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Abstract—In this paper we present sufficient conditions
on the rate of a packet network to guarantee asymptotic
stability of unstable discrete LTI system with linear state
feedback control. Two types of Network Control Systems
are considered in the absence of communication delays. For
one type we consider the case where we have invertible B
matrix and the case where this does not occurred. Examples
and simulations are provided to demonstrate the results.

I. INTRODUCTION

Feedback control systems whose control loops are
closed through a real-time network are called Networked
Control Systems (NCS) [2], [4]. Although these systems
have the advantage of low cost and simplified mainte-
nance and diagnosis, the assumptions of classical control
may need to be revisited in order to design them. The
new problems arise because the sensed data and

In particular, the communication channel between the
plant and the controller may no longer remain unmod-
elled, since it can carry a finite number of bits/s and
the conventional assumption of infinite capacity of the
channel no longer holds. In addition to suffering from
both delay and quantization effects, the finite data rate
forces us to determine the usefulness of the number of
bits [5]. This is precisely the issue we focus on this work.
The question we pose and attempt to answer is: how many
bits are needed in the sensor-to-controller and controller-
to-actuator networks to control an unstable system when
the controller structure is a state feedback controller?

Several researchers have studied the problem. Mitter [6]
and collaborators have contributed to the development of
a new theory that matches classical control theory with
traditional information theory, [1], [8], [9], and [7]. The
results on these works considered only a digital channel of
communication instead of a packet-based network which
can include time delays and packet dropouts. Also, all
such works considered the encoded state estimation error
as the message that is sent through the channel.

A theory for control over a packet-based network
was recently proposed in [10] and [11], as well as in
[3]. The authors considered state encoding instead of
the estimation error coding. Some assumptions of these
works were relaxed in [12]. In our present work we
include the case where a linear feedback controller is
used instead of the control sequence that was built in

1-4244-1282-X/07/$25.00 ©2007 IEEE

[12]. There it was shown that for a discrete-time unstable
LTT under a state encoding/decoding scheme with equal
bit allocation per component of the state, we have the
following sufficient condition on the data rate to stabilize
it: § > |log (||[A™||) + 1] + 1; where % are the number of
bits per sample that are allocated for each state. A logical
question that arise is, is the same R sufficient when, we
have a linear state feedback controller, u(k) = —Kx(k)?
As we will see in the following example the answer is
no. This is surprising since a previous paper [8] used
a linear state feedback controller for stabilization with
a minimum rate. The difference arises because of the
inefficiency in encoding the state instead of the estimation
error. However, the state encoding has the advantage of
easier implementation.

Next, we present an example to show how the packet
rate obtained in [12] is not sufficient when a controller of
the form u = —Kx is used.

A. Example

Consider the following system

4 00 1
x(k+1)=1{0 7 0|+ |1] u(k) (1)
0 05 1
We assume the initial condition to be x(0) =

[1.33 3768 8.44]". If we choose u(k) = —Kx(k),
where X(k) is an estimation of the state that consists
in the R/n most significant bits of the binary repre-
sentation of each component of the state x(k), we get
x(k+1) = (A — BK)x(k) + BKe(k). Where €(k) is the
error between the actual state and the estimation (k). For
K = [10.912 39.711 —37.023] the matrix (A — BK)
will be stable with eigenvalues A = {0.9,0.8,0.7}. Now,
if we use the bit rate per state given in [12], i.e., % >
[log (||A™||) 4+ 1]+ 1 = 10 bits/time-step, we see that this
is not enough to stabilize the system (Figure 1). Therefore,
we need to find a new condition on the rate and that is
partially the goal of this work.

We want to clarify that in all the simulations in this
paper, although x(k) is discrete and exists just in the in-
stants k = {0, 1,2,...}, we plotted them like a continuous
signal for visualization purposes.
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x 107 System Evolution using R/n=10 bits/time-step
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Fig. 1. Closed-loop network control system with state-feedback

controller (Type I): Using % = 10 bits/time-step.

