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Abstract

In modern day world, advances in technology are constantly pushing the limits of

improvement in measurement accuracy. With each passing year, government agen-

cies and contract companies increase investment in research of high precision, ultra

sensitive, instruments. Over the last decade, advancements in ultrashort time scale

optics have moved the field of metrology to the quantic realm. At this new scientific

frontier, mode-locked lasers, with ultra sensitive phase measurement capabilities,

have been playing an increasingly significant role. Among these highly sophisticated

systems, mode-locked fiber lasers have been extensively explored in an unidirectional

mode, while bidirectional remains a promising source for applications with consid-

erable space for experimental innovation. In this project, efforts have been made

to contribute to the scientific achievements in this area, with the implementation of

vii



an innovative approach for bidirectional mode-locking of fiber lasers, as a potential

source for intra-cavity phase interferometry. It consists of a passively driven active

mechanism that both stabilizes the laser and controls the location of the crossing

points of the counter-circulating pulses. For that purpose, the idea has been de-

veloped in both a theoretical and experimental level, with the design, construction,

and testing of a fiber ring laser scheme capable of producing stable and indepen-

dent (frequency unlocked) bidirectional pulses. In this manuscript, the description

of the research is presented in seven separate chapters. The first chapter provides

an overview of the project itself, the advantages of the controlling mechanism and

the importance and practical applications of bidirectional mode-locked fiber lasers.

Chapter two introduces the theoretical background necessary to understand pulse

propagation in a nonlinear, birefringent, gain saturated optical fiber. In chapter

three, the passive mechanism behind bidirectional mode-locking is detailed. Chapter

four deals with the system’s modeling and computer simulation, and chapter five

explains the functional aspects of the self-regenerative system used to stabilize and

control the laser pulsing. Chapter six describes the experimental setup itself, and

presents the measured data results. Finally, chapter seven summarizes all the work

done, emphasizing the consequences of the experimental findings, and laying out the

foundations for future work.

viii



Contents

List of Figures xiii

List of Tables xviii

Glossary xix

1 Project Overview 1

1.1 Preliminary Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Advantages of New Design . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Applications to Metrology . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3.1 Fiber Laser Gyroscope . . . . . . . . . . . . . . . . . . . . . . 6

1.3.2 Magnetic Susceptibility Sensor . . . . . . . . . . . . . . . . . 9

2 Theoretical Model 11

2.1 Nonlinear Wave Equation . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.1 Nonlinear Schrödinger Equation (NLSE) . . . . . . . . . . . . 12

ix



Contents

2.1.2 Soliton Solutions . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Effects of Birefringence on Pulse Propagation . . . . . . . . . . . . . 19

2.2.1 Coupled Nonlinear Schrödinger Equations (CNLSE) . . . . . . 20

2.2.2 Vector-Soliton Solutions . . . . . . . . . . . . . . . . . . . . . 22

2.3 Ultrashort Pulse Amplification . . . . . . . . . . . . . . . . . . . . . . 24

2.3.1 The Maxwell-Bloch Equations . . . . . . . . . . . . . . . . . . 25

2.3.2 The Ginzburg-Landau Equation . . . . . . . . . . . . . . . . . 27

2.3.3 Auto-Soliton Solutions . . . . . . . . . . . . . . . . . . . . . . 30

2.4 The Master Propagation Equations . . . . . . . . . . . . . . . . . . . 31

3 Mode-locking Mechanism 33

3.1 The Passive Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 The Active Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2.1 Synchronization of Counter-Propagating Modes . . . . . . . . 39

3.2.2 Sequence Waveforms for G1 and G2 . . . . . . . . . . . . . . . 41

4 Numerical Model and Computer Simulation 42

4.1 Numerical model of mode-locking mechanism . . . . . . . . . . . . . . 42

4.1.1 Logic of program . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.1.2 The Split-Step Fourier Method . . . . . . . . . . . . . . . . . 47

4.1.3 Fiber Propagator . . . . . . . . . . . . . . . . . . . . . . . . . 48

x



Contents

4.2 Computer Simulation and Numerical Results . . . . . . . . . . . . . 50

4.2.1 Threshold Mode-locking . . . . . . . . . . . . . . . . . . . . . 52

4.2.2 Input Power Sensitivity and Polarization Noise . . . . . . . . 56

5 The Regenerative System 62

5.1 System Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.2 Electronic-Synchronous Switch . . . . . . . . . . . . . . . . . . . . . . 66

5.3 Synchronous Oscillation . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.4 Waveforms Generation . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6 The Experimental Setup 73

6.1 Experimental Passive Laser System . . . . . . . . . . . . . . . . . . . 73

6.2 Synchronization Scheme . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.3 Mode-locked waveforms . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.4 Beat-Note Measurement . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.5 Gyroscopic Response . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7 Conclusions 85

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.2 Recommendations for future work . . . . . . . . . . . . . . . . . . . . 88

7.2.1 Improvements on Numerical Model . . . . . . . . . . . . . . . 88

7.2.2 Improvements on Regenerative System . . . . . . . . . . . . . 89

xi



Contents

7.2.3 Improvements on the Experimental Setup . . . . . . . . . . . 90

Appendices 92

A Properties of Optical Fibers 93

A.1 Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

A.1.1 Chromatic Dispersion . . . . . . . . . . . . . . . . . . . . . . . 93

A.1.2 Polarization Mode Dispersion (PMD) . . . . . . . . . . . . . . 94

A.2 Distributed Gain Medium . . . . . . . . . . . . . . . . . . . . . . . . 95

A.2.1 Homogeneously Broadened Gain Medium . . . . . . . . . . . . 95

A.2.2 Simplified Two-Level Rate Equation . . . . . . . . . . . . . . 96

A.2.3 Steady-State Population Inversion . . . . . . . . . . . . . . . . 96

A.2.4 Evolution of Signal and Pump Intensities . . . . . . . . . . . 97

A.3 The Fast Saturable Absorption (FSA) . . . . . . . . . . . . . . . . . . 97

A.4 Nonlinear Polarization Rotation (NPR) . . . . . . . . . . . . . . . . . 98

B Optical Fiber Types 101

C Net GVD Measurements 105

References 112

xii



List of Figures

1.1 Schematics of fiber ring laser setup previously used to attempt bidi-

rectional mode-locking. . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Sagnac Effect: description of the effect in two different inertial frames

of reference: (a) an absolute frame, with no acceleration, where an

observer rotates about it counter-clockwisely, and (b) the laboratory

frame of reference where the ring laser itself rotates counter-clockwisely. 4

1.3 Illustration of frequency lock-in effect between counter-propagating

optical waves: (a) wave interaction on a back-scattering surface, and

(b) effects on the gyroscopic response of the system. . . . . . . . . . 7

1.4 Two practical applications of ultrashort phase measurements to the

field of metrology: (a) Magnetic susceptibility sensor (after Ref. [38]),

and (b) Fiber laser gyroscope (after Ref. [28]). . . . . . . . . . . . . 10

3.1 Unidirectional passive mode-locking using carbon-nanotube as sat-

urable absorber in (a)10µsec/div and (b)50ns/div time scales. . . . . 34

3.2 Polarization evolution of the low (blue) and high (red) intensity com-

ponents of a pulse propagating along a section of SMF in an NPR

based FSA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

xiii



List of Figures

3.3 Schematics of the basic passive bidirectional mode-locking mechanism. 36

3.4 Pulse polarization evolution on several stages of the FSA. . . . . . . 38

3.5 Synchronization schemes to open and closing of gates G1 and G2,

relative to the round-trip travel time of the bidirectional counter-

propagating pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 Sequence waveforms of gates G1 and G2 for bidirectional mode-

locking operation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1 Flow chart diagram of the computer simulation. . . . . . . . . . . . 43

4.2 Cw and ccw axes location relative to the polarizer’s axis and SMF

slow axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Schematics of the Split-Step Fourier Method. . . . . . . . . . . . . . 49

4.4 Schematics of numerical model for pulse propagation along EDFs. . 50

4.5 Evolution of a 100ps wide, 60W peak power pulse launched in a 15m

long section of high saturation energy EDF. . . . . . . . . . . . . . . 51

4.6 Pulse energy as a function of round-trip time for the cw (blue) and

ccw (red) pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.7 Small signal gain at the input of the EDF as a function of round-trips. 53

4.8 Pulse width as a function of round-trip time for a simulation at

threshold value for the cw/ccw pulses. . . . . . . . . . . . . . . . . . 54

4.9 Evolution of center of gravity for each pulse as a function of round-trip. 54

4.10 Pulse shape evolution after several round-trips for the cw (blue) and

ccw (red) pulses at every 100 round-trips. . . . . . . . . . . . . . . . 55

xiv



List of Figures

4.11 Pulse energy values for the simulation results using a cw pulse (blue)

with an initial peak power 25% higher that the ccw (red) at threshold

level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.12 Pulse energy characteristics for the cw (blue) pulse, overlapped with

the ccw (red) pulse for the simulation results using a noise source at

the input to the EDF fiber. The randomly generated noise values

are: (a)-1.34rad, (b) -0.83rad, (c) 0.29rad and (d) 0.71rad. . . . . . . 57

4.13 Pulse energy values of cw (blue) and ccw (red) pulses for the simu-

lation results using a noise source at the end of the EDF fiber. The

randomly generated noise values are: (a)-0.69rad, (b) 0.86rad, (c)

1.25rad and (d) 1.62rad. . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.14 Energy change of the cw pulse (blue) associated with a sudden con-

stant step drop in the phase of the inverse polarization transformation

matrix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.15 Variation of center-of-gravity of cw pulse (blue) in response to a

sudden constant step phase drop. . . . . . . . . . . . . . . . . . . . . 60

4.16 Variation difference of the cw and ccw centers-of-gravity. . . . . . . . 61

5.1 Comparison of two ring lasers using (a) an isolator, and (b) a mod-

ulator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.2 Illustration of a self-regenerative system using (a) a single modulator

and (b) a modulator pair. . . . . . . . . . . . . . . . . . . . . . . . . 64

5.3 Schematics for bidirectional oscillation with self-regenerative system

and waveform generator. . . . . . . . . . . . . . . . . . . . . . . . . 65

5.4 Schematics of the Electronic Synchronous Switch (ESS) circuit. . . . 67

xv



List of Figures

5.5 Schematics of the typical architecture of a synchronous oscillator

(after reference [148]). . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.6 Curves of performance of SOSC in OPEN (no input signal) and

CLOSED (feedback signal from laser “on”) operation modes. In

CLOSED loop operation, the detected signal represents a measure of

the stability of the ccw mode-locked pulse pattern. . . . . . . . . . . 70

5.7 Modulator pair driving signals (serial approach). . . . . . . . . . . . 71

6.1 Schematics of the actual passive fiber ring laser used experimentally. 75

6.2 Schematics of the entire experimental setup for bidirectional mode-

locking of the fiber ring laser. . . . . . . . . . . . . . . . . . . . . . . 75

6.3 Mode-locked waveforms for cw (top waveforms) and ccw (bottom

waveforms) pulse trains at two different time scales. . . . . . . . . . 78

6.4 Measurements of pulse widths for (a) cw, and (b) ccw mode-locked

waveforms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.5 Schematics of the experimental setup to measure the beat-note. . . . 79

6.6 Illustration of the origins of the CEO concept, from the pulse train

configuration in time domain (top) to its frequency domain represen-

tation (bottom). Because the group-velocity (vg) of the envelope does

not match the phase-velocity of the carrier (vp), an offset frequency

appears (f0 in the frequency domain graph). . . . . . . . . . . . . . 80

6.7 RF signal applied to phase modulator for beat note measurement

control. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.8 Beat note waveforms detected at different levels of rms input voltages. 82

xvi



List of Figures

6.9 Beat-note versus rms input voltage to phase modulator. . . . . . . . 83

7.1 Modulators’ driving signals (parallel approach). . . . . . . . . . . . . 90

7.2 Schematics of the experimental implementation for the RF driving

signals using the “parallel approach”. . . . . . . . . . . . . . . . . . 91

A.1 Polarization evolution in a linearly birefringent fiber of beat length

LB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

A.2 Principle of pulse compression using a fast saturable absorber (FSA). 98

A.3 Nonlinear elliptical angle of rotation at two different points in space

(z) and time (t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

A.4 Nonlinear rotation of elliptical polarization at higher (red), and lower

(blue) intensity components of the optical pulse. . . . . . . . . . . . 100

B.1 Parameters for the OFS MP980 erbium-doped fiber: (a) Giles Pa-

rameters, and (b) GVD coefficient. . . . . . . . . . . . . . . . . . . . 102

B.2 Stress-rod structures for the most common types of polarization main-

taining fibers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

C.1 Fiber types distribution of the two-modulator ring laser. . . . . . . . 105

C.2 Ring laser schematics to estimate the locations of the counter-propagating

pulses’ crossing points. M1 and M2 represent the amplitude modulators,“P”

the perimeter, and “TRT ” the round-trip time. ∆τM1−M2 is the travel

time between the modulators. . . . . . . . . . . . . . . . . . . . . . 106

xvii



List of Tables

1.1 Comparison of dead band figures between a typical CW based gyro-

scope (He-Ne laser) and a mode-locked based gyroscope made with

single mode fiber (SMF) material. . . . . . . . . . . . . . . . . . . . 9

6.1 Comparison of several values of beat note and their corresponding

capacity for rotation detection in a 40m perimeter circular ring laser. 84

B.1 Some specifications for the fibers used in the experimental setup. . . 103

C.1 GVD over a component’s length and accumulated propagation times

Tp for laser’s components 1-15. . . . . . . . . . . . . . . . . . . . . . 108

C.2 GVD over a component’s length and accumulated propagation times

Tp for laser’s components 15-30. . . . . . . . . . . . . . . . . . . . . 109

C.3 GVD over a component’s length and accumulated propagation times

Tp for laser’s components 30-40. . . . . . . . . . . . . . . . . . . . . 110

C.4 GVD over a component’s length and accumulated propagation times

Tp for laser’s components 40-50. . . . . . . . . . . . . . . . . . . . . 111

xviii



Glossary
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EDF Erbium-doped fiber. A specialty type of fiber doped with Er+3 ions,

and used as distributed gain medium in fiber optics systems.

DSF Dispersion-Shifted Fiber. A type of fiber specially designed to have

its zero dispersion wavelength (frequency) value shifted from its nor-

mal value, which is located near 1.33µm.

ECL Emitter coupled logic circuit. An electronics technological standard

used in high speed, low voltage level, circuitry.

FWHM Full width at half maximum. A figure of merit used to assess the

width of a pulse, whether given in time, space, or spectral domain.

NPR Nonlinear polarization rotation. A combined effect of self and cross

phase modulation, that results in a intensity dependent rotation of

a mode’s state of polarization.

PBS Polarization beam splitter. A device that splits incoming light into

its orthogonal polarization components.
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PC Polarization controller. A device that mechanically modifies the

state of polarization of the fiber’s propagating mode.

PLL Phase-Locked Loop. A self-stabilizing circuit architecture vary pop-

ular in telecommunications applications. It is used to track and

regenerate signal frequencies or as frequency synthesizers.
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wavelengths λ ≥ 2π
√

n2
c − n2
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“vee” number (typically 2.45 for fused silica), and a, nc, and ncl, its
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ulation in response to its own intensity.

V CO Voltage Controlled Oscillator. A device that produces A.C signals

from D.C inputs.

V SWR Voltage Standing Wave Ratio.

XPM Cross-phase modulation. The nonlinear effect of a mode’s phase

modulation in response to the intensity of a secondary mode that is
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Chapter 1

Project Overview

In recent years, ultrashort pulse phenomena has revolutionized optical frequency

metrology [2], with interference of counter-propagating optical pulses at the very

heart of ultra-sensitive phase measurements. Intracavity Phase Interferometry [10]

has been demonstrated as the most sensitive phase detector, and applied to the de-

tection of magnetic fields, inertial motion, displacements, and nonlinear index, just

to name a few. So far, it has only been implemented with discrete components solid

state lasers (i.e Ti:sapphire, Vanadate, and Optical Parametric Oscillators). All inte-

grated fiber laser offers an attractive alternative, for being insensitive to air pollution,

and able to operate with ultra-large cavities. There are however numerous challenges

to overcome in implementing an all fiber IPI. A method has to be devised to control

the crossing points of the two intracavity pulses, and prevent phase coupling between

them (for instance by scattering) which would nullify the beat note to be measured

(lock-in effect). Timing jitter issues are important, since the two pulse trains have

to be interfered on a detector (i.e. the crossing points have to be the same at each

round-trip). A first demonstration of IPI in an all fiber ring laser is presented, in

which two pulses are circulated in opposite sense. This Chapter presents an overall

idea of the entire project, with the following sections providing some background

1



Chapter 1. Project Overview

information on its practical applications, previous work, and relevant aspects of the

design.

1.1 Preliminary Work

The conception of the laser design was envisioned by Prof. Jean-Claude Diels1, and

part of it implemented by Thien Trang Dang, a former graduate student, at the

Univ. of New Mexico. On her accounts, she was able to passively mode-lock the

laser in one direction, obtaining pulses with round trip times of nearly 117ns and

100fs widths [35]. Figure 1.1 shows the setup used in the experiment, where bidi-

rectional mode-locking of a fiber ring laser was attempted using a pair of amplitude

modulators, the purpose of which will become clear in later Chapters. Sadly, bidi-

rectional mode-locking was never fully stabilized, and that is precisely where the

current project picks up.

Figure 1.1: Schematics of fiber ring laser setup previously used to attempt bidirec-
tional mode-locking.

1Physics and Astronomy Dept. at the Univ. of New Mexico.
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Chapter 1. Project Overview

1.2 Advantages of New Design

The design developed in this project offers the following advantages to the approach

for bidirectional mode-locking of fiber ring lasers:

• Generation of two independent pulses: with two modulators firing at

specific controlled times, two pulses can be generated completely independently,

without the risk of frequency coupling between them (except at the location of

their crossing points).

• Active control of crossing point location: using two modulators allows

the location of the crossing points to be efficiently controlled. As will be later

explained, a significant reduction of the dead band can be attained by choosing

the pulses to cross at a point where the medium has the least amount of back-

scattering.

• Laser stabilization using self-regenerative system: a regenerative system

helps stabilize the laser by using the cavity’s own round-trip time to synchronize

the modulators, acting as a threshold gating controller through modulation of

the system’s loss (passive electronic control).

1.3 Applications to Metrology

The oldest application of ring lasers in metrology is inertial measurement — specif-

ically rotation. The measurement is based on a phase shift introduced by rotation

between two counter-rotating beams in a ring configuration; the so called “Sagnac

effect”. This phenomenon is named after Georges Sagnac [125, 126] who wrote the

first publications about it in 1913. Figure 1.2 helps illustrate the principle.

3



Chapter 1. Project Overview

In an absolute frame of reference (no acceleration), two counter-propagating op-

tical waves will form a standing wave (Fig. 1.2a). As an observer moves counter-

clockwise about the frame, with an angular velocity Ωrot, it perceives a “movement”

of the standing wave’s crests and troughs (fringes). This rate of change can be

described in terms of a frequency change (also known as beat note):

∆ν =
v

λ/2
=

RΩrot

λ/2
, (1.1)

where “v” is the tangential “linear” velocity of the observer, “λ” the wavelength of

the optical wave, and “R” the radius of the ring laser.

(a) Absolute Frame (b) Laboratory Frame

Figure 1.2: Sagnac Effect: description of the effect in two different inertial frames
of reference: (a) an absolute frame, with no acceleration, where an observer rotates
about it counter-clockwisely, and (b) the laboratory frame of reference where the
ring laser itself rotates counter-clockwisely.

