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Abstract

The decay of the parameters {a,, b,} for a Jacobi operator J on ¢*(N) is related to the
analyticity of the Jost function u(z; J) associated with .J, which is in turn related to the
spectral measure du of J. Damanik and Simon demonstrated the equivalence between
the exponential decay of these parameters and the analyticity of the Jost function on a
disk whose radius is given by the rate of decay R. In this paper, these equivalences are
summarized, and an additional equivalence is shown in the case when the parameters
{an, b, } decay super-exponentially, so that |a,, — 1| + |b,| < 1/n"™. In this case, the Jost

function will be an entire function with finite growth order no greater than 2/~.
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Chapter 1

Introduction

The purpose of this thesis is to demonstrate several important results in the spectral theory of Jacobi
operators, and to demonstrate an important extension of these results. A Jacobi matrix J is a tri-
diagonal symmetric matrix with parameters {ay,, b, }2> ; which defines an operator on the Hilbert
space /2(N, C). It is well-known that there is a one-to-one correspondence J <— dy between
bounded Jacobi operators and compactly supported probability measures on the the real line. The
forward direction is a direct application of the spectral theorem for self-adjoint operators on a
Hilbert space, while the reverse direction relies on the classical theory of orthogonal polynomials

on the real line.

There is also a correspondence between bounded Jacobi matrices and the Jost functions asso-
ciated with their solutions. The free Jacobi matrix Jj is defined with a,, = 1 and b,, = 0. This

gives the exactly solvable system

Up g1 + Up—1 = Ay

for n > 1 which has solutions {2"}2° ,, provided that A\ = z + 2z~ 1. If the parameters obey
> lan—1]|4]bn| < oo, then the Jost solutions {uy, }°° ; of J are those solutions that asymptotically

look like the free ones for small z: 2~ "u,(z) — 1 for |z| < 1. The Jost function uo(2) is defined
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by (2 + L — J){un(2)}22; = uo(2)eo and is connected to the measure dy by

. d
uo ()| Im / _dnls) ) _ sin ),
supp(dy) 2086 — s

where uo(z) = 0 if and only if z + 2~ ! is a point mass of dyu. If J has eigenvalues outside of the
interval [—2,2]—i.e., up(2) has zeros Ej = z; + zj_l inside the unit disk—then u(z) does not

uniquely determine dy unless the weights w; = p({ E;}) are taken into account.

It has long been known that the rate of decay at which a,, — 1 and b, — 0 controls the
analyticity of the Jost function associated with J. Damanik and Simon demonstrated in [1] that the
reverse implication also holds: If ug(z) is analytic on a disk of radius R, then the Jacobi parameters
decay as R~2. The method of proof depends on whether or not there exist bound states of .J. In this
paper, these results are extended to the case where the Jacobi parameters decay super-exponentially.

It will be shown that the condition |a,, — 1| + |b,| < —,, implies that the Jost function is entire of
n

. ) 2
finite growth order, and more remarkably, the growth order is no greater that —. In other words, the
faster the super-exponential decay of the parameters, the smaller the growth order of ugy. A partial
inverse to this statement will also be demonstrated in the case of no bound states. These results are

similar to those derived by my thesis advisor Maxim Zinchenko in [12].

There is an interesting connection between these results and the classical theory of Fourier
transforms. There is a correspondence f +— f between L? functions on the real line and their
Fourier transforms. The Paley-Wiener theorems link the analyticity of a function to the decay of
its Fourier transform. If a > 0, then ¢"/¥ f(k) € L?(R) for all b < a if and only if f is analytic
on [Im(2)| < a and supy, <, [“o, | f(z + iy)|? < oo. This is analogous to the case of exponential
decay presented in this paper. Moreover, if a > 0 and f € L?(R), then f has compact support
supp(f) C [—a, a), if and only if f is entire and | f(z)| < ce®™()! for some ¢ > 0 and all z € C.
This is analogous to the case where J — .Jy has finite range, so that ug(z) is a polynomial. For the
Fourier transform on the unit circle, we have the following version of the Paley-Wiener theorem:
If p > 0, then for all & < 1/p there is a ¢q such that |f,| < ca|n|~" for all n € Z if and
only if f is analytic on C \ {0} and for all o > p there is a ¢, such that |f(z)| < cqel*!” for all
|z| > 1. This is analogous to the case where the Jacobi parameters decay super-exponentially with

the growth order of ug related to the decay rate, and as such lies somewhere in between the case of
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finite range (or finite support in the case of the Fourier transforms) and exponential decay. In this

way, the transform J — 1 can be considered a non-linear analogue of the Fourier transform.

In chapter 2, the definition and essential properties of Jacobi operators on ¢? are given, and a
detailed proof of the spectral theorem for these operators is given. We then demonstrate the funda-
mental importance of the Free Jacobi Matrix Jy and how it provides the setting for the discussion
that follows. The construction of the Jost functions are then given via the Geronimo-Case equa-
tions, which can be found in [4] and [3]. Other more classical methods for computing the Jost
function exist (e.g., variation of parameters), but for consistency with the presentation of Damanik
and Simon, this approach is not pursued (although variation of parameters is used in a different
context to derive the Weyl m-function). The method of Geronimo and Case is in any event an ele-
gant presentation, and these equations will provide the necessary estimates needed to demonstrate

the analyticity of ug in chapter 3.

In chapter 3, the decay of the Jacobi parameters will be used to demonstrate the analyticity of
the Jost functions on various domains. In particular, the case of exponential decay is demonstrated

in detail, as the case of super-exponential decay follows readily from these results.

In chapter 4, the reverse direction is demonstrated in detail in the case of no bound states.
It requires a detailed analysis of the zeros of the Jost function and its related M -function, and
is interesting in its own right. The case of super-exponential decay follows from the machinery

developed for these results.

In chapter 5, future directions for research are discussed. Most obviously, the case of bound

states is considered in some detail.

Important results from functional analysis and measure theory are included in two appendices
at the end of the paper. These are summaries of topics that were independently researched by
the author as preliminaries to the main body of the paper, so they are included for the sake of

completeness, and as a reference for more esoteric results.



Chapter 2

Jacobi Operators

2.1 Definition and Properties

Take the square summable sequences

EQ(N,(C):{f:N%(C:i]fn\Q<oo}.
n=1

with the standard inner product given by
oo
(f,9) = fGn:
n=1

This is a separable Hilbert space, abbreviated as just ¢2 that is complete in the norm ||f| =
(f, f)'/2. The standard orthonormal basis for £? is given by the vectors e;, = (), where &y, = 1

if kK = n and is equal to zero otherwise, so that (e,,, €,) = dmn.

Definition 2.1.1. A Jacobi operator J on (2 is a real symmetric linear operator defined via the

equations
[Jflh=b1f1 +arfe

and

[Jf]n = anflfnfl + bnfn + anfn+1
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forn > 1, where (b,)72; C Rand (a,)22, C (0,00).

J has the matrix representation

bi a1 O

a1 by a
J_ 1 b2 2

0 as bg

with respect to the standard orthonormal basis. It is clear from this that J is self-adjoint, and we
note that we can write Jep = ag_1ex—1 + brex + agept1, so we have that (Jeg, ex) = by and
(Jeg,erpt+1) = ai. We will always assume that ||a||cc = sup,, |an| < 0o and ||b]|ec = sup,, |bn| <
00, so that J is a bounded linear operator:

I 7= sup [I7f] < sup Suplan—1foi+bnfut anfuiil
711 Ifll<1n>1

< sup Sup([lafloc] fo1| + [IBlloc|ful + llalloo] frs1])
[fl<1n=1

< [1blloo + 2l|alloo-

Note that it follows that the spectrum o (.J) of J is compact.

2.1.1 Eigenvalue Problems and 7-operators

We now want to look at solutions of (J — A\)f = 0 for f = (f,)%; in ¢*(N, C). The lemmas and
proofs in this section and the next are mostly standard; good overviews are found in [9] and [6].
For reasons that will become clear, it is convenient to work initially in a more generalized setting:
let 7 be an operator on the set of complex-valued sequences S = {(fn)n>0}, not necessarily £2,

defined by

[Tf]n = an—lfn—l + bnfn + anfn+17

for n > 1, where we take ag to be some positive real number, while (a,,)>°; and (b,,)2°; are as

in Definition 2.1.1. From the recursion relations in Definition 2.1.1, we see that if f € 22, then
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(T =N fln = [(J = A\) f]n forn > 2, but

(T =N flr=[(J = N fl1 + ao fo. 2.1

We shall enjoy the freedom of extending our ¢? sequences by specifying the values at n = 0. First

we show a few elementary facts about solutions to eigenvalue problems.

Lemma 2.1.1. Given a,b € C, the initial value problem given by (1 — \)f = 0, fo = a and

f1 = b, has a unique solution f € S.

Proof. Since (1 — \)f = 0, we have
anflfnfl + (bn - )\)fn + anfn+1 =0
for all n. Since a,, > 0 for all n, we can write this as the recursion relation

fn+1 = _ai(anflfnfl + (bn - )\)fn)y (22)

n
so the value of f at any given n is determined completely by specifying its value at two consecutive

integers, and clearly this solution is unique. O

We call the unique sequences s = (s,()))72 and ¢ = (¢, (A))5, that solve (7 — ) f = 0 with

initial conditions
apso =0, s1=1, apco=-1, c1=0 (2.3)

the fundamental solutions of (7 — \) f = 0. We shall see in section 2.1.3 that if we take py, k > 0,
to be the orthogonal polynomials associated with J via e = pr_1(J)e1, then the sequence pg ()
satisfies (7 — A\)f = 0 by the three-term recurrence relation for orthogonal polynomials, provided

we take ag = 1. Now equation (2.1) prompts us to define the transfer matrix 7, to be

T, — i —bp + A —an—1

an an 0

for n > 0. Note that det(7},) = a,,—1/a, # 0, so that T}, is non-singular for all n with inverse

n-1 \ —a, —by+ A
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These transfer matrices provide a convenient way to characterize the general solutions to the IVP
from Lemma 2.1.1. Another important quantity is the Wronskian: if ¢ = (g,)7%, and h =

(hn)o2, are two sequences in S, then their Wronskian is defined to be
Wi(g,h) = anlgnhns1 — gny1hnl.
Perhaps unsurprisingly, we have the following:

Lemma 2.1.2. If g and h both solve (T — \)f = 0, then their Wronskian is constant for all n.

Moreover, g and h are linearly independent if W (g, h) # 0.

Proof. First note that If f € S solves the homogeneous equation (7 — \) f = 0, then we have that

T fn . i —bp + A —ap—1 fn . fn—i—l
fn—l n (7% 0 fn—l fn
and
T_1 fn+1 . 1 0 an—1 fn+1 . fn
" fn n—1 —an —by, + A fn fnfl

From this it is clear that

Tt} g [
f n f 0
It follows that for any two solutions of g and h of (7 — A)f = 0, their Wronskian is constant for
all n, since
h h
det |70 ") Get(Tu Ty . ToTh)det [ 1
g hn g0 ho

. h
_ H a; 1det g1 1
N 473

=1 g0 hO
a 1

= et g ,
n g0 ho
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for all n, so that Wy, (g, h) = Wy(g, h), and we refer to the Wronskian of g and h as just W (g, h).

If g = ch for some ¢ € C, then

W(g,h) = an(gnhnt1 — gn+1hn) = can(hnhni1 — hpt1hn) =0,
so if W(g, h) # 0, then g and h are linearly independent. O

Lemma 2.1.3. The null space Nx(1) ={f € S: (1 — \) f = 0} has dimension 2 for all \ € C.

Proof. Define the map L : C?> — S by L(a,b) = f, where (1 — \)f = 0 with fo = a and

f1 = b. This map is well-defined since f exists and is unique by Lemma 2.1.1. It is linear since if

(t—=A)f=0and (1t — \)g = 0 with (fo, f1) = (a,b) and (go, g1) = (¢, d), then for any o € C,

we have (7 — A)(af +g) = 0 with (aof + g)o = aa+ cand (af 4+ g)1 = ab+ d. This shows that
L(a(a,b) + (c,d)) = L(aa + c,ab+ d) = of + g = aL(a,b) + L(c,d).

Moreover, if L(a,b) = f = L(c,d), then (a,b) = (fo,f1) = (c¢,d), so that L is injective.
Moreover, for any f € N, (J), we have that L( fo, f1) = f, so that L is surjective. This shows that
L is a vector space isomorphism between C? and N, (J), so in particular we have that N(.J) has

dimension 2. O]

Using the Wronskian, we now have a convenient characterization of the general solutions to the

IVP of Lemma 2.1.1 in terms of the fundamental solutions:
Lemma 2.1.4. If f solves (T — \)f = 0 and s and c are the fundamental solutions, we have
Jn = J18n — a0 focn

forall n.

Proof. If (1 — \) f = 0, then we can write

W(f;h)gn = W(f,9)hn = angn|frhns1 = frihn]
— anhn[fogn1 — frt1n]
= fnan[gnhni1 — hngni]
= faW (g, h),
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whence
W(f,h) — W(f9)
fn = gn — hyp,.
Wi(g,h)™"  W(g,h)
By equations (2.3), we see that W (c,s) = ap[cos1 — c1s0] = —1, while W(f,¢) = ao[foc1 —

COfl] = f1 and W(f, 5) = ao[fosl — Sof1] = ag fo, so that
fn = flSn - aOfOCn

for all n. O

Note that in particular, this shows that every A € C is an eigenvalue of 7 whose null space has
dimension 2, and we can take the fundamental solutions {c, s} as a basis. Further, the recurrence

relation gives
s2(A) = —aj Haoso(A) + (b1 — N)s1(N)] = a7 ' A+ O(1).
Similarly, we have
s3(\) = ay ars1(\) + (b2 — N)s2 (V)] = —(ara2) 'A% + O(N).
Inductively, we can see that s,, is a polynomial of degree n — 1:
sa(N) = (=1)"Yay...a,) TN 0N,

If we consider the finite matrix .J,,_1 given by taking the {1,...,n—1}x{1,...,n—1} block of J,
and suppose that s,,(\) = 0, then since so()\) = 0, we see that (J,,_1 —A)(s1(\), ..., 5,_1(A)T =
0, so that A is an eigenvalue of J,,_1. The converse holds as well, so this shows that the determinant

of J,—1 — A and s, () differ by a constant multiple:

Sn(A) = (= T
R V=

The expression for ¢,, can be computed similarly.
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2.1.2 Solutions of (J — \)f =0

Now suppose that A € C with Im(\) # 0. Since J is self-adjoint, we have that its spectrum is real,

o(J) C R, s0 (J — A\)~! is a bounded linear operator on ¢2. We have the following:

Lemma 2.1.5. For A\ € C with Im(\) # 0, the equation (T — \) f = 0 has precisely one linearly

independent solution in (.

Proof. Define the sequence u = (J — \)~te;. Clearly this sequence belongs to £2, and (J — \)u =
e1. We have that [(7 — N)u], = [(J — Nul, = 0 for n > 2, and by extending u to ug = —1/ao,

we have by equation (2.2) that
[(T — )\)u]l = [(J - )\)Uh + agug = [61]1 —1=0.

