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Abstract

The Black Scholes equation is a fundamental model for derivative pricing. Modifying
its assumptions will lead to more realistic but mathematically more complicated
models. This dissertation consists of analytical and numerical studies about one
particular type of nonlinear Black Scholes models, whose nonlinearity lies in the
highest spatial derivative ! with discontinuous coefficient function.

First we smooth out the discontinuous term and focus only on the nonlinearity.
We consider the case where the volatility is a smooth function and present some
basic existence and uniqueness results. To study the discontinuity we simplify the

problem by discretizing the Partial Differential Equation PDE only in time and

In physics, spatial derivative is the partial derivative with respect to space. Here the
spatial derivative is with respect to the price of the underlying asset.

vil



consider the evolution in a given tiny time step from initial data. We perform
convergence and perturbation analysis to the Ordinary Differential Equation (ODE)
with discontinuous coefficient and obtain some insight of how the curves, where
the discontinuity occurs, evolve in the space-time plane for the PDE. Last we obtain

numerical results for the nonlinear PDE in the setting of a moving boundary problem.
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Chapter 1

Introduction

The field of mathematical finance has gained significant attention since Black, Sc-
holes, and Merton [1] published their Nobel Prize work in 1973. Using some simpli-
fied economic assumptions, they derived a linear partial differential equation (PDE)
of convection—diffusion type which can be applied to the pricing of options. The

solution to the linear PDE can be obtained analytically.

We are interested in nonlinear modifications of the Black-Scholes equation where
the volatility ¢ is no longer constant, but depends on vs. Here v is the value of
the option and s is the price of the underlying asset. The resulting PDEs become
nonlinear in the highest derivative, and furthermore the nonlinear coefficients are
discontinuous. Therefore the mathematical theory of the equation is by no means
trivial. In this dissertation we treat the mathematical difficulties separately in the

following chapters.

This chapter begins with a brief introduction to the classical Black-Scholes model
in Section 1. The derivation of the modified Black-Scholes models is provided in

Section 2.
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1.1 Classical Black-Scholes Model

Option is an agreement that gives the holder a right, not obligation, to buy from, or
sell to, the seller, or the buyer of the option certain amounts of underlying assets at
a specified price (strike price) at a future time (expiration date). Clearly the value

v of an option is a function of various parameters in the contract, written as
v(s, t;pu, 0, E,T;r)

Here, s is the price of underlying asset; ¢ is current time; p is the drift of s; o is the
volatility of s; E is the strike price; T is the expiration date; r is the risk-free rate of

interest. The assumptions for classic Black-Scholes model are the following:

1. The risk-free interest rate r is a known constant for the life of the option;

2. The price of underlying asset s follows log-normal random walk and the drift

w1 and volatility o are constants known in advance;

3. Transaction costs associated with buying or selling underlying assets are not

considered;
4. There are no dividends on the underlying asset;
5. Hedging can be done continuously;

6. The price of the underlying asset is divisible so that we can trade any share of

the asset;

7. It is an arbitrage-free market.

Let IT denote the value of a portfolio with a long position in the option and a short

position in some quantity A of the underlying asset,

IT=v(s,t) — As
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By assumption, the price s of the underlying asset follows a log—normal random walk,
ds = psdt + osdX (1.1)

where X is standard Brownian motion.

As time changes from ¢ to ¢+ dt, the change in the value of the portfolio is due to
the change in the value of the option and the change in the price of the underlying

asset
dIl = dv — Ads
By 1to’s formula, we have
L 5
dv = (v; + 5078 Vs )dt + vsds
Combining the last two equations yields
L 5
dll = (v + 508 Vs )dt + (vs — A)ds
Using a delta hedging strategy, we choose A = v, and obtain
L 5

dll = (vy + 5023 Vs )dt

By the assumption of an arbitrage—free market, the change dII equals the growth of

IT in a risk—free interest—bearing account,
dIl = rlldt = r(v — As)dt
Therefore,
L 5,
r(v— As)dt = (v, + 5078 Vs )dt
Substituting A = v, one arrives at the classic Black-Scholes equation,

1
Vg + rSsvg + 50282’033 —rv=0 for0<t<T (1.2)
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The equation is supplemented by an end—condition at the expiration time 7T,
(

max(s — E,0), for call option,

max(E — s5,0), for put option,
v(s,T) ( )

I
—~
=
w
~—

H(s—E), for binary call option.

H(E — s), for binary put option.

\

Here H(z) is the Heaviside function. Equations (1.3) are examples of payoff functions

for different options. Denote the right-hand side in formula (1.3) by wv(s).

An easy generalization can be made if we assume the asset receives a continuous
and constant dividend yield D. The dividend rate can be viewed as risk-free rate for
the underlying asset. After a time step dt each unit of the asset receives an amount
Dsdt of dividend. Thus, the change in the value of the portfolio after a time step dt

becomes
1
dll = (v + 50'282’053)6# + (vs — A)ds — DAsdt (1.4)

Under from delta hedging and the assumption of a non-arbitrage market, we get

1
vy + (r — D)svs + 50252055 —rv=0 (1.5)

If one uses the transformation
1
T=T—t, z=In(s)+(r—D — 502)(T — 1), w(z,7) = " T Dy(s, 1)

Equation (1.5) transforms to the heat equation,

1 2
Wy = 50 Wyy:

and the end-condition becomes the initial condition,

w(z,0) =v(s,T) = vg(s) = vo(e”) = wp(x)
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Therefore the classic Black Scholes model with a continuous constant dividend has

the explicit solution

+oo 1 —(e—y)?

=) Ve el

w(zx, T)

or

400 1 —(In(s)+(r—D—2o2)(T—1)—y)?

e 202(T—1) vp(e¥)d 1.6
o \/2m0(T —t) ole?)dy (16)

For the Black-Scholes model, the ”greeks” are important and useful for constructing

v(s,t) = e T

option strategies. “Delta” (A) of an option defined as
A = vy

measures the sensitivity of the option or portfolio to the underlying asset. Call deltas
are positive while put deltas are negative, reflecting the fact that the call option price
is positively related to the underlying asset price while the put option price and the
underlying asset price are inversely related. In fact, based on the put-call-parity, we

have the put delta equals the call delta minus 1.

“Gamma” (I') measures how fast the delta changes for small changes in the
underlying stock price. It is the second derivative of the option value with respect

to the underlying asset.
I' = v

It shows by how much or how often a position should be rehedged in order to keep
a delta neutral position. For hedging a portfolio with the delta-hedge strategy, then
we want to keep gamma as small as possible, since the smaller it is the less often
we will have to adjust the hedge to maintain a delta neutral position. The gammas
are always positive for call options while negative for put options. However, gammas

generally change signs for more complicated options such as binary options. This
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makes a big difference in the modified Black-Scholes model, which will be discussed

in the next section.

“Theta” (0©) is defined as
O = Ut

It measures the sensitivity of the value of the option to the change of time, i.e: the
“time decay”. If the asset price does not move, then the option will change by theta

with time.

“Vega” measures the sensitivity of the option price to the volatility of the under-

lying asset.
Vega = v,

It is an important but also confusing index, since volatility is not known with cer-
tainty in real market. Practically, Vega is expressed as the amount that the option’s

value will gain or lose as volatility rises or falls.

The last greek is “Rho” (p). It shows the rate of change of the option with respect

to the interest rate.
P = Uy

Notice in the classic Black-Scholes we make the assumption of a constant interest

rate. However, in practice one can use a time-dependent rate r(t).

With the payoff functions for call, put and binary call/put options, we can cal-
culate option values and “greeks” for these options explicitly. Tables 1.1- 1.3 list
the formulas for values, Deltas and Gammas of options for the Black Scholes model
(1.5). Given parameters as £ = 50, r = 0.01, D =0, T = 1 and o = 0.2, Figures
1.1-1.6 show payoffs, option values at t = 0, deltas and gammas at ¢ = 0 as functions

of the underlying asset price.
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The simple call and put options can be combined to construct advanced option
strategies, such as butterfly options and bull options. The butterfly options consist of
several simple call and put options. For example, the butterfly option could consist
of two long calls at different strike prices and two short calls with the same strike
price in between. The payoff function for a butterfly option, shown in Figure 1.7,

can be expressed as

v(s,T) = max(s — 90,0) + maz(s — 110,0) — 2max(s — 100, 0) (1.7)

The bull options consists of either call or put options. For example, a bull call
spread could be formed by buying a call option with a low exercise price, and selling
another call option with a higher exercise price. A payoff function example in Figure

1.8 is shown as

v(s,T) = maz(s — 90,0) — maz(s — 100, 0) (1.8)

1.2 Modified Black-Scholes Model

We can modify the assumptions leading to the Black-Scholes model in different ways,
which leads to different modified models. In this section we will focus on three

different models.

1.2.1 Modified Black-Scholes Model with Variable Volatility

Volatility is the most fundamental input to an option pricing model. It is a measure
of how much the underlying asset’s price is likely to vary over time and is used to
quantify the risk over the specified time period. The estimation of volatility is by no

means an exact science, instead, it has many empirical features. Several approaches
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have been suggested such as using historical volatility or implied volatility, however
neither of them is completely satisfactory. Volatility estimated from historical data
is missing accurate indications of future volatility. While implied volatility from
observed prices of traded options may differ for the same stock across strike prices

2. An alternative

and expiration date, like volatility smile ! and volatility surface
approach is to assume volatility is not known in advance as a constant but is an
uncertain variable, which lies within a known range of values. This setting is very
different from the classic Black Scholes model in the sense that the option price is no

longer a unique value but lies in a range of possible prices (from worst case to best

case). Work in this field was started by Avellaneda, Levy and Paras [13].
Assume the volatility o lies within the range
0<o <o<ot

where o and o~ are estimates for the maximal and minimal values of . We then

have

(017)?s%0s,, if v <0,

DO [

. L oo
min —o°sv, =

o <o<ot _ .
== (07)25%0,,, if vgs > 0.

N[

This motivates to define the discontinuous function

ot, ifwv, <0,
Ud(vss> = . (19)
o~, ifwvg > 0.

As outlined in the previous section, under delta hedging, A = v,, we have

1
dll = (Ut + 50282?}58)6&'

"When implied volatility is plotted against strike price, the resulting graph typically
turns up at either end. The shape of the curve is called the “smile”.

2Implied volatility can be plotted against both maturity and strike price. The three-
dimensional plot is called local volatility surface.



Chapter 1. Introduction

Assume the minimum return on the portfolio with volatility ¢ varying over the range

o~ <o < ot equals the risk-free return rIIdt. We then obtain

1
(v + 5ad(vss)232fuss)ahf = rIldt = r(v — sv,)dt

with 04(vss) given by function (1.9). One obtains the non-linear PDE
1 2.2
vy + rSvs + 20d(’033) $Vgs — 10 =0 (1.10)

This is the model of Avellaneda, Levy, Paras for uncertain volatility.

We can also find the best option value by setting the maximum return on the
portfolio to be the risk-free return. Then we will have a different discontinuous

function of o,4(vss) as

U+> if vgs > 0,
o4(vss) = . (1.11)
o, ifwv, <O0.