Similarly, one can think of this change in terms of the “Doppler Shift”, i.e the

change in fringe rate (frequency), as the observer looks forward (blue shift “νb”) or

backwards (red shift “νr”) at the fringe pattern,

∆ν = νb − νr = 2
v

c
νopt = 2(

ΩR

c
)(

c

λ
) =

RΩrot

λ/2
, (1.2)
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Chapter 1. Project Overview

where “c” is the speed of light in vacuum, “νopt” is the optical frequency, and νb =

νopt(1 + v/c) and νr = νopt(1 − v/c) are the “blue” and “red” shifts, respectively.

Another way of looking at it is at the laboratory frame, which is represented by

the coordinates (X, Y ) in Fig. 1.2b. As the laser rotates about an axis Z orthogonal

to the plane of the laser, at an angular velocity “Ωrot”, the axis (X, Y ) come into

the position (X ′, Y ′). In this laboratory frame, the apparent round trip time of the

clockwise beam (red) is given by:

tcw =
2πR

c − v
=

2πR

c − RΩrot
. (1.3)

As light travels in the direction of rotation of the frame, it takes longer for the

clockwise beam (cw) to complete a round trip than the normal round trip time

tRT = 2πR/c. Similarly, the total transit round trip time of the counter-clockwise

(ccw) beam, in the laboratory frame, is given by:

tccw =
2πR

c + v
=

2πR

c + RΩrot
. (1.4)

Because the frame is rotating in the direction opposite to the light, it takes less

time for the cw beam to complete the round trip. The round trip time difference

between the counter-propagating beams is, therefore:

∆t = tcw − tccw =
2πR

c − v
− 2πR

c + v
=

4AΩrot

c2 − v2
≃ 4AΩrot

c2
, (1.5)

where A = πR2 is the area of the loop, and the last term is an approximation for the

case of practical interest where (RΩrot)
2 << c2. The associated optical path length

difference between the counter-propagating pulses “∆P” is

∆P = c∆t =
4AΩrot

c
, (1.6)

which leads to a phase difference ∆ϕ = k0∆P between the counter-propagating

beams, where k0 = 2πn0/λ is an average wave vector in the cavity, assumed to have

an average index “n0”.
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Chapter 1. Project Overview

In terms of frequency difference,

∆ν =
∆ϕ

2πτRT
=

RΩrot

λ/2
, (1.7)

which demonstrates that no matter how one looks at it, it will always lead to the

same result (Eqs.(1.1, 1.2, and 1.7)).

1.3.1 Fiber Laser Gyroscope

The phase difference “∆ϕ” can be measured as a modulation of the intensity when the

two counter-circulating beams are made to interfere on a detector. This is the mea-

surement performed with the conventional Fiber Optical Gyroscope (FOG), which

is a passive Sagnac interferometer (Fig. 1.4b). Considerable more sensitivity can be

achieved in an active ring laser, where the phase shift per round trip ∆ϕ/τRT results

in a frequency difference:

∆ν =
∆ϕ

2πτRT
= ν

∆P

P
=

4A

Pλ
Ωrot. (1.8)

The frequency difference “∆ν” can be measured (as a beat note between the

two outputs of the ring laser) with much more precision and accuracy than a phase

difference (an intensity measurement). One might then wonder why the “FOG”

has been developed, rather than an active laser gyroscope. The answer is that all

gyroscope manufacturers have so far only considered continuous wave (CW) ring

lasers, where crossing of the counter-propagating waves at a scattering interface2,

may nullify the beat note. When two counter-propagating optical signals cross at

a scattering medium, a small reflected portion from each beam is imparted to the

phase of the other, creating what is known as the “lock-in effect”.

Figure 1.3a illustrates the effect. At the crossing surface, a small reflected per-

centage of the cw beam (blue) interacts with the ccw beam, and vice-versa. This

2In the case of a fiber, the scattering surface can be a fusion splice between two fibers.
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interaction can be described by the set of coupled differential equations:

∂Ecw

∂(t/τRT )
= −reiǫEccw, (1.9a)

∂Eccw

∂(t/τRT )
= reiǫEcw, (1.9b)

where “r” represents the back-scattering coefficient, and “ǫ” a small phase factor.

(a) Lock-in Effect (b) Gyro Response

Figure 1.3: Illustration of frequency lock-in effect between counter-propagating op-
tical waves: (a) wave interaction on a back-scattering surface, and (b) effects on the
gyroscopic response of the system.

Solutions to these equations lead to a phase relation which, written in terms of a

frequency difference, results in another equation describing the gyroscopic response

of the system [40]:

∆ν =
∂

∂t
(
(φ2 − φ1)

2π
) = ρΩrot −

r

2πτRT
[sin(φ2 −φ1 − ǫ)+ sin(φ2 −φ1 + ǫ)], (1.10)

where ρ = 4A/Pλ is called the “geometric factor”, as seen in Eq. (1.8).

In Eq. (1.10), the first term on the right hand side corresponds to the “ideal”

linear gyroscopic response (the straight line in Fig. 1.3b). Because of lock-in effects,

a correction - the second term on the right hand side of the equation - is added,
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and the actual response looks like the asymptotic curve shown in Fig. 1.3b. This

correction leads to a region of “no response” to rotation, also known as the “dead

band”. Solving Eq. (1.10) for ∆ν = 0 leads to a frequency difference value:

∆νlock−in =
r

2πτRT
, (1.11)

which is often referred to as the “lock-in”, or “dead band”, frequency.

According to Eq. (1.8), the larger the dimension of the ring laser (ratio of A/P ),

the larger the beat note. But then also, the larger the lengths over which the counter-

circulating beam scatter into each other, the larger the “lock-in effect”. In the case

of bidirectional CW laser, this effect is aggravated by the long interaction length

between the counter-circulating beams. The same is not true for the case of mode-

locked lasers, specially short ones, where the interaction is limited by the pulse

widths. It has been demonstrated [143, 110] that, with mode-locked lasers, the dead

band is only created by the back-scattering coefficient “r” over the length of the

pulses at their crossing point, and therefore the dead band is no longer proportional

to the perimeter of the ring laser. In addition to that, in ML lasers, the pulses can

be made to cross outside the scattering medium.

As far as fiber ring lasers are concerned, one can appreciate its advantages over

conventional ML lasers by looking at Eq. (1.7). With fiber lasers, it is easier to

increase the sensitivity by simply increasing “R” (it is easy to create large loops with

fibers). Furthermore, as indicated in Eq. (1.11), by increasing the loop size, and

therefore the round-trip time, one can reduce the “∆lock−in” as well. Table 1.1 shows

a comparison of some typical dead band values for CW (commercially available) and

ML fiber lasers, where the crossing point occurs in SMF (SiO2) material. For a

typical SMF, the value of the back-scattering coefficient is r=-2.76x10−63 per 1nsec

pulse width. Using Eq. (1.11), and a round-trip time τRT =200nsec, the dead band

values can be estimated for pulse widths of 100ps and 100fs, which are not uncommon

3See Appendix B for an explanation on how the value of “r” is determined.
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in ML lasers. From these values, it is evident the advantage of using ML instead of

CW lasers for gyroscopy.

CW He-Ne Laser ML Fiber Laser

2.2Hz 1ns
DEAD BAND 103Hz 2.2x10−1Hz 100ps

2.2x10−4Hz 100fs

Table 1.1: Comparison of dead band figures between a typical CW based gyroscope
(He-Ne laser) and a mode-locked based gyroscope made with single mode fiber (SMF)
material.

It is not the purpose of this dissertation to make an exhaustive report on the

near infinite number of publications on laser gyroscopes. Such a review has been

published by Chow et al. [28] and Chesnoy [25], on ring laser gyros, and Bergh et

al. [14] and Jeong et al. [75], on fiber optic gyros. Other information are also available

in more specific experimental reports [73, 83, 74, 121, 87, 69].

1.3.2 Magnetic Susceptibility Sensor

There is also another advantage in using short pulses: because they occupy different

points in space at different times, they can be used to probe considerably more

effects than just rotation. Pulses conserve their individuality during a round-trip.

Hence, any effect that produces a “∆P” in Eq. (1.8), such as linear and nonlinear

index modification, acceleration, etc . . . can be measured. For all sensor applications

other than rotation sensing, Eq. (1.8) suggests that, the smaller the laser, the higher

the sensitivity (since the beat note “∆ν” is inversely proportional to the round-trip

9



Chapter 1. Project Overview

time). There is however a notable exception, that of a magnetic susceptibility sensor,

where large size offers an advantage.

A magnetic susceptibility sensor can be designed to use a beat note to mea-

sure a local magnetic field change by relating the change in frequency “∆ν” to the

change in magnetic susceptibility “∆µ”. The change in frequency is related to the

change in magnetic susceptibility by ∆ν/ν = ∆µ/µ. In a certain application, a

magnetic susceptibility sensor has been proposed as part of an effort for detection of

ground water through ultra-sensitive magnetic measurements [38, 39]. The idea was

to track changes in inductance of an LC circuit oscillator, due to local changes in

magnetic susceptibility, from the change in the beat note produced from the counter-

propagating modes of the optical oscillator. Figure 1.4a shows the schematics of the

proposed experiment using phase measurements from a bidirectionally mode-locked

fiber ring laser.

(a) Magnetic Sensor. (b) Fiber Laser Gyroscope.

Figure 1.4: Two practical applications of ultrashort phase measurements to the field
of metrology: (a) Magnetic susceptibility sensor (after Ref. [38]), and (b) Fiber laser
gyroscope (after Ref. [28]).
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Chapter 2

Theoretical Model

This chapter provides a theoretical background on pulse propagation in an optical

fiber. It presents a comprehensive set of equations which are suitable to describe

fiber optic propagation in a very generic way. It is divided in 4 sections. The

first section introduces the wave equation in the context of the scalar Nonlinear

Schrödinger Equation (NLSE), which helps understanding pulse propagation in a

nonlinear dispersive medium, and presents a special class of solutions in the form of

optical solitons. Section 2 broadens the scope of section 1 to the vector case, where

the effects of Cross-Phase Modulation (XPM) on pulse propagation are described, in

terms of the Coupled Nonlinear Schrödinger Equations (CNLSE). Consequently, this

section also extends the discussion of soliton solutions to the case of vector solitons.

In section 3, the effects of adding dopants to the host medium of a fiber are addressed,

and how it modifies pulse propagation with the introduction of gain saturation, and

gain dispersion in what is commonly known as the Ginzburg-Landau equation. It also

discusses solutions to the propagation equation in the form of auto-solitons. Finally,

the last section combines the results of the previous sections to produce a single set

of generalized equations, which are the backbone of the numerical model/computer

simulation of Chapter 4.
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2.1 Nonlinear Wave Equation

In this section, the basic scalar Nonlinear Schrödinger Equation (NLSE), which is

used to describe pulse propagation in a nonlinear dispersive medium, is derived. It

begins with the derivation of the nonlinear wave equation and the effects of nonlinear-

ity in the permittivity of the propagating medium. Later, it presents a description of

an important class of solutions known as solitons. Unless otherwise specified, vector

quantities will be described by bold-faced letters.

2.1.1 Nonlinear Schrödinger Equation (NLSE)

The starting point in any wave equation derivation are Maxwell’s equations. From

Faraday’s law, the electric field vector E can be written in terms of the magnetic

flux density B,

∇×E = −∂B

∂t
= −∂(µoH + M)

∂t
, (2.1)

where “µo” is the permeability of free space, H is the magnetic field vector, and

M, which is zero for fused silica (SiO2) fibers, is the induced magnetic polarization

vectors. Applying ∇× on both sides of Eq. (2.1), and using the Ampere’s law, which

relates the magnetic field vector to the displacement vector D,

∇×∇×E = ∇(∇.E) −∇2E = −µo
∂

∂t
(∇× H) = −µo

∂

∂t
[Jf +

∂D

∂t
], (2.2)

where the current density vector Jf is zero for SiO2 fibers and, the electric displace-

ment vector can be written as D = ǫoE + P, with P being the induced polarization

vector, and “ǫo” the permittivity of free space. Equation. 2.2, then, takes the form,

∇(∇.E) −∇2E = −µo
∂2

∂t2
[ǫoE + P] = −µoǫo

∂2

∂t2
E − µo

∂2

∂t2
P. (2.3)

Since there are no free charges in SiO2 fiber (i.e ∇.D = ρf = 0), it can be shown

that the term ∇(∇.E) in Eq. (2.3) is also zero. Making the substitution µoǫo = 1/c2,
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where “c” is the speed of light in vacuum, Eq. (2.3) becomes,

(∇2 − 1

c2

∂2

∂t2
)E = µo

∂2

∂t2
P = µo

∂2

∂t2
(PL + PNL), (2.4)

where vector fields PL, and PNL are the linearly, and nonlinearly induced polariza-

tions components, respectively.

The linear component PL(r, t) is related to E(r, t) by the causal relation,

PL(r, t) = ǫo

∫ ∞

−∞

χ(1)(t′).E(r, t − t′)dt′, (2.5)

where “χ(1)” is the first order susceptibility of the medium.

Likewise, PNL(r, t) relates to E(r, t) by the causal triple integral,

PNL(r, t) = ǫo

∫∫∫ ∞

−∞

χ(3)(t1, t2, t3)
...E(r, t − t1)E(r, t − t2)E(r, t − t3)dt1dt2dt3,

(2.6)

where “χ(3)” is the third order susceptibility of the medium, operator
... denotes a

tensor product, and t1 < t2 < t3.

It is assumed for now that the fields maintain linear polarization along the x̂ axis,

and that the Slowly Varying Envelope Approximation (SVEA) applies, i.e that the

ratio of the pulse’s spectral width “∆ω” to its optical (light) frequency “ωl” is such

that ∆ω/ωl << 1. The electric field is written as:

E(r, t) = x̂
1

2
{E(r, t) exp{i(ωlt− koz)}+ c.c} = x̂

1

2
{E(r, t) exp{ωlt}+ c.c}, (2.7)

where r = xx̂ + yŷ + zẑ is the position vector in Cartesian coordinates, E(r, t) is

the field’s amplitude envelope, E is the complex field envelope, “ko” the propagation

constant, and “c.c” stands for complex conjugate. Similarly, the linear polarization

vector is written,

PL(r, t) = x̂
1

2
{PL(r, t) exp{i(ωlt−koz)}+c.c} = x̂

1

2
{PL(r, t) exp{ωlt}+c.c}. (2.8)
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If the nonlinear response is assumed to be instantaneous, an argument which is

valid for pulse widths ≃ 1ps1, the χ(3) term in Eq. (2.6) can be written in terms of

δ(t′) functions. As a consequence, the triple integral collapses, and PNL becomes,

PNL ≃ ǫoχ
(3)...E(r, t)E(r, t)E(r, t). (2.9)

Applying E(r, t), as written in Eq. (2.7), with PNL(r, t) written as in Eq. (2.8),

to Eq. (2.9), the resulting complex field envelope PNL(r, t) becomes:

PNL(r, t) = ǫoǫnlE(r, t) = ǫo
3

4
χ(3)

xxxx|E(r, t)|2E(r, t), (2.10)

where the third harmonic term is neglected in SiO2, and a nonlinear contribution to

the dielectric constant can be defined as ǫnl = 3
4
χ

(3)
xxxx|E(r, t)|2.

In order to solve the nonlinear wave equation, it is convenient to work on the

frequency domain, using the Fourier transform defined as,

Ẽ(r, Ω) = F{E(r, t)} =

∫ ∞

−∞

E(r, t) exp{−iΩt}dt, (2.11)

where “Ω” represents the frequency variable. Henceforth, unless stated otherwise,

the tilde sign denotes spectral representation.

Plugging Eqs. (2.5) and (2.10) into Eq. (2.4), Fourier transforming it, and consid-

ering, for now, PNL(r, t) as a small pertubation, Eq. (2.4) can be written, in scalar

form, and after some simplification, as:

[∇2 − (iΩ)2

c2
]Ẽ(Ωs) − µoǫo(iΩ)2[χ̃(1)(Ω)Ẽ(Ωs) + ǫnlẼ(Ωs)] = 0, (2.12)

where Ωs = Ω−ωl is the shifted-frequency variable, χ̃(1)(Ω) is the linear susceptibility

in the frequency domain, and Ẽ(Ωs) the Fourier transform of the amplitude field

E(r, t), as defined in Eq. (2.7). Re-arranging terms in Eq. (2.12), it becomes,

(∇2 + ǫ(Ω)
Ω2

c2
)Ẽ(r, Ω − ωl) = 0, (2.13)

1In SiO2 fibers, the electronic contribution to χ(3) occurs at a 10fs time scale, and the
Raman response at 60-70fs range.
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where the permittivity ǫ(Ω) is, therefore, given by:

ǫ(Ω) = 1 + χ̃(1)(Ω) +
3

4
χ(3)

xxxx|E(r, t)|2, (2.14)

or, as defined in terms of the refractive index,

ǫ(Ω) = (n(Ω) + n2|E|2 + i
α(Ω) + α2|E|2

2ko
)2 = (n(Ω) + ∆n)2. (2.15)

Here “n(Ω)” and “n2” are the linear and nonlinear index of refraction, and “α(Ω)”

and “α2” the linear and two photon absorption coefficients, respectively. Using

Eqs. (2.14) and (2.15), they are found to be: n(Ω) = 1 + 1
2
ℜ{χ̃(1)(Ω)}, α(Ω) =

ωl

c
ℑ{χ̃(1)(Ω)}, n2 = 3

8
ℜ{χ(3)

xxxx}, and α2 = 3ωl

4c
ℑ{χ(3)

xxxx}, with ℜ and ℑ denoting real

and imaginary parts, respectively. The two photon absorption coefficient α2 is often

neglected in fused silica fibers.

Generally, because of its geometry, it is convenient to write the wave equa-

tion (2.13) in cylindrical coordinates as,

(
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂φ2
+

∂2

∂z2
+ n2k2

0)Ẽ = 0, (2.16)

where a solution of the type Ẽz = A(Ωs)F (ρ) exp{imφ} exp{−ikoz}, chosen so that

the Ẽρ and Ẽφ components can be derived from it (“m” being an integer), would

lead to spatial eigen-modes of Bessel and modified Bessel functions.

In a different approach, a 2-D Gaussian function F (x, y) = exp{−(x2 + y2)/w2
o}

can be used as an approximation for the fundamental mode, where the fundamental

radius “wo” (beam radius at 1/e2 of the intensity) is related to the fiber’s core radius

“a” according to a chosen polynomial approximation model. For instance, in the

“Myslinski Model” [107],

wo = a(0.761 +
1.237

V 1.5
+

1.429

V 6
), (2.17)

where the normalized frequency is defined as V = 2π
λ

aNA = 2π
λ

a
√

(n2
co − n2

cl), with

“NA” being the numerical aperture, and “nco” and “ncl” the index of refraction of

15



Chapter 2. Theoretical Model

the core and cladding, respectively. For single mode fiber V is 2.405, which is the

zeroth order radius of the Bessel function solution F (ρ) of Eq. (2.16).

