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ESTIMATING NORMS OF COMMUTATORS
TERRY A. LORING AND FREDY VIDES

ABSTRACT. We find estimates on the norms commutators of the form [f(x),y] in terms of
the norm of [z, y], assuming that x and y are contactions in a C*-algebra A, with « normal
and with spectrum within the domain of f. In particular we discuss ||[z2,y]| and ||[z/2, y]||
for 0 < z < 1. For larger values of § = ||[z,y]|| we can rigorous calculate the best possible
upper bound ||[f(z),y]|| < ns(d) for many f. In other cases we have conducted numerical
experiments that strongly suggest that we have in many cases found the correct formula for
the best upper bound.

1. NorMS OF COMMUTATORS AND FUNCTIONAL CALCULUS

In this paper we investigate upper and lower bounds on the norms of commutators in
relation to the continuous functional calculus for normal elements of a C*-algebra. For upper
bounds we utilize simple nearby functions to the original function under study, building on
a technique introduced by G. K. Pedersen in [11]. For lower bounds, we use Monte Carlo
techniques to generate examples.

The only norm we consider on matrices is the operator norm (largest singular value) as
this is tied most closely to the norms in C*-algebras.

Definition 1.1. Suppose €2 is a compact subset of the complex plane and that f: Q — C
is continuous. Define 7y : [0, 00) — [0, 00) by

ns(0) = sup {[|[f(X), Al [ X, A € A, Al < 1, [|[X, Al = 0}

and the supremum is taken over every possible C*-algebra A and taking X and A in A with
X normal with o(X) C Q.

A convention is that if [|[X, A]|| = J is not possible, we set n;(6) = 0. We shall see
that so long as there is one example where ||[X, A]|| = 0 occurs, whenever ¢y < d; we
have 77(do) < ny(6). Therefore we have an equivalent definition of 7;(d) if we allow in the
supremum all pairs with X normal with spectrum in €2, the norm of A at most one and
I[X, A]|| <4, so long as § < diam(2).

We will focus on two special cases, where () is the unit interval or the unit circle.

When € = [0, 1] we are studying the size of ||[f(X), A]|| where 0 < X <1 and A has norm
at most one, in any C*-algebra. Following the arguments used in [10, Corollary 5.4] we can
prove the following.

Lemma 1.2. If f :[0,1] — C is continuous then
17 (6) = sup {[|[f(X), Al | X, A € M,,(C),0 < X < 1,[|[A] <1}
the supremum taken over all n.

2010 Mathematics Subject Classification. 47B47, 47TA56, 4TA58.
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2 TERRY A. LORING AND FREDY VIDES

The analogous result for the circle is very likely true. In that case, we are working with
a unitary U and a contraction A with ||[U, A]| a specific value. If only we could suppose
that A was also unitary, then we could use the fact that the soft torus is residually finite
dimensional [6].

Functions on the circle are traditionally studied in the form of periodic functions on the
line. In order to be able to use standard notation from Fourier series, we adopt a convention
that allows us to apply such a function to a unitary matrix or operator.

For f a continuous function on R that is periodic, period 27 always assumed, we adopt
the notation

flu] = f(U)

for U any unitary element in a unital C*-algebra A, where

f(z) = f (—ilog(2))
for z of modulus one. For example

cos[U] = 3U* + 3U.

)
Using this notation, we can describe 77 as the smallest function on [0, 00) such that
UU =UU" =T and [A]| <1 = [[f[U], Al < [I[U, AJll

It is trivial to prove that when an element A in A commutes with U then A commutes
with f[U]. What we seek are good estimates that quantify the statement that when A almost
commutes with U then it also almost commutes with f[U].

It is important to mention that the estimates obtained in this paper can be applied to
arbitrary derivations in the C*-algebra A.

As to functions f that are periodic, we need

[flle = sup |f ()]

—m<x<m

and, whenever f has Fourier series converging absolutely, we use

711 = 1141,

the ¢! norm of the Fourier series.

