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Abstract

We present a new framework for describing multi-agent systems with hybrid interacting dynamics where the
interaction between agents occurs at both the continuous and discrete levels. We formally define these multi-
agent systems as Interconnected Hybrid Systems and then recast fundamental hybrid concepts such as a hybrid
metric, hybrid execution, and reachability in this new interconnected hybrid systems framework. We then prove
a necessary and sufficient condition for the existence and uniqueness of the interconnected hybrid executions
extending previous work on hybrid systems.
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1 Introduction

In most of the work reported on cooperative systems, individual models for cooperating agents are described by
purely continuous dynamics [2,4,6,9, 12—14, 18]. There are few exceptions, where discrete event system theory
is applied [3]. In exploring new communication network paradigms [7, 16] we sometimes find the use of purely
continuous dynamics to be restrictive as explained below.

We envision a network in which functions (e.g. routing) are not fixed to physical nodes, but are instead
implemented by software agents that are free to migrate from node to node, depending on resources that they may
have to compete for [15]. This approach gives rise to a new type of multi-agent system where agent dynamics
are composed by discrete states that represent the location of the agent in the network and its operating mode,
and by continuous states that represent the amount of resources that the agent is receiving from the network. The
node dynamics are also composed by discrete and continuous states. The discrete states represent changes in the
agents hosted by the node, while continuous states represent the evolution of the resource availability due to the
competition of agents for such resources. Agents start at initial locations in the network and with a given set
of resources. Nodes start at discrete states that reflect the initial distribution of agents and at continuous states
corresponding the initial availability of resources. The continuous states of the agents may then evolve according
the agents requirements affecting the availability of resources in the nodes. Agents may also jump to different
locations depending on the conditions in the nodes. These jumps will affect the continuous evolution of other
agents and nodes, and will also cause discrete jumps in the nodes reflecting the new agent distribution. A pictorial
example of this situation is depicted in Figure 1.

Discrete
Interaction

O
o

Continuous Interaction

Figure 1: Example of dynamical behavior of agents and nodes. Agents are as hybrid automata. Each mode in an
automaton corresponds to a possible location of an agent in the network (Agents on top). Each transition between
modes represents a change of location made by an agent (agent at the bottom). The dynamics of the nodes are
also modeled as hybrid systems. Each mode represents a number of agents residing at a node paired with the
availability of resources that varies in discrete manner. The agents on top are located on a node, therefore have
a discrete state fixed and the continuous dynamics of agents and the nodes that hosts them are interacting. The
agent at the bottom is moving between nodes, so a discrete transition is happening.

It is not clear how to capture the operation of such a system with existing hybrid frameworks. The interactions
between the hybrid systems that model agents and nodes happen at both the continuous and discrete levels. The
continuous and discrete dynamics of the agents depend on both the continuous and discrete states of the nodes and
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viceversa. We attempt to capture this interaction with a new class of systems: the interconnected hybrid systems.
Such systems are not mere parallel compositions, or products, of the component subsystems [19]. The existence
and evolution of an individual subsystem can be meaningless if isolated. Moreover, interactions are not limited
to common or uncommon events. In our case, the hybrid state in one of the systems modifies the execution in
another one. Therefore we formally define the interconnected hybrid system such that the continuous evolution in
one agent depends on the continuous states of agents that are connected to it, and similarly the discrete dynamics
depend on continuous and discrete dynamics of neighboring agents. This definition also includes a description of
the connectivity of the multi-agent system in each agent’s hybrid state. We then extend our previous work [17]
defining a metric for this new class of systems and explaining the properties of this metric. Finally we recast the
reachability and the hybrid execution concepts from hybrid systems theory into the new framework, and provide
a necessary and sufficient condition for the existence and uniqueness of the interconnected hybrid execution (the
hybrid analog to the state’s evolution in continuous dynamical systems), in terms of the components of each
agent’s hybrid model, extending some of the concepts in [11].

The reminder of this paper is organized as follows: In Section 2 we define the interconnected Hybrid System
and explain the key features of this new concept. In Section 3 we introduce an Interconnected hybrid metric and
provide its properties, while in Section 4 we define the interconnected hybrid execution and state the necessary
and sufficient conditions for its existence and uniqueness. Section 5 provides the proofs to the results in the
previous section and Section 6 outlines our conclusions.

2 Interconnected Hybrid Systems

A hybrid system is denoted H;, where i € I indexes the systems in a group. Vv; denotes dependence of v on i. v,
denotes dependence of v on both ¢; and i. V", denotes the n'" element of a sequence in v, and v(¢) denotes the
value of v at time ¢. Finally, with some abuse of notation, vo marks an initial condition.

Let Q; be the set of discrete states of H;, where Q; = O; x D;, where O; is the set of operating states and
D, is the set of connectivity states. Each o; € O; represents a different operating condition of H;. Each d; € D;,
represents different connectivity conditions. (0;,d;) € Q; is denoted as ¢;. Each ¢; has an associated set V(g;) C
I Vgq; € Q; and Vi € I, which stores the indexes of the systems that are connected to H;, i.e., if j € V(g;) then H j
is connected to H;. Note that V(g) =V (q') for all ¢ = (0,d),q' = (¢',d’) € Q; that satisfy d = d’.

Let &; = {£,, }4,co, Where L, = (X, f4,, Uy, RT) is a continuous dynamical system that corresponds to
qi € Q; with X, being the continuous state space, f;, the continuous dynamics, Uy, the set of continuous controls,
and RT = [0,0) the time set.

Let S; = {Sy, }4,c0; be the set of discrete transition labels of H;. Symbol s, € S,, determines the discrete state
after a transition from ¢; € Q; in system H;. We consider two types of transitions: Transitions triggered by local
external events and transitions that are functions of the states of the local system and the systems connected to it.