When a solution of the type Ẽ(r, Ωs) = F (x, y)Ã(z, Ωs) exp{−ikoz}, in Cartesian

coordinates, is plugged into the nonlinear wave equation (2.13), it leads, after much

simplification, to a set of two equations:

[∇2
t + (ǫ(Ω)(

Ω

c
)2 − k̃2)]F (x, y) = 0, (2.18a)

2iko
∂Ã(z, Ωs)

∂z
− [k̃2 − k2

o ]Ã(z, Ωs) = 0. (2.18b)

Here the second derivative ∂2Ã/∂z2 is neglected under the SVEA assumption,

and the “t” subscript in ∇2
t stands for “transverse” operation. Using the formalism

of Eq. (2.15), and first-order perturbation theory [106], Eq. (2.18a) can be solved for

k̃, giving:

k̃(Ω) = k(Ω) + ∆k = k(Ω) +
ko

∫∫ ∞

−∞
(n2|E|2 + i α

2ko
)|F (x′, y′)|2dx′dy′

∫∫ ∞

−∞
|F (x′, y′)|2dx′dy′

. (2.19)

Since the main interest here is to study pulse evolution along a fiber in the z-

direction, the primary concern is to find a solution to Eq. (2.18b), which can be

written in the form,

∂Ã

∂z
= −i

(k̃2(Ω) − k2
o)

2ko
Ã ≃ −i[k̃(Ω) − ko]Ã, (2.20)

where k̃2(Ω) − k2
o ≃ 2ko(k̃(Ω) − ko), and, expanding the term k(Ω) of Eq. (2.20) in

a Taylor Series about the light frequency ωl,

k(Ω) = ko + k1(Ω − ωl) +
1

2
k2(Ω − ωl)

2 + ..., (2.21)

with, kn = d(n)

dΩn k|Ω=ωl
, n integer. When k(Ω) and ∆k are placed back into Eq. (2.20),

and the equation is inverse Fourier transformed, using the definition,

E(r, t) = F{Ẽ(r, Ω)} =
1

2π

∫ ∞

−∞

Ẽ(r, Ω) exp{iΩt}dΩ. (2.22)
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All the terms containing (Ω − ωl)
n, with n = 1, 2, .., become (−i ∂

∂t
)n in the time

domain. The pulse evolution equation then becomes:

∂

∂z
A(z, t) = −i[ko + k1

−i∂

∂t
+

1

2
k2

(−i)2∂2

∂t2
+ ... + ∆k − ko]A(z, t), (2.23)

where ∆k, as given in Eq. (2.19), can be reduced to the form,

∆k = ko(n2
|A|2
Aef

+ i
α

2ko
) = γ|A|2 + i

α

2
. (2.24)

Here, the term |A|2 has units of power (W) and the nonlinear coefficient γ =

n2ko/Aef units of m−1-W−1. Using these units, the nonlinear index n2 is given in

m2-W−1. It can also be expressed in units of m2-V−2, in which case the field A must

be expressed in units of V-m−1. Unless otherwise specified, the units of field used

throughout this text are W
1
2 . The effective core area Aef has units of m2 and is

formally defined as,

Aef =
(
∫∫ ∞

−∞
|F (x′, y′)|2dx′dy′)4

∫∫ ∞

−∞
|F (x′, y′)|4dx′dy′

. (2.25)

It can also be approximated to the area of the fundamental mode πw2
o using the

mode field radius wo of Eq. (2.17). Plugging Eq. (2.24) into Eq. (2.23), it becomes,

∂A

∂z
+ k1

∂A

∂t
− i

2
k2

∂2A

∂t2
− α

2
A = −iγ|A|2A. (2.26)

The coefficients “k1”, and “k2” in Eq. (2.26) represent the inverse group velocity

and Group Velocity Dispersion (GVD) of the pulse, which are parameters usually

expressed in units of m−1-sec and ps2-Km−1, respectively. The coefficient “α” repre-

sents the gain (α >0), or loss (α <0), of the system, and is usually converted from

units of dB-Km−1 to m−1 (for SiO2, the intrinsic absorption is typically 0.2dB/Km

at 1.5µm). The term on the right hand side of the equation represents the effect of

Self-Phase Modulation (SPM) on the propagation of the pulse, and shall be discussed

later, in the context of Cross-Phase Modulation (XPM). When the loss coefficient is
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neglected in this equation, it becomes known as the Nonlinear Schrödinger Equation

(NLSE). Next, an important class of solutions to Eq. (2.26), known as solitons, are

considered.

2.1.2 Soliton Solutions

One interesting aspect of pulse propagation in optical fibers is their ability to sustain

optical solitons. These are solutions to the NLSE which originate from a compen-

sating effect between Self-Phase Modulation (SPM) and Group-Velocity Dispersion

(GVD). This is particularly true for the scalar case of pulse propagation when it

operates in the negative “anomalous” dispersion region. Neglecting loss, using the

normalizing parameters ξ = z/LD and U = A/
√

Po, and choosing a normalized

retarded time frame, which moves at the pulse’s group velocity τ = (t − k1z)/To,

Eq. (2.26) becomes, after simplification,

∂U

∂ξ
− sgn

i

2

∂2U

∂τ 2
= −iN2|U |2U, (2.27)

where U is normalized in terms of the peak power Po of the input pulse, ξ in terms

of the dispersion length LD = T 2
o /|k2|, To being the width of the input pulse, and

the soliton order defined as N = (LD/LN)
1
2 , with the nonlinear length defined as

LNL = 1/γPo. It is also assumed that, because the pulse propagates in the anomalous

dispersion region (negative GVD), the sign of k2 is negative, i.e sgn = −1.

Equation (2.27) can be further simplified if normalization to the soliton’s order,

i.e u = NU , takes place. After simplification, it takes the shape,

∂u

∂ξ
+

i

2

∂2u

∂τ 2
= −i|u|2u. (2.28)

Exact solutions to Eq. (2.28) in the form of solitons can be obtained using the

Inverse Scattering Method [60], which has been extensively applied to solve nonlinear
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differential equations such as NLSE [165], the specifics of which is beyond the scope

of this work. One particular case of interest is when N = 1 (fundamental soliton),

which is given by:

u(ξ, τ) = sech(τ) exp{iξ/2}. (2.29)

A pulse of this form, launched into a fiber (lossless and with a single propagating

axis) will propagate indefinitely without distortion, provided that the condition N =

1 is satisfied. To account for the non-ideal case of a real optical fiber, the effects of

birefringence, and, consequently XPM need to be included in the theoretical model.

This will be the topic of next section.

2.2 Effects of Birefringence on Pulse Propagation

In real, non-ideal fibers, pulses do not propagate in a single axis, but, instead, the

presence of birefringence breaks the degeneracy of the fundamental mode. It can

considerably change the way in which a pulse evolves along the fiber [99, 144, 100,

102]. In this section, the analysis of pulse propagation is extended to the two-

dimensional case of a vector field propagating in a non-ideal birefringent fiber. The

field can be decomposed into two orthogonally polarized components, corresponding

to the slow and fast axis of a fiber. Complimentary to the effect of SPM presented

in the NLSE case, which accounts for the field acting on its own phase, the effects

of the field acting on its orthogonally polarized counterpart is accounted as well, in

the context of an optical phenomena known as Cross-Phase Modulation (XPM).
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2.2.1 Coupled Nonlinear Schrödinger Equations (CNLSE)

Birefringence effects can be better understood in relation to a nonlinear effect known

as Cross-Phase Modulation (XPM), which deals with the nonlinear interaction be-

tween two optical waves co-propagating inside a fiber. This interaction creates a

coupling between the waves, and it can manifest itself with waves of different fre-

quencies and same polarization, or with same frequency and different polarizations.

As far as the primary interest of the numerical simulation is concerned, the discussion

which follows concerns only XPM between orthogonally polarized waves.

It is convenient to start in the most general way, with a fiber displaying elliptical

birefringence, and later reduce the equations to the particular case of interest, which

is linearly birefringent fibers. For an elliptically birefringent fiber, the field vector

can be described as,

E(r, t) =
1

2
{(ê1Ex + ê2Ey) exp{i(ωlt − koz)} + c.c}, (2.30)

where ê1 and ê2 represent a basis of orthonormal vectors defined as,

ê1 =
x̂ + irŷ

√

(1 + r2)
, and ê2 =

rx̂ − iŷ
√

(1 + r2)
,

and r = tan(θ/2) represents the amount of ellipticity of the fiber, with “θ” being the

ellipticity angle. Therefore, when θ = 0, the fiber is linearly birefringent, and when

θ = π/2, circularly birefringent.

The polarization vector can also be expressed on the orthonormal basis as,

P(r, t) =
1

2
{(ê1Px + ê2Py) exp{i(ωlt − koz)} + c.c}. (2.31)

Plugging Eqs. (2.30) and (2.31) into Eq. (2.9), one follows a procedure similar

to the one in Section 2.1.1. Here, instead of the single expansion of Eq.(2.21), one

expands both kx(Ω) and ky(Ω). After much simplification, it leads to the evolution
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equation for a vector pulse propagating inside an elliptically birefringent fiber,

∂Ax

∂z
+ i

∆k0

2
Ax + k1x

∂Ax

∂t
− i

2
k2

∂2Ax

∂t2
− α

2
Ax = −iγ[(|Ax|2 + B|Ay|2)Ax +

CA∗
xA

2
ye

−2i∆k0z] − iγD[(|Ay|2 + 2|Ax|2)A2
ye

−i∆kz + CA∗
yA

2
xe

i∆kz], (2.32a)

∂Ay

∂z
− i

∆k0

2
Ay + k1y

∂Ay

∂t
− i

2
k2

∂2Ay

∂t2
+

α

2
Ay = −iγ[(|Ay|2 + B|Ax|2)Ay +

CA∗
yA

2
xe

+2i∆k0z] − iγD[(|Ax|2 + 2|Ay|2)A2
xe

i∆k0z + CA∗
xA

2
ye

−i∆kz], (2.32b)

where Ax and Ay are the SVEA normalized amplitude fields of the slow and fast axes

of the fiber, respectively, when k1x > k1y, ∆k0 = (k0x − k0y) = (nx − ny)2π/λo is the

wave-vector mismatch of the orthogonally polarized pulses of wavelength λo, and

B =
2 + 2 sin2(θ)

2 + cos2(θ)
, C =

cos2(θ)

2 + cos2(θ)
, D =

sin(θ)

2 cos(θ)
.

The left hand side of the equations (2.32a) and (2.32b) contains the lossy and

dispersive, linear components, and the right hand side the nonlinear components.

The coefficients “k1x” and “k1y” are the inverse group velocities in the x and y axes,

respectively, and “k2” the group velocity dispersion (GVD), which, for simplicity,

is assumed equal for both axes. For linearly birefringent fibers, θ = 0, B = 2/3,

C = 1/3, and D = 0. Eqs. (2.32a) and (2.32b) then reduce to,

∂Ax

∂z
+i

∆k0

2
Ax+k1x

∂Ax

∂t
− i

2
k2

∂2Ax

∂t2
−α

2
Ax = −iγ[(|Ax|2+

2

3
|Ay|2)Ax+

1

3
A∗

xA2
ye

−2i∆k0z],

(2.33a)

∂Ay

∂z
−i

∆k0

2
Ay +k1y

∂Ay

∂t
− i

2
k2

∂2Ay

∂t2
−α

2
Ay = −iγ[(|Ay |2+

2

3
|Ax|2)Ay +

1

3
A∗

yA
2
xe+2i∆k0z].

(2.33b)

In the absence of loss, Eqs. (2.33a) and (2.33b) are sometimes referred to as the

Coupled Nonlinear Schrödinger Equations (CNLSE). Because of ∆k0, the phase of
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Ax and Ay varies rapidly with distance, which is very inconvenient for numerical

simulations. Whenever one has a rapidly varying phase factor, one makes a change

of variable to eliminate this variation. In this case, the transformation to a rotating

frame Ax = Ax exp{−i∆k0z/2} and Ay = Ay exp{i∆k0z/2} eliminates phase factors

associated with the linear birefringence in Eqs. (2.33a) and (2.33b). A special class

of solutions to these equations, known as vector-soliton solutions, is presented next.

2.2.2 Vector-Soliton Solutions

As it happens in the scalar case, the CNLSE present a solution in the form of

shape-preserving solitary waves. In this case, however, these solutions, known as

vector-solitons [29], refer to a pulse that maintains not only its shape, but also

its polarization state, as it propagates through the fiber. This holds true even if

it propagates along one of the principal axes of the fiber (i.e the slow or the fast

axes). Using normalization parameters u = NAx/
√

Po, v = NAy/
√

Po, ξ = z/LD,

as defined in Section 2.1.2 for the one dimensional case, and a retarded time frame

τ = [t − (k1x + k1y)/2]/To, which, this time, uses the average of the inverse group

velocities of each axis, Eqs (2.32a) and (2.32b) can be simplified into the form,

∂u

∂ξ
+ ∆k1

∂u

∂τ
+

i

2

∂2u

∂τ 2
= −i(|u|2 + B|v|2)u, (2.34a)

∂v

∂ξ
− ∆k1

∂v

∂τ
+

i

2

∂2v

∂τ 2
= −i(|v|2 + B|u|2)v, (2.34b)

where a normalized inverse group-velocity mismatch term has been introduced as

∆k1 = To(k1x − k1y)/(2|k2|), and it has been assumed that the fiber is lossless and

operates in the anomalous dispersion regime (k2 < 0). It has also been assumed that

the fiber is highly birefringent (i.e its beat length LB = 2π/[ko(nx − ny)] is much

smaller than the propagating length). Consequently, because the exponential of the

last three terms in Eqs 2.32a and 2.32b oscillates very rapidly, their contribution on

average is negligible, and those terms can be dropped altogether.
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Equations (2.34a) and (2.34b) can be further simplified by introducing a new set of

variables defined as ũ = u exp{i(∆k
2

1ξ/2−∆k1τ)} and ṽ = v exp{i(∆k
2

1ξ/2+∆k1τ)}.
With this new set, the equations become independent of the group-velocity mismatch

term,

∂ũ

∂ξ
+

i

2

∂2ũ

∂τ 2
= −i(|ũ|2 + B|ṽ|2)ũ, (2.35a)

∂ṽ

∂ξ
+

i

2

∂2ṽ

∂τ 2
= −i(|ṽ|2 + B|ũ|2)ṽ. (2.35b)

A few important qualitative aspects arise from this new set of equations. For

instance, when B = 0, there is no XPM between the pulses, and the decoupling of

the equations lead to a set of two independent soliton solutions, each as described in

Section 2.1.2. The only case where these equations can be solved using the Inverse

Scattering method is when B = 1. When that happens, it leads to solutions of the

type [166],

ũ(ξ, τ) = cos(θp)sech(τ) exp{iξ/2}, (2.36a)

ṽ(ξ, τ) = sin(θp)sech(τ) exp{iξ/2}, (2.36b)

where they correspond to a vector soliton of order N = 1, much like as in the scalar

case, with “θp” being its angle of polarization. For the case when B 6= 1, solutions

to Eqs. 2.35a and 2.35b are not categorized as solitons in a mathematical way, since

they can not be directly solved with the Inverse Scattering method. However, such

solutions do exist, and preserve their shape. They are usually referred as ”Solitary

Waves” solutions, and have been extensively studied. For instance, in the case when

θp = 45o (solitons with the same amplitude), these solutions are given by [145],

ũ = ṽ = ηsech[(1 + B)
1
2 ητ ] exp{i(1 + B)η2ξ/2}, (2.37)

where η is the amplitude of the solitary wave. In comparison to the scalar solution,

this solution is narrower by a factor of (1 + B)
1
2 , or 1.29 for linearly birefringent

fibers (B = 2/3).
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Another type of solution, which is due to the cross-phase interaction between

two waves of the same polarization states and different wavelengths, is the so called

twin-pulse soliton. These types of soliton have been studied in the context of pas-

sive mode-locking of fiber lasers. Observation of passive harmonic mode-locking of

twin-pulse solitons in an erbium-doped fiber ring laser has been reported, in a 2004

experiment [167]. Other regimes of operation of solitons, such as normal, bound, and

noise-like have also been reported experimentally in passive mode-locked fiber ring

lasers [65]. It is not, however, of any interest here to study these solutions as they are

not directly related to the effects of NPR, which is the main focus of the simulation.

Next, the effects of gain saturation and gain dispersion on pulse propagation in an

optical fiber are described.

2.3 Ultrashort Pulse Amplification

So far, the discussion has been limited to pulse propagation in a nonlinear, dispersive,

birefringent medium, without any mention of gain. To create an equation so general

that can fully describe pulse propagation even in the presence of gain, the effects of

dopant ions, such as Er+3, in the host medium, must be accounted for as well. That

is the case, for instance, of a pulse propagating in an Erbium-Doped Fiber (EDF).

In this case, an extra polarization term Pd, due to the presence of dopants, must be

included in the wave equation (2.4), i.e,

(∇2 − 1

c2

∂2

∂2t
)E = µo

∂2

∂2t
(PL + PNL + Pd), (2.38)

which can be written in the frequency domain, similarly to Eq. (2.13), with the

permittivity ǫ(Ω) being replaced by ǫd(Ω), which accounts for the presence of the

dopants,

ǫd(Ω) = 1 + χ̃(1)(Ω) +
3

4
χ(3)

xxxx|E(r, t)|2 + χ̃d(Ω). (2.39)
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Here, “χ̃d(Ω)” is the contribution from the dopants to the susceptibility. Using

Eq. (2.15), the permittivity can be written in terms of the index of refraction. After

much simplification, the propagation constant can be found as,

kd(Ω) =
√

ǫd(Ω)
Ω

c
= [n(Ω) + n2|E|2 + i

α
′

2
(
c

Ω
) +

1

2
χ̃d(Ω)]

Ω

c
, (2.40)

where α
′

= α + α2|E|2, and, unlike what occurs in pure SiO2 fiber, the effects of

two-photon absorption may become relevant in highly nonlinear fibers2. Following a

procedure similar to the one described from Eqs. (2.13) to (2.20), the scalar propa-

gation equation describing pulse evolution in a nonlinear, dispersive, medium, in the

presence of dopants, takes the form,

∂Ã

∂z
= −i

[k2
d(Ω) − k2

o ]

2ko
Ã ≃ −i[kd(Ω) − ko]Ã = −i[k(Ω) + ∆kd − ko]Ã, (2.41)

where, once again, an approximation was made with k2
d(Ω) − k2

o ≃ 2ko(kd(Ω) − ko),

k(Ω) given by Eq. (2.21), and ∆kd = ∆k + (1/2)χ̃dΩ/c, with ∆k defined as in

Eq. (2.24), except that, in the present case, α is being replaced by α
′

. As it will

be shown in the next section, the contribution of dopants to the susceptibility χ̃d

not only depends on frequency Ω, but also on the spatial coordinates. It can be

derived from the Bloch equations, used extensively to study coherent interaction

between optical waves and their propagating medium, within a two-level system

approximation.

2.3.1 The Maxwell-Bloch Equations

In order to study pulse propagation in the presence of Er+3 ions in a Si02 host,

the Bloch equations can be used to describe the coherence response from the doped

propagating medium to an input pulse, within a two-level system approximation ( [41]

2Such are the cases for chalcogenide glass [11] and lead silicate [112] optical fibers
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and [131]). They are, in conjunction with the equation describing pulse evolution

along the fiber, given by the set of equations,

i
∂Pd

∂t
= −i

Pd

T2

− (ωa − ωl)Pd −
µ2

h̄
EW, (2.42a)

∂W

∂t
= − i

2h̄
{EP ∗

d − E∗Pd} −
W − Wo

T1
, (2.42b)

where “ωl” and “ωa” are the optical and atomic resonance frequencies, “µ” is the

dipole moment, and “T1” and “T2” the relaxation time of the population inversion

“W” and polarization (dipole) of the two-level system, respectively. The population

inversion is defined as W = No(ρ22 −ρ11), with “No” being the doping density of the

two-level system, “ρ22” and “ρ11” the diagonal elements of its density matrix, and

“Wo” the equilibrium inversion.

