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Abstract

Category theory can be applied to mathematically model the semantics of cognitive neural systems. We discuss
semantics as a hierarchy of concepts, or symbolic descriptions of items sensed and represented in the connection
weights distributed throughout a neural network. The hierarchy expresses subconcept relationships, and in a
neural network it becomes represented incrementally through a Hebbian-like learning process. The categorical
semantic model described here explains the learning process as the derivation of colimits and limits in a concept
category. It explains the representation of the concept hierarchy in a neural network at each stage of learning
as a system of functors and natural transformations, expressing knowledge coherence across the regions of a
multi-regional network equipped with multiple sensors. The model yields design principles that constrain neural
network designs capable of the most important aspects of cognitive behavior.
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1 Introduction

1.1 Neural Network Semantics and Knowledge

The search for a deeper understanding of neural networks has led investigators to the notion that the distributed
pattern of connection weights formed within a network as a result of its processing of input patterns can be
explained in terms of human- understandable rules ([2], [3], [4], [7], [8], [9], [13], [20], [18], [25], [31], [37], [40],

[44], [45]). Often, the rules are regarded as knowledge made explicit by a symbolic-rule-extraction technique. The
knowledge typically has the form IF (input stimulus) THEN (output response), providing an explicit description

of the relationship between meaningful items in the input patterns and desired responses to those items. The
symbolic expressions in the rules are meant to describe significant items associated with the stimuli as well as
items expressed through the network responses. Some investigators have used mathematics to remove ambiguity
in the descriptions and to associate with rigor the relationship of rule expressions to connection weights. Typically,
they do this by expressing the rules as symbolic formulas in a formal logic. This use of symbolic statements to
model the knowledge content of a computational system is callttiematical semantif39].

The original inspiration for neural networks is the highly interconnected, massively parallel, distributed, adap-
tive neuron-and-synapse structure of the brain. In contemporary modeling, the neurons and other architectural
elements are organized on a larger scale in a system of interconnected functional regions([11], [27]). Each region
is associated with one or more sensory modalities, motor control, planning, the control of working memory ([38],
[41], [47], [52]), and possibly self-referential processing, at least in humans[32]. The unique functionality of each
region can be described by a system of knowledge with which it has been associated. Neuroscientists work to un-
derstand the content and organization of the knowledge systems by carefully analyzing activity in different brain
regions during the perfomance of tasks, and by studying the task performance deficits associated with damage
to different regions and/or their interconnections found in patients. In general, the knowledge asssociated with a
region exists as a system of interconnected partial descriptions of sensed items and events. A goal of neuroscience
is to be able to use these partial descriptions in different combinations to explain the brain’s activity in response
to a given situation. For example, visual processing regions in the primate brain contain representations of visual
objects in terms of basic features of color, form and texture. Descriptions of visual objects, their form, color and
other features, and the relationships between objects and features constitute a knowledge system. Region-specific
knowledge representations act together through interconnections between regions to produce a response to each
input [43] and, in the brains of some animals, cognitive behavior([11], [15], [46], [26], [43], [29], [27], [48]).

For example, visual and auditory representations are unified in an association region that shares interconnections
with the vision- and sound-specific processing regions.

This paper addresses the question of where and how knowledge is stored in connectionist systems organized
to greater or lesser extent like the brains of various organisms. It presents a mathematical model of knowledge
as acquired by and stored within multi-region neural networks. Because it directly addresses the knowledge
represented in the adaptive structure of a neural network, the model is called a semantic model. As such, it is
consistent with previous work in logical rule modeling, but transcends rule-modeliegdigining the structure
of the knowledge contained in the rules and the component statements that form the rules. That is, the model
explains not only what the rules are saying, but how the rules arise from a hierarchical system of concepts,
with the hierarchy directed from the abstract to the specific. It explains this process as an incremental re-use
of existing concept representations in the neural network to form new concept representations as the network
processes input patterns. The model provides a mathematically rigorous yet natural explanation of the combining
of the interacting regional knowledge structures so that the network, if well-designed, acts as if there were a single
knowledge structure guiding its behavior. This is a key property studied with the model which Wwemaledge
coherence

The intended scope of the semantic model is the full range of neural network architectures, artificial or bi-
ological, from single-layer perceptrons to highly complex, multi-regional, mutli-sensor networks with recurrent
connections. The semantic model provides an analytical framework for understanding the capability of any neural
network design in terms of the knowledge it is capable of acquiring from its input data. It provides an analysis
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vehicle for the systematic design of neural networks having a desired knowledge-acquisition capability. Its use in
analysis and design can lead to a fundamental understanding of neural networks and a quantum jump in the state
of the art of biological neural system analysis and artificial neural network design.

The mathematical semantic model is based upon category theory. Category theory, the mathematical theory
of structure, is seeing increasing use in representing the hierarchical structure of knowledge and its manifestations
in computational structures—thus achieving a mathematical model of their semantics ([10], [12], [16], [28], [36],
[39], [49], [50], [51], [53]). This approach is how being applied to investigate the acquisition of knowledge
through adaptation in neural networks, and in this paper we describe the theoretical basis for this investigation.
Previous papers ([17],[19],[21], [22], [23]) have presented much of the theory in a preliminary form along with
an initial application to architectural design.

The paper is organized as follows. Since a grounding in category theory is as yet uncommon, Section 2
provides a brief review. Along with this, it introduces the fundamental categorical quantities used in semantic
analysis. Section 3 introduces categories of concepts and their instances, borrowing heavily from categorical
logic and model theory. Section 4 introduces the categories used in modeling neural architectural structure, and
Section 5 describes the association of concept categories with neural categories. Section 6 contains a discussion
of the implications for neural architecture design resulting from categorical constructions that model the learning
of specializations and abstractions derived from prior knowledge. Section 7 introduces information fusion across
multiple modalities as an interconnected system of concept hierarchy representations associated with network
sub-regions, and Section 8 presents an initial neural network design based upon this analysis. Section 9 contains
the final discussion and conclusion.

2 Category Theory: A Brief Introduction

2.1 A Mathematical Theory of Structure

A brief, straightforward introduction to category theory is contained in [39]. There are other good introductions
with varying mathematical detail, among them [1], [10], [33], and [34]. Category theory has been proposed as an
alternative to set theory as a foundation for mathematics; however, the two are normally used together, since each
has unique advantages in representing mathematical quantities in the most fundamental or abstract terms. The
primitive notion in set theory, in terms of which all others are defined, is that of the membership of a quantitiy

in a collectiony, denotedx € y. in category theory, on the other hand, the primitive notion is that of an arrow,

or morphism—a relationship between twaobjectsin a category A category can be thought of as a system of
mathematical structures of some kind, concrete (such as algebras called groups) or abstract, and the relationships
(morphisms or arrows) between them that express that type of structure (in the cased of groups, the arrows are
the group homomorphisms). Each morphigma — b has adomainobjecta and acodomainobject b; that

is, f serves as a sort of directed relationship betwaemdb. In acategory G each pair of arrows :a— b

andg: b — c (with a head-to-tail match, where the codomainf f is also the domain off as indicated) has
acompositiorarrow go f : a— ¢ whose domaira is the domain off and whose codomaia is the codomain

of g. Composition satisfies the associative law: In triples which have a head-to-tail match byfpaits; b,

g:b — ¢ and h:c — d, the result of composition is order-independemt, (go f) = (hog)o f. Also, for

each objecta, there is aridentity morphismids:a — a such that for any arrows:a — b andg:.c — a
idaog=9g and foidy = f.

The principle of dualityis a fundamental notion in category theory. The dual or opp&iteof a category
C has the same objects, and the arrows reversedd@ifieof a statemerih category theory is the statement with
the words “domain” and “codomain” reversed and compositibrg in place of compositiongo f (note that
the reversed arrows are by convention given the same names as the originals). If a statement is true of a category
C, then its dual is true oC°P; if a statement is true of all categories, then, because every category is dual to
its dual, the dual statement is also true of all categories. This phenomenon means that, roughly speaking, “half
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the theorems of category theory are obtained for free”, since proving a theorem immediately yields its dual as an
additional theorem (see any of [1], [39], [34]).

Category theory provides a mathematically rigorous notion of “isomorphism”, a term which is often used in a
loose, intuitive sense in discourse. For example, in a discussion, one sometimes hears a statement such as “the two
[concepts, data types, program constructs, etc.] are in some sense isomorphic”. If we can formalize the entities
under discussion and include them in a category as objects, we can apply a more rigorous natjénarié
objects of a categor€ such that there exist arronlsa— b andg:b — a with fog = id, andgo f = id,,
then the morphismf is called anisomorphism(as isg also) andg is called itsinverse(and f is called the
inverse ofg), and the two objects are said to be isomorphic. The property of an identity morphism ensures that
isomorphic objects in a category are interchangeable in the sense that they have the same relationships with all
objects of the category.

Certain notions in category theory are key to semantic modeling. One is the notiorirmifi@objectin a
category and the dual notion oterminal object An initial object of a categor{ is an objecti having a unique
morphism f:i — a corresponding to every objeet of C. A terminal objectt is the dual notion, obtained
by reversing arrows in the definition ef—that is, it serves as the codomain of a unique morphfse— t
corresponding to every objeatof C. It is easy to show that all initial objects in a category are isomorphic, and
ditto for terminal objects in a category. For example, supposeitlifaare initial in C. Then, applying initiality
to each object, there must be unique morphidiris— i’ and f’:i’ — i. The compositiond’o f:i — i and
fo f:i” — i’ must be unique as well, implying thdto f = id; and f o f' = idj.

There is a categoretwhose objects are sets, whose morphisms are functions, and for which composition
is just the familiar composition of functions, witfgo f)(x) = g(f(x)) for functions f:a— b andg:b — c,
with x € a and (go f)(x) € c. Function composition is associative, and for anyXsehere is an identity function
idx whose values aredx(x) = x(x € X), soSetis indeed a category. The empty s@t,is the single initial
object ofSet, since for any sea there is a unique functiori: 0 — a whose domain i®) and whose codomain
is a, namely, the vacuous function, since there are no elemerfistinmap to an element od. There are an
infinite number of terminal objects Bet namely the singletonéx}, since there is a single functioha — {x}
mapping the elements of any seto x. Finally, notice that &etisomorphism is just a one-to-one, onto function.

A second example of a category dispels any notion that the morphisms must represent mappings. Consider the
categoryN‘*, in which the objects are nonzero natural numbers and in which there is a morphism— m
exactly whenn is a divisor of m, n | m. Notice that the transitive property of the divisor relation yields a
composition operation, which is associative. Identities exist since every nonzero natural number divides itself,
n | n. In fact, natural numbers are the objects in more than one category. Consider the chtegarkich has
all the natural numbers as objects and in which there is a morpkisam n — m exactly when the inequality
n < mholds. Again, the transitivity of the relation used to define the category, in thisCagields an associative
composition operation, and again identities exist, in this case since every nonzero natural number is related to
itself, n < n.

A second fundamental notion in category theory is that ocdmmutative diagramin Figure 1, the diagram
A expresses the fact that 4 and 6 are both divisible by 2. Diag¥aexpresses also the additional knowledge that
24 is divisible by 4 and 6. The dashed arrow represents the consequential knowledge that (because 24 is divisible
by 4 and 6 while 4 and 6 are divisible by 2) 24 is divisible by 2. Notice that there are two morphisms from 2 to
24 that are compositions along a path directed through a third object (4 and 6, respectively), yet there is at most
one divisibility morphism from one natural number to another. Thereflarg, o |24=1224=624 © |26. The
diagram4’ is said to be @ommutative diagram

A commutative diagram in any category has the property that any two morphisms having the same diagram
objects as domain and codomain, where at least one of them is obtained as the composition of two or more diagram
morphisms and the other is obtained in the same fashion or is itself a diagram morphism, are equal. In other
words, a commutative diagram is associated with a system of equations involving compositions of morphisms.
This expresses a system of constraints on mathematical structures associated with the category.
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6 2,24 \
\
2.4 PX3 \ | /
2 2
DiagramA Diagram4’

Figure 1:Two diagrams in the category Nat.

One of the most important uses of commutative diagrams and terminal and initial objects is in the definition
of alimit of a diagram and the dual type of quantityg@imit. Colimits have long been used ([16], [28], [53]) in
categorical logic and computer science as a means of expressing complex formal logic theories or specifications
of theories in terms of their simpler, component theories or specifications. In a later section, we apply colimits
and limits to model the semantics of the Hebbian-like learning in a neural network, where the network learns by
adapting the synaptic connections strengths between neuron-like elements called nodes .

2.2 Colimits

Let A be a diagram in a categofy as shown in Figures 2 and 3, with objeets ay, az, a4, as and morphisms

fiiay — ag, frray — ag, faiap — a4, f4:ap — as. The diagramA in Figure 3 extendd to a commutative
diagram with an additional obje&t and morphismgj:as — b (i = 1, ..., 5), provided additional objects and
morphisms with the requisite properties existinThatis,g; o f1 = g2 = gz o f, andgzo f3 = g4 = gs o fs.

The added cone-like structuke consisting of thepical object bandleg morphisms g g2, g3, da, Os is called a
coconefor diagramA. In general, a diagram can have many cocones or it can have few or none, depending upon
the available objects and morphismsGn Given coconeX’ and K” for A in Figure 2 , with respective apical
objectsb’, b” and leg morphismg/; andg”; (i =1, ..., 5), acocone morphism with domain’ lend codomain

K" is aC-morphismh:b’ — b” having the property

¢ =hog, (i=1,..,5). (1)

That is, h is a factor under composition of each leg morphigtnof K” with respect to the corresponding leg
morphismd’; of K’. This is illustrated in Figure 2 . Re-using the symltofor notational efficiency, we also
denote the cocone morphism determinedhbgs h: K/ — K”.

With morphisms so defined, and composition of cocone morphisms following directly from composition of
C-morphisms, the cocones fér form a categorycoc, . A colimit for the diagramA is an initial objectK in the
categorycocy. That is, for every other cocon¢’ for A, there exists a unique cocone morphisnK — K.

The original diagramA is called thebase diagranfor the colimit and the diagramh formed by adjoiningk
to A is called itsdefining diagram Note that, as all initial objects are isomorphic, all colimits for a given base
diagram are isomorphic.

A coproduct(Figure 4 ) is the colimit of a discrete diagram, one having objects but no morphisms among
them. InSet, for example, coproducts are disjoint unions of the component sets.
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f1 L7/ 1, fz \\ | fs
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A

Figure 2: A cocone morphismh:K’ — K” in cocy is a morphism h:b’ — b” in C between the apical
objects b’ and b” of coconesk’ and K”, respectively, that is a factor of each leg morphisny”’;:ay — b’
of K”, with g’; = hod}.

2.3 Limits

Limits are the dual notion to colimits; that is, the one notion is obtained from the other by “reversing the arrows”
and interchanging “initial” and “terminal” (for objects). The reason for discussing colimits first is that they have

a history of use in categorical logic and computer science ([16], [53]) and, perhaps more importantly, colimits
for all diagrams exist in certain categories of interest to us—but limits do not exist for all diagrams in these
categories. The diagrams for which limits do exist are in that sense special, and we shall have more to say about

r——— " "~~~ "~~~ - - - - - - - - === |
| b o
| TANY K A
| _a \\ \ |
' 9, o, :93\94 NS [
/ | AN
| y / | \ N |
| 4 / i \ N |
! as roag ) as !
[ / \ [
| / ) |
| f1 a f3 N\ f |
[ ! 5 [
1 D
| A
e g e e e =]

Figure 3: A colimit for a diagram A. The extended diagramA extends A with a conical structure of
morphisms from all diagram objects ay, ..., as pointing to an apical object b
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| / : 9 ) |
| / | \ |
| / \ |
| / ' \ |
/ I \
! / | \ !
| ar ap ag |
| A
r— =

Figure 4:A coproduct, where the base diagramA is discrete.

this when we discuss the concept hierarchy representation of neural network semantics.

Duality makes a discussion of limits quite simple, now that colimits have been defined. Our example will
have a correspondingly simple diagram. L&tbe a diagram in a categor@ as shown in Figure 5 , with
objectsay, a, az and morphismsf1:a; — ag, and f,:ap — ag,. The diagramA extendsA to a commutative
diagram with an additional objedt and morphismgi:b— & (i = 1,..., 3), provided additional objects and
morphisms with the requisite properties existGn That is, f1 o g1 = g3 = f2 0o g2. The conical structur&
is called acone note that its morphisms are directed into the diagram, the opposite sense of the leg morphisms
of a cocone, which are directed out of the diagram. Cone morphisms are defined appropriately by analogy with
cocone morphisms, and again composition follows directly from compositi@+wforphisms and the cones for
A form a categorycone,. A limit for the diagramA is a terminal objecK in the categoryconey. That is,
for every other con&K’ for A, there exists a unique cone morphisnK’ — K. Again, the original diagram
A is called thebase diagranfor the limit and the diagrand formed by adjoiningK to A is called itsdefining
diagram Note that, as all terminal objects are isomorphic, all limits for a given base diagram are isomorphic.
A limit for a discrete diagram is called product and the leg morphisms are callptbjections The familiar
cartesian product of sets is an example in the cate§ety

2.4 Structural Mappings

The importance of category theory lies in its ability to formalize the notion that things that differ in substance can
have an underlying similarity of “structural” form. A house plan exists as a complex of forms either inscribed

in ink on paper or electronically within a computer. The plan can be implemented (mapped) many times, with
variations in the fine details of construction, to build houses. Each instance of building a house from the plan can
be thought of as a mapping from the structure detailed in the architectural plan to a structure made of wood, brick,
stone, metal, wallboard, and other materials. The material substances of the plan and the house are different but
the structure given in the plan is essentially unchanged in the constructed house. In category theory, the notion of
a structure-preserving mapping is formalized in the definitionfoingtor. A functor F : C — D, with domain
categoryC and codomain categor, associates to each objextof C a unique image objedt(a) of D and

to each morphisnf : a— b of C a unique morphisni-(f) : F(a) — F(b) of D. Moreover,F preserves the
compositional structure d, as follows. Letoc andop denote the separate composition operations in categories

C andD, respectively. For each compositigac f defined for morphisms o€, F(goc f) = F(g)opF(f), and

for each identity morphism of, F(ida) = idf(q - It follows thatF preserves the commutativity of diagrams,
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Figure 5: A limit for a diagram A. The extended diagramA extendsA with a conical structure of mor-
phisms to all diagram objectsay, ..., ag from an apical object b.