This shows that u is an ¢2 solution of (7 — \)f = 0. Since the solution space of (1 — \)f = 0 is
two-dimensional, if we had a second linearly independent solution in ¢, then all solutions would
belong to £2. However, this would imply the existence of an 2 solution w with wq = 0, but in this
case we would have (J — A\)w = (7 — A\)w = 0, which would imply that J has an eigenvalue with
non-zero imaginary part, a contradiction. This shows that (7 — \) f = 0 has precisely one linearly

independent solution in £2. O

This now allows us to define the Titchmarsh-Weyl m-function: for all A\ € Ct = {\ € C

Im(\) > 0}, there exists a unique number m(\) such that w(\) = c¢(\) +m(\)s(\) € £2(N,C).
To see this is well-defined, note that by Lemma 2.1.5, there is a unique (up to a constant) £? solution
fof (T—A)f =0. Since {c, s} is a basis for the entire solution space by Lemmas 2.1.3 and 2.1.4,
we must have that there exist unique a(\) and b(\) such that f(A) = a(A)c(A) +b(A)s(A). If a(N)
were zero, then s()\) would have to be £2, but since sy = 0, we would have that (J — \)s = 0,
contradicting the fact that A € C*. So we may define w by w(\) = f(\)/a(\) and take m(\) =

b(\)/a(X). The m-function has two important properties:
Theorem 2.1.6. Forall A € C*, if (1 — Nu =0, u # 0, and u € ¢, then

Cw(A)
aguo(X)’

i) m(\) =

10
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ii) m(\) = ((J — X)"leg,er).

Proof. To see (i), note that for w(A) = ¢(\) + m(A)s(X), we have immediately that w;(\) =
c1(A) + m(A)s1(A) = m(X) and apwo(A) = apco(A) = —1 by equations (2.3). For any u with
(7 — XN)u = 0and u € ¢, we must have that u(\) = cw(\) for some ¢ € C \ {0}, so that

ul()\) _ C'wl()‘) _ wl()\) =m
Caguo(A)  agcwp(N)  agwo(N) W

Property (¢¢) is more involved. We first note that if p is a particular solution of the inhomogeneous
equation (7 — A\)p = ¢, ¢ = (gn)5> a complex-valued sequence, then the general solution is given
by y = as + fc+ p for o, € C. This follows since clearly (7 — A)(y —p) =0, and soy — p is
a linear combination of the fundamental solutions s and ¢ for (7 — ) f = 0. Now suppose that u

and v solve (7 — A\)y = 0 with W (u,v) = 1. We claim that
n
vn =) _K;
j=1

solves (T — \)y = ¢, where K,]1 = u;vy — Upvj. To see this, we calculate

ntl n—1
(7= Nyl = an Y K105 + Z 20j +an—1 ) K45
j=1 j=1
Z (andp 1 + (bn = NE] + an-1 K514 — an1 K _14n

= Z(uj[(T - /\)U}n - [(T - )\)u]nvj)Qj + an—l(un—lvn - un”n—l)Qn

= n(uav)Qn = Qn.

This method is known as variation of parameters. Define the Green function by G(m,n; \) =
((J = X)ten, em). Fixn € N and take g™ = (J — \)~le,, with gén) = 0. Then g™ solves
the inhomogeneous equation (7 — A)g = e, and we see that G(m,n; \) = (g, e,,) = g,(,?).

Applying variation of parameters with v = s and v = w, we have that

11
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solves the inhomogeneous equation. It follows that g(™) can be written in the form

0 m<n
n):

gﬁn acy + Bsm +
SpWm — SmWp M >N

for a, B € C. Since gy = acy + Bsg = acy = 0, we have immediately that « = 0. To determine

£, we note that since w and ¢(™ are ¢2,
g(n) — SpWm = (/8 - wn)sm —0

as m — o0. Since s, is a polynomial, we cannot have s,, — 0, so we must have 5 — w, = 0.

This shows that

SmWy, MmN

G(m,n; \) =

SpWm Mm>n

Taking n = m =1 gives
(J=XN)"er,e1) = G(1, 1) = sqwy = s1cq + msi = m(N),

as desired. O]

2.1.3 Spectral Theorem

In this section, we present a proof of a version of the spectral theorem specifically for Jacobi
operators. In particular, we will see that there is a one-to-one correspondence between Jacobi
operators and compactly supported probability measures on the real line. The presentation follows
the outline presented in chapter 2 of [2], but can also be found in [6]. We see that since J Oe; = ¢

and J'e; = bie; + ajes, we have
J261 = b%el + a1bres + al(a1€1 + boesg + a2€3) = ajages + uo,

where us € span(eq,ez). Inductively, we see that J¥e; = aj---apepr1 + ug, where uy, €

span(ey,...,ex). It follows that span(es,...,exr1) = span(e, Jei, ..., J¥e;), so that e is a

12
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cyclic vector. If we take © = p,,, then the spectral theorem (Theorem B.2.1) shows that for

z € p(J), we have

(7= enen) = [ dul,

o) A— 2
where supp(p) = o(J), since J has a simple spectrum (see appendix B.3). Moreover, Theorem
B.1.1 shows that ;(R) = ||e1||? = 1, so that p is a Borel probability measure on the real line, and
since y is uniquely defined by (J, e1), we have that the map ® given by J 2 w from the set of
bounded Jacobi matrices to the set of probability measures with compact support is well-defined.
We will refer to p as the spectral measure of .J. Note that if we restrict our attention to finite
Jacobi matrices on C" for some n, then supp(u) is a finite set with at most n elements, and so p is

a finite sum of point measures. We wish to show that ® gives a one-to-one correspondence.

We first note that for each ey, there is a unique polynomial p; with positive leading coefficient

(ay - ak)_1 such that e, = py(J)e1. We see that

(emsen) = (Bm(J)er, pu(T)er) = / PP OIA() = G,

so the polynomials p,,, p,, are orthogonal with respect to u. If T is another Jacobi operator with
diagonal entries (d,,) and off-diagonal entries (c,,) such that ®(7") = u, then clearly e, = g (T)e;

implies that p; = g by the uniqueness of orthogonal polynomials, whence

b = (Jeg, ex) = (Jpr(J)er, pr(J)er)

— [ AP = [ a3 P = .
a(J) a(J)

and similarly ay = (Jeg, ex+1) = ck. This shows that T' = J, and so P is injective.

To show that ® is onto, we construct explicitly a map © from the set of probability measures
with compact support to the set of bounded Jacobi matrices such that & o © is the identity. This
can be done with orthonormal polynomials. Let x be a probability measure with compact support
¥ = supp(y). First note that if {1, \, ..., A\¥} is a linearly dependent set in L?(R, dy.), then there
exist a non-zero polynomial p with deg(p) < k such that fz pdu = 0. Since p # 0, we must
have that ¥ is the zero set of the polynomial p. Since p has at most k zeroes, say {xi}le, we

have that p must be a finite sum of point measures: y = Zle a;dy,, with Zle a; = 1. This

13
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gives one direction of the correspondence between such measures and finite Jacobi matrices on CF.

Otherwise, we must have {1, \, ..., \*} is linearly independent for all k.

Applying the Gram-Schmidt procedure to {1,),...,A\*}, we find a sequence (pj()))7q.
deg(px) = k, of orthonormal polynomials with positive leading coefficients such that pg = 1

and

/ Pm(A)Pn dpp(A) = .-
b

We can take Apg(\) = Zfiol ¢ipi(A), so we have

k+1

LonOn) du) = Y e [ pm(3) duly) =

=0

by orthonormality. But since

/ Coe)pi (V) dpr(A) = / PN du() = 0
> >

forl < k—1, we have that ¢; = 0 for | < k—1, and the remaining coefficients yield the three-term

recurrence relation
Apk(A) = cr—1Pk-1(A) + ckpr(A) + cr1pr+1(N),
for k > 0 and Apo(\) = c1p1(A) + copo(A). We can define the sequences
b= [ a0 dn() and o= [ Ap s () V),

so that our recurrence relation becomes

Apo(A) = bipo(A) + aip1(N)

ADk(A) =1 1Pk41(A) 4 bry1pr(A) + appr—1(N),

for k > 1. Comparing the (k + 1)-st coefficients shows that ay is the ratio of the leading terms for

pr(A) and pr11(A), and so ag > O for all k. This yields a Jacobi matrix .J. We have the bound

|b| < sup ])\]/ \pk,l()\)|2 dp(N\) = sup || < 00
AED b)) AEXD

14
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for all k, and the same bound of course also works for each a;. Hence, J is a bounded Jacobi
matrix, and we take O(u(A)) = J. From the definition of .J, we have that e, = py(J)e; for each

k. Writing \* = Z?:o Yipi(\), we see that J¥ = Z?:o ~kipi(J), and so orthonomality gives

k k
k = i {Di e, e1) = = ; i = k .
(J¥er1,e1) —;m(p@(ﬂ 1,€1) = Yo ;Wm/zpo@)p (A) du(A) /z:)\ dp(N)

This in turn implies that for all z € p(.J) we have

dp(N)
» /\— Z’

(J—2)"ter,e1) =
so that u = ®(J) = (P 0 ©)(u), which was to be shown. We have shown the following:

Theorem 2.1.7. (Spectral Theorem for Jacobi Operators) There is a one-to-one correspondence
between bounded Jacobi matrices and probability measures on the real line with compact support.
If J is a Jacobi matrix and | the corresponding spectral measure, then

-1 _ dp(N)
@ eey= [ S

, Vzep(J).

Moreover; e is cyclic under J in (%, and so there is a unitary map U such that (UJU ) (\) =
Mp(N) for all iy € L*(dy).

If we consider finite Jacobi matrices over C”, then p will be a sum of point measures corresponding
to the eigenvalues of J. It is notable that the classical theory of orthonormal polynomials was

essential to the construction of the correspondence in the infinite case.

2.2 Free Jacobi Operator

We define the free Jacobi matrix Jy by taking a, = 1 and b, = 0 for all n, so that Jy has the

matrix representation

0 1 0
10 1
Jo =
0 1 0

15
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This matrix represents the discrete Laplacian and can be used to model a discrete version of a free

(zero potential) quantum mechanical particle on the half line.

2.2.1 The Spectrum of J,

Taking the equation Jou = Au gives the recurrence relation
Upyl + Un—1 = Ay,

forn > 1 and us = Auj;. We shall use the associated T-operator 7y to show that Jy has no

eigenvalues. Many of these results are also summarized in [9] and [6]. First we show:

Lemma 2.2.1. There exist z+(\) such that the sequence u,(\) = [z+(\)]" solve (o — A)u = 0

with z (A)z_(X) = 1. Moreover, we have:

i) if A € C\ [-2,2], then we can choose z such that |z (\)| > 1 and |z—(\)| < 1;

ii) if A € (—2,2), then |z+| = 1 and z_(\) = z4(\);

iii) if \ = %2, then the fundamental solutions are {(£1)"™, (£1)"n}.

Proof. Using the ansatz u,, = 2", we have that u, 41 +u,—1 = Au, is equivalentto A = 24271 or
22— Xz+1 = 0. Defining ug = 1, we have that u(z+ (X)) = ([24-(A)]")32; solves (7—X)u(A) = 0,

provided that we pick ag = 1, where

A+ VA2 —4

ze (M) = )

To verify this for n = 1, we note that

2
A+VA2—4 A2+ 202 —4—4
upgtug=| ——7—— | +1=

1= .
9 4 + )\Ul

We see that

A+VI2—4 A=VX2—4 XN —-(\2—-4
2+ (N)z—(\) = 5 : 5 = (4 ) =1,

16
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and
W (s us) = 20 (A2 () = 2 ()2 ()"
= (2 N2 ()2 (N) — (24 )2 ()" ()
— 2 () -2 (V)
— /24,

so that v, and u_ are linearly independent by Lemma 2.1.2 since A # +2. To prove (i), we see

that |z, (A\)| = 1 if and only if z; () = €% if and only if
A=e" e % =2cos

if and only if A € [—2, 2], and similarly for z_(\). Soif A € C\ [-2,2], then we can take z (\)
such that |24 (A\)| > 1 and z_(\) such that |z_(\)| < 1. To prove (ii), we see that if —2 < \ < 2,

then

() = %(/\ VA,

so that [z+(\)|? = = (A2 + (4 — A?)) = 1 and z_(\) = 24 ()\). To prove (iii), we note that if

1
4
A = +2, then z = +1, so that (+1)" is one solution. We can then take (+1)"n as our second

solution, since we have
W (uy (£2),u_(£2)) = (£D)™(E)" M (n 4+ 1) — (£1)"H(£1)"n = (£1)*(£(n + 1) Fn) = il.l

O]

Now we have

Lemma 2.2.2. Jy has no eigenvalues.

Proof. Since 1 extends Jy, parts (¢¢) and (¢i¢7) of Lemma 2.2.1 show that there are no possible
% solutions for A € [-2,2]. If A € C\ [~2,2], then there is exactly one solution u()) in the
unit disk, which is clearly 2. By Lemma 2.1.5, this solution is unique (up to a constant). Take
z(A) = z4 () in the unit disk, and denote the solution by u,, () = [z(A)]™. This is the only option
for an eigenvalue of Jy, but since ug = 1, we have that uo = Aug — 1 # Auq, so that this solution

does not solve (Jo — A\)u = 0. O

17
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From Theorem 2.1.6(%), we have that

_ ui(N) _ B A+VA2—4
m(\) = om0 up(A\) = 5 .
Then Theorem 2.1.6(¢7) and Theorem 2.1.7 show that
d
) = (7 =N Terer) = [ 24,
o(Jo) C —A

where p is the spectral measure of Jy. We see that for z € R:

r+ie+ /(x4 i) —4
2

m(z) = lim m(z +ic) = lim —
e—0t e—0t

—zx+ivd—12? z€[-2,2
1
=5\ 7T-— -4 <=2

—zrz+Vz2—4 x>2

1
so that Im(m) = 2 X[-22] V4 — 22, Since m(x) has no singularities, part (i) of Theorem B.3.3
shows that p; = 0. Furthermore, part (zz) shows that

1 1
Hac = *Im(m)dz' = 2*X[,2}2] V4 — x2 dzx.
s T

This shows that o(.Jy) = [—2, 2] and must be purely continuous. Under the transformation A =

2 cos 0, this can also be expressed as

2
dp = =X([0,x] sin? @ df.
7T )

2.2.2 Uniformization

Consider the transformation f(z) = z + 2~ 1. Using z = re'?, we see that
: T
fR)=u+iv=re” + —e¢
r
1 1
= <r+ > cost +1i (T — ) sin 6.
T T
This gives
u? v?
+ — 1.
(r+1/r)2  (r—1/r)?

18
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This shows that circles of the form |z| = 7 < 1 in D are mapped to ellipses in C \ [—2,2], and

evidently 0 — oo. This is exactly the resolvent set of Jy. We see that f has the derivative

1 22-1
f/(z)zl_?: 9

z

so it is conformal everywhere except z = +1. We conclude that z — \ = z + 2~ ! is a conformal
map from D to (CU{oo}) \ [-2, 2]. It is important to note that in the case of Jy, we have from the
proof of Lemmas 2.2.1 and 2.2.2 the existence of a z € D such that u,,(f(z)) = un(A) = [z (A)]"

is ¢ and solves (19 — N)u,(f(2))5; = 0.

2.3 Jost Solutions and Jost Functions

We want to consider £ sequences u,, () that solve

(= N (un(2))nZs = —uo(z)er
with A = 2 + 27!, This is equivalent to finding ¢? solutions (un)o2, of the homogeneous equation
(T = X)(un)sey = 0. The solutions (u,(z;J))o2, are called the Jost solutions of J and the
function u(z; J) := ug(z; J) on D is called the Jost function of J. An equivalent characterization

18

n

z
lim ————— =u(z;J
A S et~ wE )

so that (uy,(z;J))%; = —uo(2; J)(J — X)~tey. In other words, we are interested in Jost solutions

that asymptotically look like those for .Jy. In the free case, we have the Jost solutions wu,(z) = 2"

for n > 0 and the Jost function is u(z; Jy) = 1, and we shall see that u(z; J) satisfies the asymptotic
un(z;J))

ZTL

—1

for z € D.

2.3.1 Truncated Jacobi Operators

For a given Jacobi matrix .J and fixing A = z + 2!, we define .J; by taking J; = J for a,, b, < [

anda, =1,b, =0forn > [+1. So jl agrees with J up to index [ and agrees with Jy forn > [41.