For the relatively long pulse being considered here, one solves Eqs. (2.42a) and

(2.42b) for Pd to get Eq. (2.43). A crude shortcut is made by assuming this solution

to be valid for each frequency component [26],

P̃d(r, Ωs) = ǫoχ̃d(r, Ω)Ẽ(r, Ωs) = ǫo
σsW (r)(noc/ωl)

(Ω − ωa)T2 − i
Ẽ(r, Ωs), (2.43)

where the optical input signal transition cross-section has been defined as σs =

µ2ωlT2/(ǫoh̄noc), and the susceptibility can then be given by,

χ̃d(r, Ω) =
σsW (r)(noc/ωl)

(Ω − ωa)T2 − i
=

gpnoc

ωl

(Ω − ωa)T2 + i

1 + (Ω − ωa)2T 2
2

. (2.44)

Here, the peak gain has been approximated as gp ≃ σsW (r). Because of χ̃d depen-

dence on Ω, the term ∆kd in Eq. (2.41) is also Ω dependent,

∆kd(Ω) = ∆k+
1

2
(

ωl

noc
)χ̃d(Ω) = γ|A|2+ i

2
(α+

α2|A|2
Aef

)+
gp

2

(Ω − ωa)T2 + i

1 + (Ω − ωa)2T 2
2

, (2.45)

where ∆k has been written in terms of Eq. (2.24). The second term of Eq. (2.45)

can be then expanded in a Taylor Series about the light frequency ωl,

∆kd(Ω) = γ|A|2 +
i

2
(α +

α2|A|2
Aef

) +
gp

2
[
δ + i

1 + δ2
+

1 − δ2 − 2iδ

(1 + δ2)2
(Ω − ωl)T2 +

δ(δ2 − 3) − i(1 − 3δ2)

(1 + δ2)3
(Ω − ωl)

2T 2
2 + ...], (2.46)
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where a detuning parameter has been defined as δ = (ωl − ωa)T2. Substituting ∆kd

from Eq. (2.46) into Eq. (2.41), with k(Ω) expanded as in Eq. (2.21), and re-arranging

terms to combine (Ω − ωl) factors together,

∂Ã

∂z
= −i{kef

1 (Ω − ωl) +
1

2
kef

2 (Ω − ωl)
2 + ... + γ|A|2 +

i

2
(α +

α2|A|2
Aef

) +

+
gp

2
(

δ + i

1 + δ2
)]}Ã. (2.47)

Here, an effective first and second order propagation parameters have been intro-

duced, where kef
1 = k1+(gp/2)[(1−δ2−2iδ)/(1+δ2)2]T2, and kef

2 = k2+(gp/2){[δ(δ2−
3)−i(1−3δ2)]/(1+δ2)3}T 2

2 . The gain related terms of these coefficients are associated

with an effect of dopants known as “gain dispersion”.

Inverse Fourier transforming Eq. (2.47), where, once again, all factors (Ω− ωl)
n,

n integer, become −i∂n/∂tn, and maintaining only the first and second order terms,

leads to a time domain evolution equation given by,

∂A

∂z
+ kef

1

∂A

∂t
− i

2
kef

2

∂2A

∂t2
= −iγ|A|2A− i

2
[gp(

δ + i

1 + δ2
) + i(α + α2|A|2)]A. (2.48)

Equation (2.48), together with Eqs. (2.42a) and (2.42b) form what is known as

the Maxwell-Bloch equations, and they must be solved simultaneously in order to

characterize pulse propagation in a two-level approximated doped medium. It is also

in the form of an equation known as the Ginzburg-Landau equation, which has been

extensivelly studied in the context of fluid mechanics, and is the topic of next section.

2.3.2 The Ginzburg-Landau Equation

A few normalization can be made to Eq. (2.48), using parameters U = A/
√

Po,

ξ = z/LD, a retarded time frame defined as τ = (t− kef
1 z)/To, and the soliton order
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N = (LD/LNL)
1
2 , resulting in the equation,

∂U

∂ξ
− i

2
(sgn + d)

∂2U

∂τ 2
= −iN2|U |2U − i

2
(η + iη2|U |2)U. (2.49)

Here, the term sgn denotes the sign of k2 (i.e +1 for normal dispersion regime

and -1 for anomalous), and the coefficients η = {gp[(δ + i)/(1 + δ2)] + iα}LD, and

d = gp{[δ(δ2 − 3) − i(1 − 3δ2)]/(1 + δ2)3}T 2
2 /(2|k2|) are related to the gain and

dispersion gain, respectively. The term η2 = α2PoLD is responsible for the effects of

two-photon absorption. Because d is related to T2, it is associated to the bandwidth

of the amplifier.

In Eq. (2.44), the peak gain is described as gp ≃ σsW . In reality, it should be

averaged over the entire spatial profile of the fundamental mode F (x, y) as,

gp(z, t) =
σs

∫∫ ∞

−∞
W (r, t)|F (x′, y′)|2dx′dy′

∫∫ ∞

−∞
|F (x′, y′)|2dx′dy′

. (2.50)

In practice, however, since doping is usually limited to a small area of the fiber

core, where the doping density and input signal intensity distribution can be assumed

nearly uniform, the population inversion can be assumed constant on this area, and

zero outside. In that case, the peak gain in Eq. (2.50) can be approximated by

gp ≃ σsΓW (r, t), where gamma is known as the confinement (or overlap) factor,

and represents the fraction of the pulse energy which is confined to the doped area.

Using the Gaussian approximation to the fundamental mode (Section 2.1.1), the

confinement factor can be written as Γ = 1 − exp{−b2/2w2
o}, where b is the erbium

dopant radius, and wo is the mode field diameter (see Eq. (2.17)). When solving the

Maxwell-Bloch equations, it is often desirable to express Eq. (2.42b) in terms of the

peak gain. To obtain a rate equation for gp, equation gp = σsΓW must be combined

with Eq. (2.42b) to give,

∂gp

∂t
=

go − gp

T1
− (

2σs

h̄ωl
)gpI, (2.51)
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where go = σsWo is the small signal gain coefficient, and I = 1
2
ǫocno|E|2 is the

intensity of the optical wave, with no = n(ωl) being the index of refraction at the

optical frequency. In deriving Eq. (2.51), the first term in the right hand side of

Eq. (2.42b) was solved using Eqs. (2.44) and P = ǫoχ̃d(Ω)E, such that, −i{EP ∗
d −

E∗Pd}/2h̄ = ℑ{EP ∗
d }/h̄ = ǫo|E|2ℑ{χ̃d(Ω)}/h̄ = −ǫonoc|E|2gp/h̄ωl, at resonance. It

has also been assumed a homogeneously broadened gain profile.

Equation (2.51) can be solved considering that, for practical purposes, the width

of the input pulse is much smaller than the population relaxation time, i.e To << T1,

which for an Erbium doped fiber is on the order of 1-10msec. Consequently, first

term on the right hand side of Eq. (2.51) can be neglected, and the equation can be

easily integrated as,

gp = go exp{− 1

Es

∫ t

−∞

|A(z, t′)|2dt′}, (2.52)

where “Es” represents the saturation energy, and is defined as Es = h̄ωlAs/2σs,

with “As” being the mode area. In the saturated gain regime, the peak gain be-

comes time dependent. In terms of normalized parameters, and for the case where

α = α2 = 0, and there is no detuning (δ = 0), η = ηo exp{−s
∫ τ

−∞
|U(ξ, τ ′)|2dτ ′},

where the saturation parameter is defined as s = PoTo/Es, and the small signal

gain parameter ηo = igoLD. Similarly, the gain dispersion parameter becomes

d = do exp{−s
∫ τ

−∞
|U(ξ, τ ′)|2dτ ′}, with do = −igoT

2
2 /(2|k2|). Equation (2.49) then

becomes, for the case of anomalous dispersion (k2 < 0),

∂U

∂ξ
+

i

2
(1 − d)

∂2U

∂τ 2
+ iN2|U |2U = − i

2
ηU. (2.53)

In the absence of gain saturation, s << 1, η → ηo, d → do. Because the saturation

energy is usually large in doped fibers (Es ≃ 1µJ), it is likely that gain saturation

be negligible in an amplifier. However, because the main interest here is with mode-

locked fiber lasers, successive passes of a pulse through the gain medium is likely to

saturated the gain.
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2.3.3 Auto-Soliton Solutions

Because the Ginzburg-Landau equation is non integrable by the inverse scattering

method, solitons are not considered a solution in a strictly mathematical sense. The

equation does have, however, shape-preserving solitary-wave solutions. These solu-

tions are usually known as “amplifier”, or “auto-” solitons [5, 66], where the name

comes from the fact that any input pulse, irrespective of their width and peak power,

will evolve toward a unique soliton, which is supported by the amplifier.

Writing Eq. (2.49), with a new normalization parameter u = NU ,

∂u

∂ξ
+

i

2
(1 − do)

∂2u

∂τ 2
+ i(1 +

i

2
η2)|u|2u = − i

2
ηou. (2.54)

A solution of Eq. (2.54) has the form [122],

u(ξ, τ) = Ns[sech(pτ)]1+iq exp{− i

2
p2[sgn(1 − q2) − 2qdo]ξ}, (2.55)

where the new parameters,

N2
s =

1

2
p2[sgn(q2 − 2) + 3qdo], p2 = −ηo[do(1 − q2) + 2(sgn)q]−1,

and “q”, a solution to the quadratic equation,

(do − η2sgn/2)q2 − 3(sgn + η2do/2)q + (η2 − 2do) = 0,

are determined by substituting Eq. (2.55) into Eq. (2.54).

Equation (2.55) reduces to a normal soliton solution when sgn = −1, and do =

ηo = η2 = 0. Standard soliton solution supports a family of fundamental solitons

such that Ns = p. In the case of the Ginzburg-Landau equation, “p” and “Ns” are

fixed in terms of “ηo” and “do”.

It has been shown that solitons can maintain a high degree of polarization over an

ultra-long distance transmission system consisting of birefringent, dispersion-shifted
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fiber segments and erbium amplifiers [47]. Numerical studies of the initial value

problem for soliton pulse propagation have reviewed that chirped solitons are only

stable in the normal-dispersion regime, which is the case for erbium-doped fibers [6].

2.4 The Master Propagation Equations

So far, effects of birefringence on pulse propagation have been studied through the

CNLSE (Eqs. (2.32a) and (2.32b)), and the vector soliton solutions (Eqs. (2.36a)

and (2.36b)). It has been also investigated the effects of dopants introduced in SiO2

hosts, on the context of pulse amplification, particularly in the case of gain saturation

(Eq. (2.49)), and solutions to the Ginzburg-Landau equation, in the form of auto-

solitons. It is now time to turn the attention on the combination of these two effects,

and how they play a rule on the propagation of a pulse, which can be described by a

general set of equations defined here as the “Master Propagation Equations”. These

equations, are generalized in such a form that it may be used with all fiber types

in the numerical simulation. Here, starting with Eqs. (2.32a) and (2.32b), assuming

a linear birefringent medium (θ = 0), and using a variable transformation, where

Ax = Ax exp{−i∆koz/2} and Ay = Ay exp{+i∆koz/2} are expressed in a rotating

frame,

∂Ax

∂z
+k1x

∂Ax

∂t
− i

2
k2

∂2Ax

∂t2
− α

2
Ax = −iγ[(|Ax|2 +

2

3
|Ay|2)Ax +

1

3
Ax

∗Ay
2], (2.56a)

∂Ay

∂z
+k1y

∂Ay

∂t
− i

2
k2

∂2Ay

∂t2
− α

2
Ay = −iγ[(|Ay|2 +

2

3
|Ax|2)Ay +

1

3
Ay

∗Ax
2]. (2.56b)

Next, the effects of gain saturation, gain dispersion, and detuning are included:

∂Ax

∂z
+ kef

1x

∂Ax

∂t
− i

2
kef

2

∂2Ax

∂t2
= −iγ[(|Ax|2 +

2

3
|Ay|2)Ax +

1

3
Ax

∗Ay
2] +

− i

2
[gp(

δ + i

1 + δ2
) + iα]Ax, (2.57)
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∂Ay

∂z
+ kef

1y

∂Ay

∂t
− i

2
kef

2

∂2Ay

∂t2
= −iγ[(|Ay|2 +

2

3
|Ax|2)Ay +

1

3
Ay

∗Ax
2] +

− i

2
[gp(

δ + i

1 + δ2
) + iα]Ay, (2.58)

where, again, the effective first and second orders propagation parameters are given

by kef
1x,y = k1x,y + (gp/2){[1 − δ2 − 2iδ]/(1 + δ2)2}T2, and kef

2 = k2 + (gp/2){[δ(δ2 −
3)− i(1−3δ2)]/(1+δ2)3}T 2

2 , respectively. By making a change in variable ξ = z/LD,

introducing a time moving frame τ = {t− [(kef
1x + kef

1y)/2]z}/To, and normalizing the

fields as u = NAx/
√

Po and v = NAy/
√

Po, the master equations become, after

simplification,

∂u

∂ξ
+κ1

∂u

∂τ
− i

2

kef
2

|k2|
∂2u

∂τ 2
= −i[(|u|2+2

3
|v|2)u+

1

3
u∗v2]− i

2
[gp(

δ + i

1 + δ2
)+iα]

T 2
o

|k2|
u, (2.59a)

∂v

∂ξ
−κ1

∂v

∂τ
− i

2

kef
2

|k2|
∂2v

∂τ 2
= −i[(|v|2+2

3
|u|2)v+

1

3
v∗u2]− i

2
[gp(

δ + i

1 + δ2
)+iα]

T 2
o

2|k2|
v, (2.59b)

where, a normalized inverse group-velocity mismatch term, defined as κ1 = To(k1x −
k1y)/(2|k2|), has been added. Using the notation formalism kef

2 /|k2| = sgn+d, where

sgn, as previously defined, represents the sign of k2, the gain-dispersion parameter

d = (gp/2){[δ(δ2 − 3) − i(1 − 3δ2)]/(1 + δ2)3}(T 2
2 /|k2|), and writing η = −i{gp[(δ +

i)/(1 + δ2)] + iα}[T 2
o /(2|k2|)], the master equations are reduced to the simple form,

∂u

∂ξ
+ κ1

∂u

∂τ
− i

2
(sgn + d)

∂2u

∂τ 2
= −i[(|u|2 +

2

3
|v|2)u +

1

3
u∗v2] + ηu, (2.60a)

∂v

∂ξ
− κ1

∂v

∂τ
− i

2
(sgn + d)

∂2v

∂τ 2
= −i[(|v|2 +

2

3
|u|2)v +

1

3
v∗u2] + ηv. (2.60b)

Numerical studies of the combined effects of cross-phase modulation and doping,

along with other higher nonlinear order effects, have been reported in the past [157].
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Mode-locking Mechanism

Mode-locked fiber lasers have been the subject of much theoretical studies in both

a passive [133] and active [119] sense. In this chapter, a general description of the

bidirectional mode-locking structure of the fiber ring laser is presented. It is a hy-

bridization of a passive mechanism with an active element that generates independent

- frequency unlocked- pulses, stabilizes them, and controls their crossing-points. The

first half of the chapter describes the passive system, and the last half, the active

control scheme.

3.1 The Passive Mechanism

The passive mechanism corresponds to those aspects of lasing which allow the dy-

namics of the system to naturally produce pulses that are able to self-sustain without

an active controlling element to force oscillation. They are essentially composed of a

gain medium, which creates threshold conditions for CW lasing, and a Fast Saturable

Absorber (FSA), which generates and compresses the pulses. The gain medium, in

the present case, is provided by a section of Erbium-Doped Fiber (EDF), which is a
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distributed gain medium with high saturation energy Es (typically on the order of

µJs). Appendix A.2 provides a more detailed description of optical amplifiers based

on rare earth doped fibers.

(a) 10µs/div scale (b) 50ns/div scale

Figure 3.1: Unidirectional passive mode-locking using carbon-nanotube as saturable
absorber in (a)10µsec/div and (b)50ns/div time scales.

To create pulses from CW lasing, a FSA must be inserted on the laser. There

has been many reports of fiber laser mode-locking using several types of FSAs. From

pulse formation using nonlinear optical loop mirrrors [42, 53, 70, 154, 151, 128, 45]

and Sagnac interferometers [85, 30], to mode-locking using semiconductor saturable

absorbers [94, 78, 105, 64, 132], pulses as narrow as 42fs have been achieved in

passively mode-locked fiber laser systems [117]. During the project, an FSA based

on a carbon nanotube structure was initially considered. Although this type of

FSA has been successfully used for mode-locking in recent experiments involving

fiber lasers [129, 155], it presented a fundamental problem in the case of bidirec-

tional mode-locking. Because crossing of the pulses happens at the absorber, the

dead-band is considerably enlarged. Therefore, even though bidirectionality may be

attained [80], its limitation on beat note detection will make the system not a good
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choice for sensor applications. Nonetheless, an experiment using a simple ring laser

showed stable generation of high harmonic mode-locked lasing (Fig. 3.1), rendering

promising future applications of carbon nanotubes in unidirectional mode-locking.

The choice of FSA for the laser in this project involves the use of Nonlinear

Polarization Rotation (NPR). Several theoretical models of erbium-doped fiber lasers

passively mode-locked by NPR have been studied in the past [127], and experimental

use of NPR to produce mode-locked pulses demonstrated several times [96, 138, 116].

Appendix A.4 further details the NPR mechanism, and Figure 3.2 illustrates the

principle of its use as a FSA.

Figure 3.2: Polarization evolution of the low (blue) and high (red) intensity compo-
nents of a pulse propagating along a section of SMF in an NPR based FSA.

An optical pulse propagating along a section of SMF, with an elliptical input

polarization state, at an angle “Φpo” relative to the slow axis (X) of the fiber (left),

experiences an intensity dependent rotation of its polarization, so that, at the end of

the fiber, the axis of its high intensity component (red) is rotated an angle “∆ΦNL”

relative to its low intensity (blue) component (middle). As the polarization of the

high intensity component is closely aligned to the axis of a linear polarizer placed at

the end of the fiber section, it will experience less attenuation than the lower intensity
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component (right). The higher attenuation on the tails of the pulse narrows its width,

emulating an FSA effect. In practice, the polarization state of the high intensity

portion of the pulse is adjusted to the axis of the polarizer using a Polarization

Controller (PC) which acts as a polarization transformation element. Figure 3.3

shows how the NPR based FSA is used on the present cavity to produce passive

bidirectional mode-locking.

Figure 3.3: Schematics of the basic passive bidirectional mode-locking mechanism.

Initially, a pulse traveling clockwise (blue pulse on the upper right) experiences

nonlinear polarization rotation along the section of EDF. As it reaches PCcw, the

polarization of the high intensity component is rotated to match the slow axis of

a Polarization Beam Splitter (PBScw), which acts as a linear polarizer placed right

behind it. The non-rejecting axis of PBScw is aligned to the slow axis of a section of

Polarization Maintaining Fiber (PMF). During propagation in the PMF section, the

pulse travels linearly polarized and may be monitored using an Optical Coupler (OC).

After passing PBSccw, the signal undergoes virtually no attenuation, since it is also

aligned to the slow axis of the fiber. At the output of PBSccw, a second polarization

controller PCccw performs an inverse polarization transformation on the pulse, and

the process repeats itself. Because the pulse comes out linearly polarized after PBSccw
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the ellipticity necessary for NPR to occur is given by a phase delay between the

orthogonally polarized components of the pulse, introduced either by PBSccw or the

linear birefringence of the EDF itself. At each round trip, the narrowing of the pulse

due to the FSA is compensated by a broadening due to an overall net chromatic

dispersion (GVD) of the ring laser. After several round trips the two processes

are balanced, the pulse energy stabilized, and, at that point, the laser is said to

have reached passive mode-locking. In addition to producing NPR on the pulse’s

polarization state, the EDF also provides the gain of the system which is balanced

by its net loss per round trip. In the case of the ccw pulse, the process occurs in a

similar manner, only in this case, at the opposite direction, with inverse rotation of

polarization angles.

Figure 3.4 shows the four stages of the FSA acting on a pulse, and its correspond-

ing effects on the polarization states at its lower (tails), fwhm (middle section), and

high intensity (upper level) components. Note the nonlinear change in polarization

between high and low intensity components after propagating along the EDF (upper

right figure), and the shortening of the pulse as it passes the absorber (lower right),

with its linear polarization states across the entire pulse.

3.2 The Active Mechanism

In a completely active mode-locked laser, the cavity repetition rate is solely deter-

mined by the clock and response time of the active component, and it has been

used in the past to generate pulses in erbium doped fiber lasers [123, 20]. In the

active-passive hybrid case, mode-locking is attained with an active element helping

the passive system start off, as it normally would not in a completely passive way.

That is mostly the case for bidirectional mode-locked fiber lasers, although passive

generation has been reported under special circumstances [84, 80]. The problem
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(a) Initial pulse. (b) Nonlinear rotation.