F(b) ——— G(b)

ap
Figure 6: A commutative diagram associated with a natural transformation. The morphisms Gf)oa,:
F(a) — G(b) and apoF(f): F(a) — G(b) are one and the same, Gf)o 0, = apoF(f).

that is, the images of the objects and morphisms in a commutative diagr@nfiooin a commutative diagram in
D. This means that any structural constraints express€dare translated int® and, henceF is a structure-
preserving mapping.

The two categorieixl‘+ and N< vyield an example of this important kind of structural relation. Define a
functor F : N‘+ — N< as follows. The image of each positive natural numbés itself, that is,F (n) = n. The

image of each morphisriy m is the morphismF (|nm), whereF (Jnm:n — m) = <pm:n — m, which works
becausen | mimplies n < m. Notice that the compositional structurel‘df is appropriately preserved.

Not only are there structure-preserving mappings between categories, but also structure-preserving relations

between the mappings themselves.ndtural transformationa : F — G with domain functorF : C — D

and codomain functo6 : C — D consists of a system dd-morphismsa,, one for each objeca of C, such

that the diagram iD shown in Figure 6 commutes for each morphi$na — b of C. That is, the morphisms
G(f)oas:F(a) — G(b) andapoF(f):F(a) — G(b) are actually one and the san@(f)oc o, = apoF(f).

In a sense, the two functors have their morphism imdgel): F(a) — F(b), G(f):G(a) — G(b) “stitched
together” by other morphisms,, ap existing inD, indexed by the objects @& . Composition of the morphisms

along the two paths leading from one corrigfa) of a commutative square to the opposite cor@b) yields

the same morphism, independently of the path traversed.
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3 Categorical Semantics

3.1 Concept Morphisms: The Structure of Knowledge

Few neural network researchers would argue with the notion that meaningful representations of the items that are
sensed to form input patterns for an adaptive network become associated with the connection weights through
Hebbian-like adaptation, or learning. That is how the network builds an "internal model” leading to its ability

to perform a useful task associated with the input examples it has processed. That the many components of the
network are highly distributed and interdependent suggests that the represented items can be decomposed into
parts. For example, an item represented by an input pattern can be regarded as a combination of features that
stimulate individual input nodes to varying levels of activity. Symbolic descriptions for the parts or features of
input items can be associated with input patterns that express the features. Since the patterns are responsible for
the network activity that results in connection weight adaptation, it is conceivable that a system for manipulating
symbolic descriptions of items can be associated with the representation of input items in the distributed connec-
tion weight pattern of the network. This representation can be organized into a hierarchical system that relates
the more abstract items such as simple, pattern-expressed features to the more complex, more specific items that
arecomposedf the more abstract items. Categorical constructs involving a category of concepts and concept
relationships will be our system language for expressing the association of symbolic descriptions with adaptively-
formed, or learned, distributed representations of items.

A categoryConcept provides the hierarchical structure of descriptions associated with a distributed system
of item representations. Its objects are concepts, or symbolic descriptions of items, and its morphisms are concept
relationships. A concept morphisaiT; — T; is an association of the description constituting condgptith a
subconcept, or logical part, of the description constituting con€gpiVe use an already-available mathematical
convenience, a category of formal logic theories and theory morphisms[10], for the catégoncgpt. An
example will serve to describe the objects and morphisms of this category, as well as provide a concrete example
of a colimit. The example is presented in full in the Appendix, and an overview of it is given in the next section
sufficient to follow its use as an illustration of the analysis of neural network semantics.

3.2 Example: Concepts, Morphisms and a Colimit

The definitions and axioms of a theory, as well as all formulas that can be proved from them, are symbolic
statements in a language sufficiently expressive and unambiguous that it can be used to phrase propositions for
proof by a mechanical theorem-prover. A theory describes a domain of items and their properties; a theory
of geometry is an example, where the items are geometric objects. A complete listing of the statements of a
theory includes the definitions of the quantities whose properties it describes, the axioms that assert the properties
assumed in the theory, all the quantities whose existence one can derive from the defined quantities, and all the
further properties of the quantities that one can prove from the axioms—that is, the theorems. It is not necessary
to always have in hand the entirety of a theory’s quantities and theorems. A simple alternative which we use
in most of our discussion is to list only its definitions and axioms. The inferred quantities can be derived and
theorems proved as they are needed. A theory can appear in several different forms, depending upon which of its
guantities and statements are regarded as definitions and axioms, for there are often many alternative choices. For
our formalization of concepts and their morphisms, we shall use the alternative of listing a single choice. Any
such list is called dormal specification Even though specifications are not the same as theories, the distinction

will not be important for the purposes of this presentation.

We represent concepts as theories (or their specifications). A concept morphism is a theory morphism. The
following example illustrates concepts, concept morphisms, commutative diagrams and colimits. It shows how
the concept of a triangle can be derived from simpler concepts as the apical object of a colimit for a diagram.
The concepts and morphisms are expressed in a syntax similar to that used in [53]. For simplicity, a triangle is
regarded as a construct obtained by joining three distinct, intersecting lines (the angles often associated with a
triangle are not discussed). The example is only sketched here, but the Appendix contains a full exposition. The
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discussion in subsequent sections describes the association of the example colimit with the learning of complex
concepts and morphisms by a neural network through the re-use of prior conceptual knowledge.

ConceptT; is a very basic theory of points and lines. In this presentation, points are regarded as undefined
guantities and lines are quantities defined in terms of points. This is done through a logical preditzaehas
two arguments, a point and a line, and is true just in case the point is associated with (or “lies on”) the line. The
on predicate is used in an axiom to express the notion that any two distinct points are “on” some unique line (see
[5] for the use of this axiom in several different geometries).

Concept T1

sorts Points, Lines

const pl: Points

const p2: Points

const p3: Points

op on: Points*Lines -> Boolean

Axiom Two-points-define-a-line is

forall (x, y:Points) ((x not= y) implies
(exists l:Lines) (on (%, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))

end

The statement lin@orts Points,Lines introduces the most basic sorts of the concgptSorts are “log-
ical containers” which are used to distinguish between the different types of things referred to by the variables
or constants in logical formulas. For example, the universal quantifieral1) portion of the axiom inTy,
forall(x,y :Points), makes it clear that the axiom is a formula applying to all thirgsdy of type “Points”.
As a consequence, the antecedent of the first implication of the aXioryt = y), is understood to mean that
x andy represent two distingioints as opposed to lines, circles, widgets, or any other kind of thing. Thetine
on: Points*Lines —-> Boolean specifies that there is an operation that maps any ordered>phjrconsist-
ing of a point and a line to a member (“true” or “false”) of thgolean sort. The meaning 0én (x,1) is “Point
x lies on linel”. An operation which takes values Bvolean is a called a predicate. TH&olean sort is part
of a concept of logical operations that is implicitly included in every concept (it is an initial object of the concept
category). Versions of formal logic containing predicates allow for highly expressive formulas, or statements,
that employ functions and quantifiers suchfasall andexists, corresponding to the usual universal and ex-
istential quantifiers/ and 3, respectively. There are many derived sorts in a theory, such as products of the given
sorts. If the sort symbols represent sets, then product sorts represent cartesian products of the sets. For example,
the product sorPoints *Lines represents the set of ordered paxsl) of points and lines. Combinations of
sorts and operations associated with them are similar to abstract data types in software specifications.

Notice thatT; also states the existence of three labelled, but otherwise unspecified, poipts and p3.
This is done through the use of the statement fewnst X : Points, which is a way of stating that there exists
a specific (but otherwise indefinite) point with the lalielThe three constants may or may not represent distinct
points: Their separate nature must either be stated as an axidmaf provable from the axioms of the concept.

We next express three concefits T3 and T4 by making and modifying three copies @f. In each new
concept, we add a line constant, re-name the three point constants (for clarity in this presentation—otherwise,
the specific names are not important), and associate two of the point constants with the line constaniwia the
predicate. Notice the additional inclusion of an axiom stating that the three point constants denote distinct points.
A specification for the first of the three concepts, is as follows:

Concept T2
sorts Points, Lines
const pal: Points
const pa2: Points
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const paext: Points
const la: Lines
op on: Points*Lines --> Boolean
Axiom Two-points-define-a-line is
forall(x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pal, la) and on (pa2, la) and (pal not= pa2)
end

The other two concepts are identical in form but differ in the naming of the point and line constants. They are
listed in full in the Appendix.

A concept morphisns;: Ty — T, maps the sort symbolBoints andLines to sort symbols inl,. These
symbols are left unchanged by mappihgints to Points and similarly for lines, and also then predicate.
All statements are reformulated in accordance with the symbol mapping to form their image statenTents in
The resulting mapping of formulas is truth-preserving: The single axioff aklating points to lines maps to
itself as an axiom ofT», and similarly for the implicit axioms for booleans. Finally, the point constantsp2
and p3 map to the point constangsa1, pa2 and paext, respectively. Herepal and pa2 are associated with
the line 1a via the on predicate inT, and paext is intended as a point “external t@’a. This intention is not
stated inT, because it is not necessary to make it explicit as yet. The individual symbol mapping relationships
are expressed usingapletnotation:

Morphisms; : Points ~ Points
Lines + Lines
on — on
pl — pal
p2 — pa2
p3 — paext

Hereafter, all maplets that leave symbols unchanged will be omitted from morphism descriptions. Since every
sort and operation symbol must map to something, this will not result in any ambiguities.

Morphismss,: Ty — Tz andsz: Ty — T4 have a similar form, but with different mappings of point constants
in place of those of; :

Morphisms,: Points +— Points
Lines + Lines
on — on
pl — pbext
p2 — pbl
P3 — pb2

Morphism ss: Points ~— Points
Lines + Lines
on — on
pl — pc2
P2 — pcext

p3 — pcl
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The morphismss; and sz indicate that the images of the point constapits p2 and p3 are used differently
in T3 and T4. In T3, for example, it is the imagegb1 of p2 and pb2 of p3 that are associated with the line
constant,1b, while the imagepbext of p1 is the “external” point. This is so that the morphisms can properly
define the “concept blending” that forms a triangle from the three lines. This is accomplished by including exactly
the objectsTy, Ty, T3, T4 and morphisms,, Sp, S3 in a diagramA. A colimit for A has the requisite cocone, as
shown in Figure 7 , with apical objed and leg morphism¥1: Ty — Ts, ¢2:To — Ts, ¢3: T3 — Ts, and
04: T4 — Ts. With A as the base diagram, the defining diagram of the colithigs shown in the figure, is
commutative, with

542520512530522£4o€3. (2)

Figure 8 is a pictorial illustration of the colimit defining diagram of Figure 7 . The illustration depicts the contents
of the concepts involved along with the diagram structure. The resulting colimit object, the specificativas
follows (see the Appendix for a complete exposition of the concepts and morphisms):

Concept T5
sorts Points, Lines
const pl: Points
const p2: Points
const p3: Points
const la: Lines
const 1lb: Lines
const lc: Lines
op on: Points*Lines -> Boolean
Axiom Two-points-define-a-line is
forall(x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:1lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pl, la) and on (p2, la) and (pl not= p2)
on (p2, lb) and on (p3, 1lb) and (p2 not= p3)
on (p3, lc) and on (pl, lc) and (p3 not= pl)
end

SpecTs is a “blending” or “pasting together” of, T3 and T, along their common sub-concept. This
is because of the commutativity of the defining diagranof the colimit. For the equality ( 2) to hold, separate
symbols of Ty, T3 and T4 that are images of the same symboll@funder the three diagrady morphismss;, s,
and sz must merge into a single symbol in the colimit apical conceptTo make this clear, we have re-assigned
the name of the commomy, symbol to the merged-image symbolTg for each such case. Thus, symbols such as
Points, Lines andon appear inTs, and appear only once, since they are mapped to themselves by each of the
morphismss;, S, and s3. The point constantg1, p2, p3 also appear. However, i, each one appears in the
definition of two different lines. This is because each of them appears in coficept is mapped to three points,
one in each concepl, Ts, T4, via the three morphisms froffy to those concepts. In two of these concepts, its
image point appears in the definition of a line, but as a different point on a different line in each concept. In the
remaining concept, it appears as an “external” point, not on the line named in that concept. For exanigple,
mapped topal in T, via 1, to pbext in T3 via S, and topc2 in T4 via s3. In Ts, therefore, it forms the point
pl at the intersections of lineka and1c, and lies external to lineéb. See concepls, pictured in Figure 8, for
an illustration of the triangle. The other concepts pictured in the defining diagram yield the names of the various
constants which together yield the vertices and sides of the triangle.

A theorem in category theory can be used to derive an algorithm for calculating colimits in any category that
contains colimits for all of its diagrams (the dual to The Limit Theorem—see [39]). The cat&mrgept is
one such category. Thus, the apical objéstand leg morphismg,, ¢», ¢3, and ¢4 can be derived automatically
from the objects and morphisms of the base diagrAmThis confers a great advantage on the use of category
theory in knowledge-based system development. Theories and their morphisms (or formal specifications and their
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Figure 7:A colimit for the diagram A in the triangle geometry example in category Concept. The extended
diagram A extends the point-and-line concepts imA to form a concept about triangles formed from triples
of lines in the apical concept of the colimit,Ts, as discussed in the text.

morphisms) can be used to specify the intended semantics of software or other kinds of system components. The
colimit calculation and the structure-preserving mappings of category theory together provide a mathematically
rigorous as well as automated technique for constructing the full system from diagrams[53].

Here, we shall apply the same kind of mathematics, but regard the theories as concepts that describe the stimuli
that activate the nodes of a neural network, and the morphisms as relationships that describe the embedding of one
concept in another by virtue of the transmission of stimuli through paths of connections in a network. This will
provide an analytical framework for determining, unambiguously and precisely, when a neural architecture has the
capability to learn a hierarchy of concepts of varying degrees of complexity. It will also explicate the combining
of information from multiple sensors and the integration of cognitive functions such as memory storage and
retrieval, planning, and decision-making. It will make it possible to determine why a network generates the
input-to-output behaviors it does, and how to design a network with more desirable behavior.

3.3 Model Spaces

Each concepfl has an associated spaceimstances An instance can be thought of as a situation described

by T, where the entities and relationships of the situation satisfy the axioris &or example, an instance of

the colimit theoryTs just discussed consists of any geometrically-describable arrangement of entities satisfying
the theory axioms and in which the constapts p2, p3, 1a, 1b, 1c serve as labels for three distinct entities
considered to be points and three distinct entities considered as lines, each one at a specific location in some
“space”, real or imagined. Examples of these “spaces” include the Euclidean plane (imagined) and a collection
of pebbles on a sidewalk, arranged in intersecting straight lines so as to satisfy the theory axioms (real). A
consequence of the axioms ©f that involve its point and line constants is that three lines labelled b, 1c

form a triangle with points labellegh1, p2, p3, at their intersections as specified. An instanceTpfis any
example of the geometry of points and lines, and an instance of any daeTafor T4 is an example of geometry
augmented by a line defined by two points and a third point not specified as being on the line, with all quantities
labelled appropriately.

Instances of theories can be related, as the theories are related, by morphisms. The triangle example provides
an illustration. An instance of the geometry thedly, which describes a triangle axiomatically, consists of
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Figure 8: A pictorial illustration of the colimit base and defining diagrams A and A. The contents of the
concepts involved are pictured along with the diagrammatic structure. Solid dots and lines signify point
and line constants, respectively, labelled as in the corresponding concepts. Certain point constants are
equivalenced by the composition morphisms with domainT; and codomain Ts, all of which are equal
since A commutes. For example,pal, pbext and pc2 are all mapped to the triangle vertexp1 in Ts by
the colimit leg morphisms /5, /3 and ¢4 becausep1 in Ty maps topal, pbext and pc2 via morphisms s,

s, and sz, respectively. ConceptT; has no line constant, so it is shown containing a dashed line with two
open dots, representing the axiom relating points and lines which is present in all the concepts.

some mathematically-expressable means of organizing the space containing its entities— for example, points
and straight lines drawn on paper on the Euclidean plane or pebble arrangments on a sidewalk—together with a
triangle at a specific location and orientation to the observer with the vertices and sides labelled as are the point
and line constants. Each instancelgfcorresponds to an instance ©f, Tz and T4, which describe only points

and lines but provide partial information about the quantities and laws governing them which are necessary for
constructing triangles. Each instanceTef, and also each instance ® and T4, corresponds to an instance of

T1. These relationships are composable: Each instandg,dby virtue of its correspondence with an instance

of any of T, T3 and T4, corresponds to an instance of as well. This shows that there are mappings from
instances of the more specific theories to instances of less specific theories embedded in them, and the mappings
have a law of composition. It is also true that the less specific theories can have more instances than those that
are more specific. This is because a theory is more specific when it has more sorts, operations, constants and/or
axioms, any of which provide constraints upon its instances.

This leads us to our system for analyzing the instances of concepts and relating them to neural network
activities. We denote the space of instances of a conteptlledmodels of T, by Mod(T). The mathematical
structure of a membeo of Mod(T) is as follows. For each sott of T, there is a seti;. For each operation
p of T, where p is given the formp:u — U/, there is a functionpg: Us — U mapping members ofi; to
members ofu; (recall that if p is a predicatey/ must beBoolean, so thatu'y is the set of Boolean values
T, F). For each constant with sort u, there is a specific membeg of us. Finally, each axiom off must be
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valid for all quantitiesug, pg, Cs. In other words, the theory must be valid for the structure obtained by
replacing its sorts, operations and constants with the indicated quantities.