In practice, we will not find much use for the best return model with (1.11), since it

will be meaningless to assume the best outcome financially.

The nonlinearity in equation (1.10) has an important practical consequence. In-
dividual options can not be calculated separately and aggregated. Any portfolio
containing several options must be treated as a whole, such as binary options, but-

terfly spread and bull spread.

Because of the variability of o = 04(vss), the transformation
L,
x=In(s)+ (r— 50 WT —t)

is not useful since it depends on the solution v. Instead, we apply the much simpler

transformation

T=T—1t, x=s, ulz,t) =v(s,7)
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This transformation leads to
1
Uy = §a§(um)x2um +raug, —ru,x >0 (1.12)

u(x,0) =v(s,T)

1.2.2 Modified Black Scholes Equation with Transaction
Costs

Transaction costs are the costs appearing in the buying and selling of the underly-
ing asset. The Black Scholes model requires the continuous rebalancing of a hedged
portfolio and assumes no transaction costs in buying and selling. In reality, transac-
tion costs do exist, of course. Depending on the underlying market, transaction costs
may or may not be important. For example, transaction costs in emerging markets
are more expensive and therefore it is not desirable to rehedge frequently. However,
in a more liquid market, transaction costs may be very low and a portfolio can be
easily rehedged to keep a delta neutral position. The classic Black-Scholes equation
should be generalized to incorporate the effects of transaction costs in option pricing.
Based on Leland’s model [11], we assume that the transaction cost is proportional
to the value of the underlying assets traded and the rate of proportion is a positive
constant k. Therefore, for buying (4) or selling (-) of |v| shares at the price s, the

transaction cost is
Klv|s

It is possible to generalize the model by considering the components of transaction
costs as a fixed cost for each transaction or a cost proportional to the number of
shares of traded assets. Whalley and Wilmott [10] discussed the general models
in greater detail. For completeness of model derivation, we quickly make a sketch

of the Hoggard-Whalley-Wilmott model, which is based on Leland’s assumption of

10
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transaction cost. Since transaction can only happen in discrete time step 6t, we need

to approximate the stochastic process (1.1) for the underlying asset by
§s = psbt + osgot? (1.13)

where ¢ is a standardized normal random variable. This approximation is based on
the assumption that X is the standard Brownian motion. According to the normality

of Brownian motion, we have
X(t+dt) — X(t) ~ N(0,dt)

and as 6t — 0, X (t + 6t) — X (t) approach to zero like v/dt. We construct the same
portfolio IT = wv(s,t) — As. After a time step ¢, the change in the value of the

portfolio is given as
L oo o
OTT = os(vy — APVt + (ve + 3078 Vss@” + psvs — pAs)dt — ks|v| (1.14)

We use the same delta hedging strategy as in the classic Black-Scholes model and
choose A = v,. The number of shares a trader holds is provided by A and hence the
quantity v is given by the change in the deltas

v =10s(s+ ds,t + dt) — vs(s, 1) (1.15)
Using Taylor expansion, this can be approximated to the leading order as
v = 05,050Vt + O(6t) (1.16)
Therefore, the change in portfolio can be approximated by
O = (v + 3023203@2)& — ks |vgs|o|p| Vot (1.17)
And its expectation is
5 | 2

1
E[oTI] = —0?5%,, — — 1.1
(61T = (v + 57 $°Vgs — KOS 7T(St|fus$|)(5t (1.18)

11
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which follows from the facts

El¢]=0, E[¢)]=1, and E[|¢|]:%

Set the expected change of the portfolio value to be the amount that would have
been earned by risk free deposit, namely E[§II] = rIldét. After dividing by dt and

rearranging, we obtain

1 2
v + 50252035 — kos%y/ @|vss| +rsvs—rv=0 (1.19)

which is the Hoggard-Whalley-Wilmott model. Note that equation (1.10) with un-
certain volatility model is exactly the same as the Hoggard-Whalley-Wilmott model
(1.19). The nonlinear partial differential equations are essentially the same, however

the reasons to form such equations are completely different.

1.2.3 Market Liquidity

The market price of the underlying asset is determined by supply and demand of
the traded asset. Therefore the underlying asset price is affected by dynamic trading
strategy. However, the classic Black Scholes model assumes that the market has
perfect liquidity, meaning that investors can buy or sell a large amount of stock
without affecting its price. In practice, there must be a feedback effect of trading
strategies in any real market. Here we will take the market liquidity into account

and introduce the modified model based on the analysis of Frey and Patie [14].

The price of the underlying asset is assumed to follow a stochastic process driven
by some exogenous source of randomness such as a standard Brownian motion and

also by the trading strategy of a representative trader. This leads to
ds = 0sdX + pA(s)sda (1.20)

where « is the stock trading strategy of a large trader, such as the amount of stock

held by the trader. The variable p is a non-negative constant liquidity parameter. A

12
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small value of p means the market is more liquid and vise versa. Note if we set p to
be zero then we are back to the Black Scholes assumption of perfect liquidity. The
term ﬁs)s measures the “depth of the market”, which indicate the size of change in
price caused by the change in one unit account of the large trader’s stock position.
The parameter A describes the asymmetry of liquidity. In general, the market seems

to be more liquid in bull market than in bear market range. Suppose the large trader

uses a trading strategy of the form « = ¢(t,s). Then by Ito’s Formula we will have
1
doc = (1 + §¢5502s2)dt + Pyds (1.21)

Inserting (1.21) into the right-hand-side of (1.20) and rearranging the terms, we

obtain
ds = v(t,s)sdX + b(t, s)sdt (1.22)
where
o
M) (9 + 50V (t, 5)5%)
b(t,s) = - pi(s)ws (1.24)

In Frey’s model, the risk free interest rate is set to be zero for simplicity. Similar to
the analysis of the portfolio in the Black Scholes model, we can derive the nonlinear

Frey model as

v+ = $70ss = 0 (1.25)

with end condition at expiration date as payoff function.

v(s,T) = payof f(s) (1.26)

while the trading strategy is

o(t, s) = vs(t, s) (1.27)

13
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Note that the volatility v is not a constant. Indeed, it depends on v, the second

spatial derivative of the solution.

To summarize this section of modified Black Scholes models, we showed nonlinear
pricing models followed from different assumptions. These three models exhibit
common mathematical features. The coefficient functions of these PDEs are not
smooth and they depend on the highest spatial derivatives of the solution. Based on
model (1.10), analysis of the essential mathematical features are discussed in Chapter

2 and Chapter 3 while numerical results are shown in Chapter 4.

14
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Option

Value

Call

se  PTUN(dy) — Be " T"YN(dy)

Put

—se PTON(—dy) + Ee "IN (—d,)

Binary Call

efr(Tft)N(dQ)

Binary Put

oVl —t
g — In(£)+ (r—D — 10*)(T — 1)

oV —t

Table 1.1: Option value

15
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Option Delta
Call e PI=ON(dy)
Put e PI=U(N(dy) — 1)

Binary Call

efr(Tft) N/(dg)

osv1 —t

Binary Put

e—r(T—t)N/(dz)

g

svV1T —t

N'(x)

()

T

1 .2
— 5
2

Table 1.2: Delta of option

16
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Option Gamma,

efD(Tft)N/(dl)
osvVI —1t

Call

e—D(T—t)N/<d1>
osvIT —t

Put

Binary Call | —
0282\T —

~

efr(Tft)le/(dQ)
0282/ T —t

Binary Put | —

Table 1.3: Gamma of option

Call option value
T

Figure 1.1: Call option payoff and value at t=0
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Put option value

30~

option value
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[ e | L
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option value at t=0|

Put option payoff and value at t=0

Binary Call option value
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T
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=
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Figure 1.3:

Binary call option payoff and value at t=0
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Binary Put option value

* T T T T
o. 1 1 1 1 1 1 1 1 1

Figure 1.4: Binary put option payoff and value at t=0
. Delta

option delta
T

02~ B
0l B
o6 B
o8- -
. I | L | I | I | i
o 10 2 EJ 0 EY & 7 e % 00
s

Figure 1.5: The deltas for call, put, binary call and binary put option at t=0
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Gamma

call gamma
—— putgamma

binary call gamma
binary put gamma

option gamma

80 %0 100

Figure 1.6: The gammas for call, put, binary call and binary put option at t=0

butterfly spread
T

payoff

60 70 80 ) 100 110 120 130 140

Figure 1.7: Payoff of butterfly spread
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bull call spread
T

payoff

=

Figure 1.8: Payoff of bull call spread
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Chapter 2
Existence and Uniqueness Analysis

The essential mathematical difficulty of equation (1.10) lies in the nonlinear term

02(vss)vss. To address this difficulty, we consider an equation of the form

Uy = G(Upy) Uy, u(x,0) =wuo(z), ulz+1,t)=u(z,t) (2.1)
where G : R — (0, 00) is a given smooth positive function, and ug(x) is a 1-periodic
smooth function.

The function o4 in (1.10) is not smooth, of course, but we can approximate oy
by a smooth function like

1

Oc(Ugz)

1 1
= 2(a+ +o07)— §(a+ - a‘)tanh(zum), e>0 (2.2)

An example of o, is shown in Figure 2.1.

Differentiate equation (2.1) twice with respect to x and let w(x,t) = uz,(z,t) to
get

Wy = Dz(G(w)w)> w(x, 0) = ulol(x)’ w(x + 1, t) = w(:p,t)

(2.3)
Here D? = 5—;2. Therefore, we get

wy = h(w) Wy + A (w)w?
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Chapter 2. Existence and Uniqueness Analysis

0,) 0,8,)
o

Figure 2.1: Plots of discontinuous function o, and corresponding smooth function
o., where 0~ = 0.2, 0t = 0.3 and € = 0.3.

where h(w) = G(w) + G'(w)w. Tt will be convenient to consider the slightly more

general problem
W = h(w)we, + gw,w,), w(z,0) = f(@), wlz+1,t) = w(z,1) (2.5)

where h(w), g(w,w,) are C* functions of their arguments, and f(z) = uj(x) is

1-periodic smooth function. In addition, assume that !
h(w) > k>0 kisaconstant

and that h, g and all their derivatives are bounded functions. If h , g or their
derivatives are unbounded, we can use cut-off functions ¢(w) € C*(R) for h and

o(w,w,) € C°(R?) for g with
o(w)=1for lw| <R , ¢(w)=0for |w| >2R

o(w,w,) =1 for |w|* + |w,|* < R* , o(w,w,) =0 for w|*+ |w,|* > (2R)?

!This assumption of h(w) is plausible for any € > 0 with suitable o+ and o~.
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Chapter 2. Existence and Uniqueness Analysis

for some real positive R. Then we can replace h by h(w) = ¢(w)h(w) and replace
g by g(w,w,) = @(w,w,)g(w,w,). The functions h(w) and §(w,w,) satisfy the
assumptions of boundedness. Then for the original problem one obtains existence

local in time.