Example 1.3. Let f(x) = cos(z). Assuming U is unitary and A has norm at most one,
1 *
UL ALl = S U7, Al + U, Al

< Sl + 5 1, Al
= llw. Al

so 17(6) < 0. To find a lower bound, we use

and
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n=|[% 4] I )
and since f[U] = U,

so that

ng(d) =4
for all ¢ in [0,2]. For larger ¢ we have n7(d) equal to zero.

This is about the only example where we know 7, exactly for all 6. However, we can
compute 7¢(6) exactly for larger values of ¢ for many f.

There is a general trend where results about commutators are related to continuity results
involving the functional calculus. See [3], for example. In the case of unitaries there is an
easy connection between the two topics.

Lemma 1.4. For f that is continuous and periodic, if V' and Vy are unitaries then

V]I = fValll < mp (V= Wll) -

(T o) (5 &))|=m-vi
(7 0)1(0 0] =1mr- s

so this is an easy calculation. 0

Proof. Notice

and

2. UPPER BOUNDS

The following generalizes a trick in Pedersen’s work on commutators and square roots,
[11, Lemma 6.2].

Lemma 2.1. Suppose f, g and h are continuous and periodic, that ¢’ has absolutely conver-
gent Fourier series. If f = g+ h then

ng(6) <md+b
where m = ||¢'||  and
b=2min|h— Al .
AeC
When h is real valued then b = max(h) — min(h).
Remark 2.2. In the special case where h = 0 we recover the folk theorem that says
(2.1) gV Alll < llg'll = 1TV, AJl

for any unitary V and any operator A, now without norm restriction because the two sides
are homogeneous in A. For related estimates, see [1, §5].

Proof. Suppose ||A|| <1 and V is unitary. Since
IV AN < gVI Alll+ AV, Al

and
[[A[V], All| = [[[R[V] + AL A]|| = [[[(h + A) [V], A]|



4 TERRY A. LORING AND FREDY VIDES

it suffices to prove equation (2.1) and

(2.2) [[R[V], Alll < 2{h]l -
We know
o) = 3 ae

where ) |na,| < co and so

IlglV], Alll =

[ i a, V", A

n=—0oo

< 3 Jaul v, Al

< Y Ina| [V, Al
= lg'll= IV All -

The spectral theorem tells us [|h[V]]| < ||A||,, and so
IV AJll = [[A[V]IA = AR[VII| < 2[[R[VIHA]l < 2[Rl -
U

A similar result holds for the unit interval. We use polynomials and power series to the
nicer approximating functions. We could also use functions with nice Fourier transforms.
As we are interested in machine generated proofs, polynomials are easiest to explore as they
have a nice countable basis.

Lemma 2.3. Suppose f, g and h are continuous on [0, 1] and that g is analytic, with power
series

g(x) = Z anx".
n=0

If f =g+ h then
np(0) <md+b

where

o
m = Z |na,|
n=0

and

b=2min|h—\|_ .
AeC
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Proof. We know > |na,| < oo and so
Ilg(H), AJll = [ZanH”,A H

n=0

oo ‘

= a, [H", Al

n=0

<Y lanl [IH", Al
n=0

< Inan| I[H, Alll.
n=0

O

Remark 2.4. The lemma 2.3 holds modified mutatis mutandis for continuous functions on
-1<H<I.

Remark 2.5. From [13, Corollary 2.5.4] we have that any derivation § in a C*-Algebra A

on a Hilbert space H, can be written as §(a) := [x,al, for a fired x € A i B(H), and any
a € A. Hence we will have that the previous inequalities for commutators hold for derivations

in C*-Algebras.
3. LOWER BOUNDS

We must look at examples to produce lower bounds. Fortunately, a single example tells
us something about 7¢(J) for all values of 6.

Lemma 3.1. Suppose f : Q — C is continuous. If 6 = ||[X, A]|| for X normal and A of
norm at most one then

0<t<1 = np(td) > t|[£(X), Al.

and

6 <6 < diam(Q) = (1) > ||[f(X), A]||.