19
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Note that this implies that jl — Jp is finite range. We denote the Jost solutions of (jl —Nu=0
by un(z;J;), n > 1. Clearly since .J; and Jy agree for n > | + 1, we have that uy,(z; .J;) = 2"
for n > [ 4+ 1. Considering these operators is standard (see [1] and [10]) since the particular
Jacobi matrices that we will consider are compact perturbations of Jy. Let p,_1(z + 2L jl) be
the orthogonal polynomials associated with .J;. To simplify notation, we write un(2) = up(z; jl)

and pp,_1(\) = pn_1(z + 271 jl) unless otherwise stated. We first have

Lemma 2.3.1. The Jost function of Jy is the Wronskian of the Jost solutions and the orthogonal

polynomials associated with Jj.

Proof. The Wronskian of w,, and p,,_1 is

U(Z; Jl) = Wn(un(z)vpn—l()\); Jl) = an(un(z)pn()‘) - un+1(z)pn—1()\))-

Since these are solutions of .J;, we have that the Wronskian is constant with respect to n. Taking

n = 1 and using the relation

a1UQ(Z) + (bl — )\)ul(z) = ug,

we see that
u(z; i) = a1 (ur(2)p1(A) — u2(2)po(A))
= u1(z)(a1p1(A)) — aruz(?)
— () = ) — (A — by )ur (=) + uo(2)
= ug(z;.J)),
since po(A\) = 1 and aip1 = (A — by) (as in the proof of Theorem 2.1.7). O

We would like to characterize the Jost function of .J, so since the truncated matrices .J; approach .J

as | — oo, we can use the Jost functions/solutions for the .J; to extract information about uo(z; J).

2.3.2 The Geronimo-Case Equations

For the truncated Jacobi operators J, we can derive a nice set of equations to describe the evolution

of their Jost functions. These were introduced in [4] and [3], and were also used in the presentation
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of Simon and Damanik (see [1]). From the recurrence relation and the fact that a,, = 1, b,, = 0 for

n > [+ 1, we see that

appouro(2) + (bir1 — Nugp1(2) + auy(z) = A2 (z+ z_l)zl+1 + ajuy(2)

= aquy(2) = 2' =0,
so that u(z) = a; '2!. Now taking the Wronskian at n = I, we see that

u(z; i) = al(w(2)pi(A) — w1 (2)pi-1 ()
= al(al_lzlpl()\) - lepl_l(}\))

=2 (p(\) — arzpi1 (V).

Since we must have that p,,(A; J) = pm(A; jl) for all m < [, it is natural to define the following

sequences:
gn(2) = 2" (a2 +271) = an2®po-1(z +271))
and
cn(2) = 2"pa(z + 271,

for the orthogonal polynomials associated with J. Clearly g, and ¢, are polynomials, with
deg(gn) < 2n and deg(c,) = 2n, and by definition, we see that g,, is the Jost function for .J,,,

and clearly go(z) = co(z) = 1. We see that
In+1(2) = ent1(2) = ang12%en(2).
The recurrence relation for p,, shows that
ani1Pni1(z+ 27 = (427 = b))z + 271 — anpp_1(z + 271,
Multiplying through by 2"*!, we see that

12" (27 = (22 F 1= 2bpy1) 2" pn(z + 270 — an2"pn (2 + 271,
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or
ani16ni1(2) = (22 +1 = 2bpy1)en(2) — anz’en_1(2)
= (22 = 2bps1)cn(2) + cn(2) — anz2cn_1(2)
= (22 = 2bpi1)cn(2) 4 gu(2).
Using this equation and the definition of g,,(z), we see that
An4+19n+1(2) = ani1cn41(2) — ‘%21+1220n(2)
= (22 — 2bny1)cn(2) + gn(2) — a2 12%cn(2)
= [(1 = af1)2* = 2bp1]en(z) + ga(2).

The two recurrence relations

ant16n41(2) = (2% = 2bny1)en(2) + gn(2)

tni19n+1(2) = [(1 = a2)2% = 2bnia]en(z) + gn(2)

are known as the Geronimo-Case equations (or GC equations for short). Defining the update

matrix
2
2% — 2bnt1 1
Un(2) = ,
(1—a2)z? —z2b, 1
we see that
Cn+1 1 Cn
— Uﬁ+1
gn+1 An+1 dn

Taking T;, = U, . ..U, we have that

-1
c TL+1 1
i=1 1

gn+1

For what follows, it is more convenient to work with the functions

n+1 -1
Cn(z) = (H ai> cn(2)

=1

n+1 -1
Gn(z) = (H ai) gn(2),

i=1
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with Go(z) = Cp(z) = 1, so that

In the next chapter, we will extract information about the analyticity of the Jost function from

assumptions regarding the decay rates of the Jacobi parameters. As an example, we first prove

Lemma 2.3.2. If J — Jy is finite range, then the Jost function u(z; J) is a polynomial with real

coefficients.

Proof. If J — Jj is finite range, then J = Jy for all indices greater than some index [, so that

a, = 1and b, = 0 for all n > [ + 1. In this case, we have that

u(z; J) = gi(2) = a; (1 — af)2* — bizle—1(2) + a; L gi-1(2)
is a real polynomial. 0
We can even determine the degree of u: We know that deg(g;—1) < 20 — 2, and we know that

Cl_1 = (Hii} a;) 12?2 4 lower order. So if a; # 1, then deg(u) = 21, and if a; = 1 and b; # 0,
then deg(u) = 21 — 1.
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Determining the Jost Function from the

Jacobi Parameters

In this section, we will use a series of successively stronger hypotheses on the Jacobi parameters
(bn)o2 and (ay,)S2; to determine the behavior of the Jost function w(z;.J). This is essentially a

summary of the work of Damanik and Simon in [1].

3.1 Decay Rates of Jacobi Parameters

Now we make a series of hypotheses on the rate of convergence of the Jacobi parameters of J. First
we assume that
[e.e]
> lak = 1] + [bn| < 0. (3.1)
n=1
Note first that since Y .~ |a,, — 1] is finite, we have that [ [} ; a,, converges. This means that the
partial products are uniformly bounded, so it suffices to look at C), and GG, instead of ¢, and g,. In

this case we have

Lemma 3.1.1. If the Jacobi parameters satisfy (3.1), then |Cy,(2)| + |Gy (2)| is uniformly bounded

over n on compact subsets of z € D\ {£1}.
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Cr(z 1
n( ) =T, )
Gn(2) 1
it suffices to show that sup,, |7}, ||cc < co. First note that we can write
2% — 2b 1
Un(2) = "
(1—a2)z% —zb, 1

22 1 —zby, 0
= -
0 1 (1—a2)z? —2b, 0

= UO(2) + Apn(2).

Proof. Since we know that

As z # +1, we see that U is diagonalized by

so we take

Ko(2) = (U (2)L(2)"! = (22 0) .

Taking B,,(2) = L(2)An(2)L(2) ™!, we see that since

Ko(2) + Bn(2) = L(:)UOL(2)™" + L(2) Ap(2) L(2)

we have that

L(2)Tn(2)L(2) ™" = [L(2)Un(2)L(z) 7] ... [L(2)U1(2) L(2) "]
= [Ko(z) + Bn(z)] e [K()(Z) + Bl(z)].
Since |z| < 1, we see that
1Ko (2) + Bu(2)lloo < 1+ IL(2) |0/l L(2) ™ llooll An(2) |

1 z
<1+ (1+|1_22,) (102 — 1] + 1ba)).
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This shows that

Talloo < IIL(2)11% H(HKO(Z) + Bi(2)ll)

1 2 1 2
<(14+ — 1 1+ — 2_1|+1b
—<+u—%011(+<+u—ﬂ0“% \Hnﬂ
for all n, so that

1 V5 1 \?
swmmms@+u_%QIIG+Q+u_%JﬂﬁM+M0
n

=1

Since >°°° /(Ja? — 1| + |bn|) < oo by hypothesis, we must have that the product on the right
converges, and taking z on compact sets ensures that (1 + |1 — 22|~1)2 is uniformly bounded as

well. This gives a uniform bound A(z) and thus establishes the result. O

Now suppose we have the slightly stronger condition that
o
> n(lap = 1] + [bn]) < oo. (3.2)
n=1

In this case we have
Lemma 3.1.2. If the Jacobi parameters satisfy (3.2), then there exists M < oo such that

sup |Gp(2)| <M
n,ze]ﬁ)

and

C
sup 7| n(2)] < M.
n,zelﬁ) n+ 1

Proof. By the hypothesis, we know that
[e.e]
M =T +i(jaf — 1]+ [b:]) < oo,

i=1

so it suffices to establish that

Gu(2)] < T]( +i(laf = 1] + |bal))
=1
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and
n
Cu(2)] < (n+ D) JJ(1 +i(laf — 1] + [ba])
=1

for all n. We see that |Go(z)| = [Co(z)| < 1, so the case n = 0 is trivial. If the inequalities hold

for n = k, then since |z| < 1we have that

|Gri1(2)] < |1 = agy1)2® = brar2|Ci(2)] + |Gr(2)]

k
= (11 = afa| + e Dk + 1) + 1) (1 +i(laf — 1] + |ba])
=1
k+1
= [J( +i(laf — 1] + |bi])-
=1

Similarly, we see that
k
Cri(2)] < [(k+ D+ [brga ) + 1 T+ i(laf = 1] + [ba]),
=1

which is certainly less than (k + 2) [T:2 (1 + i(Ja? — 1] + |bs])), since

(k+ DA+ |bgga]) + 1= (k +2) + (k + 1)[b41]

< (k+2)+ (k+2)(k+ 1)(Jagy — 1 + |brsal),

as all quantities are positive. O

Now suppose that there is an N such that for all n > N, we have the estimate
la2 — 1| + |b,| < CR™?", (3.3)
for some C' > 0 and R > 1, so the Jacobi parameters decay exponentially. Then we have
Lemma 3.1.3. If the Jacobi parameters satisfy 3.3, then there exists K < oo such that
|G (2)] +|Cn(2)] < K[max (L, [2])]*"

for all z such that |z| < R.
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Proof. 1f |z| < 1, then the estimate in the proof of Lemma 3.1.3 gives the bound. For |z| > 1, we

note that |z| < |2|2, so that

1 2
1Ko(2) + Bi(2)lloe < |22 + (1 n 1—\) (1% = 11212 + [bil|2])

1 2

Since C),(z) and G, (z) are analytic, the maximum modulus principle allows us to only check the
estimate for |z| = R — ¢ > 1. Taking products from 1 to n, we see that

. 1 2z 1 2
|T0(2)lloe < |R =] (1 + |R_1,2_1) II (1 + (1 + ,R_12_1> (la7 — 1]+ Vﬂ)

i=1
= |R— "B [(1+ Blla7 — 1] + [bi]]).
i=1

For n > N, this becomes

n

N
ITa() oo < 1R = e[S TT(1+ Bllaf — 1]+ [0l]) T] (1 + BOR*).

i=1 i=N
But since ) ;2 R~2% is geometric, it must converge for R > 1, so the product on the right is

uniformly bounded by some B > 0. Taking v = []52, (1 + B[|a? — 1] + |b;]]), we get
ITa(2) |0 < K|R — e[,

where K = a3 B. O

3.2 Analyticity of the Jost Function

Evidently, the Jost solutions for J and jn agree for 7 < n. So we have that the Jost function for J

satisfies

u(z; JJ) = lim u(z; J,) = lim gn(2),

n—oo n—o0
provided that the limit exists. We show now that on the regions given for the bounds in the previous
theorems, we have that g,,(z) — u(z; J) locally uniformly, which will imply that u(z; J) is analytic

on those regions.
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Theorem 3.2.1. If the Jacobi parameters satisfy any of (3.1), (3.2), or (3.3), then

u(z; J) = lim gn(z)

n—oo

exists for all z on the regions given in the conclusions of Lemmas 3.1.1, 3.1.2, and 3.1.3, respec-

tively.

Proof. By the remarks preceeding the statement of the theorem and the fact that g, (z) and G, (2)
differ by a uniform bound over n, it suffices to prove the convegence of Gy, (z) for all z in the
appropriate regions. Then the limit function G (z) will differ from u(z; J) by that same bound.
We note that G, (z) converges locally uniformly if |G,41(2) — G (z)| — 0 locally uniformly. So
it is suffcient to prove the convergence of > > | |Gp11(2) — Gn(2)| on compact sets. The GC

equations give the bound
|Grr1(2) = Gu(2)] = [([(1 = a5 41)2* = bar12]Cu(2) + Gi(2)) — Gu(2)]
< (11— ap 2> + bnra][2]) | Ca(2)]-

If 2 is contained in any compact setin z € D\ =1 and Yo% | |1 — a2| + |b,| < 0o, then Lemma

3.1.1 shows that there is a uniform bound A for |C,,(z)| over n, so that
|Gnt1(2) = Gu(2)] < (11 = ap ] + [basa ) A.

Summing over n gives the result. If z € D and >_°2 | n(|1 — a2| + |by,|) < oo, then Lemma 3.1.2

shows that
|Gri1(2) = Gu(2)] < (11 = af 1| + by ) (n + 1) M

for all n. Summing over n gives the result again. If |z| < R—efor0 < e << 1and |a2 —1|+|b,| <

C R~ for all n, then Lemma 3.1.3 shows that

(Gri1(2) = Gu(2)] < (R —€)*(11 = ag 41| + [bpga | K [max (1, |2])]*"

<cntn-of (=)

As |z] < R, summing over n gives a convergent geometric series on the right, which shows the

result. u
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Chapter 3. Determining the Jost Function from the Jacobi Parameters

3.3 The Case of Super-exponential Decay

This section presents the first half of our contribution to the topic. We suppose that the Jacobi

parameters satisfy
o
a2 — 1]+ |by| < — (3.4)

for all n and some v > 0. These results are analogous to those proved for CMV operators found in

[12]. We wish to demonstrate the following

Theorem 3.3.1. If the Jacobi parameters satisfy (3.4), then u(z; J) is an entire function of finite

2 :
growth order no greater than —; that is, u(z; J) satisfies
v

u(z; J)| < AeBR

for |z| > R, where A and B are constants that do not depend on R.

Proof. For any R, there is an N such that

for n > N. But then we have that

1
|a121—1‘+’bn| < R

for all n > N. By Lemma 3.1.4, we must have that u(z; J) is analytic for |z| < R. Since this
holds for all R > 1, we must in fact have that u(z; J) is entire. To compute the growth order p of

u, let |z] = R. By Lemma 3.1.4 and the definition of growth order, it suffices to show that
2+5
IGry1(2)] < ABET 4 ¢

for all n and € > 0, where A, B, and C' are positive constants that do not depend on R. For ease of
2 2

notation, we note that it suffices to derive this bound with 3 in place of — 4 ¢, where 5 < ~. Then
Y

since we have
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Chapter 3. Determining the Jost Function from the Jacobi Parameters

we see that from the proof of Theorem (4) that

n+1

|Gnt1(2) 2)| < Z Gr(2) — Gr-1(2)]

n+1
< ZKR%(‘Q%+1 = 1|+ [br41])
k=1
n+l o

< KO Z W}
k=1

where Ky = Ka. We see that if take N = { (2R?)8 J then

<1
k = ok’

aa\w

forall £ > N, so we get
Y, R "
Cont(] < K03 g0 + Ko 32 o+ 1Gole)
= k=N+1
Qk

2z

since Gp(z) = 1. Maximizing the function —— —forz > 0givesz =e 1R/3 This gives the bound
b

N R2* R2e*13%
<N

KBk — (6 .

2
k=1 )56 1R/6

2
R23 R
=N

2 2
e—Be 'RP R2e~1RA
B 5
— Neelt

However, since N < (21122)571 and Inz < z for z > 0, we get

2k

R o1 Bp%
KOZW < Ko(2R%)7ee

1 2 2
_ Koﬁegaa +InRB

o

1 spBip
<K025; +

2
i
= AePR

9
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Chapter 3. Determining the Jost Function from the Jacobi Parameters

where A = K02% and B=1+ é Letting n — oo and taking C' = Ky + 1, we get
e
2
lu(z; J)| < AePE7 4+ C.

