutrosophic N-loop and
Cauchy neutrosophic N-loop.

DEFINITION 4.3.12: Let {(L w1)=L; UL, U ... ULy *, ...,
*} be a strong neutrosophic N-loop of finite order. Let p be a

prime such that p®/ o((L U L) and p*" X o((L U1).

Suppose (L U 1) has a neutrosophic strong N-subloop P of
order p“ then we call P to be a p-Sylow strong neutrosophic N-
subloop. If for every prime p, such that p*/ o((L 1)) and p™*'
)( o((L v 1), we have a p-Sylow neutrosophic strong N-
subloop then we call (L 1) to be a Sylow strong neutrosophic
N-loop.

If (L U 1) has atleast one p-Sylow strong neutrosophic N-
subloop then we call (L U I) to be a weak Sylow strong
neutrosophic N-loop. If (L « 1) has no p-Sylow strong
neutrosophic sub N-loop then we call (L U 1) to be Sylow free
strong neutrosophic N-loop.

We have a class of Sylow free neutrosophic N-loop, for all

neutrosophic N-loops of order n, n a prime are Sylow free
neutrosophic N-loop.
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Thus it may so happen that we may have a strong neutrosophic
N-loop. (L W I) is of finite order it may still happen that (L U I)
is a Sylow free strong neutrosophic N-loop. But if for every
prime p, p% o((L U D)) and p*"' X o((L U 1)), we may have
proper strong neutrosophic N-subloop of order p*™ (t > 1).

To this end we define a new concept called pseudo Sylow
neutrosophic N-loops.

DEFINITION 4.3.13: Let {(L w1)=L; UL, U...ULy, ¥, ..., ¥}
be a neutrosophic strong N-loop of finite order. Let (L 1) be a
Sylow free strong neutrosophic N-loop. We call a proper subset
T={T, 0T, U.UTy *,..., *} of (L V1) to be a pseudo p-
Sylow strong neutrosophic sub N-loop of (L U 1) if for a prime p,
pY o(L U I) and p®"' X o(L U I) we have a strong
neutrosophic sub N-loop of order p“™' (t > 1).

If for every prime p we have a pseudo p-Sylow strong
neutrosophic sub N-loop then we say (L U 1) is a pseudo Sylow
strong neutrosophic N-loop. If in a Sylow free strong
neutrosophic N-loop (L U 1) we have at least one pseudo p-
Sylow strong neutrosophic sub N-loop then we call (L U 1) a
weak pseudo Sylow strong neutrosophic N-loop.

Now we proceed on to define the notion of Cauchy element and
Cauchy neutrosophic element of a neutrosophic N-loop (L U I).

DEFINITION 4.3.14: Let {(L w1)=L; UL, U...ULy, ¥, ..., ¥}
be a neutrosophic strong N-loop of finite order. If for x € (L U
Iwe have x' = 1 and if t / o((L U 1)) then we call x to be a
Cauchy element of (L U 1). If every element x in (L U 1)is a
Cauchy element then we call (L v I) a Cauchy strong
neutrosophic N-loop.

Lety e (L vL)ify =Tandr/o((L U1)) then we call y to
be a neutrosophic Cauchy element of (L C 1) If every
neutrosophic element y € (L 1) is a neutrosophic Cauchy
element of (L U I) then we call (L U 1) to be a neutrosophic
Cauchy strong neutrosophic N-loop. If (L. U 1) is both a Cauchy
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strong neutrosophic N-loop and a neutrosophic Cauchy
neutrosophic N-loop then we call (L U 1) to be strong Cauchy
strong neutrosophic N-loop.

The reader is requested to illustrate this by an example.

Now several interesting results can be derived, we make a
mention that as classical Cauchy Theorem for finite groups is
not true so only we have to define Cauchy element Cauchy
neutrosophic elements of a neutrosophic N-loop (L U I).

Now we just define when a neutrosophic N-loop is
Moufang. On similar lines as a matter of routine one can define
neutrosophic Bol N-loop, neutrosophic Bruck N-loop,
neutrosophic WIP- N-loop and so on.

DEFINITION 4.3.15: Let {(L v 1)=L, UL, U ... ULy, *, ...,
*} be a neutrosophic strong N-loop. We say {(L w1)=L; UL,
U ... ULy ¥, ..., *Nis a Moufang neutrosophic N-loop if
every proper subset P of (L U 1) which is a neutrosophic strong
sub N-loop satisfies the Moufang identity. We do not demand
the totality of the neutrosophic strong N-loop to satisfy the
Moufang identity.

We just illustrate this by the following example.

Example 4.3.18: Let {{L Ul)=L, U L, U Ls, *, *5,%;} be a
neutrosophic N-loop where L; =(L; 3) U I), L, = (Ls(2) U I)
and L; = {1, 2, 3, 4, 1, 21, 31, 41}, multiplication modulo 5. Now
take any neutrosophic sub N-loop P of (L U I), P satisfies the
Moufang identity. Thus (L U I) is a neutrosophic Moufang N-
loop. Clearly every set of elements of (L U I) does not satisfy
the Moufang identity.

In the same way other neutrosophic N-loops which satisfy
special identities are defined.

DEFINITION 4.3.16: Let {(L w1)=L; UL, U...ULy, *, ..., ¥}
be a neutrosophic N-loop. (L U 1) is said to be neutrosophic
strong Moufang N-loop if (L U 1) satisfies any one of the
following identities.
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L (xy)(Ex)=(x(yz)x
i.  ((xy)y=x(y(zy)
iii. x(y(xz))=((xy)x)zforallx y ze L UI)

1t is easily seen all neutrosophic strong Moufang N-loops are
neutrosophic Moufang N-loops however the converse is not true.

This is evident from the example given.

Now on similar lines one can define neutrosophic strong
WIP N-loop, neutrosophic strong left alternative N-loop,
neutrosophic strong Bol N-loop and so on. We illustrate some
of these by examples.

Example 4.3.19: Let (LUl =L, ul, U ... ULy, *, ..., *\}
be a neutrosophic N-loop. Take N = 3 and L, = {{(L,(m) u D)},
m’—m+1=0(modn)} and L, = {0, 1,1, 1 + I} and Ls = {1, 2,
I, 2I}. Clearly (L v I) is a neutrosophic strong WIP-N-loop. (L
v 1) is only a neutrosophic Bol N-loop. (L U I) is only a
neutrosophic alternative N-loop.

Example 4.3.20: Let (L U I) = {L, U L, U L3, *|, *,, *3} where
Li=@L.2ul,L={1,2,1,2[} and Ly = (L, Q) u ). {L U T)
is a neutrosophic strong right alternative N-loop. Clearly (L U I)
is only a neutrosophic left alternative N-loop. Also (L U I) is a
neutrosophic Moufang N-loop.

Now we proceed on to give yet another example of a
neutrosophic strong left alternative N-loop.

Example 4.3.21: Let {{LU I)=L, UL, UL, *, *, *3} where
Li={L,(6)ul}, Ly={Lis(14)uDh}and L;={0, 1,2, 3,4,
I, 21, 31, 41}. Clearly (L U I) is a strong neutrosophic 3-loop
which is a neutrosophic strong left alternative 3-loop. Is this a
neutrosophic right alternative 3-loop?

Now we define deficit sub N-loops.
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DEFINITION 4.3.17: Let {(L w1)=L; UL, U...ULy, *;, ..., ¥},
be a neutrosophic N-loop. Let P be a proper subset of (L 1)
such that

P={P, U..UP, %, ..* |I<i,..i,< N and 1<t<N}.
If P is a neutrosophic t-loop (*, = *, 1 <j<N; 1 <i,<tand

P =P N L) then we call P a neutrosophic (N-t) deficit N-

p

subloop of (L 1)

Example 4.3.22: Let <L U I> = {Ll ) L2 U L3, U L4 *1, *2,*3,
*4} be a neutrosophic 4-loop where L; =(Ls 3) U D), L, =S;, L3
=Ajand Ly = (g| gg: 1.

Let

123 1 23 1234 1 23 4
P=1e,el,2,2], , R ,
123/){(213 1234/){(21 43

P is a neutrosophic (N — 2) deficit sub 4-loop (N = 4). Take

123 4Y(1 2 3 4\(1 23 4\(1 234
T =<e,el, 4,41, s s s
1234)\2143){3412)\4321

T is a neutrosophic (N — 2) (N = 4) deficit sub 4-loop of (L U I).

Having defined neutrosophic (N — r) deficit sub N-loops we
define some more interesting properties. The (N — r) deficit sub
N-loops can be defined for strong neutrosophic N-loops also.

DEFINITION 4.3.18: Let {(L w1)=L;, UL, U...ULy, %, ..., ¥}
be a neutrosophic N-loop of finite order. A neutrosophic (N —t)
deficit sub N-loop P of (L « 1) is said to be Lagrange
neutrosophic (N — t) deficit sub N-loop if o(P) / o((L v 1)). If
every neutrosophic (N — t) deficit sub N-loop of (L U I) is
Lagrange neutrosophic then we call (L. U 1) a Lagrange (N —t)
deficit neutrosophic N-loop. If (L U 1) has atleast one Lagrange
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(N — t) deficit neutrosophic sub N-loop then we call (L. 1) a
weak Lagrange (N — t) deficit neutrosophic N-loop.

DEFINITION 4.3.19: Let {(L w1)=L; UL, U ... ULy *, ...,
* be a finite neutrosophic N loop. Let P =

{£U..UB [t<N,1<i,i..,iisNand b =P L, I
<g <N, 1 £r <t} be a Neutrosophic (N —t) deficit N-subloop of

L I
Ifo(Lil U Li2 U ... UL:',) =m and if p is a prime such that

pY m and p® X m and if o(P) = p® then we call P a p-Sylow
neutrosophic (N — t) deficit N-subloop. (We do not have any
relation with oL U 1). (p, o((L w 1)) =1 or even p“” X o((L
ul)).