II. PROBLEM SETUP
A. Network Control System: Type [

We are interested in improving the results on [12].
We thus consider the same two possible configurations
for the packet-based network control system. The first
system, referred to as Network Control System Type I,
has a rate of R, packets/sample-time. The packet based
network considers a packet size of Dy, bits used for data
(although the protocol information needs extra bits in the
packet, it is not needed for this analysis) and assume the
closed loop shown in Figure 2 given by

x(k+1) =
u(k) =

Ax(k) + Bu(k)
—Kx(k) 2)

where A is n X n and we assume that it is diagonal A =
diag(Ay,...,A4,) and |A;| > 1,Vj € {1,...,n}, and A; # A;
if j#i, x(k) isnx 1, Bis nxm and u(k) is m x 1.

Knowing that (k) = x(k) — &(k), system (2) can be
rearranged as

x(k+1) = (A — BK)x(k) + BKe (k) 3)

We assume that the controller does not saturate, and
that the packet-network does not drop packets nor is it
subjected to disturbances (noise) or time delay. Basically
with these assumptions we are just focusing on the
implications of a limited network rate. We assume that
the plant is able to send the complete states measurements
through the link, i.e, that the states are measured. We
also assume perfect synchronization of the encoder and
decoder so that the decoder knows exactly the encoding
scheme used by the encoder at all times.

B. Network Control System: Type Il

The second type of packet-based network, to be re-
ferred to as Network Control System Type II, consists
of the same discrete LTI system given by equation (2),
but with the addition of a second network between the
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LTI
ENCODER
Rate: Rp packets/time_unit |NETWORK
DECODER
u(k)= - Kx(k)

Fig. 2. Closed-loop network control system with state-feedback
controller: Type I

controller and the actuator with rate R, as shown in
Figure 3. This consideration leads to the following system

x(k+1) = Ax(k)+Bi(k)
i) = ulk)-eh)
u(k) = —Kx(k) “)

where A is n X n and we assume that it is diagonal A =
diag(A1,...,4,) and |A;| > 1,Vj € {1,...,n}, and A; # A;
if j#£1i, x(k)isnx1, Bisnxm, i(k)is mx1, u(k) is
mx 1 and eu(k) is m x 1.

LTI
ENCODER ENCODER
Rate: Rpl packets/time_unit
NETWORK NETWORK
I I
Rate: Rp2 packets/time_unit
DECODER DECODER

u(k)= - Kx(k)

Fig. 3. Closed-loop network control system with state-feedback
controller: Type II

Knowing that %(k) = x(k) — &:(k) and (k) = u(k) —
£,(k), system (4) can be rearranged as

x(k+1) = (A— BK)x(k) + BKe, (k) — Be, (k) (5)
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III. RESULTS

A. Network Control System Type I with State-Feedback
Controller

For the case where we have a NCS with State-Feedback
Controller (Type I), we have the following result.

Theorem 3.1: Assuming an equal allocation of bits per
state and (A, B) is a controllable pair, a sufficient condition
for system (2) to be asymptotically stabilizable is

R
R, >
DMax

here R — n |1 [IBK]]
where n [og <£ABK

and every state is allocated in %
Proof:
Let us assume that the binary expansion of the state
x(k) is given by:

>—‘, [1 is the ceil function

bits/sample.

-, -
2 ooy2
X Ek; . '
X2 k 2 062,'21

x(k)=1| . | =] (0)
(k) M, .
. 2 Ot 2!