2
This for all 5 < +, so it follows that u(z; J) has growth order no greater than —.
v
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Chapter 4

Controlling Decay of Jacobi Parameters

through Analyticity of Jost Functions

In the previous section, we demonstrated how assumptions on the decay rates of the Jacobi param-
eters allows one to draw conclusions about the analyticity of the Jost functions. In this section, we
shall prove a partial converse. To this end, we first state and prove a number of lemmas that help

to characterize the roots of u(z; J) for a given Jacobi matrix ./, and relate it to the function

M(z;J) ::—m(z—ki) :_/U(J)A—C(lg(—i\)zl)

defined on . Note that this is the Weyl m-function composed with the uniformization discussed
in section 2.2.2. We wish to construct partial inverses to Theorems 3.2.1 and 3.3.1. These results
were summarized in [1], but we follow more closely the presenation in [8], since it is a bit more

streamlined.
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Chapter 4. Controlling Decay of Jacobi Parameters through Analyticity of Jost Functions

4.1 Characterization of the )M/ -function and the Zeros of

the Jost Function

Since the m-function is related to the Jost function by Theorem 2.1.6, there is a relationship to
explore between M (z;J) and u(z;J). In particular, we shall see that constructing an analytic
continuation of u is—at least under certain assumptions—equivalent to extending M (z; J) mero-
morphically. In what follows, we define J(!) to be the Jacobi operator defined by an ) = Gn41 and

bg) = @y, and in turn define the Jost solutions
. _ —1.n . 7(n)
un(z;J) = a,, 2"u(z; J').

We will show that these solutions coincide with the Jost solutions for .J = .J; defined at the begin-
ning in section 2.3. Evidently, if the parameters of J satisfy any of the hypotheses of Lemmas 3.1.1
- 3.1.3, then so do the parameters of each of the J), and if all of the J() satisfy those hypotheses,
then so does J. So in the following theorems, when a statement is made about the behavior of the
un(z; J), it is understood to hold in the regions given in the statements of Lemmas 3.1.1 - 3.1.3,

depending on which hypothesis is satisfied. First we have
Lemma 4.1.1. The Jost solutions uy,(z; J) satisfy the Jacobi relation
antnt1(z; J) + (bn — Nup(z;J) + an—1un—1(z;J) =0

on the appropriate region.

Proof. 1t suffices to prove that the w,, (z; jl) coincide with the Jost solutions defined in section 2.3,

so first let the original Jost solutions be written as vy, (z; jl) Forn > 1and k > [ + 1, we have

=" = Rtk = z*kanrk(z; Jp).

Since J(™ shifts by n steps, this in fact holds for & > 1. For n = 0, we see that v, (2; jl(k)) uses

ap = ay, while v, (z; J;) uses ag = 1, so we must have

~ k _ ~
U()(Z;Jl( )) = a2z kvk(z;JZ),
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which implies
(2 0)) = a2 (z; A ERNEA)
Now, taking I — oo we know that v(z; .J;) = gi(2;J) — u(z; J), so we have
(2 J) = ai ' 2oz JW) = ug (2 ),
as desired. O

The following lemma verifies the intuitive idea that the Jost solutions of J should asymptotically

look like the free ones:
Lemma 4.1.2. We have

nl;rglo 2 "up (2 J) =1

on the appropriate region.

Proof. Since z™"up(z; J) = a,, 'u(z; J(”)) and a,, — 1, it suffices to show that G (2; J(”)) —1

as n — oc. In all cases, we have by the proof of Lemma 3.1.4 that

[Goo (23 TM) = 1] < S (1(afP)? = 1] - |22+ By - 2D Cra (2, T)
k=0

[e.e]

= 37 (1} =1 |2 + ol - 2D Chn (=, TM)].
k=n+1

We have a uniform bound for |Cy,_,(z;J™)| over k. Since the sum converges for fixed z, its

remainder tends to zero. O

Since we will consider extensions of u beyond the unit disk, we must investigate its possible be-

havior in these regions. First we have

Lemma 4.1.3. The only possible zeros of u(z; J) on 0D are z = +1. If this is the case, then they

must be simple.
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Proof. Suppose z € JD. Since u,(z; J) and u,(z~'; J) both satisfy Ju = (z + 2~ !)u, we must

have that their Wronskian
Wit (23 J), un (275 )] = anftns1 (2 D (275 T) = wn (23 Jtngr (271 )
is constant. But since a,, — 1 and u,,(z; J) tends to 2", we have that this expression tends to
2y el = 7L
Since W [uy (25 J), wn (271 J)] = ui (25 Nug(z=4; J) — uy(z; J)ug(2~1; J), we must have

wy (z; N)ug (274 J) —uo(z; Jur (274 J) = 2 — 271

Since u(z;J) is real analytic on the real line, the Schwartz Reflection Principle implies that

w(z;J) = u(z; J) on dD. Since 27! = 2, we get

uy(z; Nuo(z; J) —ur(z; Juo(z; J) = —2Im(uq (2; J)uo(z; J)) = —2Im(z),
or taking z = €':

Im(uy (€; J)ug(e?; J)) = sin 6.

It follows that unless § = 0 or § = 7, we must have ug(e?; J) # 0. If ug(£1;.J) = 0, then we see

that

—10. ;
up(e ,J)> _ sinf 1 or — 1),

_ 0,
Re <u1(e i J) — 7

as 0§ — 0 (or ), since ui(£1;J) and up(£1; J) cannot both be zero. Then uy(£1;.J) # 0, so
z = £1 must be simple. O

Note that it follows as an immediate corollary of ui(z; J)ug(z~%;J) — ug(z; J)ui(z71;J) =
z — z 1 that if ug(z;J) = 0 for 0 < |z| < 1, then up(z~1; J) # 0. We now show that M (z) can

be extended meromorphically:

Lemma 4.1.4. M (z) has a continuation to 0D \ {1} that is finite and non-zero on 0D \ {%1},

and

lu(e; J)|*Im(M (z; J)) = sin6.
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Proof. From the previous lemma, we have that

, ur (e Jug(ei?; J , u (e J .
\uo(ew;J)PIm( 1(|u0(629'0})2 ) = |uo(e; J)|*Im (1(§> = sin 6,

but then Lemma 4.1.3 shows that
lu(e®; J)PIm(M (z; J)) = sin,

which suffices to define a continuation of M on 0ID. By Lemma 4.1.3, this continuation has at
worst simple poles at z = +1, since Theorem 2.1.6(a) shows that the poles of M coinide with the

zeroes of u, and the orders must be the same. O

This formula will allow us to extend M beyond the unit disk in the next section.

4.2 The Case of Exponential Decay with No Bound States

Since .J,, —Jo is finite range for all n, and since clearly Jn converges in norm to ./, we must have that
J is a compact perturbation of .Jy. Then by Weyl’s theorem, it follows that since J = (J — Jy) + Jo

and J — Jy is compact, we must have
Uess(J) = [_27 2] = Uess(JO)-

However, even though Jj has no isolated (or indeed, any) eigenvalues, it is possible that the discrete
spectrum of .J intersects R \ [—2, 2]. Eigenvalues of .J on this interval are known as bound states

of J. As per Appendix A.3, the spectral measure for J can be decomposed as
1
dp = dpige + dps = ;Im(m)d:z: + dpus,

where m is the Weyl m-function for J. Since the support for dus corresponds to the discrete
spectrum of .J, we have that if A is a bound state for .J, then dus({\}) > 0. In what follows, we
shall assume that J has no bound states. This case is much simpler than the general case, where
appropriate weights for the point masses must be considered. This implies that u(z;.J) has no

zeroes in D, and we will see that then M (z2) has no singularities. In the case of bound states, these
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singularities would have to be appropriately weighted for the following proof to extend to this case.

In what follows, we are going to assume that u is in fact the Jost function for a Jacobi matrix J

with parameters {a,, b, } and that M (z) satisfies
M(z)

z z=0

=1,

but it is possible to prove that u does in fact correspond to a unique Jacobi that gives this condition,
using an appropriate normalization of the spectral measure dy. This is outside the scope of this
paper, so we shall take this as given. So our goal in this section is to prove the following partial

inverse to Theorem 3.2.1:

Theorem 4.2.1. Let R > 1. Suppose u(z) is analytic on {z | |z| < R} and real analytic on the
real line, such that u is non-zero on D\ {£1}, and if u(£1) = 0, then these zeros are simple. Then
we have for each € > 0 that

K

n_l bn Siv
an =11+ bl < =S

for some K. not depending on n.

This is the inverse of Lemma 3.1.4 under the hypothesis of Lemma 3.1.3. If u is entire with finite

growth order p, then this theorem will give a similar inverse to Theorem 3.3.1. We define
u™(2) = u(z; J™)
and
MM (z) = M(zJ™)

with u(z) = u(z;J) = u©(2) and M(2) = M(z;J) = M©(2). Then Lemma 4.1.1 and
Theorem 2.1.6(a) give

a;ilzu(z;J(”H)) - a;}rlz(anﬂz*”*lumﬂ(z; ) tns1(2)

u(z; JM) B anz"™up(2; J) C anun(z)’

M™(z) =

This gives
W (2) = u(z; JY) = app127 g (2)
= 12 (anz "un(2) M (2))

= anp1z ' u™ (2) MM (2),
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as well as

(n) ()1 = antin(2) _ (2 + z 1 — brt1)Un11(2) — Gni1Uni2(2)
M@ =) tn11(2)

Uni2(2)
An+1Un+1(2)

=242 — by — ai+1M(”+1)(z),

-1 2
=z+2 —bpr1—an

by the recurrence relation for the u,,. For small z, we see that
(zHzt =Dl =201l —2(J—2) =201+ 2(J —2)+ 22(J = 2)2 +...),

so that near z = 0 we have

MM (z)

. =14+ 0(z2).

Combining this with the above update equation we get

-1
(Miz)) =1—2by1 + 22— 2202 (1 4+ 0(2)) =1 = byy12 — (a2, — 1)2% + O(z%),

or

M
z(Z) =1+ bpp1z = [(ap41 = 1) = baga]2® + O(2%).

Note that this shows that for small |z| < 1/2, we must have

M(=z)

z

1
Z(’bn+1|+‘a%’+1_1|2) S sup —1

|z]<1/2

)

2, it suffices to find an appropriate bound on 2z~ M™(z) — 1.

so since |a, —1] < a2 —1] < |a2 —1
Lemma 4.1.4 shows that M (z) can be extended to the boundary of the unit disk minus {£1}. If
we wish to extend M outside of the boundary, we define f#(z) = f(1/z). Then f : R — C s
analytic on an open set R C C if and only if f# : {z7! : z € R} — C is analytic as well. It now

makes sense to define
M(z) — M#(2) = [u(z)u® (2)] 7' (z = 271).

This coincides with the extension of M on the unit disk given in Lemma 4.1.4, and in fact this

extends M outside the unit disk wherever u is analytic. In general, we even have:
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Lemma 4.2.2. For each R > 1, M has a continuation to {z : |z| < R} if and only if u does, and

the above holds on the annulus R~1 < 1 < R.

Proof. The function

Z—Zil

M(z) — M#(z)

9(z) =

satisfies g* = g, and since Lemma 4.1.4 shows that M (z) — M#(2) # 0 on 9D \ {£1}, g must
be meromorphic and real there. Since g(e?’) = |u(e?)|? and u is uniformly bounded on D, we
must in fact have that g is analytic there, and so in a neighborhood of the annulus. It follows that in
this neighborhood, an analytic continuation of u is given by 7(z) = g(z)/u* (z) and the Schwarz
reflection principle, since i(e?) = u(e”), and the above formula continues this extension to the
annulus. Conversely, if w is analyticin {z : |z| < R}, then since u does not vanish on 0D \ {£1},

we have that
M(z) = [u(z)u”(2)] ' (z = 27") + M¥(2)

is analytic near 9D and bounded away from z = +1. So since again M(e?) = M(e'), the
Schwarz reflection principle gives the continuation to a neighborhood of D, and the above formula

continues this extension to the annulus. O

We wish to find a bound on M (z)z~! in terms of the u("™), so we must verify that they behave
nicely on the same region as u. This is the content of the following lemma. Note in the proof that

it is critical that « have no zeroes in the unit disk.

Lemma 4.2.3. Ifu(z) is real analytic on an open disk of radius R > 1 with no zeros on D \ {£1},
and at most simple zeros at z = =1, then the same is true for each u\™ (z). Similarly, M "™ (z) is

meromorphic wherever M is.

Proof. Inductively, it suffices to prove this for u(!)(z) and M) (z). We see that M can be extended

to {z | 1 < |z| < R} since u(z) is analytic for |z| < R. Since

uV(2) = a1z u(z)M(2),
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and we are assuming 2~ "M (z)|.—o = 1, the only possible singularities of u() are at +1. However,
u has at most simple zeros at these points, and the extension of M above shows that any poles must

be simple, so in fact «(!) must be analytic on D by the factor u(z)M(z). Since we also have
uM(2) = a1z 'u(z)M(2) = a1(1 — 27 2) (w# (2)) " + a2~ M#(2),

and since u# (z) and M# (z) are analytic for 1 < |z| < R, we must in fact have that u(!) is analytic
on the same region as u. Moreover, (1) is non-vanishing on D by our hypothesis that u has no

zeros (and so M has no poles) in the unit disk, and Lemma 4.1.4 takes care of the boundary. Since
[M(2)] "t =z +27" = b — afMD(2),

we see that /(1) must be meromorphic wherever M is. O

We require one final lemma. The proof of this statement depends on a theorem of Killip and Simon
in [5], the proof of which is very non-trivial and requires machinery far beyond the scope of this

paper, so we state the lemma here without proof:

Lemma 4.2.4. If u(z; J) has finitely many zeros in D and the only zeros of u on the boundary are

simple ones at z = *1, then
lan, — 1| + |bp| = 0
and
M®™(z) = z

uniformly on compact subsets of the unit disk.

Note that this implies
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as n — oo for all p < 1. We can now combine the formula for u("*")(z) and the extension of

M(z) to get

u™" Y (2) = apprz ™ (2) MM (2)
= a7 U (OO (- )+ MOR()

= ap1(1 — 27 HuW#(2) 7 a2 2™ (2) N (2),

where N, (z) = M (z)/z. By Lemma 4.2.3, if u(z) is analytic for |z| < R, then so is u(™(z),
and so the Laurent series of (1 — z~2)u(™#(z) about |z| = R—¢, fore > Osuchthat1 < R—e <
R, contains only non-positive powers. Let Ry = R — . Consider the space L?(R,0D, df/2x). If
f has the Laurent series

oo oo

Z anz" = Z bpe™?

n=—o00 n=—o0

around |z| = Ry, then the same series taken from n = 1 defines an L? function fy on R;9D,
and these functions clearly form a closed subspace of L?. We can now define a projection P, onto
positive powers {e?}. Since u(™ is analytic about |z| = Ry, this projection acts as identity on
w1 (2) —u(*+1)(0), and since (1 — z~2)u™#(z) has only non-positive powers, using the above

equation and applying the projection Py gives
a™) (2) = u(0) = a1 Py [(Rae) 2l (Rie”) — ) O NF ()]

Defining

1/2

lolln, = ([ latrae®) ~ g0rPge)

we see that since || P;|| = 1 we must have

2m A A 2 g0\ />
[ s+2| :< / ans1 Py | (Rae) 2 [ul™) (Rye?) = u™(0)|NF ()| )
R1 0 2w
27 ) 2 d@ 1/2
< ana BN ([ e - w0 57

= 1 Ry N (2) o™

Ri

We are now ready to prove Theorem 4.2.1.
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Proof of Theorem 4.2.1:

We see that

M®) (Rl—leiH)

M(")(z)
R;! '

Sl;p IN# (Rye?)| = Sup |Rye? M (™) (R 'e")| = sup .