For an example of a model, consider the previously-discussed instances in the triangle example. & model
constructed with the Euclidean plane in mind hgsas the set of points in the planelfis the sortPoints.
If u is the sortLines, on the other hand, theny is the set of straight lines in the plane. In thedy, for
example, the operationn : Points *Lines— > Boolean can be represented by a functign:us; — U,
whereus = (Points*Lines)y = Pointsg X Linesg and Uy = Booleany. The predicateps has the value
T for those point-line pairs having the property that the point lies on the line. The axiom

Axiom Two-points-define-a-line is
forall (x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))

holds for all quantitiesx,y € Pointsg satisfying the stated pre-condition: That is, there exists a unique
member ofLinesq defined byx andy. The same holds in any model of the theorigs—T,. However, notice
that there can be membersof Mod(T;) that do not have specifically identified memberd.ahes, for any of
the line constanta, 1b, 1¢c becauserl; does not specify any line constants. However, specific lines serving in
the roles of the three line constants must exist in any membgsa(Ts) .

Another example can be formed from the pebbles-on-a-sidewalk example. Consider a region delineated on a
sidewalk with specific positions marked for all possible placements of pebbles. A mo@getleén has a specific
layout of pebbles representing the point constants, with the point constant representatives labelled, with paint,
say. It can also contain other pebbles (shaped or colored differently, perhaps) to represent all the other points
on the three lines chosen to represent the line constants; the three line constant representatives can be indicated
by placing an appropriately-labelled piece of tape at one end of each. The specified points and lines must be
configured, collectively, to satisfy the axioms&f. Interestingly, notice that the pebbles could be either pixels or
groups of pixels in a video image. The lines could likewise represent linear configurations of pixels, and so forth.
Models constructed in this “image space” are suggestive of the use of model theory in analyzing the relationship
between the processing in a neural network trained to recognize geometric objects and the structure of its input
environment consisting of sensor images.

The notion that a more specific concept can incorporate a less specific (more abstract) contepas
already been formalized in the definition of a concept morphisih— T’. In correspondence with this, the
notion that each model &’ corresponds to a model df is captured in the definition of a model-space morphism
Mod(s):Mod(T’) — Mod(T). The morphismMod(s) acts as a function that maps every modein Mod(T’) to
a unique modeb in Mod(T), that is,0 = Mod(s)(0’). Notice thatMod(s) has the reverse direction & as is
appropriate. Since the theofly typically has less structure (fewer sorts, operations, constants, and/or axioms)
than the theoryT’, the modelo is not required to have all the sets, functions, predicates, and specified members
(constants) that’ must have, and is only required to obey the axiom$ ofvhich are typically fewer in number
than those ofT’. Nothing prevents a model of from havingall the structure of a model of’; it is just the
case that an arbitrary model @f is notrequiredto have all the structure that an arbitrary modeTéfis required
to have. By the same token, there can be many modelsd(T) that are not the image of a modellid(T’)
under the mappingfod(s): A simpler theory poses fewer restrictions on its models, hence, there can be more of
them

We can extend the examples of models just discussed to obtain examples of model-space morphisms. In the
pebbles-on-a-sidewalk example, any modélin Mod(Ts) maps to a modet’ in Mod(T>), thence to a model
0 in Mod(T1), via the compositiorMod(s;) o Mod(¢2) of the model-space morphism®d(¢2):Mod(Ts) —
Mod(T,) and Mod(s;):Mod(T2) — Mod(T1). At each stage, the model derived fromi can have the same
appearance: Although models @ and T; are not required to contain all that is specified for modelgsf
those derived directly from models such@s via the model-space morphisms can retain all the structuc® pf
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or be part of a system that does so, while other models not so derived have less structure. Thus, although the
model ¢ may retain the triangle built from pebbles asafi (but perhaps with differently-colored pebbles and
perhaps with some deleted), other memberd@f(T;) need have no triangle, nor any specified lines. However,

they must have at least one designated pebble serving in the role of the point constants.

Notice the use of the term “model spaces” as opposed to “sets of models”. As noted previously, a different
amount of structure is required of arbitrary models of two theories serving as the domain and codomain of
a model-space morphism. This suggests that some models in a given model space are more elaborate than
others, and that a less elaborate model can be thought of as embedded in another model that happens to satisfy
more constraints. In actuality, this notion is expressed thrangtiel morphismsand, indeed, the model spaces
Mod(T) are in actuality categories and the model-space morphigsés): Mod(T') — Mod(T) are functors.
On the other hand, we use the term “space” rather than “category” because we do not intend to explore the
categorical properties of model spaces in this report. However, for completeness, it is desirable to point out
that the categorical formulation applies within as well as between model spaces. Overall, there is a functor
Mod: Concept— Cat, whereCat is a category whose objects are categories and whose morphisms are functors.
The concept object image®d(T) are objects inCat and the concept morphism imagksd (s): Mod(T’) —
Mod(T) are morphisms oCat. See [36] or [16] for a further discussion of model categories and [34] or [1] for
foundational issues concerning the existence of a category of categories.

We shall relate the model spaces and their morphisms to neural architectures following a discussion of our
categorical formulation for the latter. Several items must be discussed before doing this.

4 Neural Architectures and Neural Categories

Since the point of our categorical concept representation is to express the semantics of neural networks, we need
a category within which neural structure can be represented. By neural structure, we mean not just the intercon-
nection structure joining the nodes of a neural network, but the systematic activity of its nodes and connections
in interacting with its environment. The objective is to explain the activity of any neural network arising from

its inputs in terms of the concept structure that network is capable of acquiring, and also to explain how neural
activity is related to the acquisition of a concept structure. In accomplishing this, a category representing a neu-
ral architecture need not include all the details of the neural network computations; it need only represent the
outcome of the computations in expressing and learning concepts and concept morphisms.

4.1 Architectures

A neural network architecturd has nodes; (i = 1,2, ..., ny) and connectionsy (k = 1,2, ..., nc), where
nn, Nc are positive integers. The nodes have signal functipn® — R, whereR is the set of real numbéks
For example, the commonly-used sigmoid with a threshold v&iyeis

1

& =a(6) = FEP=CED)

i=12..,n), (3)

where the argumer8; is an activation potential. Each connectianjoins a pair of nodes, itsource p = ng(ck)
anditstarget g = nt(ck) (1 <i,j < nn). If i = j, ¢ is anautoconnectiohrough whichp; either stimulates
or inhibits itself, depending upon whethey is excitatoryor inhibitory.

1The systenR of real numbers is used here purely for simplicity, since it has familiarity in the connectionist literature. Certain subsets
of R could have been specified instead to represent the domain and codomain of a signal function. In fact, the semantic model does not
depend upon the use of the real number system at all: functions defined over the rationals, the complex numbers, or other algebraic structures
with additive and multiplicative structures can be used instead, with the proper care taken to ensure consistency of the resulting analysis. For
example,R is a complete, ordered field; many other algebraic systems do not have this combination of properties. One result of this is that
the intervals used here in defining neural objects must be replaced by other kinds of sets when using these systems.
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In the usual discrete neural network model, such as the perceptron, the activation p6étastial

where eachd, is an output signak, emitted by some node, (¢ € di) whered; is the set of input connections
topi, &y =&, = @(0,),andp, = ns(cy), pi = nt(cy), andwy, is the current weight value for connection
(cu. Afixed set ofinput nodes phe § C {1,...,nn}) is typically defined for an architecture, and in many
cases also a set ofitput nodes g(we So C {1, ..., ny}). Input nodes require an additional term in their input
sum to account for the external inpuiz.,

In architectures such as perceptrons, input nodes receive external inputs only; in this case, the input node has
input sum
6 = 1. (6)

As soon as the current activation valu@sfor the nodes are computed, the signal functions are evaluated to
compute an output,

& = @(6). (7)

A neural architecturéd has an infinite number of possible weight states A weight state is amc-tuple
(W1, Wa, ... Wy ) of numerical valuesy for the connectionsy (k = 1,2, ..., nc). The network transitions from
one weight state to another by virtue of its conectionist learning algorithm, usually based upon some variant of
Hebb's law[24]. Activation and learning in a neural network occur simultaneously in response to the input patterns
the network processes. Activation and learning are combined mathematically to define global state transitions as
part of the definition of a neural category. Before discussing neural categories, let us explain in more detail what
it means to have a semantic model for neural networks.

4.2 Neural Processing and Semantics

A basic assumption of any neural network model is that a stimulus pdttprasented to the input nodes repre-

sents an event — an object, entity, situation, visual scene, or some representative of the network’s environment
that has significance “for the network”. Another assumption is that the representation is consistent across all
events; that is, the algorithm or sensing method that converts events to input patterns remains fixed as the input
stream progresses. These assumptions are fundamental to the analyst's ability to make sense of the phenomena
observed as a network processes its input stream, whether the network is artificial or biological. In the ana-
lyst's view, each input patterh associates, or bind, the network to its environment. The network is supposed

to adapt from a sequence of inputs so that it can respond to future inputs from the environment in a manner that
the analyst considers reasonable. Semantic modeling is a vehicle for understanding this process by employing
the precision of a mathematical language to describe the contents of the information supplied by environmental
events as represented by the input patterns, the consequent representation of the environment learned by the net-
work and stored in its connection weight array, and the outputs the network generates. The explicit representation
of knowledge about entities and their properties and relationships contained in the descriptions can make visible
the assumptions implicit in a neural network model so that they, too, become amenable to analysis.

To even begin to understand the information content of events and the consequent neural representation of the
environment, we need an unambiguous, precise language capable of expressing the properties of and relationships
among arbitrary entities. To be useful in analysis, the language must be flexible, able to express the properties of
many entities in combination and the properties of complex entities in terms of the properties and relationships
of their parts. For example, the property of balance in a painting arises from the spatial relationships of the
shapes, colors and textures within it; a blue patch of water to the lower left is reflected in a scattering of blue
flowers on the river bank at the upper right, and so forth. In many cases involving the “emergent” property of a
system of entities, on the other hand, the association of the system property with those of its components may
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not be obvious on the surface, but if it arises systematically the association must be expressible mathematically.
In any case, the key to semantic modeling is to be able to associate, again unambiguously and with precision,
the descriptions in our language with the structure and operations of a computational entity such as a neural
network. An important notion we use for this association is that the description associated with an event can be
seen as a part of a longer, more detailed description associated with that which produced the event. Thus, the
descriptions associated with the inputs to the network exist at various levels of detail, from the abstract to the
specific. Furthermore, the network, given a sufficiently rich input format, can reconstruct much of the complexity
of the environment in its internal representation of the information it gains from the input representation of the
events. Again, the descriptions of simple and complex entities are related. We wish to associate this hierarchy
of descriptions with the learning of environmental representations and their storage in and retrieval from a neural
network’s connection-weight memory.

This line of thought has two consequences for our purposes: First, one or more of the pattern values in an
input | represent a concept, a description of something which, when sampled (say, by apprehending examples of
it), generates events. A single pattern may represent several such concepts. Second, a concept has sub-concepts,
or embedded concepts, representing different aspects of the event-generator. For example, the pattern values
in | represent pieces of information about an event, such as boundary segments of shapes appearing in visual
images; each is describable as a boundary segment, an aspect of a boundary; each description is a concept. The
full boundary helps to delineate a shape appearing in the image, so it is itself an aspect (the shape) of a yet
more complex object captured in the image. Other aspects of the object are its colors, textures, and shading or
the indication of three- dimensionality; all have descriptions, and all descriptions are concepts. The boundary
segment concepts are sub-concepts of the boundary shape concept, and it, in turn, is a sub-concept of a full
description of an object, along with other sub-concepts describing color, texture and so forth. Further, an object
is more than it appears in a visual image: It can be an entity that also produces sounds, has a touch and feel,
and other properties; therefore, the visual object concept is a sub-concept of a complex concept describing the
whole object. Objects of any possible kind may exist in a system of interacting entities, such as people in a
social situation or vehicles in a traffic network. The individual object concepts are therefore sub-concepts of a
description of a system, which also contains descriptions of the ways in which individuals can interact. From this,
it is evident that concepts normally exist in a hierarchy given by a sub-concept relation. This is a re-statement of
the fact that the descriptions of simple and complex entities are related.

A concept can be transformed significantly when used as a sub-concept in more complex concepts, or it can
be used in several ways. Therefore, although we often describe a concept relation as a sub-concept relation,
the term “concept morphism” is more generally applicable. This brings us to the use of the calegmept
for representing the semantics of a neural netwdslnetwork forms an internal representation of the concept
category to greater or lesser extent depending upon its ability to learn and represent concepts at all levels of the
hierarchy The part of the category that it can fully represent in its connection weight array at any point in its
learning history constitutes a “knowledge base”, one which it updates incrementally. Our objective is to provide
a mathematical framework that explains the output responses and the connection weights of an arbitrary neural
network in terms of an internal knowledge base, and explains the weight modifications in terms of updates to the
knowledge base. This explanation is an understanding of the semantics of the neural network.

If the connection weight changes are to be effective in accumulating the knowledge implicit in a stream of
input patterns, they must incorporate previously obtained information in the formulation of new information as
each pattern is processed. This systematic change, therefore, involves the re-use of prior knowledge and can be
seen as the derivation of concepts from previously-learned concepts. Each network response to an input pattern
either represents a system of concepts pre-existing in the network’s internal knowledge base or else prescribes
the derivation of a concept new to the network’s representation. A prescription for a derivation is represented
by the activated nodes and connections between them that represent pre-existing concept representations and
relationships between them, beginnning with the input nodes. This can be represented by the mapping of a
diagram inConcept to a diagram in a neural category, once we have defined what is meant by a neural category.

We measure the activation valués of the nodesp; (i = 1,2, ..., ny) of a neural network indirectly, by
observing their output§; = @(6;). The valueg; represents a concept in the existing knowledge base. For
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example, a particular output valdg for an input nodep, might be associated with a concept such as “event X
produces a horizontal contour segment at location L in the image”, where the “strength” of the contour at location
L is associated with a range of output values fgr. Leaving open the possibility that a range of valdgs

might be associated with a horizontal contour segment occurring at location L for “noise immunity”, it is best to
associate the contour segment at L with argeif valuesn = {& | ¢ < & < u} (if & takes real values) is a

real interval and may be arbitrarily small). The occurrence of a value lying with&ignifies an instance of the
concept of a horizontal bar occurring at location L. Thus, in general, concepts about events are represented by
node/interval pairgpi, n), wheren is a range ( for example, a real interval) of output valuesgfor

Now, for any nodep;, we can trace backward through its input connections in the network, eventually deter-
mining how its output valué; is formed by combining and transforming input node values through the weighted
connection pathways leading to it. If we can describe how this combining works in terms of the input node/interval
concepts, then, outpugs for node p; can be related to a derivation of the concept associated with them in terms
of concepts and relationships associated with the nodes and connections nalddmgpdes such ap,. As with
the input nodes, the valu€s are best regarded as points within a set (for example, a real inteyval)

Examining this from the opposite perspective, what tells us tipatn) represents a given concept, or
that it represents any concepts at all? For example, suppasescribes the layout of a room seen from some
viewpoint (e.g., “The room contains a chair and a table. The chair sits behind the table.”) We might be led to
the supposition thatp;, n) representd by noticing that an outpu§; for p; falls within the intervaln when an
input pattern representing a camera image of the room is presented to the input nodes. However, this conclusion
is not necessarily an accurate assertion about the semantips gff . For if p; is an input node, it could simply
be that a particular region of the camera image yields a segment of an image contour that indicates the presence of
the chair, or the table, but does not describe either entity in any more detail than that. The same contour segment
(such as a horizontal bar) could just as easily describe any of hundreds of other items in the room, or in other,
completely unrelated camera images. To represent the entire room(yigw, must represent “downstream”
processing of the image contour segment together with many other image features.

The need to establish the semantics of quantities sudtpiag) unambigously and with precision is the
reason for having a mathematical semantic model. The outputs apaslidl generate at a given time depends
upon its connection-weighted inputs, its signal function, and its current activity. We can account for the other
quantities by observing the node’s properties, but its inputs through connections involve its relationship with its
immediate neighbors. Semantics involves relationships and, categorically, relationships are the morphisms in
a category. We have a declarative basis for expressing semantics with concept morphisms; to understand the
declarative semantics of a neural network, we need to have a mathematical model that includes neural morphisms
and how the two kinds of morphisms are related.

4.3 Neural Categories

There is an infinite number of possible neural network architectéreand each has an infinite number of
possible weight statew. In analyzing or designing a specific neural network, artificial or biological, we either
assume or provide a structure fArthat contains enough nodes and connections to account for the appearance
of previously-unused nodes or connections as the network evolves through learning or growth. In an artificial
network, for example, many connections can initially be assigned weight values close to zero. Their values can
then increase if they happen to be recruited as significant contributors to network processing by the learning
algorithm for A. In a biological system, an increase from an initial near-zero value can be used to represent
either adaptation (learning) or the growth of a new connection. In any case, the semantic model associates each
combination ofA and w with a categoryNa . Each input patterre for A results in activity in its nodes and
connections, and this together with the connectionist structute isfinvolved in the definitions of objects and
morphisms forNaw. Weight adaptation, or “learning”, changes one or more of the compomgntsf w, a
consequence of the node activities resulting from the processiagDiis is represented in the semantic model

as a transition between categories.
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Our mathematical model addresses the semantics of the network processing explicitly, but regards neural
dynamics and notions of time and state change only as a means of carrying out the computations involved. We
shall assume that the computations proceed, and confine our interest to the knowledge representation scheme that
we use to express the semantics. To model the processing of an arbitrary neural network, therefore, we use a
transformation that expresses only the neural network computational states of significance for semantic analysis.
Let Wa, ©a, Ea denote the spaces of weight tuples, activation tuples and input tuples, farspectively. To
represent the activation and learning algorithms associated with the architecture, we define a fgatarx
Oa X EA — WA x ©a. The functiond®, maps amc + ny + ny-tuple of initial weights, activation values and input
values to a resultarric + ny-tuple of weights and activation values. It expresses the totality of neural processing
of the input via weighted summation of the inputs at each node, the signal function evalliatieng(6;), and
any other assumptions embodied in the rules for activatiof,imcluding feedback, recurrence, and connection
weight adaptation. It is meant to represent the processing in a significant computational step in an arbitrary
architectural model, whether discrete or continuous. We wite)) = ®Pa(w, 6, €), with w,v e Wp; 6, i €
Oa;ec€ Ea.