Proof. For the first implication, consider the pair X, tA.
Since 0, is less the the diameter of €2, there are x1 and x5 in €2 distance 6, apart. The

commutator of
01
a=(10)

. w1 0
Xl N ( 0 wWa )
has norm ¢;. Now we use X & X; and A & A; to prove the inequality. Here it is essential
that we are using the operator norm so that

I[X @ X1, Ao Al = [I[X, A] @ [Xy, Au]|| = max([|[X, All, [[[X1, Ad]ll)
etc. ]

with
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Lemma 3.2. Suppose f : Q@ — C is continuous. If 0 < 6 < diam(Q) then ns(8) > A¢(6)
where Ay is the function on [0,00) defined by

A(0) = max {[f(w2) — fz1)] | |22 — 21| <3}
Proof. The follows easily from examining X; and A; as defined in the preceding proof. [J

Remark 3.3. If f is periodic and continuous then
A7(8) = max {|f(x2) = f(21)] | |22 — 21| < 2aresin (3) }.

Kato shows that f(x) = |z| is not operator Lipshitz using explicit examples. Beyond
this, and the basic examples above, we find no explicit examples in the literature making
ILFCX), Al targe.

We turn to Monte Carlo methods to find examples. This is more difficult than it might
appear, as the norms of commutators of “random matrices” have behavior that is too pre-
dictable. This was proven the case for the Frobenious norm in [4]. We find experimentally
that the obvious methods to generate random numerical examples fail miserably.

By using a non-standard matrix ensembles, and a lot of computer time, we are able to get
an idea of what 7 looks like.

A different approach to creating lower bounds is taken by Aleksandrov and Peller. For
example, they derive a lower bounds on ||| X| — |Y]|| such as [2, Theorem 6.6]. This lower
bound determines asymptotic behavior but is not full explicit as it involves an unknown
constant.

4. CONJECTURES
It is not clear who first asserted the following, but it appears in [12].
Conjecture 4.1.
[t < . e
wherever 0 < X <1 and ||A|| < 1.

This is equivalent to the assertion that if f(z) = /2 then

1 (8) = %
for 0 < ¢ < diam(Q).

Pedersen [12] attacks this conjecture using polynomial approximation. A limitation of this

method is that we don’t really know 7, for a polynomial, not even for p(z) = z2.

Conjecture 4.2. For p(x) = 2% defined on [0,1] we have v,(§) = 26 — §*. Equivalently
I[x2, AT < 211X, ATl = 11X Al
wherever 0 < X <1 and [|A|| < 1.

The numerical evidence points to 7y being concave for all continuous f. For really poorly
behaved f it is possible that the numerical evidence is misleading. Our experiments worked
only with real-valued functions, just to limit the scope. Perhaps for real polynomials we
know the answer.

Conjecture 4.3. If p is a real polynomial, considered as a function on [0, 1] then =y, is the
smallest concave and non-decreasing function on [0, 1] that is greater than or equal to As.
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Polynomials on the circle, with real coefficients, were almost as easy to investigate.

Conjecture 4.4. If p is a real polynomial, considered as a function on the unit circle, then
Yy is the smallest concave and non-decreasing function on [0,2] that is greater than or equal
to )\f.

5. THE SQUARE ROOT

For any a greater than 0 and at most 1 let g be the Taylor expansion of f at a,

g(z) = 2\/_(x—a)+\/_

and h = f — g,

h(z) = \/__F( x—a) —a.
Clearly max(h) = h(a) = 0 and the minimum occurs at either z = 0 or z = 1, where the
values are

and

For}lgaglweﬁnd

Therefore,

(5.1) 0 () < 275+ L/

for i < a < 1, which is very interesting since at § = a the right hand side is \/a. We have
proven a special case of the conjecture, which we state as a lemma.

Lemma 5.1. When 0 < H <1 and ||A|| <1 and we have
It Al > = [ 4| < i At
Pedersen uses the following easy lemma.
Lemma 5.2. If f; is continuous on [0, 1] and we set
folz)=1- fi(1 —2x)
then vy, = 74, .
His proof of the inequality

52 [zt 4] < = ni.