(c) Linear rotation. (d) Absorption.

Figure 3.4: Pulse polarization evolution on several stages of the FSA.

usually relates to the fact that acquiring high levels of energy to self-sustain mode-

locking is not easily achievable from mere passive phenomena such as generation

from single photon events, which are usually associated with self-starting passive sys-

tems [96, 97, 138, 24]. In most cases, even for unidirectional mode-locking, the pres-

ence of an isolator is required to block unwanted energy loss in counter-propagating

direction.

In the bidirectional case, the problem may be overcome with the use of a ”thresh-
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old gating” control mechanism which lowers the loss of the laser (“opens the gate”)

at a given time, allowing a pulse to start, while keeping it high (“closed gate”) at

any other time. That way, an “open/close” sequence can be created to allow a pulse

to propagate in a given direction, at a given time, blocking any unwanted counter-

propagating pulses, and, at another chosen time, in a similar way, start a counter-

propagating pulse, blocking unwanted light in the opposite direction. This section de-

scribes the synchronization/sequencing mechanism to produce such sequences, while

actual implementation of such mechanism are described in later chapters.

Figure 3.5: Synchronization schemes to open and closing of gates G1 and G2, relative
to the round-trip travel time of the bidirectional counter-propagating pulses.

3.2.1 Synchronization of Counter-Propagating Modes

To create two independent pulses – i.e pulses that have no phase coupling – a pair of

gates must be used so that whenever one “fires” (opens) at a given time, the second

will fire a travel time later to allow the pulse to pass through. Figure. 3.5 shows

how synchronization of two gates can be achieved in order to produce bidirectional

oscillation. It shows a ring laser represented by a circle with two gates positioned

such that the time it takes for a pulse to travel from one to the other is “∆τG1−G2”.

39



Chapter 3. Mode-locking Mechanism

The waveforms at the right represent the open/close gate sequences for “G1” (green)

and “G2” (orange) as a function of arbitrary time intervals. At T=1, G1 opens for

a pulse to propagate in the cw direction. A time “∆τG1−G2” later, G2 must open to

allow the cw pulse to propagate through. At the same time, the opening of G2 may

allow light to propagate back in the direction of G1, which will remain closed a time

∆τG1−G2. The surviving pulse will continue traveling in the cw direction when, at

time T=5, G2 opens to start a pulse in the ccw direction. Again, ∆τG1−G2 later, G1

opens to allow the ccw pulse to go through, and another ∆τG1−G2 later, G2 closes

to extinguish any unwanted coming in the opposite direction. The pulses cross at

T=8, a time which is fixed upon the firing of G2 for the ccw pulse. Finally, at T=10,

which corresponds to an entire round trip travel time τrt relative to T=1, G1 opens

again to allow the cw pulse to continue propagating, and the entire process repeats

again.

Figure 3.6: Sequence waveforms of gates G1 and G2 for bidirectional mode-locking
operation.
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3.2.2 Sequence Waveforms for G1 and G2

The open/close sequence of gates G1 and G2, required to produce bidirectional mode-

locking, can be summarized by the waveforms shown in Fig. 3.6. An opening/closing

of G1 followed by an opening/closing of G2 defines a cw sequence, whereas an open-

ing/closing of G2 followed by an opening/closing of G1 defines a ccw sequence. This

process must be repeated every round trip time for the laser to sustain bidirectional

mode-locking. When properly implemented, these waveforms offer two advantages

over passive bidirectional mode-locking: (1) not only the two pulses can be formed

independently, but also, by controlling the timing that the second gate opens, one

is essentially controlling the crossing-points of the counter-propagating pulses. This

enables the choice of a crossing point away from a scattering interface, such as a

splice intersection. In Chapter 5, a description of how to create these waveforms

using a signal from the laser itself is presented.
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Numerical Model and Computer

Simulation

In this chapter, the numerical model and computer simulation of the passive system

introduced in Section 3.1 is presented. First, the logic of the program and numer-

ical representation of the laser’s elements, i.e the propagators and transformation

matrices, are described. Then, the results of the computation are shown, and the

significance of the findings discussed.

4.1 Numerical model of mode-locking mechanism

When envisioning a practical experimental setup for the laser shown in Fig. 3.3, it is

most beneficial to gain an understanding of the circumstances in which it can sustain

counter-propagating mode-lock pulsing. In other words, one needs to understand

the interplay between gain saturation, NPR, absorption and other effects of fiber

propagation, as well as the conditions at which the oscillation stabilizes after evolving

several round trips. The next sections describes the logic of the computer program
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made to address this issue.

Figure 4.1: Flow chart diagram of the computer simulation.

4.1.1 Logic of program

The logic of the program is very simple, and is best understood from the flowchart

diagram of Fig. 4.1. The program simulates bidirectional mode-locking using an

algorithm composed uniquely of propagators, corresponding to sections of fibers, and

matrices representing passive elements of the laser (i.e polarization transformations

and polarizers). Blue lines indicate clockwise direction, and red counter-clockwise.

The whole process is carried out in Johnson matrix formalism. The linearly polarized

input field vector is assumed a hyperbolic secant function of the form:

Xo(ξ, τ) =





u0(ξ, τ)

v0(ξ, τ)



 = Asech(
τ

To
)





cos(θo)

sin(θo) exp{−iφo}



 , (4.1)

where the “To” is the initial pulse width, “A” is the normalized amplitude, “θo” the

angle of polarization relative to the slow axis “u”, and “φo” a small initial phase

delay between the orthogonally polarized fields.
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A round trip counter “RT” starts the program. If the total number of round

trips has not been reached, the solution enters the program and the pulses, cw and

ccw, propagate along a section of EDF. Each time a pulse passes the erbium fiber,

the small signal gain “go” is saturated. Within the two-level system approximation

made here, this corresponds to a depletion on the population of the second level

as the pulse travels along a section of the fiber. It also means that, as the pulse

propagates inside the erbium, the gain is a function of time. The net saturated gain

coefficient, assuming no detuning (δ=0), is given by:

η(τ) =
LDedf

2
(go exp{−PoTo

Es

∫ +τ

−∞

I(ξ, τ ′)dτ ′} + α), (4.2)

where, “Po” and “To” are the pulse’s peak power and width, respectively, “I(ξ, τ)”

its normalized intensity,“LDedf ” the dispersion length of the EDF, “Es” its saturation

energy, and “α” its loss, which is negative, as defined in Chapter 2.

The gain is also a function of space, as it starts to locally recover immediately

after a pulse crosses a section of fiber. The recovery is given by the equation:

goin = go + (goin − go) exp{−τRT /Tp}, (4.3)

where “goin” is the small signal gain after a period of recovery determined by the

round-trip time “τRT ”, and a recovery time parameter “Tp” [41].

At the end of the EDF section, the counter-circulating pulses encounter a polar-

ization controller, represented by a polarization transformation matrix [162, 21, 22]:

Tpc =





cos Θ − sin Θ

sin Θ cos Θ









e−iΦ/2 0

0 eiΦ/2









cos Θ sin Θ

− sin Θ cos Θ



 . (4.4)

The polarization transformation matrix has the dual role of converting the pulse’s

peak polarization state to linearly polarized, and aligning its angle to match the

angle of the polarizer’s axis (which is along the slow axis of the PMF). The peak
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polarization angle, or “tilt” angle “τp”, is determined by the magnitude and phase

of the field components at the peak point, “up”, “vp”, using the relations [12]:

sin(2ǫp) = sin(2γp) sin(2δp), (4.5)

tan(2τp) = tan(2γp) cos(δp), (4.6)

where γp = tan−1(vp/up), and δp = φv − φu is the phase difference between the up

and vp components, and “ǫp” a parameter related to the eccentricity of the ellipsis.

The value of “Φ” in Eq. (4.4) is fixed at the beginning of the program, and,

together with the value of “Θ”, as mentioned, set to linearize the polarization of the

peak component, and rotate it to match the axis of the polarizer. Analytically, this

operation corresponds to solving the equation:

Tpc





|up|
|vp| exp{−iφp}



 = (|up|2 + |vp|2)
1

2





cos θ

sin θ,



 exp{−iφ}, (4.7)

for Θ and Φ by setting the output matrix to represent the peak fields up and vp as

linearly polarized light with azimuth angle “θ” and common phase “φ”. Solution to

Eq. (4.7) leads to the relations:

tan(2Θ) =
|up|2 tan2 θ − |vp|2

tan θ(|up|2 + |vp|2) − |up||vp| cos φp(1 + tan2 θ)
, (4.8)

tan(
Φ

2
) =

|vp| cosφp − |up| tan θ

|vp| sin φp[tan θ sin(2Θ) + cos(2Θ)]
, (4.9)

where, in this particular case, θ and φ are set to zero to produce linearly polarized

light matched to the axis of the polarizer.

After the polarization transformation, the pulse must pass the absorbing element,

i.e a linear polarizer, which is represented by the matrix:

TPOL =





cos2(θpol) cos(θpol) sin(θpol)

cos(θpol) sin(θpol) sin2(θpol),



 , (4.10)
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where, as mentioned earlier, the angle of the polarizer relative to the slow axis is

assumed 0. Next, the pulse propagates through a section of PMF, which is simulated

by a highly birefringent SMF, intended to emulate a polarization maintaining effect.

At the end of the section, it passes through another polarizer, again with its axis

aligned to the slow axis of the fiber, and, finally, a second PC performs an inverse

polarization transformation with respect to the first PC. In this operation, Θ is

replaced by its inverse, and the Φ exponential terms of Eq. (4.4) by their conjugate.

The idea is that the inverse transformation works as a forward transformation for

the counter-propagating pulse, since its slow axis is reversed relative to the direction

in the forward-propagating case (Fig. 4.2). At this point, the program checks the

number of round trips, and if the maximum is reached, it halts and outputs the

evolved pulse, otherwise, it repeats the process again.

Figure 4.2: Cw and ccw axes location relative to the polarizer’s axis and SMF slow
axis.

As mentioned earlier, the program essentially consists of two basic elements:

fiber propagators, and matrices. Before describing the propagators, it is useful to

introduce a brief explanation of the method used for propagation known as the Split-

Step Fourier Method (SSFM), which is the topic of next section.

46



Chapter 4. Numerical Model and Computer Simulation

4.1.2 The Split-Step Fourier Method

The Split-Step Fourier Method [56, 57] solves the NLSE equation by breaking it down

into two separate operators: a nonlinear “N̂”, which is solved in the time domain,

and a dispersion “linear” operator “D̂”, which is solved in the frequency domain.

The NLSE equation is written in the form:

∂A

∂z
(ξ + h, τ) = (N̂ + D̂)A(ξ, τ), (4.11)

where “A” here represents an arbitrary field such as “u” or “v”.

The method makes an approximation which considers the linear and nonlinear

operators to commute in a localized small length “h” of fiber. Solutions to Eq. (4.11)

are, therefore, written as:

A(ξ + h, τ) = exp{h(N̂ + D̂)}A(ξ, τ) ≈ exp{hN̂} exp{hD̂}A(ξ, τ). (4.12)

In doing the above approximation, one considers negligible the error originated

from the fact that the operators N̂ and D̂ do not commute1. In the actual algorithm,

the SSFM is written in its symmetrical form [58]:

A(ξ + h, τ) = FT −1{eh
2
D(Ω)FT {e

R ξ+h

ξ
N̂(ξ′)dξ′FT −1{eh

2
D̂(Ω)Ã(ξ, Ω)}}}, (4.13)

where, Ã denotes representation of A in the frequency domain.

Although many algorithms for pulse propagation are written using “finite differ-

ences method”, SSFM remains a good choice to solving the NLSE when modeling

high-speed pulse propagation in optical fibers [136, 104].

1In reality, the exponential term on the right side of the equation is of the form
exp (hD̂) exp (hN̂ ) = exp (hD̂ + hN̂ + 1

2 (h)2[D̂, N̂ ] + ...), from where, one estimates the
error to be on the order of (h)2.
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4.1.3 Fiber Propagator

Numerical modeling of a pulse propagation along a fiber requires finding the solution

to a initial value problem, using a propagator. In the present case, an initial solution

to the Nonlinear Schrödinger equation was assumed in the form of a vector soliton,

given by Eq. (4.1), and propagated along a fiber using the SSFM. In order to use

SSFM, Eqs. (2.60a) and (2.60b) are written in a form, similar to Eq. (4.12). In doing

so, the dispersion operators for u and v can be defined in the frequency domain as,

D̂u(Ω) = η − iκ1Ω − i

2
(sgn + d)Ω2 = η − iκ1Ω − i

2
κ2Ω

2, (4.14)

and

D̂v(Ω) = η + iκ1Ω − i

2
(sgn + d)Ω2 = η + iκ1Ω − i

2
κ2Ω

2, (4.15)

and, the nonlinear operators defined as,

N̂u = −i[(|u|2 +
2

3
|v|2)u +

1

3
v2e−i2φu ], (4.16)

and

N̂v = −i[(|v|2 +
2

3
|u|2)v +

1

3
u2e−i2φv ]. (4.17)

The dispersion operator describes the effects of group-velocity mismatch (κ1),

group-velocity dispersion (sgn), dispersion gain (d), and saturated net gain (η). The

nonlinear operator describes the effects of self-phase modulation, cross-phase mod-

ulation, and four wave mixing (coherence coupling). In matrix form, the operators

are written as:

D̃(Ω) =





exp{h
2
D̂u(Ω)} 0

0 exp{h
2
D̂v(Ω)}



 , (4.18)

and

N =





exp{h
2
(N̂u0) + N̂uh)} 0

0 exp{h
2
(N̂v0 + N̂vh)}



 , (4.19)
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where the sum on the exponent terms of the matrix N corresponds to the numerical

integration in Eq. (4.13) over the interval ξ to ξ+h, carried out using the trapezoidal

rule. Propagating through a section of fiber then becomes a product of matrices

interleaved by forward/backward Fourier transformations:

x(ξ + h, τ) = FT −1{D̃(Ωj).FT }NFT −1{D̃(Ωj).FT }x(ξ, τ). (4.20)

Figure 4.3: Schematics of the Split-Step Fourier Method.

Figure 4.3 illustrates how the SSFM works on an input pulse u0(ξ, τ). Initially,

the pulse is Fourier transformed and propagated along half the distance “h” in the

spectral domain using the dispersion operator. The nonlinear operator term is, then,

integrated in space from ξ to ξ + h, initially using the values of u and v at midpoint

in place of their values at the end of the interval2. The pulse is inverse Fourier

transformed prior to applying the nonlinear term which acts as if propagating it

though the entire space interval in the time domain. The pulse is, then, once more

Fourier transformed, and once more propagated another “h/2” distance in frequency

domain using the dispersion operator. Finally, it is inverse Fourier transformed once

again into the output pulse u(ξ + h, τ).

2This integration is later corrected iteratively after the values of u, and v are determined
at ξ + h.
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4.2 Computer Simulation and Numerical Results

The system was simulated in Matlab 7 with a propagator, written in C language,

compiled as a MEX file which is easily accessible from the main program as a Matlab

function. The propagator can be adapted to simulate pulse propagation in both EDF

and PMF, depending on how the parameters are entered in the sub-routine. In the

case of propagation in EDF, a net saturated gain is updated at each spatial step

of fiber corresponding to a fraction of its total length, with the integration, which

regulates the saturation, performed at each time step. Also, at each spatial step, a

bandwidth limiting filter, resulting from “gain-dispersion effects”, is applied to the

pulse in frequency domain. Figure 4.4 illustrates this process.

Figure 4.4: Schematics of numerical model for pulse propagation along EDFs.

The dispersion distance LDedf = T 2
o /|GVDedf |, as previously defined, is kept con-

stant throughout the program, with GVDedf = 20ps2/Km being the group-velocity

dispersion of the EDF, and To the initial pulse width. The initial small signal gain

go = 0.076m−1, and the loss α = -4.6x10−5m−1. The saturation energy Es = 4µJ,

and I(ξ, τ), which is the normalized pulse intensity at a propagating distance ξ, was

integrated, at each time interval of the pulse, according to Eq. (4.2), to access the

saturation correction to the small signal gain. The input peak power Po, given in

Watts, was kept constant throughout the simulation. The normalized birefringence
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term, given by

κo = koBedf
LDedf

2
= ko(nx − ny)

LDedf

2
, (4.21)

was calculated using a degree of modal birefringence Bedf= 6x10−7. The normalized

inverse-group-velocity term was approximated as

κ1 ≃ PMD
To

|GVD| , (4.22)

with a polarization mode dispersion PMD = 0.002ps/m. Finally, the GVD-gain

dispersion term, again assuming no detuning effects,

κ2 = (sgn + d) = 1 − i
T 2

2

2|GVD|go exp{−PoTo

Es

∫ +τ

−∞

I(ξ, τ ′)dτ ′}, (4.23)

was calculated using a dipole-moment relaxation T2=0.1ps, and a positive GVD sign,

i.e sgn=+1. Figure 4.5 shows the evolution of a pulse with 100ps width and 60W

peak power along a 50m long section of EDF with a high saturation energy level.

Figure 4.5: Evolution of a 100ps wide, 60W peak power pulse launched in a 15m
long section of high saturation energy EDF.

For the case of the PMF propagator, the parameters are defined very much like

the EDF’s, except that, in this case, the gain term is neglected in Eqs. (4.2), i.e
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η = αLDpmf/2, with the intrinsic loss coefficient α=-4.6x10−5m−1, and the dispersion

length LDpmf , calculated using a GVDpmf=-20ps2/Km. Again, as in the case of the

EDF, LDpmf is kept constant throughout the computation. The coefficients κ0, κ1,

and κ2 are calculated in a similar way, as for the case of the EDF. In this case,

however, sgn=-1, with d=0.
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Figure 4.6: Pulse energy as a function of round-trip time for the cw (blue) and ccw
(red) pulses.

The pulse has a wavelength λo=1.5µm, and is normalized to the soliton order

N. At each point where the pulse leaves a propagator, it gets converted to field

quantities, in W
1
2 units, and re-normalized to the specific fiber length units (LD,

LN) every time it enters a propagator. The nonlinear length LN is kept constant

for each fiber type, calculated using nonlinear coefficient values γedf=0.004m−1W−1,

and γpmf=0.0015m−1W−1 for the EDF and PMF, respectively.

4.2.1 Threshold Mode-locking

The simulation was run with a lumped linear loss of ≃ 20% and peak power threshold

values Po=60W for both cw and ccw pulses. Figure 4.6 shows the pulse energy shape
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results for a simulation of over 1000 round trips. The blue line on the left side graph

represents the energy per pulse for the cw light, and the red line, on the right side

graph, for the ccw. It is observed that, for both pulses, mode-locking was able

stabilize and sustain after ≃ 300 round trips with a steady-state energy level of

6nJ/pulse, and an average power of 600mW for each pulse. The recovered small

signal gain is also monitored in the simulation, at the input to the EDF (Fig.4.7).

As the round trips pass, and mode-locking stabilizes, so does goin, in steady-state,

to nearly 0.05m−1 for both cw an ccw pulses.
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Figure 4.7: Small signal gain at the input of the EDF as a function of round-trips.

Another parameter of interest is the pulse width, which undergoes a significant

reduction from an initial 100ps to nearly 8ps for each pulse (Fig. 4.8). In this

simulation, the pulse width is determined by the “root-mean-square” (rms) value,

rather than the fwhm value. The rms value Trms is calculated from the equation:

Trms = (< t2 > − < t >2)
1
2 , (4.24)

where the brackets denote expected values. For a field distribution A(t), < tn > is

defined as:

< tn >=

∫ +∞

−∞
t′n|A(t′)|2dt′

∫ +∞

−∞
|A(t′)|2dt′

, (4.25)
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where the denominator is known as the “center of gravity” (c.o.g) of the distribution

and it measures how much the pulse moves about the time center τ=0.
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Figure 4.8: Pulse width as a function of round-trip time for a simulation at threshold
value for the cw/ccw pulses.
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Figure 4.9: Evolution of center of gravity for each pulse as a function of round-trip.