Based upon the discussion in the previous sub-section, an obvious choice for the objects of a neural category
Naw is the collection of pairgp;, n), where p; is a node ofA andn is a set of output values fap; that has
some significance in our analysis. There may be many such output sets, so a single node can be associated with
many objects, depending upon the needs of the analysis to be perfomed. In any case, we refer to phasode
thecarrier of any object of the forn{p;, n).

Let two conceptsTy, T, be represented by objectgi, n), (pj,n’), respectively, in the categomyaw. Al-
though the morphisms o have not been defined as yet, one would expect that any concept morphisms
betweenT;, T, would be represented as morphismsNx, by virtue of the activity in the weighted network
connections between the nodps pj. To begin relating activity in a neural architecture to morphisms in its
associated neural category, we definsignal pathy with source (p;,n) and target(p;,n’) as a connec-
tion path ¢, , Cx,, ... C, With nonzero weightsw,, # 0 (r = 1,...,n), together with a sequence of nodes
Puys Pups -+ -5 Pyns Py @Nd intervalsng, na, ..., Nn, Nnt1, Where pi = py, = ns(Cy), Py = Ns(ck) and
Py, =N1(C) (r=1,...,n), pj = Py, = NT1(Ck,). Thus, a signal path is a connection path betwggnn)
and (pj, n’) which, if it has any intermediate nodes (i.e., if there is more than one connection in the path), has
specified output intervals for those nodes. We can reprgsanthe string[(py,, N1), Ck;» (P> N2)s Cps (Ppgs N3)5 -+
(Puns Nn)» Cikys (Punss»> Nne1)], Which shows the layout of objects and connections along the path. The path has
source and target objec{i, n) = (py,N1) = os(y) and (pj, N’) = (Py,.1> Nn+1) = O7(y), the others being
referred to as intermediate objects.

Let 6 denote an arbitraryiy-tuple (81, 62, ... ,6y,,) of activation state®; for the nodesp; (i = 1,..., nn)
of Naw. Let e denote an arbitraryy-tuple (ey, e, ... ,&, ) of input pattern values, wheng is, as before, the
number of nodes in the input node s&t with n = card(S§) < ny. Matching input pattern components to
the input nodes that receive them is done by associating each input patterrhifidexh < n;) to a unique
node indexi (1 < i < ny) such thate, = I;, where p; is the appropriate input node. When the noghgs in
a pathy produce outputs lying within the intervalg , wherey = [(Py,, N1), Ck;» (P> N2)5 Cps (Pyg> N3)s - - -
(Puns Nn)s» Ciys (Puniqs Nnt1)], we say that thebjects(p,, , nr), are activated.

The combination of a signal pathwith source and targetpi, n) = os(y) and (pj,n’) = or(y), together
with a weight statav, has an associated ddy,, of pairs (8, e) € ©a x Ea satisfying the following requirements:

1. Forallnodespy, ofy (r=1,...,n), &(6),e(Yr) € nr, where for somer € Wa, (v, ) = Pa(w, 6, ).
2. For every connectiofc, ) of y, v, #0 (r=1,...,n).

In particular, (1) holds for the source and target node&;), @ (Yi) € n and@;(8;),®;(W;) € n. In other words,

the pairs(6, e) in Uy, are combinations of initial activation values and inputs for the network whose subsequent
processing does not change the objects that are activated along thg patn with accompanying changes in
some or all network connection weights (as long as the weights do not become zero). The e(@neyrds)y,,
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are callednstances ofy in weight state w The totality of element$6, e) associated with a nodp generating
an output within the designated intervglof a neural objec{p;, n) are callednstances of pi, n).

For each sef” of pathsy having common source and targgti, n) and (pj,n’) (where now we write
(pi,n) = os(lN), (pj,n’) = or ("), and each weight state, there is an associated set of instantesy. This
is obtained by simply forming the intersectith v = NUyw(y € I'). We say that two path sefs and I’ with
a common source and target aguivalentin weight statew, denotedl” =, I'’, if Ur w = Ur,. All path sets
which are pairwise equivalent have the sastusure a path sef’y, that contains all their members. Thus, when
I = ", we can writel', = y,. A path set of the fornT,, wherel is an arbitrary path set, is calletbsed
in weight state wNotice, finally, thatUr_. ,, = Ur w.

We are now ready to say what we mean by a neural morphism. A morpimigm,n) — (p;,n’) in a
neural categorNa y is given by the following:

1. A domain objectpi,n),
2. acodomain objectpj, '),

3. apath sef having (pi,n) = os(y) and(p;,n’) = or(y) (yer), and

4. the seUr , of pairs (8, e), with (6, e) € Ur w C Oa x Ea, where for each pathe I with

Y= [(Pw> N1)s Cy> (Ppos N2)5 Cps (Pg> N3)5 -+ -5 (Puns Nin)s Gk (Pnaq> Ny 1)), We haveqy, (8y,) €nr, @ (W) €
ne for (r =1,...,n), where(v, P) = ®a(w, 6, €) for somev e Wy.

Any setl"” with ' =, I’ defines the same morphism. Thus, a morphism can be represented by a weight state
w and any of its path setB, I, ..., which have the same source and target nodes and are associated with the
same set of instancesr w = U/, = .... Given any of its equivalent path sdfsand the weight statev of its
category, we refer to a morphism asthe morphism associated with the pdlr, w), and we writeUm = Ur
(the dependence df,,, on w is appropriate because a morphism is specific to its category, in thisNzage
Conversely, each of its path sets is callecherier for the morphism in weight state.

The definition of composition for morphisms in a categdiy,, is really rather obvious, given our notions
of what constitutes a morphism. Consider a pair of morphismsny,, with a path setl 1, I'2,, respectively
for each, with associated sétl, v, Ur, w Of instances, wheres(I'2) = or('1). We can form the intersection
Ur,w = Ur,w NUr, w, Wherel '3 contains the concatenatiogs/ of all pairs of pathsye 1, Y € 'z, which is
possible becauses(y) = or(y) for all such pairs. For example, if
Y= [(ppla N1, Cky s (pH27 n2), Cky s (pllsv na), -, (ppm Nn), Cky» (p|-1n+lv Nn+1)] and
Y = [(pun+1v Nn+1), Ckni15 (pUn+27 Nn+2)s Cin25 (pun+3a Nn+3)s - (p“n+n” Nnen ), Chppry (len+n/+la Nn+r+1)], then

y;y = [(pll17 r]l)u Ck17 (leza n2)7 Ck27 (pl.l37 n3)7 ey (pl.ln7 r]n)7 Ckna (punﬂa r]l'H-l)a
Ckn+17 (pUn+27 nn+2)7 Ckn+2’ (pUn+3’ nn+3)7 .. 'a(lenJrnm r]n+n/)a Ckn+n" (pLJT]+n/+la r]n+n’+l)] .

With these definitions, the pail”3,w) uniquely defines a morphismmg: (py,, n1) — (ppmn,ﬂ, Nner+1), that

is, mg = Mp o My, having as one of its path seffg = {y;Y |ye 'y, Y €2}, with Ur,w = Ur,w N Ur, w and

with (py, N1) = os('3) and (py,, .+ Nntw+1) = Or(M3). The operatior» for morphisms associated with the
concatenations of path sets, such that the source of one set is the target of the other, can always be defined and
yields a unique result.

Notice that there can be path sdtswhose source and target are one and the same ofyjeat), with
os(l") = (pi,n) = or(l"). For eachw and each such path set there is a morphisnip;,n) — (pi, n) of
Naw. For each objectp;, n), we define a particular path set which is of fundamental importance: The singleton
{[(pi,n), (pi,n)]}, whose only member we call theértual pathfor (p;,n). Itis a path with no connection;
instances of it are simply instances @, n). Its importance lies in its use in defining the identity morphism
id(p,n) as the morphism associated with[(pi, n), (pi, n)]}, w). Itis now a straightforward exercise to show
that the composition as defined is associative and has an identity for each object. Therefore, the quantities we
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have been calling objects and morphisms satisfy the two axioms of composition, hence, they really are objects
and morphisms andlla w with these definitions is indeed a category.

We denote bWid(pi,qyw the instance set of the virtual path for objég, n) (hence, the instance set of the
identity morphism for the object). Any path detequivalentto{[(pi, n), (pi, n)]}, thatis,I" = {[(pi, N), (pi, N)]},
has the same instances, hence, is acting collectively as the virtualpaths= Uid(pi,n).w . Notice that the instance
set of an identity morphism is just the instance set of its oblégt, ., = U n)-

4.4 Example: A Simple Multi-Layer Perceptron Network

Consider a categorMa w representing a multi-layer feedforward network with weight statédere, the function

@, represents all processing that occurs in a single iteration of a learning algorithm for feedforward networks
such as the perceptron algorithm[35]. For simplicity, let the nogdeact as binary nodes in representing con-
cepts, where positive outputs signify events associated with a concept represented by the node; all outputs not
sufficiently positive are regarded as having either uncertain or no significance. Given this one-to-one correspon-
dence between nodes and objects, substitutingr (p;, n) simplifies notation, and any outpgt = @ (6;) > 0

is an instance of the objeg; .

Figure 9 shows a part of the MLP network, with selected nodes in what we shall refer to asragefsl
and n + 2, and selected connections between them. Although there can be many other nodes present, we refer
to the nodes shown in the figure as (in Layern ), p2 and p3 (in Layern+ 1 ) and ps (in Layern+ 2 ).
The connections are also labelled as, for examplefrom p; to py). From the definition of neural morphism
just given, there is a morphism corresponding to the'sgt, wherel"; contains a path associated with the single
connectioncy, that is,y1 = [(p1, n), ¢1, (P2, n)]. In fact, since the architecture is a feedforward network and
c1 connects nodes across adjacent layersugd n + 1 ), y; is the only possible member df,,,, hence, of
"1, unless we allow there to be multiple connections between two nodes. Denote the morphism associated with
the pair (M1, w) by my:(p1,n) — (p2, n). Because of our one-to-one node-to-object representation, we can
simplify the notation for our example and instead wte= [p1, C1, p2] andmy: p1 — p2.

The instances ofry are all combinationg8, €) € ©a x Ea of network activation states and network input
patterns fromUr, w. Sinceos(l1) = (p1,Nn) = p1 andor(l'1) = (p2, N) = p2, these are instances of both
(p1,n) and (pz, n) (thatis, &1 = @(61) €n, & = @(82) € n, and similarly for the outputs evaluated it
where (v, ) = ®a(w, 6, €)). Note that it matters not whether the weight of ¢, is w; > 0 orw; < 0, only
thatw; (and alsovs) is nonzero and that the nodes along the patip; and p;) are generating outputs within
their specified intervals (the intervagl).

Again using the fact that each node corresponds to a single object in the current example, we can express the
paths corresponding to connectionis ¢z, andcs asyz = [p1, C2, P3|, Y3 = [Pz, C3, Pa] andys = [ps, Ca, Pa],
respectively. Assuming that there is at most one connection between each pair of nodes in adjacent layers, the
path setsl 5, I'3, 4 have solely the following members, € 'z, y3 € M3, y4 € 4. Corresponding to these,
there are setdr, w, Ur,w, andUr, w whose members are the initial network activation and input combinations
(6, e) € ©p x Ep that result in output€1,§3 € n (i.e., & = @ (01) > 0,83 = @1 (83) > 0) for the source and
target nodes simultaneously fgp, &2,&4 € n for y3, and 3,84 € n for y;. This describes the morphisms
associated with the connectionsg ¢y, c3, ¢4, which we shall calim;: p1 — p2, Mp: p1 — p3, M3 P2 — P4,
andmy: p3 — p4, respectively.

Now let us examine some compositions and characterize any commutative diagrams that might involve the
objects and morphisms associated with the array of connectigres, c3, ¢4. Concatenating paths, we have
pathsys = [p1, C1, P2, C3, P4] @andys = [p1, C2, P3, C4, P4, tWO Separate paths with the same source and target.
Letting 's = {ys} andl's = {ys}, With Ur,w = Uryw N Ur, w, Urgw = Ur,w N Ur,w, we have morphisms
ms = Mg oMy andmg = My o M. These are two morphisms with the same domain and codomgim; —
p4, associated with the paiil's, w), andme: p1 — p4, associated with the paiil's, w) . Now, were it the case
thatUr,w = Ur,w, i.€., thatl's = e, then they would be one and the same morphism with dorpaiand
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Figure 9:Two connection paths corresponding to a commutative diagram. The bottom pair of connections
is seen emanating from a single nod@; serving as the carrier for diagram object (p1, n1). Similarly, the
top pair of connections is seen terminating upon a single nodp, serving as the carrier for diagram object
(psa, N4). The commutativity of the diagram indicates that the two paths are involved in an instance of the
same morphism with domain (p1, n1) and codomain (ps, N4). All instances that define the diagram are
instances of this morphism.

codomainpy, that s, it would be the case that; = ms = mg: p1 — p4. However, in general, this will not prove

to be the case; because of the inputs to the intermediate qpdasd ps through other connections emanating
from nodes in prior layers, it can happen that some instances;adre not instances afng because they are
instances ofp; but not ps; conversely, not all instances afs need be instances ofs. Therefore, the diagram
defined by the morphismey, mp, mg, and my need not be a commutative diagram, since the compositions
mz o My andmy o mp need not be equal.

This examplifies an important fact: A set of paths having the same source and target objects can be involved
in several different morphisms and, in fact, can be involved in several different diagrams. Further, some of these
diagrams can be commutative while others are not. This is to say, although a morphism is uniquely defined by a
path set” and weight statev (because the paifl,w) has a unique instance d8t ,, associated with i)l can
also be involved in separate morphisms defined by larger path sets that contain it. The diamond-shaped diagram
defined bymy, mp, mg, and my need not be commutative if we define these morphisms using the instance sets
Ur,w, Ur,w, Uraw, Ur,w as in this example. However, there is a single morphism associated with the larger
path set consisting of the two paths through the connectignsy, c3, and c4: Simply let 'z be the union of
path setd"7 = I's UTs = {¥s5, V}. The instances of this union are the instances of the intersedfion, =
Ursw NUrgw. This defines a morphismy: py — ps uniquely associated with the paif 7, w). In case the
intersection is emptyJr, w N Ur,w = 0, my is referred to as a vacuous morphism, having no instances. In any
case, it is true thatlr, w € Ur,w andUr,w C Ur,w. The subset relationship is proper in either or both cases
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unless the diagram commutes. Thus, there is a morphism associated with the two paths through the connections
C1, C, C3, and c4 regardless of whether the diagram involving, mp, mg, and my is commutative.

Without being too specific about the total connectivity structure or the learning algorithm of our perceptron-
like network example, or even the total range of neural computation represented by the activation fdmction
used in defining morphisms, we have shown how morphisms, diagrams and commutative diagrams can be found
in neural network architectures. We have shown how to distinguish between a diagram and a commutative dia-
gram, given the knowledge of whether or not certain path sets in the network have equal sets of instances (hence,
are equivalent) with respect to the array of network weights associated with the category under consideration.
With the categorical model for neural architectures in hand, we can proceed to investigate concept representation
and learning.

5 Functors: Transporting Structures Across Categories

5.1 Defining Functors Incrementally

We have defined categorigSoncept for an organized system of concepts and their relationships,Nay@d

to represent the system consisting of a neural network architeétueeweight tuplew, and the activities as-
sociated with the paifA, w), which are represented by the network activity functi®a. We now describe

the categorical representation of the concept system in the activities of the neural system, that is, the seman-
tics of Naw. Fundamental in the representation is the notion of a funbto€oncept— Naw. It maps

each Concept morphisms.: T, — T, to an appropriateNaw morphismM(sc):M(T,) — M(T,) with do-

main (pi, n) = M(Ty) and codomain(pj,n’) = M(Ty). Consider the consequences of there being concept
morphisms, such as.: T, — T, , whose domain is the codomain gf. We can form the compositiog o s,

whose functorial image undeévl is M(s. o 5¢):M(Ty) — M(Ty). Because of the functorial property, we need

to ensure that our definition dfl has as a consequence théfs o s¢) = M(s¢) o M(x).

To see what this entails, recall that a péir,w) can uniquely represemi(s¢), wherel is a set of paths of
the form Y= [(pl»llv nl)7 Ciky > (puzv nZ)’ Chko ) (pu37 n3)7 ) (punv nn)v Ckn» (pUn+17 r]n+1)] . Ifwe aSSign functorial
images to concepts such that the domain and codomal(sf) are M(Ty) = (pi,n) and M(Ty) = (pj,n’),
then the common source and target objects of all of the patims ' must be (py,, N1) = (pi,N) = os(y)
and (py,.,- Nnr1) = (Pj,N') = or(y), respectively. The elements of the set of instandeg, are the com-
binations of initial state and inputp, e) € ©a x Ea, that initiate the neural network activities &f associated
with the Naw morphismM(s¢). Similarly, M(s¢):M(T,) — M(T,) has domainM(T,) = (p;,n’) and also
a codomainM(T,) = (ps, n”), and can be represented by a pdif,w) wherel”’ has elements of the form
y = [(p\/la nél_)a Ck’17 (p\)za ﬂlz)a Ck’27 (p\l3a n%)a [EER) (p\)nn n|/q/)’ Ck".l,a (pvn’+l’ n;1’+1)7' where (pV17 nél_) = (pJa n)
= (Puns1»> Nnt1) (SO thatos(y) = or(y)) and (py,, ., Nw+1) = (P, N").

