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£.sassert has shown that the equations of magnetohydroe
dynemics for on idecal, incomprossible, unbounded, perfectly
condueting fluid in o magnetic field may be put in the sym-

moetrized form
%?f G nP ¢+ rr=0

gf-(l?-v)?*?/“:O

v P: 7-3 =0 (1)
where ?= V+ ;'*
F-v- B
P %—JZ}@-
Z;*: (ﬂ/’)*#i
(2)

_\?, Ps7» and 3 are respectively the fluld velocity, the
pressure, the density, snd the magnetic induction vector,
— BZo=-V +&*
G v -4
3)°
o= F s LBl

be a solution of (1) and thus the primary hydromagnetic
field, okabelwuia has_shown that superimposed perturbations,

(3)

ﬁ' -\f +ﬂ"
§-7-% (k)

T o SR

1. maasao:', Phys, Reve 19 183 (1950)
2. mm‘md’ OQH'R. TGOh.g ﬁep. 17. MQ 1238(00).
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2,

on the primary fleld also satisfy (1), They are related to

_the primsry field in Lagrenglan coordinates by

it S5
F=(Pv)F |

— ==

V.F: ?’-f.ro ‘5)

hat |
where r is an integral of
2. F (7

e (6)

Note, the superscript o's denote initial values: the quan~
tities with tildes constitute the superimposed waves on the
primary field which is denoted by the subscript o's, Further,
in the above analysis % was assumed small compared to ?tdxioh
condition yilelded the relation

.é:/?" = Vx( -Q:, X ;)

i : (7
From this equation it is uem3 that the lines of -f are fro-
zen in a hypotheticel imecompressible fluid moving with ve-
locity, Gy Hence, from equation (3b) we see that if the
actual fluid's velocity is 0, the Q,-fluild flows with a ve~
locity, 3;3 whereas, when the actual fluid moves with ve~
locity, ?o! the velocity of the (y-fluld is increased to
7,

Strictly speaking, equations (5) and (7) hold only in

the absence of reflections; however, Skebelund argues their
reasonableness in the presence of reflections provided the

il
amplitude of ¥ is small compared to the amplitude of a)o!

3+ Prandtl and Tletjens, %dmentals of %ﬂgg and Aero-
Mechanics (McGraw-H1ll, New York, s Do 1







3e

and the scale of -?-‘) remaines small compared to the scale of
Efo. By scale 18 meant the linear distance in any direcw
tion over which the relative change in the verisble is unie.
t¥e

Our concern here will be to investigate the form of
certain solutions of equation (7); we will be content with
& two dimensionsl analysis, Following Skebelund, T 4s ex-
panded in a Taylor's serdes

5’ (*))* @o(i‘/} *( -us) (=2 #( "/);r. G = pe).

(8)
From equation (14) Q, %s nolwo&d&la
Vé’,()‘/) (o’x x/ ( )?‘/o: 3 (9)
Lot !Ql 'f'
iﬁéjﬁo o ‘-— (.}V "‘/V.
dPoy -/ Qe
wp )7(,/, i AL (10)
and from equation (9)
ard= 0 (11)

Thus, the first order approximation in component form bee

cOmes

Pox = A *tax I‘Z//

o bl . Q2)
where fopr convenience we tuke X, and yo a8 0, and

A1 % Pax (0,0

K3 = Pay (¢ 2. (13)







be

The streamlines of the Quefluid are the curves satisfying

S = > Ao tcx = .
rcoanbe Ty T ay)
Considering this equation in the fomm,

(fa +<x‘/)/;s = (# + ¥x f//y)?//:a as)
we see thet it 48 exaotj its solution is the general equae
tion of o conle

Sri-byt-ery rhix-hiy 12O o
having the discriminant

A2 eteie

(17)

Consider first the elliptical case wherelna<o, or

l

We will insure this condition by taking
02,420, c 4 O. (19)

There 18 no loss of generality here since the mixed temm
in (16) could always be eliminated through the proper rota-

tion of axes, Hence, we have for the streamlines for the

case of ellipticel flow of our imaginary Quefluld the equa-
tion

L xt- f/"f #ix~fkiy €= O,

(20)
JarS
For the solution of P in equation (7), our final goal,

seo from () that we will need a Lagranglan description of

we







Se

the G -fluld flow, For this we return to equation (6) from
which

}2’4’#(':’/19

Y 2 (R, Y (21)
and from the equations of expansion, (12), we have
¥ /‘7“'7
fiity A (22)
from vhich
% = 4lrarcr
7= el ey ] (23)
This pair of equations then yields the solutions
"4 o ~Jir
P Cer * Qe - L
i ¢ 2
Vs G +t8e - 4. (2i)
Equations (24) are subject to the initial conditions
o W 8 %= 2" 92’4’,*4/'
RN T s (25)