0

< sup
l2|<Ry*

By Lemma 4.2.4, both this quantity and the a,, approach 1 as n — oo. This shows that

n—1

Jlim | T ajalINF (i) oo | < o,
j=0
so the nth roots tend to 1:
1 1/n
Jim ]];[O@jﬂHNj#(Rlew)Hoo =1

Now we see that

n—1
R
=0 !

n—1
<II [ (21 a9

)

_ g H(aj+1||N (Rye'? IIoo). (m H

R1>’

so that

1/n

1:[ (aJHHN RleiG)HOO> (mule)l/n.

l/n

-

By Lemma 4.1.2. and the remarks above, the n-th roots on the right tend to 1 as n — oo, so we

can pick a uniform bound C; over n such that these quantities are less than C.(1 + ¢)". Then we

have

ol <in-ar>

where C. = C.(1 + ¢) does not depend on n. Under the assumption that M (z)/z|.—o = 1 and
Lemma 4.2.2, we have that M (") (z)/z|,—o = 1 for each n. Then the recurrence relation for (™)

shows that

u™(0) = apg1un(0).

43



Chapter 4. Controlling Decay of Jacobi Parameters through Analyticity of Jost Functions

This shows that

M(n)(z) u(n+1)(z)/u(n+1)<o)
: u™(2)/u™(0)

and that ™(0) = [ay, . ..a1]u(0). Since Lemma 4.2.3 shows that u(") (z) has no zeroes in I, we
see that [u(™) (2)| > « for some positive a. Taking 3 as a uniform bound on [5°, a;, this and the

above show that

M™)(z) 1 ) )
| < S o
1 .
é if fu(0) > 1

In either case, we call the bound constant A and note that it does not depend on n. By the Cauchy

integral formula, for |z| = R; we must have

2

(n) — u
]u(")(z) —u(")(0)| < 1 7{ [u™(w) —u (0)|dw
OR1D

|2 — wl
_ / ™ (i) — ™ (0)| df
Sy |z — Rye®| 27
1
< 2 gl
zl<k, |2 — R1e®| R
for any € > 0, so that
sup [u)(z) = u (0)] < ] [u”| .
|2[<1 3!
1
where M = ————. Combining this with the above and recalling the remark before the state-

|Ro — 1]
ment of Lemma 4.2.2, we see that

Iba] + |an — 1] < 4MA‘Hu(”“)mR < K.(R—¢)™2",

where K. = 4M AC~'5 does not depend on n, as was to be shown. O

44



Chapter 4. Controlling Decay of Jacobi Parameters through Analyticity of Jost Functions

4.3 The Case of Super-exponential Decay with No Bound
States

This section presents the second half of our contribution to the topic, and follows closely the pre-
sentation in [12], which allows for a very clean proof of the following theorem. If u(z) is an entire
function with growth order p, then by the definition of growth order we have for all 5 > p that
lu(z)| < AeP B for |z| = R, where A and B are positive constants that do not depend on R. We

wish to prove the following:

Theorem 4.3.1. Suppose u(z) is an entire function of finite growth order p that is real analytic on
the real line, such that u is non-zero on D \ {#1}, and if u(£1) = 0, then these zeros are simple.

Then we have for all 5 > p that

C
lan — 1] + [bn| < P

ns

n

where C' is a constant depending only on B (and not n). In other words, the Jacobi parameters

decay super-exponentially at a rate no more than 2/ p.

Proof. For ease of notation, we take o, = |a,, — 1| + |b,|. First we note that it is sufficient to prove

. nlnn B8
lim sup < —
n—ooo — Ny, 2

for all 8 > p. For simplicity, we will suppose that |u(z) — u(0)| < Ce®”, where R = |z

. B> p,
and C is a constant depending on 3 (it will be clear how to modify the proof to accomodate the

general case). We have from the proof of Theorem 4.2.1 that
an < K[tV < RN Jull,

for any disk of radius Rz, and /Ny, is uniformly bounded over n. As w is entire, we are free to choose

R =n'/8 so that a Cauchy estimate gives

27 )
an < PN, </ lu(Re™) — U(O)\Qde>
0 i

—2p .
< MNyn 87",

1/2
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where M = +/2C. Inverting and taking logs gives

—Ina, > znlnn—hﬂ]\l—lm]\fn—n.

— 0
If we take v,, = In M + In N, + n, then since N, is uniformly bounded over n, we must have that
In — 1 as n — oo. Then we have
n
nlnn nlnn
<

—Ina, — %(nlnn— B )

ninn = S0 + S

Zninn—5)

_ B 5
2 snlnn —yy,
B In
_B, P
2 n
2 Shn-2

Evidently the fraction on the right tends to O for large n thanks to the presence of the Inn term, so

we must have that

nilnn

lim sup
n—oo —INay,

<
-2

This for all 5 > p, so the result follows. 0
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Chapter 5

Future Work

5.1 The Case of Bound States

The proof of Lemma 4.2.2 relies on the fact that u has no bound states. If u(z) = 0 for some
z € D, then there is no guarantee that the extension of M (z) to |z| < R will agree with the weights
w); that are required to determine dy from u. In the third section of [1] (as well as [8]), Damanik
and Simon extend their result to the case where u has bound states. It should be possible to use
their results in the case where w is entire of finite growth order. The possible values of the weights
w; are given by

2 [T sin?6

zj:wj+7f/0 Wd&zl.
Suppose u is analytic on a neighborhood of ID and real analytic on the real line. If all of the zeros of
u occur on (DNR)\ {0}, and these are simple zeros, then there is a unique measure for which  is
the Jost function and the w; are the weights. In this case, M (z) can be extended meromorphically
to a neighborhood of D in a way consistent with the weights for . In particular, we may take
zj — zj_l

Zjup(z)uf (27)

These are known as the canonical weights for ug. The methods of section 4 can then be applied to

show the result in the case of bound states. The relevant theorems can be found in [8, p. 918].
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Appendix A

Measure Theory

A.1 Borel Measures and Distributions

The results in this section are fairly standard and summarized in [11]. The main result is an appli-
cation of vague convergence of Borel measures. First we let u be a measure on R and define the
Borel algebra to be the smallest o-algebra on R that contains all open intervals. These sets are
called the Borel sets of R. The measure i is called a Borel measure if 11(C') < oo for all compact

sets C'in R. For any Borel measure (i, its distribution is defined to be the function
~p((0) @ <0
d(z) =0 r=0-
p((0,2]) x>0

By the monotonicity of the measure, d must be non-decreasing. Suppose that a > 0. Then since
 is continuous from above, we have that B,, 11 C B, implies that u(B,) — u(N, By, ), provided
that 14(By) is finite. Since Borel measures assign finite measure to closed intervals, monotonicity
implies that p assigns finite measure to any finite interval. So if (a,) is a monotone decreasing

sequence converging to a, then we see that (0, a] C (0, an+1] C (0, a,,] implies

lim d(a,) = lim p((0,an]) = (0, a) = d(a),

n—oo n—o0
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which shows that d is right-continuous. The cases for ¢ < 0 are shown similarly. Also note
w begin continuous from above and below implies that d(z) — u((—o0,0]) as * — —oo and
d(x) — p((0,00)) as x — oo. In the other direction, let 7 be the algebra of finite unions of disjoint
intervals of the form (a, b] together with the empty set. Take A = U} ; A; where A; = (a;, b;] are

disjoint. For every right-continuous and non-decreasing function d on the real line, we define

n

pa(A) = [d(bs) — d(as)].

i=1
This is well-defined since any partition of A can be expressed in the form A" = U}' ; A} where the
a; are distinct from the b;. Then since the sum is telescoping at those points where a;+1 = b;, we

get i (A) = pu(A’). Now we can show the following:

Lemma A.1.1. Every right-continuous, non-decreasing function d : R — R defines a unique
Borel measure . such that . = s on T. Two functions di and da both generate 11 if and only if

di1 = do + C for some constant C.

Proof. Since extensions of pre-measures are unique, it will suffice to show that u., defines a pre-
measure for p, and then we will check regularity. We first need to show that 7 generates the
Borel algebra on R. Clearly 7 is contained in the Borel algebra, so by definition the o-algebra
o(T) generated by 7 must be contained in the Borel algebra. Since every open set in R can be
expressed as a union of open intervals, and any open interval (a, b) has the form U,,>1(a, b —1/n],
the o-algebra generated by 7 must contain all the open sets. But by definition, the Borel algebra
is the smallest o-algebra with this property, so we must in fact have that o(7) is exactly the Borel
algebra. We now need to see that y, defines a pre-measure on 7. We see that p.(-) > 0 since d
is a non-decreasing function, and . (¢) = p«((a,a]) = d(a) — d(a) = 0. It suffices (by taking
countable unions of countable unions) to check o-additivity in the case that A = U2 | A,, = (a, b],
where A,, = (an, an—1], so that ag = b and a,, — at as n — 0o. We see that

N
e (A) = p(Uply An) = d(b) — d(a) = ) _[d(an-1) — d(an)]

n=1
= d(b) — d(a) + d(an) — d(aop)
=d(ay) —d(a) =0
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as N — oo by the right-continuity of d. It follows that u, extends to a unique Borel measure .
This extension preserves regularity, so it suffices check that p. is regular. For simplicity, we check
inner and outer regularity for A = (a,b]. Since A is open on the left and closed on the right, we
may take our open sets to be of the form O, = (a, b + ¢) and our compact sets to be of the form

C. = [a + &, b]. We see that monotonicity of the pre-measure p. gives
d(b) —d(a) = p«(A) < px(Oc) < pu((a,b+¢)) = d(b+¢) — d(a)
and
Ab) — d(a+2) = pu((a+2,b)) < pa(C) < pa(A) = d(b) — d(a),
so since d is right-continuous, 1. (Oz) — p«(C:) can be made as small as we like, so we have that

1 1s regular. The last statement of the lemma is clear from the definition of .. 0

If p is finite, it is usually more convenient to work with the non-negative function F' defined by
F(x) = p((—00,0]) + d(z).

Clearly F' is also right-continuous, and we see that

p((=00,0]) + p((0,2]) >0

so that F'(x) = pu((—o0, x]). In particular, we have that the continuity of x from above and below
gives F'(—oo0) = limy oo F'(z) = 0 and F(00) = limy_,o0 F'(z) = pu(R). We refer to F' as the
normalized distribution of p. Furthermore, we call = a point of continuity of the measure y if
w({x}) = 0. We see that x is a point of continuity for 4 if and only if F' is continuous at z:

p{z}) = p(Onzi(z = 1/n,2]) = lim p((z - 1/n, z])

n—0o0

= lim (u(—o0,x]) — p((—o0,x — 1/n]))

n—oo

= lim (F(z) — F(x — 1/n)).

n—o0
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In particular this means that since I’ can only have countably many discontinuities, the same is true
for p. This is also true in the general case with d in place of F'. Now suppose that 1, is a sequence

of Borel measures and suppose that y is another Borel measure such that

/Rfdun%/Rfdu

for all compactly supported continuous functions f. Then we say that the y,, converge vaguely to

the measure u. We have the following lemma:

Lemma A.1.2. A sequence of Borel measures (i) on R converges vaguely to a Borel measure
on R if and only if the distributions of the u,, converge to the distribution of | at every point of

continuity of .

Proof. Suppose that the p,, converge vaguely to u. For any bounded interval I = (a, b], we can

find continuous functions f and g with compact supports satisfying f < x; < g. Then

/fdunSMn(I)S/gdum
R R

and similarly for p. Then we have that

/Rfdun—/Rfdu—/R(g—f)dﬂSun(f)—u(f)S/R(g—f)duﬂL/Rgdun—/Rgdu,

so the vague convergence of the u,, shows that
liqgsogp lun (1) — p(I)] < /R(g — f)dp.
This for any f, g € C.(R), so in particular we can choose f; and gi with [gr. — fr| < X(a—s5,044)>
for 6 > 0 fixed, such that fr — X(4,5 from below and g; — X[4,5) from above pointwise. Then the
Lebesgue dominated convergence theorem shows that [, (gr, — fi)dpu converges to y({a}). Thus
we have that
lim sup |dn(a) — d(a)] < limsup [un() — u(D)| < p({a}).
n—o0 n—so00

so that d,,(a) — d(a), provided that a is a point of continuity of . Conversely, suppose that
dy(xz) — d(x) wherever pu({z}) = 0, and let f € Cy(R). Since the support of f is compact and

f is continuous, f must be uniformly continuous. Fix € > 0. Then there is a § > 0 such that
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|f(z) — f(y)| < e for |z — y| < 0. Find an interval I = (ag, ay) containing the support of f and
a partition ag < a1 < --- < any—1 < ay of I such that a;41 —a; < d for0 < ¢ < N. Since the
discontinuities of y are countable, we can arrange things so that p({a;}) = 0 for each ¢. Then for
large enough n, we have |d,,(z;) — d(x;)| < ¢/(2N), so that

3

pn((ai-1, a;]) = |dn(ai-1) — dn(a;)| < |d(ai-1) — d(a;)| + % = pl(ai-1,ai]) + +

From this and supp(f) C (ao, an), we see that

i/fd/in Zf ai—1 ,un a'L 1,&1

< Z / — flai-)| dpn

az 1 az]

<sZ/

(ai— 1,(11]

— aZun((ai—lvai])
i1

< e(u((ao, an]) +¢).

So we have

’/fdun /fdu‘ Z/al @) Ho ] d
+Z/ — flai-1)|dp

(ai— 1,a1]
+ Z [f(ai—1)| - [pn((ai-1, as]) — p((ai-1, ai])]
=1
<& (u(ao, an]) +) + - pl(ao, ax]) + e - max [f(ai—1)|

= [2n((ao, an] + max |f(ai-1)| + €],

which establishes that p,, — p vaguely. O

We are now in a position to prove the following theorem:

Theorem A.1.3. If (11y,) is a sequence of finite Borel measures on the real line with i, (R) < M

for all n, then there exists a subsequence (py,) that converges vaguely to a unique measure |1 with
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w(R) < M. Moreover, we have that

/Rfduﬁ/Rfdu

forall f € Cyh(R).

Proof. Since the p,, are all finite measures, we can consider the normalized distributions F,,(z) =
tn((—o0,z]). By lemma A.1.2, it suffices to show that there is a subsequence whose distri-
butions converge pointwise to another distribution F', since then lemma A.1.1 then shows that
F(z) = p((—o0, x]) gives the desired measure, provided that the distributions of the subsequence
converge to F wherever F' is continuous. Now let {r;}°, be an enumeration of the rationals.
Since F,(r1) € [0, M], by the Heine-Borel theorem there exists a subsequence n,(;) C n such that
that Frgi) (r1) — H(r1). However, since FT(L? (r2) € [0, M], we have the existence of a subse-

quence n,(f) C n,(;) such that F,(Li) (ro) — H(rz). Moreover, since n,(f) C n,(:), we must have that

FT(L? (r1) C F,E?(n) — H(ry) as well. In general, we can find subsequences ng ) satisfying

=1

D ¢l (M

C---Cn.’Cn

and

for i < j. It follows that the diagonal function H(r;) = klim Fé’;) (r;) is non-decreasing since
— 00 .

r; < r; implies that F,(llz)(ri) < F,(JZ) (r;) for all k. Now for any x € R we can define the function

F by

F(z)= inf H(r;).

ri>T

Then F is non-decreasing, because = < y implies that ir;f H(r;) < ir;f H(r;) since H is non-
T;i=X T 2Y

decreasing. If we suppose that € > 0, then it is clear that

lim F(x+¢e)=inf{H(r;):m >xz+5,0<0<e}

e—0t

=inf{H(r;) : 7 > x} = F(x),
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so that I is continuous from the right. So F’ is a distribution, and we have the existence of a unique
Borel measure x defined by pu((—o0, x]) = F(z). We see that
uw(R) = zh_>n010 F(x) = rlggoH(r) < M.
re@Q
Now we must verify that F ) (z) — F(z) for all z such that F' is continuous. Let ¢ > 0 and
k

suppose that F' is continuous at z. Then we can find a y < x such that F'(z) — ¢ < F(y). We can

find rational 7 and r9 such thaty < r; < x < ro and F'(x) + & > H(ry). Then
F(z)—e< F(y) < H(r1) < H(re) < F(x) + ¢.