Where o;; € {0,1} and M; € N. For the sake of
simplification we also assume that in the binary expansion
xj(k) >0, Vj. This is possible since the sign of each state
mode could be considered by adding n extra bits in the
rate, one bit per state sign. Also, we know that x; < oM+,

Now, let’s assume that M,y = max (M|, M, ...,M,) if
we take the norm of the state, we have:
[x()l < [lx(R) [+ + [Jxa (k) |
< Mt ©)

We know that we can represent n2M7a+1 by a minimum
number of bits, M = My, +log, (n) + 1, and therefore,
2M-1 < ||x(k)|| < 2™. Now, let us consider an equal
allocation of bits per state component, %, so that the
encoded version of x(k) is given by %(k), and:

M, N

> o2
=M —E 11

M, .

Y 2
i=My—R 41 (8)

M, .
Z am'zl
Li=M,— R +1
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The error between the actual state and the encoded
version, €(k) = x(k) —x(k), is given by:

[~
Z allzl

j=—o0
Mz**

(k) = | i 2. a2 )

My — n
2 02!

Li=—oo

Therefore, we have €;(k) < M=+ and

le() < lle®)][+...+ k)]l
< nZMmax*§+l
— M3 (10)

If we analyze the evolution of the system starting at
time k given by x(k+ 1) = Ax(k) + Bu(k). If u(k) =
—Kx(k) = —K(x(k) — &(k)) then

x(k+1) = (A — BK)x(k) + BKe (k) (11)

We have then:

|4 = BK||[lx(k)[| + || BK||[|& (%) |

[x(k+1)] <
7 7 R
< ||A-BK|2M 4 ||BK|]2M %

To shrink the state we need:

A — BKH2M+||BK||2M” < M-l

|4~ BK|| + |BK|2"" -

< 2

Solving for Inj we get:

R || BK ||
= >log, | ——1— (12)
n (% —|lA—BK]|

The [.] function was introduced since & must be an
integer number of bits for each state component. Now,
R is the sufficient number effective bits that we need to
transmit of the whole state for stabilization. But, knowing
that a packet has a maximum length of Dy, then if, R <
Dyrax, we will need a packet rate of R, = 1 packet/sample-
time. However, if we have R > Dy, then, we will need a

minimum of —‘ packets/time-step. Actually, this last

expression covers both cases, since D— <1 gives a 1
packet/sample-time when the ceil function is applied.

However, to get a physically realizable R we need that
3 —|[A=BK| > 0. Unless B is invertible, the appropriate
K to accomplish this condition is difficult or impossible
to get as shown in the following example.

Consider the system given by

a(k+1)= B g} (k) + H u(k)



2007 Mediterranean Conference on Control and

Automation, July 27 - 29, 2007, Athens - Greece T129-002
Let us assume that the norm used is ||A —BK||... If we Now, by the second method of Lyapunov we have
impose the condition of § — [|A — BK]|,, > 0 we need

AV(x) = ( (k+1)) =V (x(k))
_ — 1 _ T
||A—BK||M: Hz_kkl 3_k]2€ > E = (k+l)PX(k+l) X PX( ) T
1 2lles = (Mx(k) +g(x))" P(Mx(k) +g(x)) —x" (k)Px(k)
n = x"(k)(M"PM — P)x(k) + PMx(k
Since the infinite norm is defined as: [|A]|, =max ¥ |aj;|- * 2() o) Jx(k) g (x)PMx(k) +
i = —I—g Xx)P.
Therefore, we need to satisfy the two following inequal-
i Y & e = " (k)Qx(k) + 5" (x)PMx(k) +5" (x)Pg(x)
st < ] ) < @ IR 7 PRE) 57
—ki|+|=ko| < 5 2
2 < —nin(Q )||x(k)||2+y||PM||2||x(k)||2+
. V1P (k)15
=k +3 -kl < 2 (14) Then, for asymptotic stability we need that
To satisfy inequality (13) we see that, at least, we —2anin(Q) +7||PM||, + 7 | P[, < 0 (17
need to satisfy [2—k;| < 4. This imply that 3 <k < 3,
but these limits will make it impossible to satisfy the We also know that:
inequality (14) Therefore, there is no k; and k; such that P
|A—BK]|_ < 2 If B were 1nvert1ble then we can always vIiPMlly + v 1IPly < ¥IIPl (18] +7)
choose K =B~'A and, therefore, £ > [log, ([|A)+ 1],  ,q
will be the sufficient rate to stablhze the unstable system
with a linear state feedback controller. But this is very YIIPIL (1M, +7Y) < YAmax(P)(IM|, +7)
conservative and will help us only when designing from . o . »
the beginning and under the assumption of multiple Finally, to satisfy inequality (17), we need the condition
inputs. It does not provide a sufficient rate if we already YAmax(P)([[M||,+7) < Amin(Q). That can be rearranged as
have a specific stable structure (A — BK). The following Apnin(0)
section will deal with this issue. Y(IMll,+7) < 57 (18)
Amax(P)
B. Network Control System Type I with State-Feedback  According to [13] the ratio given in the right side of
Controller without invertibility property on B matrix. equation (18) is maximized when Q = I. Then
We need to introduce some results of perturbed systems 1
that will provide some tools to prove theorem 3.2. vz +7) < Amax(P) (19