Let G; = {Gy, }4,c0; be the set of guard conditions for H;. G, is a map that determines when a transition is
possible from ¢; € Q;. The set G, is defined below for each type of transition. Let Z; = {Z,, },.c0, be the set of
transition maps of H;, where Z,, : G, x Sy, — U ,0,{Xp; } determines the continuous state of H; after a transition
Sqi € Sgi-

Definition 1 (Interconnected Hybrid System) An Interconnected Hybrid System (IHS) is a set H* = {H;}¢;
of Controlled Hybrid Dynamical Systems [1] H; indexed by the set I. For eachi € I, H; = [Q;,X;,G;,Z;,S;], such
that

e The continuous control inputs in Uy, are the continuous states of the systems that are connected to H;.
Therefore Uy, = Xg; X I1jev (q;) Xj- Note that that the dimension of Uy, is lesser or equal to the dimension of

i

[Lic; Xi for all gq; € Q; foralli € I.
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e A guard condition for an event-triggered transition is denoted as Gg[. This guard must satisfy a condition
on the state of the system(s) and on the existence of an event i.e, Ggl, :8q; — Ei x Xg; X [jev(q;) Hj where E;
is the set of possible events of H; € H*. A guard condition for a state-based transition, denoted G;l_ needs
to satisfy a condition on the state of the system(s) only i.e, G(i, 2 8q; — Xgi X Ijev(q) Hj-

The state space of the IHS H* is H* = [1;c; H; where H; = Qi X Uy,c 0, Xq; is the state space of hybrid system
H,, and the state of the IHS is denoted as h = (g, X5) where G = (qi)l;, and X5 = (x})L;, where q; € Q; for all
i €1, and x,, € Xy, for all q; € Q; and for all i € 1.

Note in Definition 1 that the discrete states of the systems are divided into operating states, which are used to
describe modes of operation of each individual agent in the system, and connectivity states, which describe the
possible configurations for information exchange between agents in the system. If one thinks in the usual graph
theoretic argument that describes the connectivity between agents in multi-agent systems literature [2,4,6,9, 12—
14,18] different connectivity states in each agent correspond to its different possible neighborhoods. We however,
do not limit the connectivity description of the IHS to the use of graph theory. Also note that no assumptions are
made about symmetry on the connectivity, so this definition includes the possibility of agent i € I being connected
to agent j € [ : j # i without j being connected to i, which corresponds to a directed graph on the graph theoretic
argument.

The interactions between the agents in the systems are achieved in the continuous dynamics through the
continuous control inputs. The continuous control inputs of agent i € [ in the IHS are functions of the continuous
state of agent i € I and the continuous states of the agents that are directly connected to agent i € I. Therefore the
continuous evolution of each agent is influenced by the continuous dynamics of the agents that are connected to
1t.

The interactions between the discrete dynamics of the agents in the system are achieved through the transition
guards. In both cases (the event-triggered, and the state-based transition) the transition guards of agent i € [ set
conditions on the continuous states of agent i € I and on the hybrid states of the agents that are connected to agent
i € 1. So, for the case of state-based transitions, a discrete transition may occur when both the continuous state of
agent i and the hybrid states the the agents connected to i € [ reach a guard condition. In the event-triggered case,
a discrete transition may occur on agent i € / when this agent experiences an external event if the condition on
the states of agent i and the agents connected to it is satisfied. Therefore in both state-based and event-triggered
transitions of agent i € I, the discrete dynamics are influenced by the hybrid states of the agents that are connected
to agent i € I. Note that the events are assumed to be local, i.e an event in agent i € I has direct influence only
on this agent’s dynamics. However, since an event will generate an state change in agent i € I, such state change
will potentially affect the dynamics of the agents that are connected to agent i € /. For this reason we believe that
the assumption of the events being local should not represent a restriction.

To summarize, Definition 1 presents a hybrid analog to the standard multi-agent setting [2,4,6,9, 12—14, 18]
where each agent uses the states of its neighbors to update its own evolution. The following is an standing
assumption for the rest of this paper.

Assumption 1 The sets of discrete states Q; are finite for all i € I. There exist a vector space X; such that
X, CX; C R for all q; € Q; for all i € I where d is an integer. The vector fields fa:(xg;,uq; 1) are globally
Lipschitz continuous [8] on both x4, and ug; with Lipschitz constants qul_ and L, forall g; € Q;foralliel

Ug;

3 A Metric for Interconnected Hybrid Systems

In [17] we introduce a new notion of hybrid metric. We extend this concept for interconnected hybrid systems.
Let the directed graph that represents the hybrid system H [10] be denoted as Gy .
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Definition 2 (Discrete Distance [17]) Let the distance between two discrete states of a hybrid system q and q'
be the length of the shortest path! from node q to node q' in Gy. This distance is denoted by dp(q,q’).

Definition 3 (Interconnected hybrid distance (IHD)) Let the distance from he H* toh' € H* be:

i (. 1) = max(d (g 4})) + tanh([1 5 — %)

where for each i € I, q; and g are the components of G = (q:)'; and § = (¢))E,.

Note that X; = (x, )}, and X xﬂ, = (xZ)leI where each x/, and x is a vector. Then X and X' are vectors

formed by concatenating the vector states of each individual system in H* Therefore the norm ||X; — )?%, || is well
defined on [];; X;. In the reminder of this section we drop the subindex notation on X; for simplicity because the
correspondence between X; and ¢ is clear from the context.

The tanh(.) function of the norm in the interconnected hybrid distance provides a mechanism to distinguish the
discrete and the continuous parts of the distance between two interconnected hybrid states: The interconnected
hybrid distance is composed by an integer and a fractionary part. The integer part provides the exact number
of discrete transitions that the system needs to experience to reach one discrete state from another, while the
fractionary part results from the application of an invertible function to the standard notion of distance between
two continuous states.

Theorem 1 (Properties of the IHD) Given three interconnected hybrid states h=(§,%),h' = (¢, %),/ = (§",®') €
H*, the following properties hold:

1. d(h, /') >0 for all h,h' € H*.

2. djy(h,') =0 if and only if h =H.