Since F”;(cm (r;) — H(r;) as k — oo, for large enough k we have that H (r1) < an@) (x) < H(ra),

and then

|F o (z) — F(z)| <k,

Lo

which shows that F () (z) — F'(z) as k — oc. For the last statement of the theorem, assume that
k
f is continuous and vanishes at infinity. Let ¢ > 0 and write f = f; 4+ f2, where f; has compact

support o = supp(f1) and fo < e. Then since 1, converges vaguely to x, we have that

’/fdun—/fdu‘é /fldun—/fldu‘+ fodin — [ fodp
R R o o R\o R\o
< /fldun/fldu‘ 4 2e
— 2¢
as n — oo. This for all € > 0, so the claim follows. OJ

A.2 Herglotz Functions and the Stieltjes Inversion For-

mula

The results in this section follow from previous one, and can also be found in [11]. Theorem A.1.3

can now be used to prove the following important theorem:
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Theorem A.2.1. If I : C™ — C™ is a holomorphic function on the upper-half plane (i.e., F is a

Herglotz function) and satisfies

PG < s

forall z € CT, then there exists a unique Borel measure p such that (R) < M and

1
F(z) = dp(
()= [ s
(i.e., F is the Borel transform of u).

Proof. Suppose that F' is a Herglotz function, so that F'(z)Im(z) < M for some M > 0. For a

fixed z = x + 1y € C™, define the contour
T={c+ic+t:tc[-RR}U{z+ic+Re” :0c[0,n]} =T,UTy.

By construction, we have that z is interior to I" while z+ 2i¢ is exterior to I'. Then since F'(¢)/(¢ —
Z — 2ie) is holomorphic on an interior to I, its integral over that contour is zero by the Cauchy
integral theorem. Moreover, since F' is holomorphic on and interior to I', we have by the Cauchy

integral formula that

_ 1 F(¢)

F(Z)—% FC—ZdC
1 R, 1 F(¢)
2w Fg—zdg 2m'/rg—z—2z‘gdC

:21m/p <Ciz - g—zl—ma)F(C)dC
N 71T/F = z)(ygisz— 2ie) " ()6

since ¢ — z — 2ie — (¢ — z) = 21y — 2ie. Using the substitution ( = x + ic +t fort € [-R, R],

we see that
1 Yy—¢ _1 R y—e .
”/1“1 (C—Z)(C—E—Qie)F(C)dC_w/_R (t—l—i(&‘—y))(t—i(g—y))F(x+Z€+t)dt
L y—e .
:W/_RWF($+ze+t)dt.
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Letting R tend to infinity and shifting by s = = + ¢ we see that

1 y—e o y—e F(s+ ie)
e L CL ) BN e e T

Using the substitution ¢ = Re’, we see that

1 y—¢ i [T (y—a)F(Rew—l—x—i-is) i
W/FQ (=72 Qde = w/o (Re + 2+ i) (Re? —y —iz) o0 @

ds.

From F(z) < MIm(z)~!, we have the bound

i [T (y—e)F(Re” + x + i) 0 2R%|y — €| 0 ,

— : . Re"df| < ————— — F(Re'

77/0 (Ret + x + ie)(Re® — y — ig) © ~ RIR—|e+y| gil[g),r] (Re™ +  + de)
2MRly — ¢

~“|R—l|e+vy||-|e+ Rsind|’

so the integral over I's tends to zero as R — oo. Thus we arrive at the representation

[t yme Rt
rO-f e

Taking imaginary parts, we see that
Im(F(2)) =w(z) = / ve(s)we(s) ds,
R
where

w(s + ie)
(s —z)?2+ (y—¢)? T

Now we can define
A
F.(\) = / we(s) ds.
—00
Since F' is Herglotz, w(x + i) is postive and continuous, so then F; is increasing and continuous.
In particular, it is a distribution, so that p.((—o0, A]) = F.(\) gives a family of Borel measures.

Our bound on F' shows that

_ y(y —¢)
yw(s) = /R G2+ (= 6)2005(8) ds < y|F(z)] < M,

so as y — oo we have that

we(R) = /ng(s) ds < M.
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Taking ¢ = 1/n, by Theorem A.1.3 we have that . converges vaguely to some unique Borel

measure p with 4(R) < M. Moreover, we see that for Ay = (—o0, A], we have that

/RXA(S)dHa(S)Z/Adug(s):/Awg(s) ds,

so that dy. = w.(s) ds. Since

lpo(s) — wols)| = y_° Y

T -aP i
2

(s —z)
_ ‘ —e(s — o)
(s —2)2 + (y— )% [(s — 2)* + y?]

=e-a(s,e),

where «(s, ) is bounded for all s € R for fixed ¢ > 0. So for small € we have a(s,e) < K

uniformly for some K > 0. Now we see that

]ma—éwmw%@

A%@%@M—Aw@mw>

/%@—m@%ﬁﬁ
R

< igg‘%(s) — @o(s)] /Rdus(S)

< (Ke)u(R)

< MKse.

This shows that

w(z) = Hm | po(s)dpe(s).

e—=0t JR

But clearly ¢o € Cp(R), so the last statement in Theorem A.1.3 shows that

/wodua%/wodu,
R R

which implies

2
o) = [ eolsldute) = [ =Lty
But since
1 s—Z (s —z) + iy s—x y?
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which implies

Im(F(2)) = Im (/R , L Zdu(A)) .

Since F and the Borel transform are both holomorphic on C* with identical imaginary parts, we

must have that they differ by a real constant A. But since

M
’A\S\F(Z)|§m—>0

as Im(z) — oo, we must in fact have that

Fe) = [ 3.

which was to be shown. O

The next theorem shows that the measure p can be explicitly computed:

Theorem A.2.2. If F' is the Borel transform of i, then i is given by the Stieltjes inversion formula:

A2
SO 2) + (P da) = Tim [ (PO + ) d
A

e—0t+ T 1

Proof. We see that

1 [ 1 [ £
— Im(F(\+¢ d)\:/ /d dM.
L mEasia= 2 [ S

Since the integrand is clearly continuous for all (z, \) € R2, Fubini’s theorem implies that

/,\jg/ A—1x) —1—52 dpl ///\ d)\d,u()
) e e

— F/R [tanl <)‘2€_aj> —tan~! (Alg_xﬂ du(z).
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As e — 01, we have

tan~!(o0) —tan"(—o0) A <z < Ay

tan—!(00) =\
1 Ay — Al — 1
— {tanl < 2 :c) — tan™" < ! xﬂ — — ¢ —tan~!(—oc0) T =N\
T £ 5 7T

tan~!(oc0) — tan"!(00) r < A

tan~1(—o00) —tan"1(—00) T > Ay

1 xG(Al,Ag)
= 1/2 I‘:/\1,>\2

0 xGR\()\l,)\Q)

1

=5 [X(Al,Ag)(iU) + X[Al,,\2]($)] .
1

Since 0 < —(tan!(-) — tan"!(-)) < 1, the Lebesgue dominated convergence theorem gives
T

.1 » 1
lim /}\ Im(F (A +ig)) d\ = 2/IR [X(M,Az)(x) + X1 o] ()] du(z)
1

_ ;M((Al,m + A, A2)),

which was to be shown. O

A.3 Lebesgue Decomposition of Finite Measures

We give here a brief summary of Lebesgue decomposition of Borel measures on the real line, which
follows closely the presenation in [7]. First we recall that if ¢ and v are measures on a common
measure space, then we say that ;1 and v are mutually singular, denoted p L v, if there is a
measurable set {2 such that ;(2) = 0 and (X \ ) = 0. On the other hand, if x(B) = 0 implies
v(B) = 0 for any measurable set B, then we say that v is absolutely continuous with respect to

u, denoted v < p. We start with the following lemma:

Lemma A.3.1. If y and v are o-finite Borel measures on the real line, then there is a unique
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(modulo almost everywhere w.r.t. 1) non-negative function f and a set ) such that () = 0 and

V(B):V(BOQ)+/Rfd,u

for any measurable set B.

Proof. First assume that ¢ and v are finite. Take o = 1 + v. Then
o(h) = / hdv
R
is a bounded linear function on L?(R, da) since

ool = () ([

[p(h)[* =

by Cauchy-Schwarz. By the Riesz representation theorem for bounded linear functionals, we have

the existence of a g € L?(R, da) such that

o(h) = (h.g) = /R h do.

V(B):/Xde:/XBgda:/gda.
R R B

If we take A = {x : g(x) < 0}, then we see that

Then we have

OSI/(A)—/ngSO,
B

so that ¥(A) = 0. This shows that g is non-negative almost everywhere. Now define @ = {x :

g(xz) > 1}. Then

v(Q) = / gda = / xag da > / xada = a(2) =v(Q) + u(),
Q R R
so that 0 < p(€2) < 0 or p(£2) = 0. Now we can define

g
f= 1 _gXR\Q7
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which is also non-negative almost everywhere. Since /

xBdv = / xBYg da, we have that dv =
R R
gda so that du = da — dv = (1 — g) dav. Then

g
/fdM:/XdeM:/ 1 XR\QXB dit
B R RL—Y

:/QXRQ Bdp
T X®aen
Z/X(R\Q)ntdOé

R

Z/X(R\Q)mB dv
R

=v((R\Q)NB).
We arrive at
v(B) :I/(QQB)—H/((R\Q)QB):V(QHB)+/de/1,,

where 11(Q) = 0. If there is a second function f satisfying this equation, then we would have
/ 5 (f = f")dp = 0 for any Borel set B, so that f = f” almost everywhere, so f is unique modulo
a set of © measure zero. To extend to the o-finite case, we first consider the restriction of the Borel
algebra on R to the sets X, = (—n — 1,n] N [n,n+ 1) for n > 0. Evidently U,,>0X,, = R. Since
w and v are Borel algebras, u(X,,), v(X,) < oo for each n. So for each X,, we have 2, and f,,

satisfying

v(B) =v(Q, N B) —&—/Bfn djs,

for all Borel sets B C X,,. Take Q = Up,>12,, so that u(2) = 0 by additivity, and define f by

f(z) = fn(z) for x € X, or since the supports are disjoint, f = >~ f,. Now for any Borel set
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B on the real line we have

v(BNX,)

NE

v(B)=v || JBnX,) | =

n>0 n=0

NE

[u(ﬂn N(BNX,))+ /Bmxn fn du]

n=0

Mg

v(Q, N (BNX,) +Z/ Fadp

. BNXn

/\/\O

v Jn(BnX,) +/fdu
B

n>0
=v| U | UBNX) +/fdu
n>0 n>0 B

:V<QﬂB)+/de,u,,

so since the uniqueness of the f,, gives f uniquely, this concludes the proof in the o-finite case. []

Let i and v be o-finite Borel measures and consider the representation given by Lemma A.3.1:

v(B)=v(BNN) —i—/Rfdu,

where 1(2) = 0 and f is a non-negative p-measurable function. If v < p, then v(BN Q) C
v(2) = 0, so that dv = f du. Conversely, if there is a non-negative measurable function f such

that dv = f du, then clearly ;(B) = 0 implies that

/deM:V(B) = 0.

So v <« p if and only if dv = f du for some non-negative measurable function f. In this case, the
d
function f is written as d—y and is called the Radon-Nikodym derivative of v with respect to .
i

We can now prove a particular case of the famous Lebesgue decomposition theorem:

Theorem A.3.2. (Lebesgue Decomposition of Borel Measures) Let i be a finite Borel measure
on the real line, and let m be the Lebesgue measure. Then there are unique measures [iq. and [is

such that pge <K m, s L pige, and pp = fige + s.
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Proof. Since p is finite and m is o-finite, by Lemma A.3.1, there is a non-negative Lebesgue

measurable function f and a set M of Lebesgue measure zero such that

w(B) :u(MﬂB)—i-/dem.

Take f15(-) = p(M N -) and dpae = f dm. Then since jiq.(M) = [, f dm = 0 and

ps(R\ M) = p((R\ M) N M) = u(¢) =0,

we have that p4. L s, and we have already seen that p,. << m. To see that this decomposition
is unique, let 4 = fiqe + jis. Then dfige = f dm for some non-negative Lebesgue measurable

function f . So
1a(A) — ia(A) = 1(A) — pae(A) — (1(A) — frae(A)) = /A (F— 1) dm.

Since fige L jis, there is a M such that m (M) = 0 and ji;(R \ M) = 0. Then m(M U M) = 0.
Let A be a Lebesgue measurable set. We may assume WLOG that A is either contained in M U M
or its complement. If A C (M U M), then

J .= pam=o.
If instead A C [(R\ M) N (R \ M)] # ¢, we have that
/A(f— frdm = ps(A) — fis(A) =0

by monotonicity. This shows that f = f almost everywhere, since | 4( f— f)dm = 0 for all

Lebesgue measurable sets A. Then ps = fis, so that
Hac = flac = ft — ps — (1 — fis) = 0,

and SO ftge = figc as well. ]

We would now like to characterize the supports of p,. and pg in terms of m. This is done via
differentiation of measures. We begin by defining the symmetric derivative of a Borel measure p

to be

@ —ratr) (@ —ratr)
(Dp)(w) = lim o = I m(x —r,z+r)

where m is again the Lebesgue measure. First we have
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Lemma A.3.3. The set {Mpu > A} = {x € R : (Mu)(x) > A} are open, where My is the

maximal function

(Mp)(a) = sup MEZTTED)
0<r<oo 2r

In particular, M 1 is Lebesgue measurable.

Proof. 1t suffices to show that the sets {Mu > A} = {x € R : (Mp)(x) > A} are open. Fix
x € {Mp > A} for some A > 0. By the definition of {My > A}, we can find » > 0 and ¢ > X

such that

p((z —ryz+r)) = 2tr.

rt

Since t/A > 1, there exists a 0 > 0 such that r 4+ ¢ < \

, so for any y with |x — y| < 0 we have

y—0 <z <y+9dsothat
(t—rz+r)C(y—r—0,y+r+9),
which gives
wlly—r—=38y+r+90) >pul(z—ryx+r)) =2tr >\ -2(r+9),

so that

p((y —r—0,y+r+9))
2(r+9)

which shows that (z — r,z +r) C {Mp > A}. This forall x € {Mp > A}, so {Mp > A} is

>\,

open. O

If I; = (x; — ri,x; +713), 1 < i < n,is a finite collection of intervals with r; < r;; for each
1 < i < n, then we can find a subset {r; }le C {ri}?_, such that the I; are all disjoint and each
I; is contained in some interval of the form (x; — 3r;, ; + 3r;). This can be seen by noting that if
I;Nn1; # ¢ withr; < rj, thenfory € I;, we have |x; —y| < |v; — x|+ |z; —y| < 2rj+r; = 3ry.

It follows that

k k
m(Up L) < m(I;) =6 .
i=1 j=1

We can use this fact to prove:
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Lemma A.3.4. For any Borel measure y on the real line and A > 0, we have

m({ap > A)) < 248

Proof. Let K be any compact subset of { My > A\}. Then for each = € K, the definition of My
gives an r such that u((x — 4,z + ry)) > 2rzA. Some finite collection of these open intervals
{I; = (x;j — ri, x; +1;) }]-,, must cover K since it is compact. The remarks above show that there

are {r; }?:1 for some k& < n such that

y\w

zi: 27“] zi:

But m is a regular measure and {Mp > A} is open, so taking the supremum over all compact

subsets gives
3
m({Mp>A}) < Tu(R),
which concludes the proof. O

In particular this shows that if f is a Lebesgue measurable function and du = f dm, then for the

maximal operator

(Mf)z) = sup — |l dm

0<r<oo 2T (z—rz+T)

we get

m({M( Sl dm) > 4} < 3 [ Iflam.