These conditions are sufficient for the determination of
the intogration constants in equations (24), The result is

o VE Ly it ~fE [ et €0 £

Y [/o“ L cosJiz ¥ *[24:‘“/; "‘]"“m‘“% (26)

whore ¢, = ~c and thus, ¢,>O0, Equations (26) ave the equa-
tions of motion of the chrluid in Lagrangian coordinates,







6,

That they constitute the paremetric equations for en ellip-
tic trajectory of a particular Q“-nuid particle can be

seen by noting

wo JE [Feno-Fenof+%

A

/3 Ecos @ + F 428 P4 (37)
where the substitutions are easily recognized, From (27)

then
M: #:_f';z: i
rtopt. Meriad (28)
Thus, we bhave for the paths of the various anfluid partie

cles ellipses centered sbout (£5,7) with an eccentricity

Y=
ki (29)

The following graph, figure 1, will help to visualize the
flow of particles which constitute the positive x axls when
t: 0, Por caleulation purposes it was assumed that

0N, O £ -2
% - = i .
Rl (30)

. -
How with equations (26) snd (5) F can be detemuined
for sn arbitrary smsll-asmplitude initiel distribution. Rew

writing equation (Sa) in component form

~ l& Se dx

/Za 2 J 3 /; ?o

e % g | J

Bh Bl 5E (31)
and substituting oquat.‘.ons {26) into the above ylelds

Y Becoshict + ~‘/¢rxm Jbe: &

13’:-‘/’ F.m.di—z‘ "ﬁ cos o (32)







cmnnmws .s T - .- IS RS SRARS BIRD mﬂ T up
T iEusaana: 1 S S E8ABEAS JARNS SESNE SABEE ! ae: SRERYBES 11 i §
' & RGNS ¢ - 8 3 43 iSEn . R 3 a
- + 1 - + 4 % 3 + <+ i 'S8 33 ¥
- - - 4 8 3 : IS
1 T 1 t I eas: H .
et : zons 582 it
1 1 t t s
na a T ¥ T 23 & T
: 8 ¥ T ) 1 scssss
- @ £x 1 ¥ wans 1
.e 1 3 + .
¥ 22 T 3 E=%3 ve T ; T
o .. + 1
+ . .+ 3 . . .
® T T I ;
B3 1w 1
saa o3 894 sasana
Seus gasasanass pov 8 [ — 4ol T I
1 8 27 43 was sa =+ }
- 1 w46 I
¢ 4+ + - a
I t
— 13 oy e p 1 N3
=
4 b ; 1 -
xs s ' '98 5 um) T wam » +
3 1 T <+
. s 1 1 T
3
H e + ——td - 1 8
1 + : :
g
2 £
- - T
- 3 -
+ + e e o ¥
- as :
55 s T
+ et "r - i
a4
. +
R8G5 1
44 + 4 4 4 i
+ . 1 I ' o t
. 1 1 1
3 1 T T : T
; I 25 nas a: T H
1 o H T
+ < 3 - 3 + . 2
¥ 2 ; T HHT ; saxs
1 18 1 " s
3 - 3 -l I + 3 M— -
i s3ses HHH H1 I t THI
T t + e
) SReaas a5 1 1 b1
e ina o H H
2zpwas u;
H R t : + 1 S ;
. +11t T %
3 - 3 1 ™t 2
- Tt T sz
0 { 3 : 1 28
1 ' 1t
et 1 1 e sz n
T (it = ¥ »
1 8 3 W T 4 . it
H TITr T T -
~ 8 . e i T I 1 8 HH
“_ s
it 1 s S50
T T - T T
I ¥ i
1 1 T - nEEY o
1 - 35 I
H- 1 T
T 1395 sua :
XIL& .lv *L + t W > +1+4 S +
23 723 i + } JSEwSEaNaNaEEEaE
i t a2 24 1 : B8 zunuy Eoas %
* T T r :
H + 1 T et 1T i i1
i 8 uus uas ? t - e | FEERS S
933 a1 i I = T s = s w ey .
- . T T ' T
H H o sg9 Ea ~vasns: e 1 ¥
25w s as ] ) I s G t 1
s nans 2o i :
- + 1111 3 - ¥ T +
HHH T 25es HHH 5 Ssass Sas HH
1 2 "« ' = + EE 8 TH 5 .
Ian 4+ 4-4 - ) 3 1
13T 11 1
1 *NBER PEE SESN bt $ i 4+ i 44+ 14
T IZSSuuus saRET ansEa PRanEN aus me AuansabEL.
HH H- t T
3 e P : i HHH
+ H i 3
3 BEN ) i
SERE SRREE B 1 yue ¥ a3u
3 ] 14 - 1 agEanea
: T gaaa srazasas) 5253 dun:
8 o aEwn S BHAS EASNNSEE BeEs JNRG s REE
a a +F IsssnE ﬂw 4 J Lw 4 +1 H
T AR AN ' jeess SR SEuSE
- : B [oa s aut + e H I
- 1 T SEe SESSaasnEs ERmmanS a 5 :
= 1 i B QN o3
1 $ ses +
> T -
T t 53
+ ] o I
i H
T T -
i ses 1T 2 T
gee + :
~— HH :
HHH o i
+ T T
THT T T
H 1 o .
] HH
HH ;" :
1 H