(notice 2r2 ~ 1.128) in [11, Lemma 6.2 invokes Lemma 2.3 infinitely many times, as g
ranges over the Taylor polynomials for f(z) = 1—+/1 — x expanded at 0. While (5.2) is the
statement

2
7f<5) < \/7_1'

[NIES

J
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FIGURE 5.1. Bound on H [H%, A} H for varying values of ||[H, A]|| as found by

Pedersen, shown as a dashed line. The solid curve is v/d. The top curve is the
ratio of the bound to v/d.

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

N

FIGURE 5.2. Bound on H [H ,A} H for varying values of 0 = ||[H, A]|| as im-

proved by the inequalities (5.1). The solid curve is V6. The dashed curve is
the upper bound 7y() of Theorem 5.3. The top curve is 7o(8)/v/3.

what he actually proves is a bound that is significantly smaller for ¢ close to 1. Indeed, he
showed «; to be bounded by the function shown in Figure 5.1

The minimum of all these lines does not lead to an easy formula, so we state our best
theorem regarding the square root in terms on a plotted function.

Theorem 5.3. If0 < H <1 and |A]| <1 then

1
| [7%, 4] || < 0 it A1)
where 7 is the function illustrated in Figure 5.2.

Proof. We simply combine all the linear bounds in [11, Lemma 6.2] with Lemma 5.1. O
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0.8

0.6

0.4

L L L L L L L L L
0 0.1 0.2 03 0.4 05 0.6 07 0.8 0.9 1

FIGURE 5.3. f(z) = \/r and n = 4. Approximately 10,000,000 pairs were
tested, with 120,888 pairs computed precisely.

0.8

06

0.4

021

I

o o1 0z 03 04 0.5 06 0.7 08 08 1 0

L L L L L L L L L
0 0.1 0.2 03 0.4 05 06 0.7 08 0.9 1

FIGURE 5.4. f(x) = y/x and n = 256. Approximately 10,000,000 pairs were
tested, with 29,642 pairs computed precisely.

We present some of our numerical evidence supporting Conjecture 4.2 in Figures 5.3 and
5.4.

6. A FEW POLYNOMIALS

We conjecture that 7 is concave at least in the case where f is a real polynomial.

Example 6.1. For f(z) = z? on [0, 1] the numerical evidence is compelling. Some of our
evidence is in Figures 6.1 and 6.2.

If we apply Lemma 2.3 with g(x) = ax for some 0 < a < 1, we easily establish that
ns(6a) = 20, — 02 where d, = 1 — a/2. That is, we have proven that for 0 < X < 1 and

A<,
(61) 06 All > 5 = [11X% Al < 201X, Al - X, 4]1°.

Now we consider a polynomial where A; is not concave, specifically f(x) = (z — 0.5)* + .
We start with some rigorous upper bounds.
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0.8

0.6

0.4

L L L L L L L L L
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

FIGURE 6.1. f(z) = 2% and n = 4. Approximately 10,000,000 pairs were
tested, with 120,760 pairs computed precisely.

0.8

06

0.4

021

0

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 6.2. f(x) = 22 and n = 64. Approximately 10,000,000 pairs were
tested, with 102,677 pairs computed precisely.

Theorem 6.2. Let f(x) = (x — 0.5)> + x, considered as a function on [0,1]. Then

7
0) < -0
nr(0) < §
and 19
< = _
11(0) < 760+ 1
Proof. The first assertion follows from the fact that f'(1) = ;71. For the second, we just apply
Lemma 2.3 with g = %x. These two upper bounds are shown in Figure 6.3 U

These two upper bounds are shown in Figure 6.3. The numerical evidence here required
more computing time than the previous examples, as we needed to examine over a billion
pairs before a pattern become apparent. Our Monte Carlo method struggles when Ay is not
concave. Evidence supporting our conjecture for this polynomial is presented in Figures 6.4-
6.6

Finally, we give in Figures 6.7 and 6.8 numerical evidence for our conjecture for a polyno-
mial with positive coefficients.
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051

I I I I I I I I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 6.3. f(x) = (x — %)3 + o with the rigorous upper bounds plotted.
The dotted line is A;.