If for every prime p related with a (N — t) deficit sub N-loop
we have an associated p-Sylow neutrosophic (N — t) deficit N-
subloop we call the neutrosophic N-loop (L U 1) to be a Sylow
(N — t) deficit neutrosophic N-loop. We define (L. U 1) to be a
weak Sylow (N — t) deficit neutrosophic N-loop if (L U 1) has
atleast one p-Sylow (N — t) deficit neutrosophic subloop for 1 <t
<N.

The above 2 definitions can be defined in case of strong
neutrosophic N-loop with appropriate changes. We illustrate
this by the following example.

Example 4.3.23: Let {LUD) =L, UL, U L;uLy*, *, *,
*4} be a neutrosophic 3-loop of finite order, where L, = (Ls (3)
Ul),L,=Asand Ly=G=(g| g =1). Clearly o((L U I)) = 36.
This can have only 2 deficit neutrosophic subloop.

They can be 2-subloop of the form Ly, w L, U dorL; U U
Ly.o(LiuL,u¢)=24=(L;UdpuUlLs);2°/24and2* ) 24,3
/24;3% X 24.

Clearly (L v I) cannot be a Sylow (3 — 1) deficit
neutrosophic 3-loop as (L. U I) can have a 3-Sylow deficit
neutrosophic sub 3-loop. To find whether (L U I) has a 2-Sylow
deficit neutrosophic sub 3-loop.
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Take B={e,el, 2,21, 1,¢°, g%, &) cL,ud ULs Bisa2-
Sylow deficit neutrosophic sub 3-loop.
Take

1234)(1234)(1234)(1234
A:eﬁe[7272]3 b b b
1234)\2143)\4321)3412

A is also a 2-Sylow deficit neutrosophic sub 3-loop.
We give yet another example.

Example 4.3.24: Take (L U I) = {L; U L, U L3, U Ly *, *,, *3,
*4} where L= <L5 (3) ) I>, L,= G= A4. L= <L7 (2) v I> and
L, = (g | g®=1). The (N-t) values are 3 or 2 i.e. the possible
combinations are 8.

C] = L] |\ L2 ) L3 ) (I)

C, = LuL,uouly

C; = Luopulsuly

C4 = (1) o L2 o L3 o L4

C5 = L1 U (1) o (I) o L4

C6 = L1 U L2 U (I) U (I)

G = duUL,UL;U ¢ and

Cs = dbudUL; ULy
o(C)) = 40 o(Cs) = 18
o(Cy) = 30 o(Cs) = 24
o(Cy) = 34 o(C;) = 28
o(Cy) = 34 o(Cy) = 22

Cs has 11 Sylow but has no 2-Sylow (4 — 2) deficit sub 4-loop.
Take P={l, e, el, 2,21, 1, g, gz, g3, g4, gs}; o(P)=11and 11/
o(Cy).

The reader is expected to work for the p-Sylow (4 — t)
deficit neutrosophic sub 4-loops.

Also give an example of a strong neutrosophic 5 loop and
find (5 — 2) deficit strong neutrosophic sub 5-loop.
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Chapter Five

NEUTROSOPHIC GROUPOIDS
AND THEIR GENERALIZATIONS

This chapter very briefly introduces in two sections the notion
of neutrosophic groupoids and neutrosophic bigroupoids and
neutrosophic N-groupoids. First section defines neutrosophic
groupoids and enumerates some of its properties. Section two
first introduces the notion of neutrosophic bigroupoids and
suggests the reader to define several notions analogous to those
done in case of neutrosophic biloops and neutrosophic
bisemigroups. The later part of the section introduces the notion
of neutrosophic N-groupoids and enumerates the analogous
definitions to be defined by the reader. As groupoids are
generalizations of both semigroups on one side and loops on
other side it would not be difficult to construct new definitions
as both these concepts are dealt elaborately in this book.

5.1 Neutrosophic Groupoids

In this section we first introduce the notion of neutrosophic
groupoids. We also define some of their properties. It is left as a
work of researcher to develop more results and properties.
Problems related with them are proposed in the final chapter of
this book. New notions like centre, direct product, conjugate
pair are introduced.
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DEFINITION 5.1.1: Let (G, *) be a groupoid. A neutrosophic
groupoid is defined as a groupoid generated by {(G U 1)} under
the operation *.

We give a few examples of neutrosophic groupoids.

Example 5.1.1: Let G = {a, b, € Z; such thata * b =a + 2b
(mod 3)} be a groupoid. (GU I)={0,1,2, L2[, 1 +[,2+1, 1+
21, 2 + 21, *} is a neutrosophic groupoid. For instance for 1 + 21
and2+I1in{(Gul)ywehave (1 +2)* 2+ ) =1+21+4+2I
(mod 3) =2+ 1 (mod 3).

Example 5.1.2: Let ((Z" U I), *) be the set of positive integers
with a binary operation * where a * b=2a+3bfora, b e (Z" U

I).
For consider
5%(4*1) = 5*[8+3]
= 5*11
= 10 + 33 =43,
Now
G*4)*1 = (10+12) * 1
= 22 * 1
= 44 +3=47.

Clearly 5 * (4 * 1) # (5 * 4) * 1,50 (Z, *) is a groupoid.

Consider (Z" U I, *) is a neutrosophic groupoid. Elements in Z"
ul={a+bl/a,beZ}.

Now if2+51,7+1e(Z Ul);
Q+5D)*(7+1) = 202+5D)+3(7+])
= 4+101+21+3I
25+ 131

In generala*b=b*afora,be Z". Now

(7+D)*Q+5) = 2(7+D)+3(2+5)
= 14+ 21+ 6+ 101
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- 20+ 121
Clearly (7 +1) * (2 + 5I) # (2 + 5I) * (7 + ).

Now we define the order of a neutrosophic groupoid and the
neutrosophic subgroupoid.

DEFINITION 5.1.2: Let {(G U 1), *} be a neutrosophic groupoid.
The number of distinct elements in {(G U 1) *} is called the
order of the neutrosophic groupoid. If {(G U 1) *} has infinite
number of elements then we say the neutrosophic groupoid is
infinite. If {(G U 1), *} has only a finite number of elements then
we say {(G 1) *!is a finite neutrosophic groupoid.

The neutrosophic groupoid given in example 5.1.1 is finite
where as the neutrosophic groupoid given in example 5.1.2 is
infinite.

DEFINITION 5.1.3: We say a neutrosophic groupoid {(G U I,
* )V is commutative ifa *b =b *a foralla, b € (G UI)

DEFINITION 5.1.4: Let {(G U 1) *} be a neutrosophic groupoid.
A proper subset P of (G U 1) is said to be a neutrosophic
subgroupoid if (P, *) is a neutrosophic groupoid. (L, *) is a
subgroupoid if L is a subgroupoid and has no neutrosophic
elements in them.

We illustrate this by the following example.

Example 5.1.3: Let (Z,c 0o 1)=1{0,1,2,3,...,9, 21, ...,9], 1
+1L2+1,...,9+09I}; define *on(Zy,wl)bya*b=3a+2b
(mod 10) forall a, b € (Z;, U ).

Let
a = 2+5landb=7+3lL
a*b = [3 (2 +5I)+2 (7 +31)] (mod 10)
= (6 + 151+ 14+ 6I) (mod 10)
1.
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b*a = [3 (7 +31) +2 (2 + 51)] (mod 10)
(21 + 91 + 4 + 101) (mod 10)
41,

Thus {{(G U I), *} is not a commutative neutrosophic groupoid
but it is a finite neutrosophic groupoid.

Take
P

(0,5)v 1)

{5,51,05+ 51}

{5,51,0,5+ 51}

is a neutrosophic subgroupoid. L = (Z,, *) is just a subgroupoid
of (Z1p U I).

Thus in a neutrosophic groupoid we can define two
substructures called subgroupoid and neutrosophic subgroupoid.
Now we see in general in case of finite neutrosophic groupoids
the order of neutrosophic subgroupoid or subgroupoid does not
divide the order of the neutrosophic groupoid.

We just record this important fact. If {(G U I), *} is a
neutrosophic groupoid then it always has a proper subset which
is a subgroupoid.

We just illustrate this by the following example.

Example 5.1.4: Let (Z, 0 1)=1[0,1,2,3, 213, 1 + 21, 1 + 1,
1+3L2+L2+2L2+3L3+1,3+2[3+31].{Z, Ll )isa
neutrosophic groupoid under the operation * where

a*b = 2a+Db (mod 4)i.c.
ifa=3+2[,b=1+2L
a*b = [2(3+2D)+ (1+2D)] (mod 4)
= (6 +41+1+2I) (mod 4)
3+2L

o((Zy 1)) =16.

Let P = {0, 2, 21, 2 + 2I}, P is a neutrosophic subgroupoid
and o(P) / o({Z4 LI )). {0, 2, 2 + 21} = T is a neutrosophic
subgroupoid o (T) X o ((Z4 UI)).

Thus based of these observations we make the following
definitions.
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DEFINITION 5.1.5: Let {(G v 1) *} be a finite neutrosophic
groupoid. If (P, *) is a neutrosophic subgroupoid (subgroupoid)
such that o(P) / o ((G U 1)) then we call P to be a Lagrange
neutrosophic subgroupoid (subgroupoid). If every neutrosophic
subgroupoid or subgroupoid is Lagrange then we call {(G U 1),
*) to be a Lagrange neutrosophic groupoid.

If {(G U 1) *}! has atleast one Lagrange subgroupoid or
Lagrange neutrosophic subgroupoid then we call {(G 1) *} to
be a weakly Lagrange neutrosophic groupoid.

If {(G v I), *} has no Lagrange subgroupoid or Lagrange
neutrosophic subgroupoid then we call {(G U I), *} to be a
Lagrange free neutrosophic groupoid.

We define the notion of Sylow and Cauchy neutrosophic
groupoids.