1) Perturbed System: Consider the system . .
) Perturbed System y Now, since ||M]|, and y > 0 we can calculate the region

for y that satisfies inequality (19). First we use the
x(k+1) = Mx(k) 4 g(x) (I5)  auxiliary variables a = HMH2 and b= 7——7 ( 7- We can plot

where M is a stable matrix and g(x) is a perturbation in the function f1(y) = y*+ay and fo(y) =b, as in Figure

the system, like a modeling error or a disturbance. Let’s 4.
assume that || g(x)||, < v|[x(k)|, for all k£ and x € R" and .
y> 0. Gamma Region
Let Q = QT > 0 and solve the discrete-time Lyapunov
equation
T — = -
M PM—P+Q=0 (16) fz(y)_b
for P. We know that there is a unique solution P = PT > 0.
If we propose a candidate Lyapunov function V(x) = _ ‘
xT Px we know that: £ L . ()=1(r+a) |
. |
2 2
Amin(P) [Ix(K) || < V(%) < Amax (P) [[x(K)[[3 <2
and valid y
2
( )Qx( ) mm( ) Hx(k)”Z

where Ayin(P) and Ay, (P) are the smallest and greatest !

eigenvalues of P, respectively; and A, (Q) is the smallest

. Fig. 4. Valid y Region
eigenvalue of Q.
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Solving the inequality y(a+7y) < b for y> 0 we get

—a+vVa*+4b
r<—5—— (20)
Substituting the original variables we get
2
Ml /IMIE + 2
< 21

2

2) Generalized Result for Network Type I: With the
previous tools we can now state the following theorem
that provides sufficient conditions for the bit rate when
we have a discrete-time LTI system and a linear state
feedback controller u(k) = —Kx(k).

Theorem 3.2: Assuming an equal allocation of bits per
state and (A, B) is a controllable pair, a sufficient condition
for system (2) to be asymptotically stabilizable is

R, > R
r= DMux

2||BK ]| p
—|A=BK |y |A~BKI3-+4/ Aar(P)
is the solution of the discrete-time Lyapunov equation
given by

where R =n |log,

(A—BK)"P(A—BK)—P=—1I.

and every state can allocate % bits/sample.
Proof: According to the previous subsection we see that
system (3) is the same perturbed system that we just
analyzed, with M = A — BK and g(x) = BK (x(k) —x(k)) =
BKe(k), and [[g(x)|ly <27 |IBK |, [x(k)[}- We clearly
see that for this case y=2"» ||BK||,.

Substituting in inequality (21) we get

1A= BKIl + /1A — BKIE 44/ A P)
2

R
[BK],27 " <

where P is the solution of the discrete-time Lyapunov
equation

(A—BK)"P(A—BK)—P=—I.
R
If we solve for ;- we get

2BK]
2
— A= Bl + /A~ BKIB 44/ Anas(P)

3=

> log,

Similarly to the proof of theorem 3.2, the ceil function is
finally added to get an integer number of bits and R is the
sufficient number effective bits that we need to transmit
of the whole state for stabilization. Also, knowing that
a packet has a maximum length of Dy, we need a
minimum of [ﬁﬂj packets/time-step as was explained
before.