051

FIGURE 6.4. f(x)

L L L L L |
0 L L L L L L L L L
o5 o8 o7 e e 1 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

(r — 0.5)> + z and n = 4. Approximately 500,000,000

pairs were tested, of which 3,995,117 were computed precisely and plotted.

051

FIGURE 6.5. f(z)

L L L L L |
0 L L L L L L L L L
o5 o8 o7 e e 1 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

(r —0.5)3 + z and n = 8. Approximately 500,000,000

pairs were tested, of which 4,590,893 were computed precisely and plotted.
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051

o

L
o1

L
0.z

L
0.3

L
04

L
0.5

L L L L |
0 L L L
06 0.7 08 03 1 o 01 0.2 0.3

FIGURE 6.6. f(z) = (z — 0.5)3 + z and n = 16. Approximately 500,000,000

pairs were tested, of which 3,538,440 were computed precisely and plotted.

L
0.5

L L L L |
0 L L L
06 0.7 08 03 1 o 01 02 0.3

FIGURE 6.7. f(x) = 2%+ 2% and n = 8. Approximately 10,000,000 pairs were
tested, with 235,201 pairs computed precisely.

0.5

0 L L L

06 0.7 08 08 1 o 01 0.2 0.3

FIGURE 6.8. f(z) = 2® + 25 and n = 16. Approximately 10,000,000 pairs
were tested, with 264967 pairs computed precisely.
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7. EXAMPLES OF OPERATOR FUNCTIONS OF A UNITARY

The impetus for finding quantitative bounds on ||[f(X), A]|| for larger values of § =
I[X, A]|| was the computationally challenges in studying disordered systems [8]. The Bott
index (and related indices) for almost commuting matrices need to be compute efficiently.
The Bott index is an integer that determines if a given pair of almost commuting unitary
matrices is close to a commuting pair of matrices.

Our formulas for the Bott index apply to unitary matrices triples of functions

f,g,h:T* = R?

with certain topological properties. Our choice of examples in this section is partially driven
by the desire to understand formulas for the Bott index, but we also chose examples that
explain our conjecture that 7z is convex for all triginometric polynomials.

Corollary 7.1. If f has uniformly convergent Fourier series,

f(l‘) _ Z aneinz
then .

np(0) <2 > ag.
and

N oo
(7.1) 07(8) <6 Y Inan+2 Y (laa] + lal).
n=—N n=N+1
Proof. 1f we take
N
glx) = ) ane™
n=—N

and apply Lemma 2.1 we obtain (7.1). For the other we set g to 0. O

Example 7.2. Consider the triangle wave

we have ag,, = 0 and
8 1

72 (2n —1)%
Using Corollary 7.1 we get the bound on 7; as indicated in Figure 7.1. Slightly better
estimates are possible if we exactly compute the min and max of the difference between f
and its trigonometric polynomial approximations. We could also eliminate the corners by
interpolating with trig polynomials between the truncated Fourier series.

The triangle wave is, up to scaling, the function used in [7] as one of the functions defining
the Bott invariant. It is only by Monte Carlo methods that we get an idea what 77 looks
like, and it is definitely larger than what we get from making As concave. This example is
why we are limiting Conjecture 4.4. Our numerical examples for the triangle wave are shown
in Figures 7.2 and 7.3.
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FIGURE 7.1. Bounds on ||[f[V], A]| for varying values of § = ||[V, A]|| for f a
triangle wave. The solid line is a proven upper bound. The dashed line is the
lower bound A;. The smallest convex nondecreasing function larger than A; is
shown as a dotted line.

051

FiGURE 7.2. f a triangle wave on the circle and n = 4. Approximately
250,000,00 pairs were tested, with 144,732 pairs computed precisely.

Of course the graphs should be rising, and yet they are falling. This is a short-coming
of our Monte Carlo method. Presumably there is a better distribution to use in creating
examples.