3.di (W'Y < d (R B+ di (R R for all h,W W' € H*.
Proof:

1. From Def. 2 here, and Def. 11 and Prop. 2 in [17] dp(qi,q;) > 0 Vi € I, then max,eldD(q,,ql) >0. By
properties of norm and of tanh, tanh ||¥ — ¥|| > 0 for all X,¥’ € [];c; X;. Thus d; (h, ') > 0 for all h,h’ € H*.

2. (=)Ifh=H,G=¢ andX=X. § =g implies ¢; = g¢; Vi e I. Then dp(qi,q;) = 0 Vi € I, which implies
max;c;(dp(gi,¢})) = 0. ¥ = ¥ implies tanh(||¥ —¥'||) = 0. Thus 2 = i’ = d};(h, i) = 0
(«=) Since max;c;dp(gi,¢}) > 0 and tanh(||X—¥|) > 0Vh, k' € H*, d};(h,h') = 0 implies that max;c; dp (qi, q}) =
0 and tanh(||¥ —¥'||) = 0. From Def. 2 max;e;dp(qi,q;) =0 implies dp(gi,q}) =0 Vi€ I, which together
with Prop. 1 in [17] 1mphes qi= ql Vi € I, which implies § = §'. tanh(||¥ —¥||) = 0 implies ||X —¥|| =
which implies ¥ = ¥. Thus d;(h,h') =0=h=H'.

(=) and (<) imply d;,(ﬁ,iz") —0<=h="H.

3. Discrete: From Lemma 2 in [17] dD(ql-,qg’) <dp(qi,q;) +dp(q}.q!). Suppose 3G.4',q" € [1;c; Qi such
that max,ng(qhql) > max;erdp(qi,q.) + maxierdp(ql.q!). Then, 3i,j,k € I such that dp(qi,q!) >
dp(4j,4};) —i—dD(qk7 1)- Note that this implies dp(q;,4;) > dp(qi,q;) and dp(q;. ) > dp(q}, g/ ). This im-
plies dp(gi,q!) > dD(q,, q)+dp(q}.q!), which contradicts Lemma 2 in [17]. Therefore max;c;dp(qi,q}) <
maxie; dp(qi,q;) + maxic; dp(q,q;') V4,4, 4" € [ier Qi-

Continuous: tanh(|jx —x"||) < tanh(||x —x'||) 4+ tanh(||x —"x”||) follows from Lemma 3 in [17]. Discrete
and Continuous parts imply the claim.

!'For a definition of a path, see [5].
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Note that the interconnected hybrid distance does not satisfy the symmetry property that metrics usually do
because of the use of the discrete distance of Definition 2. However, we believe that the absence of this property
is actually desirable because the number of transitions that are required to reach ¢ from ¢’ may be different from
the number of transitions required to reach ¢’ from .

It is possible to reformulate Definition 3 and Theorem 1 to prevent simultaneous discrete transitions among
different individual systems. In such case a more meaningful notion of distance would be dj; (h,h') = ¥ ;c;(dp(qi.4})) +
tanh(||X—X||).

4 Interconnected Hybrid Execution

In this section we introduce the Interconnected Hybrid Execution (IHE) based on the concept of hybrid execution
in [11]. The IHE is the analog of the state evolution of a continuous multi-agent dynamical system, and captures
the system’s hybrid behavior with respect to both discrete and continuous interactions of the agents among them-
selves and with and with its environment. Then we provide conditions for the existence and uniqueness of an
infinite IHE. These conditions are stated as a function of each agent in the system. Therefore the desired global
behavior of the system (existence and uniqueness of its execution), can be guaranteed by the specification of local
design variables inside each agents dynamics.

A Time Trajectory is a sequence T = {1°,7', ..., 7" ...,7V}, where T < 7" foralln = {0,1,..., N —1}. T
is infinite if N = oo and is finite otherwise. 7T is an Interconnected Hybrid Time Trajectory (IHTT) if T is a time
trajectory and if 1) ¥ € 1 is the time when H* starts its evolution, 2) T € T is the time at which there is a system
H; € H* that makes a discrete transition from ¢ to ¢! for n = {0,1,...,N — 1}, such that the Interconnected
Hybrid System H* makes a discrete transition from g”" to §"*!, and 3) " € 7 is the time when H* ends its
evolution. 1 is an Event Time Trajectory (ETT), if 1 is a time trajectory and 2" is the time when there is a system
H; € H* that experiments a discrete event e} € E; for all n € {0,1,... N } where N is the number of events that
H* experiments.

The IHTT and the ETT are used to encode timing information for the continuous and discrete dynamics of
the IHS H*. The IHTT stores the times when a discrete transition takes place at least on one of the agents in
the system. As a consequence the IHTT also specifies time intervals between two consecutive elements in the
sequence where uninterrupted continuous evolution takes place. On the other hand the ETT stores information
about the specific times that events happen somewhere in the system. Note that this two sequences are considered
completely independent. This is useful because the occurrence of an event does not necessarily imply that a
discrete transition takes place.

The IHTT and the ETT as defined above allow to have more than one hybrid system in the overall IHS taking
a discrete transition or experimenting an event at the same time. These definitions may be reformulated to exclude
this possibility. Any time trajectory 7 is linearly ordered by the relation < defined by #; < t, for #; € [T;,%;+1] and
€ [T, 1] if ty <t ori< j. Wesay T={10,7',...,7V} is a prefix of T = {°,%!,... AV} (written T C %) if
either they are identical, or 7 is finite, N < N, %, =%, for all n € {0,1,...,N — 1}, and [Ty_1,%n[C [fv_1,%N][s
where [ is either ] or ).

A Group Event Sequence of H* is a collection E* = (%,Es) where % is an ETT and Es = (e;,e!,,...,e") is
o’ "o oV

the sequence of events that H* experiments, where o € I for all n € {0,1,...N}, such that ell, € Eqn specifies

the event that occurs at 4", and the individual system Hgs that experiments such event for all n € {0,1,...N}.
Therefore the group event sequence contains ordered pairs composed by the time when an event occur at any agent
in the system and an event label that indicates what event occurred, and identifies the agent that experimented
such event.

