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A POSITIVE-REAL DESIGN
FOR ROBOTIC MANIPULATORS

C. Abdallsh & R. Jordan
Department of Electrical Engineering and Computer Engineering
University of New Mexico
Albuguerque, NM, 87131 USA.

ABSTRACT
In this paper, we show that feedback-linearization in conjunction with
the passivity property of rigid robots can gusrantee the robusmess of the
closed-loop robotic system despite large uncertainties in the inertia matrix.
The approach may be exiended to the case of uncertain velocity-dependent

L INTRODUCTION

Given the following joint-space description of a rigid robot [1]

D@) +hgd)=f an
Most position-control techniques for the above equation fall under one of two
categories: Feedback-Linearization or Passivity designs [2]. Unfortunately,
inexact cancellations in the inner-loop of the feedback-linearizability
approach (also known as inverse-dynamics, computed-torque, innerfouter)
may result in loss of stability which limits the applicability of these results as
discussed in [3,4]. The passivity approach on the other hand, does not lend
itself to the many linear control designs availsble from the feedback-
linearizabili ach.

In this paper, we show that a2 combination of feedback-linearization
and passivity designs of the robot controller will guarantee the robust stabil-
ity of the closed-loop system without the exact knowledge of the matrix
D(q). In section II we introduce the problem and our notation. The main
results are given in section III, and our conclusions are in section IV.

IL PROBLEM STATEMENT

In this paper, we consider the class of rigid robotic systems described

in jomt-space by the following equations
Digki + h(@d)=f @D

with g(1)eR*, and the control f (t)eR*. D and A contain the robot’s parame-
ters, some of which may be unknown. The matrix D is a symmetric
positive-definite inertia matrix, and & is the vector of centrifugal, Coriolis
and gravity forces. A state-space description of equation (2.1) is given by

L L

This nonlinesr system is feedback-linearizable as described in [3]. Assuming
D, and k are available, the controller design based on the linesarizing transfor-
mation is given by

F=D(Gu)+h 23)
where u is designed to obtain a desired closed-loop linear system. This will

lead to
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where

« =D (f-h). 25)
In fact, if one considers £)=g,¢, ¢;=¢, and the choice of ¥ below

u=-Ke =-K,e,~K,e,, (2.6)
The error equation becomes

£ +Kyey + Ky, =0, @7

which, by choosing K; > 0, and K, > 0 will guarantee that ¢, and e, go to
zero asymptotically.

IMI. ROBUST MOTION CONTROLLERS

Since D and A are usually unknown or 0o complex to be evaluated at
every sampling instant, a computed version f; of f is applied to the system
(2.1) where

fe=D(gGaqu) +h, @.1)

where D, , and h. are computed versions of D , and h. One therefore
obtains a calculated version #, of the input u to the linear system (2.4). Let
u, be given by
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¥, =g~ D7 (f—h) G2
Then, substituting (3.1) into (3.2), one gets

u, = Agy + 8+ (A-I M (K 224K 1 21) 33)
where

A=I-D'D,, §=D"(h-h,). (G.4)

One is now concerned with the stability of a linear system with a nonlinear
feedback described by

& = (A-BK)e + B[A(Ke+G,)+3] (3.5)
A more compact description of the error system is given by
é=Ae+Bv 3.6)

The first step in our design is to choose the linear gain matrix
K={K, Kj], and an output matrix C, in order 10 guarantee that the closed-
loop system (A.,B,C) is SPR. Then, using the passivity results 5], one can
show the asymptotic stability of (3.6) when h is known but D is not.
Theorem 1: Let X, K3 be two diagonal matrices with

i) Ky=diag (k) ; ky>0i=l,...n
i) Kp=diag(ky) ; kx>0i=l,....n
iii) (K2 > K, ;i=l,..,n

Then the system given by
0
._|0 I _
e= [-Kx —K;]e+ [I]u—A¢¢+Bu,
y={K, Kj}=Ce

is Strictly-Positive-Real (SPR).