DEFINITION 5.1.6: Let {(G « 1) *! be a finite neutrosophic
groupoid. An element x € (G U I) with X" = 1 is said to be a
Cauchy element if n / o ((G U 1)). An element y € (G U 1)
with y" = I is said to be a neutrosophic Cauchy element if m /
o((G U1).

In a neutrosophic groupoid if every element which is such
that x" = 1 is a Cauchy element and if y" =1 y € (G Ul )is a
Cauchy neutrosophic element then we call (G U 1) to be a
Cauchy Neutrosophic groupoid. If (G U I) has atleast some
Cauchy neutrosophic element or Cauchy element then (G U 1) is
defined as a weak Cauchy Neutrosophic groupoid. If (G v 1)
has no Cauchy element or Cauchy neutrosophic element then
we call (G U1)to be a Cauchy free neutrosophic groupoid.

(It is important to note we may have elements x in (G U I) with
x* =x or x" = 0 we do not list them in our definition)

Interested reader can construct examples of them for that is not
a difficult task. Now we proceed onto define the notion of p-
Sylow neutrosophic subgroupoid and Sylow neutrosophic
groupoid.
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DEFINITION 5.1.7: Let {(G v 1) *} be a finite neutrosophic
groupoid of order n, suppose P is a prime such that p°/n and
pa+1 Y.

If we have a neutrosophic subgroupoid T of (G U I) such
that T is order p® then we call T to be a p-Sylow neutrosophic
subgroupoid of {(G U 1), *}. If for every prime p such that p®/o
(G U 1) and p™" ¥ o((G U I) we have a neutrosophic
subgroupoid of order p® then we call {(G U 1), *} to be a Sylow
neutrosophic groupoid.

If {(G v 1) *}! has at least one p-Sylow neutrosophic
subgroupoid then we call {(G U 1) *} to be a weak Sylow
neutrosophic groupoid. If for any prime p such that p®/ o(G v
1) and p®' X o(G U I) we don’t have an associated p-Sylow
neutrosophic subgroupoid of order p® then we call {(G U 1), *}
to be a Sylow free neutrosophic groupoid.

We just give some illustrative examples before we proceed
on to define the notion of neutrosophic Bol, Bruck and P-
groupoids.

Example 5.1.5: Let (GU )= {0,1,2,3, 2,3 1 +[,2+1, 1
+30,2+31,2T+1,21+2,3 +1,3 +2I, 3 + 31}, define a binary
operation * on (G U I) by a * b=a + 2b (mod 4) for a, b € (G
v D).

Clearly o({(G v I)) = 16. (G U I) has a neutrosophic
subgroupoid of order 3 given by P = {0, 2, 2I}. It has also
neutrosophic subgroupoid of order 4. Thus {(G u I), *} can
only be a weakly Lagrange neutrosophic groupoid.

We give yet another example.

Example 5.1.6: Let (G U I)=1{0,2,2I,1+1,2+2I, 3+ 3I} be
a neutrosophic groupoid under the binary operation * where a *
b=a+2b (mod 4). Now o(GU L) =6,3/6and 3 X6,2/6
and 2° X 6. We have P = {0, 2I} a neutrosophic subgroupoid of
order 2; for the related table is
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0|21
0[0]0
21| 21| 21

Now consider the subset T = {0, 2, 2I}. T is a neutrosophic
subgroupoid of order 3 given by the following table.

01221
0[0]O0T]O
21212 ]2

21121 21| 21

Thus the neutrosophic groupoid given in this example is a
Sylow neutrosophic groupoid.

But this neutrosophic groupoid is not Lagrange for
consider the set V = {0, 2, 21, 2 + 21} given by the
following table.

0 2 21 | 2+21
0 0 0 0 0
2 2 2 2 2

21 21 2] 21 21
2421 | 2421 | 2+21 | 2+21 | 2421

o(V)=4,4 X 6.

Now we proceed on to define a new notion called super Sylow
neutrosophic groupoids.

DEFINITION 5.1.8: Let (G U 1) be a neutrosophic groupoid of
finite order. Suppose {(G U 1) *! is a Sylow neutrosophic
groupoid and if in addition for all relevant prime p such that
po ((G U 1) and p® X o ((G U 1)) we have a neutrosophic
subgroupoid of order p®" (t > 1 and p*" < 0 ((G U 1)) for
atleast one ‘t’ then we call (G U I) to be a super Sylow
neutrosophic groupoid.
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It is interesting to note that the Sylow neutrosophic groupoid
given in example 5.1.7 is a super Sylow neutrosophic groupoid.
For o((G U I))=6,3*=9> 6 but 2> X 6 by 2° < 6 and we have a
neutrosophic subgroupoid of order 4. Hence the claim. It is still
interesting to note that every super Sylow neutrosophic
groupoid is a Sylow neutrosophic groupoid but a Sylow
neutrosophic groupoid in general need not always be a super
Sylow neutrosophic groupoid.

Now we proceed onto define the notion of Bruck, Bol, Moufang,
alternative and P-groupoids.

DEFINITION 5.1.9: A neutrosophic groupoid {(G 1) *} is said
to be a Moufang neutrosophic groupoid if it satisfies the
Moufang identity (x *y) * (z *x) = (x* (y *z) *x for all x, y, z,
e (G ul)

A neutrosophic groupoid {(G U 1) *} is said to be a Bol
neutrosophic groupoid if {(G U 1), *} satisfies the Bol identity
ie ((x*y) *z) *y=x*(ly *z) *y) forallx, y, z € (G V1)

A neutrosophic groupoid {(G v I) *} is said to be P-
neutrosophic groupoid if (x *y) *x = (x *(y *x) forallx, y €
G ul)

A neutrosophic groupoid (G U 1) is said to a right
alternative neutrosophic groupoid if it satisfies the identity (x *
y) *y=x*@y*y forx,y e (G I) (G UI) is said to be left
alterative neutrosophic groupoid if (x *x) *y =x * (x *y) for
all x, y € (G v 1) A neutrosophic groupoid is alternative if it is
both right and left alternative simultaneously.

Now we proceed on to define neutrosophic left ideal of a
neutrosophic groupoid (G U I).

DEFINITION 5.1.10: Let {(G v 1) *! be a neutrosophic
groupoid. A proper subset H of (G U I) is said to be a
neutrosophic subgroupoid of (G v 1) if (H, *) itself is a
neutrosophic groupoid.
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A non empty subset P of the neutrosophic groupoid (G U 1)
is said to be a left neutrosophic ideal of the neutrosophic

groupoid (G V1) if

i. Pis aneutrosophic subgroupoid.
ii. Forallx e (Gul)anda € P, x *a €P.

One can similarly define right neutrosophic ideal of a
neutrosophic groupoid (G U 1) We say P is a neutrosophic
ideal of the neutrosophic groupoid (G v I) if P is
simultaneously a left and a right neutrosophic ideal of (G U 1),

Now we proceed on to define the notion of neutrosophic normal
subgroupoid of a neutrosophic groupoid (G U I).

DEFINITION 5.1.11: Let (G U 1) be a neutrosophic groupoid. A
neutrosophic subgroupoid V of (G U 1) is said to be a
neutrosophic normal subgroupoid of (G U 1) if

i aV'="Va
ii. (Vx)y =V (xy)
iii. yV)=0x)V

forallx,y,a € (G UI).
A neutrosophic groupoid is said to be neutrosophic simple if
it has no nontrivial neutrosophic normal subgroupoids.

Now we define yet another new notion called neutrosophic
normal groupoids.

DEFINITION 5.1.12: Let (G U I) be a neutrosophic groupoid.
Let H and K be two proper neutrosophic subgroupoids of G
with H N K = ¢ we say H is neutrosophic conjugate with K if
there exists a x € H such that H = xK (or Kx) (or in the
mutually exclusive sense).

We can define direct product of neutrosophic groupoids which
is also a neutrosophic groupoid.
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DEFINITION 5.1.13: Let {(G U 1) *}, {(G V1) %} ..., {({G U
1) *,} be n neutrosophic groupoids *; binary operations defined
on each (G; 1) i=1,2,..., n. The direct product of (G; U 1),
G,1) ..., G, v denoted by (G U1)= (G, 1) xG,U])
x.x G, V1) ={(g, g ., & | g e G ul)l <i <n)},
component wise multiplication of G; makes (G U I) a
neutrosophic groupoid.

Forifg={(g, ..., g)and h = (hy, hy, ..., h,) in (G UI)then
g *h=(g; * h;, @ *%hs, ..., g ¥.h,). Clearly g *h € {(G U1),
*) Thus {(G 1), *} is a neutrosophic groupoid.

The notion of direct product helps in finding neutrosophic
subgroupoids, neutrosophic normal subgroupoids, neutrosophic
ideals and also helps in construction of more and more
neutrosophic groupoids satisfying the above conditions. In fact
one can also relax in the definition of the direct product of
neutrosophic groupoids we can also take some groupoids
instead of neutrosophic groupoids.

Example 5.1.7: Let {(G; U I), *1}, (G, *) and {(G; U I), *3},
be any three groupoids where

(Gul) = {0, 1,2, L2 1 +1, 1 +2L, T+2, 21 + 2}
with *| as a *; b=2a+ 1b (mod 3)).
(Ga, %) = {Z;, witha*b=a+ 5b(mod 12)} and

{Gs U D), *3} {(0,1,2,3, L2L3L 1+, 1 +2,1+3L2
+1,2+2,2+313+1,3+2L,3+3]),a*;
b=2a+b (mod4)}.

Let

UG U, *} =(GU ) x {Gy} x(G3U )= {(g1, 22, )| g € G
or (GiuUT), 1 <i<3}.

Let X = (x1, X2, X3) and Y = (y1, y2, y3) € {G U D), *}.
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Define
X*Y = (X1, X2, X3) * (Y1, Y2, ¥3)

= {x1 *1y1), (X2 *2y2), (X3 *3y3)}
= {2x1 +y1 (mod 3), X, + Sy, (mod 12), 2x5 +y;

(mod 4)}.
ie ifx=(,5 1+3)andy=(2+2I,7,3I)

x*y = T*,2+2L,5%,7, 1+ 31%;3])

= [(2T +2 + 2T) mod 3, (5 + 5.7 (mod 12)
(2 (1 +31) + 31) (mod 4)]
= I+2,4,2+1) € (GUD).