The companion functions g and A in the Bott index definition from [7] are not so well
behaved. We consider only h as g is just a translation. The function A we now examine.

Example 7.3. The function h used in [7] is
/1 — 422 4 _r T
(7.2) h(;p): { 1 T ?fxE [ 272]
0 ifz ¢ [-Z,%]
and 7n; tends to zero rather slowly. The lower bound A; from Lemma 3.2 is shown in
Figure 7.4.
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FIGURE 7.3. f a triangle wave on the circle and n
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051

8. Approximately

250,000,00 pairs were tested, with 182,481 pairs computed precisely.

0.8

0.6

0.4

0.2

FIGURE 7.4. A lower bound on ||[h[V], A]|| where h is the bump function on
the circle defined in Equation 7.2.

Example 7.4. Let

8-by-8 matrices are shown in Figures 7.6 and 7.7.

Example 7.5. Let

f(z) = 8sin(x) + sin(4z).
Using Lemma 2.1 with ¢ = f and then with g = 8sin(z) we discover upper-bounds 12z
and 8z + 2. These come very close to Ay overall and essentially equal to it for ¢ in [0.8,2],
as shown in Figure 7.5. The results of computing a quarter billion examples of 4-by-4 and

f(z) = (1/128) (150 sin(x) + 25 sin(3z) + 3sin(bz)) .

This is the replacement for the triangle wave we use in [8] for a fast method of calulating the
Bott index. The numerical evidence that our conjecture holds here is shown in Figures 7.8

and 7.9.
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e

FIGURE 7.5. f(z) = 8sin(z) + sin(4z) and n = 64. Approximately 1,000
pairs were tested, with pairs computed precisely. The rigorous upper bound
max(12x,8x + 2) is shown using solid lines.

a 0z 0.4 06 0.8 1 1.z 14 16 1.8 2 0

L L L L L L L L
0 02 0.4 06 0.8 1 12 14 16 18 2

FIGURE 7.6. f(x) = 8sin(z)+sin(4x) and n = 4. Approximately 250,000,000
pairs were tested, with 98,719 pairs computed precisely.

8. THE ABSOLUTE VALUE OF HERMITIAN OPERATORS

In this section we will consider the function f(z) := |z|] and X,Y € A, such that —1 <
X <1, ||Y]| €1, because of the inequality

IX* Y < 20X Y

we get a first estimate of the form

1[X], Y]] < [XQ,Y]H1/2

=
N

2
NERSe
™

IN
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L L L L L L L L L |
0 L L L L L L L L
a 0z 0.4 06 0.8 1 1z 14 16 18 2 ) 02 0.4 0.6 0.8 1 12 14 16 18 2

FIGURE 7.7. f(x) = 8sin(z)+sin(4z) and n = 8. Approximately 250,000,000
pairs were tested, with 214,218 pairs computed precisely.

051

0

L L L L L L L L L
0 0.2 0.4 06 08 1 1.2 14 1.6 18 2

FIGURE 7.8. f(z) = (1/128) (150sin(x) + 25sin(3z) + 3sin(5z)) and n = 4.
Approximately 10,000,000 pairs were tested, with 28,168 pairs computed pre-
cisely.

051

o 02 0.4 06 0.g 1 1.2 1.4 18 18 -3 0

L L L L L L L L L
0 02 0.4 06 0.8 1 12 14 16 18 2

FIGURE 7.9. f(z) = (1/128) (150sin(x) + 25sin(3z) + 3sin(5z)) and n = 8.
Approximately 10,000,000 pairs were tested, with 105,724 pairs computed pre-
cisely.
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FIGURE 8.1. Bounds on ||[|X],Y]| in terms of [X,Y]. The dashed line is the
lower bound from our basic estimate. The solid line is the upper bound we
have proven. The dotted line is an estimate by Kato [9].