In the following, in order to simplify the description of our results we divide the transition guards into a local
part, a remote part, and an event part when needed. The local part verifies that the state of the agent experimenting
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a discrete transition satisfies the transition guard. The remote part verifies that the states of the agents connected
to the one that is experimenting the transition satisfy the transition guard, and finally the event part (in the case of

an event-triggered transition) verifies that the agent experimenting the transition has also experimented a discrete

event that enables such transition. Let GE,/ Local (s)

state-based transition guard GZl_(s). Let GS,,/ RemOte(s) C [1jev (g Hj denote the remainder of the elements of the
cartesian product of the state-based transition guard G;l_ (s). Let G];,./ F(5) C E; denote the first element in the

cartesian product of the event-triggered transition guard Ggl_ (s). Let qu:‘,./ LOcal(s) C X, denote the second element

in the cartesian product of the event-triggered transition guard Ggi (s). Finally let qu:‘,./ RemOte(s) C jevg) Hj

C X, denote the first element in the cartesian product of the

denote the remainder of the elements of the cartesian product of the event-triggered transition guard ng (s). We
also use the following notation: ¢;E4 if ¢; is a component of the vector g. x,, €X; if x,, is a component of X; where

qi€4 (Similarly for s, €5 and u, €i). ;€ if h; is a component of h. Finally since & = (7, Xz) we also say qi€h if
¢i€q and x,, Ehif Xq;€X5.

We say that h(r) satisfies the state-based transition guard G;i (s) if x4, (2) € G;

S,/ Remote (s), where g;Eh, Xy, h, and h;Eh for all i € I. Similarly /(r) satisfies the event-triggered transition guard

Gyl
Gsi(s) if x,, (1) € Gg/Local (s), and (h;) jev(q)(t) € Ggi/RemOte(s), where where ¢;Eh, xqiéﬁ, and h;Eh forall i € I.

Local
/10 (5), and (k) jev ) (1) €

Finally (t¥,¢,) satisfies the event-triggered transition guard G (s) at time 7 if o = i, t* =7, and ¢!, € Gi/ (s),

Definition 4 (Interconnected Hybrid Execution) An Interconnected Hybrid Execution (IHE) x(iz'o, E*) with
initial conditions hy and group event sequence E* is a collection (T,q,s,X,u), where:

e T is an interconnected hybrid time trajectory.

e q=1{3g",....q",....§"} is a sequence of vectors of discrete locations §" = (q?)L; where g} is the
discrete mode of system H; at the n step on the sequence.

n

o s={505",...,5",...,5"} is a sequence of vectors of switching labels 5" = (s,

label of system H; at n step in the execution.

T n o . .
)ier Where s is the switching

Py}

o X—= {XO,)_C'I e, XL ,)_C'N} is a sequence of continuous evolution X" = (x;ly_,)iTel where Xgr is a differentiable

map xgn [ A Xgv of system H; at the n step on the sequence for all i € I.

- - VA . ; - T . .
o u={iu,. .. " ...,u"} is a sequence of continuous control inputs i" = (uq?)ie[ where ug is a differ-
. . 71 .
entiable map ug» : [T" 1" [— Ugr at the n step on the sequence for all i € I.

The interconnected hybrid execution X(ﬁo, E*) satisfies the following conditions:

e Initial Condition: ho = (g°,X°(0)) is an initial condition of H*.
e Continuous Dynamics: forallt € [v"~' "], foralln € {1,2,...,N}, andforalli €, Xy (t)= far (qur_z , uq?,t),
Xgr € Xg and ugr € Ugr where q} €qG", Xg Ex", and uq?éﬁ".

e Discrete Dynamics: Either the event-triggered transition conditions or the state-based transition condi-
tions hold for each n € {0,1,2,...,N — 1} and for all i € I. The event-triggered transition conditions
are:

- it =sp €Sy, where ¢/ €G! and s ES,
— There exists a (’Ack,el&k) € E* that satisfies ng (sq) at time T".
1

- '(t") satisfies GS;, (Sq2)-
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= g (V) € Zyp (e xgrs (W) jevgn) ).
The state-based transition conditions are:
- = sqr € Sy, where qreg!
- (") satisfies Gstl(sq;r).

= e (T € Zyp O () ey )

and s &5,
1

The THE provides the information about the continuous and discrete states and inputs of the system at each
instant of its evolution. It is the analog of the state-input trajectory in continuous time systems. The conditions
imposed in the second part of Definition 4 are required for it to be valid to H*. Therefore an IHE should start at a
valid initial condition. The continuous evolution between two times in the interconnected hybrid time trajectory
should satisfy the continuous dynamics of each agent, and the discrete transitions should have valid transition
guards and transition maps. Note that we used x(i'zo, E*) to denote an IHE with initial condition 720 and group
event sequence E*.

In order to prove the existence and uniqueness we need to define additional concepts. We say that an

of H* with N + 1 elements (written x(ﬁmf*) C X(ﬁo,f*)) if tC %, and for all n € {0,1,...,N} and for all

e[t (5,7 (), i@ (1) = (§",5",%(t),@"(r)). We say that x(ho, E*) is a strict prefix of §(ho, E*) (writ-
ten x(h07 ‘E*) C X(h()» f*)) 1fX(h07 f*) E X(h(h ‘Z*)7 and X(h(), E*) 7& X(h()a ‘E*)

An IHE y(ho, E*) is called maximal if it is not a strict prefix of any other execution. An IHE /o, E*) is
finite if 7T is a finite sequence and the last elements of u and x are defined over compact intervals of time, i.e.
i@ [NV = [T Uy, and X2 [tV V] — [Tigy Xgr. x(ho, E*) is infinite if T is an infinite sequence or if

N

T = oo,

xS (ﬁo, E*) denotes the set of all IHEs with initial condition ho and group event sequence E*, and similarly
X (ho, E*) denotes the set of all finite IHEs, %= (ho, £*) denotes the set of all infinite IHEs, and x (i, E*)
denotes the set of all maximal IHEs with initial condition /o and group event sequence E*. Init denotes the set of
all initial conditions, and ESS denotes the set of all possible group event sequences.