After showing the uniqueness of a classical solution of equation (2.5) under the
above assumptions, we prove a priori estimates in any finite time interval 0 < ¢t <
T < oo. To show existence of a solution in some time interval, we use the iteration

approach as

wit = h(w"wi + g(w", wy) (2.6)

w'(z,0) = f(x), n=1,23,...

where w®(z,t) = f(x). The sequence w™ will be shown to be convergent, and its

limit is a solution to equation (2.5).

2.1 Uniqueness

A classical solution of equation (2.5) is a function w € C*(t) N C?(z) which satisfies

(2.5) pointwise. Let |.|oc be maximum norm, ||.|]| be Ly norm, (.,.) be Ly inner
product and D7 = %, j=0,1,2,.... We first show

Theorem 2.1.1. Equation (2.5) has at most one classical solution.

Proof. Let u(x,t) and v(x,t) be solutions to equation (2.5) in some time interval

0 <t < T. This also assumes that u and v are 1-periodic in x. Their difference

U(x,t) = u(x,t) —v(z,t)

satisfies

U = h(u)tge + g(u, uz) — h(V)Vge — g(v,v,), ®(x,0) =
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Chapter 2. Existence and Uniqueness Analysis

We can rewrite ¢, as

wt = h(u)(uim“ _UJEJE) + (h(u) - h(U))Uzz_'_ (g(u, u:v) _g(U7 uz)) + (g(U7 uz) _g(U7 U:v))

By the Mean Value Theorem, we now get

Ve = h(u)ee + h/(g)vmmd) + 91(C, ug)Y + g2 (v, M)y (2.7)

where £ and ( lie between v and v, and 7 lies between u, and v,. Here g; is the partial
derivative of g with respect to the first argument, while g5 is the partial derivative of

g with respect to the second argument. Applying energy estimation to ¢ with (2.7),

we have

1d 2
= (D)), ) + (&, (B ()ver + 91(C, 1)) + (¥, g2 (v, 7))
< =kl 1P e Il e [ ez (T )12
< v’

Therefore

[ ) [IP< e | 4(,0) [*=0
The initial condition ¢ (z,0) = 0 implies ¥ (x,t) = 0. O

2.2 A Priori Estimates

We show a priori estimates since the techniques to derive these will be useful for the
existence argument in section 2.3. We first show the following lemmas which will be

used for a priori estimates.
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Chapter 2. Existence and Uniqueness Analysis

Lemma 2.2.1. (Gronwall’s Lemma): Suppose y € C'[0,T), v € C[0,T) satisfy
y () <ey) +9() +k, 0<t<T,

for some ¢ > 0,k > 0. Then

y(t) < e{y(0) / [U(s)|ds + kt}, 0<t<T.
Proof. For the function z(t) = e~ “y(t) it holds that
2 (t) = —ce™y(t) + ey (1) < e (P(t) + k).
Thus integration of both sides yields

g/o lb(s)|ds + Kt + 2(0),

and the lemma follows.

Lemma 2.2.2. Suppose u € C1[0,1], then

[ulse < [lul® +2|Jull||Dul|, D = %
Proof. There exist x¢ and x; with

minju(z)] : 0 <z <1 =|u(xy)|

mazlu(z)|: 0 <z <1=u(z)| = |t

Let x¢y < x1 for definiteness. Then we have

)P~ )P = [t Pl
= /xIQ(u,ux)d:c

o

2|l [z |

IN

Since |u(zo)| < ||ul|, the lemma follows.
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Chapter 2. Existence and Uniqueness Analysis

Lemma 2.2.2 is an example of Sobolev Inequality which gives bounds of the

maximum norm of a smooth function by Lo-norms of its derivatives.

Let w denote a C'* solution of (2.5) defined for 0 < t < T, any finite 7', with
periodic boundary conditions. We can show estimations for spatial derivatives of w.

In the following, let ¢;, © = 1, 2, ... be suitable positive constants. First note that

2 di || w ||2 = (w, wy)
= (w, h(w)we + g(w, w,))
< a|lwll]| D*w || +eo || w || +cs (2.8)
and
1d
27 | Dw || = (Dw, Duy)
= —(DQw, wy)
< —k || D*w ||* +ey || D*w || +es
k
< ) e (2.9)

Adding (2.8) to (2.9), we obtain the differential inequality

1d

sz (lw I+ [ Dw P) < erfllw [* + || Dw [F) + e (2.10)

As follows from Gronwall’s Lemma ?7?, inequality (2.10) implies that || w || and
| Dw || are bounded for 0 < t < T < oco. By Lemma 2.2.2 , we obtain the
boundedness for |w|y for 0 < ¢ < T'. Furthermore, integrating both sides of equation
(2.9), we have f; [|D%*w(., 7)||*dr is bounded for 0 < ¢ < T. The function Dwy

satisfies

Dwy = D(h(w)wg) + Dg(w,w,)

= hDw+ K D*wDw + g1Dw + g, D*w
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Chapter 2. Existence and Uniqueness Analysis

Therefore

1d
S I DM P = —~(Dw, Duy)

= —(D*w, hD*w + h' D*wDw + g, Dw + g D*w)

IN

—k || D*w ||* +eo| Dwlss || D*w || D*w |

+ero || DPw (||| Dw [ +en || D*w ||| D*w ||

The function || Dw|| has been shown to be bounded, and | Dw|, is bounded by || D?w||

from Lemma 2.2.2. We obtain

1d
T | D*w ||°< ¢z || D*w ||* +ers| | D?w]|* + c1q

Using the abbreviation a(t) = |[|D?*w(.,t)||* and 3(¢t) = ||D?*w(.,t)||* + 1, we have

shown the differential inequality with some positive constants a and ¢
o (t) < aa(t)B(t) +c (2.11)

Since f(f B(s)ds is bounded for 0 < t < T, we can rewrite the differential inequality
(2.11) as

(e—afg B(S)dsa(t))/ S . fg B(s)dsc

Then integration of both sides yields

t 3
a(t) < et o Plo)ds| / e o PO s 4 o (0)]
0

Therefore, we obtain «(t) = ||D*w(.,)||* is bounded for 0 < ¢ < T. Furthermore,

| Dw|s is bounded by Lemma 2.2.2. Next we consider

D*w, = D*(h(w)wy,) + D*g(w,w,)
= hDw + h"(Dw)*D*w + 2h' D*wDw + K’ (D*w)?

—|—g11(Dw)2 + 2g1sDwD*w + QQQ(D2UJ>2
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Chapter 2. Existence and Uniqueness Analysis

where g;;, 1 = 1,2, is the second partial of g with respect to the ¢th argument, while

g12 is the mixed second partial of g with respect to both arguments. We get

1d
S D |P = (D', D*w)

IN

—k || D'w ||* +eis || D*w ||| D*w [ +ess || D' ||| D*w || [D*w]oc

+eir || D*w ||| D*w || 4cis || D*w ||

IN

C19 H D3w ”2 +CQO

Again, as follows from Gronwall’s lemma 2.2.1, we have || D3w || is bounded for

0 <t <T. Lemma 2.2.2 gives a bound for | D*w|...

Lemma 2.2.3. Suppose w is a C* solution of equation (2.5) defined for 0 <t < T,
T is any finite time. Assume w(x,t) is 1-periodic in x for eacht. Then || D’w || are

bounded for j =0,1,2--- for0 <t <T.

Proof. We use induction on j.
The cases when 7 = 0,1, 2,3 have been treated above; thus let j > 4, we only need
to show || D7wl| is bounded, given || D'w|| are bounded for [ = 0,1,---, j — 1. We

have

1d - . )
2dt | Dlw ||*= —(D"'w, D' uwy)

For term D’~!w,, the leading order terms give

D7ty = agh(w) D w + (aoh' Dw + asge) DPw

+(auh' D*w + a9 D*w + aggr) D' 1w + o( DV 2w)

where a;, i = 1,2,..6 are positive constant coefficients. The terms |D'~tw|,, are
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Chapter 2. Existence and Uniqueness Analysis

bounded by Lemma 2.2.2 for 1 <1< j—1, 7 >4, therefore

1d . . , ,
2dt | D'w|? < —k || D" w ||* +eo || D |f]] DPw ||
+eo || D7 ||| D7 || e || DT |

< e || DPw ||? +eas

From Gronwall’s lemma 2.2.1, the induction step is completed, and the lemma fol-

lows. O

Since we have bounded space derivatives of w in 0 <t < T < oo, we can use
the differential equation (2.5) to bound all time derivatives and mixed derivatives,
ie: each term

aerq
OxPOtd w(z, 1)

can be written as a sum of products of space derivatives and hence it is bounded in

0<t<T.

2.3 Existence via Iteration

First, notice w™(z,t) in iteration scheme (2.6) are defined as solutions to linear
equations. They exist for 0 < ¢ < oco. Fix T" > 0, to prove existence via the iteration
scheme (2.6). We then estimate the function w™ independently of the index n. We

start with the following estimates to show uniform smoothness of the sequence w™.

Let ¢;,i = 1,2, ..., be suitable positive constants. First note that
1d n |12 n n
—— || w = (w", w
sl I = (w, wf)

= (w", h(w" Nwg, + g(w" " wi™)

< o flw" I D" || +ez || w™ || +es (2.12)
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and

1d

ST | Dw" ||> = (Dw", Dwy')

— (D2w”, wy)

IN

—k || D*w"™ |? +e4 || D*w™ || +c5

k
-3 | D*w™ ||* +c6 (2.13)

IN

We then obtain the following differential inequality by adding inequalities (2.12) to
(2.13)
d n |12 n||2 n |2 n||2
5 g Ul w™ 17 +Dw"([7) < er(ll w™ [I° +|Dw"|) + e

Therefore, as follows from Lemma 2.2.1, || w™ || and || Dw™ || are bounded inde-
pendently of n for 0 < ¢t < T. We also obtain that |w"|, is bounded indepen-
dently of n by Lemma 2.2.2. Integrating both sides of inequality (2.13), we have
fot | D?*w™(,.7) || d7 is bounded uniformly for 0 < ¢ < T. Notice Dw}* satisfies

Duwy = D(h(w" wy,) + Dg(w" ™", wy™")

T

= KW' Dw" 'D*w" + hD*w" + G Dw" ™ + go D2t

and

1 d n n n
27 | D*w™ | = —(D*w", Dwy)

IN

—k || D*w™ || +co| Dw" oo || D*w™ ||| D*w™ |

tew || D [ Dum || den || Do ||| D2 |

Since | Dw™ | is bounded by || D?w™ || by Lemma 2.2.2, we get

1d

57 | D*w" IP< cia || D2 P D2 " 1P g || DPw™ " | 41
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Using the abbreviations a(t) =|| D*w"(.,t) ||* and 8(t) =|| D?*w" (., ) ||, we have
shown the differential inequality with positive constants a,b and ¢

’

a (t) <aa(t)s(t) +b8(t) + ¢ (2.14)

Since fot B(1)dr has been shown to be bounded for 0 < ¢t < T, we can rewrite

inequality (2.14) as
(efafot B(s)dsa(t))/ < P fot ﬁ(s)ds(bﬂ(t) + C)
Integration of both sides gives

t 9
a(t) < eoJi Beis| / eI BT (46(5) + )ds + a(0)]
0

Thus a(t) =|| D*w" || is bounded uniformly for 0 < ¢ < T It follows that |Dw"| is

also bounded independently of n by Lemma 2.2.2.