Ts

Baquations (32) then constitute the Lagrangian description
of ?. Por purposes of caleulation a P.whirlring centered
initielly about the poimnt (10,0) was chosen with the func-
tional form
P
(33)
where r 1s the radial coordinate from the eenter of the
whirlring and 4 48 a constant chosen to insure the scale of
?w be small compared to the scale ct'ﬁ’a. For this spe~

-
oific calculation the components of ¥ were taoken as
o - 2L (s~ D 037 P - 2 (t‘yL._’%"f Pl o
£’ ==° ¢ ALY
£ : 1 (34)
whore L. 1s the scale of '-13". Substitution of equations (3)
into (32) ylelds

~

-4()‘V‘j:1’/‘:7
g ["/oau Jae, *0"‘/0)/5'- Sk /Z?,z_‘/e

~ e lc -2[(1‘“/‘)‘.“' ..J
Bl Ve mtne e condm ] e

Of particular interest is the change of the shape of
the ?«m&ng with time, The results for motion through one
quadrent ave shown in figurs 2, The Gy=flow though not
shown 1s the same as in figsure 1, PFurther, all concentric
?»:-mga at 7:0 will change with time like that depicted in
figure 2, Note, the magnitude of 3 for a particular ?-ring |
18 not preserved with time, This s illustrated in figure
3 where the magnitude of 3 for a fow representative points
on the initlal »ing is plotted against time, It is seen
that the wvalues or/%/ remain small compared to those otl%l

throughout the motion; the same is true of its scale length,
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8.

To investigeate the hyperbolic case we return to equa-
tion (16), the gemersl conic
$u'y ‘a‘.'/‘—eyfx;x-,«;/ +es0
in which we demand
al+dcro. (36)
To insure this condition we let

4=a,j>a,c>a

(37)
and for convenience we again let £ :-4,20, Under these
conditions the equations of motion for the (,-fluld take
on the fomm

oy sk ML 457 cosh M E

/3/0‘0.54 i< 4/;)""-»4&"'&‘. (38)

These equations are the parametric equations for a family
of hyperbolae as can be seen by forming

$%s & e LS
N e (39)

These hyperbolae have an eccentriecity, <= /7% , and are
bounded by the asymptotes,,-#fx, The flow for represente
ative points initially on the positive x axis is depicted
in figure l; the times are in terms of T, the period in the
comparable elliptical cuse, Here & ratio of £:Z was chosen
for caloulation purposes, From figure L, we see how rapidly
the velocity, 1.0, Go? varios along u particular streame
line, As our expunsion demends, it is proportional to

the distonce from the origing in this calculation the y
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9

component of 30 dominates the x component due to the ratio
chosen end also due to the fact that our initial points
are along the x axis,

Plgures 5,6,7,8, and 9 show then the effect of this
hyperbolic flow on a %uring of the same functional form as
in the elliptical case, but centered initlally at (25,0).

The equations for P in this case are

i - 2[(x°~as5)? v‘/"_f
/;" :[7“(”///_(_‘2‘ e (x°-25) .;m4/32'l‘]e

5 Wi g N i
Bx (5 I and et + (xtois) co o] . o)

Flgure 10 shows the variation of the magnitude of ?
with time for a few representative points, In caleculating
these curves the common exponential damping factor was ige
noredy howewer, it can be seen thaet the variation in the
amplitude of ¥ is emall compared to the amplitude of T
Also, the previous graphs show that the ualoof?mum
smell modwm»uoof'aohammwiwmpm
ous assumptions,

Lastly a tabulation of the ?—ring tangents for these
graphs is included,
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Table 1
P.ring Tangents
1, elliptical gase, figure U

point time

Q T/12 T/6 T/l
a. 0 1,23 0,410 0,00
b. 1.00 00326 “00066 “0‘50
Ca 0.,00 «0,408 wl 23 oo
ds -1.00 7460 1, 0450
€. 00 1.23 04410 0,00
f.. 1.00 00326 ‘00066 -0.50
8e 0.00 -0.208 -l 23
ho "1.00 "7. 0 1.5’-‘- 0.50

2, hyperbolic case, figures 5,6,7,8,9

0 /2 /12 /8 T/l
| Qe g 9e 8 5009 3073 2468
% b. " § '00 -0. O.?_lb 0.830 1.98
; c. 0,00 g 1.18 1,61 2,25
| d. 1,00 1.82 2,06 237
| Qe 0o 509 373 246
E f. Ol.OO -0. 1 05216 0.83 1.98

: Be 0,00 O.)‘g 1,18 1,61 2425
1.82 2.06 2437

he 1,00 )
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Special care should e talen to prevent loss of
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