We say that x(ho, E*) = (’C,q,s x,u) € xF (hy, E*) that maps K to i with group event sequence Erift=
{1°1!,...,7} and i = (gV,Z¥(7")). An interconnected hybrid state i € Reach(ho, E*) if there exists a finite
IHE % (ho, E*) € (ho, E*) that maps ho to h with group event sequence E£*. The set of states / that can be
reached from any initial condition and with any group event sequence Reachy+ = (o, E*)€nitESS Reach(ho, )
is called Interconnected Reachable Set.

Let y(gi, xq;,ug;,t) denote the continuous flow of f,, (x,,,uy;,t) for all i € I. We define the set for which contin-
uous evolution is impossible as Qutg+ = {71' € [Lies Xi xIlie; Qis Ve > 0,3t € [0,€) and Ji € I, such that y(g;, X, ug, 1) ¢
Xy, where qiéfz,xqiéﬁ}. This set specifies what states in the system require a discrete transition for the system
to continue its evolution.

We say that H" is deterministic if given 720 and ‘E*, xM (ﬁo, E*) contains at most one element. The following
result provides the necessary and sufficient conditions for existence of an infinite execution given that the system
is deterministic. These conditions combined with the condition for a THS to be deterministic yield the existence
and uniqueness of an infinite IHE. The proof of Lemma 1 is provided in Section 5.

Lemma 1 (Existence if deterministic) Suppose H* is deterministic. Then given an initial condition ho and a
group event sequence, ‘E*, 1~ (ho, E*) is nonempty if and only if for all h € Reachy~ (" Outy~ either one of the

following conditions holds:

1. There exist a s € Sy, for some qi€h such that h satisfies GSI_ (s)-
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2. There exist a s € Sy, for some qi€h such that h satisfies Ggi (s), and there exists (%, e’(; ) € E* that satisfies
Gg,- (s) at TV where ™V is the time of the last element of the finite execution Y(hy, E*) = (T,q,s,Xx,u) that

maps the system H* from Eo 1o h with group event sequence E* .

Note that the conditions in this lemma essentially require that whenever the system gets into an state where
continuous evolution is impossible, it is guaranteed that a discrete transition from that state exists. In the following
we state the necessary and sufficient conditions for an IHS to be deterministic. The proof of Lemma 2 is provided
in Section 5.

Definition 5 (Forced Transition Condition) Given an initial condition ho and a group event sequence E*, we
say that h € Reachy- satisfies the Forced Transition (FT) condition if one of the following holds:

o Ifthere exists a s € S, for some qi€h such that h satisfies G;i (s), then h € Outy-.

o [fthere exists as € S, for some qiEh such that h satisfies Ggl,( ), and there exists (¥, e ) € E* that satisfies
Gg,- (s) at T where T is the last element of T in the finite execution ¥(hy, E*) = (1, S,X,u) that maps g

to h with group event sequence E*, then h € Outy-

Definition 6 (Disjoint Transition Guard Condition) Given an initial condition 720 and a group event sequence
E*, we say that h € Reachy- satisfies the Disjoint Transition Guard (DTG) condition if one of the following holds:

e [fthere exists,s' € S, for some H; € H*, where s # s' and at least one of s, s' is a state-based transition, then
either x,;, ¢ GT/Local( )ﬂGT /Local( "), or (hj) jeviq) ¢ GT/Remme( )ﬂGT /Remom( "), where T,T' denote S
or E depending on the type of transition that s and s’ may be, xq[eh, qieh, and hiéﬁfor alliel

o [fthere exists s,s' € S, for some H; € H*, where s # 5" and both s, s" are event- triggered transitions, then ei-
therqu ¢ GE/Local( )mGE/Local( ) (hj)jev (@) ¢ GE/Remote( )mGE/Remote( /) or e £, ¢ GE/E( )mGE/E( )’
where xqieh, qiéh, and h,-ehfor alliel, and e’&k belongs to (T ’eak) e E*, with t* = ™ and of = i where

N s the last element of T in the finite execution ¥ (ho, E*) = (t,q,s,X,u) that maps ho to h with group event
sequence ‘E*.

Definition 7 (Singleton Transition Map Condition) Given an initial condition 720 and a group event sequence
E*, we say that h € Reachy+ satisfies the Singleton Transition Map (STM) condition if on of the following holds:

o [fthere exists a s € S, for some H; € H* such that h satisfies th (s), then Zy,(xg;, (hj) jev(q;),$) contains at
most one element, where xqiéﬁ, qiéﬁ, and hiéﬁfor alliel.

o If there exists a s € S, for some H; € H* such that h satisfies Ggl,(s), and there exists (‘Atk,el&k) € E* that
satisfies GE ( ) at ©™ where T is the last element of T in the finite execution ¥ (ho, E*) = (T,q,s,X,u) that
maps ho to h with group event sequence E*, then Z,. (e eoirXqi (1)) jev (q)»$) contains at most one element,
where xqieh, q,Eh, and hiehfor alliel.

Lemma 2 (Determinism) Given an initial condition hy and a group event sequence E*, yM (ﬁo, E*) contains at
most one element if and only if for all h € Reachy~ the Forced Transition, the Disjoint Transition Guard, and the
Singleton Transition Map conditions are satisfied.

The conditions in this lemma rule out any possibility where the system may take more than one path at
the same time: If a discrete transition is possible then continuous evolution is impossible and viceversa (FT
condition). If there exist two possible transitions then only one of their transition guards may be completely
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satisfied (DTG condition). And for every state that may originate a discrete transition there is only one possible
destination point after such transition takes place (STM condition)

Combining Lemmas 1 and 2 we obtain the following result. This holds because an infinite IHE is maximal
by definition.

Theorem 2 (Existence and Uniqueness) Given an initial condition ﬁo and a group event sequence E*, (> (ﬁo, E*)
contains exactly one element if and only if the conditions in Lemmas 1 and 2 hold.