Drwp = D*(h(w" uwi,) + DPg(w" ™, wi™)
= hD*w + b Dw"'D*w +
h' (Dw" )2 D*w" + I’ D*w"" ' D*w" 4+ h' Dw" ' DPw™ +
g11(Dw" 1?2 + 219 D*w™ ' Dw" ! 4 gy Dw" !

+922(D2wn—1)2 + 92D3wn—1

and therefore

1d

3,,.mn 12 _ 4. n 2. n
§%||Dw | = —(D*w", D*wy)

S C15 || Dgwn ||2 +016 || D3w”_1 ||2 +Cl7

Using the abbreviation y,(t) =|| D3w"(.,t) ||?, we have shown the following differen-
tial inequality

Yn(t) < 2¢15yn(t) + 2¢16Yn—1(t) + 2¢17
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To estimate y,,(t), we can use Gronwall’s lemma 2.2.1 and Picard’s lemma stated as

follows:

Lemma 2.3.1. (Picard’s Lemma): Let y*(t), k = 0,1,---, denote a sequence of

nonnegative continuous functions which satisfy the inequalities:
t
YU t) < a+ b/ yF(s)ds, 0<t<T,
0

with nonnegative constants a,b. Then

k—1
et bRtk
P <ad S max ()

n! k! o<s<t
n=0

for0 <t < T and k = 0,1,---. In particular, the sequence y*(t), 0 < t < T, is

uniformly bounded. If a =0, then the sequence converges uniformly to zero.

Proof. For k = 0 the estimate is true. Assume it holds up to the index k. Then

k prgn bk—l—ltk—l—l

k+1 < 0
y (t)_a—i—azl R max y°(s)

and the lemma is proved. O

By Gronwall’s lemma 2.2.1 and Picard’s lemma 2.3.1, we obtain that the term

| D3w™(.,t) || is bounded independently of n for 0 <t < T.

We now show that all spatial derivatives of w™ can be estimated for any finite

time interval 0 <t < T.

Lemma 2.3.2. For j = 0,1,2,---, || D'w™ || are bounded independently of n for
0<t<T,

Proof. We use induction on j.

The cases with j = 0,1, 2,3 have been shown above. Thus let j > 4, we now show
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that || Diw" || is bounded independently of n , given || D'w™ || are bounded for
0<I1<j5—1. We have

1d /T ] n ) — n
S| DI |P= —(D7 e, DIy

For function D7~'w}, the leading term analysis leads to

D'l = agh(w™ ) DIt y"
—I—agh/Dw"*lew" + agge DI w™ !
+ayh D2 DI " + (asgaa D™t + aggr 4 arh D2 ) DI
+0(Dj_2w”) + O(Dj_Qw”_l)

where «;, i = 1,2,..,7 are positive constant coefficients. We have |D!"lw"|,, are

bounded independently of n for 1 <1 <j—1, 5 > 4 by lemma 2.2.2. Thus

DR P < k| Dt | e | D || D |
+erg || D7 ™ (||| D7 | 4eqo || D7 " ||

S Co1 H Djw" ”2 —|—022 H Djwnil ”2 +623

Followed from Gronwall’s lemma 2.2.1 and Picard’s lemma 2.3.1, we obtain that
| D7w™ || is bounded independently of n for 0 < ¢ < T. Thus the induction step is

completed and the lemma follows. O

So far, we have estimated the L, —norm of all spatial derivatives of the sequence
w™in 0 <t < T, any finite T'. By the Sobolev inequality stated in Lemma 2.2.2, the
functions D/w" are also bounded in maximum norm, for any j > 0. Since we can
always replace time derivatives by spatial derivatives using the differential equation

(2.6), it follows the uniform smoothness:

ap-f-qwn
|W(l‘ﬂf)| <C(p,q)
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for 0 <t < T. Here C(p,q) are some constants depending only on p and ¢, but

independent of n.
We finally show

Theorem 2.3.3. For any finite time T', equation (2.5) has a C™ solution, which is
1-periodic in x, defined for 0 <t < T.

Proof. Consider the sequence w" defined by the iteration (2.6) and let
§h = wn-‘,—l —w"

0"(z,0)=0

Then

of = hw"wpt + g(w", wy) — h(w" wg, — g(w" ™ wpT)

= (Bt = B(w")ul,) + ("), — b ul,) +

Txr

n—1 n

(g(w", wy) = g(w"™" wp)) + (g(w" ™" wp) — g(w" ™ wy™))
We apply the Mean Value Theorem and get

0 = h(w™)or, + h (w6 + g1 (¢, w)" ™ + ga(w™ ! m)or!

n—1

where ¢ and ¢ lie between w™ 'and w", and 7 lies between w™

and w?. Then we

have

1d R 12 ren s
SN = @)
= —(D(8"h(w™),67) + (8", (B (E)wi, + g1 (¢, wy™"))s" )
_(D(5n92 (wn’ n))’ 5n_1)

—k | 3 1% e Loz 0™ Il +ea [ 65 1 0™ Il +es [ 6™ (1] 0™ |

IN

IN

ca |l o™ |I* +es || 0" |
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As follows from Gronwall’s Lemma 2.2.1, we obtain

t
I 8°8) [P< e [ r) P r
0

Let C = c5e?“T. For 0 <t < T, we now have

t
HWhUWSCAIM”%JHFW

where C' is independent of m. Therefore, by Picard’s lemma 2.3.1, the sequence
w™(-,t) converges to a Ly function w(-,t). The smoothness estimates (Lemma 2.3.2)
imply that w € C* and the convergence holds pointwise and also for all derivatives.
(see Arzela-Ascoli theorem in [2] for details). Then the equation (2.6) implies that
w solves the equation (2.5). O

2.4 Construction of Solution

So far we have shown, for problem (2.3):
w = DX(Gw)w), w(z,0) = (), wle+1,0)=w(z,)

if the function G satisfies the assumption that h(w) = G(w) + G'(w)w is bounded
from below by some positive constant, we then obtain the local existence of a unique

solution w(z,t). The Fourier expansion of w(z,t) is written as

o0

w(z,t) = > (k1) (2.15)

k=—o00
Notice that
d 2
5 (bw) = (Lw) = (1, DY(G(w)w)) =0
We then have

1
/ w(z,t)de =0, t>0
0
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Therefore, the term w(0,¢) = 0 in the equation (2.15), and
w(z, t) =Yk, t)e’™* (2.16)
k#0
We can integrate (2.16) twice in « and obtain a 1-periodic function u(x,t)

1 ~ 2mikx
u(z, t) = a(t) + kz#o Ww(k, t)e (2.17)

The term «(t) needs to be determined.

We are now to show that u(z,t) defined in equation (2.17) with suitable «(t)

solves problem (2.1)

U = G(Upy) Uz, w(x,0) =wup(z), ulz+1,t)=u(z,t)

First we show that u(z,t), constructed in equation (2.17), satisfies the initial
condition u(x,0) = ug(x), if a(0) = up(0). Here uy(k), k € Z, are the Fourier
coefficients of ug(z). Express ug(x) in Fourier expansion as following

up(x) = t1(0) + Y 1ig(k)e>™™*
k#0
Then we have
ug(z) = (2mik)*ig(k)e”™™**
k£0

Since w(z,0) = ug(x), we get

w(z,0) = Y ib(k,0)e™*

k40
= ) (2mik)ig (k)

k0

This leads to

w(k,0) = (2mik)*ig(k), foreachk #0
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Then we can show that

u(z,0) = «a(0)+ Z (2m!®2w(l£,0)ezmkx

Next, we will derive the conditions for a(t) such that u(z,t) satisfies the PDE
Uy = G(Ugs)Uze. Note that the term G(ugy)u,, can be written as G(w)w, which is
a 1-periodic function in z. Let H(z,t) = G(w)w. The Fourier expansion of H(z,1)

leads to
+oo R ‘
H(x,t) =Y H(k )™

and

D’H(x,t) =Y (2mik)*H (k, t)e*™*
k0

As follows from w; = D*H (z,t), we have
Wy(k,t) = (2mik)2H (k,t), foreachk # 0

Therefore, we can show that

1 ~ mikx
Uy = O/(t) + Z th(k, t)€2 k
k#0

1 . a mikz
= o(t)+ Z W(?mk)2]{(k,t)e2 k
k40

= )+ H(k,t)e* ik
k0

Choose o/(t) = H(0,t), then we have

Uy = G(“x:v)uzz
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Let u; and wusy solve problem (2.1). Set wy = Uize, Wo = Ugy,. As follows from
the uniqueness argument of equation (2.3), we then have w; = wy := w. This leads
t0 U1py = Ugze. The PDE w; = G(w)w implies that uy; = ug. Therefore we obtain

u1 = ug. Then the uniqueness of solution u to (2.1) follows.

Finally, we summarize this section as following:
Based on the solution w(z,t) to the problem (2.3), we can construct a function

u(z,t) by equation (2.17), where «(t) satisfies o/(t) = H(0,t), a(0) = y(0), here
H = G(w)w. Such u is the unique solution to problem (2.1).

We have obtain the uniqueness and existence results for PDE w; = G(tgy)tss
with periodic boundary conditions. Although we have not carried out the analysis
in details, it is reasonable to expect the similar but more complicated argument will

lead to the same results for u with the Dirichlet boundary conditions.
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Chapter 3

Analysis of Discontinuity

In this chapter we drop the assumption of smoothness for G(u,,) in equation (2.1)
and allow it to be a discontinuous function. As motivated by our application, we
choose G(u,;) as a positive piecewise constant function. We consider equation (2.1)
for 0 < z <[, with smooth initial condition u(z,0) = f(z) and Dirichlet boundary
conditions. To study the discontinuity in the coefficient function, we discretize only
in time and consider the evolution of equation (2.1) in a given tiny time step dt
from initial data. For simplicity we use u,,(z,0) instead of wu,,(z,dt) in the func-
tion G(uy,), which is similar to using a semi-implicit difference scheme in numerical

computations. We obtain

u(z,dt) — u(x,0)
dt
Note that u,,(z,0) = f"(z) is a given function. We assume, for f(z) there is z € (0,1)

= G(Usa(,0))tze (2, dt) (3.1)

such as

"

f(x) < 0, forxzel0,x)

"

f(x) > 0, forxze (z)]] (3.2)

A typical function f(z) is shown in Figure 3.1
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Chapter 3. Analysis of Discontinuity

A
f(x)

0 X [ x

Figure 3.1: f(z) satisfies condition (3.2).

Therefore, G(u,,(x,0)) is a positive piecewise constant function defined in [0, Z)

and (Z,!1]. Denote u(zx,dt) = u(z), then equation(3.1) can be written as

u(x) = g(x)u (v) = f(x), w(0)=u(l) =0 (3.3)

K, for0<z<zx
g(x) = (3.4)
D, forz<x<l

where K and D are both positive constants, K = o dt and D = o~ dt.