By the definition of composition in the categoaw, M(s¢) o M(s¢) is representable by some p&ir”,w),
wherel” = I';[’ contains the path concatenations

V;\/ = [(pulv nl)7 Ck17 (pH27 r]2)7 Ck27 (pH37 r]3)7 ey (pu;n r]n)» Ckm (ppr,lﬂ nn+l)7 Ckn+17 (pIJn+27 r]n+2)7
Chny 2 (pun+3a nn+3)a EXR) (le.an/a nn+n’), Ckn+n/’ (p”n+n’+1’ nn+n’+1)],

where we have re-labelled as follows:

(PvN1) = (Pnyas Mnsa)
G = Chn1 5

(Pv,, ny) = (Puns2> Nnt2) s
G, = Cniz s

(Pvs, N3) = (Punig» Nnt3) s
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(P Ny) = (Puowy> M)
Cey = Chry

(an/+17 n:erl) = (pl"'r1+n’+l’ nn+n'+1)] .

The set of instances &fl(s¢) o M(s() is the seUr» ,, which is just the intersectiodr ,, = Ur w N Urr . Thus,

we obtain the compositioM(s.) o M(s¢): (pi,n) — (P, N”). We must take care in definingl so that each
such composition of concept morphism images\iny, is actually the same as the image of the corresponding
composition of concept morphismil(se o s¢). This can be done by definind recursively so that iM(s) is
representable by a paif ,w) andM(s¢) is representable by a paif’,w), thenM(s¢ o ) is representable by
the pair (I, w), wherel’” =T;I"".

5.2 Example: Applying a Functor to a Diagram

Applying a functorM: Concept— Na, to the colimit defining diagrand requires the identification of neural
objects and morphisms to serve as the imadgés; ), M(Tz), M(Tz), M(T4), M(Ts) and

M(s1):M(T1) — M(T2),
M(s2):M(T1) — M(Ta),
M(sg):M(T1) — M(Ta),
M(£1):M(T1) — M(Ts),
M(£2):M(T2) — M(Ts),
M (53)1 M (Tg) — M (T5) s
M (54)2 M (T4) — M (T5) .

In addition, the functorial property requires that the resulting neural diagram, de¥gfied must commute. This
requires thaM (£2) o M(s1) = M(43) o M(s2) = M(£4) o M(s3) = M(s1).. If we can find the nodeg; and paths

y that supply the basic structural shape for the diagram, and if we can then claim that there is a connection weight
array and network initial activations and inpwts6, e that help define the morphisms such that the diagram com-
mutes, we can claim to have found that part of a functor consistent with the mappinigtaf a categoryNa v for

the architecturé\. To define the entire functor requires a scheme for calculating the images of arbitrary concepts
and concept morphisms. The functorial property facilitates this because it enables the calculation of the images
of all concept morphism#/(u) obtainable by composition, wheid (u) = M(s) o M(t) ,given that the factors

M(s), M(t) are known. In particular, applying the functoriality property to define functors in this incremental
fashion guarantees the preservation of diagram commutativity. Applying functoriality requires first specifying
a basic collection of concept and morphism images in terms of neural objects and morphisms associated with
architectural items such as input nodes and the connection paths from them to other nodes.

There are other requirements in addition to functoriality for the images of the defining diagrams of colimits
and limits. Initiality and terminality are among these. For example, in addition to the commutativity of diagram
M(A), its cocone must be initial. Now, functors that preserve initiality and terminality of colimit cocones and
limit cones are of a special kind. Ensuring that the functors discussed here have this property poses an additional

design constraint for neural network architectures.

But there is another constraint whose severity depends upon how explicitly we want the fihtborep-
resent the concepts and morphismsQincept through the objects and morphisms Nhw. Requiring the
representation to be very explicit places great demands upon the architectural constructions wa.uséeén
discussion of Section 6 explores this “explicitness” constraint in more detail.

At this juncture in our presentation, it is apparent that applying the categorical model of neural network
semantics is a complex undertaking. Its use poses many constraints upon architectural analysis and design. It is
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important to observe that this is an advantage more than it is a burden. Design constraints are the conceptual tools
that make it possible to fully understand and to create neural network architectures based upon the knowledge
structures they purport to represent.

5.3 Neural Models

A functor M: Concept— Naw maps conceptd, T’ and morphismss: T — T’ to neural category objects

and morphismsM(T), M(T’) and M(s):M(T) — M(T’). As discussed previously, there is also a functor
Mod: Concept— Cat which maps the concepts and morphisms to model spaces and model-space morphisms
Mod(T), Mod(T’) and Mod(s):Mod(T’) — Mod(T), respectively. The functorod is calledcontravariantbe-

cause it reverses the directions of the arrow€oficept.

Now, the instances of a neural objgqs, n) are pairs(6, e) € ©a x Ea. There is a difficulty in regarding
an instance(B, e) as a modelo of a theory. As defined, instances do not have the correct mathematical form
to be models: A modeb is an object of a model spad&d(T) and has a structure obtained by substituting
sets and functions for the sorts and operations of the th@oguch that the axioms of are valid for the
resulting system of sets and functions . Although not in the mathematical form of a theory model, however, an
instance (B, e) corresponds to a mode&t. Consider a theory morphism such 8T, — Ts in our triangle
example. The concepf and Ts are mapped to neural category obje¢fs, n), ,(pj,n’), respectively, by a
functor M —for example,(pi, n) = M(T2), with instanceg8, ), where(8, e) € Ui, ) € ©ax Ea. Since each
such instance represents, through its compoeean input from the environmeri,, it can also be associated
with a situation, or event, within the environment as represented by the sensors providing input to the network.
Each event that produces a membenbf, ), on the other hand, can be regarded as a modé, pthat is,
as some membero of Mod(T2). To construct this model from the environment requires a knowledge of the
quantities constituting the environment sufficient to enable the proper substitutions to be made in terms of sets
and functions for the quantities in the thedry. The model-space morphisms associated with concept morphisms
such asfod(¢2):Mod(Ts) — Mod(T2) can be indexed by neural morphism instances in similar fashion.

As important as the correspondence between the funbtoaisdMod is in fully understanding the association
of neural object and morphism instances with the corresponding concept models and model-space morphisms,
there is not space here to discuss it in detail. Instead, the present analysis will proceed informally. Nevertheless,
using the mathematical semantic model in this way makes it possible to gain understanding and anticipate neural
structures one might not have discovered otherwise.

6 Applying Category-Theoretic Design Principles

To fully represent the concept hierarchy expressed in the catégomngept is a daunting undertaking. First of

all, there is an infinite number of concepts and morphism8amcept but any realizable neural architectute

is finite. Therefore, if a neural categolyaw is to represent only that which is possible to construct frAm

with any weight arrayw, any functorConcept— Nay is inherently a many-to-one mapping on both objects

and morphisms. This will be explored further in discussing concept compression in Section 9. An accurate
representation of even a finite number of concepts in their entirety can be intractable. Many concepts are simply
not representable in many architectures, and many are not represented at a given stage of learning using the
current weight arrayv even though they are representable: The network may not have learned them yet. One of
the main issues in representability is the complexity of the architecture. In the corigepts of the triangle
example, the axiom relating points and lines appears in all the concepts. It is a basic notion in geometry [5] and a
neural network that fully expresses it must therefore possess the ability to reason about geometry, a cognitive skill
apparently possessed only by highly complex systems. The many predicates and functions used in the axioms of
concepts, such as the predicate of the triangle example, are similarly difficult to represent in an explicit form.

It is, however, possible to overcome the latter difficulty in many cases short of designing a fully cognitive neural
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network as long as the representation is not required to be explicit. The triangle example serves to illustrate this
as we demonstrate in this section.

The main point of this section is that the more one wishes to represent explicitly with a neural network,
the more complex the design task. Our main thrust is to illustrate neural network design to represent certain
concept constructions, with some items in the concepts necessarily represented only implicitly. This is consistent
with the discussion of logical rules and knowledge representation in the Introduction, for knowledge represented
implicitly can guide behavior in the same sense that the knowledge implicit in the design of any machine guides
its operation. The desired end in neural network design is that the knowledge representation be as explicit as
possible and acquired through experience, so that the machine is useful in applications requiring highly complex
computations including adaptability.

6.1 Representing a Colimit with a Feedforward Network

It is instructive to attempt an association of the triangle colimit example with the learning of the triangle concept
by a specific type of neural network. It is easy enough to match the shape of the triangle diagram with a diagram
in a categoryNa if one is not concerned with the other details of representation. A functorial mapping of
the diagram of figures 7 8 fronConcept to Naw requires only that we assume thdh, has the necessary
objects and morphisms. The difficulties lie in showing that the architecduhas an associated functicha

and weight arrayw that allows a representation of the morphisms in terms of objggts)), signal pathsy

and prior activation-input pairg6, ), using our previously- introduced notation. But even this is not enough:

it must also be shown that can be an output of a learning episode represented @iththat is, that for some

triple (W, 6, e), we can obtain(w, §) = Pa(W, 6, ) for somey. Fortunately, the main use envisioned for

the semantic model is more generally in network analysis and design. The objective is then to show that the
representation and learning of certain kinds of concepts is possible, not to exhibit all the details of individual
concept representations and learning episodes.

The diagram shape illustrated in Figures 7 and 8 can be achieved in a catéggryepresenting a feed-
forward architecture such as the MLP discussed previously. This requires only a simple modification to the
diamond-shaped perceptron diagram of Figure 9. The result, shown in Figure 10 , has nodeayer n as
before, but now has three nodes, ps, ps in Layer n+ 1 and a nodeps shown at the apex of the structure.

We intend thatps serve as the neural colimit object. Retaining our binary model in which nodes are treated as
objects, thep; (i = 1, 5) serve as objects as well as nodes. We intend pgagerve as the neural colimit object.

We further intend that the connectiong(k = 1, 6) be involved in the signal paths corresponding to the colimit
defining diagram morphisms

Miip1 — P2,
Mpip1 — P3,
mg: p1 — Pa, (8)
My P2 — Ps,
Mg P3 — Ps,
Me: P4 — Ps.

Specifically, morphismmy (k = 1, 6) is associated with a signal path ggt(k = 1, 6). At least one member of
each path set is a single-connection path, where its connection is indicated in Figure 10. That is,

ykerk(k: 1, 6)3 (9)
where
Y1 = [P1, C1, P2],
Y2 = [p1, C2, P3l,

Y3 = [p1, C3, P4l, (10)
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Figure 10:Connection paths corresponding to a commutative diagram intended to serve as a neural colimit
diagram in a feedforward architecture. This diagram is, in turn, intended as the functorial image of the
defining diagram for the triangle concept example.

Y4 = [p2, C4, Ps),
Y5 = [ps, Cs, Ps),
Y6 = [P4, Cs, Ps|.

The neural category diagram is suggestive of the following assignments of fuMcitmiages for the concept
objects and morphisms from the triangle example (see figures 8, 10 and 11 ):

Pu = M(TH)(u:1>75)’ (11)
M P — Per1 = M(S):M(T1) — M(Ti41) (K = 1,2, 3); (12)
M Pk—2 — Ps = M(l—2):M(Tk—2) — M(T5) (k = 4,5, 6). (13)

For the assignments to be a part of a functor, the neural morphigns,, mz, my, ms, mg must form a commu-
tative diagram, that is, there must be a neural morphigmp; — ps such that

M7 =My oM = Mg oM = Mg o Mg. (14)
so that defining
m; = M(4q). (15)
yields the desired result,

M(£2) = M(f2) o M(s1) = M(£3 0 M(s2) = M(£a) o M(S5). (16)
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Figure 11: The image under the functor M of the objects and morphisms of the defining diagram of the
colimit for the diagram A in Concept, mapped to a commutative diagram in the category Nw.

This requires that

M =wlg=wlo, where

M7 ="r1;T4,
e =205, (17)
rg = F3;F6.

It is a trivial matter to establish that a weight arrayexists so that the diagram involvingy, mp, mg, my,
ms, Mg commutes if that is the only requirement. Since the MLP network example relies on binary nodes, let the
node signal functions produce a val@gd) = 1 when® > 6t ;, and arbitrarily assigfit; = 0.5 for each node.
Then, p; is activated when

where the values, are output signal€, emitted by nodes from whiclp; has input connections. Suppose

that the only input connections targeting nodes ps and ps are ¢y, ¢z and cz, respectively; that is, the “other
inputs” indicated in Figure 10 are not present. ThEgjs a singleton] 'y = {y} (k = 1, 6). Assigning weights

w1 =W, =w3 = 0.6 andws = ws = wg = 0.2 ensures thaps is active exactly wherpy, p3, ps are active,

which in turn occur exactly whemp; is active. Therefore, the patlyswith p1 = os(y) and ps = or(y) are all
equivalent, o7 = IN'g = Mg as desired. (Note that in the earlier discussion associated with Figure 9, we could
have forced commutativity of its diamond-shaped diagram in a similar fashion given the freedom to choose an
appropriate weight array.)

A weight array can easily be found to make the indicated diagram commute, but this is a wholly inadequate
means of ensuring a representation of colimits. First, commutativity is only half the requirement: Initiality is the
other half. More basic to our discussion, however, is that this approach, if followed in neural network design,
would make colimits superflous. Notice that the neural diagram indicated in Figure 10 has all nodes (hence,
signal pathsyi, y», y3) activated in any instance in which; is activated. This precludes the re-usemf in
other colimit diagrams when those diagrams are supposed to represent concepts indepehrdeBtiobne of
the major advantages of the colimit construction is that it allows diagram objects and morphisms to be re-used in
other diagrams, representing distinct concepts, that is, concepts which have different model spaces. The model



Healy and Caudell—Category Theory ... 29

spaces will very likely have nonempty intersections. However, if the concepts that share diagram components are
to be non-redundant, they must have some non-shared models.

Having other connections to the nodes as indicated in Figure 10 allows the flexibility to overcome the redun-
dancy and other shortcomings of the connections and weights discussed here. A balance of inhibitory as well as
excitatory connections allows greater flexibility. Better still, replacing the feedforward architecture with one that
employs feedback connections allows a colimit object node to provide control over its associated diagram. An
example is shown in Figure 12. Utilizing the presence of the “other input” connections, the input connections
to p2, p3, ps from p; can have weight values smaller in magnitude, hence, weakepyyg, p4 can be acti-
vated individually by appropriate inputs (we shall continue to view all connections as excitatory for simplicity in
this example, although this is not a design suggestion). This allows their associated objects to be used in many
separate but overlapping diagrams defining a wide variety of colimits that happen to share some concepts. The
connections frompy, ps, p4 to ps can, on the other, be strengthened, so that the activation ofpsand ps,
is enough to bring about the activation pf; this allows partial evidence for the concept representegdyo
highlight it through network activity as a hypothesis for representing the current input. Conversely, suppose that
the feedback connectiore§, c&, ci, c& in Figure 12 all have weights of sufficient magnitude so that the activa-
tion of ps necessitates the activation pf, p2, ps, p2. Then, for example, any instance of path Bet(which is
an instance of botl; and T4, hence, requires that nodes, pz, ps be activated) will also be an instancelof
and[lg. Thus, the reciprocal connections ensure that the diagram commutes. Having inhibitory interconnections
among colimit object nodes— another type of reciprocity— provides yet another degree of flexibility: it allows
partially-activated nodes to compete for continued activation, with the winners finally suppressing the losers. This
serves as a selection mechanism, allowing the colimits with the greatest support from the current network input
pattern to be selected to represent the input.

6.2 Explicit versus Implicit Representations of Concept Morphisms

In principle, the ability to construct a functd: Concept— Naw to establish with mathematical certainty the

kinds of information content, or concepts, a neural architecture can represent, or to produce an architecture that
can acquire and represent the kind and complexity of concepts desired. This makes it pogsthlada given

concept representation by exposing its relationship to other concept representations involved in the processing of
inputs by the neural architecture, ultimately relating it to the concepts represented at the input nodes. This raises
the issue of the relative complexity of the morphismsGafncept and Naw. A concept morphisns: T — T’

can be highly complex, since it is a symbol mapping that shows which items of each type — sort, operation, and
constant— are related in the domain and codomain concepts, preserves the structure of the logical expressions
of T in the substitutions of mapped symbols to obtain treeimages inT’ and, finally, preserves the truth of

the axioms ofT in their images inT’. A single connection between nodes cannot be expected to represent this
amount of information explicitly.

Depending upon the complexity af an explicit representation of its imadé(s):M(T) — M(T’) under a
functor M: Concept— Naw can require a multiplicity of connections and intermediate nodes forming several
signal paths. In the triangle examph(s;):M(T1) — M(T;) would need to represent the various sort, operation
and constant mappings from to T,. For examples; maps point constanist andp2 of T; to pal andpa2 of
T,, respectively. There is another morphism that mpp&nd pa2 andp2 to pal, reversing the associations of
points specified in the first morphism. An explicit representatios oifh the neural structure defining a morphism
of Naw must make it clear which of the two is intended. This can be accomplished by having separate paths
Y10, Y11, Y12, - .. With p1 = 0s(y10) = 0s(Y11) = Os(Y12) = ... and p1 = 0t(y10) = O7(Y11) = O7(Y12) = ...,
where each path represents one of the associations specified=or example, the associatigrl — pal can
be represented using a nogg0 that is a coproduct objed1(T) + M(T’) for the two neural object® (T) and
M(T’) that represent two simple theori&@sand T’ sharing the sorPoints, with T containing the constant1
and T’ containing the constarga1l (recall that in the neural architecture under discussion, we assume binary
nodes so that nodes = objects). Figure 13 illustrates this. The fact that it is a coproduct object ensyw&s that
is active only ifM(T) and M(T’) are active (as with the original defining diagram foy, where ps = M(Ts),
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Figure 12:Connection paths corresponding to a commutative diagram intended to serve as a neural colimit
diagram in an architecture having feedback connections. The connections reciprocal to the connection
paths of the colimit leg morphisms implement the model-space morphisms from a colimit concept to the
concepts in its base diagram.

we see that reciprocal connections are highly recommended as a design element).yfy pafiresenting the
association ofpl with pal is yio = [p1, Ci0, P10, C11, P2]. Here, cip and ci1 are connections whose sole
purpose is to formyp: They do not represent concept morphisms—nor can they, since their source and target
nodes represent concepts which are mismatched with regard to the functorial propeiityg lbet the path set
defining the morphisnM(s1), Mo = {Yi0, Y11, V12, ...}. Itis the totality of the path s that defines the
morphismM(s;), not any one path within it. None of the paths individually, nor any of their single-connection
components (such d®1, €10, P1o] OF [P10, C11, P2] for yi0), need be the functor image of a concept morphism.