Note that Theorem 2 states the necessary and sufficient conditions for the existence and uniqueness of an
infinite IHE in terms of each agent’s model. These conditions may be used to design the dynamics of each agent
in local form such that the existence and uniqueness of the multi-agent system’s execution is guaranteed. Some of
the conditions may seem difficult to satisfy. However some design guidelines may be followed in order to obtain
a well behaved system:

e Discrete events should be regarded as control inputs, forcing the discrete transition if the guard is satisfied.
Otherwise it becomes practically impossible to guarantee that the FT condition holds for event-triggered
transitions.

o The state based transition guards on each agents should overlap with the set where continuous evolution is
impossible. In this form the conditions for existence and and the FT condition for state-based transitions
are satisfied.

e The event-triggered transition guards should not coincide with the set where continuous evolution is impos-
sible because there is no guarantee for the occurrence of an event that enables a discrete transition, which
would violate the existence of the IHE.

5 Proofs

The proofs of Lemmas 1 and 2 require the following result.

Lemma 3 Ler fq()?q,t) = (fgi (X Ugi 1)) gicoyict:qicq Where Xq,€EX5. fé(fg,t) is globally Lipschitz on Xj for all
g € Ilics Qi

Proof:  Note that from Definition 1 ug, is a vector formed by the continuous states x4, of the agents
J € V(qi), then fg,(xq;,uq;,1) = fo,(Xg;5 (Xg;)g,e0;.jev(4:)1)> Which can be rewritten as fy, (X5,7) where the com-
ponents of X that are different from x,, or x,, for all g; € Q; for all j € V(g;) are absent. Therefore ﬁ;()—c};,t) =
(fagi (Xqi> Ug;:1)) gicoyict:qicg is well defined.

Consider qu()?,;,t) - fq(fq,t) H := LHS where )'c'q,)_?'q € [Lie; Xi- By triangle inequality
LHS < Z qu‘.()_fq,t) _ffh()ztnvt)||
i€l

where ¢; &G for all i € 1. By the previous argument, f,, (¥;,¢) = fy, (Xg; tg;»1) and fy,(Rg;,1) = f4,(Rgss g 1), 50

LHS <} || fo (xg;, tgy:1) — fo (g gy 1)

icl

adding f,(Xy;,ug;,t) — f4; (X ug;»t) = O to the term inside the norm in the right hand side above, and applying
triangle inequality we obtain:

LHS < Yiq ||fqz(an”qnt) _fq;(fqm”qnf)n + .
Yier || for Farr gy 1) — for (R g, 1)
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which by Assumption 1 implies
LHS < Zqu,- quz' _iqu + Ly, H”qi _ﬂqu
icl
Note that x,,;,u, are vectors formed by some but not necessarily all the components of ;. Similarly X, i,

are formed by components of )_E'q, which implies that qu,. — Xy
Therefore if we let L = } ;e Ly, + Ly, we conclude that

’ -

which proves the claim. ]

< |33 = % as well as [|ug, — i, || < ||%5 — %]

(Fgot) — FiGpon)|| < L% =

5.1 Proof of Lemma 1

(=) Suppose for the sake of contradiction that H* is deterministic, and for any ho and E* X (ho, E*) is nonempty,
but there is a h € Reachy- () Outg+ for which none of 1) or 2) hold. Since & € Reachy~ there is a finite execution
x(ho, E*) = (t,q,s,x,u) € x/ (ho, E*) such that t = {1°,7!,..., 7"} and h = (g",x" (tV)).

vvvvv

a) Suppose there exists another execution ¥ (ho, E*) = (%, {,, X, i) that extends (%o, £*) such that y (ho, £*) C
%(ho, E*) and ¥ = {1°,7',... .7V~ 7V + ¢} for some € > 0 (Lemma 3 makes this possible). Then there exists
t € [0,€) such that y(g;,xy,,ug,t) € X, for all i € I, which violates i € Outy-.

b) Suppose there exists ¥ (ho, E*) = (%, 4,8, %, ) such that y (ho, E*) C % (ho, E*) and t = {10, ¢!, ... oV tV+1},
then there exists H; € H* that executes either a state-based transition or a an event-triggered transmon at TV, there-
fore one of the following holds:

o If H; executes a state-based transition, Definition 4 implies there exists a s € Sq]_\/—l such that x e (V) €
Gz’.{’]:(l)cal(s)’ (h]jy*l)jeV(qf”l)( ) € GS/RemOte(s)’ and xqgv (TN) € Zq?’*l(GZ{vqys) where C]?éi’;n, Xq éﬁn,
h ER™ for all i, j € I and for all n € {N 7N — 1}. Note that this violates assumption that 1) does not hold.

o If H; executes an event-triggered transition, Definition 4 implies there exists a s € S ! and a (3¥, ) € E",

such that o =i, 2k = 1V, el(‘xk € G%, (s), s X1 (o) € GE/Local (s), (hy_l)jeV(Cva ( V) e Z/’Rfmom( $), and

qu( M) €z, N~ 1(G w18 s), where ¢ en", aneh", h;?eh” for alli,j € I and forall n € {N,N — 1}. Note that

this v101ates assumpt1on that 2) does not hold.

a) and b) imply that %(ho, %) = (1,q,s,x,u) is maximal. However by assumption % (h, E*) is nonempty,
therefore there exists an infinite execution (o, E*) € = (ho, E*). This execution is also maximal and different
from ¥ (o, E*), which implies that x™ (h, £*) has at least two different elements violating the assumption that
H* is deterministic, which proves the (=) part of our claim.

(«<=) Suppose for the sake of contradiction that there is a /i and a E* for which x™(ho, E*) is empty, but for
all h € Reachy- () Outyg- either 1) or 2) hold.