T29-002

C. Generalized Result for Network Type II

With the previous approach we can now state the
following theorem that provides sufficient conditions for
the bit rates, R,| = [%-‘ and Ry, { Dl;zm-‘ when we have
a Network Control System Type II.

Theorem 3.3: Assuming an equal allocation of bits per
state and (A, B) is a controllable pair, a sufficient condition
for system (4) to be asymptotically stabilizable is

& R B R,
IBK |27 + [l [ K[l;27" 7 + 27" [|B]| K], < 2

where Q is given by

1A= BKIl + /A — B 44/ A (P)
Q= 2
and P is the solution of the discrete-time Lyapunov
equation

(A—BK)"P(A—BK)—P=—1I.

Proof: Similarly to the proof of theorem 3.3, we see that
system (5) is the new perturbed system, with M = A — BK
and g(x) = BK(x(k) —x(k)) — B(u(k) —ii(k)) = BK e, (k) —
Be, (k). Now

1BK &x(k) — Beu (k)|
|BK e (k)5 + || Beu(K)

27 BK | (0] + 27 1B (0]
2 B () +

+27% Bl [277 K ()l + 1K 1l
= 7,

gl

NN

N

with
Ry R R &
v=|IBK[,2" 7 + B, [|K[,277" = +||B], [|K]|,2 }

Substituting in inequality (21) we get

R R R -
Q@KL 277 + 1Bl 1K [[,27% 7= +[|BII, [|K[|, 27 < @ (23)

where Q is given by

A By + /A~ B 44/ Aar(P)
N 2

and P is the solution of the discrete-time Lyapunov
equation

(24)

(A—BK)"P(A—BK)—P=—1

Here again we need a minimum of R, = Ry
4 Diyax

packets/time-step for the sensor-controller network and
. . . R2

a minimum of Ry, = {m—‘

controller-actuator network.

packets/time-step in the

IV. SIMULATIONS

To verify some of the results derived previously, we
present several numerical examples and simulate them in
Matlab®. We want to clarify that in the following plots,
although x(k) is discrete and exists just in the instants k =
{0,1,2,...}, we use continuous signals for visualization
purposes.
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A. Example for NCS Type 1

Now, using the same system of section I-A. If we want
to use theorem 3.2, we need to solve the corresponding
Lyapunov equation. We get Auq(P) = 1.36 x 108, Ac-
cording to this, the bit rate per state is % =41 bits/time-
step. The simulation is given in Figure 5.

System Evolution using R/n=41 bits/time-step
2000 T T T T T

-2000

-4000

States

K
K
k)

)

— (

1

"""'Xz(

-6000

T (

-8000 ST
10000 ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
Time step
Fig. 5. Closed-loop network control system (Type I) using % =41

bits/time-step

B. Example for NCS Type 11

If we consider the same example that we have been
working with and if we want to use theorem 3.3, we
can use the same solution P that we calculated before
in section IV-A, where Aqc(P) = 1.36 x 108, According
to theorem 3.3, we have to pick two rates that satisfy the
inequality given in (23). In other words,

B R B R,
[BK[,27 7 + 1Bl K]l 27" + 27" [|B]| [ K[|, < ©

where Q = 7.754 x 107!, Let us suppose that for the
sensor-controller network we choose the same rate % =
41 bits/time-step as in the example of section IV-A. Then
solving for R;, the bit rate in controller-actuator network,
we get Ry =42 bits/time-step. The simulation is given in
Figure 6.