Finally, there are two strategies for ensuring that the truth of the axion’g @ maintained in theirs; -
images inT,. One strategy is to apply theorem-proving techniques (see [53]). The other is a model-based
approach, checking to ensure that the model-space morptigiis; ): Mod(T2) — Mod(Ty) is properly associ-
ated withM(s;):M(T1) — M(T2). Given the earlier discussion of the indexing of models by the instances of
the nodes representing their corresponding concepts, ensuring that the model-space morphism is properly repre-
sented can be achieved by ensuring that any instance of the dbj&g} that is also an instance of the morphism
M(s1):M(T1) — M(Ty) is an instance oM(Ty).

We have seen that an explicit representation of a concept morphism is a neural morphism with possibly many
paths, constructed in a special way but apparently requiring knowledge of only those concept representations
(such aspig = M(T) + M(T")) directly involved in defining the associations along its paths. An alternative
to an explicit representation is an implicit representation, with most of the morphism semantics hidden as with
the single-connection patiy associated withM(s;) in Figure 12. To ensure that this is a valid functorial
representation, however, the mapping of sorts, operations and constants specgfiechibst be discernible by
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identifying the place that the purportéd(s;) occupies within the network. Fortunately, as mentioned before, a
theorem in category theory guarantees that in the concept category, colimit cocones can be automatically derived
given their base diagrams. This makes it possible to “decode” concept object and morphism representations in
Naw by tracing connection paths backward to the input nodes where these paths are involved in morphisms of
the defining diagrams of colimits. The functorial property can be applied along with the knowledge of concept
colimit derivations to determine the semantics of objects and morphisms in colimit derivations leading to the
morphism in question. Thus, the connections to be traced are all those in paths leading td/ii@desnd

M(T,) that are involved in the defining diagrams of colimits and/or limits. Although it allows a much simpler
neural representation of the concept morphggras a neural morphistil(s; ) , it requires examining a potentially

much greater part of the neural network to verify the representation. Ensuring that the truth of the axioms of

is maintained is the same as with the explicit representation.

Implementing concept colimits as neural colimits places several constraints on neural network design. These
constraints require that nodes be interconnected through multiple pathways to form commutative diagrams and
to provide some degree of accuracy in representing concept morphisms. The ability to enforce colimit represen-
tations also suggests that the pathways have reciprocal connections or some equivalent mechanism. There also
seems to be a requirement for inhibitory connections, at least occurring between colimit object nodes, to prevent
a “tower of babel” effect when multiple nodes share large portions of their base diagrams. Finally, representing
concepts of a generally- applicable nature, such as those involving spatially invariant geometric entities, requires
a means of representing the association of a spatially invariant entity with a class of spatially fixed, or location-
dependent, entities that it characterizes. In the next section, we address a general notion of invariance, which we
call abstraction. This involves a deeper understanding of the relationship between colimits and limits.

6.3 Grounding the Colimit Representations

The discussion of explicit versus implicit concept morphism representations in the previous sub-section raised
the issue of grounding the representation of a concept morphism by ensuring that a functor actually exists that
confers the semantics of the concept morphism upon a neural morphism purported to serve as its image. This
can be done with either an explicit or an implicit neural representation. The explicit representation demands only
local information about concept and morphism images directly connected with the neural morphism but requires
that these be involved in multiple paths defining a rather complex neural morphism, an example being the path
representing the mapletl — pai. The implicit representation requires analyzing the representations connecting
the domain and codomain images of the concept morphism through many stages of colimit representation going
all the way back to the input node concept representations, but can be implemented as a single connection in
many cases.

More generally, the ability to claim that a functor exists that can be applied to a diagram such as that of
Figures 7 and 8 raises the following issues:

1. There must be input nodes whose activations represent concepts fromwhishTs, T4 can be derived
via appropriate diagrammatic constructiongdnncept.

2. It must be shown that the functor extends to these constructions, spanning the network from the input nodes
to pla p27 p37 p4-

3. It must be shown that the functor preserves colimits and other needed constructionSdnmept; in
particular, the neural cocone in Figure 11 must be initial: There must be a unique cocone morphism in
Naw from it to any other cocone for the base diagrih() .

Item 3 is a reflection of the fact that having a functor does not guarantee the preservation of colimits as such.
However, it does preserve the commutativity of all the defining diagrams for cocones, and it also preserves cocone
morphisms. As long aBla does not offer additional cocones or cocone morphisms for the functor iMéafg
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of the base diagram from Concept, colimits are indeed preserved. A functor that preserves colimits in general
is explicitly referred to as a colimit-preserving functor.

To address the other two items, consider the concept imlges), M (T2), M(Ts), M(T4) . They must be rep-
resented directly by input nodes or, more likely, constructed from other concepts associated with neural network
input nodes. The most basic items required are representations of single points and lines. Linked properly to a
visual sensor, for example, the input nodes can be made to respond to stimuli occurring in separate regions of the
image space, such as a retinal visual field or a field of video image pixels (their receptive fields, or RFs). The RFs
can overlap, but each appears to the network as a separate input, since it is associated with a separate input node.
Input nodes having very small RFs, or “blobs”, represent individual points. The detection of a point by a blob
node is signified by a binary 1 (a sufficiently large accumulation of image brightness values occurring in its RF,
yielding a positive stimulus exceeding its threshold). Individual lines can be represented as coproducts, where
their base diagrams are discrete diagrams containing input nodes (remember that nodes are equivalent to objects
in our binary representation). Connections from the input nodes to their line nodes are the paths associated with
the coproduct leg morphisms; note that a point node can participate in many different diagrams, hence, can have
connections projecting to many line nodes.

At this juncture, it might seem that the next step is to form colimits involving the point and line nodes to obtain
M(T1), M(T2), M(T3) and M(T4). However, notice that the concepls, T,, Ts, T4 all involve the on operation,
and an explicit representation of this using point and line nodes is difficult to envision. Instead, an implicit
representation obén as well as the axiom that uses it to relate points and lines in general will be assumed present
in the manner in which the network is applied to represent geometry. For example, one can observe that a specific
pointis “on” a line when the nodes representing both are active simultaneously, generating positive outputs. Also,
.all models of any of the concepts containing the axiom will be assumed to associate a unique line with any pair of
points. In a pebbles-on-a-sidewalk model, for example, anygpait of distinct pebbles will appear in the layout
within one linel ; any set of pebbleg containing bothd andd’ that is distinct froml cannot be a line. Another
consideration in constructinlyl (T1), M(T2), M(T3) and M(T4) using point and line nodes as objects is that the
represented points and lines are not spatially invariant—each point is associated with a fixed location in the image
space, and each line is a coproduct of a specific collection of these fixed points. Thus, even if the diagrdch
be represented using these nodes, it would express a triangle with a single, fixed location and orientation in the
image space. Many such triangles would be required to represent arbitrarily-placed triangles. Finally, notice
that the objects and constructions discussed so far leave the network with no means of expressing “pointness”,
“lineness” or “triangle-ness”—that is, all concepts representing fixed points share the property that they represent
points, and similarly for those representing other fixed geometric entities, such as lines and triangles. In other
words, the ability to represent spatially invariant geometric concepts is missing.

This calls forth a more general issue: In order for neural colimits to represent generally-applicable concepts,
their base diagram objects must represent abstractions derived from the specific information represented at the
sensor level. Spatial invariance is one such abstraction; there are many others.

6.4 Designing with Limits: Learning Invariants and Forming Abstractions

The desired representations of spatially-invariant quantities, and abstractions in general, already exist within
the semantic model. It is the capability to derive limits for certain concept diagrams. As with colimits, the
commutative diagrams for these constructions are preserved by functors. For limits, the only caveat remaining is
that the cones must be terminal. As with initiality for colimit cocones, we address this with the general statement
that terminality can be established if the requisite category of cones and cone morphisms can always be found
where the limit of a represented concept diagram exists.

Future reports will explore the construction of limits and their interaction with colimits. For the present,
suffice it to say that spatial invariance for a particular kind of object can be derived via a limit for a discrete
diagram. Indeed, suppose the neural network has developed several representations for the same entitiy—a simple
shape in a visual image space, say, described by a coficefuppose that the shape occurs several times in
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input patterns to the network derived from images presented by a visual imaging sensor, and in each occurrence
it appears without the image analysis pre-processing that would be necessary to remove spatial information. That
is, each representation of the shape formed by adapting the neural network weights contains spatial information
fixing the entity at a specific position in the visual field. Each representation is a cohi¢eply, associated with

a neural category objedtp;, n). EachT; can be thought of a3 enriched with sorts, objects, constants and
axioms which themselves constitute a concgptlescribing a spatial location relative to a fixed reference in the
space, such as a coordinate center. For exandplmight be a coproduct]; = T +S. Whether or nofT; is a
coproduct, we express the representation via a furidtas (pi, n) = M(T).

Consider the discrete diagram consisting solely of a collection of spatially dependent concepts of the form
A limit for the discrete diagram has an apical object, a concept, that contains only the description that is common
to all the T;. Since the location-specific descriptiofs vary, this common description is essentially the shape
conceptT (some sorts and other information constituting a theory of space may also be present, but this is of
no concern). A neural limit objed¥(T) for the discrete diagram of spatially-dependent neural representations
M(T;) is a spatially-invariant shape representation.

In the case of the triangle example, the base diagram components are to be spatially invariant. This can
be accomplished by a network that can represent limits as just described. The use of limits and colimits in
combination to form complex representations from spatially-invariant and other abstract representations, as well
as the formation of abstractions by the network, is explored next.

6.5 Feedforward Networks versus Networks with Feedback

Recall that the model-space morphismsi(s):Mod(T’) — Mod(T) are directed opposite their corresponding
concept morphisms: T — T’ and neural morphism#(s):M(T) — M(T’). This suggests that a neural
network implementing concepts must have an instance for each cofidgppresented by(T)) in every case

that it has an instance for a more complex concEp(represented by (T’)) which incorporates it when the

latter instance is accompanied by an instance of a morp&ism— T’ (represented b (s):M(T) — M(T")).

This must be true independently of whether there is a neural morphig(T’) — M(T) available in the
opposite direction tdvi(s) to represent the model-space morphiad(s):Mod(T’') — Mod(T). In particular,

this applies to limits and colimits: Every instance of a colimit objéctust be accompanied by an instance of

its base diagram, as implied by the model-space morphisrag/;): Mod(T) — Mod(Ti) associated with its leg
morphisms¢;: T, — T. The concept morphisms are represented in the neural category by the functorial images
M(4):M(T;) — M(T), which in turn are represented by bundles of signal paths directed fromM&Eh to

M(T) (recall that if represented implicitly, the leg morphisms can have singleton bundles whose sole elements
are single-connection paths). To begin making the point of this discussion, the simplest means of assuring that the
neural network behaves correctly in accordance with the model-space morphigiis): Mod(T) — Mod(Ti)

is for the neural network to have reciprocal paths directed fM(T) to eachM(T;). Otherwise, the desired
behavior is difficult to ensure: The many diagrams possible in the concept category overlap in many places,
and this makes it highly improbable that a feedforward architecture representing concept morphisms alone and
trained on an arbitrary set of input patterns will perform in the synchronized manner implied by the model-
space morphisms adjoined to colimit leg morphisms. Having a feedforward architecture represent the model-
space morphisms instead of the concept morphisms is no solution to this dilemma, for then complex concept
representations could not be learned as combinations of simple, input feature representations.

On the other hand, an instance of some of the diagram objects and morphisms may provide excitatory input
to the colimit object but without activating it: These objects and morphisms may also be part of another diagram,
and activate instead the colimit of that diagram. An instance of the leg morpiKifis M(T;) — M(T) acts
to “prime” the colimit object, giving it a competitive advantage over colimit objects with lesser or no input from
active diagram representations in the the network. This is where network synchronization is essential: The many,
overlapping network representations of the many, overlapping diagrams that are available to represent a current
input pattern, and thereby retireve its representation from the connectionist memory of the network, must be
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sorted through in some fashion and one or more choices made among them. Intuitively, this can require rather
sophisticated neural circuitry.

By duality, similar comments hold for a limit object for a diagram, but with the directions of all morphisms
reversed. An instance of any of its defining diagram objectdn, will activate a limit object for the diagram
as long as there is activity in the signal paths defining the corresponding leg morphism. That is, ar§joutput
by an appropriate nodg; lying within an appropriate interval;, representing a diagram obje@;, n;), will
always activate a limit objeatp, n) for the diagram, with an outpug lying within the intervaln being emitted
by the nodep, given that the nodes in the network’s representation of the neural morphism representing the
corresponding model-space morphism have activity in their corresponding intervals. That this must be the case
is a consequence of the model-space morphism associated with the leg morphism. The model-space morphisms
Mod (4;):Mod(Ti) — Mod(T), directed opposite their corresponding concept morphisfis— T; and neural
morphismsM(s):M(T) — M(T;), are represented in the neural network architecture by connections reciprocal
to the signal path bundles representing the concept morphism images in the neural category. On the other hand,
the limit object provides input to its defining diagram objects but need not activate them.

To summarize, the rules for activation of limits versus activity in their defining diagrams have just the opposite
sense of the rules for activation of colimits versus activityhieir defining diagrams. This is appropriate, since
the corresponding limit leg morphisms are directed from limit to diagram object, just the opposite of the sense of
the colimit leg morphisms.

An example of this behavior of neural network representations of limits can be seen in the relationship be-
tween spatially invariant representations and the spatially-dependent items they represent. More generally, the
formation in the neural network of a representation of a limit for a diagram is characteristic of the derivation of
an abstraction when a diagram of special cases of the abstract concept is represented by neural network activity.
In the concept category, that which is common to the diagram concepts as they are related by diagram morphisms
is the content of the limit object, provided a limit for the diagram exists. The fact that not all diagrams have
limits is a reflection of the fact that an abstraction may not be derivable in many situations. This confers a value
on diagrams that do lend themselves to limit formation. Appropriately, when it exists, the network’s limit object
representation will be activated when any of its defining diagram object representations is activated. This is a
reflection of the fact that an instance of an abstraction occurs when any of its special cases occurs.

The full range of behaviors with regard to limits and colimits just described can be realized in the most
straightforward manner by a neural network that contains reciprocal connections between nodes associated with
neural objects representing concepts that are connected via morphisms. Suppose, by contrast, that a feedfor-
ward neural network is designed to learn invariant representations in the manner of the Neocognitron (originally
proposed in [14]). This architecture expresses invariant representations, of visual shapes, say, by having a layer
of simple (S) cells learn spatially-dependent shapes by virtue of having input connections from visual feature-
representing cells localized to image regions (for example, edge detectors). The S cells for all spatially-dependent
representations of a single shape supply input to a single cell in a layer of complex (C) cells. The C cells rep-
resent all the spatially invariant shapes. In our categorical model, the input connections to a C cell are directed
opposite the direction of concept morphisms, where the S cells represent the spatially- dependent shape descrip-
tions, or concepts, and the C cells represent the corresponding spatially-invariant shape descriptions. The S-to-C
cell connections are, in fact, associated with the model-space morphisms. Notice that, as described in [14], any
one S cell can excite a C cell, as is the case with the nodes associated with our discrete diagram objects and the
corresponding diagram limit (or in the discrete case, product) objects.

Similarly to but opposite the situation with colimits, on the other hand, there are no connections in the re-
ciprocal direction—from C to S cells. But these connections are necessary to represent the limit leg morphisms
¢i: T — T, whereT; is a diagram concept object afidis a limit object for the diagram. These morphisms have
the limit object as domain and the diagram objects as codomains. Since there are no C to S cell connections, there
can be no stimulus transmission in the network associated with the activation of a C cell. But this transmission
would be useful in cases where an explicit manifestation of the spatially invariant representation at all locations
is desirable. For example, it might be desired to call forth a shape representation and have the neural network
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“prime”, or stimulate, all past localized representations for the shape. This would give the shape representation
an advantage over other, competing shapes in all those regions. This would serve as a “ shape filter” for input
patterns, and could be seen as a manifestation of the semnantics of the invariant representation in the neural
network’s behavior. In any case, a feedforward network has connections in only a single direction, in particular,
solely for the directions toward (or efferent to) a C cell from its spatially-dependent counterparts. Therefore, a
feedforward network does not have the flexibility in function reciprocal connections would provide the C cells as
limit objects. More generally, a feedforward neural network does not properly represent limits.

By duality, a similar analysis with opposite activation properties can be made for S cells at higher levels which
might receive inputs from a variety of spatial-invariance C cells, to form complex shape representations using the
simpler spatially-invariant C-cell-based representations as features. This use of S and C cells, by placing them in
alternating layers in a feedforward network, is discussed in [42]. The higher-level S cells correspond to colimit
objects in the categorical model, but the feedforward neural network does not properly represent them as colimit
objects.

In summary, the Neocognitron is an architecture that has important and highly useful properties for represent-
ing invariant features and complex, multi-feature objects. The paper of Riesenhuber and Poggio [42] provides an
informative and useful analysis of these properties. The claim made in this section is simply that there is more to
be gained by heeding the consequences of the categorical semantics applied to neural networks.

7 Naturality: Knowledge Coherence Across a Multi-Region Network

7.1 Stages of Learning in a Multi-Region Network

Consider, now, a multi-regional neural network, having several sensors with each sensor providing input to a

region of the network. There can be other regions, such as association regions that unify the processing from two
or more sensors, regions whose main function is for motor control (say, for an autonomous vehicle controlled

by the network), and regions for cognitive functions such as situation assessment and planning. The semantic
model specifies that at any stage of learning there is a system of functors: Each funct@@onapgt into a part

of the neural categoriNa that models a subregion of the architectéreat the stage of learning represented

by the weight vectow. We can design an architecture to learn concepts describing those aspects of sensed

items representable by any particular collection of sensors, or concepts which involve many sensors for their full

expression but must be implemented with a limited sensor array for economy reasons.