In neutrosophic groupoids we can have either left inverse or left
identity, left zero divisor and so on [Likewise right inverse,
right identity, right zero divisor and so on]. To define inverse
right (left) we need the notion of neutrosophic groupoids with
right (left) identity.

DEFINITION 5.1.14: Let {(G v 1) *! be a neutrosophic
groupoid, we say an element e € (G U1)is a left identity if e * a
=aforall a € (G V1) similarly right identity of a neutrosophic
groupoid can be defined. If e happens to be simultaneously both
right and left identity we say the neutrosophic groupoid has an
identity.

Similarly we can say an element 0 #a € (G U 1) has a right
zero divisor if a * b = 0 for some b #0in (G 1) and a; in (G
U 1) has left zero divisor if b; * a; = 0 (both a; and b; are
different from zero). We say (G U 1) has zero divisor ifa *b = 0
andb *a=0fora, b e (G UI)\{0).

Now we proceed on to define the notion of centre of the
neutrosophic groupoid (G U I).

DEFINITION 5.1.15: Let {(G v I) *! be a neutrosophic

groupoid, the neutrosophic centre of the groupoid (G U 1) is
C(Gul)=f{aeGul)}la*x=x*aforallx € (G UI).
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Now we proceed on to define the notion of conjugate pair in a
neutrosophic groupoid.

DEFINITION 5.1.16: Let {(G v 1) *} be a neutrosophic
groupoid of order n. (n < o). We say a, b € (G Ul)is a
conjugate pair if a = b * x (or x * b for some x € (G U1))
and b =a *y (ory *a for somey € (G U1)). An element a
in (G U1)is said to be right conjugate with b in (G U 1) if
we can find x, y € (G U1)such thata *x =band b *y =
a(x*a=bandy *b=a).

5.2 Neutrosophic Bigroupoids and their generalizations

In this section we proceed on to define the new notion
neutrosophic  bigroupoids, neutrosophic N-groupoids and
analyze some of its properties. All semigroups are groupoids i.e.,
the class of semigroups are contained in the class of groupoids.
Likewise we can say the class of bisemigroups is contained in
the class bigroupoids we just define and indicate how the
definitions and other results can be extended in case of
bigroupoid from bisemigroups.

DEFINITION 5.2.1: Let (BN(G), * o) be a non empty set with
two binary operations * and o. (BN(G), * o) is said to be a
neutrosophic bigroupoid if

BN(G) = G; U G, where at least one of (G, *) or (G, 0) is
a neutrosophic groupoid and other is just a groupoid. G; and
G are proper subsets of BN(G); i.e., G; &£ G..

Now we illustrate this by an example.

Example 5.2.1: Let (BN(G), *, 0) be a neutrosophic bigroupoid
with BN(G) = G; U G; where

G,

{(ZioUT)|a*b=2a+3b(mod 10); a,b e (Z U D}
and
G, = {Z;3/a*b=23a+10b(mod 13);a,b € Z3}.
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BN(G) is a neutrosophic bigroupoid. If both (Gy, *) and (G,, *)
are neutrosophic groupoids in the above definition then we call
BN(G) a strong neutrosophic bigroupoid.

It is easily verified that all neutrosophic strong bigroupoids
are neutrosophic bigroupoids but not conversely.

Now we proceed to give an example of a strong neutrosophic
bigroupoid.

Example 5.2.2: Let (BN(G), *, 0) be a non-empty set such that
BNG)={(Zu D) u(Z,ul)=G UGy, * o where (Z U I),
*) is a neutrosophic groupoid defined by a * b = 5a + 2b for all a,
b € (Z U I)} and {{Z,, U I), o is a neutrosophic groupoid given
byaob=28a+4b (mod 12) forall a,b € (Z, U I)}. BIN(G)) is
a strong neutrosophic bigroupoid.

As in case of neutrosophic bisemigroups we can define the
notion of neutrosophic sub-bigroupoid and sub-bigroupoid in
case of neutrosophic bigroupoids. In case of strong neutrosophic
bigroupoids, we can define 3 sub-structures viz.

1. Strong neutrosophic sub-bigroupoids.
2. Neutrosophic sub-bigroupoids and
3. Sub-bigroupoids

This is a simple exercise left for the reader.

Now we can define as in the case of neutrosophic bisemigroups
biideals in neutrosophic bigroupoids. Here it has become
important to mention that in case of strong neutrosophic
bigroupoid we can have only strong neutrosophic biideal. Also,
for any neutrosophic bigroupoid we can have only neutrosophic
biideal. Thus a strong neutrosophic bigroupoid cannot have
neutrosophic biideal or just biideal. Likewise a neutrosophic
bigroupoid cannot have strong neutrosophic biideal or a biideal.
This is the marked difference between the biideals and
subbigroupoids in neutrosophic bigroupoids.
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We just illustrate these situations by the following example.

Example 5.2.3: Let BN(G) = {G; U Gy, *, *,} where

G, = {{Z;; U I) aneutrosophic groupoid defined by *; as a *,
b=8a+4b (mod 12) forall a, b € (Z;, w I) and

G, = {(a,b)/ a,b e (Zy U I)}. Component wise multiplication
ie., (a,b) *;(a’,b’)=(3a+a’(mod 4), (3b +b’) mod 4)
{(a*,a’,b*,b’) wherea *;, a’ =3a +a’ (mod 4).

Let

P, = {0, 6, 61} — G, is a neutrosophic ideal of G;.

P, = {2, 2I)} < G, be the neutrosophic ideal generated by

(2, 2D)).
Clearly P, U P, is a strong neutrosophic biideal of BN(G).

The notion of strong neutrosophic maximal bi-ideal, strong
neutrosophic minimal biideal, strong neutrosophic quasi
maximal biideal, strong neutrosophic quasi minimal biideal can
be defined in case of strong neutrosophic bigroupoids. Likewise,
neutrosophic maximal biideal, neutrosophic minimal biideal,
neutrosophic quasi maximal biideal and neutrosophic quasi
minimal biideal can be defined in case of neutrosophic
bigroupoids.

Now we proceed on to define the notion of neutrosophic N-
groupoids.

DEFINITION 5.2.2: Let N(G) = {G, v G, U ... UGy, %, ...,
*} be a non-empty set with N-binary operations, N(G) is called
a neutrosophic N-groupoid if some of the G;’s are neutrosophic
groupoids and some of them are neutrosophic semigroups and
N(G) = G; UGy U... UGy is the union of the proper subsets of
N(G).

It is important to note that a G; is either a neutrosophic
groupoid or a neutrosophic semigroup. We call a neutrosophic
N-groupoid to be a weak neutrosophic N-groupoid if in the
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union N(G) = G, U G, U ... U Gy some of the G;’s are
neutrosophic groupoids, some of the G;’s are neutrosophic
semigroups and some of the G;’s are groupoids or semigroups
‘or’ not used in the mutually exclusive sense. The order of the
neutrosophic N-groupoids are defined as that of N-groupoids.
Further we call a neutrosophic N-groupoid to be commutative if
each (G, *;) is commutative fori =1, 2, ..., N.

Let ( GUD={G UG UG U..UGy*,.. *} bea
neutrosophic N-groupoid a proper subset P of (G U 1) is called a
neutrosophic sub-N-groupoid if P itself under the N-operations
of (G U I) is a neutrosophic N-groupoid. We can as in the case
of N-groupoids define other sub N-structures like Lagrange
neutrosophic sub N-groupoids, p-Sylow neutrosophic sub N-
groupoid, neutrosophic normal sub N-groupoid, and conditions
when are two neutrosophic sub N-groupoids N-conjugate and so
on. We now just define the new notion of N-quasi loop.

DEFINITION 5.2.3: Let (G 1) ={G;, VG, UG; U ... UGy, ¥,
..., ¥n} be a non-empty set with N-binary operations. We call (G
v 1) a neutrosophic N-quasi loop if at least one of the (G, *;)
are neutrosophic loops. So a neutrosophic sub-N-quasiloop will
demand one of the subsets P; contained G; to be a neutrosophic
subloop.

All properties pertaining to the sub-structures can be derived as
in the case of neutrosophic N-groupoids. We define N-quasi
semigroups.

DEFINITION 5.2.4: Let (G U 1)= {G; UG, UG; U... UGy, %,
oo, ¥y} be a non-empty set with N-binary operations with each
G; a proper subset of (G v 1) i=1 2, .. N (GuUl)isa
neutrosophic N-quasi semigroup if some of the (G, * ) are
neutrosophic loops and the rest are neutrosophic semigroups.

Note: We do not have in the collection any neutrosophic
groupoid or groupoid. Likewise we define neutrosophic N-quasi
groupoid as a non-empty set with N-binary operations *y, ..., *x
on Gl, Gz, ceey GN where <G o I) = {Gl Y GZ U G3 U ..o Y GN,
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*1, ..., *nb where (G;, *;) are either neutrosophic groups or
neutrosophic groupoid or used in the mutually exclusive sense.

Further each G; is a proper subset of (GU I),i=1,2, ..., N.
Now all notions defined for neutrosophic N-loops can be easily
extended to the class of neutrosophic groupoids.

Interested reader can work in this direction. To help the
reader in chapter 7 if this book 25 problems are suggested only
on neutrosophic groupoids and neutrosophic N-groupoids. All
identities studied in case of neutrosophic loops and neutrosophic
N-loops can also be defined and analyzed in case of
neutrosophic groupoids.
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Chapter Six

MIXED NEUTROSOPHIC STRUCTURES

Here in this chapter we define the notion of mixed neutrosophic
structures and their dual and illustrate it with examples. We give
only hints for definition for it can be done as a matter of routine.