Theorem 8.1. Let f(x) = |z|, considered as a function on [0, 1]. The function ny is bounded

above by
2 1
max (2\/i55, — 49, 1) i
s 2

Proof. We have already proven that 1 and 2\/25 3 are upper bounds. The bound A(d) < %4—6
follows from Remark 2.4 if we break up f(x) = |z| into f = g + h with

1
g(w) = 5a°.
1
h(z) = |z| — 5:102.
Then A(6) < md + b where m =1 and

b= max (b)) ~ min (h(a)) = 5.

O

To put this in context, Kato [9] (see also [5]) obtains the upper bound 2§ 1In(2 + 2561).

The numerical evidence here was derived using f(z) = |z — 1/2| on [0, 1] so that we could
utilize the code used in the earlier examples. Thus the data in Figures 8.2-8.4 needs to be
scaled by 2 in both directions to apply to the absolute value on [—1,1].

9. MONTE CARLO METHODS

Our algorithms, for the case of f on [0, 1], generate examples by an ad-hoc method. A fast
approximation is done for ||[X, A]|| and ||[f(X), A]|| and only do further computations on
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FIGURE 8.2. f(z) = |z — %] on [0,1] and n = 4. Approximately 500,000,000
pairs were tested, with 557,550 pairs computed precisely.
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FIGURE 8.3. f(z) = |z — %] on [0,1] and n = 8. Approximately 500,000,000
pairs were tested, with 729,329 pairs computed precisely.
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pairs were tested, with 1,048,860 pairs computed precisely.
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FIGURE 9.1. f(z) = (z—3)® on [0,1] and n = 16. Approximately 10,000,000
pairs were tested. The algorithm uses uniform distribution to create the test
matrices and all pairs are computed exactly. Time needed on a 32 core ma-
chine: 123 minutes.

pairs that are provisionally placing high on the plot compared what has come before. These
promising pairs are then adjusted so that 0 < X <1 and ||A]| = 1 are as true as is possible
within Matlab. Then ||[X, A]|| and ||[f(X), A]|| are computed by slow but precise methods
and the point is plotted.

The piecewise linear bounds that Lemma 3.1 provides are then derived and the maximum
of all these upper bounds is then displayed.

Since the ad-hoc methods are not really justified by any theory, we do not attempt much
of an explanation. We will be posting the code on the Arxiv, accompanying a preliminary
version of this article.

The essence of the method is as follows. We start with two commuting real symmetric
matrices X and A. The fact that real matrices are sufficient follow from the embedding of
C into R. We force them to commute by making them diagonal. A basis change argument
validates this.

Next we perturb A by a “random” real symmetric matrix. Here we rely on Lin’s theorem to
know that all almost commuting hermitian matrices can be found by perturbing commuting
pairs. The generation of the random displacement involves a distribution that is very far
from uniform. This was needed to avoid the “expected value” problem mentioned above.
Finally, the norm of the displacement is calculated and then the displacement is scaled by a
random choice that emphasizes smaller displacements. This step was taken since our rigorous
upper-bounds are less informative for smaller 9.

We emphasize again that while we cannot rigorously explain our choice of random method
or our pre-screening by norm approximations, all of the points plotted are computed very
precisely.

We can illustrate the need for the custom distributions easily. Figure 9.1 shows a calcula-
tion done for f(z) = (z— 3)* with uniform distribution used for generating the displacement.
This is to be contrasted with the data in Figure 9.2 where a fast pre-screening is done, and
data in Figure 9.3 where our non-uniform distribution is used. Finally Figure 9.4 shows the
use of the non-uniform distribution and the pre-screening. Note the timing data, that shows
how much time was needed to generate these plots and the time sized by the pre-screening.
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FIGURE 9.2. f(z) = (z —3)® on [0,1] and n = 16. Approximately 10,000,000
pairs were tested. The algorithm uses uniform distribution to create the test
matrices, but only pairs where the estimated norm predicts a point that is
high are computed exactly and plotted. Time needed on a 32 core machine:

18 minutes.
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FIGURE 9.3. f(z) = (z—3)® on [0,1] and n = 16. Approximately 10,000,000
pairs were tested. The algorithm uses a very non-uniform, and all pairs are
computed exactly. Time needed on a 32 core machine: 124 minutes.
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