This leads us to define a Lebesgue point of a Lebesgue measurable function f to be any x € R

such that

i o [ W = f@ldm(e) =0

Note that if f is a continuous function, then every point is a Lebesgue point. The following theorem

establishes existence in the general case:

Theorem A.3.5. If f is Lebesgue measurable, then almost every x € R is a Lebesgue point of f.
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Proof. It suffices to show that

(Th)x) = sup — ) — F(@)| dm(y) =0,

0<r<oo 2T (z—r,z+T)

for almost every x. For any ¢ > 0 we can find a g € C(R) such that [, |f — g|dm < e. Since g is

continuous, taking h = f — g shows that for all » > 0 we have

1 1
) fos@ldm< o [ if—g- (@) - g)ldm
2r (z—rz+T) 2r (z—rz+r)
1 1
<L dm+ o [ 1f@) —glam
2r (z—rz+r) 2r (z—rz+r)
1
= — |h| dm + |h(x)].
2r (z—rz+r)

Then (Tf)(xz) < (Mh)(z) + |h(x)|, so if z is such that (M f)(z) > 2y for some y > 0, then
either (M f)(h) > y or |h| > y, so we have

{Tf>2y} C{Mh>y}U{[h| >y}
1
But m({h > y}) < — [; |h| dm by Markov’s inquality, so Lemma A.3.4 gives
Y

m({T > 2)) < m({Mh > )+ m({] > 9} < 5 [ bldm =2

Since € > 0 was arbitrary, we must have
m({Tf > 2y}) = 0.

This for all y > 0, so that (7' f)(z) = 0 for almost every = € R. O

Now we are ready to prove the main result:

Theorem A.3.6. Let 1 be a Borel measure on R. We have

i) p L mimplies that (Dp)(x) = oo everywhere but a set of yw measure 0 (i.e., 1 is supported
onT ={z €R: (Du)(z) = oo}, sothat u(R\ T) = 0);

d
ii) ifdy = fdm, then d—u = Dy (i.e., if p <K m, then the Radon-Nikodym derivative of 1 is
m
Dp).
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Proof. (i) If 1 L m, then there is a Borel set B such that m(B) = 0 and (R \ B) = 0. We
must show that the set of all z such that (Dy)(x) = 0 has p measure zero. Since (R \ B) has p
measure zero, we may restrict our attention to B. Since m(S) = 0, we can find V; for j > 1 such
that B C Vj forall j and m(V;) < 1/4. If (Dp)(x) < oo, then we have that

lim w((x —ryx+r))

N
r—0 2r <

for some N > 1. So we define /)y to be the set of all z € B such that there exists a sequence

Ty = rg(ci) such that rg(f) — 0 and

w((@ =7z 4 r)) < 2Nr.

T x

Evidently, x lies in some Ey if and only if (Du)(z) < oo, so we must show that Uy>; En has
1 measure zero. Fix N and j. For every x in E there is an r, small enough such that I, =
(x —ry,x+ry) C V;and satisfies (1) < 2Nr,. Set Oj n = Uzepy Iz Then Exy C O n C 'V},
and for any compact set K C O; y, there is a finite subset I' of Ey such that I,, cover K for
x € F. Then by the remarks before Lemma A.3.4 we have the existence of x; in F' such that

Ty, = (& — 3ry,, x + 3ry, ) are disjoint and cover K. Then

3N
p(K) <> ulTey) < N m(Zy,) <3N Y m(ly,) = 3Nm(Uely,) < 3Nm(V;) < 5
k k k
Taking
Qn = ﬂ Oj.n,
j=1

3N
we see that Ey C Qv and since p(Q2y) < —— for all j, we have that 14(€2) = 0 for all V. This
J

shows that each Ey has y measure zero, so that u(Uy>1En) = 0 as well.

(7i) If = is a Lebesgue point of f, then since f is non-negative we have that

((z—r,x+7r)
2r

f(x)ZIim/( | Jam = lim = (Dp)(@),

since du = f dm. O
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Functional Analysis

B.1 Spectral Measures

This section and the next give a concise but detailed presenation of the spectral theorem for self-
adjoint operators, and follows closely the presentation in [11]. Take B to be the Borel sets on the
real line and 3(H ) to be the space of projections on a separable complex Hilbert space H. The

inner product (-, -) of H is taken to be conjugate linear in the second argument.

Definition B.1.1. A map P : B — PB(H) is a spectral measure if
i) P(R) =1
i) P (U Bn> =Y P(By)
n=1 n=1

for any disjoint collection of Borel sets {By,}. The sum is understood to converge in the strong

operator topology.

A spectral measure is not a genuine measure, as it does not take values in [0, o], but it does satisfy
many of the same properties. Moreover, it is possible to use the inner product on H to define Borel

measures for each f in H, as follows:
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Theorem B.1.1. For each f € H, the function

us(B) = (P(B)f. f) = IP(B)f|?

defines a finite Borel measure on the real line.

Proof. Fix an f € H. We wish to see that i7(¢) = 0. Since pr(¢p) = ||[P(¢)f]|?, it is sufficient
to prove that P(¢) is the zero operator. Since R U ¢ is disjoint, we have from the properties of the

spectral measure that
I=PR)=PRU¢p) =PR)+ P(p) =1+ P(9).

These operators can only be equal if P(¢)f = 0 for all f € H. To see the additivity of /i, let
e > 0. Itis clear that o = 0, so we may take f # 0. Then by the definition of a spectral measure,
there exists an /N > 1 such that
00 N c
HP <U Bn) f= ZP(Bn)fH < 71
n=1 n=1
for all . Then the continuity and linearity of the inner product on H implies that

0o N e’ N
ny (U Bn) — > n(Bn) <P (U Bn> f,f> =N (P(B), f>‘

n=1 n=1 n=1

oo N
= <P (U Bn> f- ZP(Bn>f,f> ,
n=1 n=1
so by Cauchy-Schwarz we have
00 N o) N
s <U Bn> - Y uea)| <P <U Bn> F= > Pl <
n=1 n=1 n=1 n=1

Since each P(R)f = I f = f, we have that ys(R) = (P(R)f, f) = ||[P(R)f||> = ||f]|*, and py is
finite. O

Since we have

IP(B)f + gl* = us(B) + lglI* + 2Re({(P(B)f, 9))
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and

IP(B)f +igl® = py(B) + llglI* + 2Im((P(B) f, 9)),

we can use the polarization identity to define the complex measures

prg(B) = (P(B)f,g) = i(ﬂf+g<B) — pf—g(B) —ipp_ig(B) +ipiyrig(B))

for each pair of f and g in H. We see that for any Borel set B

ig(B) = (P(B)f,9) = (g9, P(B)f) = (P(B)g, f) = g7 (B)

so that yigf = Jirg. Let Simp(R) denote the set of complex-valued simple functions, regarded
as a subspace of the space of complex-valued bounded Borel functions equipped with the sup
norm, and let B(H) denote the space of bounded linear operators on H. Denote the indicator
function of A C R by xa. For any ¢ = 22[:1 anxB, € SimpT(R), we define the operator
P, : Simp(R) — B(H) by the formula

N
P#) =3 anP(Bu) = [ eaPQ.
This gives
N N
<P*(90)f7 g) = Zan<P(Bn)fv g> = Zanﬂfg(Bn) = /R(Pdﬂfga
n=1 n=1
and in particular
N
1P =3 lon PPN, 1) = [ Loy
n=1 R

By way of the Hahn-Banach theorem, we have the following:

Theorem B.1.2. (Integral Representation for Borel Functions) If P is a spectral measure on a

Hilbert space H, then every bounded Borel function 1 : R — C has the representation

Pu() = /R BNAP(N).

Moreover, we have that P, satisfies the following:
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i) P, has norm one;

ii) the adjoint of P.() is Py(1) for all 1;

iii) Pu(Y192) = Pu(Y1) Pi(t2) for all ¢y and 1py;

iv) P.() is normal for all 1.
Proof. Clearly P, is linear on Simp™(R), so since the set of simple functions is dense in the
space of complex-valued bounded Borel functions, these properties will follow immediately from

the Hahn-Banach theorem, once they have been shown to hold on Simp™(R). So we let p =

SN anxa, € Simp™(R) and proceed as follows:

(i) Let || Pc(¢)||op denote the operator norm of P (). We wish to see that sup,| 1 [|[Px(#)[lop =

1. If |¢|oo = 1, then we must have

wuwﬂﬁzéw%@fgmwénguﬂmznm?

Soif || f|| = 1, then || Pi(¢)|/op < 1, and so P, has norm no greater than 1. To see that equality
holds, we take ¢(x) = 1, so that | P.(¢) f|| = 1 for || f|| = 1.

(71) We can compute the adjoint of P, () from the properties of the spectral measure:
- P.@) = [ Frar = [ oiar = [ ony = (P 0

(731) If By and By are disjoint, then we have P(B; U By) = P(B1) + P(B3). Squaring this and
using the fact that P(-) is a projection, we have
P(B,) + P(By) = P(By U By) = P(B; U By)?

(B1)? + P(B1)P(B3) + P(B3)P(B1) + P(By)?

P
P(B1) + P(B1)P(Bs) + P(B2)P(B1) + P(B2),

or P(By)P(B2) + P(B2)P(B1) = 0. Multiplying on the left by P(B;) gives P(B1)P(B2) +
P(B1)P(B2)P(B1) = 0. Multiplying on the right by P(B;) then gives 2P(B;)P(B2)P(B;) =

0. Substituting into the previous equation now gives P(B;)P(Bz) = 0 for any pair of disjoint
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Borel sets. Now note that for any two simple functions ¢ and @9, we can refine their supports

using complements and intersections to write

N N
pir(x) =Y aixs, and () =Y Bixs,,
=1

i=1
where the «; and 3; may not be distinct and non-zero, but the B; are all disjoint. This is also a
simple function since the B; are also Borel sets. But since xp,x B, =0 for B; N B; = ¢, this

shows that

N N N
p1(x)p2(z) = (Z OéiXBi> <Z BiXBi) = aifixs,,
=1 =1 =1
so that
N
Pu(pr(2)2(2)) = D i P(By).
i=1

But since P(B;)P(B;) = 0 for disjoint sets, this shows that

N N
Pu(¢1(2))Pu(pa(x)) = > iBfiP(Bi)* =) cifi P(By),
=1 =1

since each P(B;) is a projection. Thus P, (¢192) = Pi(p1)Pi(gp2) for simple functions, as de-

sired.
(iv) From (ii) and (i44), we have that P, ()[Ps(¢)]* = Pi(¢) Pu(?) = Pu(|¢]?) = [Pe(0)]* Pi()

forall f € H. It follows that P, () is normal. O

For any f € H, define the subspace H; of H to be the images of f under P (1)) for each 1) €
L%(R,dus) = L*(dpy). In other words,

Hy = {P.(6)] - /R [2dp; < oo}

This is clearly a subspace since P, is linear and athy + v2 € L%(duy) if 1,102 € L*(duy). The

space L? (dpg) for the Borel measure 41y is closed for any f, so if |1, — ¥|o — 0, we have that

P (¥n) f — Pe() 11> = | Pu(tpn — @) fII> = /]R Yn — Pdug < |0 — Yool FII* — 0.

This shows that H is closed, so we can consider the projection Py of H onto Hy.
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Lemma B.1.3. Foreach f € H and ) € L*(duy), Hy reduces P.(1); i.e., PfPi(1)) = Py(¥)Py.

Proof. Any h € H has the form h = P,(¢3,) f + g for some ¢, € L*(R, us) and g € HfL We

see that

Pu(¢)Prh = Pu(Y)Pr(Pu(¥n) f + 9) = Pe(¥) Pe(tbn) f-

Since g € HfL, we have that (P (1) f, Pi(1)g) = (Pi(10) f,g) = 0, so that P, (1)g € Hfl as
well. Then

PP ()b = PrPu(y)(Pe(vn) f + 9) = Pr(Pu() Pu(thn) f + Pu(1)g) = Pu(yn) Pe(¥) f,

so since Py (1)) and P, (1)) commute, we have that Py P, (1)) = P.(1))Py. O

From this lemma, we can prove the following theorem:

Theorem B.1.4. If Hy = H, then there exists a unitary map from H to L*>(R, duy), and Py (¢) is
unitarily equivalent with the multiplication operator V defined by V() = 1 for ¢ € L?(duy).

Proof. Define Uy : Hy — L%*(R, duy) by

Up(P(¥)f) = ¢

Clearly this map is onto by the definition of H, and it is well-defined by Lemma B.1.3. We have
by the properties of P, that

(Up(Pe(1) ), Up(Pe(2) f)) 2 = (b1, ¥2) 12
— [ wimduy
R
= (Pu(o1) f, [ u
= (Pu(¥1) f, Pe(2) f)m-
We have that if g = P,(¢') f € Hy, then
(UpP(¥)g = Up(Pu(0) P (') ) = Up(Pu(b¥)') f) = ¥ = (PU)(9),

so that Uy P () = WUy. So ¥ and P, (%)) are unitarily equivalent for each 1. O
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We just saw that if H; = H, then Uy is a unitary map from H onto L2(d,uf). If Hy # H, then

since H s reduces P, (1), we can write

Pu(v) = P(¥)lr; © Pu(¥)

for any 1 € L?(R, duy). We call a sequence {6, }5°, C H aspectral basis for H if ||,|| = 1 for

alln and Hs, | Hs, fori # j. If a spectral basis exists, we can write

o0
H=pH,,
n=1

and we have that U = ©2°_, Uy, is a unitary map from H to &5 ; L?(R, dus, ), and U P, (1)) = WU
for all ¢. Since H is separable, an at most countable spectral basis can always be constructed by
applying the Gram-Schmidt procedure to a total set in . The detailed proof is omitted, as this

result is not used in the main paper, but it is mentioned for the sake of completeness.

B.2 The Spectral Theorem for Self-Adjoint Operators

For every spectral measure P on H, we can assign the operator A = P,.(z) = / AdP(N).
R

Since the identity function ¢ (z) = = is real-valued, we have [P, (z)]* = P.(Z) = P.(x), so

A is self-adjoint. Recall that the resolvent of A is the map R4(z) : p(A) — B(H) defined by

2+ (A — zI)~!. For a fixed z € C, we denote the simple function zxg by just z. Then we have
Puz) = / 2dP(\) = P(R) = =I.
R
In particular, P,(1) = I. But since Py (¢192) = Pi(¢1)Px(12), we must have

(A—z[)P*< ! ):(P*(x)—P*(z))P*( ! )

r—z r—z
= (P —2)P (=
I Py
=P.(1)=1
1
This shows that R4(z) = / 3 dP()). We then have that
RA—Z

Fy(2) = (Ra(2)f, f) = /R )
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is a Borel transform. Since

Im =1
)= [ ) =) [

we see that Iy is a Herglotz function on the upper half plane, and so from Theorem A.1.1, the
measure £ 7 is can be recovered via the Stieltjes inversion formula:
A6
pr(A) = 613& glir(r)l+ - /_oO Im(Fy(t + ic))dt.

We can now use the results from Appendix A and the above to prove the following theorem:

Theorem B.2.1. (Spectral Theorem for Self-Adjoint Operators) If A is a self-adjoint operator

on a Hilbert space H, then there exists a unique spectral measure P4 such that

A= /R AdPA(N)

Conversely, for every spectral measure P, the operator A defined by the above formula is a self-

adjoint operator.