Proof: Consider the Lyapunov equation
ATP +PA, =-Q

where

0= 2K} 0

10 2x3-2K,
Nomanwwmeemdiﬁonsofmetheommdnohemeugivm

below
p= KiK. K,
K, K,
It can be shown that P>0. On the other hand, note that
C = B7P.
Using the MKY lemma [6], the system is then SPR.
Note that the relationship K3>K), is easy to satisfy. Next, we show
that in the event that A is known, and using the passivity theorem [5,6], the

asymptotic stability of the closed-loop system is guaranteed with a particular
choice of M,.

Theorem 2: Suppose A is known. Then, the origin of (3.6) is an
asymptotically-stable equilibriuvm point if f, is given by (3.1) where
D.=al; h =h;
where
al >D;

Proof: Given the choice of k., = & , one gets from (3.5,3.6)
8§=0

and
v(t) = -A(Ke + §4) = —Aw.



Consider then the block diagram of Figure 1. The output of the nonlinear
block is given by

z(1) = -Aw(t).
To determine if the nonlinear block is passive, check that there exists some
finite & such that for all finite T

T

I—WTMZP..
If one chooses |1 = 0, one needs to show that

T

‘[ wI[D'D, - Iwdr 20,
for all T finite. It is then sufficient to choose

D.,=al>D

specified in the theorem. Using Popov’s ity criterion [6], one

deduces that the the signals 3(¢) and e(s) in Figure 1 are bounded. Then
noting that the linear block is SPR, one deduces that e(f) goes to zero

|

Note that the af > D can be satisfied since D is bounded sbove [2] and that
the choices made in the theorem result in

Lo = a(Re + Gy+h. (M)}
The above discussion then shows that the nonlinear feedback (from the linear
system's outpat to the robot) doe o the uncertainties in the inertia matrix D
can be made passive.

In the more general case where both D and h are unknown, one can
divide the nonlinear feedback (due w0 the uncestainties) into two perts: one
due to D and one dve 10 A The later contribution may tend 10 make the
closed-loop system unstable. As shown in the following theorem however, 2
linear bound on the uncertainties in A is sufficient %o maintain the stability of
the closed-joop syssem.

Theorem 3: Let the following hold

B-Ajsclivwg +d
Then, the closed-loop system is asympiotically stable if £, is given by (3.1)
and

D,=al
where
PR .2 §
r
and
M>-1-l.
r

Proof: Consider the output of the nonlinesr feedback
B +8)=g-w

Then one should choose a 10 satisfy
T
Iw’(a-n)azb

for some finite b and all finite T. Noting that
G =aD'w + D (h—h,)
the inequality is satisfied if
T T
I wi(aD It ~ I wTD (h,—h)ds 2 b.
Using the bounds in the theorem, the following sufficient condition is
obtained

r
Iw’(ﬂD"—l-clM 2diiwlir +b,

(ar—c-1XliwllgP —dilwiir-b20

where M > rl as specified in the theorem. Since the last inequality should
be verified for all |iw |1y, a sufficient condition is obtained from

The condition on g is that stated in the Theorem, while b is arbitrary. There-

fore, one is d that the H block stays passive. Repeating the
arguments made in Th 2, the asymptotic stability of the origin of the
closed-loop system is guaranteed.

Recently, and using network theory [7], the loss of passivity due to
inexact llations in the computed-torque algorithm was illustrated. It
was also shown that D, = al will maintain the passivity of the closed-loop if
no contact forces exist between the ipul and its envi

V. CONCLUSION

It was shown that a feedback-lineari approach 1o the 1 of
robotic systems may be used in conjunction with passivity theory in order to
guarantee the ssymptotic-stability of the origin of the closed-loop system
despite large uncertainties in the inertia matrix D. If the velocity-dependent
terms A are also uncertain but & linear bound on the uncertsinty is known,
one may still design the controller for asymptotic stability. This then shows
that the Lagrange-Euler equations are robust to modeling uncertainties in D
and k. In particular, if one is designing an adaptive comtroller for these
equations {?], the marix D need not be updated since one can choose the
gains W keep the contribution of DD passive.
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Figure 1. Hyperstabiily Biock Diagram
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