Since ™ (ho, E*) is empty, we can find a finite, maximal execution x(ho, E*) € x* (ho, E*) N xM (ho, E*) that
maps K to i with group event sequence E*. x(ho, E*) = (T,q,s,x,u) € X' (ho, E*) implies that the last elements
of x and u are defined over the compact interval [tV ", 7], i.e., ¥ : [tV 1 2] = [];e, X v and &V : [tV 1, 7V] —
HiEI Uqfv

By assumption RN € Reachy:. If BN ¢ Outy, then there exists € > 0 such that for all 7 € [0,

nd for all
iely(gh g s Ugh 1) € X,;, where ¢V Eh, s XgN ERN . This implies that (ho, £*) can be extended to % (ho, E

g)a
ho, E*) such

10
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that ¥ (ho, E*) C % (ho, E*), with © = {1%,7',...,™7 + ¢}, and & and @ defined over the interval [tV ! 1tV +¢].
Therefore y(ho, E*) is not maximal, contradicting our previous argument.

If iV e Outy+, then by assumption either 1 or 2) hold. If 1) holds, there exists a H; € H* such that there

exists s € S,y with xv € G%Local( ), and (Y) jevigh) € Gj,{,RemOte( ) where ¢V ERY, X ERN, and hNERN for

all i € I. Then from Definition 4 y(h, £*) can be extended to % (ho, E*) such that ¥ (ho, E*) C §(ho, E*) where
%(ho, E*) = (%,§,5,%,0) = (1,q,8,x,u) : (PVH1 gV+1 @V+1 @+ GN+1) where gV ! =s€Syand ¥ NH(’CN“) €
Z N( PR s), where gV T1€gV+! and % Qe giN*1. Therefore y(ho, £*) is not maximal, contradlctmg our previous
argurnent

If instead 2) holds, there exist a H; € H*, and a (£, ! ) € E* such that o = i, and such that there exists
s € S,v with x v € GE/LOCdl( ), (hN) @) € GE/RcmOte( ) and €f o € G / (s), with ¢ = tV. Then from Defi-

nition 4 (ho, Z*) can be extended to % (ho, E¥) such thatx(ho, E*) Ex(ho, Z*) where §(Fo, f*) (,4,8,%,0) =
(T, q,8,x,u) : (VT GVHL GVHL GV GNHD) where g ! =sESN anquN+l( g+ )EZqz_v(Gq 5), where g T1EgN+1

and fqml EFN*L. Therefore X(iz'o, E*) is not maximal, contradicting our previous argument, and thus proving the

JjeV

(<) plart of the claim.

5.2 Proof of Lemma 2

(<) Suppose for the sake of contradiction that X (ho, £*) contains at least two elements but all FT, DTG, and
SMT conditions hold. Then there exist % (ho, £*) and % (ho, E*) such that § (ho, E*) # % (ho, E*) and % (ho, E*), % (ho, E*) €
xM (ho, 7).

Since both executions start at the same initial condition i_z:o and use the same group event sequence ‘E*, there
exists an IHE 7 (hg, £*) that is a maximal prefix of both % (ho, £*) and §,(ho, E*). Moreover ¥ (ho, E*) is finite
because % (ho, E*) # % (ho, E*).

Let 7V be the state of H* that is obtained from x(fzo, E*) with initial condition ho and group event sequence
E*. Since x(ho, E*) is finite, ¥V EhY and @ are defined over the compact interval [t¥~! tV]. At this point the
following cases are possible:

1. ™V ¢ % and t ¢ %, therefore both % (o, £*) and % (ho, E*) evolve from iV on the system’s continuous dy-
namics (This case establishes the sufficiency of Assumption 1 and Lemma 3). By definition of IHE (Defini-
tion 4, Lemma 3, and standard existence and uniqueness argument for continuous dynamical systems there
exists € > 0 such that for all 7 € [0,€) and for all i € I (g, x},u),t) € X,,, where qfv_hN xiy€hN, and
ufxéﬁN for all i € I. Therefore there exists %(ho, *) = (%,§,5,%,@) where T = {1°,7! TN_lﬂN +
e}, & and @ are defined over [t7V~! ¥ +¢), x(ho, E*) C %(ho, E*), and ¥(ho, E*) C x(ho,f*) and
%(ho, E*) T %(ho, E*) which contradicts discussion about  (fo, £*) being the maximal prefix of % (ho, E*)

and ¥ (o, E*).

2. ™ ¢ % and TV € %, therefore f((izo,f*) evolves from /" on the system’s continuous dynamics, while
¥ (ho, E*) executes a discrete transition from KN (This establishes sufficiency of the FT condition). The
discrete transition that §(ho, E*) executes from 2 may be and event-triggered transition or a state-based
transition.

If the transition is event-triggered, there exists a H; € H* such that there exists s € S p with s # nt such
E/Local E/Remot A

that g} ' =5, gy (T V) e Gq,é **(s), and (hY )jev(gh) (T ™) € quc % (s), and there exist (&¥,¢k,) € E*

such that T = ¥, af = i, and eak € Gs,_c (s). Then by the FT condition (second item) #¥ € Ourg+. On the

11
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other hand, since T ¢ %, definition of IHE (Definition 4, Lemma 3, and standard existence and uniqueness
argument for continuous dynamical systems there exists € > 0 such that for all z € [0,€) and for all i € [

W(gY X ull 1) € qu, where ¢V eRY, xNGhN, and ufy €™ for all i € I, which implies that RN ¢ Outy-
contradicting the previous conclusion.

If the transition is state-based, a similar argument leads to the same conclusion using the first item in the
FT condition.

3. ™ €%and 1V ¢ %. Symmetric to case 2.

4. ™ etand ™V €%, therefore both §(ho, £*) and %(ho, E*) execute a discrete transition from V. (This case
establishes the sufficiency of DTG and STM conditions). Each one of the IHE may take an event-triggered
transition or a state-based transition, leading to four possibilities under this case.

If Z(ﬁo, E*) executes an event-triggered transition, then from definition of IHE, there exists a H; € H*, such
that there is § € § N with § # nt such that x, N( Ny e G];ICLOCM( §) and (h )/EV( (T Ny e GE/RemO[e( §), and

there exists (%k,ek .) € E* such that % =1V, ok =i, and F o € GE/ E( §). By assumption, there also exists

an H; € H*, such that there is § € S PR S#nt, x N( A= GT/Local( §) and (h )jGV(q (T Ny e GT/Remom(s)
where T denotes S or E dependmg on whether s is event- trlggered or state-based, and there ex1sts (only in
case § is event-triggered) (¥, ock) € E* such that % =1V, o =i, and e i € GE/E( 5).