Proof. The reverse direction has already been shown in the remarks before the statement of the
theorem, so we focus here on the forward direction. Let A be any self-adjoint operator on H, and
define the function Fr(2) = (Ra(2)f, f), which is clearly holomorphic on p(A). It is important
to note that since A is self-adjoint, we have that p(A) C R and that (R4(z))* = Ra(Z). From this
it is clear that F; satisfies F(z) = Fy(Z), and
Hf [§

Im(z)’

by Cauchy-Schwarz and the bound ||R4(z)|| < Im(z)~! for the resolvent. Since R4(z) —
Ra(Z") = (2 — 2")Ra(2')Ra(2), we have that

[Er ()] < IR < IRAGIIFIP <

20 Im(Fy(2)) = (Ra(2)f, f) = (Ra(2) . f) = 20 Im(2)|| Ra(2) f||*,

so Fy is a Herglotz function for any f. Then from Theorem A.1.1 there is a unique Borel measure

iy given by the Stieltjes inversion formula such that F'y is the Borel transform for i ¢:

1

Fy(z) = By

(\).
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By the polarization identity, we recover a complex measure /i 7, for each pair of f and g in H such

1
that (Ra(2)f,g) = /R Ed'ufg()\)' For a fixed Borel set B, we define

sp(f,9) = /RXBdeg = pyg(B).

It is clear from the definition of jif4 that s is linear in the first variable and conjugate linear in the

second. We also see that

su(f, f) = /R xsdiy = jip(B) > 0,

S0 sp is a positive-definite sesquilinear form. We now have by Cauchy-Schwarz that

1s8(f,9)1> < sB(f. [)sB(9,9) = 1r(B)ug(B) < py(R)pg(R) = || £1|]lg]>-

So by the Riesz Representation Theorem, we have the existence of a unique operator P4 (B) sat-

isfying s5(f,9) = (Pa(B)f,g) with [Pa(B)[| = [spl. Since [s5(f,9)] < [If] - [lg
have that ||sp|| < 1 for all B. So we have constructed a unique family of operators { P4(B)

B aBorel set} such that 0 < (P4(B)f,g) < 1and

, WE

(Pa(B)f,g) = /RXB,Ufg'

We wish to show that the map P : P4 — A is in fact a spectral measure. First we fix a Borel set B
and show that P4(B) is a projection. We know that P4(B) is self-adjoint by construction, so it is
sufficient to show that [P4(B)]? = Pa(B). If we can prove Pa(B1 N By) = P4(B1)Pa(B2),
this will follow from taking By = By. We first use the formula Ry(2) — Ra(2') = (2 —

2" )Ra(2")Ra(2) to compute:

/ \ _1 o dpig,raz)g(N) = (Ra(2) f, Ra(Z)g)
R

= <RA(Z)RA(zl)f7 g>
- L ([Ra(z)) — Ra(2))f.9)

—Z

1 1 1
_z’—z/R<)\—z’_)\—z)d'ufg()\)

_/1%,@)
RA—2 A==z~
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so that djig g, (z)4(A) = (A — 2) " 'dusg(A) by the uniqueness of Borel measures. We can now

compute

/ ) i ~d1p,(B)£,9(A) = (Ra(2)Pa(B)f, 9)
R
= (Pa(B)f, Ra(z)g)
_/RXB()\)de,RA(z)g(/\)

=/ ! XB(N)dpfg(N),

R/\—Z

from which it follows that dup, (Byf,¢(A) = xB(AN)ditrg(N). As XB,XBy = XBinB,» We arrive at

<PA(B1 N B2)f7 g> = XB1NB2 ()\)dﬂfg()\)

XB1 X By (A)dpipg(N)

—

= /]R XB; d:u’PA(B)f,g()‘)

= (Pa(B1)Pa(B2)f, 9)-

This holds for all f, g € H, so it follows that P4(B1 N Bg) = P4(B1)P4(Bz2). In order to compute
P4(R), suppose that f is in the kernel of P4(R). Then (Pa(R)f, f) = pu¢(R) = 0, which implies
that juy is the zero measure. But then (R4 (2)f, f) = /]R %duf = 0 as well. But this can only
hold if f = 0, so since P4(R) is a projection, Ker(P4(R)) = {0} implies that P4(R) = I. Finally,
to prove additivity we let B = D By, where { By, }°° ; is a collection of pairwise disjoint Borel

n=1
sets. But then the additivity of sy shows that

2 N
] - < (PA<B> -y PA<Bn>> 3 f>

N
Pa(B)f =Y Pa(Bn)f
n=1

as N — oo. This establishes the existence of a spectral measure for A, and uniqueness follows from

the fact that the Borel measures 11r, were uniquely determined by the Stieltjes inversion formula

7



Appendix B. Functional Analysis

and the projections of the spectral measure were uniquely determined by the Riesz represenation

theorem. OJ

This theorem allows us to characterize any self-adjoint operator on H as an integral over a spectral
measure that is unitarily equivalent to a class of multiplication operators. Moreover, we see that
(P4)«(x) = A, so Theorem B.1.4 shows that if e is a cyclic vector for A, then for all f € H we

have

f:ZOék[(PA)*( ) e = (Pa) (Zakx )e
k

This shows that f € H., since Y, az” is a polynomial and so is in L?(dpu.). This gives a
unitary map U : H — L?(du.), such that UAU 14 (z) = x1p(x). Otherwise, we may take an
orthonormal basis for 4 and construct a spectral basis by a Gram-Schimdt procedure to produce a
unitary map onto a direct sum of L? spaces such that U AU ~14)(x) = x1)(z). We summarize this

as:

Lemma B.2.2. Ife is a cyclic vector for A, then H, = H.

B.3 The Spectrum of a Self-Adjoint Operator

Here we will demonstrate a characterization of the spectrum o(A) of a self-adjoint operator A
in terms of its spectral measure P4, which is also presented in [11]. We also present a theorem
relating these results to the material in the previous appendix (a brief summary can also be found

n [6]). We will need the following lemma:

Lemma B.3.1. Let z € C. If {fn}22 is a sequence in H such that ||f,|| = 1 for all n and
|(A—=2)full = O, then z € o(A).

Proof. Suppose || f,|| = 1 forall n and (A — 2)f, — 0. If z € p(A), then R4(2) exists and is

bounded, so we have

1 fall = 1RA(2)(A = 2) 7 full < [RA(2)] - (A = 2) full = O,
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a contradiction. O

These sequences are called Weyl sequences. Using them we may prove:
Theorem B.3.2. For a self-adjoint operator A with spectral measure Pa, we have
og(A)={AeR: Py(AN—e,\+¢)) #0,Ve > 0}.

In particular, we have:

i) Pa((\, A2)) = 0 if and only if (M, Az) C p(A);
ii) Pa(o(A)) = I;

iii) PA(RN p(A)) = 0.

Proof. First note that since A € R, A — ) is also self-adjoint. Moreover, A — A = (P4).(t — A).
Now suppose that B,, = (A — 1/n, A + 1/n) and P4(B,,) # 0 for all n. By Riesz’s Lemma, for
each n we can find f, € Pa(By)(H) with ||f,|| = 1. Then since dup,(p,)r = XB,dpy and

fn € P4(B,,), we must have

1A= N full® = [[(A = ) Pa(Bo) ful?
= [t~ NP, 5,0
R
- /R (t = N)2x, (D), ()

< sup (t — A\)’uy, (Bn)
teBy,

1

=

since fif, () < || fl/? = 1. This shows that (f,,) is a Weyl sequence, and so Lemma B.3.1 implies
that A € o(A). Conversely, take ¢ > 0 with B, = (A—¢, A+¢), and suppose P ((A—¢e, A <)) = 0.
Define ¥ (t) = XRr\ (A—e \4e) (t — A)~L. We note that if By C Bo, then By is the disjoint union of
By and By \ By, so that Py (Bs) = Pa(B1)+Pa(Bz\ B1), or PA(Ba\ By) = Pa(Bs) — Pa(By).
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‘We now have that

(A = X)(Pa)x(vhe) = (Pa)«(t = A)(Pa)«(e)
= (Pa)«((t = A)te)
= (Pa)+(xr\B.)
= Pa(XBy,.)

= P4(R) — Pa(B:)

)

since P4 (B:) = 0 by assumption. The same reasoning shows that (P4).(¢z)(A — X) = I, so that
A — ) is invertible. Thus A € p(A).

To see (¢), we need the following fact: If B; and Bj are Borel sets with By C Ba, then P4(B;) <
P4(B>) in the sense that

<PA(Bl)f7 f> < <PA(B2)f7 f>

forall f € H (this is the analogue of monotonicity for a spectral measure). In particular, if P4(Bz2)
is the zero operator, then so is P4(B). To see this, we note that since the characteristic functions

satisfy xB, < xB, for By C Bg, we have

/XBld,U«fS/XBgdﬂfa
R R

which is equivalent to the above. Now if A € (A1, A2) and P4((A1, A2)) = 0, we find € > 0 such
that B. C (A1, A2). Then the above shows that P4(B.) = 0 as well. So the first part of the theorem
implies that A € p(A). Conversely, if A € 0(A), then P4(B;) # 0 for all € > 0, so monotonicity
again implies that P4 ((A1, A2)) # 0.

To prove (i) and (7ii), we first note that since A is self-adjoint, p(A) must be open, since o(A)
must be closed. For each A € p(A), we find an € > 0 such that B. C p(A). From this we get
an open cover O of p(A), and we may pass to a countable open subcover {O,,} of p(A4). We can
define O} = On \ Up<nOy. These sets are all disjoint by construction, and part (i) shows that

P4(O%) = 0for all N. Then additivity of the spectral measure gives

PA(RN p(A)) = Pa(p(4)) = 3 O} = 0.
N=1
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This shows (i7), and now (4i7) follows from
Pa(0(A)) + Pa(p(A)) = Pa(o(A)Up(A)) = Pa(R) =1,

completing the proof. 0

Remarkably, this theorem shows that if A has a cyclic vector, then we have

up(R) = (£, f) = (Pa(o(A)f, 1) = /R Xoydit = 17(0(A),

while

pf(p(A)) = 0.

Moreover, A € p(A) if and only if there is an open neighborhood N of A such that P4(N) = 0, so
that ;17 (IN) = 0. This shows that the support of 1 is exactly o(A): supp(us) = o(A) for any f.
We refer to this invariance by saying that A has simple spectrum. We note that in particular, we

must have

Ba@f.5)= [ s

o(
for any choice of f € H. It is often also beneficial to split the spectrum into two pieces: the
discrete spectrum, denoted by o04(A), includes all isolated points in the spectrum of A, and the
essential spectrum, denoted by oss(A), includes all the points in the spectrum that are not isolated
(0ess(A) = 0(A) \ 04(A). Note that if we suppose that P4({\}) # 0, then for f € Pa({\})(H),
we have that
(4=ADF = (A= MDPAGDS = [ (4= Axppdns(® = [ (6= Nag) =0,

so that \ is an eigenvalue of A. This shows that if yf({\}) > 0, then X is an eigenvalue of A, so
it follows from Theorem B.3.2 that the discrete spectrum is contained in the point spectrum, i.e.,

04(A) can only contain eigenvalues of A. We have that

Lemma B.3.3. If there is a Weyl sequence f,, converging to A that also conveges weakly to 0, then

A € Oess(A).
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Proof. Suppose that A € o4(A). Then A is an eigenvalue of A, so again by Theorem B.3.2, there
is an € > 0 such that P4(\ — ¢, A + ¢) is finite rank for 0 < ¢ < e. In particular, £ is compact.

Take g, = F) fn. Then the weak convergence of the f,, shows that g, — 0. Then we have that

” I— PA( _57>‘+5))fn”2
I(PA(R) = Pa(X =&, A +¢)) ful®
I(PARN (A = &, A+ €)) ful

/ dpg,
R\(A—e,A+¢)

1

2

(t — A)duy, (1)

an _gnH2

? R\(A—e,\+¢)

2!\(/1 M) ful®.

| /\

This tends to 0, so that ||g,,|| — ||fn|| = 1, a contradiction. Hence, we must have A € o.s5(A4). O

An immediate consequence of this lemma is that since the spectrum of A is simple, the point masses
of the measures dyy coincide with the discrete spectrum of A. We can also use this lemma to
provide a quick proof of Weyl’s Theorem: If A is self-adjoint and K is compact, then o¢ss(A) and
0ess(A + K). First suppose that ( f,,) is a sequence with || f,,|| = 1 for all n. If || (A + K) || — 0,
then clearly ||Af,| — 0. If ||Af,|| — O and the f,, converge weakly to 0, then we have that
I(A+ K)foll < ||Afull + || K frll = 0, since K is compact. Thus, A and A + K share the same
Weyl sequences that are weakly convergent to 0, so they must share the same essential spectrum.
Now that we have this characterization of the spectrum in terms of the spectral measure, we can

finally prove the following theorem:

Theorem B.3.4. Ler F'(z) be the Borel transform of a finite Borel measure p and dx = dm be the

Lebesgue measure. Then
i) p({z e R: lim Im(F(z +ic)) = oo}) = 0;
e—0t

1
ii) dge = —Im(F) dx;
s

6—0te—0t+t T

2 )
iii) p({z}) = lim lim / Im(F(A + ie))dA, forall x € R.
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Proof. We see thatif A € (x — &,z + ¢), then (A — )% + 2 < €2, so that

€ N 1
A—x)24e2 " 2

Then
€
n(Flraien — [ &
m(F(z + ic)) /R T dp(N)
€
> L
B /(95—8793-1-5) (A —x)% 4 &2 ()
1
2e (z—e,2+¢€)
plo—cate)
2¢e ’

dp

Then the monotonicity of 1 proves (z) since the set 7" in Theorem A.3.6(i) must contain {z € R :
lim+ Im(F(x + ic)) = oo} by the above inequality. To verify (i7), we note that since p is finite, it
e—0

suffices to show that if f is continuous and bounded, then

i/RfIm(F)dm:/Rfdﬂ.

So suppose that f is continuous and bounded and denote dx = dm(z). Then by Fubini’s theorem

/f ) Im(F'(z + i€)) /f / ) +62du()\)d
/ | G @i,

Since f is bounded, we may take | f(z)| < M for all x € R, and then Holder’s equality gives

we have

1 £ !
ol @ e sl [ e

1 -\ |7
:sup\f(x)]-;tan_l (x )‘ <M.

zeR

So taking € = 1/n and applying the Lebesgue dominated convergence with respect to the measure

i as n — oo shows that the integral on the left converges to some limit function G(\). We claim
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that G = f. We have

1 € 1 €
7r/R()\_96)2%_52f(35)0[33—f(/\) :W/R()\—:c)?—i—ﬁf(x)dx

1
B f()\)ﬂ'/R (X — 936)2 +e2 dz
1 €
zAQA_2U@ﬁ—fQDd%

7 z)2+e
but since f is continuous, we can find a d,, > 0 such that |f(z) — f(A)| < 1/n for |x — A| < dy.

Then we have for each fixed n that

1 €
| Gerrali@) - s

< [ Gl @ -

m — )2 4 &2
1 €
<— ———dx
le—A|<s, (A — 1) + €2
1 €
+2M - — ———dx
le—A|>0, (A —x)? + &2
1 2M €
<= 422 I S—

n ™ |z —A|>6, (A - .’L')Q + g2

For each n, the second integral tends to zero as € — 0T This shows that

aﬁﬁ[iﬂgx_gr%ﬂﬂ@dx‘ﬂ”]<i'

This for all n, so that

o1 €
lim /R()\_ﬂf(a:)da::f()\).

E1_1>Iél+7r/f ) Im(F(x + ic)) dm—€1_1>%1+/ / ppE g 5 f(@) drdu(N)

=/ﬂMwm
R

which establishes (i72). (i7¢) is just a restatement of the Stieltjes inversion formula.
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