For example, suppose sens@sand S, are available. Separate functdvls and M, can be used to represent
the same state of learning in an architecture, but restricting concept implementations to a single sensor in each
case. Thus, each concept and morphism are represented twice—once forgemstonce for sensds, . Each
functor models the concept hierarchy as the cate@iwgcept, represented in a separate region of the network
having a specialized function. Since functors can be many-to-one on both objects and morphisms, those parts of
concepts that do not relate to the function of the subregion corresponding to a functor are “compressed out”. This
will be explained in more detail. First, let us ask the overriding question for this multi-regional network semantic
model: How are the functions of the separate regions to be unified? The functions are described by the concepts
of the hierarchy, but this is represented differently in each region. In the current example, how can the two sensors
be exploited to acquire a unified concept representation in the neural network, when each sensor region expresses
only that aspect of the concepts specific to that sensor representatiersswer lies in natural transformations
al:M; — M3 and a?:M, — M3 from My and M; to a third functorMs, as shown in Figure 14 . This system
of functors and natural transformations works together as follows.

The natural transformations® and a? are represented iNAw by Neural morphisms separate from those
that represent concept and model-space morphisms: The latter are instead specific to each network region. via
reciprocal connections as usual. A third network region contains the representation of the objects and morphisms
of the image ofM3;. However, theM3 region has no sensor. Instead, it serves as an association region. The se-
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mantic model makes the association function explicit: Each triple of obMdi§,) (i = 1,2,3) is connected by

the two individual morphismg%u: M;(Ty) — M3(Ty) (i = 1,2). This connects the three functorial images of the
conceptT,. The defining property of a natural transformation specifies that the network connections that support
the natural transformation morphisms are the appropriate ones to unify the two sensors in the dual-sensor repre-
sentation of functoMgs. For, consider &oncept morphismsy: T, — T, specifying a subconcept relationship.

The functorial imagesM;(sq): Mi(Ty) — Mi(Ty) (i = 1,2,3) preserve that relationship. By composition with

the appropriate natural transformation components, there are two morphisms available from theSselnased
representatiorM(Ty) of T, to the desired fused, dual-sensor representa¥ig(ily) of T,: the compositions

or%v o Mi(sx) and M3(sq) o a%u. Each of these morphisms has its associated connection paths. For knowledge
coherence, however, we want the two sets of connection paths to be associated with a single morphism from
M1(Ty) to M3(Ty), that is,or%v o M1(sq) = Ma(sq) © a%u. But this is just the defining requirement of the natural

transformational. The same holds foa?, corresponding to the unification of the sen&rregion with the
association region.

7.2 Diagrams in a Functor Category

The categorical model, with functors from a category of concepts to a category of neural network components and
natural transformations between these functors, provides a mathematical model for neural structures consistent
with concept-subconcept relationships. Colimits of diagrams show how concepts can be combined, and how a
concept can be re-used many times in forming more complex concepts. Functors map commutative diagrams
to commutative diagrams, capturing this aspect of the colimit structure. Natural transformations express the
fusion of single-mode sensor representations of concepts in the same neural architecture, connecting the different
implementations of the concept hierarchy at all levels and in a consistent fashion. This mathematical model
appears to be compatible with a model of the primate brain proposed by Damasio[11]. In this section, we explore
the multi-regional ramifications of these notions.

Functors can be many-to-one on either or both objects and morphisms; for two abpautid, for example,
it can be that~(a) = F(b). Because of its significance in architecture design([21],[22]), we refer to this “merging
of objects and morphisms” @mmpression

A natural transformatiomt : F — G between functor$-, G : ¢ — D consists ofD-morphismsa,, one
for each object of C, such that for each morphisfna— b of C, G(f)oa,; = apoF(f). The square-shaped
commutative diagrams for two natural transformatiorisa?: F, G — (F + G) evaluated at two objects and
b and a morphismf:a — b are shown in Figure 15 . This figure also illustrates the notion of a coproduct for
two functorsF and G. Given categoriex” and D, there is a categoryD¢ whose objects are the functors
F: C — D and whose morphisms are the natural transformations, sueh, @ . A coproduct functoF + G
for two functorsF, G in D¢ (provided the required injection morphisms exist) is one that compresses a pair of
objects or of morphisms frong if and only if the pair is compressed by bofthand G. The coproduct has the
effect of “pasting together” the corresponding commutative squares of the natural transformation injections as
shown in Figure 15 .

Functors in the categorNgﬂ’,ycept preserve the colimit construction, in part because functors preserve diagram

commutativity. A given functorMa: Concept— Naw, therefore, effectively transports the structure of all
possible knowledge— represented by the concept category—into the categorical architecture representation. The
colimit construction also indicates how concepts are formed through adaptation. Of nedds<tytails a large

amount of compression; in fact, it represents a single state of learning in a finite network, with all the other
knowledge contained in the infinitely-large concept category hidden by compression. Many such functors are
required to express the concept hierarchy representation in the several network regions at the many stages of
learning.

To see how we apply this in analyzing existing neural network designs, consider some of the ART mapping
networks (for example, as analysed in a rule-base analysis in [20]). These couple separate, unsupervised ART
networks (sometimes with an intermediate “mapping field” subnetwork) to provide supervised ART systems. We
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have shown[21] that each ART network has solely coproduct formation as a means of learning complex concepts
in terms of the simple concepts represented by its input nodes. This stems from the lack of connections within
the input (/) and matching 1) layers. The more general colimits required to capture knowledge representa-
tion are missing, and limits have no explicit representation at all in these networks. Also, there are no nodes
available for compression of yet more complex (or less complex) concepts, or input concepts not represented by
the present input layer. The effect is to limit the concept hierarchy representation to a functor image fragment
containing at most coproducts over a single layer. Further, the interconnections between ART networks required
for commutative squares are not present, so any natural transformations would be only partially represented[21].

On the positive side, ART networks have important advantages for a study of knowledge representation. The
explicit learning procedure and the presence of feedback (top-down) connections facilitates the identification of
intervals n of the /, nodes as coproduct objects: The bottom-up connections to a previously-committed
node that have nonzero weights are the connection paths of the coproduct injection morphisms. Using an ART 1
network as an example[6], the coproduct objects are the previously-mentioned intgnalthe committedr,
nodes. Suppose that the template of a winner-take-all node ifztlmmpetition to represent an input pattern
is a subset template of “sufficient size” (see [6]; “subset” means that each nonzero template connection weight
corresponds to a nonzero input pattern value, and “sufficient size” means that there are “enough” template nonze-
ros). The top-down, unit-weight template connections then ensure the activation inshetervals of exactly
the F; nodes in the discrete diagram upon which the currently-expressed coproduct is based, thus ensuring the
continued activation of the coproduct morphism connections. This largely describes the semantics of resonance
in a typical ART network.

The interconnects betwed® layers of the separate ART networks is suggestive of natural transformation
components corresponding to the concepts represented g the intervals. What is missing are the compo-
nents corresponding to the concepts atfhdor, equivalently, thé= ) level. We decided to exploit the properties
of network templates and interconnections by using ART networks as a point of departure in developing new
architectures more compatible with knowledge representation and coherence.

8 A Categorically-Motivated Multi-Regional Design

In this section, we apply the design principle of knowledge coherence to derive a neural network design that
improves upon multi-ART networks. We do not address improvements to allow the derivation of colimits more
general than coproducts, and we do not address the derivation of limits. The design principles corresponding to
these fundamentally important considerations will be addressed in future analyses. Further discussion of them
does, however, appear in later sections of this document.

We have given a very brief example of applying the categorical semantic theory using ART mapping networks.
The example emphasized binary nodes for simplicity, using the binary intemgalsOur other example, the
proposed categorical neural architecture that is the subject of this paper, will be described next. Although this
initial architecture is designed to operate in a binary fashion, we use the more general ngt&ioarbitrary
intervals for simplicity and also to emphasize that the semantic model applies to other than binary-node networks.

Figure 14 shows the overall scheme for an architecture that represents and coherently fuses the information
from two sensors according to our theory. There are three regions, two receiving input from sensors and the
third, an association region, receiving input from the other two regions. In terms of the semantic model, the
architecture at a given stage of learning is represented by the cafdgarand the sensor regions are represented
by the images of the functorsl; and M. The association region is represented by the imag®lof Two
natural transformationa’ : Mj — M3 (i € {1, 2}) are coproduct morphisms for the discrete diagram containing
M1, Mz in NS°*™", andMs is the corresponding coproduct objebts = My + M. Figure 16 shows an initial
architecture designed in accordance with this scheme and using properties of ART networks where these can be
exploited. We call the sensor regiopemariesand denote these by, and P,, corresponding to the functors
M1 and M2. We call the region corresponding tds an associator which we will denote byA. Adaptive
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connections are indicated by arrows ending in bullets and non-adaptive connections have standard arrowheads.
Connection polarity is indicated by + (excitatory), - (inhibitory),RKa bundle of non-phasic reset connections).

An immediate problem occurs in implementing the scheme of Figure 14 as a multi-sensor architecture. Let
us suppose that the two sensors are logically independent. For examplebletcoupled to a visual sensor, with
its Fo layer representing concepts describing visual primitives of some kind, and I thedes atP, represent
tactile information provided by an array of pressure sensors. Then, since the two kinds of sensor primitives
convey entirely different kinds of infornmation, each subnetwork must omit the input concepts associated with
the other subnetwork’s sensor. However, our semantic model requires that each functor map the entire knowledge
space ofConcept into its subnetwork region, including all of the concepts that describe both kinds of sensor
primitives. To satisfy these competing requirements, there muNAg objects and morphisms available to
represent the functorial compression of sensor primitives for each subnetwork within the other subnetwork. We
choose to represent these as a sort of auxil@rynode, because it is & that the discrete diagrams form via
bottom-up/top-down matching (ART-based, although the gain control subsystem is not shown). We include one
of these compression nodes in each subnetwork to serve as the target for the functor images of the missing sensor
primitives. They are labelle@; (for P1) andC, (for P,) in Figure 16 . The coproduct functdds, on the other
hand, fully represents the non-compressed knowledge represenddd apd M, . Therefore, regiorA has two
F, layers whose nodes receive inputs from their corresponBjngodes inP; and P, respectively. We use the
term “proxies” for the twoF; layers inA; however, their bottom-up/top-down connections with e layer
operate independently ¢f; and P».

We connect each compression node to the proxy of the opposite subnetiptkiger as shown. There are
pairs of connection paths emanating from thenodes ofP; and P, to the appropriaté F, nodes. These form
the commutative squares of the two natural transformationsl; — Mz and a?: M, — Ms. For example,
let S be an object inConcept that descibes a sensor primitive via the fundtby, so that for somd®; F; node
Ff)k and an appropriate interval, (ka, n) = M1(S). To simplify notation, we shall simply use the functorial
representation, in the present cade(S). Proceeding, leB be represented in th& subnetwork’sP, F; -proxy
layer via the functoiMz as M3(S). This yields twoF; representations 0B, connected across subnetworks by
aP; Fi to A F; connection that represents the natural transformation compartésy: My (S) — M3(S).
Let T be a coproduct concept with a coproduct injection morphier® — T, and letT be represented in
the P; andA F, layers byM(T) andM3(T), respectively. Then, there are two connection paths fkéS)
to M3(T) forming the sides of a commutative square, as follows. One path consists of two connections: a
P1 F1 to P1 R connection, the coproduct morphism imalyk(m):M1(S) — M1 (T), followed by the Py
F, to A R, connection for thea® componenta®(T):My(T) — M3(T), yielding the composition morphism
orl(T) o M1(m):M1(S) — M3(T). The second path consists of two connection®; aF; to A F; connection
for the a component}(S):M1(S) — M3(S), followed by anA F; to A F» connection, the coproduct mor-
phism imageMs(m): M3(S) — M3(T), yielding the composition morphismaz(m) o a(S):My(S) — M3(T).
The composition morphisms are the same morphigh{T) o M1(m) = Mz(m) o a*(S), hence, in the archi-
tecture, the two connection paths must represent the $dume morphism. In other words, the square whose
sides are the four factors in the two compositions is commutative. Thus, the relationship between the primary
sensor primitive concept representatih(S) and the associator colimit concept representabiyiT), where
conceptT includes concep§ as one of its parts, is independent of the path that expresses the relationship across
the primaryP; and the associatoh. This is the basis for knowledge coherence and is one of the theoretical
considerations that help determine the operational rules for the architecture.

Joined to the preceding commutative square is one for the natural transformatish — Mz. In the
latter, we obtain two connection paths frodhy(S) to M3(T); however, there is n®, F; node representing
S, but instead the compression no@g. Defining the appropriate functor images and natural transformation
components as before, but this time us@ginstead of aP, F; node (but using again the samAeF; node from
the proxy layer forP; F;), we obtain the commutative square associated with the equelity) o Mp(m) =
Mz(m) o a?(S). The fact that the two commutative squares are “pasted together” Mefrg): M3(S) — M3(T)
implies that in the operational architecture, all four connection paths must become activated for the same inputs.
The details of operation must be defined to be consistent with this.



Healy and Caudell—Category Theory ... 39

8.1 Discussion of Operation for the Multi-Region Design

There is not space here to describe the operational flow of the new architecture in full, but we can point out
a few guiding principles. First, the fact that the architecture is to implement coproducts, functors and natural
transformations and, in particular, coproductsNf%'°*”", serves as a basis for the algorithm for the activation

and connection-weight modifications. Thus, the appropriate commutative square diagrams must be activated con-
necting theP; and P, F; and compression nodes to the currently-acivé» coproduct node. This operational
consideration is a realization of a theoretical implication of the semantic model: The fusion of information from
multiple sensors is a consequence of knowledge coherence, fully expressed as the calculation of colimits at two
levels. First, colimits inConcept are mapped to their neural representations by functors, which preserve the
commutativity of diagrams. Second, natural transformations representing interconnects to an association region
in a neural network define the latter as a coproduct of functors; in the presented architecture, this results in the
appropriate “pasting together” of the commutative squares some of whose sides are the colimit (in this case,
coproduct) morphism images for the functors.

More operational detail is provided by the desire to stay as close as possible to ART network design. The
choice and template modification operations within each subnetwork proceed according to the ART gain control
and connectionist adaptation mechanisms. For exan\#aral morphisms such adi(m): M1(S) — My (T)
and Mz(m): M3(S) — M3(T) in the illustration of commutative squares fot: M; — Mg are implemented as
bottom-up connections, but the latter are assisted in this role by their corresponding top-down template connec-
tions, which ensure their activation during the appropriate periods.

The principle of connections not directly involved in a morphism supporting those that are in their role is
extended throughout the new architecture. For example, the morpHi§f): M1 (T) — Mz(T) is implemented
as aP;-F,-to-A-F, connection (an on-center (OC) connection in Figure 16 ), but the latter receives support in
that role from its attendarft, -to-F, off-surround (OS) connections to the rest of theF, layer and also from
a reciprocal connection with which it is paired. Thus, coproduct nodd iand A (i = 1,2) that represent
the same coproduct concept form mutually-supportive pairs. Sustained activation of a éhosennode,
for example, depends upon this, for its support from its own template weakens during the time the input it is
representing is presented to the network.

The P2-to-A commutative square that shares a side with the previously-desdibdd -to-A -F, square
has theP, compression nod€; in the role of the third representation of conc&tM»(S), and its connections
to/from theP; F; proxyin A are inhibitory. To examine the effect this has in a typical operational scenario, let us
assume that for the current episode of presentation of input patterns®g tued P, Fy layers,P; was the first
to reach its candidate for itS, choice, a node representing the functor ima@gT) of a conceptl . Suppose
that, next, a node representing the imadg(T’) of a concepflT’ becomes activated. This causes the activation
of C, (see the appropriate top-down connection in Figure 16 ), which then acts to supprEgsRheroxy layer
in A; but M1(T) has already provided excitation @ , which acts in a similar manner to suppress BeF;
proxy. Under an ART-like “2/3 Rule” operating iA, the proxies can only sustain their activities if the nodes
representingMs(T’) and M3(T) can provide the top-down excitatory stimulation through the proxy template
connections. However, iM3(T’) # M3(T), then two distinctA F, nodes will be competing for activation as
winner-take-all nodes. This results in their mutual suppression through the OS inhibitory connectior® from
and P, resulting in loss of top-down support to their proxies. The final result is a loss of activity in the node
representingv(T), for its support from its template has weakened with the passage of time, as mentioned before
(in the current architectural desighl,(T), having reached its choice later, has support from its “fresh” nonzero
template bottom-up connections, hence, remains near full activation). The weakened stat®pffthenode
allows the reset connection frofy to the P; F, layer to have its full effect@;, like P», lags behindP; F
and F, in its cycle of activation). This results in the stimulation of the competitors forM1(T), which then
compete to choose a new winner. Thus, the functor coproduct is enforced by rejecting the choice of the primary
subnetwork that made the original prediction.

If, on the other handM3(T’) = M3(T), then the primary subnetwork predictions are consistent and the entire
network is said to be in resonance. The proper associations between concept representatives have been established
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and enforced at both thE; and I levels across all three subnetworks. Thus, resonance as here described
corresponds to coherence at both concept levels. That is, a concept represenktiarbath primaries is related

to a single associatd® representation through a morphism representation, a bundle of connections representing a
commutative square. The two commutative squares express the notion that the primary-to-associator subconcept-
to-concept relationships are independent of path, hence, are expressed without ambiguity.

This architecture is currently in preliminary testing for a series of experiments that will follow. Experience
gained with it so far has led to some design refinements. The refinements are not completely determined by
expediency: When a difficulty arises, it leads us to consider the semantic model, and to ask if we are being fully
consistent with it and to what extent does it determine the architectural details.

9 Conclusion

We have presented a mathematical semantic model for neural networks. The semantic model is based upon
category theory, the mathematical theory of structure. The categorical constructs used to model the representation
of concepts and their relationships suggests architectural structures and their properties. These apply to learning
and to the combination of information from multiple sensors in a multi-region architecture. Overall, the analysis
with the semantic model performed to date suggests the following neural network design principles.