3.1 Existence of Solutions to Smoothed ODEs

There are at least two obvious formulations to smooth out the ODE (3.3) with

Dirichlet boundary conditions:
ue(z) = ge(z)ud (x) = f(2) , u(0) = ue(l) =0 (3.5)

U () = (ge()ue(x)) = f(z)  ue(0) =uc(l) =0 (3.6)
Here g.(z) is positive smooth function and g.(z) > ¢y > 0, ¢o is a constant. Fur-

thermore, we assume that g.(x) converges to g(z) defined in (3.4) in L; norm for
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Chapter 3. Analysis of Discontinuity

equation (3.5), while in Ly norm for equation (3.6), as € — 0 . The Maximum Prin-
ciple guarantees that there is only the trivial solution to the homogenous systems
of (3.5) and (3.6). Therefore, as follows from Fredholm’s Alternative (see [7] for

details), we conclude
Theorem 3.1.1. The boundary value problem (3.5) has a unique solution.

Theorem 3.1.2. The boundary value problem (3.6) has a unique solution.

3.2 Existence of Solutions to Discontinuous ODEs

Typically, no C? solution exists to equation (3.3) with discontinuous function g(z).
We need to impose conditions at = Z in order to define what we mean by a solution

of equation (3.3). Let u(Z*) = lim,_,z+ u(z) and «/(Z%) = lim,_,z+ u'(7)

Theorem 3.2.1. Let f € C*|0,1]. The boundary value problem (3.3) with g(z)
defined in (3.4) has a unique solution, if we require the solution u(x) to satisfy

uw(z7) = u(z") and Ku'(z7) = Du'(z1).

Proof. Equation (3.3) with g(z) defined in (3.4) can be viewed as two initial value
problems as

u(z) — Ku (z) = f(x),0<z<=Z
u(0) = 0 (3.7)

and
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Chapter 3. Analysis of Discontinuity

Let uz, and ug be solutions to (3.7) and (3.8), respectively. We have
up, =uf +uf
where u} is the unique solution to

u(z) — Ku' (z) = f(x)

while u} satisfies
u(z) — Ku'(z) =0

u(0) =0

We have

and a; is a constant to be determined. Similarly we have
up = ulp + ufh
where uf, is the unique solution to

u(z) — Du'(2) = f(x)

while u%, satisfies
u(x) — Du"(z) =0

u(l)=0

We have
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Chapter 3. Analysis of Discontinuity

and ay is a constant to be determined. The assumptions of up(z) = ugr(z) and

Ku () = Du’p(Z) lead to a linear system for a; and as:

0y (eVR" — e TVRT) — ay(eVB” — evBTVET) = 0
aVK (e VR 4 V_l?i) - az\/ﬁ(e%i - e%lfﬁi) = Duy(z) — Ku}(z)

To show the existence of a unique solution of (3.3), we only need to show det(A) # 0,

where

The term det(A) is a smooth function of Z, and we call d(z) = det(A(z)). Let

— % We have

Vi
det(A) = d(z) = (VE = VD) (" — %' 4 (VK + VD) (e " — 75'+7)

31:\/%+% and s, =

and
d(0) = (1 — evp)2VE <0
(D) = (e = e)2VD < 0
while
p K D _ 2 - _ P
4() = () 2o 4 o502 g o T

d() is monotonic since d (z) > 0 if K > D while d (z) < 0 if K < D. Therefore we

obtain
d(z) <0 forallz € (0,1)
Then the theorem follows. O

Theorem 3.2.2. Let f € C*|0,1]. The boundary value problem (3.3) with g(z)
defined in (3.4) has a unique solution, if we require the solution u(x) to satisfy

w(Z7) = w(@") and ' (27) = u'(z1).
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Chapter 3. Analysis of Discontinuity

Proof. Follow the argument in Theorem 3.2.1 and get the same setting for u; and
ug. The assumptions of ur(Z) = ugr(z) and v} (T) = uk(Z) lead to a linear system

for a; and as:

al(e\/%i _ e—\/%i) B a2(e\/—%i _ e%l—%i) —0
1, 15 _ 1z 1, 15 21
i (e I s (T ) = (@) - (@)
Therefore, we have matrix A as
A _ (ei}{i o eii}{i) _(e%{i‘ . e%l*%f)
\/%(6\/%5 + e—\/%i) —%(G%j + e%l—\/—lﬁf})

and
d(0) = (1 — eB—2 <0
K
d(l) = (! — em)—2 < 0
VD
while
d/(f) = 8182(68”E + e%l_sli‘ st _ e\/_%l”ﬂ)

= 5132[(65156 o 6—825)) + 6%1(6—515 . 6—3253)]

= 2
1T 82$+ﬁl
(S1+82){i‘) € €

= 1—
8182( € e(s1+s2)z

Now we can show d(z) < 0 if K > D, while d (z) > 0 if K < D. Therefore we

obtain the monotonicity for d(z) and then show
d(z) <0 forallz € (0,1)

The theorem follows. ]
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Chapter 3. Analysis of Discontinuity
3.3 Convergence Results

We now connect the smooth boundary value problems (3.5) and (3.6) with the dis-
continuous boundary value problem (3.3) to show some convergence results. First of

all, we consider

(3.9)

where g(z) is defined in (3.4) , and prove the following lemma.

Lemma 3.3.1. Let u(x) be the solution to (3.9). Then u(x) is bounded in mazimum
norm by the Ly norm of f(x), i.e: |u(x)|o < c||f||1, with some positive constant c,

here ¢ is independent of f.

Proof. We use Green’s functions to solve the system (3.9). For 0 < z < Z, we have

Ku'(2) —u(z) = —f()
w(0) =0 (3.10)

The Green’s function G(z) satisfies

a1, a1,
c(evE® —e VET), 0<x<¢

1

c1(eVE® —e \/L?w) + L(e\/%(m_g) — 6—\/%(95—5))’ E<x<ZT
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Chapter 3. Analysis of Discontinuity

Let ur(z) = u(x) for 0 <o < z. Then

up (@) = —e1(e R — ¢ VR / FOE = [ (A0 e 0 p(egag
and
/ L o ey 7 L [% ko e
= —¢;——(eVE Vi - Vi Vi
(o) = = (e T [ e [ E ) pegae
For x < x <[, we have
Du(z) —u(z) = —f(z)
u(l) =0 (3.11)
The Green’s function G(z) satisfies
DG (x) = G(z) =d(z =)
G()=0
And G(x) can be written as
cg(e%z — e%(mﬂ)) — 2\}5(ef(x O 67%(175)), T<rz<g

| B
c3(evp” — v BTy e < <

Let ug(z) = u(x) for z < x <1, we have

1 1 ! 1 ! 1 1
unla) = —ea(e" —eF ) [ @i s [ (09— B ) pega

and

L S L 1) I T I I CES N
() =~y (e / F©)de+ 55 <e«ﬁ te ) F(€)de
Let
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Chapter 3. Analysis of Discontinuity

as(z) = —(eVB% — e 75

ag(r) = —\/%(e#“” te VR

as(x) = —%@«%x )
and

Bz f) = —ﬁf Om B ) F(§)dg

!
By(z; f) = % / ha(, €) ()

1

Bs(z; f) = oK ; ha(x, &) f(£)dE

l
Bia: f) = o / ha(x, €) £(€)de

with
his(z, &) = evr(@=9 F 67\/%(175), for0<é<z

hou(z,€) = eVB " e V" forz <6<l

and

p= / e

!
0= [ s

The conditions at 7 lead to two linear equations for ¢; and cs, and we get
(= B )~ Byl ) ) Ba(ai )~ Bi(: )
c3 = a(i)q[al(x)(34(x; ) — Bs(z; f)) — as(z)(Ba(7; f) — Bi(7; f))]
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Chapter 3. Analysis of Discontinuity

where a(z) = as(x)as(x) — ar(z)as(z). Theorem 3.2.2 shows a(z) # 0. Therefore,
the solution to (3.9) is

ur(z) = B8 ay(2)(Bu(T; f) — Bs(Z; f)) — aa(2)(Ba(T; f) — Bi(%: )] + Ba(x; f)
ugp(r) = ‘f(%) [a1(2)(Ba(Z; f) — B3(Z; f)) — a3(Z)(Ba(T; f) — Bi(%; f))] + Ba(a; f)

(3.12)
Notice

|Bi(@; f)loo < 0il| fl] 1,

where b; are positive constants ;i = 1,2,3,4 . From (3.12), we can bound uy(x) and

ug(r) in |.|o by the Ly norm of f(z). O
Lemma 3.3.2. Let u, be the solution to (3.5). There exists a positive constant c

independent of €, such that |u!(x)]e < | f(2)]oo-

Proof. By the maximum principle, we get

[te(7) oo < 1] f(2)]oo

where ¢; > 0 is independent of €. Therefore for

ue(x) — f(x)

u, (x) = )

with assumption
ge(x) > co >0

we have

Cl—f-]_

"
<
ul(e) <

€

FACOIIS

Let ¢ = clcjl, c is independent of €. The lemma is proved. O
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Chapter 3. Analysis of Discontinuity

Now we are ready to show the convergence result for the first case.

Theorem 3.3.3. Let u.(x) be the solution to equation (3.5), and let u(x) be the
solution to (3.9). Then u.(x) converges to u(x) in |.|o as € — 0, if g(x) converges

to g(x) in Ly norm as € — 0.

Proof. Let the linear operator Ly be defined as
Lou=u— gu”

while
Leue = ue — geu!

and set
pe() = ge(x) — g(x)

Counsider

Loue = uc—(9+ ‘Pe)ug
= Ue— gulel - CPEU;/

= Lou. — peu! (3.13)

Meanwhile we have
Lou.= f=Lyu

Then (3.13) can be rewritten as
Lo(ue — u) = @eul

Lemma 77?7 and lemma 3.3.2 imply

|u6_u|oo <a ||906u/5,||L1
< ||906||L1|U/e,|oo

< |leellmlfloo
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Chapter 3. Analysis of Discontinuity

with positive constants ¢; and c¢o. Therefore |u, — u| — 0 as € — 0 follows from

the assumption ||¢c(z)||L, — 0 . O

Now consider the ODE system

Ku'(z7) = Du'(z* (3.14)

and equation (3.6). We show the convergence result for the second case.

Theorem 3.3.4. Let u.(x) be solution to equation (3.6), while u(x) denotes the
solution to equation (3.14). Then u. converges to u(x) in Ly as € — 0, if g.(x)

converges to g(x) in Ly norm as € — 0.