V. CONCLUSIONS AND FUTURE WORK

This paper has provided extensions of previous results
on determining the sufficient rate of a packet-based net-
worked control system. Here we relaxed the condition of
using a specific control structure and replace it by the
well known linear state feedback controller. The rates for
Network Type I are much higher that the limits shown
in previous works since we encoded the state itself and
not the error between the state and its encoded version.
We also obtained rates for a Network Type II where we
included sensor-controller channel as well as controller-
actuator channel.

Future work will include the inclusion of time delays
and packet dropouts in the channels. Other ideas for future

T29-002

System Evolution using Rwln =41and R2 = 42 bits/time-step
2000 T

-2000

-4000

States

~6000 — x1(k)
.......xz(k)
v X (K
-8000 s
-10000 . ! ! . :
0 10 20 30 40 50 60

Time Step

Fig. 6. Closed-loop network control system (Type II) using R:T] =41
and R, = 42 bits/time-step

work include dealing with noise in the loop, the com-
pensation in the networks rates for the extra information
required by the decoder. We also know that the rates that
we obtained via Lyapunov analysis are conservative, so it
will be interesting to find sufficient conditions which are
less conservative.

REFERENCES

[1] N. Elia, and S. Mitter, Stabilization of Linear Systems With
Limited Information, IEEE Transactions on Automatic Control,
Vol. 46(9), 1384-1400, September 2001.

[2] W.Zhang, M.S. Branicky, and S.M. Philips, Stability of networked
control systems, IEEE Control Systems Magazine, Vol. 21 (1), pp.
84-99, February 2001.

[3] D. Georgiev and D. Tilbury, Packet-Based Control: The H,-optimal
solution, Automatica, Vol. 42, Issue 1, pp. 137-144, January 2006.

[4] G.C. Walsh, H. Ye, and L. Bushnell, Stability analysis of Net-
worked Control Systems, Proceedings of the American Control
Conference, Vol. 4, pp. 2876-2880, San Diego, June 1999.

[5] G.N. Nair, and R.J. Evans, Communication Limited Stabilization
of Linear Systems, Proceedings of the IEEE Conference on
Decision and Control, Vol. 1 , pp. 1005-1010, 2000.

[6] S. Mitter, Control with limited information: the Role of Systems
Theory and Information Theory, ISIT 2000 Plenary Talk, IEEE
Information Theory Society Newsletter, Eur. Jrn. Control, Vol. 7,
pp. 1-23, 2001

[7] A. Sahai, Evaluating Channels for Control: Capacity Reconsidered,
Proceedings of the American Control Conference, Vol. 4, pp. 2358-
2362, 2000.

[8] S. Tatikonda, and S. Mitter, Control Under Communication Con-
straints, IEEE Transactions on Automatic Control, Vol. 49(7), pp.
1056-1068, July 2004.

[9] S. Tatikonda, and S. Mitter, Control Over Noisy Channels, IEEE
Transactions on Automatic Control, Vol. 49(7), pp. 1196-1201,
July 2004.

[10] L. Shi, and R. Murray, Towards a Packet-based Control Theory -
Part I: Stabilization Over a Packet-based Network, Proceedings of
the American Control Conference, Vol. 2, pp. 1251-1256, Portland,
June 2005.

[11] L. Shi, and R. Murray, Towards a Packet-based Control Theory
- Part II: Rates Issues, Proceedings of the American Control
Conference, Minneapolis, pp. 3482-3487, Minneapolis, Minnesota,
2006.

[12] I. Lopez and C. Abdallah, Extensions to Packet-Based Theory,
American Control Conference, Accepted, 2007.

[13] H. K. Khalil, “Nonlinear Systems”, Prentice Hall, 3rd Ed.,pp. 339-
342, 2000.



	University of New Mexico
	UNM Digital Repository
	6-27-2007

	Data Rates Conditions for Network Control System Stabilization
	Chaouki T. Abdallah
	I. Lopez
	Recommended Citation


	Data Rates Conditions for Network Control System Stabilization