1. Functorial mappings guide network design by posing constraints upon the representation of concepts and
their relationships, where the relationships are the morphisms in a category of theories.

2. The learning algorithm of the network must be capable of expanding an existing functor image representa-
tion into a larger one through network activation.

3. The expansion of the representation will consist in part of the derivation of colimits to represent complex
entities and situations through the re-use of already-represented concepts and their morphisms. It consists
also of the derivation of limits to represent the abstractions that are derivable from diagrams representing
their special cases. Reciprocal connections are strongly suggested as architectural elements to enforce the
properties of limits and colimits.

4. Natural transformations represent knowledge coherence, the association of information from different re-
gions of a multi-region architecture in such a manner that the separate representations of the concept hier-
archy act as one.

5. Reciprocal connections are again suggested, to enforce the commutative squares of the natural transforma-
tions.

6. Concept compression is suggested as a means of representing missing information—concepts and mor-
phisms that are represented in one region by a functor but not in another region with its separate functor.
The commutative diagrams of the natural transformations ensure that the missing concepts, compressed
by a many-to-one functor onto a node representing many concepts at once, are properly connected to their
representations in other regions.

We have given examples to illustrate the semantic model and its applications in neural network analysis and
design. We have applied it to achieve an understanding of the semantics of ART networks. We have followed this
with an application to the design of a multi-region, multi-sensor neural network capable of coherent knowledge
representation based upon the new design principles. In the new design, nodes and connections are explicitly
organized to implement coproducts, functors and natural transformations. Experimentation with the new archi-
tecture is under way.

There are still details implied by the semantic model that are missing in the new architecture introduced
here. First, as in ART, the colimits represented in each subnetwork are only two-layer coproducts. Limits are
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not represented at all. Second, the compression nodes and morphisms for the infinite variety of concepts not
representable in any of the three subnetworks are missing, with the sole exception of the compression nodes for
the alternate sensor in each sensor subnetwork. Nevertheless, the architecture described here is a beginning at
applying design principles obtained from the semantic model. More generally, the present document introduces
the model and delineates many of its basic features as a guide to neural network semantic analysis. Finally, by
providing a mathematical vehicle for associating a hierarchy of concepts with a multi-regional neural architecture
and explicating the incremental learning of both more abstract and more specific concepts with re-use of exist-
ing conceptual knowledge, the model would seem to have a natural role as a fundamental model for exploring
cognition in neural networks.
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Appendix

A An Introduction to Some Formal Logic Terminology

Quantification of variable symbols is something not normally considered unless one is specifically concerned
with a study of logic, the establishment of truth by argument. An example of the need for quantification occurs
when analyzing statement forms “X is a dog”. Here, the meaning of the term “dog” is clear: It is a symbolic
string representing a class of animals, which can be described in a theory with as much detail as one wishes. In
the description, of course, the theory will resort to undefined quantities: One can include as many definitions and
axioms as one likes in an attempt to describe what exactly is meant by the term “dog”, but eventually one finds
that something in the description must simply be understood without further definition. A theory of geometry,
for example, resorts to introducing “points” without defining them, to avoid circularity in definitions. One cannot
define everything, and at some place in any discussion, formal or informal, there must be an understanding of a
common meaning of terminology with no further explanation required. The symbol “X” in the statement form “X

is a dog”, on the other hand, has no fixed meaning other than that it represents an arbitrary member of the class
“dog”: That s, it is a variable. Clearly, the use of this variable in the statement form leaves the validity of the
statement form ambiguous. No justification exists for stating “X is a dog” without further information about the
context in which “X” is being used. What if X is really a cat or an elephant? It is clear, however, what meaning is
intended in the statement “There exists a dog”. In formal logic, one introduces a variable such as X and restates
this as “There exists an X such that X is a dog”, so that the form “there exists” can be re-use as a general symbolic
form for the statement of existence, with the context of its use supplied by the variable (“X” in this case) and the
statement form to which it is adjoined.

In symbolic logic, or formal logic as it is now called, predicates are used together with logical operators and
quantifiers to form propositions. In the text, propositions are referred to simply as “statements”. A proposition
has a form such as “There exists X such that X is a dog”. A statement form of this kind is caléedlbecause
its variables are all quantified. Axioms, definitions and theorems, the statements making up a theory, must all be
closed.

Predicates are statement forms intended as descriptions of the properties of things. The things are like the
subjects in sentences of natural language, and the predicates are like verb phrases or statements of membership:
In “Xis a dog”, X represents an arbitrary subject and “is a dog” is, of course, a statement form for membership
in a class of animal. In formal logic, this would be restated symbolically in a form sudbg(x) . Existentially
quantified, it would be written in a form such 8¢x)(dog(x)) .

Normally, one needs to supply some qualification for the variables in a proposition. After all, given common
knowledge about life on the planet Earth, it is a bit redundant to assert that there exists a dog. A more useful
statement would declare that some member of a class of thing related somehow to dogs, but defined differently,
is actually, in fact, a dog. For example, one might have the diasswith some definitions and axioms that
amount to establishingA as the class of all “working animals”—animals that perform some function guided by
and useful to humans in performing certain tasks (such as police patrol horses, seeing-eye dogs, and so forth). It
might then be useful to have a theory concerning working animals and to include within it (possibly as a theorem,
provable from other statementS}x)(WA(X) anddog(X). This asserts that some things are working animals and
are also dogs—that is, there are working dogs. Here, two predicat®sand dog— have been combined using
a logical operatorgnd) and a quantifier§) to form a statement which is relatively useful and can be evaluated
with respect to its validity. In logic, statement forms and statements (propositions) are all often referred to as
formulae, or more specifically, “well-formed formulae”.
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B Constructing Triangles from Point and Line Primitives: An Example
of a Concept Colimit

This exposition presents the details of a concept diagram and a colimit derived from it. Concepts and their mor-
phisms exist either in a category of theories or of theory presentations (formal specifications). The presentation
here is meant to be self-contained. As such, it repeats some of the main text, although only a minor part.

A specific example of concepts, concept morphisms, commutative diagrams and colimits can be seen in
expressing the concept of a triangle as a geometric construct obtained by joining three line segments by pairs.
The example begins with a concept, a very basic theory of points and lines. In this presentation, points are
regarded as undefined quantities and lines are quantities defined in terms of points. This is done through a logical
predicateon that has two arguments, a point and a line, and is true just in case the point is associated with (or
“lies on”) the line. Theon predicate is used in an axiom to express the notion that any two distinct points are
“on” some unique line (see [5] for the use of this axiom in several different geometries).

Concept T1

sorts Points, Lines

const pl: Points

const p2: Points

const p3: Points

op on: Points*Lines -> Boolean

Axiom Two-points-define-a-line is

forall (x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))

end

The first line contains the declaratiepec T1, announcing a specification for concégt The statement line
sorts Points,Lines introduces the most basic sorts of the concépt Sorts are “logical containers” which
are used to distinguish between the different types of things referred to by the variables or constants in logical
formulas. The things referred to are an example of a specific part of a model for the concept. For example,
the universal quantifierflorall) portion of the axiom inT;, forall(x,y:Points), makes it clear that the
axiom is a formula applying to all things andy of type “Points”. As a consequence, the antecedent of the
first implication of the axiom(x not = y), is understood to mean thatandy represent two distingioints as
opposed to lines, circles, widgets, or any other kind of thing. Aside from listing only the axioms of a concept, a
specification lists only the most basic sorts and operations (sugh as: Points*Lines -> Boolean) used
in the axioms. There are also many derived sorts, such as products of the given sorts. If the sorts are represented
by sets in a model of the concept, then the product sorts are represented by the corresponding cartesian products
of the sets. The concept so specified includes all the statement lines one can write that follow as a consequence
of those in the specification, such as all theorems one could prove from the given axioms, and declarations of all
the derived sorts. Derived sorts are any sorts that can be formed by combining the basic ones in sums, products
or other sort constructs (we will require only product sorts in our examples, to provide “containers” for the pairs,
triples or higher-order tuples of things “contained in” the basic sorts). The notion of sorts, together with the
operations associated with them in concepts, is similar to the notion of abstract data types in software program
specifications.

Notice thatT; also states the existence of three labelled, but otherwise unspecified, pojpts and p3.
This is done through the use of the statement fewmst X : Points, which is a way of stating that there exists
a specific (but otherwise indefinite) point with the lalielThe three constants may or may not represent distinct
points: Their separate nature must either be stated as an axidm, o provable from other axioms of the
concept. However, there are no axiomsTinthat would apply.
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An equivalent to the use of sorts in sorted theories is the use of one-variable predicates in un-sorted theo-
ries. For example, the predicapeint (in place of the sorPoints) has the truth valuerue if its argument
represents a point. Were we using un-sorted theories, the statement lines

const pl
const p2
const p3
point (pl) and point (p2) and point (p3)

would appear inly in place of the lines

sorts Points, ...
const pl: Points
const p2: Points
const p3: Points.

The line op on : Points*Lines— > Boolean in the specification ofT; introduces aroperation symbol
denoting a function, in this case a predicate which maps an ordere@plgirconsisting of a point and a line to
a truth valueT or F in the sortBoolean. The meaning obn (x,1) is the statement “poink lies on linel”.
That is, for specified values of the variablesind |, on (x,1) evaluates tar (true) if x represents a point on
F if not. The sortBoolean is part of a concept of logical operations that is implicitly included in every concept.
Versions of formal logic containing predicates allow for highly expressive formulas, or statements, that employ
functions and quantifiersterall and exists correspond to the usual universal and existential quantifiers
and 3, respectively).

Theorem-proving software programs use formal specifications such as the one for chnedplve in ap-
plications such as the formal verification of electronic hardware component designs. The use of sorts with an
associated type-checking mechanism is one of many mathematically valid devices that can improve clarity in the
expression of theories as well as efficiency in using them.

We next express three concefits T3 and T4 by making and modifying three copies @f. In each new
concept, we add a line constant, re-name the three point constants (for clarity in this presentation—otherwise, the
specific names are not important), and associate the latter with the line constant astaghedicate. Notice the
additional inclusion of an axiom stating that the three point constants denote distinct points. A specification for
the first of the three concept$;, is as follows:

Concept T2
sorts Points, Lines
const pal: Points
const pa2: Points
const paext: Points
const la: Lines
op on: Points*Lines --> Boolean
Axiom Two-points-define-a-line is
forall(x, y:Points) ((x not= y) implies
(exists l:Lines) (on (%, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pal, la) and on (pa2, la) and (pal not= pa2)
end

A concept morphisns;: Ty — T, maps the sort symboRBoints andLines to sort symbols inl». Since
we want to leave these symbols unchanged, we Redfts to Points and similarly for lines. We also map the
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on predicate symbol to itself, and the same for the variables. However, the point constants have been renamed
in the mapping. All formulas are reformulated with the symbol mapping images to form their images in
Notice that the axiom relating points and lines maps to itself. Obviously, the resulting mapping of formulas is
truth-preserving: The only truth in question is that of the image of the single axiof,affhch maps to itself

as an axiom ofT, (of course, all truths of the implicit concept of booleans are also unchanged). Finally, we map
the point constantg1, p2 andp3 to the point constantpal, pa2 andpaext, respectively. Herepal andpa2

are associated with the linka via the on predicate ancpaext is intended as a point “external t@’a. This

intention is not stated iff, because it is not necessary to make it explicit as yet. The individual symbol mapping
relationships are expressed usingpletnotation:

Morphisms; : Points +— Points
Lines > Lines
on — on
pl — pal
p2 — pa?2
Pr3 — paext

Hereatfter, all maplets that leave symbols unchanged will be omitted from morphism descriptions. Since every
sort and operation symbol must map to something, this will not result in any ambiguities.

ConceptTs is the same ad, except with point constantgbl, pb2 and pbext and line constanib in
place ofpal, pa2, paext andla, respectively. Similarly, conceply is the same a3, except with constants
pcl, pc2, pcext 1lc in place ofpal, pa2, paext, 1la. The axiom of T, defining 1a in terms of the two points
pal, pa2, via the on predicate is replaced il by an axiom with the same syntactic structure, but defiriing
in terms of the two pointgbl, pb2,. Similarly, it is replaced irily by the axiom definindL.c in terms of the two
pointspcl, pc2,. The conceptds and Ty are:

Concept T3
sorts Points, Lines
const pbl: Points
const pb2: Points
const pbext: Points
const 1lb: Lines
op on: Points*Lines -> Boolean
Axiom Two-points-define-a-line is
forall(x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pbl, 1lb) and on (pb2, 1lb) and (pbl not= pb2)
end

Concept T4
sorts Points, Lines
const pcl: Points
const pc2: Points
const pcext: Points
const lc: Lines
op on: Points*Lines -> Boolean
Axiom Two-points-define-a-line is
forall (x, y:Points) ((x not= y) implies
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(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pcl, lc) and on (pc2, lc) and (pcl not= pc2)
end

We now define morphisms;: Ty — T3 and s3: T3 — T4, both the same as; but with the following
mappings of point constants in place of thosesof

Morphismsp: Points + Points
Lines + Lines
on — on
pl — pbext
p2 — pbl
p3 — pb2

Morphism ss: Points + Points
Lines +~ Lines
on — on
pl — pc2
P2 — pcext
p3 — pcl

The objectsTy, To, T3, T4 and morphismss;, s, s3 form a diagramA. A colimit for A has the requisite
cocone, as shown in Figure 7 , with apical objégtand leg morphismé;: Ty — Ts, £2: To — T5, £3: T3 — T5,
and ¢4: T4, — Ts. With A as the base diagram, the defining diagram of the coliftnias shown in the figure, is
commutative, with

54152051:53032:&1063. (19)

The specificatiorTs is as follows:

Concept TS5
sorts Points, Lines
const pl: Points
const p2: Points
const p3: Points
const la: Lines
const 1lb: Lines
const lc: Lines
op on: Points*Lines -> Boolean
Axiom Two-points-define-a-line is
forall(x, y:Points) ((x not= y) implies
(exists l:Lines) (on (x, 1) and on (y, 1) and
((forall m:lines) (on (x, m) and on (y, m)) implies (m = 1) ))
on (pl, la) and on (p2, la) and (pl not= p2)
on (p2, lb) and on (p3, 1lb) and (p2 not= p3)
on (p3, lc) and on (pl, lc) and (p3 not= pl)
end

SpecTs is a “blending” or “pasting together” of, T3 and T4 along their common sub-concept. This is
because of the commutativity of the defining diagranof the colimit. For the equality ( 19) to hold, separate
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symbols of Ty, T3 and T4 that are images of the same symboll@funder the three diagrady morphismss;, s,

and sz must merge into a single symbol in the colimit apical conceptTo make this clear, we have re-assigned

the name of the commom, symbol to the merged-image symbolTg for each such case. Thus, symbols such
asPoints, Lines and on appear inTs, and appear only once, since they are mapped to themselves by each
of the morphismss;, s, and s3. The point constantg1, p2, p3 also appear. However, ifis, each one appears

in the definition of two different lines. This is because each of them appears in cohcépt is mapped to

three points, one in each concept T3, T4, via the three morphisms frofy, to those concepts. In two of these
concepts, its image point appears in the definition of a line, but as a different point on a different line in each
concept. In the remaining concept, it appears as an “external” point, not on the line named in that concept. For
example,p1 is mapped topal in T, via s1, to pbext in T3 via S, and topc2 in Ty via s3. In Ts, therefore,

it forms the pointp1 at the intersections of lineka and1c, and lies external to linab.

A theorem in category theory can be used to derive an algorithm for calculating colimits in any category
having colimits for all diagrams (the dual to The Limit Theorem—see [39]). The categongept is one such
category. Thus, the apical obje® and leg morphismds, ¢, /3, and ¢4 in the example can be derived from
the objects and morphisms of the base diagrAm,This confers a great advantage on the use of category the-
ory in knowledge-based system development. Theories and their morphisms (or formal specifications and their
morphisms) can be used to specify the intended semantics of software or other kinds of system components. The
colimit calculation and the structure-preserving mappings of category theory together provide a mathematically
rigorous as well as automated technique for constructing the full system from diagrams[53]. The same kind of
mathematics can be applied to an analysis of neural network representations of knowledge, where the knowledge
is analyzed as a structure of concepts and morphisms acquired incrementally from the network’s input environ-
ment. This knowledge structure describes the semantics of the network as a distributed system of interconnected
computational components.
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Other signal paths
for M(s1)

Figure 13:A connection path representing one of the symbol maplets1 — pal (see text), in an explicit
representation of a concept morphism imageM(s;). The intermediate node pio is shown representing
a coproduct M(T) +M(T’) of the nodesM(T) and M(T’) representing conceptsT and T’ that contain
essentially only the point constant symbolg1 and pa1, respectively. In addition to its injection morphism
i1 to the coproduct object pig, the neural object M(T) is also the domain of a morphism with codomain
p1. Similarly, in addition to being the domain of the injection i, M(T’) is also the domain of a morphism
with codomain p,. The latter morphisms are images of concept morphisms, since the symbols of the simple
conceptsT and T’ are in the conceptsT; (represented by p;) and T, (represented by p,), respectively.
However, there is no concept morphism represented solely by the paths containing connectioog and
c11- Also, a coproduct was used to describ@;o instead of a more general colimit that would unify the two
copies of the sortPoints in M(T) and M(T’). This is because to represent the maplet it is sufficient to
associate the path with the symbol$1 and pal. The proper unification of concepts is not necessary for
this. The connectionci‘ is the reciprocal for the morphism M(s;). It represents the model-space morphism
MOd(Sl) .
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Figure 14:Functors map the hierarchy of a concept category to multiple regions. Natural transformations
represent coherent interconnections between hierarchy representations.

F(f) (F+G)(f) G(f)

F@ ———— (F+6)(@ <~———G(a
a~a a%a
Figure 15:A coproduct in D¢ “pastes together” commutative squares along the morphism images of the
coproduct functor.

Fi

Figure 16:A schematic for NR 1.3, an architecture design based upon three objects (func-
tors) Py, A and P, and two morphisms (natural transformations) a':P, — A and
a2: P, — A in the functor category Neural©°ncept,
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