Proof. Let

and

The solution u(x) is a smooth function in [0,Z) and in (Z,!]. The difference of

equation (3.6) and (3.14) gives, for x # &

dc — [(geur)” — (geu”)] = [(geu) — gu”] = 0
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Chapter 3. Analysis of Discontinuity

Since g(z) is a piecewise constant function away from z, we have gu” = (gu')’ for

x # T. Therefore,
e — (ge07) = (peu’) , x # 7.
Multiplying d.(z) to both sides above and integrating, we get

[ [
162, - / (9.8 6. = / (o) .de (3.15)
0 0

And

l l
- / (@olyode = | (0800 — gudl8 5= + / (9:00)3Ldx — g3l
0 T

NN

ge(61)%dx + g.6.6.)7=2"

Note that, for x # &
9e0c0e = (geu, — gu')de — peu'de

where g, u. and . are continuous functions. The conditions at  for ODE sys-

tem(3.14) show that gu’ € C. Therefore
ge(sl(s r= z :_()06 /5 ‘x z+

For the right hand side of (3.15), we also have

l l
/ (‘Peul),(sedx = _/ (‘Peulwédx - Speu/(se‘iz;t
0 0

Thus
l l
608, + [ aipds = — [ (oai)ida
0 0

[lpew]|, ||0¢] ] s

IN

With the assumption g. > ¢y > 0, we have

l
| o0 = i,
0
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Chapter 3. Analysis of Discontinuity

Therefore, we obtain

10112, + collellZ, < lleu'llz 1] |z,

IN

1
s lleal i, + collSE,
Thus

1 1
16117, < Q—COH%U/H%Q < 2—60|Ul|go||<ﬂe||%2

Here |u'|« is finite by construction. Therefore, we get

1012, < elledllz,

and the theorem follows. O

3.4 Perturbation Result

In this section, we consider equation (3.9) and note that g(x) = g(z; z) is also a func-
tion of Z, see equation (3.4). Recall that for the solution of the PDE u; = G(tys) Uy,
the function u,, changes sign at the discontinuity of G(u,,). This motivate the fol-
lowing considerations.

For equation (3.9) we have defined a solution u(z) € C[0,1]. Let uz(z) = u(z) for
0 <z <7 and ug(xr) = u(x) for z < x <. Then the following three statements are
equivalent.

Statement1: u(z) € C?

Statement2: u; () = up(Z) =0

Statement3: ur(z) = ur(z) = f(z).

Assume that for some given f(z) there exists  so that

ur(r) = ur(z) = f(2).
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Chapter 3. Analysis of Discontinuity

We then perturb f(z) to become f(x) + eh(x) and ask if we can find Z = Z + ea so
that the solution u(x;¢€) of the problem

)i = f(x) + eh(z)

N
|
Q
)
=

will satisfy
ur () = ur(x) = f(T) + eh(T).

Here € > 0, h(x) € C* and a is a constant. We carry out the analysis to first order in
€ and show that if non-degeneracy condition is satisfied, then the perturbed problem

will again have a solution @ € C?[0,1], if # = = + €a is properly chosen.

Note u(z) depends on parameter = and data f(z). To separate the perturbation
effects of Z from the effects of f(z), different from the construction in Theorem 3.3.3,
we set ur(x) as up(r) = upi(x)+urs(x), where ury(z) is the unique solution to initial

value problem

u(r) — Ku'(z) = f(x)
u(0) =0
uw'(0)=0

Thus wup;(z) only depends on f(z) smoothly, denote as uri(x; f). While uzs(z) is

solution to
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therefore
upa(x) = aw(x)

where w(z) = eM® —e M )| = \/% and « is a free parameter. Similarly, we have
up(r) = up () + upa ()

where ug () is the unique solution to the initial value problem

u(r) — Du'(z) = f(x)

The function ug;(x) also only depends on f(z) smoothly, denote as ug;(x; f). And

upga(x) is solution to

u(z) — Du"(z) =0
u(l)=0

therefore
ura(a) = BN — )

with Ay = \/g and [ is a free parameter.

The assumption of u(z) € C* leads to a linear system for o and . We can show
a and f are smooth functions of T and also smoothly depend on f(z). Therefore,
denote ups(x) = ups(x, z; f) = a(z; flw(z).

When f(z) gets perturbed to be

f(x) = f(x) + eh(z)
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As follows from Taylor expansion, we have, to the leading order
ur(w; 2, f) = uni(x; f) + a(@; flw(z) + ev(w; 7, h) + O(*)

where v(z) is some smooth function. With Z being perturbed to be

T=2T++e€a
we have
up(w; 2, f) = un(z; f) + a(@; fw(r) + o (7 feaw()

+ev(z; T, h) + O(€?)
Then for the new solution %y, we obtain

W (7%, ) = un(® f) + eaul, (7 ) + a(@; fluw(@) +
ca oT; f)w' (%) + ead (z; fHw(z) + ev(T; T, h) + O(€)

= ur(Z) + efauf,(Z) + aa(Z)w'(Z) + ad (2)w(Z) + v(z; T, h)] + O(€%)

The Taylor expansion for f(Z) gives

f(@) = f(z) + elaf'(z) + h(T)] + O(e)

As follows from the assumption u(Z) = f(Z), we have (%) = f(Z) to the leading

order if and only if

auy,(z) + aa(T)w'(Z) + ad (T)w(z) +v(z;Z,h) = af'(T) + h(T)
which can be arranged as

alup(7) + a(z)w'(z) + o (2)w (@) — f/(2)] = h(z) — v(T; 2, )

Note
0 0

up(7) + a(@)w'(z) + o (F)w(F) = [5-ur(e, 7) + S-ur (e, 7)]le=z

ozr 0T

Following from (3.16), we conclude
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Theorem 3.4.1. Assume for equation (3.9). There is a solution u(x) € C?. Let uy,

be defined as above. If [Zup(x; %) + Zur(x;2)]|omz — [/(Z) # 0, then there exists

constant a, such that with perturbed f(z) = f(x)+eh(x) and & = T+ ea, where € > 0
and h(x) € C*, the new solution u(zx) € C* .

This result provides an insight of how the curve, where discontinuity of coefficient

function occurs, evolves in space-time plane for the corresponding PDE.

3.5 Local Convergence of Simplified Newton

Iteration
Consider an iteration in function space for the following boundary value problem

u—g(u)u" = f

u(0) =u(l)=0 (3.17)

We assume here that g(w) is a smooth positive function, D"g(w) is bounded for
n=0,1,2---, and g(w) + Dg(w)w > ¢o > 0, where D"g(w) = L= g(w). We define

the simplified Newton iteration as
Upt1(2) = up(z) + hp(z) , n=0,1,2,---

where h,(z) satisfies

hn — [9(ug) + Dg(ug)ug)hy, = f = [un — g(up)uy]
ha(0) = hy(l) = 0 (3.18)

We first use induction to show
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Lemma 3.5.1. Consider the sequence h,(z), n = 0,1,2,... defined in (3.18). If
|hg|oo s small enough, then there exists k, 0 < k < 1, with the following property:

W |oe < kIR o for 1 < i< n—1, implies |h)|o < k|H!_ | -

Proof. Let RH S denote the right-hand-side of (3.18). Substituting u,, by w,_1+h,_1

and rewriting in Taylor expansion, we get

RHS = f[—[up—1— 9(“2—1)“2—1] + [9(“2—1) + Dg(u;;—l)u;;—l]h;;—l — hp1
1 4 4 " 4 "
+[§D29(un—1)un—l + Dg(un—l)](hn—1)2 + O((hn—l)g)

Note the first two parts on right of above equation are the right-hand-side of equation

(3.18) at n — 1. Thus

1" "

RHS = _[g(u/o/) + Dg(ug)ug]h;_l + [9(“;—1) + Dg(u;—l)un—l]hn—l
1 1" 1" 1" 1" 2
_'_[QDQg(unfl)unfl =+ Dg(unfl)](hnfnz + O((hnfl):S)

= [g(u,_,) — 9(“0)]’%4
+[D9(U;;—1)U;;—1 - Dg(u;_l)ug + Dg(“;—l)ulol - Dg(ug)ug]h;_l
1

-I—[QDQQ(U;;A)“;A + Dg(u;;fl)] (h271)2

+0((h,-1)%)

= [Dg(&) + Dg(u,_,) + D*q(n)](u,_y — ug)hy_,

D29y + Dol () 4 O (319)

where £ and 7 lie between ug and u, . Notice D"g are bounded by assumption and

1

un_l_ug:h,0,+h/1/+"’+h;;_1

Also followed from assumption, we have

g oo
1k

|hloo + |y + -+ 4 By _1]oe <
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Therefore we can bound RHS as

1P oo o 1P| e p
1 0_ ]{] |hn—1|00 + (0210——]%' + C3)|hn—1|go

|RHS|OO S C1

o . " "
where ¢; 53 are positive constants. Note |h,_;]|s < |hg|so, We have

|h//|oo 1 1" "
|RHS|o < 04(10——k + 17 T Dlholocl ol

where ¢4 > max(ci,co,c3). For equation (3.18), by the maximum principle one

obtains
|hnloo < |RHS|so

Rewrite equation (3.18) as
" h, — RHS

9(ug) + Dyg(ug)ug
With the assumption g(w) + Dg(w)w > ¢y > 0, we can get
. 204

1" 2 |h/”| ]_ 1" 1
hle < =|RHS|\ = 0% 4 4 Dhglslb 1l
iloe < SIRHS|oo =~ (25 + 73+ Dlholelhii]

n

For any chosen k, 0 < k£ < 1, start from wug very close to real solution u such that

|hg|so is small enough to make

264 |h/0/|oo 1 "
— —— 4+ 1lh <k
co(l—k:+1—k:+ Iholoe <

Then we have
" 2 "
[holoo < —[RHSo0 < Kl 1]o
Co
and the lemma follows. O
It is easy to check that |h)|s < k|hg|es Dy using equation (3.19) for n = 1.

Therefore we have shown the contraction for |, |« for all n . This leads to the fact

A |so — 0 as n — co. Now rewrite (3.18) as

hn = RHS + [9(ug) + Dg(ug)ug)hy,
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Chapter 3. Analysis of Discontinuity
Then

|hnloo < |RHS|o + c1]hl]

k:CO ”

< [y | + e[

-2
Here ¢, is a positive constant independent of n. Thus we have shown

Theorem 3.5.2. The simplified Newton iteration defined in (3.18) is locally conver-
gent.
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Chapter 4

Moving Boundary Problem

4.1 Formulation

We continue the analysis of the discontinuity occurring for the partial differential

problem:

u(z,0) = f(x) (4.1)

with smooth initial data f(z) satisfying assumption (3.2) on i} < x < [s.

Let s : [0,00) — (l1,l2) denote a smooth function. We first consider s(t) as a
given function, but below we will derive conditions to determine s(t). Assume that

g(x,t) is a piecewise constant function defined in the z — ¢ plane of the following
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form: for t > 0

ki, for I <x<s(t)
g(z,t) = (4.2)
ko,  for s(t) <z <l
Here we assume kjo > 0 and ky # ko. Let u be a solution of problem (4.1), u,

be the solution in region R;: I3 < x < s(t) and uy be the solution in region Rs:

s(t) < x < ly. We have a PDE problem, shown in Figure 4.1, as follows:

8u1 82u1

it S < )
ot kq I L <zx< S(t), (4 3)
EMQ . 62u2

o = g s <e<h (44)
ulla, ) = 0 (4.6)
u(z,0) = f(z) (4.7)

t A
o
=) I
I =
> ~
—_ =
— =
=
-
0
[ L x

Figure 4.1: Moving boundary problem.