The accumulated c.o.gs, as seen in Fig. 4.9, change linearly with round-trip time.

Each slope represents the average group-velocity of each pulse, which is constant and
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equal, meaning that, at each round-trip, they travel with the same constant velocity,

and, thus, cross at precisely the same location.
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Figure 4.10: Pulse shape evolution after several round-trips for the cw (blue) and
ccw (red) pulses at every 100 round-trips.

Finally, the change in pulse shape is shown in the mode-locked pulse pattern of

Fig. 4.10. It is seen that after 300 round-trips the shape of the pulse stabilizes.
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4.2.2 Input Power Sensitivity and Polarization Noise

In order to get a better assessment of mode-locking performance on a real situation,

a change in the initial input power condition, and polarization instabilities were

introduced to the system. The first one is aimed at understanding the effects of

unequal cw/ccw input power on the mode-locking stability, and the later at studying

the effects on mode-locking created by random drifts on the polarization state of

one of the pulses. To create the first effect, a simulation was run using one pulse at

threshold input peak power, and the other at a higher power.
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Figure 4.11: Pulse energy values for the simulation results using a cw pulse (blue)
with an initial peak power 25% higher that the ccw (red) at threshold level.

Figure 4.11 shows the simulation using a ccw pulse with initial threshold condition

(Pocw=60W), and the cw at an initial peak power 25% higher. The results show that,

because of gain competition, although at threshold initial condition, the ccw pulse is

not able to sustain mode-locking, and eventually dies out. The cw, on the other hand,

not only sustains mode-locking, but also reaches an energy level up to 50nJ ( 8 times

the energy level when both pulses start at threshold condition) at steady-state. This
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tendency to unidirectionality is understandable, because the higher energy pulse will

deplete the overall gain for both pulses, and drive the ccw one below threshold. This

calculation illustrates an instability of the laser against pump power fluctuations.
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Figure 4.12: Pulse energy characteristics for the cw (blue) pulse, overlapped with
the ccw (red) pulse for the simulation results using a noise source at the input to the
EDF fiber. The randomly generated noise values are: (a)-1.34rad, (b) -0.83rad, (c)
0.29rad and (d) 0.71rad.
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Because the mode-locking mechanism is based on NPR, the system is also very

susceptible to instabilities created from disturbances to the polarization state of the

pulse. Changes of polarization states in SMF, caused by stress-induced birefringence,

can originate even by the smallest of drifts in air currents inside the lab, as they

randomly hit a portion of the fiber over and over at the same place. To simulate

these changes, a phase noise is introduced to the pulse in the same spot, at randomly

chosen round-trips. The noise originates from a normal distribution source with 0

mean value and 0.1 standard deviation.

Figure 4.12 shows the results of the simulation for the case where noise occurs at

the input end to the EDF. A single phase jump3 is set to occur during a 500 round-

trips period. It happens around round-trip 350 and it is noticeable in the graphs by

its distinct transitory characteristic (the blue “glitch” representing the disturbance

on the cw pulse whose uniform energy shape is otherwise completely overlapped by

the ccw red line energy). The simulation is run four times, with a different phase

noise being introduced each time. It is observed that in all four cases mode-locking

was able to recover and sustain.

The simulation was repeated for the case where the point of disturbance occurs

at the end of the EDF (Fig. 4.13). In this case, at least one time the cw (blue)

pulse failed to maintain mode-locking. This is somewhat expected since at the end

of the EDF the effects are more critical, in view of this particular location being right

before the absorber (polarizer). Nonetheless, it can be concluded that, for the case

of a single phase jump, mode-locking is not drastically affected. In a real scenario,

however, not one, but a series of phase shifts, or a constant step phase jump can

occur during mode-locking. To simulate that, a sudden 1% drop in the fixed phase

value of the cw pulse (at the inverse polarization transformation matrix) was made,

well into steady-state.

3A phase jump may result, for instance, from a single air-current strike on a small
section of fiber.
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Figure 4.13: Pulse energy values of cw (blue) and ccw (red) pulses for the simulation
results using a noise source at the end of the EDF fiber. The randomly generated
noise values are: (a)-0.69rad, (b) 0.86rad, (c) 1.25rad and (d) 1.62rad.

As expected, there is a reduction in energy level (a 1nJ drop) of the cw pulse, while

the ccw’s remained unchanged (Fig. 4.14). The most significant finding, however,

is that the center of gravity of the cw pulse undergoes a slight change (Fig. 4.15),

while the ccw remained nearly the same. It is an indication of a change in the group-

velocity of the cw pulse, which results in a drift of the crossing-point location. For
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Figure 4.14: Energy change of the cw pulse (blue) associated with a sudden constant
step drop in the phase of the inverse polarization transformation matrix.
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Figure 4.15: Variation of center-of-gravity of cw pulse (blue) in response to a sudden
constant step phase drop.

the beat note measurement to be possible, the tolerable drift of the center of gravity

is only one pulse duration in a time longer than the beat note period, or 1s (the

time window for the measurement, about 5x106 round-trips), which corresponds to

a stability of 0.04 fs. The simulation indicates a crossing point drift of 1.5x10−5ps
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(Fig. 4.16) per round-trip (an accumulated 75ps per measurement) for a 1% phase

jump. This implies that a phase change (caused, for instance, by a small motion of a

fiber) can not exceed more than 3%, which, in the actual experimental setup, brings

instability to the beat note measurement.
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Figure 4.16: Variation difference of the cw and ccw centers-of-gravity.
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Chapter 5

The Regenerative System

In a traditional unidirectional fiber ring laser, mode-locking, quite often, requires

the insertion of an isolator to start the oscillation. In some cases, mode-locked

lasers can self-start without any active element involved [139, 137, 88, 142]. In

other cases, an active element must be introduced to give the laser a “kick” in order

to get it started [117], or for tunning of the longitudinal modes [91, 49]. Quite

often, a feedback system is required to stabilize the laser [37, 86, 113, 156, 20].

For bidirectional mode-locking, an amplitude modulator can be used to block light

from either direction at all times, and transmit only at specific desired times. This

technique aims to create threshold gating for the oscillating mode, through active

modulation of the cavity loss. Such an approach is necessary to bring stability to

the laser, or to start the oscillation itself, which may never occur from spontaneous

events. Consider, for instance, soliton propagation in an optical fiber laser. To

support propagation of the fundamental soliton, a SMF operating on the anomalous-

dispersion region, at a wavelength of 1.55µm, would typically require a few Watts

of peak power for an input pulse with 1ps width. These levels of magnitude are

not easily attainable with simple passive mode-locking mechanisms. Furthermore,

most of the time, stabilizing the laser is quite difficult when the repetition rate
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is constantly changing due to changes on the cavity’s length1. In this situation,

stabilization requires the introduction of a mechanism to drive the active element

using an RF signal generated from the round-trip time of the laser itself. This chapter

describes the said system.

5.1 System Description

In recent years, technology has witness an increase in optical system applications to

solve electronics problems [118]. The same is true in an opposite sense. During the

project, in an attempt to bring initialization and stabilization to the laser, an inno-

vating regenerative system was created [18]. Figures 5.1 and 5.2 show the evolution

of the concept.

(a) Isolator (b) Threshold gate

Figure 5.1: Comparison of two ring lasers using (a) an isolator, and (b) a modulator.

It began from the simple unidirectional case (Fig. 5.1a), where an isolator (ISO)

is placed inside a generic ring laser represented by the lumped gain (G) and loss

1Drifts in temperature can change the length of a fiber.
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(L) components. The output signal is monitored by a photodetector (PD), which

is placed at an output port of an optical coupler (OC). In Fig. 5.1b, the isolator is

replaced by a threshold gating device, driven using a fixed round-trip time waveform,

which creates a purely active type of mode-locking. This particular condition is

called purely active because the waveform is “forced” upon the laser, and does not

follow any changes in cavity length, i.e round-trip time changes. In Fig. 5.2a this

(a) Self-regenerative (b) Modulator Pair

Figure 5.2: Illustration of a self-regenerative system using (a) a single modulator and
(b) a modulator pair.

problem is corrected with the gating being controlled by the round-trip time of the

cavity, which is regenerated from the laser itself. In this situation, the laser is said

to be “passively” controlled by the driving mechanism. Finally, Fig. 5.2b shows

the case where two modulators, driven from the regenerated signal, are used for

generation of independent pulses and control of their crossing points. This is the

case of interested which has been described in section 3.2, and is now explained how

it was implemented.

Figure. 5.3 shows a more detailed description of how the setup in Fig. 5.1d

works. Here, a fiber ring laser – optical oscillator – spontaneously create “weak”

optical pulses, which are not strong enough to sustain themselves in a stable mode-
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locked regime, but strong enough to be picked up by a photodetector (PD). A clock-

extracting device, such as a Phase-Locked Loop (PLL) circuit, is used to lock-and-

track the signal coming out of the PD. After regenerating it, the CLK passes it to

the “WAVE GEN” circuitry. These circuits, described in a later section, use the

clock of the laser (i.e round-trip time signal) to create the waveforms that are used

to drive the modulator pair. The insertion of a low pass filter 2 (LPF), near the band

range of the frequency of interest, helps with the conditioning of the driving signal

by providing an approximate sinusoidal waveform.

Figure 5.3: Schematics for bidirectional oscillation with self-regenerative system and
waveform generator.

2A low pass filter would work for the fundamental mode. For higher order frequencies,
a band pass filter (BPF) could be used instead.
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5.2 Electronic-Synchronous Switch

The clock recovery mechanism is one that extracts and regenerates the repetition

rate of the mode-locked signal. A popular choice for the device is a Phase-Locked

Loop (PLL). These type of devices, which are commercially available in DIP package

ICs, use a negative feedback loop system to lock to and regenerate an input frequency

signal. It is composed of a phase comparator, a low pass filter/amplifier, a voltage

controlled oscillator (VCO), and a frequency divider (or multiplier). They have been

extensively used in the context of high frequency applications [31, 32, 33]. They have

also been used before as clock recovery mechanism for mode-locking stabilization of

fiber lasers [109, 164, 141]. The set back for using these devices is that, in order to

lock, they require a steady input signal for at least a round-trip + a settling time.

This is not usually available in a laser with “self-starting problems”. In this case, an

external oscillator can be used to provide an initial “tuning” of the clock-frequency

to a “quasi-resonant” frequency. After a few round-trip times, the PLL locks onto

the signal and the system can run self-regenerated at that point. In order to ensure a

smooth transition of control between the OSC and the PLL, a device, nicknamed the

“Electronic Synchronous Switch” (ESS) was designed3. This device has a latching

characteristic that provides smooth transition (without any loss of synchronization)

to switch driving operation of the modulator from the OSC to the PLL.

Figure 5.4 shows the schematics of the circuit. The device, operating on standard

TTL input, 50% duty cycle, selects one of two applied input square-waves and sends

the selected waveform to the circuit output. In order for the device to work properly,

the J-K flip-flop U1A must be triggered on the negative clock edge. This allows

switching to occur during the waveform “low” interval which ensures that it does not

disturb the output signal during transition. Once switched to the SOSC input, the

3The device was designed and implemented by Senior Engineer Ronald Kay at the
Center for High Technology Material, Univ. of New Mexico.
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Figure 5.4: Schematics of the Electronic Synchronous Switch (ESS) circuit.

laser system runs free from the external source OSC input, becoming neither phase

nor frequency locked to it. At first, switch “S1” is pushed down, ensuring that the

device starts up from OSC. The first falling edge of the OSC waveform, which occurs

while “S1” is closed, transfers a logical “0” to the output “Q”, and a logical “1” to

the output “Q”. This operation switches on the AND gate U2A, allowing its output

(pin 3) to follow the OSC waveform. Meanwhile, the logical “0” at the “Q” output

disables U2B and forces its output (pin 6) to a constant logical “0”. Consequently,

OR gate U3A only responds to input pin 1 (output of U2A) which is the same as

the OSC waveform. Once triggered, U1A will not respond to any additional contact

closures from the activated switch. To switch to the SOSC input, S2 must be pressed

down. At the first falling edge of the OSC waveform, output “Q” goes high (logical

“1”) and Q goes low (logical “0”). This disables U2A and forces output pin 3 to

logical “0”, while U2B is now enabled and output pin 6 follows input SOSC. The

gate U3A is now constantly low at input pin 1, but at pin 2 it follows the SOSC
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input and causes pin 3 to follow it as well. At this point, the switchover between OSC

and SOSC sources is complete. Although the “Q” and “Q” outputs of U1A require

time to change state once triggered on the negative edge of the clock input, this

change occurs while OSC and SOSC are both “low”. Therefore, both U2A and U2B

outputs are “low” during the selection transition and keep the output of U3A “low”

regardless of the state of U1A outputs (“Q” and “Q”)4. Switchover is completed by

the time of the first rising edge of input SOSC (after SOSC selection), and the SOSC

logical “1” is transferred to the output without any disturbance. Output U3A then

transitions from being driven by OSC input to SOSC input during the logical low

1/2 cycle of the waveform. The laser system receives its next input pulse precisely on

time but it is now driven by SOSC instead of OSC. The laser fires at the expected

time to be picked up by the detector, which then sends an input pulse to SOSC at

the correct time to maintain the output repetition rate (positive feedback).

5.3 Synchronous Oscillation

A much simpler circuit architecture, known as the “Synchronous Oscillator” (SOSC)

can offer an alternative approach to the self-regenerative system: one that does not

need an outside source (OSC) for the initial tuning of the repetition rate. It is said,

in many aspects, to outperform the PLL [148]. This type of circuit architecture has

been considerably used in strictly electronic applications, but, to the best of our

knowledge, up to this day, it has never been used in conjunction with an optical

oscillator, and for the purposes described herein. It does require, however, to be

carefully designed as to be efficiently able to lock to the repetition rate of the laser.

The basic circuit architecture is shown in Fig. 5.5. With no input, the circuit is

essentially an external oscillator, generating a waveform at a fixed designed frequency.

4This interval corresponds to the “low” state of the input waveforms.
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Figure 5.5: Schematics of the typical architecture of a synchronous oscillator (after
reference [148]).

This so called center frequency is determined by the parameters of an LC tank

circuit (Fig. 5.5). A signal injection network then regulates the current that feeds

the tank circuit. It couples the received signal to the oscillator section, forcing it

to follow the input frequency. It should be noted that the synchronous oscillator

differs from an injection locked oscillator in that the output level is constant over

the range of lock frequencies. Although the lock range is a narrow percentage of

the free running frequency when compared to typical PLL circuits, this architecture

offers the desirable property of enhancing noise rejection. Additionally, lock time

is very rapid, typically within a cycle of the free running frequency. The SOSC

does not require a sine wave input to obtain lock, an important consideration in

this application where the synchronizing input signal is closer to a repetitive pulse

outburst. Consequently, the transistors must be carefully selected to preserve beta

on the very fast edge spectrum components. The actual SOSC circuit used in the
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experiment is the one suggested by Hickman [68], which more robustly defines the

DC operating parameters.
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Figure 5.6: Curves of performance of SOSC in OPEN (no input signal) and CLOSED
(feedback signal from laser “on”) operation modes. In CLOSED loop operation, the
detected signal represents a measure of the stability of the ccw mode-locked pulse
pattern.

The performance of the SOSC was evaluated with the instrument operating both

in OPEN (no input), and CLOSED (laser on) loop modes. In the open loop mode,

the instrument was kept running directly connected to the modulator via a buffer

with no input. In the closed-loop mode, the laser was turned on, and the signal (the

ccw mode-locked pattern) from the photodetector was fed into the instrument, and a

frequency of (5.15525±0.00010)MHz was detected. In both cases, data was recorded

over a period of four hours (Fig. 5.6).
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5.4 Waveforms Generation

As mentioned earlier, the introduction of an electro-optical modulator to the cav-

ity facilitates bidirectional mode-locking, as it synchronizes the counter-propagating

pulses in such a way that their crossing point is controlled. The timing of the wave-

forms that drive the modulator pair are constructed from the signal regenerated

from the laser itself and must mimic the shape of the modulated loss described in

Section 3.2.2. In one approach, nicknamed “serial approach”, the regenerated RF

signal is fanned out, with one branch passing an adjustable delay line (D1). The

signals are recombined using an OR gate and the output fanned out again. One

branch drives one modulator whereas the other is once again delayed (D2), and then

used to drive the second modulator. The resulting two waveforms must fall into

an “interleaved pattern”, exactly as described in 3.2.2, where one modulator must

always receive a signal a time later, corresponding to the travel time between the

modulators. Figure 5.7 details the mechanism.

Figure 5.7: Modulator pair driving signals (serial approach).

The idea of converting electrical-to-optical, or, conversely, optical-to-electrical

oscillation is not new. In the past, experiments demonstrated that light energy can

be successfully converted into spectrally pure microwave signals [159, 160, 163, 43].
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Experiments where microwave and optical oscillators are coupled with each other

have been often reported [158, 161, 163]. These types of regenerative systems may

become a useful tool for high-repetition rate optical pulse generation [153, 1, 36] and

harmonic mode-locking lasers [95, 67, 15, 146].
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The Experimental Setup

This chapter explains the laser implementation within the actual experimental setup.

It describes the experimental passive laser with all the control electronics of the

regenerative system integrated to it. Then it shows the mode-locked waveform data

and the results from the crossing between the counter-propagating pulses through

the beat-note measurements [17].

6.1 Experimental Passive Laser System

Section 3.1 introduced a simple model description of a passive laser capable of sus-

taining bidirectional mode-locking using nonlinear polarization rotation. The ac-

tual experimental passive fiber ring oscillator is shown in Fig. 6.1. It was build

using approximately 15m of low doping EDF1 with peak absorption 6.4dB/m (at

nearly 1530nm), ∼ 5m of SMF (Corning c© SFM-28 standard), 7m of DSF (Corning c©

SMF/DSF standard), and 10m of PMF (Fujikura c© SM-15-P8 family standard). The

DSF was used to balance the average GVD.LT of the laser, which is -0.08ps2, where

1Estimated ion concentration N0=10.5x1024m−3.
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LT is the total length of the cavity. The EDF is pumped using a pair of 980nm laser

diodes (JDSU c© butterfly package type) – each with an estimated 100mW output

power– via a pair of 1550/980 WDMs (Thorlabs c© type) spliced to the EDF and

SMF sections of the laser, and connected to the pump port using FC/APC standard

type connectors. Two SMF 2x2 1% Optical Couplers (OCs), Thorlabs c© type, placed

at the outputs of the EDFs were used to monitor the signal, as well as feed the self-

regenerative system, and one PMF 2x2 2% OC, at the PMF section, to monitor the

output counter-propagating signals. Two Polarization Controllers (PCs) provided

the necessary linear rotation of the cw and ccw pulses’ polarization states, and two

Polarization Beam Splitters (PBS), spliced at the end points of the PMF section and

aligned to its slow axis2, provided the absorption. The entire ring laser was spliced to-

gether as an “all fiber” laser system except for a single 3cm long airgap section, right

before the a PBS, where a LiNbO3 phase modulator (Φmod) was inserted (Fig. 6.2)

for the beat note measurements (Section 6.4). Furthermore, two high intensity, high

performance amplitude modulators, custom build for no transmission at 0 DC bias

(JDSU c© types) were placed in the PM section for threshold gating controlled by the

regenerative system.