Further these mixed structures will have applications when
the domain values are taken from different algebraic structures.
We give examples of them so that it makes the reader
understand the concept easily. This chapter has only one section.

DEFINITION 6.1.1: Let {(M U 1)=M; UM, U ... UMy, *, ...,
*4 (N 25) we call (M 1) a mixed neutrosophic N-structure if

i MoUl)=M, oM, U... UMy each M; is a proper

subset of (M 1)

ii. Some of (M, *;) are neutrosophic groups.

iii. Some of (M, *;) are neutrosophic loops.

iv. Some of (M, *) are neutrosophic groupoids.

V. Some of (M,, *.) are neutrosophic semigroups.

Vi. Rest of (M, *;) can be loops or groups or semigroups
or groupoids. (‘or’ not used in the mutually exclusive
sense

(From this the assumption N > 5 is clear).

Example 6.1.1: Let M U I) = {M; UM, U M3 U My U M5 U
Mﬁa *15 *23 *35 *4, *55 *6} Where
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My, *)) = (Ls(3) v ) aneutrosophic loop.

My, *;) = (Z U I) under addition, a neutrosophic group.

M, *3) = (Zyy v I), Z;p semigroup under multiplication
modulo 10.

(M4, *4) = <26 o I> = {O, 1, 2, 3, 4, 5,1, 21, 31, 41, 51/a *4 b
=(2a+ 3b) (mod 6)}.

M; = S, a group.

M, = Zg, semigroup under multiplication modulo 8.

(M v I) is a mixed neutrosophic 6-structure.
Now we define the mixed dual neutrosophic N-structure.

DEFINITION 6.1.2: {(D «v1I)=D; UD, U ... UDy, *, %, ..,
*, N 25 be a non empty set on which is defined N-binary
operations. We say (D U 1) is a mixed dual neutrosophic N-
structure if the following conditions are satisfied.

i D vl)=D;, uD, U .. U Dywhere each D; is a
proper subset of (D 1)

ii. For some i, (D,, *) are groups

iil. For some j, (D;, *,) are loops

iv. For some k, (Dy, *) are semigroups

V. For some t, (D, *) are groupoids.

Vi. The rest of (D,, *,) are neutrosophic groupoids or

neutrosophic groups or neutrosophic loops or
neutrosophic semigroup ‘or’ not used in the mutually
exclusive sense.

We illustrate this by the following example.

Example 6.1.2: Let {(D UI)=D, U D, UD;uUDsuU Ds, *|, *,,
*3, >X<4, *5} where D1 = L5 (2), D2 = A4, D3 = S(3), D4 = {ZIO such
that a *, b=2a+ 3b (mod 10)} and Ds=(L,; Q) u ). (DU ) is

a mixed dual neutrosophic 5-structure.

Now we proceed on to define weak mixed neutrosophic N-
structure.
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DEFINITION 6.1.3: Let (W V1) ={W, UW, U ... UWy, *, %,

*} be a non empty set with N-binary operatlons * e N
(W 1) is said to be a weak mixed neutrosophic structure, if the
following conditions are true.

i WwWol)=WwW, UW, U... UWyis such that each W, is

a proper subset of (W 1),

ii. Some of (W, *) are neutrosophic groups or
neutrosophic loops.

iii. Some of (W, *) are neutrosophic groupoids or
neutrosophic semigroups

iv. Rest of (W), *) are groups or loops or groupoids or

semigroups. i.e. In the collection {W;, *;} all the 4
algebraic neutrosophic structures may not be present.

At most 3 algebraic neutrosophic structures are present and
atleast 2 algebraic neutrosophic structures are present. Rest
being non neutrosophic algebraic structures.

We just illustrate this by the following example.

Example 6.1.3: Let (W U )= {W, U W, U W3 U W,U Ws, *,
*5, *3, %4, *s} where

W, = (Ls3)ul),

W, = {{Zy; v 1) semigroup under multiplication modulo
12},

W; = Ss,

W, = S (5) and

Ws = {Zs|a *sb=2a+4b (mod 6}.

(W U I) is a weakly mixed neutrosophic 5-structure.
We can define dual of weakly mixed neutrosophic N-structure.

DEFINITION 6.1.4: Let {(V v 1)=V, UV, U ... UVy *, ...,
*Nt be a non empty set with N-binary operations. We say (V v
1) is a weak mixed dual neutrosophic N-structure if the
following conditions are true.
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i WV uoul)=V, oV, u..u Vyis such that each V; is a

proper subset of (V 1)
ii. Some of (V;, *,) are loops or groups
iii. Some of (V;, *) are groupoids or semigroups
iv. Rest of the (Vi, *) are neutrosophic loops or

neutrosophic groups or neutrosophic groupoids or
neutrosophic semigroups.

Example 6.1.4: Let {{V UL)=V, UV, U V; UV, *, %, *;
*4} where V=1, (3), V, = S3. Vi = S(S) and V4= {<L15 (8) |\
I)}. Clearly (V U 1) is a weakly mixed neutrosophic 4-algebraic
structure.

We define order of the mixed neutrosophic N-structure (M U I)
as the number of distinct elements in (M U I).

Now we define sub N-structure for one class clearly it can
be done to all other structures with appropriate modifications.

DEFINITION 6.1.5: Let {(M w1)=M; UM, U ... UMy, *;,...,
*N where (M U 1) is a mixed neutrosophic N-algebraic
structure. We say a proper subset {(P “1)=P;, UP, U ... UPy,
*, ., N} IS @ mixed neutrosophic sub N-structure if (P U 1)
under the operations of (M U 1) is a mixed neutrosophic N-
algebraic structure.

We illustrate them by the following examples.

Example 6.1.5: Let {M U )=M; UM, UM; U MyU M;s U
Me, *1, *5, *35, ¥4, *s, *s} be a mixed neutrosophic 6-structure,
where

M, = (Ls3)ul,

M, = {2l 1, 2 multiplication modulo 3},

M; = {Zs v I); neutrosophic semigroup under
multiplication modulo 6},

M, = {0,1,2,3,1,21,3],a*b(2a+b) mod 4},

M5 = S3 and
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M¢ = {Zi, semigroup under multiplication modulo 10}.

Take <W |\ I> = {Wl U WU WU WU Ws U Wé, *1, *2, *3,
*4, *s, ¥} Where

W, = {el, 21, e, 2},
W2 = {L 1}5

W; = {0, 3, 31},

W, = {0,2,21},

W5 = {Ag,} and

Ws = {0,2,4,6,8).

Clearly W is a mixed neutrosophic sub N-structure.

It is important to note that a mixed neutrosophic N-structure can
have weak mixed neutrosophic sub N-structure. But a weak
mixed neutrosophic sub N-structure cannot in general have a
mixed neutrosophic sub N structure.

Example 6.1.6: Let {W Ul)=W;, UW,U W;UW,U W5 U

Ws, *1, ..., *n} be a mixed neutrosophic 6-structure, where

W, = (Ls3)ul)

W, = {1,2,L2I},

W; = {Z¢s v I); Z¢ U I semigroup under multiplication
modulo 6},

Wy = {((ZsuI),a*sb=2a+6b(mod )}

Ws = {g|g'=1}and

Ws = {Ss}.

(W U I) is a mixed neutrosophic 6-structure.

Take {Tu =T, UT,UT;UTsUTsU Te} where T, =
{e, el, 3, 31}, T, = {1, 2}, T; = {0, 3, 3, I}, Ty = {Zs}, T5s = {1,
g’} and T = {As}, (T U I) is a weak mixed neutrosophic sub 6-
structure which is not a mixed neutrosophic substructure.

Now we proceed on to define weak mixed deficit neutrosophic
sub N-structures.
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DEFINITION 6.1.6: Let (W UI)={W, UW, U ... UWy, *, *,,
v, ¥y} be a mixed neutrosophic N-structure. We call a finite
non empty subset P of (WU 1) to be a weak mixed deficit
neutrosophic sub N-structure if P = {P, VP, U ... UP, *, ...,
*h1<t<NwithP;=PNL, 1 <i<tandl <k <N and some
P;’s are neutrosophic groups or neutrosophic loops some of the
P;’s are neutrosophic groupoids or neutrosophic semigroups
and rest of the Py’s are groups or loops or groupoids or
semigroups.

Example 6.1.7: Let M U I) = {M; U M, U ...U Mg, *,..., *¢}
where

M = {LsB)u D},

M, = {{Z¢w I), semigroup under multiplication modulo 6},

M; = {1, 2, 3, 4, I, 21, 31, 41, neutrosophic group under
multiplication modulo 5},

M, = {0,1,2,3,1,2I, 31 neutrosophic groupoid with binary
operation *, such that a *, b (3a + 2b) (mod 4)},

Ms = Z1», group under ‘+’ and

Mg =  {Z4, semigroup under multiplication modulo 6}.

Take P =P, U P, U P; U P, U Ps where P, = {e, el, 2, 21}, P, =
{3, 31}, P; = {1, 2, 3, 4}, P4y = {0, 2, 2I}, Ps = {0, 2} < Mq,.
Clearly P is a weak deficit mixed neutrosophic sub 6-stucture of
MuUL

Now we just hint how to define Lagrange substructures.

DEFINITION 6.1.7: Let M v 1) = {M; UM, U ...UMy, *;, ...,
*Nf be a mixed neutrosophic N-structure of finite order. A
proper subset P of (M < 1) which is neutrosophic sub N-
structure is said to be Lagrange if o(P) / o((M U 1)). If every
mixed neutrosophic sub N-structure is Lagrange then we call
(M 1) to be a Lagrange mixed neutrosophic N-structure.
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If (M U I) has no Lagrange mixed neutrosophic structure

then we call (M U I) to be a free Lagrange neutrosophic N-
structure.

Now on similar lines we define Lagrange weak deficit mixed
neutrosophic sub N structure and Lagrange weak deficit mixed
neutrosophic N-structure.