One assumes that u; and us have C? extensions to the closure of the regions R;
and Rs. The position of the moving boundary = = s(t) has to be determined as well

as the unknown solution u(z,t).
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Usually two conditions are needed on the moving boundary, one to determine
the boundary itself and the other to complete the definition of the solution to the

differential equation. For example, the non-dimensional two phase Stefan problem

8], recall:

8u1 82U1
E = klﬁ’ 0 S T < S(t), (48)

8u2 82u2
E = k2ﬁ’ T > S(t), (49)
Uy = Ul, xr = O, t> O, (410)
up, = —U,, wx—o00, t2>0, (4.11)

U1 = Uy = O,

onzx=s(t) , (4.12)

72% - ’71% = %
where k; 5 and 7, o are non-dimensional parameters, which relate to specific heat ca-
pacity, density, heat conductivity and latent heat. The terms U, 5 are given constants.
The boundary condition (4.12) is called Stefan condition, which can be derived from

energy conservation.

Since our problem is not based on physics, but is derived from the financial
world, different moving boundary conditions are appropriate. In this case, we assume

u(.,t) € C? across the phase-change curve x = s(t). First notice u(.,t) € C' implies
up =ug = h(t) on x=s(t) (4.13)

where h(t) is some unknown function to be determined, and

0 0
% = % on x = s(t). (4.14)
Then u(.,t) € C? is equivalent to

82’&@'
Ox?

=0 onx=s(t), =12 (4.15)
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and
ou,;
ot
due to the change of coefficients in equations (4.3) and (4.4).Differentiate u;(s(t),?),

=0 onx=s(t), i=12 (4.16)

1 = 1,2 with respect to ¢, to obtain

du;(s(t),t)  Ouy ou; .
- _ — |- = 4.1
o oy la=s0) T 5 le=swd = (4.17)
where "= <. By using (4.16) we obtain
aa?;;s =h, onz=s(t) (4.18)

Therefore, we have a moving-boundary problem defined by (4.3)-(4.7) together with
the moving boundary conditions (4.13), (4.14) and (4.18). For this problem, the
unknowns are uy(x,t), us(x,t), h(t) and s(t). Notice u; o(z,t) are determined if s(¢)
and h(t) are given. It is reasonable to expect that h(t) and s(t) can be solved from

conditions (4.14) and (4.18).

4.2 Numerical Method

Very few analytical solutions are available in closed form for moving boundary prob-
lems. With appropriate boundary conditions and initial conditions, the exact solu-
tions are usually known as similarity solutions, which, for the problem under consid-
eration, take the form of functions of the single variable x/ t2. Numerical methods
have been developed for the solution of moving boundary problems. Front-tracking
methods compute the position of the moving boundary at each step in time using
a finite-difference scheme or a finite-element scheme. An alternative way to track
the moving boundary is to fix it by a suitable choice of new space coordinates. Of

course, the partial differential equations need to be transformed correspondingly.

In this section we will discuss numerical methods for problem (4.3)-(4.7) with

moving boundary conditions (4.13), (4.14) and (4.18).
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4.2.1 Front Tracking Method with Fixed Grid

Suppose the partial differential equation is to be solved by using finite-difference
replacements for the derivatives to compute values of u; ;, at discrete points (idz,
jot) on a fixed grid in the (z, t) plane, 1 < i < M and 1 < j < N. At any
time jot, the phase-change boundary x = s(t) will usually be located between two
neighbouring grid points, say idx and (i + 1)dz. The value of u at the moving

boundary = = s(t) is h; at time ¢t = jot. The value h; is also unknown.

x=s(1)
5x pox
B > .
i-2 i-1 i i+1 i+2 i+3

Figure 4.2: Fixed grid for front-tracking method

Figure 4.2 shows the moving boundary at time ¢ = jt, which is at a fractional
distance pdx between the grid lines idx and (i 4+ 1)dx. Lagrangian interpolation can
be used to approximate u,, at * = idz, x = (i+1)dx and x = s(t), and u, at x = s(t)
[8]. For |} < z < s(t) we have

Ou i(pum _p+Dui  (2p+ Db
or  odx ' p+1 P p(p+1)
82u 2 Ui—1 U; h

~ Lty =i 4.20
0x?  (0x)? (p +1 p plp+ 1)> (4.20)

Similarly for s(t) < x < [y we have

@ ~ i( (2p — 3)h 4 (2 — pluin - (1 _p)ui+2)
Oz 0z (1-p)(2—p) 1—p 2—-p 7

), x=s(t) (4.19)

x = s(t) (4.21)
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32UN 2 ( h Ui Uiyo
Oz~ (6z)* (1-p)(2—p) 1-p 2-p

), x=(i+1)oz (4.22)

These formulas for the space derivatives are used with usual explicit replacement
of time derivatives in partial differential equations and conditions on the phase-
change boundary. For points not next to the moving boundary, the standard central

finite-difference formulas for equal space intervals are used. Then we obtain

ot .
U, j+1 = Um,j + le(um—l,j — Uy ; + Um+1,j)> m=2,..,1—1, (4'23)

ot .
Um,j+1 = Um,j + kgw(um,Lj — QUmJ’ + um+1,j)7 m =1+ 2, ey M-—1 (424)

From boundary conditions (4.5) and (4.6), we have u; ; = up; = 0. At points idx

and (i + 1)dx, we use (4.20) and (4.22) instead, and get

20t Ui—1,5 Uj, 5 h]’

G Ryt o o+ D)

) (4.25)

Ui jr1 = Wi + Ky

20t h; Wig1 4 ey
141 = Ui1y + K : - gy R 4.26
L = e 2(5@2((1 —p)2=p;) l1-p; 2- Pj) 420

Write s; = (i + p)dx, the conditions at moving boundary (4.14) and (4.18) lead to

equations for ;1 and pjiq at time t = (j + 1)0t.

Pititi—ij+1 (P + D | (2 + Dhyja

piv1+1 Pj+1 Pj+1(pj+1 + 1)
(2pj+1 = 3)hjn 2 —pir)uivigen (L= pjpa)Uivagn
(1 = pjr1)(2 = pj+1) L =pjn 2= Dpjn
Bt — B
b ) (4.27)
Dj+1 = Pj

The steps in the numerical solution, starting from known values of all variables at
each grid point at time jdt, are:

(i) Calculate wy, j11, m = 2,...,1 — 1, from (4.23) and vy, j41, m =i+ 2,..., M — 1,
from (4.24).

(ii) Calculate u; j4q from (4.25) and w41 j41 from (4.26).
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(ili) Calculate p;4q and hjiq from (4.27).

(iv) Repeat the steps (i)-(iii). When p exceeds unity or p becomes negative, the
special equations (4.25),(4.26) and (4.27) are applied to the points (i + 1)dz and
(1 +2)dx or (i — 1)dz and idx.

There are two problems for the method above. When the moving boundary gets
close to a grid point, singularities will cause loss of accuracy. For example, the
Lagrangian interpolation formulas (4.19) and (4.20) will lead to big coefficient for
u;, if p is very close to 0. Another issue for the method is that it is a nonlinear
system (4.27) for p;4q and hjyq. To avoid these two issues, we can use Lagrangian
interpolation at points (i—2)dz, (i—1)dx and idx to compute u,, at idz and similarly
points (i + 1)dz, (i + 2)0x and (i + 3)dx to compute u,, at (i + 1)dz. As for u, at
x = s(t), we use one-side difference of points (i — 1)dz and = = s(t) for < s(t)

ou h —u_y

g~ Wi 70 (42%)

while use (i + 2)dx and x = s(t) for = > s(t)

ou . Ui+ — h

or (2 — p)oz’ = s(t) (4.29)

Therefore the moving boundary conditions (4.14) and (4.18) yield

hjst — Wicaje1 _ Uivzge1 — Rjg By — By (4.30)

L+pin 2 —pjn Pj+1 — Dj

Notice (4.30) can be simplified into two linear equations about p(j+ 1) and h(j +1).
However no solution exists for p(j + 1) and h(j + 1). Therefore this alternative
finite-difference scheme does not work. So far we have not succeeded in applying
the explicit finite-difference front tracking method with fixed grid to our moving

boundary problem (4.3)-(4.7).
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4.2.2 Front-Fixing Methods with Coordinate Transforms

In the moving boundary problem specified by equations (4.3)-(4.7), let phase 1 be
the region l; < z < s(t). Then the moving boundary can be fixed by the coordinate
transformation
z— 1
s(t) —
so that = l; becomes z; = 0 and x = s(t) becomes z; = 1. Similarly, transformation

for phase 2, s(t) < x <y, is

7 = (4.31)

xr — lg
= - 4.32
2750 — i (4.32)
and x = Iy becomes z; = 0 and x = s(t) becomes z, = 1. Let
ui(z,t) = vi(2, 1), 1 =1, 2.
We apply the chain rule for partial derivatives and get, for i = 1,2
8ul- c%l- 1
L 4.33
or 0z s(t) — (4:33)
82’&@' 821)@- 1
= 4.34
ox? 022 (s(t) — 1;)? (4:34)
and
aui (%Z- Xr — lz . 8vz~
= _ 4.35
T AR E O (4.35)
. a’UZ‘ (_ Zi )S i a’UZ‘
Correspondingly, equations (4.3)-(4.4) become
2. ) )
B0 s — 10— s 122 Zo, o2 (4.36)

1022 z; ot
after multiplying through by (s —1/;)? for numerical convenience. The moving bound-

ary conditions (4.14) and (4.18) become

O P ) (4.37)

=1 5 =1 5 —
621 |Zl S — ll 622 |Z2 S — lg
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Let &, 1 <@ < N +1 be equally spaced grid points for z;. While let £, N+1 <1: <
2N + 1 be equally spaced grid points for z;. Let 0§ = %, we then have

&E=0G—-1)0 i=1,2,.,N+1
and

G=1—(i—N—-1)8, i=N+1,N+2,..2N+1.

x=s(t)

5§ SE 3 -5

Y

& =0 & & Evn=1 Evia & Eni =0

Figure 4.3: Fixed grid for front-fixing method with coordinate transform

Figure 4.3 shows the fixed grid mesh of z and the moving boundary = = s(t) is
transformed to the straight line {51 = 1. The usual finite-difference discretization in
time at /1 = (j + 1)dt, a fully implicit scheme, is combined with central differences

for space derivatives to give the system for ¢ 2 N + 1

Cov(i,j) = w(i—1,7+1)[=By + &An) +v(i, 5+ 1)[2B, + Cp)]
+o(i+ 1,54+ 1)[=Bm —&An], m=1,2 (4.38)
where
ot
B, = —=k,,
(68)?
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Cpo= (5 +1) =1,

s(j+1) —s(j)
26¢

A =0

and

L s(i+1) = s()
Az = =04 20¢

Notice that the negative sign in Ay occurs since z, changes form 1 to 0 decreasingly.