Since AV satisfies the guard conditions for both § and 3, X, ( Ny e GE/ Local( SN GT/ Loc‘ﬂ( ), (hN )jeviq ) (V) e

s/ Remme( N GT/ Remmc( ), and (only in case § is event-triggered) eX o € GE/ E( )ﬂ GE/ E( §). This implies

by DTG condmon that § = " (which also discards the possibility of § belng state based) Then by IHE defi-

nition gV ! = gM !, which by the STM condition implies that & qN“( Ny =% qN“( V). Therefore x (ho, E*)

can be extended to ¥ (ho, E*) = x(ho, E*) : (V! "N+d N+51 N*)} Nﬁl) where x(ho,f*) C %(ho, E*).
¥ (ho, E*) C X(ﬁo, £*), and x(fzo, E)C )((ho7 E£*) which contradicts discussion about x(ho, E*) being the
maximal prefix of both §(ho, £*), and ¥ (ho, E*).

If 2(710, E*) executes a state-based transition, a similar discussion leads to the same conclusion proving this
case

From all the previous cases the (<) part of the claim is proved.

(=) Suppose for the sake of contradiction that y (ho, *) contains at most one element, but that at least

one of the FT, DTG, or STM conditions is not satlsﬁed for h. Since 6 ReachH* there exists a finite execution

x(ho, E¥) = (t,q,8,%,u) € xF (o, E*) such that /1 = iV (V) = (¥, &V (tV)) where 7" and ¥ are the last elements

of q and x respectively, and ¥ and #" are defined over the compact 1nterva1 [tN-1 7N,

If the FT condition is violated, there exists s € S P for some H; € H* such that iV (tV) satisfies the event-
triggered transition guard (assuming s is event-triggered), and there exists (%%, e’& ) € E* that satisfies the event-
triggered transition guard, but /¥ (tV) ¢ Outy-. Therefore % (ho, £*) can be extended with either a discrete tran-
sition or continuous evolution: In case of the discrete transition consider ¢ VN *1 — s then there exists X(ﬁo, E*) =
(t,q,8,x,u) : (BN GV VHL RVHL NHT) | where sESVH!, gVt 'chH. In case of the continuous evolution
consider € > 0 such that y(g",x gy ;1) € X,y forall i € I and for all 7 € [0,€). Then there exists % (ho, E*) =
(1%,¢°,5°, %0 _’0),...,(‘CN L gV~ 1 _N 1 N1 _’N 1) (N +¢, qN sV, XV i) where ¥V and iV are defined over
[tV 1 +£) Thusx(ho,f*) C x(ho,f*) and x(ho,z*) C %(ho, E*), and % (ho, E*) # %(ho, E*) which implies
that there is at least two maximal executions in (ho, ‘E*) which contradicts assumption, therefore FT must hold.
A similar conclusion is achieved in the case of a state-based transition.

12
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If the DTG condition does not hold, there exists s,s" € S py with s # 5 such that x, N € GTl / LOcal( n GT2 / Local( N,
(1)) jev gy € GT‘/RemO[e( N GTz/Local( '), and in case both s and 5" are event-triggered, e, E/E( )ﬂGE/E( .

Then AV (V) satlsﬁes the transition guards of both s and s’ 51multaneously Therefore x(h{)" ,E*) can be ex-
tended on two different discrete transitions ¢’ ™' = s and gV "' = s/, where " ! # @', Then there exist two
IHE (R, E*) # %(h), E*) where X(h),E*) = (t,q,s,x,u) : (FVF1,gVH1 g1 gV VN“) and 7(hy, £") =
(T,q,s,},u) : (’CNH,QN+1 [ SVHL VAL GNHD) where g T1EGN ! and @Y T EGVT!. Note thatx(hf)v, EY TR (RY, E*)
and x(h),E*) C %(h,E*) so there exist at least two maximal execution in (hg’ ,’E*) contradicting our as-
sumption. Thus DTG condition must hold. A similar conclusion is achieved in the case where both s and s’ are
state-based transitions.

If the STM condition does not hold for 7 = AY (tV), there exists s € v for some H; € H* such that / satisfies

event-triggered transition transition guard (assuming s is an event-triggered), and there also exists (%%, e’(‘x .) EE*

that satisfies the event-triggered transition guard. Since Z & (e kX s . (hj) (") ,s) contains at least two elements,

1/ jev
x(hSCZ*)maybeextendedtox(hév,f*)—( T,q,8,X,u) ; (FVH1 GV N1 VL ?N“)aswellastox(%v,‘ﬁ*):
(T’q’s,x,u) N'H qN'H Faax! xN+1 AR whereqN+1 =Vt put I+ 7£xN+1 EZN( (xk’qu ( )/EV )’ S).

This implies x(h), E*) C %(hY, E*) and x(h),E*) C %(hY,E*). Since y(hY,E*) # Z(AY,E*), XM (R, E*)
contains at least two elements contradicting our assumption. Therefore STM must hold. A similar conclusion is
achieved in case s is state-based. This completes the proof of (=), and of our claim.

6 Conclusion

We present an interconnected hybrid systems framework: a set of hybrid systems with interweaved continuous
and discrete dynamics that form a multi-agent system with hybrid interacting dynamics. We extend the work
in [11, 17] defining a metric, reachable sets, and executions for interconnected hybrid systems. We comment on
the properties of the new metric and prove a necessary and sufficient conditions for the existence and uniqueness
of interconnected hybrid executions that are written in terms of the local model of each hybrid agent.

We are currently working on the application of this conditions to the problem of designing future communi-
cation networks as explained in the introduction. We also expect that this new theoretical framework will enable
us to analyze, control and perform abstractions on multi-agent systems with hybrid interacting dynamics.
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