DEFINITION 6.1.8: Let {M U1)=M; UM, U ...UMy, *,...,
*} be a mixed neutrosophic N-structure of finite order. We call
a proper subset P = {P; VP, U...UP, 1 <t <N} which is weak
mixed neutrosophic sub N-structure to be Lagrange if o(P) /
oM uUI)

If every proper subset of P which is a weak mixed
neutrosophic sub N-structure is Lagrange then we call M U1 to
be a Lagrange mixed weak neutrosophic N-structure. If (M 1)
has atleast one Lagrange mixed weak neutrosophic sub N-
structure then we call (M U 1) to be a weak Lagrange mixed
weak neutrosophic N-structure. If (M U I) has no Lagrange
mixed weak neutrosophic sub N-structure then we call (M U 1)
to be a Lagrange free mixed weak neutrosophic N-structure.

Now on similar lines we define the notion of Lagrange, weak
Lagrange and Lagrange free in case of weak mixed deficit
neutrosophic N-structure. Thus this work is left as an exercise
for the reader! One can easily construct examples of these. Now
we define Sylow structure for the mixed neutrosophic N-
structure as follows.

DEFINITION 6.1.9: Let {(M U1)=M; UM, U ... UMy, *, ...,
*v¢ be a mixed neutrosophic N-structure of finite order. Let p be
a prime such that p* / o((MU 1)) and p®™' X o(MUI). If (M U
1) has a subset P which is a mixed neutrosophic substructure of
order p“ then we call P a p-Sylow mixed neutrosophic sub N-
Structure.
If for every prime p, with p® / o((MM < 1)) and p®' X

o(M v 1) we have a p-Sylow mixed neutrosophic sub N-
structure then we call (M U I) to be Sylow mixed neutrosophic
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N-structure. If (M 1) has atleast one p-Sylow mixed
neutrosophic sub N-structure then we call (M U 1) to be a weak
Sylow mixed neutrosophic N-structure. If (M < I) has no p-
Sylow mixed neutrosophic sub N-structure then we call (M 1)
to be a Sylow free mixed neutrosophic N-structure.

On similar lines we can define Sylow mixed weak neutrosophic
N-structure, weak Sylow mixed weak neutrosophic N-structure
and Sylow free mixed weak neutrosophic N-structure. In the
same way Sylow deficit mixed neutrosophic N-structure and so
on can be defined.

We just define the notion of Cauchy neutrosophic element
and Cauchy element of a mixed neutrosophic N-structure.

DEFINITION 6.1.10: Let (M U 1I)={M;, UM, U ... UMy, *,...,
*} be a mixed neutrosophic N-structure of finite order. We say
an element x € (M U 1) is a Cauchy element if X" = 1 and n /
oM V1) Ify e M v I)withy" =1and m/o((M 1)) then
we call y a Cauchy neutrosophic element of (M U 1),

Several interesting properties as in case of other neutrosophic

N-structures can be derived for mixed neutrosophic N-structure
also.
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Chapter Seven

PROBLEMS

In this chapter some problems about the neutrosophic structures
and their neutrosophic N-structures (N > 2) are given. It has
become essential to mention here that in this book lots about
neutrosophic semigroup and neutrosophic loops and their
generalizations have been dealt with; we have restrained
ourselves from elaborately dealing with neutrosophic groupoids.
Further as the class of groupoids contains the class of
semigroups an associative structure and also it contains the class
of loops we have given a very few definitions about
neutrosophic groupoids and their generalization. As our main
motivation is to make the reader do problems about
neutrosophic groupoids and their generalizations, we have given
nearly 25 problems.

We wish to state here throughout the text we have given
problems then and there in the text for the reader. Most of them
are simple exercises.

Can one extend biorder to N-order in case of a neutrosophic
N-group?

Define N-centre of a neutrosophic N-order and illustrate
with examples.

Construct a neutrosophic 4-group isomorphism ¢ from (G U
I) toitself where (GU I) = {Ay U {1,2, 1 +1,1+2[, 2 +1,
2042, 1,210} u(g/ g =e) U {1,2,3,4,1,21, 31 41}} for
which Ker ¢ is a non trivial sub-4-group.
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10.

11.

12.

i.  Does the neutrosophic 4-group given in problem (3)
have anti Cauchy elements?
ii.  Isitasemi Cauchy neutrosophic 4-group?
iii.  Isita weakly Cauchy neutrosophic 4-group?
iv.  Does it have Cauchy neutrosophic elements?
v.  Does it have Lagrange sub 4 group?
vi.  Does it have p-Sylow sub 4-group?

Is (G U I) given in problem 3, page 195 a Sylow
neutrosophic 4-group? Justify your claim.

Can(GuD={0,1,2, 1 +L,2+L2I+1,21+2,1, 21} U
{S4}u{D,s}} have normal neutrosophic 3-groups? Find its
neutrosophic sub-3 groups? Is this 3-group super Sylow?
Justify your claim?

Give an example of a neutrosophic 3-group having a (2, 7,
5) Sylow neutrosophic sub-3-group.

Give an example of a neutrosophic 4-group having a (3, 5, 7,
11)-Sylow sub-4-group.

Find the means to find the number of (py, ..., pn)- Sylow
neutrosophic sub N-group of a neutrosophic N-group ((G U
D=(GuUDu(Gul) u... U{(GyUI),*, ..., *\).

Prove or disprove (pi, ..., pn)-Sylow neutrosophic sub N-
groups are conjugate?

Find a necessary and sufficient condition for any two (py, ...,
pn)- Sylow neutrosophic sub N-groups to be conjugate?

Does their exists a (2, 2, 2, 2, 2) - Sylow sub neutrosophic
5-group?
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

When does the order of every neutrosophic subgroup P of
N(G) divide the order of the finite neutrosophic group
N(G)? Characteristic them!

When does the order of every pseudo neutrosophic (sub)
group L of N(G) divide the order of the finite neutrosophic
group N(G)? Characterize them.

Can conditions be put on N(G) or its neutrosophic subgroup
(or pseudo neutrosophic subgroup)so that the partition of (G
U I) is possible by right or left cosets?

Give examples of neutrosophic Moufang biloops.

Does their exist a Cauchy neutrosophic biloop which is
Bruck?

Define the following:
i.  S-neutrosophic Bruck biloop
ii.  S-neutrosophic Bol biloop
iii.  S-neutrosophic WIP-biloop
1v. S-neutrosophic Alternative biloop,

by giving examples of each.

Define a neutrosophic normal sub N-loop. Give examples of
them.

Define neutrosophic simple N-loop. Give examples.
Is <L U I> = {Ll U LZ Y L3, *1, *2, *3} where L1 = <L5(3) Y
I), L,=S; and Ly= (g | g®= 1); a neutrosophic simple 3-

loop? Justify your answer.

Define Lagrange (N — t) deficit neutrosophic sub-N-group;
illustrate this with examples.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Define Sylow (N — t) deficit neutrosophic sub N-group and
give examples.

Define Lagrange (N — t) deficit neutrosophic sub N-
groupoid. Give examples of them.

Define Lagrange (N — t) deficit neutrosophic sub N-
semigroup. Give some examples.

Find all the (5§ —t), t < 5, Lagrange deficit neutrosophic 5
subloops of the neutrosophic 5-loop. (L U I) = (L v Ly, U
L; UL,ulLs, *1, *2, *3, *4) where L= <L5(3) ) I>, L,=
<L7(4) ) I> ,Lz= S3, Ls=A4 and Ls;=D,7.

For the problem (26) find all Sylow (5 — t), (t < 5) deficit
neutrosophic 5-sub-loops.

Define deficit Cauchy and deficit Cauchy neutrosophic
elements of a finite neutrosophic N-Loop.

Does their exist a class of neutrosophic groupoids which are
inner commutative?

Define neutrosophic Moufang groupoids?

Is the groupoid {(Z; U I)|a * b=3a+ 4b (mod 7),a,b €
(Z7 V I)} aneutrosophic Moufang groupoid?

Define the following and illustrate them with examples.

i.  neutrosophic P-groupoid
ii.  neutrosophic Bol groupoid
iii.  neutrosophic WIP-groupoid
iv.  neutrosophic alternative groupoid.

Does the neutrosophic groupoid N(G) = {{(Z, W) |a*b=

2a + 4b (mod 12) for a, b € (Z;, U I)} fall under any one of
the following four classes given in the above problem?
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

Give an example of neutrosophic bigroupoid which is
Moufang.

Define a left (right) alternative neutrosophic bigroupoid and
give an example of neutrosophic bigroupoid not alternative

but only left (or right) alternative.

Does their exists a neutrosophic bigroupoid which is both
WIP and Moufang? Justify your claim!

Give an example of Lagrange neutrosophic bigroupoid.
Give an example of Sylow neutrosophic bigroupoid.

Does their exist a Sylow neutrosophic bigroupoid which is
not a Lagrange neutrosophic bigroupoid. Justify your
answer!

Can one say their can be a relation between Sylow
neutrosophic bigroupoid and Lagrange neutrosophic

bigroupoid?

Give an example of a weak Lagrange neutrosophic
bigroupoid.

Prove all neutrosophic bigroupoids of prime order are
Lagrange free and Sylow free neutrosophic bigroupoids.

Define Cauchy elements and Cauchy neutrosophic elements
in a finite neutrosophic bigroupoid. Illustrate with examples.

Define neutrosophic biideals in a neutrosophic bigroupoid.

Does the strong neutrosophic bigroupoid have just
neutrosophic biideals; justify your claim.

Define neutrosophic N-groupoids which are

i.  Lagrange neutrosophic N-groupoids
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47.

48.

49.

50.

51.

52.

53.

ii.  Weak Lagrange neutrosophic N-groupoids
iii.  Lagrange free neutrosophic N-groupoids

give examples of each.