As described in Chapter 3, the laser is mode-locked by a combination of nonlin-

ear polarization rotation (passive), and threshold gating (passively controlled, active

mechanism). Figure 6.2 shows the entire system. On the left, the gain is provided

by an erbium doped fiber (EDF) pumped by a pair of laser diodes. Polarization con-

trollers (PC) bias the polarization of the pulses’ low intensity components to match

the rejection axis of an absorbing element (in this case, a polarization beam splitter

(PBS)), emulating a fast saturable absorption effect which “narrows” the pulse. At

each round trip, this process is balanced by broadening due to the net group-velocity

dispersion of the laser. On the right side of the ring laser, two amplitude modulators

2Soliton propagation along the fast axis faces problems created from XPM induced
modulation instabilities [3, 150, 124, 4, 7].
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Figure 6.1: Schematics of the actual passive fiber ring laser used experimentally.

are driven in cascade to create two independent counter-circulating pulses. The fol-

lowing section describes the self-regenerative mechanism used to create the driving

waveforms of the modulator pair.

Figure 6.2: Schematics of the entire experimental setup for bidirectional mode-
locking of the fiber ring laser.
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6.2 Synchronization Scheme

To assist with the starting of mode-locking itself, two amplitude modulators are used

to promote a passively controlled mode-locking mechanism. In addition to providing

the necessary control of the nonlinear loss of the cavity, by direct modulation of the

loss, they serve as a tool to control the crossing points of the counter-propagating

pulses, by means of adjusting the relative delay of their start off time. Figure 6.2

shows how this control is attained. An optical signal is picked up by a fast response

photodetector (PD) (Thorlabs c© DET01CFC), attached to one of the 1%OCs. It is

converted to an RF signal and sent to the Synchronous Oscillator (SOSC), which

locks onto it and provides a reference, at the round trip time of the cavity τRT , to

trigger a pulse generator, “PULSE GEN” (E-H Research Laboratories, Inc., Model

136A). The output signal, regenerated from the laser itself, is sent to a 1:4 50Ω

line driver fannout buffer (PRL-414B from Pulse Instruments.). The buffer, a high

bandwidth device, fans out the signal, in TTL standard levels, at four separate

ports, in sharp rising edge versions of it, i.e 10nsec width “square” waves. Two of

the output signals are used in the regenerative system, one, as describe later, is used

to drive the phase modulator (Φmod) for the beat note measurements. The two

signals are sent to an OR gate (PRL-436N from Pulse Instruments). Before going to

the gate, one of the pulses is delayed (D1) using coax cables3 plus a programmable

delay line (Hamamatsu C1097) which provides coarse delay step adjustments (up

to 31.75ns range). Before added at the OR gate, which uses ECL standard levels,

the signal passes through a dual input voltage level translator (PRL-420ND from

Pulse Instruments) to go from TTL to ECL logic level. Similarly, after passing the

gate, it goes through another translator (PRL450ND from Pulse Instruments) to go

from ECL back to TTL. This signal is fanned out once more using a second buffer

3Issues with coax cable distortion of high bandwidth signals at long transmission lengths
are overcome by the signal being regenerated several times through several fannout buffers.
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of the same type. One of the signals is sent to a driver4 to the modulator (MPI).

The other signal is first delayed D2 using a second fine tuning (0-10.23ns range at

10ps steps) programmable delay line (HPDL-100A-10.23NS by Colby Instruments)

and then sent to another driver to the modulator of the same type of the first.

6.3 Mode-locked waveforms

With nearly 40m of total cavity length mode-locked pulses were created at a fun-

damental repetition rate on the order of 5.1MHz, with an estimated intra-cavity

average power/pulse of 142mW. Initially the two pumps were turned on with no

electronics connected to the system, i.e no active control mechanisms, or RF wave-

forms driving the modulators. With only CW light circulating inside the cavity

(the counter-propagating signals were monitored at the output PM 2% OC with two

DET01CFC photodetectors terminated at 1MΩ load input to the scope), the DC

bias was adjusted at each modulator for no light transmission. Once the biases were

set correctly, all the electronics were turned on, and the driving current of the pumps

were adjusted until pulse patterns were beginning to be visible at the output scope

(now set at 50Ω input termination). At first, the system showed a strong tendency

to “Q-switching”, but as the polarization controllers were adjusted it gradually be-

gan to display normal CW mode-locking characteristics. After adjusting the delay

lines, the crossing point of the pulses moved inside the cavity, the open/close delay

sequences between the modulators were corrected, and mode-locking settled into a

stable state. The mode-locked patterns were monitored using a 2.5Ghz, 20Gsam-

ples/sec, digital scope5 and recorded at several time references. Figure 6.3 shows the

mode-locked waveforms at two different time resolutions.

4A high bandwidth amplifier, with offset and amplitude controls, that is capable of
maintaining sharpness of the signals’ edges.

5Agilent Infiniium Series, Model DSO90254A.
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(a) 100nsec/div. (b) 1µsec/div.

Figure 6.3: Mode-locked waveforms for cw (top waveforms) and ccw (bottom wave-
forms) pulse trains at two different time scales.

To get a better idea of how narrow the pulses were, a sampling scope was used.

The measured pulse widths are shown in Fig. 6.4. Both cw and ccw pulses displayed

pulse widths very close to 288ps.
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Figure 6.4: Measurements of pulse widths for (a) cw, and (b) ccw mode-locked
waveforms.
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6.4 Beat-Note Measurement

To measure the beat-note, the counter-propagating pulses were crossed in air at

the input to an InGaAs photodetector (Thorlabs c©’ DET10C) using a 50/50 beam

splitter as heterodyning junction. In order to perfectly overlap the pulses, the ccw

had to be delayed ∼90nsec, relative to the cw, to compensate for the difference in

their arrival time at the output of the 2% optical coupler. In air, that difference

would require a travel distance of ∼27m. Using a PM optical fiber, however, that

distance was reduced to ∼18m, with the advantage of maintaining both the pulse

confined to the fiber, which avoids diffraction problems, and its linear polarization

state. An 18m PM optical fiber patchcord was then customer build to delay the ccw

pulse, placing it to within ± 1 nsec of the cw pulse.

Figure 6.5: Schematics of the experimental setup to measure the beat-note.

The schematics of the experiment are shown in Fig. 6.5. The beams were launched

in air using two “FC ready” type collimators connected at the end of the output fibers.

The collimators were mounted on a rotating frame to optimize the polarization angle

of the linearly polarized light coming out of the PM fibers relative to the 50/50 Beam
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Splitter (BS). The two beams were aligned to perfectly overlap both on the detector’s

and at the beam splitter’s surface. Immediately, a “Doppler Effect” fringe pattern

could be seen, at a scope channel (1MΩ terminated input) as the micrometer on the

translation stage of the mount directly facing the detector was moved back and forth.

This translation confirmed that the pulses, indeed broad, were overlapping well6.

Figure 6.6: Illustration of the origins of the CEO concept, from the pulse train
configuration in time domain (top) to its frequency domain representation (bottom).
Because the group-velocity (vg) of the envelope does not match the phase-velocity of
the carrier (vp), an offset frequency appears (f0 in the frequency domain graph).

In order to see a beat note, a sinusoidal RF signal, locked to the round-trip

time of the cavity, was applied to a phase modulator (ΦMOD), for the purpose of

originating a carrier-to-envelope (CEO) bias between the counter-circulating pulses,

i.e a difference in ϕp (see Fig. 6.6), thus artificially creating a beat ∆fb = f0cw−f0ccw

6Fringes could also be seen at the detector’s active area which was imaged using a CCD
camera.
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between them. The “0” frequency associated to the CEO is defined as,

∆f0 =
( P

vg
− P

vp
)ω0

2πτrt
, (6.1)

where “P” is the perimeter of the cavity, “vg” and “vp” the group and phase velocity,

respectively, and “ω0” the carrier frequency.

The regenerated RF signal, provided by the third port of the first fannout buffer

(Fig. 6.2), converted to a sine wave using a low pass filter (LP), was amplified using

an RF power amplifier (EIN, Model 325LA) with a step attenuator (Kay Electric

Co., Model 30-0) at its input to control the levels of amplification. In order to ensure

maximum modulation, the voltage difference between the pulses (∆Vcw−ccw) had to

line up symmetrical with respect to the “0” crossing point of the RF sinusoidal wave

(Fig.6.7). Consequently, the RF wave had to be precisely delayed, relative to the

two pulses, to be positioned halfway between them.
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Figure 6.7: RF signal applied to phase modulator for beat note measurement control.

Information on the relative delay time between the pulses ∆τcw−ccw, as they

crossed the modulator, was inferred from the monitoring of the cw and ccw pulse
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trains at the cw and ccw rejection ports of the PBS closest to ΦMOD, as well

as knowledge of the pulse travel time between them. The relative position of the

counter-circulating pulses to the sinusoidal waveform was set to correspond to the

highest achievable voltage difference ∆Vcw−ccw between them. Figure 6.8 shows some

of the measured waveforms, corresponding to different values of input “rms” voltage.

Most of the detected signals displayed close to 50% modulation which indicates good

interference (overlap) between the waveforms.

(a) 13.5Vrms. (b) 4.7Vrms.

(c) 2.5Vrms. (d) 1.25Vrms.

Figure 6.8: Beat note waveforms detected at different levels of rms input voltages.
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6.5 Gyroscopic Response

To evaluate the gyroscopic response of the system, the beat note frequency values

were plotted as a function of input “rms” values of voltage applied to the phase

modulator. The rms values were varied step-wise from as high as 45V to as low as

500mV. Figure 6.9 shows the graph of beat note versus rms voltage together with a

linear trend line that best fits the data. The linear fit has a beat note change rate

of ≃ 5.3KHz/Vrms and a response bias “∆νbias” of approximately 10KHz.

Figure 6.9: Beat-note versus rms input voltage to phase modulator.

This bias can be explained by the existence of an intra-cavity intensity difference

“∆I” between the counter-propagating pulses [98], and estimate from the equation:

∆νbias =
2π(n2∆I)P

λ

c

2πP
=

n2c

λ
∆I, (6.2)
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where, as before, “P” is the perimeter of the ring laser, and “n2” the nonlinear

index. For an estimated average intra-cavity intensity per pulse of 0.57MW/cm2, the

calculated intensity difference would be only %∆I/I = 0.3%, which demonstrates a

remarkable bidirectional mode-locking performance of the system.

Beat Note Measurement: ∆ν Detectable Rotation: Ωdet ( o/sec)

10KHz 1.18x10−3

1KHz 1.18x10−4

1Hz 1.18x10−7

Table 6.1: Comparison of several values of beat note and their corresponding capacity
for rotation detection in a 40m perimeter circular ring laser.

In order to have a better assessment of the significance of the gyroscopic response,

the values of rotation “Ωrot”, in o/sec, corresponding to the Vrms values, are displayed

in the upper axis of Fig. 6.9. These values correspond to the response of the ring

laser as if it had been stretched into a circular loop whose radius “R” equals P/2π,

where “P” is it perimeter (i.e 40m). In such a loop laser, the rotation sensitivity

would be given by:

Ωdet =
λ/2

R
∆νmeas., (6.3)

where “Ωdet” represents the “detectable” rotation for a given measured beat note

“∆νmeas.”. Table 6.1 shows a few calculated values of “Ωdet” over different “∆νmeas.”

ranges. To get a sense for what the system represents in terms of sensitivity, consider

the fact that a beat note measurement of 10KHz would be sufficient to detect the

rotation of the earth, which is 4.2x10−3 o/sec. At lower “∆νmeas.”, this system could

make a powerful sensing tool for geodesic applications.
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Conclusions

Bidirectionality has seldom been observed in the past in both continuous [76] and

mode-locked fiber lasers [84, 80]. In one experiment, a 90o Faraday rotator was used

as non-reciprocal element to create orto-conjugated and complex-conjugated counter

propagating pulse pairs [84]. In the same experiment, it has been reported that

the bias frequency of the laser (beat note), in some cases, was sensitive to phase

changes due to fluctuations in the birefringence and angle of rotation of the Faraday

rotator. In addition to that, performance was limited by the need of a large Free

Spectral Range (FSR) resonator to guarantee satisfactory longitudinal selection, and

the minimum detectable beat note was 100KHz. In another, more recent experiment,

a carbon nanotubes/polymer composite was used as saturable absorber to produce

bidirectional mode-locking in a fiber laser [80]. As mentioned earlier, the idea of using

carbon nanotubes as SA was initially considered in this project, but dismissed since

the crossing-point at the SA will inevitably enlarge the deadband of the system. That

is possibly the reason why, in the said report, a large beat note of 2MHz was observed.

In fiber lasers, to this day, bidirectional mode-locking had never been achieved using

a passively controlled active mechanism to stabilize the laser, as described in this

project. This chapter summarizes all the important aspects of the research, and the
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advantages of the designed mechanism. Comments on the significance of the findings,

and the outlook for future developments, pointing to some aspects of it that may be

improved, follows.

7.1 Summary

During the project, stable bidirectional mode-locking of a fiber ring laser using a pas-

sively controlled active mechanism was achieved. The entire project evolved around

three major areas of research that can be summarized as follows:

• Numerical Model of Passive Laser System: A computer model was cre-

ated to understand the passive mechanisms responsible for the sustaining of

bidirectional mode-locking in a fiber ring laser. The model was implemented

with the objective of studying the role of the polarization controllers, as well

as gain competition, on the counter-circulating pulses, in a NPR based mode-

locking system. The results showed that, for a fixed initial phase and azimuth

angle values of the transformation matrices, which represent the controllers,

mode-locking was only sustained under certain threshold conditions. It has

been observed that for the case where the input pulses had unequal initial

peak power, even when one of the pulses is only 25% above threshold, gain

competition forces mode-locking to unidirectionality as the pulse with a lower

initial energy falls below threshold condition. To simulate the effects of air

current flow on the birefringence of a fiber, as occurs in a real experimental sit-

uation, a 1% drop in the fixed phase value of the cw pulse inverse polarization

transformation matrix was made, while the pulse was well into steady-state.

A reduction in energy level (1nJ drop) was observed on the cw pulse, while

the ccw’s remained unchanged. The center of gravity, and consequently the

group-velocity, of the cw pulse, changed relative to the ccw’s, indicating an ac-
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cumulative drift of the crossing-point location at every round-trip. This finding

illustrates an aspect of the system which is observed experimentally: to mea-

sure the beat note, the phase jump caused by a small motion of a fiber, must be

a tiny fraction of the phase amount introduced by polarization controller that

regulate the birefringence of a given pulse. Therefore, measures of confinement

for the laser must be taken in the future to improve the stability of the system.

• Self-Regenerative System: An innovative electronics system has been cre-

ated using a signal regenerated from the laser’s own clock (round-trip time τRT )

with the purpose of driving a modulator pair operating as threshold gating de-

vices inside the laser. The modulator pair itself is a new idea1 whose primary

purpose is to create two independent (phase unlocked) counter-propagating

pulses, providing active control of their crossing points along the cavity by

means of modulating their loss per round-trip. This system was successfully

tested and the idea eventually filled for a patent application [18].

• Experimental Implementation of Passive/Active Laser: a passively

controlled active bidirectional mode-locking was demonstrated experimentally

for the first time by integrating the NPR based passive mechanism with the

electronic regenerative system. Stable mode-locked counter-propagating pulses

were observed at a repetition rate of 5.1MHz, an estimated average output2

energy of ∼ 0.58nJ per pulse, corresponding to an estimated average output

power of 2.9mW/pulse.

1Envisioned by Dr. Diels from the Physics Dept. at the Univ. of New Mexico.
2Measured at the output ports of the 2% PM OC.
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7.2 Recommendations for future work

A few improvements which can be made on the numerical model, regenerative system,

and experimental setup are described next.

7.2.1 Improvements on Numerical Model

The numerical model used is a very simple model where lots of assumptions were

made. For instance, it was assumed that in the propagators, the net saturated gain,

and for that matter, gain or losses in all fibers, were the same in both orthogonally

polarized directions of propagation. A more refined model of the EDF, for example,

would have to take into account the polarization-dependent character of the gain.

In [89], a rate equation model that accounts for polarization hole burning in EDFs

is presented. This model, as well as others well documented [62, 93], could be

incorporated to the current numerical model. Also, in the current model, it was

expected that in the actual laser (as it turned out to be the case) the pulse width

would be relatively broad. Under a different assumption, i.e of a cavity that can

support pulses on the fs range [140], the Raman response of the medium, and higher

order GVD effects, would have to be included in the propagator as well. Simulation

of fs mode-locked erbium-doped fiber lasers using NPR, for the unidirectional case,

has been successfully studied in the past [21]. A similar model can also be extended

to the bidirectional case. Furthermore, in a more realistic model, other types of fiber

inevitably become a part of the system – e.g SMFs at the input/output ports of OCs,

DSF fibers, etc...– and their presence, particularly in the context of the interfaces

between different types, brings the issue of the orthogonally polarized (slow and

fast) axis misalignment. In other words, at each intersection (splice), a change in

basis must be performed before a propagator can be used so that the slow and fast

axis are decomposed correctly to the basis of the particular fiber in which the pulse
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propagates. Extensive studies of this type of propagation, as well as propagation

with more generalized birefringence types have become available for quite some time

now [99, 100, 101, 102]. Incorporating one such propagator in this system can be quite

challenging and, for the moment, beyond the scope of this work. Finally, in addition

to using the Split-Step Fourier Method, other types of numerical computation are

available and one can only benefit by using it for the simulation of bidirectional

mode-locked fiber lasers. The finite differences method, for instance, is very popular,

and it has been used in the past to study pulse propagation in fibers [147].

7.2.2 Improvements on Regenerative System

A second approach (Fig. 7.1), nicknamed the “parallel approach”, for the driving

waveforms generation is currently under investigation. In this approach the regen-

erated signal is initially fanned out in three separate ports. One provides a signal

which directly goes to a modulator to start a pulse in one direction. A second, de-

layed the exact travel time between the modulators, is sent to the second modulator

to open for the pulse coming from the first modulator to pass through. The third one,

delayed of an arbitrary amount, is responsible for creating the counter-propagating

sequence. It first goes to a second fannout device. From this device, one of its port

signals will directly drive the second modulator to initiate the pulse in the opposite

direction. Another port, delayed the precise travel time between the modulators,

will go to the other one to open for the pulse to go through. This second approach,

as compared to the first, offers the advantage of independently moving the crossing-

point of the counter-circulating pulses around the ring laser using a single adjustable

delay line (the first one). The only disadvantage of this approach is that the travel

distance between the modulators is kept fixed and can not be adjusted without the

introduction of two extra programmable delay lines.

89



Chapter 7. Conclusions

Figure 7.1: Modulators’ driving signals (parallel approach).

Further improvements in the regenerative system can yet be made with an intro-

duction of a circuit which can automatically control any adjustments to D1 and D2 to

correct for variations on the repetition rate of the regenerated RF signal. One such

a circuit would not be so trivially implement as, for instance, any adjustment of D2

would require knowledge of the change in the time travel between the modulators.

Not so critically, however, would be the adjustment of D1 as, once D2 is fixed, it can

be derived from the round trip time τRT , using some simple logic circuitry.

7.2.3 Improvements on the Experimental Setup

Experimental implementation of the second RF driving signals scheme (Section 7.2.2)

is currently under development. The experimental setup is shown in Fig. 7.2. In this

case, the first buffer fans out the signal in two separate ports: one is used to drive

the phase modulator, for beat note measurements, and the other sent to a second

buffer. The second buffer fans out the signal in three separate ports: one goes to

one input of an OR gate whose output will drive one of the modulators, and the
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Figure 7.2: Schematics of the experimental implementation for the RF driving signals
using the “parallel approach”.

second, delayed a fixed “travel-between-modulators” time, will go to a second OR

gate whose output will drive the other modulator. In conjunction, the two signals

create a sequence for mode-locking in a certain direction. A third port provides the

signal, whose adjustable delay controls the pulses’ crossing point across the laser, to a

third fannout buffer. The outputs of this buffer provide the sequence for the pulse in

the opposite direction. One port sends the signal directly to the OR gate associate

with the modulator where the pulse will start, and the second, delayed the fixed

“time-between-modulators” travel time, sends the signal to the other modulator. All

the parts used are essentially the same used in the first driving scheme, except for

the addition of a second OR gate (ECL-to-TTL and TTL-to-ECL logic translators

as well). It is, however, conveniently reduced by one programmable delay line.
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Appendix A

Properties of Optical Fibers

A.1 Dispersion

The term dispersion has often been used to describe two distinct properties of optical

fibers, i.e chromatic, and modal dispersions. The first is related to the Taylor Series

expansion of the field’s wave-vector, whereas the second is related to the velocity of

propagation of the orthogonally polarized components of the field.