We use two points backwards derivatives for approximating g—;’l at Enq

ov UN4+1 — UN

— = 4.39
while two points forwards for g—zz at Ent

ov UN4+2 —UNH1

— = 4.40

822 5£ ( )

From moving boundary condition (4.37), one obtains
O(N, j+1)(la=s(j+1))+o(N+1, i+ 1) (li—la) +v(N+2, j+1)(s(j+1)—l) = 0 (4.41)

and

(W(N+1L,j+1) —o(N,j+1))s(j) = 0¢h(v(N +1,j+1) —o(N +1,j))
v(N+1,741)—v(N,j+1) = 6&w(N+1,j+1)—o(N+1,75))
(4.42)

s(j+1) =

Notice that equation (4.41) exhibits linearity between v(N,j + 1), v(N + 2,5 + 1)
and v(N + 1,5+ 1) at each time step if s(j 4 1) is known. Therefore we can combine
equation (4.38) with (4.41) together to form a linear system for u(:,j + 1) with a
given s(j 4+ 1). Let P denotes the matrix defined as
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1
&A1 — B

2B +C4

&A1 - B

EnAL — By

2B1 + C1
lo—s(G+1)

—énA1— B
i — 12
Eny142 — B

s(+1)—1U
2B + Cs

—€&Nnt142 — B

&an A2 — B2

2B 4 C>

—&anAz — B2
1

(4.43)
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where A; 5, By o and C} 5 are described as for equation (4.38). Let

v(l,7+1)
v(2,7+1)

o(N,j+1)
V=1 o(N+1,j+1)
v(N+2,j+1)

v(2N,j+1)
v(2N + 1,5+ 1)

and

C{U(Zj)

ClU(N,j)

CQU(N + 27])

C2U(2N7 j)
0

We then derive the matrix system PV = @ to solve for v(:,j + 1). An iteration
scheme can be used with known v(:, j) and s(j) as following:

(i) Make an initial guess for s()(j 4 1), for example, let s (j + 1) = s(j) .
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(ii) Solve for v(®(:, j + 1) from the matrix system PV = Q .
(iii) Compute next sV)(j 4 1) from equation (4.42).
iv) Repeat the steps (ii)-(iii) until the error [s™(j 4 1) — sV (j 4 1)] is less than

a prescribed tolerance, say tol = 1075,

At all interior &;, except for : = N + 1, we use central difference formulas for both
the first and second space derivatives. Therefore, we expect the order of method for
space discretization to be 2. While the time derivative is always approximated by
two point backward formula, the order of method for time discretization is 1. These
results are confirmed in next section for test problems. Of course, rather than using
two-points approximation for 8‘32 as in (4.39) and (4.40), we have other choices for
approximation, such as the three-point backward/forward formula

(3UN+1 — 4’UN -+ 'UN,l)/Qéf (444)

However, for the sake of numerical efficiency, we want the matrix P to be tridiagonal.

An alternative way of treating equation (4.36) suggested in [9] is the Method
of Lines in space, i.e: discretize only the space derivatives and then integrate the
resulting ordinary differential equations in time along all constant £ = &; lines. For
example, equation (4.36) is approximated by

0 1 w(i+1) 4o —1) = 20() 1 w(i+1)—v(i—1)

CEINE (66)? TS s
(4.45)

where ¢ = 2,..., N for m = 1, while ¢ = N + 2,...,2N for m = 2. The moving
boundary conditions (4.37) can then be approximated by

o(N+1) = U(N)(lrs);f(;vw)(s_ll) (4.46)
. (N 1)(s— )¢
ST (N + 1) —u(N) (447)
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for example. Well-established ODE solvers can automatically integrate the result-
ing ODE systems to the required accuracy and will produce the solution vector
(v(2),...,9(2N), s) at required time intervals. With Dirichlet boundary conditions,
we then have the full solution vector (v(1),...,v(2N + 1), s).

4.3 Numerical Results for Front Fixing Method

4.3.1 Test Examples

We have no exact solution for the moving boundary problem (4.3)-(4.7) to compare
with the numerical solution. Therefore some special examples are used to test the
method.

A. Base Case

Assume for problem (4.3)-(4.7), we have l; = —Iy and a smooth initial function f(z)

satisfying the following conditions:
f(=z) = =f(z)
and
f"(x) >0 for <0 and f'(x)>0 for x>0.

Since f(x) changes concavity at x = 0, we have s(0) = 0. Let (u(z,t), s(t)) be the

solution to the base case.

B. Case 1
Consider a solution pair (u(x,t), s(t)), where a(x,t) = —u(z,t). It is trivial to
show @(z,t) satisfies PDE (4.3) and (4.4) with Dirichilet boundary condition, while

@(z,0) = —f(z). On the moving boundary = = s(t), we have
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and

8’11172 8u1,2

or — Ox
Therefore, the moving boundary condition (4.18) still holds for (u(x,t), s(t))

om0 _h
or  Or

Hence with the initial condition in Base Case changed to —f(z), the solution will
become (—u(z,t), s(t)).

C. Case 11
Now take a solution pair (u(x,t), 5(t)), where u(z,t) = u(—=z,t) and 5(t) = —s(t).

It is easy to see that @ satisfies Dirichilet boundary condition and u(x,0) = f(—=x).

Ju  Ou

ot ot

du U p DPu  d*u

—=—— and = =——

Ox Oz Oz?  Ox?
Then we obtain

ot 0%

% = klwu;, h<—z< S(t)
and

ot 0%

% = ]{72871;2, S(t) < —x <l
Given the assumption of I} = —ly, we can rewrite the regions for @ o(z,t) as 5(t) <

x < lyand l; <z < §(t), respectively. The moving boundary condition (4.18) is

satisfied, since on = = 3(t)
U1(8(t),t) = ua(5(t),t) = h(t)

and

75



Chapter 4. Moving Boundary Problem

Thus, if we change the initial condition to f(—z) and exchange coefficients k; and

ks in PDEs, the solution (u(—x,t), —s(t)) should be expected.

D. Case III
Now consider an extreme case where k1 = ky. We have shown from Case I, a solution
pair (—u(x,t), s(t)) exists with initial condition —f(x). While in Case II, there is
a solution pair (u(—z,t), —s(t)) with initial condition f(—z) and exchanged k; and
ko. Under assumption k; = ko together with f(—z) = —f(z), Case I is the same as

Case II. Therefore we conclude the solution should have the following properties:
—u(x,t) = u(—=x,t)

and

A complete specification of the test problem for Base Case, including the PDE pa-
rameter, is given in Table 4.3.1. The numerical comparison results, shown in Figures

4.8-4.9, verify the symmetry properties for the cases discussed above.

4.3.2 Rate of Convergence

Test problem of Base Case was solved by front fixing method with coordinate trans-
formation. Solutions were computed on a sequence of uniformly refined grids, initial
spacestep dz is 0.01 and timestep dt is 0.01. At each grid refinement, the spacestep
and timestep were halved. The convergence tolerance for s(t) iteration is 107°. Since
there exists no exact solution for comparison, we take the numerical solution with
very fine mesh, where dz = 0.01/32 and dt = 0.01/64, as a proxy for exact solution.

Let u., be “exact solution” and u be numerical solution. Define error as

error = [u(:, T) — tex (5, T) oo
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Convergent results are given in Table 4.3.2 and 4.3.2. Figure 4.10 and 4.11 are the
log-log plots of errors versus the number of grid points. We showed the front fixing
method described above converges at quadratic rate in space and at linear rate in
time. These results are consistent with the order of the discretization formulas,
which are central difference in space except for points on the moving boundary and

backward difference in time everywhere.
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Initial Condition flz)= -2+
Initial Moving Boundary Position s(0) =0
Boundary Lh=-1,1b=1
Final Time T=0.1
PDE Parameter k1 =0.1, ks = 0.5

Table 4.1: Description of test problem for Base Case

Figure 4.4: Solution u(x,t) at t = 0 and ¢ = T, final position of moving boundary
x = s(T) for Base Case and Case I.
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() Basecase & Casel
01— T T

014 012 01 008 ~0.06 004 -0.02

Figure 4.5: Moving boundary = = s(t) for Base Case and Case L.

u BaseCase & Casell
04 T

Figure 4.6: Solution u(x,t) at ¢t = 0 and ¢ = T, final position of moving boundary
x = s(T) for Base Case and Case II.
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5(t) BaseCase & Casell

005 01 015 02

Figure 4.7: Moving boundary = = s(t) for Base Case and Case II.

u Caselll

Figure 4.8: Solution u(x,t) at ¢t = 0 and ¢ = T, final position of moving boundary
x = s(T) for Case III.
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Figure 4.9: Moving boundary x = s(t) for Case III.

Spacial Nodes | Error (107*) | Ratio
201 0.1798
401 0.0454 3.96
801 0.0113 4.01
1601 0.0027 4.18

Table 4.2: Convergence results for test problem defined in Table 4.3.1. The time step
is fixed at 0.01/64 at each grid refinement. ”"Ratio” is the ratio of successive error
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Time Nodes | Error | Ratio
11 0.0034
21 0.0017 2
41 0.0008 | 2.12
81 0.0004 | 2.00

Table 4.3: Convergence results for test problem defined in Table 4.3.1. The space
step is fixed at 0.01/32 at each grid refinement. ”Ratio” is the ratio of successive
error

Figure 4.10: Log-log plot of error versus number of space grid points when time step
is fixed at 0.01/64
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Figure 4.11: Log-log plot of error versus number of space grid points when space
step is fixed at 0.01/32
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Conclusion and Future Work

Although the classic Black Scholes model is the most important step in the develop-
ment of derivative pricing analysis, the assumptions of constant volatility of the un-
derlying asset, no transaction costs and the market being perfectly liquid are clearly
not plausible in real markets. We have derived nonlinear models corresponding to re-
vised assumptions. Despite substantial differences in the financial framework, these
nonlinear Black-Scholes models have a very similar mathematical structure. This

dissertation focuses on the properties of the resulting nonlinear PDEs.

The main results consist of three parts. Using energy estimates, we have shown
existence and uniqueness of a solution to the smoothed nonlinear PDE with peri-
odic boundary conditions. To study the discontinuity in the coefficient function, we
discretize the nonlinear PDE into ODE systems. The analysis focuses on the con-
nection between the ODE systems with discontinuous coefficient function and the
ones with smoothed coefficient function. Numerical results are based on the frame-
work of moving boundary problems. We first formulate the nonlinear PDE model
as a moving boundary problem with appropriate moving boundary conditions. Two

general methods are applied to our model. The front tracking method with a fixed
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grid does not work well, due to the nonlinearity of the discretized system of moving
boundary conditions. The front fixing method with coordinate transform has been
validated for some test problems. The order of the method is shown to be quadratic

in space while linear in time.

One part of our future work is to connect the PDE with discontinuous coeffi-
cient function to the one with smooth coefficient function through some convergence
analysis. The problem can be formulated as follows: consider a PDE with smooth
coefficient function, as such coefficient function approaches some discontinuous func-
tion in certain norm, will the solution also converge and if yes, will it converge to
the solution of the discontinuous PDE? Another part of our interest is the analysis
of moving boundary problems. We would like to establish analytical validation of
moving boundary conditions of our model. Leading order analysis has been tried for
validation, however it does not seem to be helpful. For numerical analysis, we have
seen the iteration scheme works for the front fixing method. Therefore, the proof of

convergence of the iteration scheme will be of interest.
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