Define neutrosophic normal sub N-groupoid of a
neutrosophic N-groupoid. Give an example of each of the

1. neutrosophic N-groupoid having a neutrosophic
normal sub N-groupoid.

ii.  neutrosophic  N-groupoid  which has no
neutrosophic normal sub N-groupoid. (i.e., simple
neutrosophic N-groupoid)

Give an example of finite neutrosophic N-groupoid which is
Lagrange.

Give an example of finite neutrosophic N groupoid of
composite order which has no Cauchy element or Cauchy

free element.

Define neutrosophic N-ideals in a neutrosophic N-groupoid
and illustrate with examples.

Give an example of a (3, 7, 2, 3, 5) - Sylow neutrosophic
sub 5 groupoid of a 5-groupoid.

Define (N — t) deficit neutrosophic sub N groupoid and
illustrate it with examples.

Give an example of (9 — 3) deficit neutrosophic sub 9
groupoid.
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A

Alternative loop, 15

Anti Cauchy element of a neutrosophic loop, 118

Anti Cauchy element of a neutrosophic N-group, 76
Anti-Cauchy element of a neutrosophic loop, 132-3
Anti-Cauchy element of a neutrosophic N-loop, 157-8
Anti-Cauchy neutrosophic element of neutrosophic loop, 132-3
Associator, 13-4

B

Bol groupoid, 25

Bol loop, 15

Bruck loop, 15

Bruck neutrosophic N-loop, 159
Bruck N-loop, 23

C

Cauchy element of a neutrosophic group, 45

Cauchy element in a neutrosophic bigroup, 57-8, 64-5
Cauchy element of a neutrosophic biloop, 137-8
Cauchy element of a neutrosophic loop, 118, 132-3
Cauchy element of a neutrosophic N-group, 76
Cauchy element of a neutrosophic N-loop, 157-8
Cauchy free neutrosophic bigroup, 57-8

Cauchy free neutrosophic bisemigroup, 96

Cauchy free neutrosophic groupoid, 175

Cauchy free neutrosophic loop, 118
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Cauchy free neutrosophic N-loop, 158

Cauchy free strong neutrosophic bigroup, 64-5

Cauchy free strong neutrosophic N-group, 76-7

Cauchy neutrosophic bigroup, 57-8

Cauchy neutrosophic biloop, 137-8

Cauchy neutrosophic bisemigroup, 96

Cauchy neutrosophic element in a neutrosophic bigroup, 57-8
Cauchy neutrosophic element in a neutrosophic strong bigroup, 64
Cauchy neutrosophic element of a neutrosophic biloop, 137-8
Cauchy neutrosophic element of a neutrosophic group, 45
Cauchy neutrosophic element of a neutrosophic groupoid, 175
Cauchy neutrosophic element of a neutrosophic loop, 118, 132-3
Cauchy neutrosophic element of a neutrosophic N-group, 76-7
Cauchy neutrosophic groupoid, 175

Cauchy neutrosophic loop, 132-3

Cauchy neutrosophic group, 45-6

Cauchy neutrosophic N-group, 73

Cauchy strong neutrosophic bigroup, 64-5

Cauchy strong neutrosophic N-group, 76-7

Cauchy strong neutrosophic N-loop, 165-6

Cauchy theorem, 9

Cayley theorem, 9

Center of a neutrosophic group, 51

Commutative neutrosophic group, 48-9

Commutative neutrosophic groupoid, 173

Commutative neutrosophic loop, 116

Commutative neutrosophic N-groupoid, 185

Commutative N-group semigroup, 32-3

Commutative N-loop groupoid, 34

Commutative strong neutrosophic bigroup, 59, 61
Commutator subloop, 13

Conjugate neutrosophic subbigroups, 57-8

Conjugate neutrosophic subbisemigroups, 98, 112

Conjugate pair in a groupoid, 27, 182

Conjugate subgroupoids, 27

D

Diassociative loop, 15
Direct product of a neutrosophic group, 51
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Direct product of groupoids, 27
Direct product of neutrosophic groupoids, 179-180

F

Finite neutrosophic bigroup, 53-4

Finite neutrosophic bisemigroup, 94

Finite neutrosophic groupoid, 173

Finite strong neutrosophic N-group, 69

Free Sylow neutrosophic bigroup, 57

Free Sylow pseudo neutrosophic group, 46-7

G

G-N-loop, 24-5

I

Idempotent groupoid, 26

Idempotents in a neutrosophic N-semigroup, 108
Indeterminate, 39

Infinite neutrosophic bigroup, 53-4

Infinite neutrosophic bisemigroup, 94

Infinite N-groupoid, 30

Inner commutative N-loop, 22-3

L

Lagrange free mixed weak neutrosophic N-structure, 193
Lagrange free neutrosophic biloop, 135-6

Lagrange free neutrosophic bisemigroup, 94-5

Lagrange free neutrosophic group, 43-4

Lagrange free neutrosophic groupoid, 175

Lagrange free neutrosophic loop, 117, 131

Lagrange free neutrosophic N-group, 71-2

Lagrange free neutrosophic N-loop, 155

Lagrange free neutrosophic subbigroup, 56
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Lagrange free strong neutrosophic bigroup, 63-4
Lagrange free strong neutrosophic N-group, 71-2
Lagrange free strong neutrosophic N-loop, 163
Lagrange mixed neutrosophic N-structure, 192-3
Lagrange mixed neutrosophic sub N-structure, 192-3
Lagrange neutrosophic (N — t) deficit N-loop, 168-9
Lagrange neutrosophic (N — t) deficit sub N-loop, 168-9
Lagrange neutrosophic bigroup, 56

Lagrange neutrosophic biloop, 135-6

Lagrange neutrosophic bisemigroup, 94-5

Lagrange neutrosophic group, 43-4

Lagrange neutrosophic groupoid, 175

Lagrange neutrosophic loop, 117, 131

Lagrange neutrosophic N-loop, 155

Lagrange neutrosophic sub N-group, 71-2

Lagrange neutrosophic sub N-loop, 155

Lagrange neutrosophic subbigroup, 56

Lagrange neutrosophic subbiloop, 135-6

Lagrange neutrosophic subbisemigroup, 94-5
Lagrange neutrosophic subgroup, 43-4

Lagrange neutrosophic subgroupoid, 175

Lagrange neutrosophic subloop, 117, 131

Lagrange N-groupoid, 30

Lagrange N-loop groupoid, 35

Lagrange strong neutrosophic bigroup, 63-4
Lagrange strong neutrosophic N-group, 71-2
Lagrange strong neutrosophic N-loop, 163
Lagrange strong neutrosophic sub N-group, 71-2
Lagrange strong neutrosophic sub N-loop, 163
Lagrange strong neutrosophic subbigroup, 63-4
Lagrange theorem, 8

Lagrange weak mixed neutrosophic sub N-structure, 193
Left alternative loop, 15

Left coset of neutrosophic subgroup, 48

Left ideal of a groupoid, 27

Left identity in a groupoid, 27

Left zero-divisor in a groupoid, 27
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M

Mixed dual neutrosophic N-structure, 188
Mixed N-algebraic structure, 7, 32
Mixed neutrosophic N-structure, 187-8
Mixed neutrosophic sub N-structure, 190
Moufang center, 14

Moufang groupoid, 25

Moufang loop, 15

Moufang N-centre, 23

Moufang neutrosophic groupoid, 178
Moufang neutrosophic N-loop, 159, 166
Moufang N-loop groupoid, 35

Moufang N-loop, 22-23

N

N-ary idempotent, 108

N-ary invertible elements, 111

N-ary zero divisor, 109

N-centre in N-groupoids, 31-2
N-commutator, 24

N-conjugate groupoids, 31

Neutrosophic (N — t) deficit N-subloop, 167
Neutrosophic alternative biloop, 145
Neutrosophic alternative groupoid, 178
Neutrosophic alternative loop, 126
Neutrosophic alternative N-loop, 159
Neutrosophic bicentre of a bigroup, 58
Neutrosophic bigroup, 39, 52-3
Neutrosophic bigroupoids, 182
Neutrosophic biideal, 90-1

Neutrosophic biloop, 133-4

Neutrosophic biloop type I, 150
Neutrosophic bisemigroup, 88-9
Neutrosophic Bol biloop, 143-4
Neutrosophic Bol loop, 125-6
Neutrosophic Bruck loop, 125
Neutrosophic center of the groupoid, 181-2
Neutrosophic conjugate subgroupoid, 179-180
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Neutrosophic conjugate subgroups, 47
Neutrosophic cyclic ideal of a semigroup, 85
Neutrosophic element of a neutrosophic group, 44
Neutrosophic element, 39

Neutrosophic free element of a neutrosophic group, 44
Neutrosophic groupoids, 171-2

Neutrosophic groups, 39-40

Neutrosophic ideal of a semigroup, 85
Neutrosophic ideal of groupoid, 178-9
Neutrosophic idempotent of a neutrosophic group, 44
Neutrosophic idempotent semigroup, 87
Neutrosophic idempotent subsemigroup, 87
Neutrosophic Lagrange semigroup, 82
Neutrosophic left (right) alternative groupoid, 178
Neutrosophic left alternative biloop, 145
Neutrosophic left alternative loop, 126
Neutrosophic left alternative N-loop, 159
Neutrosophic loops, 113-4

Neutrosophic maximal biideal, 90-1
Neutrosophic maximal ideal of a semigroup, 85
Neutrosophic maximal N-ideal, 103-5
Neutrosophic minimal N-ideal, 103-5
Neutrosophic monoid, 83-4

Neutrosophic Moufang biloop, 140
Neutrosophic Moufang loop, 125

Neutrosophic N-group, 39, 68

Neutrosophic N-groupoids, 184-5
Neutrosophic N-loop of level II, 154-5
Neutrosophic N-loop, 113, 152-153
Neutrosophic normal sub N-loop, 160-1
Neutrosophic normal subbigroup, 55
Neutrosophic normal subbiloop, 148-9
Neutrosophic normal subgroup, 47
Neutrosophic normal subgroupoid, 179
Neutrosophic N-quasi loop, 185