A.1.1 Chromatic Dispersion

Fused silica fibers typically have a negative dispersion value of -25(ps)2/Km at the

wavelength λ ≃ 1.55µm. This value corresponds to the second order coefficient of

the Taylor series expansion of the wave vector, as shown in the equation below:

k(Ω) = ko(ωl) + k1(ωl)(Ω − ωl) +
1

2
k2(ωl)(Ω − ωl)

2 + ..., (A.1)

where kn = dnk/dΩn, vg = 1/k1 is the pulse’s group velocity, and “k2” is known as

the group velocity dispersion (GVD). In EDFs, additional chromatic dispersion is

introduced due to the presence of the dopants [61].

93



Appendix A. Properties of Optical Fibers

A.1.2 Polarization Mode Dispersion (PMD)

Polarization mode dispersion is related to the birefringence of the fiber, and it de-

scribes the amount at which one of the two orthogonal eigen-modes lags in phase

with respect to the other. Figure A.1 shows how the polarization evolves inside a

fiber as a consequence of birefringence.

Figure A.1: Polarization evolution in a linearly birefringent fiber of beat length LB.

The beat length is a parameter that describes the polarization evolution inside

the fiber. It represents the length of fiber it takes for the input light beam to return

to its original polarization state. It is defined as:

LB =
2π

|kx − ky|
=

2π

k0|nx − ny|
=

λ0

B
, (A.2)

where kx,y and nx,y are the propagation constants and indexes of refraction on the

x and y direction respectively, k0 the wavenumber, and B = |nx − ny| represents

the degree of modal birefringence. A technique to measure the beat length in a low

birefringence fiber using an optical loop mirror has been reported in the past [46].

Polarization mode dispersion has been the subject of intense study in the context

of its effects on pulse propagation in optical fibers [59, 34, 90], and in relation to

its impact on signal degradation in optical transmission systems [79, 48, 134, 16].
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Several techniques for detection [111, 114, 115], and compensation [130, 27, 135]

have been proposed and evaluated [81].

A.2 Distributed Gain Medium

In an all-fiber ring laser, gain is mostly likely provided by a rare earth doped fiber such

as YtEr-, or Er+3- doped fibers. Ultrashort pulse sources based on rare-earth-doped

fibers have been the subject of extensive study in the past [23, 71, 52, 51, 50, 54].

In one experiment, an environmentally stable Kerr-type mode-locked erbium fiber

laser produced 360fs near bandwidth-limited pulses [55]. In another experiment,

passive mode-locking based on an active nonlinear directional coupler concept, used

a dual-core-erbium-doped fiber laser [152]. In order to understand the dynamics of

mode-locking, an understanding of how an erbium doped fiber works as a distributed

gain medium is necessary. This section discusses some of the equations that govern

the behavior of signal, pump and population inversion inside an erbium-doped fiber.

A.2.1 Homogeneously Broadened Gain Medium

In a homogeneously broadened gain medium, the spectral gain has the Lorentzian

form given by:

g(Ω) =
go

1 + (Ω − ωa)2T 2
2 + E

Es

, (A.3)

where go is the peak gain at the light frequency ωl, ωa is the atomic transition

frequency, T2 the dipole relaxation time of the 3 level system, which is on the order

of 0.1ps, and E and Es the input energy and saturation energy, respectively.
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A.2.2 Simplified Two-Level Rate Equation

If one neglects the effects of amplified spontaneous emission and absorption of the

excited state – i.e assumes T2 ≃0 – one can use the simplified rate equation of a 2

level system [131]:

∂

∂t
N2(z) = RpN1(z) − Rs(N2(z) − N1(z)) − N2(z)

T1
, (A.4)

with N2(z) and N1(z) = NT −N2(z) being the populations of levels 2 and 1 (NT the

ion doping concentration), respectively, and T1 the relaxation (or fluorescence) time

of level 2, which is on the range of 1µsec to 10msec. Also, Rp = σpPp/(aphνp) and

Rs = σsPs/(Ashνs) are the transition rates of pump and signal, with σp,s, ap,s, and

νp,s being the pump and signal’s transition cross-section, mode area, and frequency,

respectively.

A.2.3 Steady-State Population Inversion

The steady-state solution to Eq. (A.4), i.e ∂N2(z)/∂t = 0, leads to a population at

level two given by:

N2(z) =
Ip(z) + Is(z)

1 + Ip(z) + 2Is(z)
NT . (A.5)

Here, Ip(z) = Ip(z)/Isat
p and Is(z) = Is(z)/Isat

s are the pump and signal normal-

ized intensities, with Isat
p = hνp/(σpT1) and Isat

s = hνs/(σsT1) being the pump and

signal saturated intensities, respectively. Using Eq. (A.5) and the relation N1(z) =

NT −N2(z), the steady-state population inversion, defined as Wss(z) = N2(z)−N1(z)

is found to be:

Wss(z) =
Ip(z) − 1

1 + Ip(z) + 2Is(z)
NT , (A.6)
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where, Ip(z) = σpT1Ip(z)/hνp and Is(z) = σsT1Is(z)/hνs are the average pump, and

signal, intensities, respectively. Another, more elaborate, analytical model for two-,

three-, and four-level system rare earth doped fiber amplifiers is presented in [13].

A.2.4 Evolution of Signal and Pump Intensities

Neglecting the effects of spontaneous emission and assuming forward pump propa-

gation (i.e in the same direction as the signal), the equation for the evolution of the

pump intensity becomes:

1

Ip(z)

dIp(z)

dz
= −σpN1(z) − αp (A.7a)

1

Is(z)

dIs(z)

dz
= −σp(N2(z) − N1(z)) − αs, (A.7b)

where αp and αs are the fiber’s intrinsic loss at the pump and signal wavelengths,

respectively.

It is worth mentioning that the erbium ions do not respond to the fast variation

of signal pulses with widths much less than the fluorescence time T1. Because the

energy of a single pulse is usually much smaller than the saturation energy of the

EDFA (typically 1-10µJ), the amplifier will only respond to the average power of the

signal pulse train.

A.3 The Fast Saturable Absorption (FSA)

A Fast Saturable Absorber (FSA) is an element that is used for compression of an

optical pulse. As illustrated in Fig. A.2, a pulse approaches an FSA at time t1.

At time t2, the leading edge of the pulse, which is propagating inside the FSA, is

absorbed, causing the medium to saturate at t3. At t4, the medium is fully saturated
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and the peak portion of the pulse is not absorbed. Because the saturation process

is very fast, the relaxation of the upper level carriers occur while the pulse is still

propagating inside the medium (t4). That causes the tail of the pulse to be absorbed

as well (t5), resulting in an overall pulse compression effect (t6).

Figure A.2: Principle of pulse compression using a fast saturable absorber (FSA).

A.4 Nonlinear Polarization Rotation (NPR)

When both the SPM and XPM effects are present, an interesting phenomenon is

manifested on the polarization state of the pulse as it propagates inside the fiber.

As SPM and XPM are intensity dependent effects, the pulse experiences a nonlinear

phase change which is also intensity dependent, and acts differently on the slow and

fast axis of the fiber in the case where the orthogonal components have an initial

phase difference, i.e an initial elliptical State-of-Polarization (SOP). As a result, the

elliptical angle becomes intensity dependent as well. This phenomenon is referred to

by several names in different articles, but is most commonly referred to as “nonlinear

polarization rotation”, or simply “NPR”.
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In order to understand the phenomenon mathematically, consider an optical pulse

described by the electric field:

E(z, t) =





Ex(z, t)

Ey(z, t)



 = ℜ{





Axe
−i∆kxz

Aye
−i(∆kyz+φ)



}e−ikzz, (A.8)

where ∆kx,y = k0γ(|Ax,y|2 + (2/3)|Ay,x|2), contains the nonlinear terms (i.e SPM

and XPM, respectively), as before “ℜ” represents real part, and “φ” is the phase

difference between the “x”, and “y” components.

Taking the real part leads to two equations, one in “x” and one in “y”, which,

after taking the squares on each side, and adding them together leads to:

(
Ex

Ax
)2+(

Ey

Ay
)2−2(

Ex

Ax
)(

Ey

Ay
) cos([∆ky−∆kx]z+φ) = sin2([∆ky−∆kx]z+φ). (A.9)

Equation (A.9) is the representation of an ellipse at a coordinate system “ExEy”

which is rotated relative to its “major axis” of an angle “α” given by:

α1,2 =
1

2
tan−1[(

Ax(z1,2, t1,2)Ay(z1,2, t1,2)

A2
x(z1,2, t1,2) − A2

y(z1,2, t1,2)
) cos([∆ky1,2 −∆kx1,2] − φ)], (A.10)

where the subscripts 1 and 2 indicate different spatial and time positions (Fig. A.3).

(a) Position 1. (b) Position 2.

Figure A.3: Nonlinear elliptical angle of rotation at two different points in space (z)
and time (t).
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Figure A.4 illustrates the effect of NPR on the SOP of an elliptically polarized

light traveling on the z-axis. As the light travels, the SOP of its high intensity com-

ponents (red) rotates relative to the SOP of its low intensity components (blue).

The role of NPR on mode-locked fiber lasers has and continues to be the subject of

extensive studies [72, 82]. It has been modeled numerically [9], and its interplay with

XPM for two components of different frequencies studied theoretically [92]. In a 2000

article [149], studies of NPR in highly birefringent fibers were presented both theoret-

ically and experimentally. Recently, NPR associated to frequency-shifted feedback

was used in an experiment to produce 9.3MHz repetition rate pulses, at 1050nm [8].

Figure A.4: Nonlinear rotation of elliptical polarization at higher (red), and lower
(blue) intensity components of the optical pulse.
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Optical Fiber Types

There are essentially four types of fiber used in the experiment: single mode fiber

(SMF), erbium-doped fiber (EDF), dispersion-shifted fiber (DSF), and polarization

maintaining fiber (PMF). Following is a brief description of each type, with some of

the specifications which were provided by the manufacturer.

• Single Mode Fiber (SMF): it is the fiber type most commonly found in

any fiber laser experiment, and used in most fiber coupled optical components.

The standard SMF is Corning c© SMF-28TM Optical Fiber.

• Dispersion-Shifted Fiber (DSF): as the name suggests, it is a fiber with

the zero dispersion wavelength shifted relative to the value of 1.31µm of typical

fibers. The fiber used in the experiment was Corning c© SMF/DSTM.

• Erbium Doped Fiber (EDF): as discussed before, the erbium-doped fiber

is a type of fiber doped with rare-earth ions which provides the gain for the

laser. The EDF used in this experiment was OFS c© EDF-MP980.

• Polarization Maintaining Fiber (PMF): polarization maintaining fibers

are highly birefringent fibers types, some with beat lengths on the order of a
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Figure B.1: Parameters for the OFS MP980 erbium-doped fiber: (a) Giles Parame-
ters, and (b) GVD coefficient.

few milimeters. Figure B.2 shows the cross-section shapes of the three PMF

types most commonly found in the market. The one used in the experiment

was Fujikura c© SM-15-P8, which is a “PANDA” type.

Figure B.2: Stress-rod structures for the most common types of polarization main-
taining fibers.
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Some of the most relevant specifications for the fibers used in the experiment, as

provided by the manufacturers, are summarized in Table B.1.

Parameter SMF DSF EDF PMF

Mode-field diameter at 1550nm (µm) 9.2 8.10 6.01 10.5

Zero dispersion wavelength (nm) 1313 1550 - -

Numerical aperture (NA) 0.14 0.17 0.23 -

Effective group index at 1550nm 1.4682 1.4711 1.4751 1.4948

Table B.1: Some specifications for the fibers used in the experimental setup.

Another important parameter, which is sometimes provided by the manufac-

turer, and, for this particular project, most relevant, is the Rayleigh back-scattering

coefficient “r” of the fiber. Several techniques to determine an accurate value for

“r” [63, 120, 44], and other theoretical studies of it [19, 108, 103] have been reported

in the past. For an input intensity “Iin”, the back-scattered intensity “Isc” is given

by:

Isc = (1 − eαlint)Iin ≃ −(αlint)Iin, (B.1)

where “lint”, in the case of a bidirectional mode-locked fiber laser, is the length over

which two counter-propagating pulses interact in the medium. Likewise, in terms of

the input “Ein” and scattered “Esc” optical fields:

Esc = rEin− ≃ −α

2
lintEin, (B.2)

where the back-scattering coefficient r = −αlint/2, with “α” converted from dB/Km

to Km−1. For typical SMF, the intrinsic loss which results from Rayleigh scattering
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is α ≃-0.12dB/Km at a wavelength of 1550nm [77]. For instance, if the medium is

a SMF, and the pulses interact over a 1ns period (i.e lint=0.2m), then r = ln(10) ·
0.012/(2 · 5000) = 2.76 · 10−6. The dead band can then be estimated for 1ns, 100ps,

and 100fs pulses using Eq. (1.11).
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Net GVD Measurements

During the experimental part of the project, one of the most important parame-

ters, which influences considerably the functionality of the laser, was the cavity’s

net Group-Velocity-Dispersion (GVD). Tables C.1- C.4 show the components of the

cavity, their physical length, the accumulated GVD over the length of each element,

and the accumulated travel time over them.

Figure C.1: Fiber types distribution of the two-modulator ring laser.
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With the measured parameters from Tables C.1-C.4 is possible to obtain an es-

timate of the locations of the counter-propagating pulses’ crossing points. From

the accumulated travel time Tp, the location of a given pulse (cw or ccw) can be

pin-pointed to an specific component of the laser. The same is true for the pulse

propagating in the opposite direction using an accumulated travel time which counts

propagation through the laser’s elements in a reverse sense. To illustrate the idea,

consider the example below, where a cw pulse fires at a time T=0 from M1, and a

ccw 97ns later from M2.

Figure C.2: Ring laser schematics to estimate the locations of the counter-
propagating pulses’ crossing points. M1 and M2 represent the amplitude
modulators,“P” the perimeter, and “TRT ” the round-trip time. ∆τM1−M2 is the
travel time between the modulators.

In Figure C.2, LT2 is the location of the cw pulse at time T2 when M2 fires

for the ccw pulse. LX1 and LX2 are the locations of the two crossing points. At
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T2 ≃97.5ns, the cw pulse will have traveled a distance LT2 = T2vg=20m, from M1,

out of the entire perimeter “P”, when M2 opens for the ccw pulse1. The two pulses

will, therefore, cross at:

Lx1 =
1

2
(P − LT2 + ∆vpmfTM1−M2) ≃ 33.2m, (C.1)

from M1 in a clockwise sense of direction, where vpmf is the propagation velocity of

the pulse at a PMF section (between the modulators). That puts one of the crossing

points at branch 38-39 of Fig. C.1, i.e in a SMF section. Consequently, the second

crossing point will be located at:

Lx2 = Lx1 −
1

2
P ≃ 13.13m, (C.2)

from M1, which is in branch 22-23, i.e also a SMF section.

Tables C.1 through C.4 show the measured parameter values for each individual

component of the actual laser. Parts where the number “2” appears represent splices

between two sections of fiber (for instance “SMF2SMF/DS” is a splice between a

single mode and a dispersion-shifted fiber).

1vg is the average group velocity of the pulse as it travels through the laser’s elements.
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Branch Component Length (cm) GVD (ps2) Travel Time (ns)

1-2 MOD 6.25 ± 0.10 0.00 0.31

2-3 PMF 171.70 ± 1.00 -0.0384 8.72

3-4 PMF2PMF 6.00 ± 0.10 -0.0013 9.01

4-5 PMF 72.80 ± 1.00 -0.00163 12.58

5-6 2%OC 2.00 ± 0.10 0.00 12.68

6-7 PMF 194.80 ± 1.00 -0.0436 22.22

7-8 PMF2PMF 6.00 ± 0.10 -0.0013 22.52

8-9 PMF 177.80 ± 1.00 -0.0398 31.23

9-10 MOD 6.25 ± 0.10 0.00 31.54

10-11 NONE 0.00 ± 0.00 0.00 31.54

11-12 MOD 6.25 ± 0.10 0.00 31.84

12-13 PMF 121.30 ± 1.00 -0.0271 37.79

13-14 PMF2PMF 6.00 ± 0.10 -0.0013 38.08

14-15 PMF 68.20 ± 1.00 -0.0152 41.42

Table C.1: GVD over a component’s length and accumulated propagation times Tp

for laser’s components 1-15.
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Branch Part Length (cm) GVD (ps2) Tp (ns)

15-16 PBS 5.00 ± 0.50 0.00 41.67

16-17 SMF 97.10 ± 1.00 -0.0182 46.43

17-18 SMF2SMF/DS 6.00 ± 0.10 -0.0005 46.72

18-19 SMF/DS 44.60 ± 1.00 0.00094 48.90

19-20 PC 7.50 ± 0.25 0.00016 49.27

20-21 SMF/DS 287.20 ± 1.00 0.0061 63.34

21-22 SMF/DS2SMF 6.00 ± 0.10 -0.0005 63.64

22-23 SMF 16.90 ± 0.25 -0.0032 64.47

23-24 1%OC 5.50 ± 0.20 0.00 64.74

24-25 SMF 46.20 ± 1.00 -0.0086 67.00

25-26 SMF2SMF 6.00 ± 0.10 -0.0011 67.29

26-27 SMF 87.80 ± 1.00 -0.0164 71.60

27-28 980/1550 WDM 7.75 ± 0.25 0.00 71.98

28-29 SMF 35.30 ± 0.50 -0.0066 73.71

29-30 SMF2EDF 6.00 ± 0.10 -3.9E-05 74.00

Table C.2: GVD over a component’s length and accumulated propagation times Tp

for laser’s components 15-30.
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Branch Part Length (cm) GVD (ps2) Tp (ns)

30-31 EDF 1491.30 ± 10 0.2595 147.07

31-32 EDF2SMF 6.00 ± 0.10 -3.9E-05 147.37

32-33 SMF 31.70 ± 0.50 -0.0059 148.92

33-34 980/1550 WDM 7.75 ± 0.25 0.00 149.30

34-35 SMF 17.80 ± 1.00 -0.0033 150.17

35-36 SMF2SMF 6.00 ± 0.10 -0.0011 150.47

36-37 SMF 124.20 ± 1.00 -0.0232 156.55

37-38 1%OC 5.50 ± 0.20 0.00 156.82

38-39 SMF 120.70 ± 1.00 -0.0226 162.74

39-40 SMF2SMF/DS 6.00 ± 0.10 -0.0005 163.03

Table C.3: GVD over a component’s length and accumulated propagation times Tp

for laser’s components 30-40.
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Branch Part Length (cm) GVD (ps2) Tp (ns)

40-41 SMF/DS 58.80 ± 1.00 0.00124 165.91

41-42 PC 7.50 ± 0.25 0.00016 166.28

42-43 SMF/DS 278.30 ± 0.10 0.00588 179.92

43-44 SMF/DS2SMF 6.00 ± 0.10 -0.0005 180.21

44-45 SMF 100.50 ± 1.00 -0.0188 185.13

45-46 PBS 5.00 ± 0.50 0.00 185.38

46-47 PMF 80.10 ± 1.00 -0.0179 189.30

47-48 PMF2PMF 6.00 ± 0.10 -0.0013 189.60

48-49 PMF 138.40 ± 1.00 -0.0309 196.38

49-50 MOD 6.25 ± 0.10 0.00 196.69

TOTAL: 35.51 0.01 -0.05

Table C.4: GVD over a component’s length and accumulated propagation times Tp

for laser’s components 40-50.
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