Neutrosophic N-semigroup, 81, 98-9
Neutrosophic N-subsemigroups, 100
Neutrosophic principal ideal of a semigroup, 85
Neutrosophic right alternative biloop, 145
Neutrosophic right alternative loop, 126
Neutrosophic right alternative N-loop, 159
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Neutrosophic semigroup, 81-2

Neutrosophic strong biideal, 90-1

Neutrosophic strong bimonoid, 92

Neutrosophic strong bisemigroup, (strong neutrosophic
bisemigroup), 89-90

Neutrosophic strong maximal biideal, 90-1

Neutrosophic strong Moufang N-loop, 166-7

Neutrosophic strong N-ideal, 103-4

Neutrosophic strong N-semigroup, 101

Neutrosophic strong quasi maximal N-ideal, 103-4

Neutrosophic strong quasi minimal N- ideal, 103-5

Neutrosophic strong right N-ideal, 103-4

Neutrosophic strong sub N-loop, 163

Neutrosophic strong sub N-semigroup, 101

Neutrosophic strong subbisemigroup, 89-90

Neutrosophic sub N-group, 69-70

Neutrosophic sub N-loop, 153

Neutrosophic subbigroup, 54

Neutrosophic subbiloop, 133-4

Neutrosophic subbisemigroup, 88-9

Neutrosophic subgroup, 41

Neutrosophic subgroupoid, 173

Neutrosophic subloop, 113-4

Neutrosophic submonoid, 83-4

Neutrosophic subsemigroups, 82-3

Neutrosophic symmetric semigroup, 85-6

Neutrosophic unit of a neutrosophic group, 44

Neutrosophic WIP-loop, 126, 113

New class of groupoids, 28

New class of neutrosophic biloop type II, 151

New class of neutrosophic biloops, 139

New class of neutrosophic loops, 115-6

N-glsg, 36-7

N-group homomorphism, 11

N-group semigroup, 32

N-groupoids, 7, 25, 30

N-groups, 7, 10

N-homomorphism of neutrosophic N-groups, 79

N-loop groupoid homomorphism, 35-6

N-loop groupoid, 33-4

N-loop homomorphisms, 24
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N-loops, 7, 12, 22

N-M-loop groupoid homomorphism, 36
Normal neutrosophic subloop, 124
Normal N-subgroup semigroup, 33
Normal sub N-groupoid, 31

Normal sub N-loop groupoid, 35
Normal sub N-loop, 23

Normal subgroupoid, 26

Normal subloop, 13

Normaliser in a neutrosophic bigroup, 66
N-quasi loop, 185-6

N-quasi semigroup, 185

N-semigroups, 7, 11-2

N-subgroup of a N-group semigroup, 33
N-subsemigroup, 33

0]

Order of a neutrosophic semigroup, 82-3

P

P-groupoid, 25

Power associative loop, 15

Pseudo Lagrange free neutrosophic group, 43-4
Pseudo Lagrange neutrosophic group, 43-4

Pseudo Lagrange neutrosophic subgroup, 43-4
Pseudo left coset of a neutrosophic subgroup, 50
Pseudo neutrosophic group, 41

Pseudo neutrosophic subgroup, 41

Pseudo neutrosophic torsion element of a neutrosophic group, 44-5
Pseudo normal neutrosophic subgroup, 47-8

Pseudo p-Sylow strong neutrosophic sub N-loop, 165
Pseudo right coset of a neutrosophic subgroup, 50
Pseudo simple neutrosophic group, 48

Pseudo Sylow strong neutrosophic N-loop, 165
p-Sylow mixed neutrosophic sub N-structure, 193-4
p-Sylow neutrosophic (N — t) deficit N-subloop, 169
p-Sylow neutrosophic biloop, 139-140
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p-Sylow neutrosophic sub N-group, 73
p-Sylow neutrosophic sub N-loop, 157
p-Sylow neutrosophic subbigroup, 57
p-Sylow neutrosophic subgroup, 46-7
p-Sylow neutrosophic subgroupoid, 176
p-Sylow neutrosophic subloop, 118-9
p-Sylow pseudo neutrosophic group, 46-7
p-Sylow strong neutrosophic N-loop, 164
p-Sylow strong neutrosophic sub N-group, 73
p-Sylow strong neutrosophic subbigroup, 64

R

Right alternative groupoid, 25-6

Right alternative loop, 15

Right bicoset in a strong neutrosophic subbigroup, 66-7
Right conjugate in a groupoid, 27

Right coset of neutrosophic subgroup, 48

Right ideal of a groupoid, 26

Right identity in a groupoid, 27

Right regular N-representation, 24

S

Semi Cauchy neutrosophic loop, 132-3

Semi Cauchy neutrosophic N-group, 76-7

Semi Cauchy strong neutrosophic bigroup, 64-5
Semi Cauchy strong neutrosophic NM-group, 76-7
Semi-alternative, 15-6

Semi-simple neutrosophic biloop, 149

Simple neutrosophic bigroup, 55

Simple neutrosophic biloop, 149

Simple neutrosophic group, 47-8

Simple neutrosophic groupoid, 179

Simple neutrosophic loop, 124

Simple N-group semigroup, 33

Simple N-loop, 23

Simple strong neutrosophic bigroup, 61-2
S-loop N-loop groupoid, 36
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Strictly non commutative neutrosophic loops, 117
Strong Cauchy neutrosophic group, 45-6
Strong Cauchy strong neutrosophic N-loop, 166
Strong neutrosophic bigroup homomorphism, 62
Strong neutrosophic bigroup, 53, 59

Strong neutrosophic biloop, 149-150

Strong neutrosophic conjugate sub N-group, 80
Strong neutrosophic N-group, 69

Strong neutrosophic N-loop, 161

Strong neutrosophic normal subbigroup, 61-2
Strong neutrosophic quotient bigroup, 67
Strong neutrosophic sub N-group, 69-70
Strong neutrosophic subbigroup, 59

Sub k-group commutative N-glsg, 37-8

Sub k-group N-glsg, 37

Sub N-glsg, 37

Sub N-group of a N-loop groupoid, 34

Sub N-group, 10-11

Sub N-groupoid of a N-loop groupoid, 34

Sub N-groupoid, 30

Sub N-loop groupoid, 34

Sub N-loop, 23

Sub r-loop of N-glsg, 37

Sub t-groupoid of N-glsg, 37

Super Sylow neutrosophic groupoid, 177-8
Super Sylow neutrosophic N-group, 75

Super Sylow strong neutrosophic N-group, 75
Sylow (N — t) deficit neutrosophic N-loop, 169
Sylow free mixed neutrosophic N-structure, 193-4
Sylow free neutrosophic bisemigroup, 96-7
Sylow free neutrosophic group, 46-7

Sylow free neutrosophic groupoid, 176

Sylow free neutrosophic loop, 131-2

Sylow free neutrosophic N-group, 73

Sylow free neutrosophic N-loop, 157

Sylow free strong neutrosophic bigroup, 64
Sylow free strong neutrosophic N-group, 73
Sylow free strong neutrosophic N-loop, 164
Sylow mixed neutrosophic N-structure, 193-4
Sylow neutrosophic bigroup, 57

Sylow neutrosophic biloop, 139-140
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Sylow neutrosophic bisemigroup, 96-7

Sylow neutrosophic group, 46-7

Sylow neutrosophic groupoid, 176

Sylow neutrosophic loop, 131-2

Sylow neutrosophic N-group, 73

Sylow neutrosophic N-loop, 157-8

Sylow pseudo neutrosophic group, 46-7

Sylow strong neutrosophic bigroup, 64

Sylow strong neutrosophic N-group, 73

Sylow strong neutrosophic N-loop, 164

Sylow theorem, 9-10

(p1, P2 )-Sylow strong neutrosophic subbigroup, 65

(P15 P25 ---» PN) Sylow neutrosophic sub N-group, 79-80
(p1> P25 ---» Pn) Sylow free neutrosophic sub N-group, 79-80
Symmetric semigroup, 11-2

W

Weak Cauchy neutrosophic groupoid, 175

Weak Lagrange (N — t) deficit neutrosophic N-loop, 168-9
Weak Lagrange mixed weak neutrosophic N-structure, 193
Weak Lagrange neutrosophic bigroup, 56

Weak Lagrange neutrosophic bisemigroup, 94-5
Weak Lagrange neutrosophic group, 43-4

Weak Lagrange neutrosophic loop, 131

Weak Lagrange proper of a loop, 15

Weak Lagrange strong neutrosophic N-loop, 163
Weak mixed deficit neutrosophic sub N-structure, 192
Weak mixed neutrosophic N-structure, 188-190

Weak Moufang N-loop, 24

Weak neutrosophic N-groupoids, 184-5

Weak pseudo Lagrange neutrosophic group, 43-4
Weak Sylow mixed neutrosophic N-structure, 193-4
Weak Sylow neutrosophic bisemigroup, 96-7

Weak Sylow neutrosophic loop, 131-2

Weak Sylow pseudo neutrosophic group, 46-7

Weak Sylow strong neutrosophic N-loop, 164
Weakly Cauchy neutrosophic bigroup, 57-8

Weakly Cauchy neutrosophic bisemigroup, 96
Weakly Cauchy neutrosophic loop, 118, 132-3
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Weakly Cauchy neutrosophic N-group, 76-7
Weakly Cauchy strong neutrosophic bigroup, 64-5
Weakly Cauchy strong neutrosophic N-group, 76-7
Weakly Lagrange neutrosophic biloop, 135-6
Weakly Lagrange neutrosophic groupoid, 175
Weakly Lagrange neutrosophic loop, 117

Weakly Lagrange neutrosophic N-group, 71-2
Weakly Lagrange neutrosophic N-loop, 155

Weakly Lagrange N-groupoid, 30

Weakly Lagrange strong neutrosophic bigroup, 63-4
Weakly Lagrange strong neutrosophic N-group, 71-2
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